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1 ARITHMETIC 



Arithmetic is the branch of mathcmatics concerned with numerical 

citlculations and is thcrcforc at the heart of  the sub.ject. Even in these days 

of computers and pocket calculators. i1 firin grasp o f  the principles and 

processes of itrithmctic is fundamental to the rcst ot' mathematics. 

0 bjectives 

After tvorking through this chaptcr you should be able to 

~xpress  ; I I ~  integer iis the product of its prime fnctors 

c;ilculatc the highest coniiiioii factor and lowest coriiiiioii multiple o f  it sct 

of integers 

understnnd the rulcs govcming tlic esistcncc of powers of a numkr  

obtain the modulus of  a number 

combine powers of ;t numkr  

express ;I frriction in its lowest tonn 

C i I T  o u t  arithmetic operations on fractions 

esprcss ;I fraction in dccinir~l fomi and vicc vCrSii 

C i l Y  out arithmetic operations on numbers i n  dccimal fonn 

round numerical values t o  ;I specified nuniber of decinial places or 

significant figures 

~ ~ i d ~ r s t i ~ ~ ~ l  tllc scic*ntilic notation fomi o f  ;i iiuinkr 

can), out arithmetic qwriitions on surds 

nianipuliitc logarithii1s 

understand errors i n  incasurcnicnts and how to combine them 
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1.1 INTEGERS 

Factors 

When two  or iiiore integers. i.e. whole iiuiiihrtn. are riiultiplicd togettwr t o  forrii a 

product, cach of than i s  called a factor of that product. 

Examples I .  

2. 

2 x 7 = 14. so 2 and 7 are factors of 14. 

2 x 3 x 5 = 30. CO 2. 3 and 5 are Factors of 30. 

Notice that 30= IS x 2 = 10 x 3 = 6  x 5 and thcreforc IS. 10 and 6 are also factors of 30. 
Funhcnnore. I4 = 1 x I4 and 30 = 30 x I .  which means that I and I4 are factors of 14. 

and I and 30 arc' Factors of 30. It i s  truc in general that i ~ n y  integer has at least two factors. 

namcly I and thc intcgcr itsclf. Any intcgcr which has 1hc.w factors only i s  callcd a prime 

number. 

Thc first scvcn primc numbcrs arc 2. 3. S. 7. 1 1 .  13 and 17. Ir io ( I  conruntion nor r o  

rqunl I iis U prim* nurrrhcr. We havc sccn that I4 = 2 x 7 and cannot thcrcforc bc 

rcgarded as prime; i t  is a composite number. 

The most complete factorisation o f  an intcgcr is t o  write i t  as thc prduct of primc 

Facton. I t  is acccptcd priacticc to write the factors in ascending order. The factorisation is 

thcn unique; for example. 2 x 7 is thc only possible primc factorisation of 14. 

Example We write 1 2 = 2 x 2 x 3  and 231 ~ 3 x 7 ~  1 1 .  

Sometimes a factor is repeated; for cxamplc. 3(X) = 2 x 2 x 3 x 5 x 5 ;  wc say that the 

primc factors of 300 are 2. 3 and 5 .  

Common factors and common multiples 

If two intcgcrs havc a factor in comnwn thcn it is a common factor of thc two  numbers. 

Example 24 has the firctors I ,  2. 3.4.6.  8 ,  I Z and 24 whereas 80 ha5 the f;ictors I ,  2.4, 5.  8. 10. 16. 

20. 40 and 80. The common factors are 1. 2. 4 and 8. 

The highest common factor tHCF) is the largest of these common factors and in the 

exaiiiple ahove i t  is 8. 



HCF be a prime 98 = 2 x 7 x 7 35 = 5 x 7. 98 
35 7. we 2 4 = 2 x 2 x 2 x 3  8 O = 2 x 2 x 2 x 2 x 5 .  

2 x 2 x 2 HCF. thc of two 1. arc 
prime: 35 16. 

1 2 = 2 x 2 x 3  7 k 2 x 2 x 2 x 3 x 3  

2 x 2 x 3 = I2 Wc 72 a 12. are 14 

7 2. 30 as a 10.6. 5. 3 2. is customary not to 

speak of an integer being (I rrrrrltipie of itse//or of 
a common 

10 IS arc 30.60.90. 150. 
of 30. lowest common multiple (LCM). 

A way LCM 

Example 24 = 2 x 2 x 2 x 3 36 = 2 x 2 x 3 x 3. 2 three 

3 LCM 2 x 2 x 2 x 3 x 3 = 7 2 .  

72 = 3  x 24 = 2 x 36. 

LCM 

Example 40 = 2 x 2 x 2 x 5 21 = 3 x 7 arc LCM 
40x21=840. 

i s  of 

LCM and HCF. 

Example 3 5 = 5 x 7  9 8 = 2 x 7 x 7 .  HCF=7 L C M = 2 x S x 7 ~ 7 = 4 9 0 .  

35 x 98 = -3430 = 7 x 490 = x LCM. 

So ( - x ( - 3) = 6 
say 6 2.3, - 2. - 3. we say -6 

i ~ f c  2.3. -2. - 3; -6 be as ( -2) x 3 
2X(-3).  

useful 

( x (-2) = 6 ( -  15) + ( - 5 )  = 3. 
e.g. 

( - 3) x 2 = 3 x ( -  2) = -6 ( -  15) + 5 = 15 i ( -5) = -3. 
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Exercise 1.1 

1 

2 

3 

4 

5 

6" 

Factorise each of the following integers into a product of prime factors: 

(a) 2280 (b) 1210 (c) 4141 

(d) 3087 (e) 14703 (f) 17963 

(g) 64900 (h) 3258475. 

Note the following principles of divisibility: 

(a) If the sum of the digits of an integer is divisible by 3 or 9 then the integer is 

divisible by 3 or 9, respectively. 

If the difference of the sums of alternate integer digits is zero or divisible by 1 I ,  

positive or negative, then so is the integer, (e.g. 616: 6 + 6 - 1 = 11, and 

616=2  x 2 x 2 x 7 x I I ) .  

(b) 

Verify these principles on (a) to (g) of Question I .  

What are the LCM and HCF of each of the following sets of integers? 

(a) 210, 720 (b) 1210, 2280 (c) 72, 729 

(d) 96, 168, 240 (e) 48, 84, 144, 720. 

Verify that 'LCM x HCF = product' for the pairs in parts (a) to (c) of Question 3. 

It can be shown that the smallest prime factor p of a composite (i.e. non-prime) integer N 

must be no larger than z/N. Using this principle one need go no further than 43 in trying to 

find factors of integers less than 2000. How many of the integers 1990 to 1999 are prime? 

Justify the statement in Question 5 that p is less than or equal to a. 

Powers and indices 

Repeated multiplication of a number by itself leads to the idea of raising a number to 

some power. 

The product 3 x 3 x 3 x 3 can be written as 34; we say that the number 3 has been 

raised to the power 4. We also refer to 4 as the index (plural indices) and 3 as the base. 



6 ARITHMETIC 

Examples 

2 squaring 3 

cubing: = 4 x 4 = 42 ‘4 27 = 3 x 3 x 3 = 33 ‘3 
by 

1. 1 

5 ’ = 5  

2. same 

54 x 53 = 5  x 5 x 5 x 5 x 5 x 5 x 5 = 5 7  = 54+3 

3. same 

- 42 = 45-3 45 f 43 = - 
4 X 4 X 4 X 4 X 4  

4 X 4 X 4  

4. 1. 

5. by 

(= (32>4) 
(34)2 = 34 x 34 = 34+4 = 38 = 34x2 

6. 

7. 

1 - 1 
- -  - 4 3 X 3 X 3 X 3  

3 , 3 L  
3 x 3  x 3  x 3  x 3  x 3 - 3  x 3  -32 

34 + 36 = 34-6 = 3-2. 

1 

32 
3-2 = - 3 T 2  reciprocal 32 

1 1  1 
2-3  =- = - - = Z3 = 8. 

23 2-3 
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odd 

(-3)5 = -243 (-3)6 = +729. 

order of precedence 

‘of’ by 

12’. 

. 

Examples 1.  

2. 

3 + 4 + 7 4 by 7 

+ 4 + 7) x 5 + 2 by 5, 2’.W 

Example (3 + 4) + 7 3 4 by 7’. W 

exponentiation. 

Example 
3 x 5 = 3 + 16 x 5 = 3 + 8 0  = 83 

Exercise 1.2 

1 

23 3 2  5 72 

2 x 3’ x S3 x 23 x 29 

33 x 5’ x 73 

2 2 x 3 x 5 x 1 7 x 1 9  
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(Q 

T3 x 3 x 5- '  x 41, 

(12 x 3)p2 x ( 5  x 2-5)2, 

(25 x 32 x 17-I' x 41''')'. 

2 No,  N =  1, 103, 

N o  N = 10-3, 

3 

(22 + 3) x 7 

(33 -22) x 7 

22 + 3 x 7 

(22 + 33) x (52 - 7). 

1.2 FRACTIONS AND DECIMALS 

Fractions 

5 -2 18 
A fraction by ,, ?, 

I 3  I -2 2 2 
--. - 

2 - 2 
J J J 

numerator denominator. 

rational numbers. 

A proper fraction -. A 

18 
- improper vulgar. 
7 '  

- 2 -  mixed fraction. 

5 

7 

18 4 

7 7 
3 6 12 30 
- , - , - , - 
5 10 20 50 

equivalent fractions. 

reduction to lowest terms. As 

42 2 x 3 ~ 7  2 

105-3  x 5 x 7 - 5  
-- - __ 

by 

3 x 7 = 21. no 2 5 
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cancellation 3 7 on 

42 = 14 x 3 105 = 35 x 3, 

3 14 = 2 x 7 35 = 5 x 7 

by 7. 

Arithmetic with fractions 

by 

by 

Examples 
1 2 3  

1.  -+ -= -  
4 4 4  

4 
1 2  5 8 13 

2. -+-=-+-=- 
4 5 20 20 20 

3. -+-=--+-=-- 4 
4 10 20 20 20 

(= ; + ; = 2 = ;) 4 

4 2 12 10 2 4. - - 

5 

4 2 4 x 2  8 

5 3 5 x 3 - 1 5  
- _  5 .  - x - - = -  
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6. 

7. 

8. 

9. 

10. 

2 2  4 5 4 x 5  

15 6 1 5 x 6 - 5 x 3 ~ 2 ~ 3  3 ~ 3 ~ 5  
- - 

2 x 2 ~ 5  
- x - = -  

2 1  

- x - = - 
N b 9  

3 3  

4 6 4 x 6  2 x 2 ~ 2 ~ 3  8 

1 5 ’ 6  15 5 1 5 x 5  3 x 5 ~ 5  25 
- - - - . 5 - -  - x - = -  - 

2 3 2 4 8  

3 ’ 4  3 3 9 
. -  --- - - - x - = -  

7 - 1 9  7 56 7 x 7 ~ 8  

12 ‘ 5 6 - 1 2 x ~ = 3 x 4 x 1 9  

7 x 7 ~ 2  98 41 - - - =I- 
3 x 19 57 57 

--- -- - - 

- - 

Exercise 1.3 

1 

~ 

40 320 

5040 6182 
-616 

2’ x 3-2 x 17 
(‘1 

23 x 3-5  x 5 x 11 

(-42) x (308) x (230) 

(-60) x (121) x (-69) 

1 (e.g. = 2 
7 

1 3  -+ -  
4 5  

2 1 5  -+-+- 
7 5 9  



1.2 FRACTIONS AND DECIMALS 1 1  

I 1 1 5  7 -+-+-+- 
19 2 11 38 

5 3 3 
10-+21-+36- 

8 7  11 

1 5 3  
3 - + 2 - + 4 -  

4 6 8  

8 7 61 

9 8 72 
(f) 101-+94-+61-. 

4 

1 2  

5 3  

15 1 2 

17 5 3 
2 - - 3 - + 1 -  

1 1 1  
3 - - - 4 - - 6 -  

11 6 4 

5 1 17 1 

6 12 24 4 
26--  13-- 11-+2- 

75 61 11 131 

8 6 4 1 2  

(f) ( 2 ~ - 3 ~ ) - ( 4 ~ - 3 ~ ) + ( 3 ~ - 1 $ )  

5 

1 . 4  
--- 
7 ' 7  

1 3 7  
2 - ~ 3 - + 4 -  

6 4 12 

( I x i ) + ( Y x l )  5 20 100 19 

6 11 3 38 

fi 24 19 17 
x - x - x -  

(-11;) x 2 5 f  2 (-1;) 

24 . 6 

6" 

3 4  
~ 

5 1  

1 3 1  
4 - - 7 - + 2 -  

4 8 3  

2 1 1  
11-- 14-+ 1- 

5 4 6  

2 1  1 1  
3 - - 2 -  

5 6 .  8 4  

1 7  5 3 - - 2 -  - 
6 8  24 

_ - -  

5 7  
3 - - 2 -  

6 8  
1 

(f) 

4J-3: 
11 6 

1 7  
3 - - 2 -  

4 12 

1 2  I--- 
5 7  

- 

I--- 2 8  

11 9 5 
x 1- 

23 41 

99 
- 
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7" 

(1  ;Js. 

Decimals 

10 decimals 

2 31 3 407 21 6 

1000 
_ _ - - - - -  

0.2, 0.31,0.03,0.407,0.021,0.006. 

0.2 0.20, 0.200, 

good 

357 looo = 24.357. 
24 357 

2 + 4 + 3 + 5 

3 5  7 

10 100 
+ 7 2 x 10 + 4 x 1 + - + ~ + - 

13.1 = 15.56 

22.46 - 13.1 = 9.36 

12.46 + 0.328 = 12.788 

1.2 x 1.3 = 1.56. 

by 10 

24.357 x 10 = 243.57. 

by 102 2435.7, 

on. 
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Examples 

Examples 

by 10 

24.357 +- 10 = 2.4357. 

scientific 

notation, a x 10" r exponent U 

1 10 mantissa. 

243.57 = 2.4357 x 102 

0.002 435 7 = 2.4357 x 

by 

10. 

23 1 
2.31 =- 

4 4 x 2  8 
= = 0.8 - - - _ _  

5 3 x 2  10 

225 9 x 25 9 
2.25 = ___ = ____ - - 

100 4 x 2 5 - 4  

31 31  x 2 5  775 

40 - 40 x 25 - 1000 
= 0.775 - - a 

exuct 

1 2 5 4  
- - no 
3 ' i ' 9 7  1 1  

= 0.3 
1 
- = 0.333 333..  . 
3 

= 0.1 
1 

1 1 1  . . .  
9 

1 

1 1  
- 0.090 909.. . = 0.09 

2 
-- = 0.285 714 2 8 . .  . 
7 

= 0.285 714 

a 

by 2.346 
(3 

2.34 2.35 2.346 rounded off 2.35 

go 2.35 2.3 2.4; 2.35 2.4 

5 ,  6, 7, 8 9 round up, 

round down. 
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2.35 3 significant figures 0.235 3 

0.0235 2350 4 

2350 2349 235 1 .  

93 93 000000 

93 92 

94 9 3. 

12.3456 12.346 5 12.35 

12.4 12 10 1 

Exercise 1.4 

1 

0.0625 3.375 

2 

3 
- 
80 

3 

2579.31 - 0.000 343 4 

8575000. 

4 

2.412 x 10% x 10" 6.2484 x 

x 

5 0.4696 0.469600. 

6 

6.28345 ( 5  4 3 2 

x 3 2 

7 up 0.44445 by 
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4 
- = 0.4 5 
9 

60 5 7, 5 : 7, 5 7 

12 60 x - = 25 60 x - = 35. 

8 
5 7 

12 12 

80 

80 1 : 4 : 5. 

9 percentages, 100, 

% 

- * 0.4,0.835, 1.12. 

1.3 FRACTIONAL POWERS AND LOGARITHMS 

Fractional powers and roots 

= 243. 3 243, 

' I 5  ' I 5  = = 243 

128 = 27 2 = ( 128, m. 
cube root; 2 8, 

= 8. square root; 2 = a. 
do 

x = 4, = 4, could = 

two 

positive 4. 

2 
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= = 

1.2, xY on 3 

y = 0.4 

x y x 

Exercise 1.5 

1 

(f> 

- ' I 2 .  

- , 

x (( 1 

x x 

6 x + x (9 x 

4 

7 
2 

3 2 = 1/2 x 1/2, 3 = & x 8, 
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xJ’ on v = 0.4 .4, 0.4 .4 

0.2. x = 0.141 7. do you 

4 

( 1 x - 2.4 
x 

Y = 

Y = 3.12 x o= 1.051 p =  11.972. 

n on 7d.p. good 

3.142 

2/-4 = (-4)’i2 4x2 = 

C 6 G  = 

( - 0.32 

/?-= ( )115 
9865 9865 

Logarithms 

103 = 1000 10 3 

3 logarithm 1000 base 10 3. 
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25 = 32, 5 32 2 

32 = 5.  

2. 

1. 

x = 23+4 = 8 x 16 = 128. 

128 = 7, 8 = 3 16 = 4, 

128 = x = 8 + 16. 

2. 

i 22 = = 23, 32 + 4 = 8. 

8 = 3, 32 = 5 4 = 2, 

8 = + = 32 - 4. 

3. by 

= 24x3 = 212, ( = 4096. 

4096 = 12 = 4, 

4096 = ( = 3 16. 

4. 1 

= 1, 

1 

5.  1 .  

= 2, 

2 = 1 .  

6. ( -  1) by 

1 1  

8 
- = - = 

2 
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Exercise 1.6 

1 

S 3 =  125 

0 6 = 

1 

100 
=- 

(0  

2 

3 on 18 10. 

Surds 

1 
As - 

3 
-, 

2/2; 
1.414213562, 

2 

7 

1414213 562 

1 000 000 

1.999999999. 
f i  

3 2 d.p. 
a, a, a, surds; irrational numbers, 
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Example 

2/24 m 
2/30. 

Solution: 

8 = 2 x 2 x 2 SO z/s = 21/2 

324= 18 x 2/32;i: = 18 

30 = 2 x 3 x 5 

Multiplication of surds 

(2 + 6 ) ( 5  - a) by 

(2 + m 5  -h, = 2 x 5 + 45 x 5 - 2 x h- v5 x 

= 10+5&-22/2-&.  

(3 +2&)(4- 1/5) = 3 x 4 + 2 &  x 4 - 3 x 1/J- 2& x 1/J 

= 1 2 + 8 & - 3 & - 2 ~ 5  

= 2 + 5 6 .  

+ 4 3  - h) = 3 x 3 + 2/2 x 3 - 3 x A- 2/2 x 42 

= 9 + 3 4 5 -  3 h -  2 

= 7. 

Rationalising the denominator 

by 
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As x = 5 

(3  - 4 ( 3  + 4 = 7 

2 + a  2 + &  3 + &  
X- _ _ _ _ _ _ _  

3 - . J z = 3 - . J z  3 + A  

Exercise 1.7 

3 by 

(3  - ( 8 + 5 >  ( 3 & - 2 J z ) .  

4 

1 
- 
f i  
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(e) 3 - J.3 

3 
( i )  

3 J s - s  

1.4 ERRORS AND THE MODULUS SIGN 

Errors 

W k n  mc;isiirciiiciits ;ire made there i s  ii liriiit on thcir accuriicy. For exai~~ple.  wlic~i 

iiicamring ii length using il ruler graduated in  iiiilliiiictrcs we arc unable to hc. more 

accurate than the nearest 0.5 iiini. 

I f  ;i length has ;I !rue value o f  127.8 11im and we iiic';i\uro i r  as I28 iiiiii thc actual error 

is ( I28 - 127.8) nini = 0.2 nim. In gcncral. 

I f  the nicasurcnicnl i \  grcatcr than the truc value t t w  the actual error is positive; if tlic' 

nicasurcnicnt i s  ~mrrllcr than the true vrrluc then thc ilCtuiil emor i s  ncgativc. 

The fractional error o r  relative error is found by dividing thc actual crror by the true 

v;iliie: if exprewd as a percentage then it is c;illed the percentage error. In the cxsniplc 

ahove thc fractional crror is -_ and the pcrccntage c'rror is 
0.2 ( 0.2 x I0~~)y.. 

- 

127.8 127.8 
In practice. of  coune. \c'c do not know the true value. we iiicnrly cstiiiirtte i t  via the 

measured value. When thcrc is uncertainty in  a nieasurcd quantity i t  is custoiiiary to quote 

i t  in the forni. 
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Hence, if we measured a temperature as 100.3'C and we can rely on the thermometer 
reading to the nearest 0.1 "C then we can quote the result as 

100.3 f 0.1 "C. 

The magnitude of the actual e m r  is called the absolute error. In this example the 
maximum actual error is f O . l  "C and the maximum absolute error is 0.1 "C. 

Modulus sign 

The absolute value of a number ignores any sign. Hence the absolute value of - 3.8 is 3.8 

and the absolute value of 6.3 is 6.3. We denote the absolute value of a number by placing 
it between two parallel vertical lines. I 1. Hence 1-3.81 = 3.8 and 16.31 = 6.3. These lines 

constitute the modulus sign. It is a very common symbol in mathematics. 
Strictly speaking. we should define the relative error as 

and the percentage error as ( I 0 0  x relative error) 8. 
One important result involving absolute values is the triangle inequality. so called 

because it corresponds to the geometrical statement that the sum of the lengths of any two 
sides of a triangle is greater than or equal to the length of the third side. It can be stated as 
follows: 

Exampk 
a b a + b  b + hl 101 + lhl 

~~ ~ 

4.2 3.5 7.7 7.7 7.7 
4.2 - 3.5 0.7 0.7 7.7 

- 4.2 3.5 - 0.7 0.7 7.7 
- 4.2 - 3 3  - 7.7 7.7 7.7 

In the measurement of the temperature quoted earlier. the maximum absolute 

error is l & O . l l  "C=O.I "C: the maximum relative e m r  is approximately 
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1kl =O.O00997 (6d.p.). Given the uncertainty in the measurement. it i s  not 

sensible to te too precise a b u t  the relative error and we would more reasonably quote i t  

as 0.001. The maximum percentage emr i s  approximately 0.01 %. Note that we have had 

to replace the true value by the measured vahc to calculate these errors, hence they are 
approximations only. When the actual error i s  small in size compared to the measured 

value, these approximations will be quite close to the truth, 

Afimetie with measured values 

Example LRi one measured quaniity be 10.0 

The largest vdue that the sum can be i s  10.2+40.5=50.7 and the srndlest value is 

9.8 + 34.5 r49.3. Given this range of possible values we quote the sum as 50.0& 0.7. 
(Note that 10.0 + 40.0 = 50.0). The absolute emr i s  0.7 = 0.2 + 0.5. 

I f  we subtracted the smaller quantity from the larger quantity, we could get a result as 
large as 40.5 - 9.8= 30.7 or a resuIt as small as 39.5 - 10.2=29.3. We quote the 

difference as 30.0&0.7. (Note that 40.0 - 10.0=30.0. The absolute e m r  is 

0.7 = 0.2 + 0.5.) 

0.2 and a second be 40.0 f 0.5. 

The general result of addition and subtraction d two measured values is 3s follows: 

The ubmiute ermr  PI the sum or the df@erence of two meosureb quantities LY the 
sum of the individual ermm 

The general result for multiplication and division of two measured values is as follows: 

The relative ermr in the product or the gudelti of two measured quantiiies is 

approximately ihe SUM of the individual rehtive errors- 

A similar result is true for percentage etfors. 

Example The largest value that the p d u c t  of the two measured quantities above can take is 

10.2 x 40.5 = 4 13. I and the smallest is 9.8 x 39.5 = 387.1 ; the value calculated from the 

measurements is 400. 

T h e  maximum relative e m r  in the product is 

Now the sum of the individual rdative emrs i s  

0.0125 = 0.0325. 



1.4 ERRORS AND THE MOOULUS SIGN 25 

Furthermore, if we divide the larger quantity by the smaller, the largest value that 

40.5 39.5 
the quotient can be is - 2 4.1327 and the smallest value is - - 3.8725, whereas the 

9.8 10.2 - 
value calculated from the measurements is 4. The symbol 2: means ‘is apprwximately 

equal to’. The maximum approximate relative e m r  i s  

14.13: - . . -  41 --- 0.1327 
- - 0,0332 

4 

or 13.87: - 41 --- 0.1275 
- - 0.03 19. 

4 
m 

Exercise L8 

1 

A 

Two lengths of 20cm and 5Ocm respectively are measured respectively as 21 cm and 

SZcm, Calculate the actual and fractionat e m r s  in each measurement. Find the actual 

e m r s  in the sum and difference and the relattve errors in the product and quotient. Verify 

the general rules on page 24. 

The square root of 5 is quoted 3s 2-24 (2d.p). Estimate the absolute and relative emrs, 

quoting both m one significant figure. 

Calculate the absolute e m r  in the product, the relative e m r  in each measurement and the 

relative error in the product for the fdlowing pairs of  numbers: 

(a) 

(b) 

( c )  

lOcm measured as 9.8cm, and 25 cm measured as 25.1 cm 

QOcm measured as 41 cm, and 12.5 cm measured as L2 cm 

30cm measured as 29cm. and 20cm measured as 19.5 cm. 

(a) 

(b) 

Verify the triangle inequality for the numbers U = f7. b = f20. 

By putting b = -c we can obtain the result la - c ]  5 laj + Ic]. Verify this result in 
the cases a = f9, c = k14. 

A cube has sides of 2 cm, measured as 2-01 em. What are the actual and relative e m r s  in 

the measured volume? How does the relative emr in volume relate to the relative e m r  in 

length? 

The radius of a sphere i s  measured as lOcm but the measurement could be subject to an 
e m r  of f0.5cm. What are the aclual and relative mors In its surface area and its volume? 
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7 

5%. by 
by by 

0.814 862 - 0.814 860 
8" . 

0.629 322 
on 



SUMMARY 

Fundamental theorem of arithmetic: any integer can be uniquely 

expressed i1S the product of prinic fixtors. 

Highest common factor (HCF): thc HCF of two integers is the largest 

integer which divides exactly into them both. 

I.owest coninion multiple (1,CM): the LCM of two integers is equal to 
their product divided by thcir HCF. 

Modulus or absolute value: the magnitude of a number: the niodulus of x 

is written IsI. 

Powers 
U 0 = I  

(1' + = ($I-' 

0" cannot be found 

(1 ' x (1) = (I(' * v )  

( ( 1 ' ) '  = C l ' * ' '  cl-! = l / ( I ' .  

Fractions: 

A fraction is a ratio of integers A'/,\! where M # 0. 

If IN1 5 1M1 thcn the fraction is proper. 
If Ih'I > 1:1!1 then the fraction is vulgar. 
If all common factors of N and M are cancelled then the fraction is 

in its lowest form. 

Decimal places (d.p.): the number of digits (or figures) after the dccimal 
point. 

Significant figures (s.f.1: thc number of digits in a numbcr which are 
xlcvant to its rcquircd levcl of accuracy. 

Scientific notation: it number in the form n x 10' where I' is the cxponcnt 

and U .  thc mantissa, is ;I number bctwccn 1 and 10. 

Surds: espressions involving the sum or difference of rational numbers and 

thcir square roots. 

Iaga ri t h ms: 

log,rr = s if hr = I I  

log(nnt) = log I?  + log I n  
log n'" = m log I 1  

log(n/rn) = log n - log n1. 

Error: in an approximation to a number crror is defincd by the relationship 

I error-approximatc value. - truc value. I 
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Answers 

Exercise 1.1 
1 2 x 2 ~ 2 ~ 3 ~ 5 ~ 1 9  2 x 5 ~  11 x 11 

(c) 41 x 101 3 x 3 ~ 7 ~ 7 ~ 7  

3 x 1 3 ~ 1 3 ~ 2 9  (f) 1 1  ~ 2 3 x 7 1  

(g) 2 X 2 X 5 X 5 X l l X 5 9  5 x 5 ~  11 x 17x 17x41 

2280 = 12; by 3; 2 + 8 - 2 - 0 = 8, by 1 1. 

1210 = 4, by 3; 1 + 1 - 2 - 0 = 0, by 11. 

4141 = 10, by 3; 4 + 4 - 1 - 1 = 6, by 1 1. 

3087 = 18, by 9; 3 + 8 - 0 - 7 = 4, by 1 1. 
14703 = 15, by 3; 1 + 7 + 3 - 4 - 0 = 7, by 11. 

I7963 = 26, by 3; 1 + 9 + 3 - 7 - 6 = 0, by 11. 

64900 = 19, by 3; 6 + 9 - 4 = 1 1, by 11. 
3258475 = 34, by 3; 3 + 5 + 4 + 5 - 2 - 8 - 7 = 0, 

by 11. 

3 = 5040, = 30 = 275 880, 10 

= 5832, = 9 = 3360, = 24 

= 5040, = 12 

4 210 x 720= 151 200=504O x 30 

1210 x 2280 = 2 758 800 = 275 880 x 10 72 x 729 = 52 488 = 5832 x 9 

5 1993, 1997, 1999 

Exercise 1.2 

1 17640 231 525 

19380 123/40 

1500750 

(f) 25/147456 

2 1 

1 xo = 1 x 

3 49 25 161 558 

Exercise 1.3 

28 1 1836 
- -- 

28 55 

196 
-- 

33 



1 
- 10- 

23 

17 

20 

11 
10- 

24 

8 

15 
7 

4- 
24 

1 

4 

24 

7 

I S  

5 

- 

- 

- 

1699 73 1 7 --=-I-- 
96R 968 

22 
33 - 

55 

13 
I -  

315 

31 
(d) -5- 

33 

150 
k) 1 - 

209 

11 
If) 258- 

18 

20 1 
63 - 

616 

43 
-7  - 

132 

2 I5 
24 

194 
(L-1 - 

25 5 
23 1 1  

24 '' -420 
= -8- -- 

3 17 

34 

273 17 
(0 - = 2 -  

8 

128 128 
2- 

15 

253 95 
( c )  - 340 202 

4 1349 
If) -- 

21 1968 

- (cl 1 2 2  

- 

- 

131 
-2 - 

500 

3 
(E) 3 -  

8 

(b) 0.0666.. . or 0.06 

Id) 

(b) 2.57931 x 10' (6s.f.) 

Id) 8375 x 10' (4s.f.) 

0.42857 14286, ~ - or 0.428571 

(b) -3.142 

Id) -0.67 

5 The '00' in 0.469 600 are significant digits which means that 0.469 600 is accurate to 

I 
within - x 1V6. 

2 
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Exercise 1.5 

6.2835, 6.284, 6.28, 6.3 

x 103, x 103, x 103 

0.4445, 0.445, 0.45, 0.5 

0.4444, 0.444, 0.44, 0.4 

32 : 48 

669 %, 83.5?40, 

23 412 103 625 5 - - - _ _ _  -- 
100 ’ 10000 - 2500 ’ 1000 - 8 

27 16 

(f) 1 

48 1/8 

1600 0.030 625 

4 xJ’ y x > 1,  

0.2 0.04 

0.05 

150 (f) 

g. y x < 1,  
1 1 

xy < x,y  > 

5 5.340 4.758 x 10V3 

7 n = 3.141 592 7 7 d.p. 

= 3.142 857 1 7 d.p. 

- rc = 1.264 x 

3.142 - n = 0.407 x 

8 

x > 0 .\/-x, F x ,  $Z, do = -%, 
(-x)”~ y odd 

= -%, do. 

Exercise 1.6 

1 81 125 = 3 

1 (f) 8 =  1 

1 
= - 

1 
= = 
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2 

Exercise 1.7 

1 

6 8  

a- 1 1  

2 1  ( e )  =- 
36 

1 
=-  

3 

- + &) = 9 - 3 = 3 

= = 18 

19 

5& 

3 

(t’) = 5 

(t-) 9 - 

1 1  

&=x 
- 

6 3 
____ -___ - 

5 )  - 15 
- 

45 - 25 20 

(3a- - 7 +  
- 

17 17 

+ 5 )  10& - 12 - - (m) - 

1 + 25 19 
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Exercise 1.8 

1 1 0.05, 0.04. 

3 3 0.092, 0.094. 

2 0.004, 0.002. 

3 

0.004 - 0.0161 * 
- 8 0.025, 

- 0.03, - 0.025 - 0.0575 

* 

5 0.1 0.120 601 
= 0.05 2 3 x 

6 9.5 < < 10.5 1 134 < 1257 < 1386. 

359 I < 41 89 < 4849. 

< < 0.102 2 2 x 

< 0.158 2 3 x 

7 

8 2 0.000 003 178 

0.000 000 5 + 0.000 000 5 

0.000 002 
= 0.5 

( 0.629 322 
0.000 003 178 x 0.5 + 
- < 0.000 001 6 

0.000 003 f 0.000 002. 
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Introduction 

A t  the simplest Ic\.cl. iilgcbra can he regarded ;IS gcncraliscd arithmetic. 

rcp1:iciiig nuinlwrs b y  letter\ iis v;rri;ihlcs and i ~ l l o ~ i ~ i ~  us to  make general 

statcnit'rits about t h c  rcla1ionships hct\\:c.eii rhc*rii ;IS fi)rmulac ot in  the 

forin ot equations o r  iriccluitlitic\ which h;ivc to  bc solwd. Formulac are 

used in ci'c'ry \i.alk ot life: the c;ilculation of  intcrcst on ii 1o;in. the arc;! of  

shapes to he cut ftoiii sheets of  mct;iI or the pr iod  o f  ;iii oscillation. Ohm's 
law states t h a t  thc current tlo\i.ing throush ;I resistor is proportional to the 

potential dittcrcncc ;icross its ends and this c;in be concisely restated ;is a 

ti)rnmulu. A thorough undcrstnnding of' the siiiiplcr algebraic proccsscs is 

vital tor later \vork. 

0 b jec tives 
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2.1 MANIPULATION OF SYMBOLS 

1.3 A 

algebra. 
a. z = aX x = log,z. 

1.  

log,(xy) = x + log,y 

2. 

3. by 

= n 

4. 1 

1 = 0 

5.  1 

= 1 

6. ( - by 

(-!I = 1 - x = - 

10, x = 3, y = 2, 



BASIC ALGEBRA 

Algebraic quantities are denoted symbolically by letters. The quantity may have a fixed 
value; for example, the acceleration due to gravity is denoted by g: i t  is customary 10 use 

letters at the start of [he alphabet for fixed values. The quantity may be able to take 

several values: for cxample. the time that elapses from a given starting p in t  is denotcd 

by t: i t  i s  usual to employ letters at the end of the alphabet for quantities that take several 

values. Some special numbers arc denoted by letters: for example. you will have met the 

number r and in Chapter 10 we intraduce the number e- 
Sometimes we have several related quantilies or we wish to al€nw the possibility of 

generalising our results to situations with more quantities, Then we use the idea of a 

subscript, e.g. x1,-r2.x3, where I ,  2 and 3 are the subscripts. 

Algebraic expressions 

An algebraic expression Is a combination of numbers, algebraic quantities and arithmetic 

symbols; for example, 2x + 52 - ISxy. The conventions we use are illustrated by the 

following examples. 

Examples 

Convcnt ion Meaning 

2r 
5.t2 5 times s squarcd 
- 2 y J  

L sxmv 

2 rnultipiied by x or 2 times x 

minus 2 times x cubed 

15 rimes .r times y 

alternative ways of wrhing U -+ h 

U divided by the p d u c t  of 3 and b- 

or ff/h 

a/(3hl 

Noticc how wc omit the mulliplicntinn sign. 

In the examples abwe,  the numbers 2. 5, - 2. 15 and 3 are called the cwficients of 

x. 2,  x3, xy and uh respectively. Convcntinnally they are p h x d  in front of the algebraic 

quantities. 

I t  is useful to simplify algebraic expressions; the following examples illustrate the 

rules. 

I .  Where the terms are similar they are collected by adding and subtracting ihe 

coefficients. Consider the expression 14x - 31: + 51. Now 14 - 3 + 5 = 16, so the 

expression can be simplified to [fix. 

2. Where the terms are not similar they cannot be combined by simply adding or 

subtracting the cuefficients. The expression 14x - 3,v + 5: cannot be simplified 

further. But partial simplification is sometimes possible, I n  the expression 
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14x - 3y + 5y - 8x x y 

6x+2y. 

3. 3x + 4x2 

x x2 

2.4. 

- + 5y - 

4. 

a x b = ab = ba = b x a 

3a x 7 b =  3 x 7 x a x b =21ab 

a x (-b) = -ab, (-a) x b = -ab, ( -a)  x ( -b)  = ab 

a -a -a a a 

- b -  b -  b '  - b -  b 
- ---- ___ 

4 

2 x 6 ~ ~  2 x x z  JZ$$ 2@ 
x - - -  - x - - 4x x 2x = 8x2 

Z % ZY - 

Powers 

53 5 x 5 x 5, a3 a x a x a. 

1 

a' a. 
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khrnples 

Fractional powers arc also a generalisation of  the cast for nunibcrs. The quart t w t c  of .Y 

arc writtcn *,,h or kd ' and. in gcncrd. the ttth root of U is writtcn (I"'". When ir = 1. 

can Iiican thc pth power of  thc qth rrwot of U.  i.e. 

( c r ' . ' ' f ) P  or the 4th root o f  the p t t i  power of U. i.e. ( u p ) '  ". providcd the roots cxkt. 

An dgcbriic cxprcssion can bc. evaluated by substituting spcci tic numerical valucs 

for the algebraic quantitics. For cxaiiiple, the value of (1') whcn ( I  = 2 i s  2' = 8 ,  the value 

of the cxprcssion 2.v - 2 y +  4: when .v = 1 .  !* = -2. z = -3 is given by 

- U .  The notation d' ( u l ; N ) "  - 

3 x 1 - 2  ~ ( - 2 ) + 4  x ( - 3 ) -  3 + 4 -  1 2 =  -5. 

Exercise 2.1 

1 I 

3 4 
log,,(27/8) + log,, 16. ( 1 )  

2 Siniplify ttw following by removing the logarithms: 
1 

(a )  log,,, IOW (h) 3 log,,, I000 + 2 lop,, 100 - 6 log,, Jlo 

( c ,  logd (I4 - h log, U !  + 2 log,, (1. 
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3* ex x =  1. ei = 2.718 281 8, e, 

e, e. 10, 

10 10. x 10. 

A 

5ah x 6a2b 3a2b x 2ab 

4 

( c )  x 3ab) t (Sub2) (a/W f (b /c )  

(9aWc) x ( 2 c / 4  (f) (2ablc) x (6a2c/b) x (bc/8a) 

(a3)-'/' { (ab)2}- ' /3  

(6,/ ' jZ/p) x t ( 3 8 ~ - ~ / ' p - ' )  

( Q b C ) ' l 3  + (L12h2c2)2/3. 

5 a = 1 ,  b = 4, c = 27, 

6a' + 2bc - 31/ab - ( 3 ~ ) ' ~ ~  + (2b2)1/5 

( 1 6 b ~ ) - " ~  

(f) ( ( c  - 11) x b y 3 .  

6 

x y 3 ,  by 

z 

a h by c 1 

5 

x y ,  by x y .  

7 

b2x2y +- bxy 108x3z2 i 9xz 

(f) @3)li4 1 i 3  
x2y2 + 1 5 ( ~ y ) - ' / ~  ) 
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Expanding bracketed terms 

To expand expressions involving brackets. each term inside the brackets is operated on 
by each temi outside thc brackets. For cxamplc, 

S(7x - 3 ) s )  = s x 7s - s x 3y = 3sx - 1s). 

- 2(x + 2 )  = -2r - 2: 
- 3(u-  h)  = -3  x a - 3 x (4) = -3u+3h  

We can symbolically represent the key rules as 

Note thc example 

c(.r + U )  = CX + cu = xc + U(' = (.U + u)c 

Example Simplify thc cxprcssion 2(s + 3y) - 3(2r - y) .  

The expression becomes 

ZU + 6)- - 4~ + 3). 

and then 

-4.r + 9)t. W 

When two bracketed expressions are placed next to each other they are assumed to 

multiply together. 

Examples 1 .  (s - 3 ) ( 3 s  - 4) = x x (3.r) - 3 x ( 3 s )  + .Y x (-4) -t ( - 3 )  x (-4) 

= 3.; - 9-4- - 4.v + 12 = 3 2  - 13.r + I2 

2. ( 2 ~  + 3 h ) ( 3 ~  - h) = 6 ~ '  + 9 b ~  - 2 ~ h  - 3h' 

= 6a' + 9ah - 2uh - 3h' 

= 6u2 + ?ah - 3h' 

Recall that thc product uh is the samc as 60, just as 2 x 3 and 3 x 2 have the samc value. 
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Convention often puts the letters in ulphabctical ordcr. but we somctims do not follow 

We may gencnlisc the idea.. by producing statements such as 

i t  until we have obtained the final result. 

((I - h)(c-cl)  = ac - Ix - nd t W 

but i t  is not a uscful exercise 10 try to rmnrcnrher such statements. It is far better to 

tmdcrsmrd how they arc obtaincd so that you can carry out such inunipulations i n  specific 
cases. 

Three kinds of product which are widely met ate the following. These are worth 

remembering. 

(U  + h)' = ( ( I  + h)(a + h) = u2 + Zuh + h? 
(U - 1))' = (U - h ) ( ~  - h)  = U' - 2uh + h? 

(a  + h)(u - h )  = ( ( I  - h)(a + h) = U' - h' 

You may verify them for yourself. 

acronym BEDMAS applics. For example. 
Note that the order of precedence of opcmtions is the same as for numbers. so the 

means that .v i s  squmd thcn multiplicd by 3 and by y. the result king addcd to 5.  On the 

other hand (5 + 3,s)~ means 5y + 3.$j*. 

Adding and subtracting fractions 

The rules m8 pmllel to those for numcrical fractions. 

Examples I .  

41 h ad ch ucl+ch 
3. -+-=--+-=- 

c n cd cd cd 
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a b ax b a x + b  
- + - = - + - = ~ 

x x2 x2 x2 x2 
5. 

a b 3a 2bx 3a+2bx 
6. - + - - - + - =  

2x3 3x2 6x3 6x3 6x3 

a b ay2 bx a 9  + bx 
7 .  --+-=-+-=-* 

x2y xy3 x2y3 x2y3 x2y3 

Exercise 2.2 

1 

(2x - 3)(x - ( 3 ~  + 4)(3x - 1 ) ( 2 ~  + 5 )  

(2x + YX3X - U) ( x  + z)(x2 + z )  

(2x +y)(3x - (0 (2x + Y W  - Y > ( X  -U) 

(2  + + b)  ( x  + l ) ( x  + 2)  + ( x  + 3)(x + 4 )  

(3x - y)(2x - y )  - 3(x - y )  (i) z(x + y )  + 4x(y - 2 )  + 3y(x + 22). 

2 

6(x - 1 )  + 3(x + 4 )  + 5x 

1 9 ~  + 6(4 - 2 3 ~ )  + 74 

2~ - 5 + 9(3 - 5 ~ )  + 1 1  

2 . 1 8 ~  - 5.65 - 6.14(9.5 - 2.1 2 

- ( H  _ _ _ -  '> _._ 111 ( 3  - :) 
7 3  4 

(g) 4(x2 - 5 )  + 2(x - x2)  

2d.p. 

rc = 3.14 e = 2.72). 

(9,2 ) :( 5 i 8 )  
(1) TC - - 4 . 1 8 ~  +- X - -  

3 a3 + b3 = (a  + b)(a2 - ab + b2) .  b by 

a3 - b3. 
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4 

(a) (x - 1)(x - 3)  - 1 ) ( 4 ~  - 2) 

(s + 3t)(s - 2) (xy - l)(xy + 1) 

(3 - x)(5x + 2) (f) (x - l)(x - 2)(x - 3) 

(X - I)(x - + 3) + 3(x - 4)(x - 5) +x - 6 

(P - 24)(P - 54)b - 4 )  (x 

(j) (x + 1)5 x3. 

5 

a b  
- -- 
c c  

6 

a b  
(a) -+-+ 1 

c c  

a b  

3c 4c 

a b c  -+-+- 
x x2 x3 

a b  a b  
--- - - -  
2c 3c L' d '  

a b  -+- 
2c 5c 

a h c  -+-+- 
3d 5d 6d 

u b  
(0 -+-- 

3x 4x2 

a b c  -+--- 
2x 3x2 4x3' 

7 a+b 
C 

a = x, b = x', c = 1 

a = x, b = y .  c = 3y 

a = 3x, b = 5x2, c = x 

a = -x, b = -2x2, c = -x2 

a = x1l3, b = x4I3, c z x'I3 u = x - ~ , ~ = x + ~ , c = x  

( 

a = z ,  b = z - ' ,  c = z-' (f) a = x'I2, b = x3I2, c = x3I2 

a = xy , b = x$, c = y (j) U = 3~ + b - 2 ~  + 1 ,  c = x + 1. 

8 

a c ad+cb -+-=- 
b d bd 

a = x, b = x2, c = d = x 

1 $  1 2 
_ _  +-=- .  
x$ x x 
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a = x2 ,  b = x ,  c = x3 ,  d = 3x2 

a = x -  l , b = x , c = 2 x -  1 , d = 2 x  

a = x +  I , b = c = x -  l , d = x +  1 

a = 2 x + l , b = 3 x -  l , c = x + l , d = 2 x -  1 

a =  1 - 3 x , b = 3 - 4 x , c = x + 6 , d = 9 - x  

(f) 

a = 1 + x , b = 1 - x , c = 1 + ~ ~ , d = ( 1 + x ) ( l - x )  

a = 1 - x 2 , b  = 2 + x 2 , c =  1 - x , d =  l + x  

a = x ,  b = 3, c = x2, d = y 

( j )  a = &, b = 1/&, c = x3I2, d = x ' / ~ .  

a = + a2x, b = 6, + b2x, c = c1 + c2x, d = d,  + d2x 

9 

3x+ 5 X 

(x - 1)(x2 + 1 )  + ( x  - 2)(x2 + 1) 

10 

( a x -  6 )  a x -  b 

(ax - 6 )  - a2x2 - b2 a 

- 1 1 

ax + b - (ax + b )  
X- 

A 
(A  1 

( A  1 

- - 
3x + 2 

1 

( 2 x -  l ) ( x -  1) 

A - 
( x  - l ) ( x  - 2)  - ( x  - I ) (x  - 2)(x - 3)  

1 1  
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3 5 x + 1 + 1  -+----- 
x x - 3  

3x- 1 
2x+- 

x +  1 

12" 
z2 - z-2 

(x + z - ' ) ( z ~ / ~  - = _____ 
z- I / 3  

x x2 

Y Y2 
(b) -+-- 1 

2x - 1 

3h+(fi- 
a x + b  b x + a  

c x + d  d x + c  
(0 ---------- 

2.2 FORMULAE, IDENTITIES, EQUATIONS 

Formulae 

T = 

T, I ,  
g. 

E = mc2 

E m c A formula 
variables 

T 

I 

constant, T 

I knowns 

unknowns. 

Example by 
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A r rc 3.14, 

Solution 

r = 4 A = 3.142 x = 50.272 

A = 

Exercise 2.3 

1 T 

1 1.3 m 

( T  = (g  = 9.81 

on 

T 

2 c = 3 x 108 s - ’ ,  E = mc2, 

kg 

3 (S) ( V )  by 

s = 
4 

3 
v = - rcr3. 

r =  10.5 S V. 

r by by do S V 

S= 100 r V. 4 
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4 A r h by 
S = 2nr(r + h).  S r =  h = 93 

5 C V 

1 
-CV2 C= 3.58 x V= 898 
2 

6 U U ,  

by 

f v = 30 U = 20 

U = U = 

Transposing formulae 

T subject 

T = 2nJ l /g .  

transposing 

A 1 b by 

A = lh. 4 2.5 

b = A / / ,  

b = 4/2.5 = 

by by 

Note that the same operation must be cai-ried out on both sides. 

no 

(-x) (+x)~  = .x2 
2 
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Examples 

a = b - c c a + c = b. 

a = b + c c a - c = b. c 

a = - by c ac = b. a = bc 

by c - = b. c 

b 

C 
a 

C 

1. f by 

U v 
on 

1 v U v+u 
- - -+-=- 
f -uv uu uv 

uv 
f = -  

v+u' 

- 
1 

U 

by 
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by 

2. E 

E 
T2 = 4n2 - 

g 

g 

4712 
by - E ,  

T2  

4n2 

3. 

r, by r;! 

on 

by E 

or 

do r 

a 

1 - T(a + 2b) 

T2 
C =  
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T by T 2  

cT’ = 1 - T(a  + 2b) 

T(a  + 2h) 

cT2 + T(a  + = 1. 

T T on 

a,  b c on 

T. 

Exercise 2.4 

1 

PV = RT 

E = mc2 

= x 

3(2x - 1) + - 3 ~ )  = 5x - 1 

3.18 - X) + 2.64 - 5 . 5 ~ )  = 7.5 

+ + 36) = 5ct 

( A + p ) ( t - 2 ) = A t -  10 

GmM 
F = -  

r2 

at = (2bt2) + ct3 

5 = r2 
4 + x  

(m, c)  

(XI 

(x, 

(x, 

r )  

( 

(4 
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(4) (U,  r )  

(U,  r )  

( t )  (0  

(U) ( 1  - t ) ( 2 - t ) ( 3 - t ) =  - t ) + 7  (1 )  

(x) 

T( T + a )  = ( h  - T) (c  - T )  

T ( T  + a )  = (h  - T ) ( c  - T 2 )  

- x2)(2 - x2) = x4 - 3x2 - x 

( 1  - t ) (2  - t ) (3  - t )  = 6t3 - t2 + 7 

______ +') = (h' + 2hy + p 2 )  - p ( h  + p )  
P 

x3 + , v3 - - x2 - .uy +y2  

2 h 

100 r 2 S = 27-4~ + h) .  

3 
P = V/ V / 

(b) 

60 V = 240 

V = R / ,  R R. 

4 R ,  , R,, R,, R 

1 1 1 1  +-+- E = %  R, R, 

R R I  = R2 = 2 0 R ,  R, = 3 0 0  

R = 12 R, = R, = 40 Q R ,  ? 

5 a, s 

by 

1 

2 
s = ut + -at2 

zi 

U! 

a s ~ ') U = 10 h - s = 100 

f =  

6 r p 

= C ,  a 
/ 3  
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C = p = 1 r = 10, H! 

7 v 
by d = 1.0% + 0 . 0 5 7 ~ ~ .  

d v = 

1 300 

8 by 

100 

do 

Identities 

identity 

Example 

(x + 2)(x + 3) 3 x2 + 5x + 6 

x = 3 

5 x 6 on 9 + 15 + 6 on 

30 x = x (- 

(-4)2 + 5 x + 2 
by 

= 

(a  + b)(a - b) 

(a  + b)(a - 6 )  = a2 - b2 

a2 - b2, a b 



2.2 FORMULAE, IDENTITIES, EQUATIONS 53 

x2 + 2x + 1 3 x2 + 2ax + 2a + b 

x on 2 2a, 

a 1.  on 

2a + b 1, a 1 b - 1. 

Equations 

equation 

solutions roots 

x + 2 = 5  

x = 3. no x 

5.  x to satisfy 

solving 
linear equation. 

ax = b. a 

x = b/a,  by by a. 

Example 

4x+5 = 7x-4. 

4x 4x 

5 = 7x-4x-4 .  

4 -4  

5 + 4 = 7x - 4x 

9 = 3x 

3x = 9 

x = 3. 
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Simultaneous equations 

Example 

x + 2 y = 3 ,  

x y x=  -5, 

-5 + 2y = 3 ,  2-v = 8 

simultaneous 4x - 3y = 1 

x + 2 y = 3  

4 x - 3 y =  1 .  

by 3 by 2 

3~ + 6y + - 6y = 3~ + 8x = 9 + 2 

1 1  1 

( 1 )  y = 1 .  

It 

x + y  = 1 
x + y  

(b) x + y  = 1 
2x + 2y = 2 

inconsistent; 

x = 0 , y  = 1 ,  

H x = 1,y = 0, x = 2,y = -1. 

no 
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Example 

14 

by by 2 

- 2 x 

- y +  - + z )  = - = 15 - 2 x 14 = 

by - 1, 

4x + 3y = 13. 

z by 3 x 2 x 

3 x + 2 x (3), 

x x 11. 

So 

8 x + y =  11. 

(4) ( 5 )  x = 1 , y  = 3 

(3) z = 8. 

z.  

good 

Exercise 2.5 

1 x. 

+x+x2  +x3) = 1 -x4 

+ x + x 2  +x3) = 1 - x 5  

x3 - 2x2 = 14 - 7 x  

x(x2 + + 6(x’ + -x2(x+ - (6x+ = 0 

x(x2  + 1 + 6(x2  + - x 2 ( x  + - ( 1 + = 0 
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2 

x2 + 2x + 1 = x2 + + + b 

= 1 b = 1, b = 

x3 + + + b)x + + b + c E x3 + 3x2 + 2x + 1 

( ~ - : ) ~ = x ~ + k + - - + - -  m n  
x2 x4 

2 ( x + y ) 2 - ( x - y ) 2 + 3 ( x + y ) - ( x - y ) = ~ 2 + a x y + ~ + b ~ + c y  

x2 = (x - 1)2 + - + b 

(x+ 1)3 -x3 = 3x2 + p x + q  

3 + l)(x + 2) + b(x + 1) + = 2 2  - 5x + 7 

b, x2, x 

x = x = b a 

4 

x3 + 3px2 + qx + r (x + 

q = 

q r 

r = 

5 

4x4 - 41x3 - 28x2 - 8x + 1 = (4x2 + 3x + 1)(2 + + 

6 as 
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( x2y3)aG)  = x3 (b) = 1 (x f y )  

b 

(xuy-92x3y-2 = x5y-3 

a 

(Xyz-')b(2yz2)c(x/y)a 3 ~ ( x ~ z ) ~ .  

7 dimensional analysis 

[w, [L] [a. 
on x, y z 

3 = -x + y - 22 [L] 

-1 = -x - 22 [T] 

0 -  x + 2 [M] 

8" F upon 

A ,  V p,  

F a APVapr .  

p q r. 
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9 

3 x + 2 y =  5 y =  1 

6 x + 2 y + 3 z =  19 x = = 2 

4 x -  5y = 4 

6x+ 10y = 5 

9z - 1 Ib = 4a 

32 + 5b = 2a 

z b  

a a  

3 . 5 2 ~  + 4.612 = 19.81 3 

- 2 . 5 6 ~  + 7.8 l z  = 25.02 

(9 x - 3 y = 2  

- 2 ~  + 6y = -4 

3x + 2y + 5z = 22 

- 2 ~  - 6y + 72 = 7 

5x + 3y - 5z = -4 

3 2  

X Y  
-+-= 5 

1 5 
- - 4 - -  
Y Y 

- 

x - 3 y = 2  

-2x + 6y = -2 

(i) 6p + 5q - 14r = 

p + q + r =  15 
~ - 4 + 2 r =  16 

3x + 2y + 42 = 8 xy + 2xz + 3yz = 6 

x + y + z = 3  -3xy + 4xz + 1 lyz = 12 
x + 2 z = 2  -2xy - ~ X Z  + 1 5 ~ ~  = 8 

xyz = 1 

1 1 1  
Hint: by xyz -, - ,  -. 

X Y Z  

10" by 

a b + c =  11 

b - c = l  

2b + 3c = 12 

x2 + 2 3  = 9 

x(x - 2y) = 5.  

13x2 - 3 ~ '  = 1 

a 2 + b + c = 4  

a(a + b )  + c = 2 

b - 1 = 0  

M, N P 1 9. 
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2 M + N  = 10 

MN = 12 

(f) M + N + P = 6  
MNP = 6 .  

M + 2 N + 3 P =  10 
M N = 6  

2.3 PROPORTIONALITY 

y directly proportional to 

proportional to) x y = Cx C constant of 

proportionality. y o( x 

x y 

x by 5 y by 5 on. 

As y = 3x. x = 2 ,  y = 6 ;  x = 4, y = 

2 6  

5 5  
x = -, y = -. y 3 x 1. 

on 

proportional to 

.v inversely 

x 

C is x y 

Examples 1 .  is 6 

0.5 

0.8 
V V = Ri 

R resistance 
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2. 

6 = x 0.5, = 12 V = 

V = 12 x 0.35 = 4.2, 4.2 

0.8 = = 

, 0.8 8 1 

12 120 15 
I = - = - - - = -  

V ,  i, V2 

i2 = V2 = 

x V2 x 
v2 = 7 = -. 

21 

1 x 105 

0.5 

2.5 x 

p V p = - 
k 

k 

V 

k 

0.8 
105 =- 

SO k = 0.8 x 105 = 8 x 104. 

8 x 104 

0.5 
V = 0 . 5 , ~  = ~ = 16 104 = 1.6 x 

8 x 104 
= 2.5 x 104, 2.5 x 104 = ____ 

8 x 104 8 32 

10 
- -  = = 3.2 - V =  

2.5 x 104 - 2.5 
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k k 
p l  p 2  =- 

v2 

Other forms of proportionality 

Example 

I g 

s-~). 

T = C& T = ctf2 
2n 
- = 0.641 (3 T 

by V = - na3. V 

a. a V 

upon 

upon 

on 

1. & 
4 

3 

on by 
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v s -I )  R 

R = c 3  R, = cv: R, = cut. 

= 2, R,/R, = 4, so 

terminal speed. 

Simultaneous proportionality 

m l  m2 

Y F 

F = k , m ,  k ,  

F = k,m, k2 

F = k3/r2  k, is 

universal constant of gravitation; 

6.67 x 

m2 r do 

m2 r 

x m ,  x 
F =  



2.3 PROPORTIONALITY 63 

F= x 

Example kg 5 x 1 O4 kg, 

6.67 x x 104 x 5 x 104 6.67 x 5 x 10-' 

108 
- - F =  

104 x 104 

= 6.67 x 5 x = 3.335 x 

4 x 3.335 x = 1.334 x N. 

Exercise 2.6 

1 P h 

p 2452.5 5886 
h 250 400 

2 

p 1 o4 1 OS 

p p 3 )  0.09 0. I8 
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@ 3  

4 

6 

m 7  88 U 

h. 

(Hz) 

f (Hz) 250 320 
h 1.5 0.6 

3 by 

300 400 
200 150 

s by 

t. t = 8  

t = 16 s. 

P 
i = 3 P = 90 

50 

v p 

p. 

v p p.  v = 328 p = 1OS p = .3, p 

v = 300 p = 1.25. p p = 3 x 104 v = 350. 

on 

86 400 T r 

T = 

= 6.67 x 

M = 6 x 1024 kg. r? 

on 7'. 
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9 v E p 

by 

2, = /- E 

P 

U p 

E? 

10" g 

Y 

go, g Y. 

R. 

on 

2 . 

2.4 FACT0 RlS AT1 0 N 

factors on 

do factorise, do 

(a  +- b)(a -- 2b) = a2 +- ba - 2ab - 2b2 

a2 - ah - 2b2. 

a2 - ab - 2b2 

(a  + b)(a - 2b). 
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Examples 27x2 - 1 8x3. 

27 18 x2 x3 x2. 

27x2 - 18x3 F 9x2(3) - 9x2(2x) 

5 9x2(3 - 2 4 .  

2. 20x + 4x3. 

20 4 4 x x3 x. 

20x + 4x3 = + 4x(x2) 

= 4x(5 +x2). 

3. 4xy + 8y2 + 10x2y. 
4, 8 10 2 xy, y2  x2y y.  

4xy + 8y2 + 10x’y F 2y(2x + 4y + 5x2). 

Quadratic expressions 

W 

ux2 + bx + c’ quadratic expression x), 
a -2x2 + 5x + 6, 2x2 - 7, x2 + 3x. 

x2 1 .  

Example x2 - 5x + 6. (x - a)(x - p) 
(x - x ) ( x  - p)  = x2 - (a + P)x + a[]. 

x 0 

CI + fi = x = 5 

CI{~ = = 6. 

2 3 

x2 - 5x + 6 = (x - 2)(x - 3 )  = (x - 3)(x - 2). W 
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. --____ - 

I t  is worth remarking that if the ccmtant tern1 is positiw thcn 31 and 11 haw the sinic 

h i p i ,  p)hitivc i f  tlic cccfticicnt o f . r  is Ix)sitivc and negative i f  i t  i x  ncgativc. I f '  the constant 

tcrrii is iicgatiw thcri x and /I have opposite signs; i f '  the cwfficicnt of .v is positive thcn 

the largcr-si/ed n u n i k r  is positive and vice kcrsa. 

Example 

Examples 

.I2 - 4.v + 3 -- (s - 1 )(.v - 3 )  .$ - *v - 6 E (,y + Z)(,v - 3). 

Certain forms of  thc quadratic expression have simple factorisations which arc worth 

I c am i ns : 

.v2 + 6.v + 0 z (s -t 3 
I I 

.v- - 4, + 4 = (.I. - 2)' 

.I2 - 2 5  = (.v + S K v  - 5 ) .  

I f  you c m  'spot' a fiictor then i t  allou.s ;I siiiiplitication o f  the factorisation process. In 

gcner;il. i f  (s - N )  is ;I Lictor o f  an cxprcssion then putting s = ( I  niakcs the v;ilue of the 

expression equal to  zero. For csamplc. s' - Ss + 6 z (s - 2 ) ( s  - 3). If we put either 

,v - 2 or .v - 3 thc cxprcssion .t2 - 5.v + 6 is zero. 

Example Consider thc cspression v-' - 1 2t2 + 34s - 38. We sc'c that .v = 2 niakcs the v;iIue 

of thc cxprcssion 8 - 12 x 4 -+ 88 - 48 - 0. 

Hcncc .v' - 12~' + 43.v - 48 (.v - 2 )  x (quadratic). 

In thc sccond pair o f  brackets wc can till in  sonic gaps. .v' - .v x .t2 and -48 

- -2 x 23. Then .v7 - 12t2 + 44.v - 48 = (s - 2)(.v2 + ZT + 24) whew z has to be 

dc term i ricd. 

Lookins at the tcrnis in .v' on the right-hand sidc. wc obtain -2v '  + xs2; on the left- 

hand side tvc h3t.c. - 1 2t2. hencc 2 = - 10 and .v' - 1 2 v 2  + 4 4 . ~  - 48 

= (.v - ?)(.I2 - l 0 . v  + 24). 
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by 

W - - SO x2 - 12x2 + - 48 - - - 

x2 1 

Example 14x2 + 65x - 25. by 14 

7 2, 14 1 

14 5 5, 25 1 

25. 

+ (7x - + - on 

( 5 ,  

a 

14x2 + x + 
no 4.2 

Algebraic fractions 

by 

x2 
Examples 1.  

- + 
1 

(x - - 
x +  

x2 - 5x + 6 
2. 

x2 - + 

(x - - x - 2 
-- - 

- x - 3 '  
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5xy + x 
3. ____ 

2x + x2y' 

(x2 +Y> 

(x  - 
* 4. _______ 

no 

5.  

2 3 

x2 + 4x + 3 + 5x2 - 5x - 10' 

2 3 + 
(x + 3)(x + 1) 5(x + l)(x - 2) * 

5(x + 3)(x + l)(x - 2). 

1O(x - 2) + 3(x + 3) 2 x 5(x - 2) 

5(x + 3)(x + l)(x - 2) 5(x + l)(x - 2)(x + 3) - 5(x + 3)(x + l)(x - 2) 

5(x + 3)(x + 1)(x - 2) 

5(x + 3)(x + l)(x - 2) * 

- - 3(x + 3) + 

1 0 ~  - 20 + 3~ + 9 - - - 

1 3 ~ -  11  - - 

6. 

3x+2 I 4 
E =  

x2+x-2  x 2 - I  
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Exercise 2.7 

1 no 

x2 - 7x+ 12 9x2 - 100 

49x2 - 7 4x2 - 4 x -  8 

21x2 + 13x-2 (f) 33x2 - 35x - 12 

(g) 8P2 - 27PY + 9q2 x2 +2x+ 3 

6x3 - 17x2 - 61x+ 132 (1) 3m(m + 2n) - 2mn - 4n2 

x3 - 1 lx2 + 26x - 16 (j) 30x3 - 127x2 + 174x - 77 

x - y 2  +x2 - y  (3P + 4x4 - P )  + q3 - P3 

2 

x + 4  

x + 3  
- - 

~ 

3 5x 

2x + 1 + 4x2 + 4x + 1 

1 1 

x +  1 (x+ 1)2 

5x+ 1 2 +---  
x 2 - x - 2  x2-4  
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x + 3  

(x + l)(x + 2) 
+ x + 2  

(x + l)(x + 3) 
+ x +  1 

(x + 2(x + 3) 

P+24 1 

P 2 - Y 2  P+Y 
r n ( ~  + t’) - m-s/2 

2 *+32/75 - 

a - h  J1;+1/7; 
~ - -  

(1 + t 3 )  1)’ 

3 

A B +- - -- 

(x-  l ) ( x - - ) - x -  1 x - 2  

- A ( x  - 2) + B(x - 
- 

1 

(x - l)(x - 2) - (x - l)(x - 2) 

A(x - + B(x - 1) Z E  1, by 

x A B. 

x = 1 x = 2 A B. 

4 3 A ,  B, C 

A B +- 
x - 2 

- -- 3x+ 

(x - l)(x - 2) - x - 1 

A B +- 
(2x + 5) 

__ -~ 
1 

(x + 1)(2x + 5) - ( x  + 1) 

A B - +- 
(2x+ 1)(3x+ -2x+  1 3x+ 1 

-- 
5x + 6 

A B C +-+- - -- 
1 

(x -  l ) ( x -2 ) ( x -3 ) -x -  1 x - 2  x - 3  

A B c 
x + 2 

+-+- 
(2x+ 1 ) ( ~ + 3 ) ( ~ -  1 ) - 2 ~ +  1 x + 3  X -  

+- +- 
x + 3 

A B C 

- _-  2x+ 1 

x 2 - x + 3  

(x + l)(x + 2)(x + 3) - x + ) 

U-)?* 

(g)* 

- -____ 

A B 

x + 2 
+- +- - -- 

1 

(x + l)(x + 2)’ - x + 1 (x + 
x, x = 0. B, A 
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5” 
4 

x3 - x3 - 3x2 + 3x - 1 

x3 + 2x2 - 5x - 6 x3 - 14x2 + 35x - 6 

x4 - 2x3 - 13x2 + 14x + 24. 

x + x - 6 

x5 + 7x4 - 61x3 - 16x2 + 300x + 396 

6* a = b a - b 

a2(b - c)  + b2(c - a )  + c2(a - b). 

-(a - b)(b - c)(c - a) .  

2.5 SIMPLE INEQUALITIES 

As ‘5  

5 > 3, > 

by on real line. 2.1 

on 

a A - - - rn 
v v w v w 

0 1 2 3 4  5 6  

Figure 2.1 The real line 

5 3, 
5 > 3. 3 5 ;  3 

5 3 < 5.  5 

2 4 5 7 
4 5 4, 7 2 4 4 >_ 4 

by 

5 > 3 , 5  + 4 > 3 + 4 5 - 2 > 3 - 2. 
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by by positive 

> 

5 3  
5 x 2 > 3 x 2 - > -. 

4 4  

by negative 

< no 

5 x 3 x - 10 

5 3  
5 x < 3 x - < -. 

by 

6 > < 

a > b a + > b + c 

a < b a + < b + c 
a > h i > 0 La > Ab 

a > h ;1 < 0 Aa < Rb 

a > b a - b > 0, 

ab > 0 either a > 0 b > 0 
or a < 0 h < 0 

ab < 0 either a > 0 b < 0 

or a < 0 b > 0. 

Example 
a > b a2 > b2 b > 0 a2 < b2 a < 0. 

a2 > b2, a > b? 

Solution 

h > 0 a > 0. a > b, 

a x a > a x b  b x a > b x b  
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a2 > ab > b2, a2 > b2. a < 0 b < 0 a > b, 

a x a t a x b  h x a t b x h  

a2 < ab < b2, a2 < b2. 

a = b = 2 a2 = 9, b2 = 4 a2 > b2. a < b. 

a 

Intervals on the real line 

x 

5 - 4x > 3x + 2 

4x 

5 > 7 x + 2  

2 

3 > 7x 7x < 3 

by 7 

3 

7 
x < - .  

interval on 

x 2 --. = 

closed 0 
0 

open 

4 

5 

Figure 2.2 Intervals on the real line 
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n I n A I A 
1 w w 

0 3 - 4  0 2 

Figure 2.3 Finite intervals on the real line 

2.3(a) x < 3 

x > -2; 

-2 < x < 3. 

2.3(b) x 5 2 
x 2 -4; 

Inequalities and the modulus sign 

absolute value x 1x1. 1x1 = 2 x = 2 

x = on 1x1 < 2? 

-2 < x < 2. 1x1 < a -a < x < a 

1x1 > U x > x < -a. 

2.4. 

n :  I n I n t  

-U 0 U -U 0 U 

Figure 2.4 Intervals described by the modulus sign 

Example 

12x - < 4 13x+21 = 1 (3 - X I  3 5. 
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Solution 

-4 < 2x - 1 < 4. 

1 

-3 < 2x < 5 .  

by 2 

x = - - x = - 1 

3x + 2 = 1 3x + 2 = -- 1 

3x = 3x = -3. 

1 

3 

3 - x  2 5 3 - x  5 -5 

-x 2 2 -x 5 -8. 

by - 
x 5 x > 8. 

Example 4 5 x 5 7. 

Solution 

4 5 x 5 7 

1 1 

2 
= 5 - .  

1 
- = 3; 1 -. 

2 

by 2 

(2x- 111 5 3. 
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Exercise 2.8 

1 

x + 7 > - 3  5x+5 < 2 

(c) 3x-5 2 2 x + 2  ( 2 x - 4  

12 - -x  >_ 6 (f-) 7x - 8 2 IOx+ 3 

(8) 5 + 4x < 3x - 2 2 - x t 5 - 6 ~  

1 1  - x  < 3x+2 (j) 9 - 1 5 ~ < 6 ~ - 1 9  

3 - 2x < 5~ - 4. 

2 

2 < x < 8  

< x < 6  

(g) a t x t b  

3 5 -2x 5 

3 x: 

( x -  51 < 6 

12x- < 4 

3 5 x 5 1 1  

(f) 

6 < 3x < 24 

9 < 5x+3 < 15 

3 < ux < 5 .  

(b) ( x+  111 > 10 

15 - 3x1 < 6 

4* c > 0 lux + bJ < c x 

on 



SUMMARY 

0 Algebraic expressions are evaluated in this order: Brackets, Exponentia- 
tion. Division/MuItiplication, Addition/Subtraction 

0 Expansion of expressions follows the Distributive laws: 

a(h + c) = ab + ac 

(a + h)c = ac + hc. 

Note that 

(a + h)’ = a2 + 2ah + b’, (a - b)* = a2 - 2ah + h2. 

(a - h)(a + h) = U’ - h2. 

0 A formula relates one algebraic quantity, the subject, to the o t h m  

0 An identity states that two algebraic expressions are always equal to each 

other, M equation is true for one or more values of the unknown(s) 

0 Simultaneous equations: two linear simultaneous equations in two 

unknowns are inconsistent if they have no solution: if they are consistent 
they either have a unique solution or infinitely many solutions 

0 Proportionality: defining C to be a constant. we can say that 

y is directly proptional to .r if y = Cx 

C 
~9 is inversely proportional to x if -v = - 

z is jointly proportional to x and y if z = Cq7. 

x 

0 Inequalities 

a >  h i m p l i e s a + c > h + c  

a -= b implies a + c < I> + c 

if a > h and if i. > 0 then 1.a > i.h: if 

ah  > 0 implies either a > 0, h > 0 or a < 0. h < 0 

ah -= 0 implies either a > 0, h < 0 or a < 0. h > 0. 

< 0 then >.a < i.h 
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0 Intervals: inequalities can be represented by intervals on the real line. 

0 Inequalities involving 1x1 

1x1 < a is equivalent to - a < x < a 

1x1 > a is equivalent to x .c -a or x > a 

Ixl = a is equivalent to x = -a or .r = a. 
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Answers 

Exercise 2.1 

Exercise 2.2 

3 1  

3 Oa3 b2 

ac/ b2 (e)  

3py-222 

l/(abc) = (abc)-’ 

1 

3 
--&+y* 

z3/2 

5 

1 

ac4 

b 
-+ 1 

8/21 

1 2x2z (e) 
x-3J2 -312 -3 

Y Z  

2 2  - 5 x f 3  

6 2 f x y - 3  

6x2 + 3xy - 2~ - y  

z2 + z(a + -+ a6 

6x2 - 5xy - 3~ +U2 + 3y 

14x + 6 

18x3 + 6 3 2  + 37x - 20 

x3 + x2z + xz + z2 

4x3 - 4 2 y  - x? + y 3  

7xy - 3xz + 7yz 

2x2 + 1Ox+ 14 

33 - 43x 
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98 - 1 1 9 ~  ( d )  6 0 . 5 7 ~ -  18.61 

65H/924 - 95/308 

2 ( 2  + x  - 10) 

x3 - 3 2  + 30 

7 130 

2 x  
4~ + 2 9 ~ ~  - 2 3 8 ~  - 6 

X l Z i  + 2Zy + 521 

(9 -+- 

(i) 

12.76~ 
28.62 

(1) ~ - 
X 

-x5 + 1 iX4  + 4x3 + 4x2 + 2~ 

x2 - 4x + 3 (b) 8a2 - 80 + 2  

s2 + st - 6t2 ( d )  x2$ - 1 

-5x2 + 13x + 6 (9 x3 - 6x2 + 1 I X  - 6 

x3 + 3x2 - 3 3 ~  + 60 

x4 + 4x3y + 6x2$ + 4xy3 + y4 

x5 + 5x4 + 10x3 + 10x2 + 5x + 1 ;  x3 10 

p 3  - 8p2q + 17pq2 - 10q3 

a - b  

a + b f c  

C 

3a - 2b 
- 

6c 

ad - bc 
- 

cd 

5a + 2b 
- 

1 oc 

10a + 66 + 5c 

30d 

6ax2 + 4bx - 3c 

ax2 + bx + c 

x3 

1 2x3 

X + 2  

1 +z2 

x + xy 

4x 

3 
- 

3 + 5x 

1 
(0 - + 1  

X 

x + 2  
(i> - 

x +  1 

(4x - 3 )  
- 

2x 

4a + 36 - 24c 

12c 

4ax + 3b 

12x2 
(9 

X+Y 

3Y 

1 +2x  
-y-- 

2x2 + 2 

(x - l ) (x  + 1 )  

7x2 + 2x - 2 x2 - 4 9 ~  + 27 

(3x - 1)(2x - 1 )  (4x - 3)(9 - x )  

2x 
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4x2 - 5 
(x - I ) (x  - 2)(x2 + 9 

Exercise 2.3 

x +  1 3x2 - x - 2 E ( 3 ~  + - 

x - 3  ab - b2 = b(a - b)  

A s &(& - y )  x - &y B = Ax E x2 - x3/2y 

3&+2@ 

6x2 +x - 9 

x(x - 

2x2 + 5x - 1 

x +  1 

2 - 2x2 - x + 
x3 

5x - 4 &(5x - 

x -  1 
(4 -;) = 

(ad - bc)(x2 - 1 )  

(cx + d)(dx + c )  
(*) 

2.287 s 

2 9 x 

3 

V =  94.03 

S by Y by 

4 

5 1.443 

6 

Exercise 2.4 

1 Y=RT/P  m = E/c2,  c = (E/m)’” 

= 

65 
1.68 261 

69 

(8) 
2a + 3b 

2a +- 3h - 5c 
t = 
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2(A + /' - 
t = 

Cl 

(k)  (2b/uc)'" (1) 

(0) U = -p(b2 + l)/(b2 - = - h 2 ) / (  1 + b') 

bc 

u + b + c  

, T 

(q) U = (h(c - T )  - c T ) / T ,  T = 

( b  - T ) ( c  - T 2 )  - T 2  

T 
(r) a = 

(s) 2 

bp 

- 

x =  1 - y  

2 5.958 

3 0.25 

4 5.455n 

5 a = 2(s - ut ) / t2  x s - ~  

6 W= x pr3 1000 

7 270 
63 300 

8 212 

(c) 

Exercise 2.5 

1 

(c) x=2  

( e )  

1 

x =  1 

k = - 2 , m =  

U = 6, h = 2, c = 4 

3 

4 q3 = 27r2 
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5 

6 a = b = l  

a = c = 4 , b = O  

a = 1,  b =; 

z = 2 /3 ,  b = -7/3 

7 X =  - - l , y = 4 , z =  1 

a = b = O  

a = c , b = O  

(9 a = - l , b =  l , c = 2  

a = 4 , b = 2 , c = 2  

x = y = z = l  

9 x = z = 3 

x = 13/14,y = -2/35 z / a  = b / a  = 1/13 

(f) 

y = 1.002, z = 3.532 

-2.  

x = l , y  = 2 , z  = 3 p = 8 , 4 = 2 , r = 5  

(i) x = y = 1  (k) X =  l , y = 2  

(1) 

(m) x = y = z = l  

by - 2  -2x + 6y = -4, 

10 (a) a = b = 3 , c = 2  a = - l , b =  l , c = 2  

x =  M = 3 , N = 4  

M = 3 , N = 2 , P =  1 

(0 3, 2,  1, A4, N,  P M = 3, N = 2, P = 
M = 3 , N = l , P = 2  

Exercise 2.6 

P 3924 5886 
h 400 600 

2 

P 1 o4 5~ 104 
P 0.0 18 0.09 
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.f 100 320 
h 1.5 0.468 75 

4 66$%, 

5 

6 P = f i  

7 v = k$ U = E, k y 8.044 x 104, 0.287 

8 = 22.1 h 

640 1 

6400 
10 g = goR2/?, T = 271 by - 

Exercise 2.7 

1 

+ 112 
1 

+ + 
3x2 + 2x + 14 

+ l)(x + + 3 )  

5 & - @  

a - b  

- + 
- 2)(x + 
- 1 + 

- - - 

+ - 2n) 

(x+ 

5x2 + 13x + 4 

+ 1 - - - 

39 

(P + - 4)  

1 + t 3  

mt 
___ 
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4 

x > 

x >_ 713 
x s 6  

x < 

9 < 4x x > 914 

1 
Ix-51 

'1 11 

12x+ 71 L 4 ix-rq)l<T 
11 

3 5 
-- 

2 < x < -  2 

x < x > 

1 2 

3 3 
1 1 

2 2 

3 1 

4 4 

- - 1 + 
113 

x < 

x > 6  

x < 315 
4 < 3x x > 413 

x 5 

5 4  

< 3 

1 5 ~  - 91 < 3 

lax - 41 < 1 

(b) x < > 

1 11 
- T < x < -  

3 

4 

b 
- _  

U 

b c  b c  
---- < x < - - + -  

a 14 a lal 





Introduction 

The simplest relationship between two variable quantities is a linem one, 
which can be represented pictorially by a straight line. Even when the 

relationship is not linear, we often transform it  to a linear version in order 

to use the straight line representation, from which we obtain information 

about the relationship by experimental observation of the variables. The 

relationship between the speed of an object falling under gravity and thc 
time of travel is linear, as is the relationship between the load applied to a 
spring and the extension i t  produces. according to Hooke’s law. 

Objectives 

After working through this chapter you should bc able to 

understand the Cartesian coordinate system for graphs 

plot points on a graph using Cartesian coordinates 

obtain the gradient and intercept of a straight line from its graph 

find the equation of a straight line which passes through a given point with 

a known gradient 

find the equation of a straight line through two given points 

recognise when two lines are parallel 

recognise when two lincs arc pcrpendicular 

understand the significance of ill-conditioning 

obtain the solution of two simultaneous linear equations in two unknowns 

intcrpret simultancous lincar inequalities in terms of regions in the plane 

recognise how to rcducc n rclationship to linear fomi 

plot a loglinear relationship and a log-log relationship 

use log-linear and log-log graph paper 
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3.1 GRAPHS AND PLOllING 

on 

on graph 

As y 

x 

x 200 300 400 500 600 750 800 

1’ 1500 1000 750 600 500 400 375 

axes, 
origin. on 

as 3. 

on 
by 

x-axis y-axis. 

200 1500 

Y 
1500 

1000 

500 

__ 

200 400 600 800 X 

Figure 3.1 Plotting a graph 
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Y 

(-2,5) 5 

1 1  
I , , ,  

-5 0 

-5 

300 
1000 

on 

x x-coordinate y 

y-coordinate. A ( x , y ) ;  

abscissa 

ordinate. 

coordinate plane, quadrants 

3.2 

' 

-- 

-- ( 2 , 3 )  

I t ,  * 

5 
-- 0 

-- 

Figure 3.2 The quadrants of the plane 

3.4 by 
3.3. 

X I 2  3 4 5 

.v 2 5 10 17 26 
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X 

(4 (b) 

Figure 3.3 Drawing a graph 

x = y 7.5, y 2 7.5 

x = 3 4 , y  2 x = 1 i , y  zx x = 6 , y  ZE 37. 

x 

interpolation, 

extrapolation. 

I 

5 

Figure 3.4 Reading values from a graph 
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Plotting from an equation 

by 

y = 2 - x .  2 

x - 2 - 1 0 1  2 3 

y 1 2 1 -7 

3.5. 

on 

A 

Figure 3.5 Plotting a graph from an equation 
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Exercise 3.1 

1 A 100 

T ( " C )  100 80 60 50 40 

t 0 10 24 34 48 

T=65"C.  

5 

2 - 1 + 1 on 0 on 

xo. 

by = 1, = 0 = - 1. 

you 

3 2 

xo xo. 

4 y = 2 - x2 y = x. 

x y 

x = 2 - x2. 
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3.2 THE STRAIGHT LINE 

linear relationship, 

y = 3x + 4. 

x - 2 - 1 0 1  2 3 4 

y 1 4 7 10 13 16 

Y 

t 
Y 

-8 

Figure 3.6 Intercept and gradient 

6 

& X  

y- 

x = O  intercept 

4. 
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Y 

4 

2 

__t_t_ 

-4 

gradient no 

on 

3. you 

3. 

As 

y = 5 - 2x. 

x - 2 - 1 0 1 2  3 4 
y 9 

Figure 3.7 Graph of y = 5 - 2x 
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The graph is again a straight linc. The interccpt is 5.  As .r is incrcascd. y dc.crr.ast~.s at 
double the rate. Thc trianglc wc haw drzwn in Figurc 3.7(b) apprucntly shows that the 
gradient is 4/2 = 2; however. bccausc wc wish to demonstrate that y decreases from left 

to right. we say that the gradient is -2. 

In general. the equation of a straight linc can be written as 

where rti is the gradient and c' is the intercept. 

we seek the equation of the line passing through thc points ( -2 ,  I )  and (3. 1 I ) .  

A straight line is uniquely dcternrincd by any two points upon it. For cxamplc, supposc. 

Substituting the first pair of values into the gcncral equation. we obtain 

1 = -2nr + c' 

and substituting the second pair, we obtain 

1 1  = 3nr + 4'. 

Subtracting the first equation from the second. we obtain 

I t  is straightforward to obtain thc solution 

nr = 2 and c =  5 

so the required equation is 

J' = 2u + 5 .  

There are two special classes of line. Lines parallel to the x-axis have general equation 
y = c (gradient zero). Lines parallcl to thc y-axis have general equation .r = h (gradient 
infinity) see Figure 3.8. 

Note in particular that thc x-axis has thc cquation y = 0 and thc y-axis has thc cquation 
x = 0. 
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I 

Figure 3.8 

I 

4 

* x  , o , , , ,  

y = -2 

y = 4 y = 
x = - 1 x = 3, 

rn 

t Y  x = - 1  x = 3  

(4 

Figure 3.9 

- x  
3 

3.10 
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Figure 3.10 Examples of straight lines 

is y = mx. 

Exercise 3.2 

1 

X 
y =  3x- 5 2y + 3x + 1 = 0. 

5 

2 

(a) (1, 3) 

on ( 5 ,  
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m c y = rnx + c 

by 

4" A y = rnx + c - 1 /rn. 
(3, 

5 (3, 

on 

Forms of the straight line equation 

y = rnx + c. 

Given a point on the line and the gradient 

A (x, , y l )  rn. P on 

3.1 P be ( x , y ) .  N 
APN AN NP 

Y 

I 

Figure 3.1 1 of 



100 STRAIGHT LINES 

Example 

The pmordinate of JV is !*I ,  the same as for A; the x-coordinate of A' is the same as for 

P. namely .r. 

Now the ratio PiY/Ah' is the gradient of the line. namely ni .  The length Ah; is thc 

difference between the x-coordinates of N and A. i.e. s - s1. and the length IVP is thc 

difference between the Jwx-miinaies, i.e. - J*, . Therefore 

The equation of the line is 

Find the equation of the line with gr-dicnt - 2 passing through thc point ( I .  - 3). Here 

ni = .- 2. sl = 1 and = - 3. Thc equation is 

j' - (-3) = -2(s - I )  

i.e. \ ~ + 3 =  - h + 2  or y =  -2r -  1 .  

Given two distinct points on the line 

Let the two points be P(s l .y I )  and Q ( s ~ . ~ . ~ ) ;  sec Figure 3.1 I(b). Thc grrrdicnt of thc 

straight linc scgnicnt PQ is "<.. Thc point S has thc coordinatcs ( ~ ~ . j . ~ ) .  found in a similar 
Q.S 

r -  a 
(J.2 - )'I 1 

(.Y> - s, ) 
Hay to the coordinates of .V. The gradicnt of P Q  is ~ . Sincc this is the same as thc 

gradient of the line segment AP. we obtain the rcsufi 
. 
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Example The equation of the line passing through the points and is 

y - ( -3 )  4 - ( - 3 )  
- - _____ ____ 

x -  1 - 1 

y + 3 - -  7 

y + 3  = --(x- 

i.e. - 
x - 1  

7 

3 

7 7 9  

y = - 3 x + 3 - 3  
and 

7 2  

y =  
i.e. 

Given the intercepts on the axes 

Let the intercepts be a and b as shown in Figure 3.12. In the formula for the previous case 

we have (xi, y l )  = (a,  0 )  and ( x2 ,y2 )  = (0, b). Hence 

b - 0  
y - 0 = (+ - a)  

0 - a  

i.e. 
b 

y =  - - ( x - a )  
a 

b 
y = - --x + b. 

a 

' t  

Figure 3.12 of 
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5y = -2x + 10 

y = - - x + 2 .  
2 

5 

2 

5 
-- 2. 

Example 

4 3  
y = - x - -  

7 7  

7y = 4x - 3 

4x - 7y - 3 = 0 

4x - 7y = 3. 

Exercise 3.3 

1 

(2, (-1, 5 )  1, 4) (6, 3) 

6) ( 3 ,  3 )  

(2.624, 3.979) ( -  15.127, -22.345). 

X Y  

a b  
2 - + - = 1 

(6, 01, - 5 )  01, (07 5 )  

(c) (6.3275, 0) (0, - 17.613). 

Zx + my + n = 0. 

3 

x + y = 1 

3x - y  = 10 - 1) .  
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4 

2 

5 on 

y =  1 3x+4y = 5 1 6 ~  - 12y = 17 

6 
Hooke’s law X 

T 

2 4 6 8 10 

T 0%) 15.2 30.4 38 

Y 
b 

7 
p 

rn 

V%, 

94p 

45 

8 Boyle’s law P 

V PV = 

P 6.000 7.000 8.000 9.000 

V 3.194 2.738 2.129 

C P= 8 
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3.3 INTERSECTION OF W O  LINES 

2x - y  = -4 x + 2y = 28 

graphical algebraic. 

on 

Graphical approach 

X 
y = 2 x + 4  y = - - + 1 4  

2 

on the same axes 

3.13, by x = 4, y = 12. 

unique 

Figure 3.13 Intersection of straight lines 
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Algebraic approach 

Eliminate one variable 

2 x - y =  -4 

x + 2y = 28. 

by 2 

4~ - 2y = -8. 

(2) 

5x = 20 

x = 4. 

4 + 2 y = 2 8  

2y = 24 

y = 12. 

x by (2) by 2 

Substitute for one variable 

y = 2x + 4 

x + 2(2x + 4) = 28 

x +4x + 8 = 28 

5x = 20 

x = 4  

y = 2x + 4 y = 12. 

Graphical methods: advantages and disadvantages 
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Ill-conditioning 

y = + 1.99 

* X  

(a) (b) 

Figure 3.14 Pairs of lines: (a) parallel, (b) coincident and (c) nearly coincident 

parallel, 

no 

on 

ill-conditioning. 

by -v = m , x + c l  

2’ = m2x + c2 m m2 = - 1. 

t Y  

I 
Figure 3.15 Perpendicular lines 
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Exercise 3.4 

1 

L(x)  = 

2 A by 

x = O ,  ~ + y = 8 .  

3 

1 lx - 5y = 2 3x - 5y + 15 = 0. 

4" you 

(b) 

y = 2.01x+ 1.99 = 2x+ 1 

y = + 1.99 y = 2x + 

5* y = rnx + c (c  # 
y = -x/rn, = rnx + c 

xI rn c 

y = rnx + c 



3.4 LINEAR INEQUALITIES 109 

3.4 LINEAR INEQUALITIES 

X 

(a) (b) 

Figure 3.16 (a) x > 0 and (b) y > 0 

x = 0. (x ,y)  as 

x > 

x < 3. x-y 

x < 0, x = 0, x > 0. x- 

y = 0, v > 0 y < 0, 

x = 3 

x < 3, x = 3 x > 3. y = 

y > y < 

y > m x +  by 

y = mx + on 

x = 3  

(a) (b) 

Figure 3.17 (a) x > 3 and (b) y > -2 
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A y = 3 x + 2  

\ \ \ \ \  
\ \ \ ‘  X 

I= 

y = 3x + 2. (x,y)  

y > 3x + 2, on y < 3x + 2. 

on 0 < 3 x 0 + 2 
y < 3x + 2, 

1 

2 
3.1 y = - --x 

1 > - x 1, 

y > -x  

1 

2 1 

2 

(4 (b) 

Figure 3.19 2x + 3 y  - 6 > 0 and (b) 2x - 3 y  + 6 < 0 
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ax + by + c > 0 

2x + 3y - 6 > 0, by 2x + 3y - 6 = 0 
2x - 3y + 6 < 0, 

by 2x - 3y + 6 = 0 

Inequalities involving modulus signs 

y = 1x1 y = x 
x 2 0 = -x x 5 0. 131 = 3 1 - 21 = = 2, 

y = 1x - 1) .  

Y 

X 0 1 2 3  

x - I  - 3  0 1 2 

Ix-11 3 2 1 0 1 2 

Y 

y =  1x1 

/ \ 
y =  (x-11 

y = 1x1 by 1 

1x1 < 2 y = 1x1. 

y = 2 y = 1x1. 
x x = 2, x 

-x = 2, x = < x < 2 

< x < 2 < x < 2 on 
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~-~ 

. y = - ( x - l )  

Example 

y = x - 1  

(a> 

Figure 3.21 (a) 1x1 < 2 and (b) Ix - 11 < 2 

1 

2 
Ix - 1 I > - 3.2 (b). y = (x - 1 I 

y = (x - x 2 0 y = -(x - y = 1 - x x 5 

y = 0 x = 1. x 
1 3 1 

x - 1 + - x = -; x -(x - = - x = -. 
2 2 2 2 

1 1 3 

2 2 2 
Ix - 1 I > - x < - x > -. 

do 

sketch good 

on 

1 

2 
1x1 < - x  + 2. by 

y = 1x1 

y = -x  + 2. y = -x + 2 y = 1x1 1x1 < -x + 1 1 1 

2 2 2 

1 

2 
x x = -x + 2, 

1 1 3 
-x = 2 x = 4. x -x = -x + 2 - -x = 2 
2 2 2 

x = - -. could 
4 

3 
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t 
Y 

t 
Y 

1 

2 
y =  - x  

X 

4 4 
3 

_ -  

(a) 

1 2  2 
3 
- 

Figure 3.22 1x - 11 < i x  + 2 (b) Ix - 1 > i x  

4 4 

3 
x = - - - - < x < 4 

I 
1x1 < -x + 1. 

2 

Example 
1 

2 
Jx - 11 > -x. 

y = Jx - 1 y = -x. x 1 

x - 1 = -x, x = 2. x 1 

1 

2 
1 

2 
1 1 2 1 

2 2 3 2 
-(x - = -x, x - 1 = - -x, so x = -. Jx - 1 > -x if 

H x < - x > 2. 
2 

3 

Exercise 3.5 

1 

x > y < 4 

y > 1 < 0 

x > -3,y < 4 

(f) 2 - y + 3 x  < 
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2 feasible region 

x > 0, y > 0, 

2x + 5y < 7, 5x + 2y < 7 

3 

x + y + l < O ,  y - 2 x + I > O ,  y < o .  

4 

y = -Ix+ 11 y =  11 

y = 1x1 + IX - 1 I 

x = + 11 

(4 

(0 

y - 1x1 - Ix - 1 I 

y = Ix+ 11 + (XI + Ix- 11. 

5 3.21 by 

1x1 <Y < 2 y > I x -  > 0 
3 

0 < y  < I x -  > -. 2 2 < y < I X I , X  < 0 

9 
6 3.21 

12x+ 11 > 3 l x - i l  <--. 2 

7* x do 

Ix - 1 I < 2x - 5 12x1 < x + 6  

12 - 3x1 < 5 - x Ix+ I I  < 11 

12 - X I  < 13 +xi  < 6 (f) 1x1 + JX - 5 )  > 10 - IX - 31. 

8* 7. 

3.5 REDUCTION TO LINEAR FORM 

y x. 

y x 

10. you 
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Examples Power law, y = 

y x. 

= a + n 

In y In x n a. 
n a 

I/ = K f l ,  V T 

K a 

Q = Cr4, Q 

- b = - d)", 

(6.d). 

r C 

Exponential law, y = a" 

y x. 

= x 

In y x 

R upon P E, $, n 
c%; n 

T - Tc = (To - Tc)e-kf 

T t 

To t = 0 Tc. 
K e 2 2.718 

y = T - T,, = To - Tc y = ae-kf. 
y = - kt. y t 

Quadratic forms 

y = ax2 + bx + c 

y = + c y = + bx. 
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Y 
0, - c) x. - == ax + b 

- x. 

x 

Y 

X 

Graph paper 

a ,  b, a ,  

x y 

you you 

x y 

you. 

Log-linear paper 

10 

3.23, 2, 3 4 102, 

103 104 

10 y 

on on 

not k 

31 = ue-kw. 

Example A by 

m t mo t = 0, 

m t, k 

t (day) 0 200 400 1000 1500 2000 3000 

(kg) 10 8.099 6.560 3.485 2.058 1.215 0.423 

on 

3.23 
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m 

Example 

Figure 3.23 Log-linear graph 

1995 P = 1 1995, 

R = P 1 + - ( 
xv 25 2020, by 

2.666. 

1) on 

3.24. 

1975 0.45 

2015 2.16 

E 1 1995 45p 

1975 2015. 
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10 

5 

1 

0.5 

0.1 

1 
9 
8 
7 

6 

5 

4 

3 

2 

1 
9 
8 
7 

6 

5 

4 

3 

2 

1975 1980 1985 1990 1995 2000 2005 2010 2015 2020 

Figure 3.24 graph 

you 

you you 

rn 

Log-log paper 

A 3 x 2 

3.25, 102 

2 x 3, 3 x 3, 3 x 4. 

Example A PVY = 

P on 

3 x 2 y 

P V= 25 V P = 1 .  
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10 

1 .o 

0.1 

0.0 
10 20 1 00 

Figure 3.25 Graph of gas expansion data 
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P 10.0 2.20 0.844 0.417 0.160 0.0451 0.0171 

3 6 10 20 50 100 

P + y V = 

P = -y V + 
y 

by ( P I ,  V , )  ( P 2 ,  V 2 )  

1.38, 10.0. 

y .  

10, on 

3.25 

V = 1,  P = 10, V = 0, = 1 .  

(- 1.767 - - 0) = - 1.38 ( 3  y = 1.38 

V = 100, P = 0.0171, V = 2, = 

by logP = -y V + 
P V 3’. 

V = 1,PVY = P = = 10. 

V = 25 ,p  2 0.1 16 P = V 2r 5.2. 

0.1 18 5.3 

Exercise 3.6 

1 ( x , y )  y 

x. 

y = ax2 + bx + c, c y = 

y = cx2 + dx4 y = axehr 

x2 + y  = ax’y 

you 

2 
1955 1 1 % 1995 on p. 1 

2040 1995 on 
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p - 3  

40 100 

3 

~ ~~~ 

T 40 60 80 100 

,o 0.9922 0.9832 0.9718 0.9584 

y = p,, + at + Pt2, y, = 0.9922 t = T - 40, 

” ____ - ’” t a p. 
t 

4 

T a r”. r 

o n  6. 

000 

~~ 

T r x 

0.24 1 

0.6 16 

1 .ooo 
.881 

11.85 

29.44 

83.94 

164.7 

248.2 

~~ 

58 

1 08 

228 

778 

1427 

2 870 

4 500 

5 900 

5 U 

U 20 

1 1 1  - = - + -  
,f’ U 2) 

6” h 

h h q 

h 



SUMMARY 

0 

0 

0 

0 

Graph: a scaled picture which shows the relationship between two 
variables 

Cartesian coordinates: the point (x, y) is a distance .r from the y-axis and 
distance y from the x-axis 

F4uations of a straight line: 

A line with gradient m and intercept c has equation y = mr + c. 

A line through (xl,yl) with gradient m has equation 

The general equation is ax + hy + c = 0 

Parallel lines have equal gradients. i.e. m 1  = 11i2 

Perpendicular lines have gradients that multiply to give -1 ,  i.e. 

lll-conditioning: a system of simultaneous linear equations is ill- 

conditioned if small changes in the coefficients lead to relatively large 

changes in the solution 

Simultaneous inequalities define regions of the .r-y plane where the 

coordinates of the points satisfy the inequalities 

Reduction to linear form: a relationship can be rewritten in a form that 

allows a straight line graph to be drawn 

--linear relationship: by taking logarithms the relationship -v = ax" 
becomes logy = loga + n logx and we may plot logJ7 against logx. The 

gradient is n and the intercept is loga 

Lag-log: relationship: the relationship y = k d  becomes 

y - y1 = m(x - x,) 

mlm2 = - 1  

logy = log k + x log a and we may plot logy against x 

Special graph paper can be used to make direct plots of log-linear and 
log-log relationships 
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~~ ~ ~ 

Answers 

Exercise 3.1 

1 4.6 20.0 

72 

2 x 

3 x" x" of x" of 

4 

Exercise 3.2 

I 

U -112) 
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Exercise 3.3 

2 (a) y = 3x 

3 (a) = 2x+ 5 

( c )  y = -x/3 + 4 

4 

4x 3x 25 

3 4 4  
OP = 5 OP part y = -. AB y = - - + -. 

Y (3, 

5 
1 (a) y =  - j ( x - 2 )  

1 
(4 y = y ( x + 3 )  

X 
2 (a) --- ’= 1 o r - 5 x + 6 y + 3 0 = 0  

6 5  

X Y  -+-= 1 or 5x+9y -45  = 0 
9 5  

1 

17 
y = -(57 - X) 

y = 1.4830~ + 0.0876 

X 
____ -- = 1 or 17.613~ - 6.2375y+ 109.86=0 
6.2375 17.613 
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3 y 

x + v =  1 

4 y = 

5 

1 

- + 1 0 

100) 

6 7.6, 22.8 

7 F = C + -  Pm 
100 

Y = + 130 

F = C + - -  1 + -  
p m  100 ( 1;o) 
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8 19.164 V= 2.396 P = 8 

Exercise 3.4 

1 L(x) a L ( x l )  = , L(x2) = y2. L(x)  = a 

(xI , (x2, y2).  

2 

4 (a) 

5 

( 8, 17 =) 171 

(- 990, - 

y = m + c  

y = - x / m  I 

C 
P 

AT-2 
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Exercise 3.5 

t 

y = 2 x +  1 

f 

I 
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2x + 5y = 7 
2 

3 
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y = 1 - 2x, x < 0 
O < x < l  

= 2 x - - l , x >  1 

(d) - 1 ,  x < 0 

= 2 x - l , O < x <  1 

= 1 ,  x > l  

Y 

(0 y =  -3x, x < 

y = 2 - x , - 1  t x < O  

=2+x ,  O t x < l  

= 3x, x > 1 

x = - ( y +  
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7 ( a )  s T 4 

td, s -< 0 

- 2  < .8 < 0 

1 
- -  < .r < 3 

3 



ANSWERS 131 

8 

I x = 4  1 x = 6  

x=-2  

x = o  

x=-1/2 I x = 3  

x = -213 .r = 6 
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Exercise 3.6 

1 '2 x, '2 = ax + b 
x x 

Y Y 
- x, - = b.x + a 

1 1 1 1  
- -, - + - = a 

X X 

Y x2 y x2 

2 = 2040 12 1995 

3 c( 2: x p 2: x 

4 b 2: 1.50 

h2 
6 - 141 



4 QUADRATICS AND 
CUBlCS 



Introduction 

There are many relationships in which one variable can be expressed as a 

power of another. One variable is often expressed as a sum of two or more 
powers of the other. The simplest examples of this are the quadratic 

relationship and the cubic relationship. The distance an object travels 

under a constant acceleration is a quadratic expression in the time of 
travel. Cubic curves are used in the computer-aided design of roads and 

three-dimensional structurcs to achieve a smooth transition between one 

component and anothcr. The study of quadratics and cubics will provide 

an introduction to the characteristics of more complicated relationships. 

Objectives 

After working through this chapter you should be able to 

sketch the graph of a quadratic expression 

relate changes in a quadratic expression to transformations of its graph 

locate the vertex on the graph of a quadratic expression 

state the criterion that determines the number of roots for a quadratic 

equation 

factorise a quadratic expression ‘and hence solve the related quadratic 

equation 

express a quadratic expression as the sum or difference of two squares 

use the formula to solve a quadratic equation 

state the formulae for the sum iInd the product of the roots of a quadratic 

equation 

sketch the general shape of a cubic expression 

identify local maxima and local minima on thc graph of a cubic expression 

recognise a point of inflection on the graph of a cubic expression 
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4.1 THE QUADRATIC CURVE 

no 

A does 

= x2 

by 

X - 1  0 1 2 3 

X 2  9 4 1 0 1 4 9  

by upon 

X 0 2 X 

Figure 4.1 The graph of y = x2 

vertex 

even function. 

( -xo)2 = xi xo -xo y ;  

xo = 2. 

- 2 + 2 4, 4 

2. 0 0, no 

no 

4.2 = ax2 a 
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Y 

1 y = 2 x *  y = x 2  

Y 

t 

y = 2 x 2  y = x 2  

Figure 4.2 The general relationship y = ax2 

a > 1 

y = x2, < 1 y = x2. 

y = -ax2 

y = ax2. 

4.3 = ax2 + c c 

y = x2 + 2 

y = x2 - 1. = x2 

Figure 4.3 The relationship y = ax2 + c 
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by 2 

by 1 

crosses A A x = 

x = B x = 0 x 
is 

y = x2 touches 

Y Y 

1 I - 1  1 2  

(a) 

Figure 4.4 (a) y = and (b) y = ( x  - 1)2 

y = . B on 
1 

0.) = x = - i; y = x2 

1 

2 
by - c' 

2 1  
x = 0, soy  = (;) I=: . y = (x - 1 ) 2 ,  B on 

x = 1 ; by 1 

A x = 0, y = = 1. 

B. 

y = x2 both and 

y = (x - + 2 by y = x2 by 1 
by 2 

y = x - - - 2 -, y = x2 ( : 
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Figure 4.5 (a) Y = ( x  - + 2 and (b) Y = X - - -24 ( ;y ’ 
1 1 

by - by 2-  x = 
2 4 

y = (x - 1)2 + 2 no x, 

(x - 
x = 1 ; y 

2. 

y = y 

1 1 1 

4 2 2 
-2- x = -. x = - 

x = x = 2, 

2 x. 

2 
y = ( x - l )  + 2  

y = x2 - 2x + 1 + 2 
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1 1  

4 4  
y = x 2 - x + - - 2 - = x 2  - x - 2 = ( x +  

x = x = 2, 

quadratic expression 

ax2 -k bx -k c 

a ,  h c a # 0. 

y = ux2 + bx + c quadratic curve, 

parabola. 

up 

U > 0 y = x2; U < 0 

-v = -x2. 

Exercise 4.1 

1 y = ax2. a 

x - 1  0 1 2 3 

Y 45 20 5 0 5  20 45 

y 0 
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2 y = ax2 

y = 3x2, a = 3. 

y x = y 5 

x 3 
1 

3 
x y = -.  

3 y = ax2 

( 5 ,  50) 

(4 

a 

4 

y = x2 + 1 y =  x2 - 3 

y = 2(x2 + y = -2x2 + 1. 

5 4 

6 y = -2(x + + 3 3 -2x2 - 4x + 1 y = -2x2 

3(x - + 4 -9(x + 3)2 + 11. 

7 x2 + 6x + 11 = (x + + 2. y = x2 + 6x + 1 1 

8 x, + 6, + 3. 

x + 3 

x2 +4x+ 5 

x2 + 1ox+ 10 

-x2 - 2x+ 2 

x2 + 3x+ 1 

x2 +4x-  2 

x2 - 6x+ 10 

(f) 3x2 + 6 x + 4  

2x2 - 8x+ 5 

9 y = (x + + 2 y = x2 

8 (f) 
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10' For the quadratic curvc 

repeat the prtxccdurcs of the previous two questions and identify the criteria p and q must 

fulfil for the minimum valuc of y to lie above. on or k l o w  the x-axis. 

4.2 QUADRATIC EQUATIONS AND ROOTS 

The graph of j' = CJ.$ + b.r + c crosscs thc x-axis where J* = 0. i.e. uhere 

This equation is a quadratic equation bccausc of the .t2 tcrm; hcnce (1 cannot be zero. In 

Figures 4. l (a)  and 4.5 we see that thcrc can be 0. 1 or 2 crossing pints.  There cannot be 

any iiiore tlian two. as we shall discover. 

The key to finding thc values of .r which satisfy a quadratic equation lies in the result 

that if the product of two numkrs is zcm. either one or the other or b t h  of them must be 

zero. i.e. 

Example Figure 4.6(a) shows the graph of the relationship = (x + I ) ( X  - 2). Sow1 

(s + I)(x - 2)  = 0 where .r + 1 = 0 or s - 2 = 0. i.e. where .Y = - 1 or .r = 2. 

Howcvcr. thc curve in Figure 4.6(b) also crosscs thc x-axis at s = - I  and s = 2. Its 

cquation can be expressed as j* = (s + I )(Z - s). Notc that 

(.r + 1)(2 - .r) = 0 whcrc x + 1 = 0 or 2 - s = 0 

which gives the stated values of x. rn 

Note that tho cun~cs cross the y-axis at different points. The curve in Figure 4 W a )  

crosscs whcrc = (0 + 1)(0 - 2)  = -2. whereas i n  Figure 4 . W )  i t  cn~)sscs whcn. 

j' = (0 + 1 )(Z - 0) = 2. In general. thrcc p in ts  arc ncccs.wy to spccify a quadratic curvc 

uniquely. (Rememkr that only one straight line could be drawn through two &itfen 

points. 
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Y Y 

(4 

Figure 4.6 (a) y = (x + l)(x - 2) (b) y = (x + 1)(2 - x) 

y = a(x + l)(x - 2) x = - 1 
x = 2, a. 

Example 

3(x + 1)(2 + x) 
-3(1 - x)(2 + x). 

do y = 3(x + 1)(2 +x), y = -3(1 - x)(2 + x) x- 

3(x + 1)(2 + x) = 3(2x + 2 + x2 + x) = 3(x2 + 3x + 2) = 3x2 + 9x + 6 

-3( 1 - x)(2 + x) -= -3(2 - 2x + x - x2) -= -3( -x2 - x + 2) _= 3x2 + 3x - 6 

x = -1 x = 
x = 1 x = 

Examples 1. 2x2 + 2x - 12 

(2x - 4)(x + 3) = 2(x - 2)(x + 3). 



4.2 QUADRATIC EQUATIONS AND ROOTS 143 

y = 2x2 + 2x - 12 

y = - + 

x = 2 x = - 3. 

y = - 18 + 12x - 2x2 x = 3. 

2. - 18 + 12x - 2x2 - 

3. x2 + 6x + 10 

y = x 2 + 6 x +  10 

rn 

ax2 + bx + c 

ax2 + bx + c = 0. 

no 

Completing the square 

x2 + 4x + 3. x 

(x+ EX* +4x+4; 

(x + 

1.  

x2 + 4x + 3 = 0 (x + - 1 = 0, so 

(x + = 1. 

x = x = 
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Example 

x2 - 4x - 5 = o 
x2 + 4x + 5 = 0. 

Solution 

(i)  x2 - 4x - 5.  x 

(x - 2)2 2 - 4x + 4, so 

x2 - 4x - 5 -x2 - 4x+4 - 9 (x - 2)2 - 9. 

x2 - 4x - 5 = 0 

2 2 
(x-2) ( x -2 )  = 9 = 3 2 .  

x - 2 = 3  x - 2 = - 3  

s o x = 5  

x2 + 4x + 5 = (x + 212 + 1. 

x2 + 4x + 5 = 0 

(x+2) 2 = -1. 

no - 1,  no 

Formula method 

a 

ax2 + bx + c = 0 

by by 

b c  

a a  
x2+-x+ -=0 .  
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Notc first that 

.2 h’ (I) = 4 2  

and that 

h h’ 
= s- + -s + - ,r + - ( L J ) ’  11 4U” 

h? 

4 1 -  
Adding , to both sidcs of thc quadratic equation gives 

s o  that 

If h’ < 3uc thsn wc can proceed no further and thcw arc no roots to bc found. Howcvcr. 

i f  h? 2 4 w  rhen we rakc squaw roots to obtain 

o r  
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-b - d K G  
x2 = 

-b -+ 
x1 = 

2a 2a 

b2 3 4ac, 
b2 - 4ac discriminant. 

A A (A 2 
x. A 

complex. 

Examples 1. 

+ x + 2 5  = 0. 

14x2 - x - 25 = 0. 

x = 1.3725 (4 x = 1 

2. 

14x2 + 65x - 25 = 0. 

-65 f d4225 + 1400 

28 
x =  

-65 f 75 5 
28 14 

= -5 -. - - 

A 

perfect square 
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Example In the equation 

Example 

wc nmc that (I = 9. h = -24 and c = 16. 

Thc forniula produces the rcsult 

24f J576 - 576 24iO 24 4 - - - -  
18 18 

s = 

4 

3 
we say that ,v = - is 3 repeated root. 

In fact the cquation could be rewritton 

(3.u - 4): = 0 

d 

18 3 

;LS 

showing that ,u = I is thc only solution. Note that the cunre 1' = 
3 

4 

3 
x-axis at ,r = - but 

I t  is uwful to note 

docs not cross it. sincc J* 2 0 for all values o f  

that the cxprcssion CIS' + !),v + c' takes its least 

(3s - 4)' touches the 

.Y . rn 

h 
vdue  whcn s = - - 

2u 

h 

2 (I 
i f  n > 0: i t  Q < 0 thon thc cxprcssion takcs its grcatest value whon s = - -. In either 

h 
case thc cunc 1' = U; + h.u + c is syninictrical about thc vcrtical line s = - - 

2a' 

Thc discriminant A providcs a rcady check on thc naturc o f  the roots of ;I given quadratic 

equat ion. 

What is  the naturc of cad] root in thc following equations? 

( i )  4x2 - ISV+  5 = o 
( i i )  4,; - It\- + 9 = 0 

( i i i )  4.; - 12\- + I S  = o 

In a11 cascs ( I  = 4 and h = - 12. 
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(i) c = 5 and A = 144 - 80 > 0; two roots in f k t  they am s, = 

( i i )  c = 9 and A = 144 - 144 = 0: rcpcatcd root 

( i i i )  c = IS and A = 144 - 240 < 0: no m t s .  

Roots and coefficients 

Suplwsc that HT writc a quadratic equation in ttrc forni 

dnd suppcxc that this cquation has the solutions s = x and s = /). Then we know that i t  

can be written as 

(s - X)(.Y - /j) = 0. 

I f  we expand the left-hand side of this cquation. wc' obtain 

or 

.t2 - ( x  + p ) X  + z p  = 0. 

Cornparing this cquation with thc original cquation. we sec that 

Examples 1 .  TIN equation with solutions s = 2 and s = 3 ciin be written as 

(.Y - Z ) ( s  - 3)  = 0 

s' - 5s + 6 = 0. 

Hcrc N = I .  h = - 5 .  c = 6.  
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Example 

6 

1 
= 5 - = 6, a + /j, - - (-3 

2. 14x2 + 65x - 25 = 0 a = 14, b = 65, c = -25. 

65 25 
-- --. 

14 14 

5 

14 
-; a p 

5 70 5 65 h 
-5  + - = - - .+ -- = - = - - 

14 14 14 14 a 
a + p 

5 25 c 

14 14 a 
ap = -5 x - = -- = -.  

ax2 + bx + c = 0 

a p, 2a 2/i .  

(x - 2a)(x - 21)) = 0, 

x2-2ax - 2px + (2a)(2P) = 0 

x2 - 2(a + P ) X  + 4ap 

h C 

a a 
a + = - - x[ j  = -,  

2b 

a u  
x2 + - + - = 0 

ax2 + 2bx + 4c = 0. 

1 

ax2 + bx + c = 0 a /j, a2 
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Solution 

2 2 
(x - a )(x - p ) = 0 

x2 - (a2 + p2)x + a2p' = 0. 

(a  + = a2 + + 2 4 ) .  

x 2  + 

x2 - 

2 p = (U + p)2 - 2") 

a2x2 - (b2 - 2uc)x + c2 = 0. rn 

2 3, 

4 9 

Exercise 4.2 

1 

2 

(x -  5)(x- 

- 3 ) ( 2 ~  + 5 )  

( 2 ~  + 9)(3x - 5 )  

( X  - 5 ) ( 2 ~  + 3 ) ( 3 ~  - 7) .  

no 

2x2 + 5x - 42 3x2 + x + 9  
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4x2 - 1 5 ~  - 4 

x2 - x +  16 

x2 - 1Ix+31 

3x2 + 18x + 27 

6x2 - 5 3 ~  - 70 

(f) x 2 -  11x+30 

(j) 

3x2 + 18x + 30 

3x2 + 18x + 24 

3 =x2 + 8x+q q = 12 (1)17, q 1 12 17. 

q = 12, 15, 16, 

q = 13, 14 by 

q > 16. 

4 x 

x2 + 5x + 6 = 0 

x2 + 17x + 72 = 0 

x2 - x - 30 = 0 

x2 - 42x + 440 = 0. 

by x2 

6x2 + x  - 2 

1 1x2 + 20x + 9 

(f) 2x2 -3x -20  

1 0 ~ '  + 3x - 18. 

5 
no 

x2-13x-21 

x2 + 5x + 60 = 0 

x2 - 13x+21 

3x2 - + 17 0 

(f) 17x' + 6x-v - = 0 

x/,v) 

z2 

z4 - 7z2 + i = 0 

do w 3  

w6 - 6w3 + 3 = 0 

6 
A 
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187x2 + 141x - 76 3452 - - 29 

10 - - 11 124 - + 65 

+ 2632xy - 1859 

7 + bx + c = 0 a p, 
+ bx + c - - p) = 0. a p 

- - p) synthetic factorisation 

+ bx + c. 

x2 - 91x + 20 2x2 - + 3 3  

- 5z2 + 22 + 2, (z - 

8 

x2 - 12x - 4 = o 
23 - 5x - 4x2 = 0 71 - (n2 + - = 0. 

9 
8. 

10" + bx + c = 0 a p, 
3a 3p 

ux2 + 3bx + = 0. 

ka k p ,  k # O? 

1 1  * + bx + c = 0 a 0, 
l / a  by 

1 
3 4 - 

3 

-. 
4 

12* 10 1 1, 

a/P p / a  l / a 2  
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4.3 COMMON PROBLEMS INVOLVING QUADRATICS 

Quadratic equations with one meaningful solution 

Example 2 8 

Solution 

+ is 

x(x + 

x(x + = 8 

x2 + 2x - 8 = 0 

(x + - = 0. 

x = x = 2. x = no 

x = 2. 2 

II 

Simultaneous equations 

x y ,  

by 

Example 

x + y = 9  

xy= 18. 

Solution 

( 1 ) 

y = 9 - x  
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9 x - x 2  = 18 

x2 - 9x+ 18 = 0. 

(X - 3 ) ( ~  - 6 )  = 0. 

x = 3 x = 6.  

x = 3 , y  = 6 x = 6 , y  = 3,  

y ,  

9 18, 

3 6. 
A 

18 18 

x y (2x + x + y  = xy 
xy = 18. 4.7 

Examples 

4 X b 

Figure 4.7 Finding the side lengths of a rectangle 

1.  36 24 

xy = 36 

x + y  = 12. 
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y = 12 - x 

X( 12 - X) = 36 

x2 - 12x + 36 = 0 

2 
(.Y - 0. 

.Y = 6, jj = 6 

61n. 

2. 2 1 18 

.U?, = 2 

x = 9. 

no 

1’ = 9 - x 

x(9 - x) = 21 

x2 - 9x + 21 = 0. 

ux2 + hx + 
a > 0, a < 0, x = - --. 

h 

b 
(x + &) x = - -. 

2u 

h2 
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Example 

x on 

a > 0 

a < 0 
is 

-h f 2/h2 - 4ac 

2a 

h 

2a 

X =  

x = -- b2 = 4ac, 

by 18 

Soluriorz 

by 

x + y  = 9. 

A 

xy = A 

y 

- x) = A .  

2 
x(9 - x) = 9x - x 

y = 9 - 4.5 = 4.5. 

a)  a = - 1 , O  = 9 

x = - -- = - = 4.5. 
h 9  

2a 2 
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xy = = 20.25. 

H 4.5 20.25 

x + y xy do 

.r y 

x + y  = j / + x  xy =yx.  

symmetrical x y .  

x = y .  

Intersections of a line with a parabola 

by 

Example 

Example 

= x +  

y = x2 - x - 2. 

Solution 

x y 

(x + - = 0 

x = x = 3 

x = = 0 x = 3 , y  = 4; U 

touches 

tangent 

y = x - 4 y = x2 - 3x x = 2. 
no 

by 

x2 

do y = x2 - 2x y = x2 + 4 



158 QUADRATICS AND CUBICS 

y = . r +  1 

Figure 4.8 Intersections of a line with a parabola 

Solution 

x2 + 4 = x2 - 2x 

2x = 

x = 

x = y = 8. 

Quadratic inequalities 

y > x2 + 4. y = x2 + 4 

y > x2 + 4 

y < x2 + 4. 

Example x x2 - x - 2 < 
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Example 

4 

Y 
t 

Figure 4.9 (a) y > x2 + 4 and (b) x2 - x - 2 < 0 

Solution 

2 x - x - 2 = 0 .  

(x - 2)(x + 1) = 0. 

x = 2 x = 

y = x2 - x - 2 
- 1 < x < 2. 

As 

x-y 

x x + 1 < x2 - x - 2? 
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Solution 

x + 1 = x 2 - x - 2 .  

on 157 x = x = 3. 
x < x > 3. 

Example x 

x2 + 2x + 3 > 0. 

Solution 

x2 + 2 x + 3  = (x+ 

2, x = 2 > 0 

Exercise 4.3 

1 A 154 3 

3 

A 1 b 

1 l + b  

b -  1 * 

x = l / h  golden ratio. 

x + y  = 20, xy = 91. 

x y 
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7 

A x y 6. 

- 160. x 

A 12 

40. no 

. 

x + 2 y = 5 ,  x 2 + 2 x y - y 2  = 1. 

I y  
X 

A x m  

48 x 

8 

f ( f  - = . f 2  + 10. 

= 

x = 

# 0, x. 

do you f ?  

9 
T, 

> 40 

+ = K .  

T K = 1.  
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10 

11  

m 1 2  

13* 

14 

ax2 + bx + c 

( ~ U C  - b2)  
ax2 + bx + c = a (( x + 4a2 ) . 

(4ac - b2) 

x 

up 

do 

-x2 + 2x+ 7 3x2 - 5 ~ + 4  

-19x2 + 21x + 45 5 . 6 1 2 ~ ~  - 23.125~ + 79.322. 

A 

ax2 + bx + c, ax2 + bx + c = 0 

no 

A 

y = 6 - x y = x2 + x - 2 
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15 

16 

17 

3 

4 
y = x +- y = x2 + 1.  

do y = 3x2 - 5x - 2 

( x , , ~ )  

= -x2 - 4x + 12 

-4x+  12 < y  < 3x2 - 5 x - 2  

y = ux' + bx + c 

x y U ,  b c. 

4.4 FEATURES OF CUBICS 

ax3 -k bx2 f cx + d 

U ,  6, c d cubic x3 

-x3. 4.10 y = x3 y = -x'. 

either 

-x3. no y 

y = x3 y 

y = -x3. y = x3 

y = - x 3 .  

point of inflection. 
not y = x2 

y = -x2 were 
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Bctorc \vc look at graphs of iiiorc gcncral cubics thcrc' arc soiiic fcrrturcs of  thc curvc 

.Y = .v3 that wc should point out. Fint. there is only oirc value o t . r  which corresponds to 

crrch valiic of!. i-c. cube roots ;ire uiiiqtic. For r.xriniplz. if!. = -8 then .d = -8 and the 

only solution is .v = J-8. i.e. .v - -2 .  
First it'c iiirrkc a coniparison twtwec'ii the ciirvc's of  y = .v2 and J- = .r3. as in Figurc 

4.1 I .  Solicc that \vhcrc;is !- = .v2 is spinietric;iI ;rh>ut thc y-axis. J- -- .I--' is not. AI thc 

I -- 

Figure 4.1 1 Cornporing y - x 3  and y - x3 
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Example 

x y = x2 
= 2 

x = = 1 = x > 1 

x, x3 
x2 

y = x3 by 

4.12. 

y = x3 - y = x3 by 1 

x = O , y = - 1  

y = x3 by 1 x = 0, y = (- 1)3 = - 1 

x = 1,y = = 0. 

Y 

I 

Y 

Figure 4.12 (a) y = x3 - 1 (b) y = ( x  - 

four 

”v = ax3 + bx2 + cx + d a, b, c, d. 

y = (x - + 2. 
x = 0 , y  = = -1 = 1 x = = 

y = x3 by 1 
0 3  + 2 = 2. 

2 4.13. 
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Y Y Y 

J’ = 0 (s - = 

(x - = ZiE - 1.2599 

x = 1 +lm G 

Cubic curves in general 

= LI.$ + hx2 + cx + d .  

= (x + - - 

x = - 1 ,  x = 1 I = 2 = 0 x 

y x = 0, = ( 1 ) x (- 1 ) x = 2. 

il local maximum 

x = 0 

x = 

LI > 0. 

local minimum 

“V = (-U + 2) (x  - 1 - x). 



Figure 4.14 y = (x + 1 )(x - l ) (x  - 2) and (b) y = ( x  + 2) (x  - 2)( 1 - x) 

x = x = 2 x = 1 ,  y = 

I I  < 0. A- 

1 1 .  

y = x3 - 2x2 - x + 2 

~9 = ---A-' + x2 + 4x - 4. d 

do 

1. 

4. IS( 
= .Y' - 2x2 - x + 3 y = .v3 - 2x2 - x - 1. 

by by 

by 3 

do .Y 

.Y 

4. S(b) on 

= 0.y = x x = 
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Figure 4.15 (a) y = x3 - 2x2 - x + 3 (b) y = ( x  - 1)2(x + 1) 

Exercise 4.4 

1 on 

y = y = 1 + - x ) ~  

y = -(x + - d. 

you 

2 

- + 2 - + - 1 1  = 0 

2 3 27 +x ) =- 
8 

64 

5 - x  
25 - =-. 

3" 
y = + hx2 + cx + d? 

A 

A 
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A on 

4 

2 
y = (x+ 1)(~+2)(x-  y = -X(X - 3) . 

5 y = x?, x3 x4 -2 5 x 5 2. 

6 A nested multiplication. 
As 

3x3 - 2x2 + 1 Ix + 50 E [(3x - 2)x + 1 i]x + 50, you 

x - 1  0 I 2 

Y 

7 x 

by - 6 

x: 

Y 

3x3 

= 

8 = x3 - 2x2 + ax + h = 0 x = 1 x = 2, a 

h? 

9 

3 
(x - - (x - 4) = 3x2 + cx + d 

x on 

c' d. 

10" 

y = X(X + - y = (x + 2)(x - - 



SUMMARY 

0 Quadratic expression: an cxpression u.$ + bx + c: (1, h. c constant. Its 
graph can be obtained from that of -9 by a combination of scaling. 

translation and (if Q < 0) reflection in the x-axis. 

Quadratic curve: has its vcrtcx at .Y = --: this is the lowcst point if 
n > 0. thc highest point if n < 0. 

0 Quadratic equation: U,? + b.r + c = 0 has no roots if b’ - 4ac < 0, a 
repeated mot if h? - 4ac = o and two roots if /I’ - 4uc > 0. 

0 Solution of a quadratic equation: the main methods are as follows. 

h 

20 
0 

Factorisation 

.I? + bx + c = (x - r)(s - PI. so the mots are x = x .  x = P. 

Completing thc square 

.i2 + bx + c + x + - + - A c. ( 3’ ‘i: 
Formii la 

0 Sum and product of roots: for the quadratic equation oxz A b,r + c = 0 
we have: 

- h 
r + p = - Sum of roots 

Product of roots 

U 
C 

U 
x/? = -. 

0 Cubic expression: an exprcssion of the form U$ + h.r? + cx + d.  



0 Ctihic graphs: generiilly iinlike the Fraph of .I?. 

If Q > 0 thc graph starts in the south-west quadrant and ends in the 

north-cast quadrant. 

If ( I  < 0 thc p p h  stitrts in the north-west quadrant and ends in the 

south-east quadrant. 

0 General cubic graph: travcllin_e from left to riFht wc mcct thc following 
suqucnccs of points. 

local maximum local minimum 

point of  inflccrion p i n t  of inflection 

I ocn 1 in i n i in 11 m Iwal m:iximum 
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Answers 

Exercise 4.1 

1 5 - 1.2 

1 1 
2 12 75 1 - 1 - - - 

3 3 

Y 

\ 
I 

X 

1 
3 2 1.2287 a 

J 

4 .v = 2(x’ 4- 

5 

6 y = 3x2, (1, y = -9x2, ( - 3, 

7 2. 
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8 ( ~ + 2 ) ~  + 1 

(X + 5)2  - 15 

-(x + 112 + 3 

(x+ 2)2 - 6 

(X - 3)2 + 1 

(9 3(x+ + 1 

2(x - - 3 
5 

(x + 3/2)2 - - 
4 

2 

10 ( - 5 . y - 5 )  

on A > 0, 

A = y 

Exercise 4.2 

1 x2 -20x+75 

-8x2 + + 60 

2 (x+6)(2x- 

(x - + 
no 

no 

3(x + 3)2 

3 

y =  12 

6x2 + 1 7 ~  - 45 

6x3 - 35x2 + 4x + 105 

no 

(9 

(X - 10)(6x + 7) 

(x - 6)(x - 

3(x2 + 6x + no 

(j) 

q =  13 

3(x + 4)(x + 2) 

\ I 
y = x2 + 8x + q 
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q = 12 x = 

q= 15 x = -5 

q = 16 x = 

x2 + 8x + q (x + + ( q  - > 0 q > 16 x 

4 

1 2  
- -- 

3 

- 5 ,  6 

20, 22 
< 

(f) 4, -< 
2 

6 3  
- -- 
5’ 2 

5 f a )  

A = A = 

1 X I  
(0 - = 

17 

f = 1.7598, 0.8196 

6 - + + - 

- + - - 5 )  

7 

+ - 

( x--+- &?%l)( x----  91 “) 
2 2 2 

(2 - - 2 + &)(z - 2 - &) 

8 12, 152 

5 23 209 
- -- - 

16 

9 x2 -24x-  16 

46 - 5x - 2x2 = 0 

1 19 77 

4 
_ _  _ _  - 

-n(n2 + -n2, + 2n2 + 

x2 + X  - 38 = 0 

4n - + 1)x - x 2 / n  = 0 

10 ax2 + kbx + k2c = o 
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1 1  

- - = x2 - 7x + 12 = 0, x = 3 , 4  

12 X - -  ( :>( 
1 1  

3 4  

- (b2 - + a2 = 0 

Exercise 4.3 

1 

1 

2 
2 +a) = 1.618 

3 7 x y 

4 - 10 16 

5 = - 16, no 

6 

7 

1 

5 
8 x = --, 0 = 

9 

11  
- b2 

= ____ 

> h2 

= b2 

b2 > 

b 
x =  -- 
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(c) (0.553, (d) (2.060, 55.500) 

Distinct real roots (A) 

Equal real roots (B) 

real roots (C) 

real roots (D) 

Equal real roots (E) 

Distinct real roots (F) 

4), ( -4, (x, y )  satisfy the inequality x2 + x - 2 < y < 6 - x 
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15 

16 

v = x 2 +  1 

7 y = 3x2 - 5x - 2 

Coordinates of P are 1 - 15- . (- :y ::> 
17 a =  

y = x2 - 5x + 4 
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Exercise 4.4 

1 

quasi-parallel y = -x3 on 

1 
x = f- 

1/2 

x=!{ 3 5 )  

x = 1 

3 a > 0, x >> 0 
x << 0 

a < 0 x >> 0 x << 0. 
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* X  

I 

x3 

4 

5 

X J  
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6 x - 2 - 1  0 1 2  

y -4  34 50 62 88 

7 0.9867 1.0867 x = 

0.9937 1.0070 x = f 100 

0.9993 1.0007 x = f 1000 

8 

9 

10 
y = (x + (x -1) (x - 4) 

' y = x (.U + I )  (x 

I 

* X  

6 

y )  + - < y < (x + - - 



~~ 

5 GEOMETRY 



The classification and properties of basic shapes in two and three 

dimensions has always been an essential ingredient of our knowledge of 
the world and our ability to solve real-life problems. Today, with an 

increasing role for computers in design. geometry is again coming to the 

fore as the need for the more economical use of scarce materials becomes 
more acute. Increasingly impressive computer simulations rely on the 

propertics of plane shapcs and solids. 

0 BJECTIVES 

After working through this chapter you should be able to 

recognise the different types of angle 

identify the equal angles produced by a mnsversal cutting parallel lines 

identify the different types of triangle 

state and use the formula for the sum of the interior angles of a polygon 

calculate the area of a triangle 

use the rules for identifying conpent  hiangles 

know when two triangles are similar 

understand radian measure and convert from degrees to radians and vice 

v e m  

state and use the formulae for the area and circumference of a circle 

calculate the volumes of the regular solids 

calculate the surface areas of the regular solids 



5.1 SHAPES IN TWO DIMENSIONS 183 

5.1 SHAPES IN TWO DIMENSIONS 

point by 

by 

line no by 

on 

ray 

straight line segment 

on by 

A B A B .  

A surface no on 

by on 

plane. 

point of intersection; 

parallel. 

angle. 

vertex 

by A ,  by 

a, by BAC; 5. 

H 

A C 

Figure 5.1 Notation for angles 

BAC CAB 

by 

A degree - 

right angle; h. 
acute angle; obtuse angle. 

180" straight angle 180" 

reflex angle; 5.2. 

complementary 

supplementary 

1 

360 
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Figure 5.2 Types of angle 

adjacent a 

vertically opposite, opposite. 

b b c, c d, d a. 

c b d. 

perpendicular; 

5.4. ABICD.  

(b) 

Figure 5.3 Pairs of angles 

B 

Figure 5.4 Perpendicular lines 
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Parallel Lines 

by 5.5, 5.6 5.7. 

A transversal. 
by 

corresponding angles. 

on on 

alternate angles. 

on 

(4 

Figure 5.5 Corresponding angles 

Figure 5.6 Alternate angles 
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\ 

Figure 5.7 Supplementary ongles 

In Figure 5.7, the angles a and b m supplcmcntary. This fact can d S 0  be used to test 

whether two lincs arc pacrllcl. 

Triangles 

A triangle is a closed tigure with three sides which arc straight line scpmcnts. It is 
lahlled by a capital letter at each vertex. If one of thc angles at thc vcrtices is 90' the 

figure is a right-angled triangle: if all angles arc acutc wc have an acute-angled 

triangle; if one of the anglcs is obtusc thc triangle is obtuse-angled; see Figure 5.8. 

A 

( a )  (bl 

A 

B 

Figure 5.8 Types of triangle: (a) right-angled. (b) acute ond (c) obtuse 

Here is an important result concerning the sum of thc angles: 

In a right-anglcd trianglc. thc side opposite thc right angle is the hypotenuse. An 

important rcsult concerning right-angled triangles is Pythagoras' theorem. This states 

that the square of thc lcngth of thc hypotenuw is cqual to the sum o f  the squares of the 
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-. ___ 

lengths of  the other two sides. \Vith rcfercnce t o  Figtire S.t((a) thc thcorcm can be stated 

3s: 

Thc thec~reiii will be proved in Ch;rptcr 6. 

Somctimcs the lengths of the 3idt.s o f  a trianglc arc I;~klled by lowcr caw letters 

oppositc: the corresponding anplr:; scr: Figure 5.8(a). In this c i i x  the thwrcni can bc statcd 

:Is: 

It'  all r h r w  sidcs itrc equal the trianglc is crtllcd equilajeral. In Figure S.Y(a) the sidcs AB. 

U(' and .N. arc cqual; the ilnglcs B,4Cs, AhC' and RCrl are equal. Note that if ;ill three 

;~ngles 0 1  a trianglc arc' cqual then i t  is equilateral and its sides arc of cquill length. Each 

;rnglc is 60 . 

A triangle with two sides equal is called isweles.  Thc uneqiial side is the base kind the 

opposite mglc is called the vertex angle. Thr: !WO othcr angles arc equal. In Figure S.Y(b) 

the sides AB ;tnd BC' arc' equal: the angles BA(* and BC'A are equal. I f  two angles of a 

trianglr: arc equal then i t  is isosceles irnd t l w  sidcs oppositc these angles are equal. A 

triangle icith thrw unequal sides is il scalcnc triangle; scc Figure 5.9(c). 

H H 

4 3 1  4 h) (C) 

Figure 5.9 Types of triangle: (a) equilaterol, (b) isosceles and (c) scalene 

A u s d u i  result can bc tound by introducing the idea of ;in exterior angle of a triangle. 

I t  is formed uhen onc' of the sides is cxtcndcd. Hence. in Figure S.IO(;t) thc angles PA(' 

and :fCQ arc cuniplcs 0 1  c?tcrior anglcs. Thc anglcs \tc 11:ivc discusscd up t o  now arc 

interior angles. of which BAC' i h  an cxaniplc. 

A n  exterior anglc is equal !o the s u m  o f  thc two opposite interior ;inplcs._Figurc S.IO(b) 

shows an csaiiiplc: angle .4(*Q is equal to  thc sun1 of angles HA(' and ABC'. 
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A 

(a) 

Figure 5.10 Exterior angles 

Special lines in a triangle 

A angle bisector; 

5.1 BD A k .  

A 

median 5.1 1 BD 

AD DC AD = DC. 

on 
1 I I I .) 

perpendicular bisector 

5.1 PQ AC. 

Figure 5.1 1 Bisectors 

altitude 
BD 
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B 

A D c D A C 

(a) 

Figure 5.12 Altitude of a triangle 

Polygons 

polygon. 

equilateral; regular perimeter 

5.13 

(C) (4 

Figure 5.13 Examples of polygons: (a) pentagon, (b) quadrilateral with reflex angle, 
(c) regular pentagon (x= 108") and (d) regular octagon ( y=  135") 



Diagram (h)  is an example of a polygon with ;I E-entrant vertex: each of the other 

We sometimes quote the angle sum in the following N ; I ~ :  

diagrams s h o ~  s a cot~vcx cx,lygut~ 

Quadrilaterals 

A quadrilateral is ;L polypon tvith four sides; see Figure 5.14. Rectangles have ;ill four 

interior angles equiil to 90 . Squares ;ire rcctrrnples with all sides equal. A rhombus hiis 

I f  a quadrilateral has opposite sides piirallcl i t  is ;1 parallelogram: i t  is rr consequence 

that the opposite sides arc' of  equal length. Furthcmrorc. one p;iir of opposite sides k i n g  

parallel iitld of equal length ix suflicient to dctcrtninc a parclIclograti\. Note that the three 

previous ciiscs arc all p;irrdlclugr;in~s. To indicate that "U lines itre p;briillcl we use the 

synrbol 11: for example. i n  Figure 5.14(;1) ,419 I1  and BA I 1  C'D. When only one pair of 
opposite sitlex are priillel. the t ipre  i s  c;rllt.d a trwpezoid. 

iill sides cqltiil. 

:\ 11 

U 
I 

t, 
I 
I 

H <' 

Figure 5.14 Some quadrilaterals: (a) rectangle. (b) square. (c) rhombus. (d) 
parallelogram and (e) trapezoid 
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A linc segnicnt joining opposite vcrticcs is a diagonal; in Fipurc 5.14(d) thc diagonals 

are AC and SD. In a parallelogram the diagonals bisect cach other; in a square they arc 

id s o  p rpe ndic 11 1 iir. 

Areas 
?\ - I - D f\ - I c 

H c' 6 

(;I) (bb 

Figure S. 15 Areas 

Thc area of  a rcctanglc is thc product of  its length and its breadth. I n  Figure S.lS(a) the 

arc3 cl of the rcctanglc is givcn by A =h. 

I n  Figure S. I S(b) rhe rcctanglc has becn divided into IH'O equal triangles. The area of 

each triangle is clearly -AV.  In triangle RCD the side BC is the base and the side CD is the 

altitudc. or height. Thc area of any triangle can be found by a siniilar principle. In Figure 

S.I6(a) and (b) the rtrca of the triangles ABC' is uh: 

1 

2 

1 

2 

A 

( i l l  ( h )  

Flgure 5.16 Area of a triangle 
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ABD ADC, 
1 1 1 
-BD x h + -DC x h = -BC x h. 
2 2 2 

1 1 1 

2 2 2 
ABD ACD, -BD x h - - CD x h = -BC x h. 

bh; 
1 

2 
-(a + b)h. 

by 

0, 
0 up 

AAOB. n 

2n 

= minus 

(2n - 

- a -  

4 b t * b c 

(c ) 

Figure 5.17 Further areas 
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2n - 4 4 

n n 
= 2 - - 

tessellations, 
5.18. 

Figure 5.18 Tessellations: (a) triangles, (b) squares and (C) hexagons (honeycomb) 
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Exercise 5.1 

1 

\ 

2 AB, CD EF 

PQ a. a PQ 
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P F 

3 

V 

I 

I 

I C 

E 

BC. ABC 

AABC. 

4* AB P AP : PB = 3 : 4. 

AB = 28 AP, PB? 

P 

PQ BC. PQ? 
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B 

ABC CDE CA =CB CD=CE. 

AC= 3 CE= 5 DE= 6 

ABC A B =  AC=5 BC=9 AB 

A B P, 

5.5 B. A PQ BC AC 

AQ. 

5 

47 5 )  (47 5 7  ca,fi,.JJ> 
(47 77 ( 5 7  127 (9 7, m) 

7, 12, 

6 you 

7 ABC 10 A B  D BD =AB.  
ACD CD. 

P CD? 
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8 

D 

B 

F E 

A <---> D 

B 

E 

F E 

B 



198 GEOMETRY 

9 

C 

10 

A R 

D 25 C 

A P  52 R 

P is D AP = 7 

c 

A 8 H 

x2 +-v2 AAPC. 

APBC x. 
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L,4BC? 

1 1 8 : 6 : 5 

1 0 .  

12 x y 

x y? 

13 U? 

U .  

14 ABCDEFGH 1 

XYZT, 

15 
150"? 

16 by 0. 

A .  B O ! .  

A 
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B C, you A 

AB, BC, 

17* If 1 a 

2 b 3 

c 

2 - - ( D 
1 1 1 1  -+ -+-=-  
a b c 2  

‘2 
18* 

a ,  b,  c a=12,  b=6 

a = 3 ,  b=c (d) a = 6 ,  b=7 

5.2 CONGRUENCE AND SIMILARITY 

congruent exact 

on 



5.2 CONGRUENCE AND SIMILARITY 201 

Congruent triangles 

5.19 
by 

exactly on 

D 

B 

A C 

F 

Figure 5.19 Congruent triangles 

AB DE BC EF AC DF. 

AhC D k F  Bi'A EPD, 

CAB F b E .  

ABC 

DEF DE, 

C 

F. 

P w z  

(4 
Figure 5.20 Indicating congruence 

X '  
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Tests for congruent triangles 

do 

on 

by 

0 

0 (SAS) 

0 ( A A 3  
0 

Three sides (SSS) 

ABC by AB 

B 

A 

B A do no 

(a) 

Figure 5.21 Constructing a triangle: SAS 

Two sides and an included angle (SAS) 

A B  AC 

AB. 

B C 
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~ _ _ _ _ _ _  - 

(4 (b) 

Figure 5.22 Constructing a triangle: SAS 

Two angles and the joining side (AAS) 

A B  to A 

5. A A E  A o f  A D  

5 As C, 

Right angle, hypotenuse and side (RHS) 

A B  B D  

A B .  A 

As BD C, 

A R A R 

Figure 5.23 Constructing a triangle: (a) AAS and (b) RHS 
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Example 
5.24 ABC AB = CB. 

B 

A D C 

Figure 5.24 Angles opposite equal sides are equal 

B A j C  AC 

D. 

ABD CBD. AB = CB BD 
A p D  = C j D ,  by 

BAD = BCD, 

ADB = C h ,  BD 

AC BD altitude ABC. AD = DC, BD 

perpendicular bisector AC; median H 

Similarity 

similar 

1 : 50 000, 1 on 

on 50000 0.5 
P, Q, R on on 

on 

P, Q, R 
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Q 

P 

Figure 5.25 Similar triangles 

5.25 PQR ABC, P, Q,  R 

on 1 : 2 
PQR = A k ,  QkP = B e A ,  RPQ = C i B ,  

PQR ABC 

AB BC AC 1 - _  - - 
p e - @ - E - 2  

ABC 

PQR 
ABC AB ABC 
- - - 

by ABC PQR 

= - A k  = PbR,  B e A  = QkP 

PQR PQ PQR 
C ( B e A )  R (QkP).  

AB BC CA a=@ RP 
CAB = RPQ. 

ABC PQR AhC = PbR,  B k A  = QkP 
AB BC CA 

CAB = RPQ - = - = -. 
PQ QR RP 

Example 5.26 ABC B B  AC. 

ABD. D DAB = CAB. 

ABC 
180°, AkD = ACB. 

ADB ABC 
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c 

A B 

Figure 5.26 Triangles ADB, BDC annd ABC are similar 

BCD. D D e B  = A k B .  

ABC 

CBD = CAB, BDC ABC 

Example 5.27 DE BC. AC 

by BC AE by DE. 

ADE ABC ~ = ~ 

BC AC 

DE AE 
AC 

AE 
BC = DE x -. 

A E C 

Figure 5.27 Estimating heights 
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DE 2 AE 4 

AC 40 BC = 2 x - = 20 

20 

40 

4 

1 1 

2 2 
ABC = - (AC x BC) = - x 40 x 20 = 400 

ADE = - ( A E  x DE) = - x 4 x 2 = 4 
1 1 

2 2 
: square ( 1  0 : 1). 

Exercise 5.2 

1 A B 

D C 

in ABCD 

AADC 

D k  = ABCD 

ABD DBC AABD 3 ADBC. 

2 AABC ADEC 
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3 2 B F, 
D EC, 

AEGD = AAFB. 

ACGE 

4 
ABDE 2, AB ED 

AACE = ABCD. 

(b) ED BD. 

A 
5 

B 
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D E AB AC, 

ADE ABC 

DE 11 BC DE = -BC. 
1 

2 

6 ABCD E, F, G H as 

A 

C 

DB. HE GF. 

5 ,  do you 

HE GF? 

EFGH? 

AC, EF HG, 

7 ABC B i C  = B e A  = 45". 
ADEC. 

A 

B E C 
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8 ADEC AABC 7? 

9 ABCD ED FC CD. 

E 

I 
I 

D D C 

EFCD 

DEA CFB 

ABCD EFCD 

(DC) 

by (ED FC). 

10 ABCD AEB DFC 

A B 

D C 

1 1  A 

ABCD, 

AHB, BHC, CHD, DHA AHB? 

A B 

D C 
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12 AB E. CD, 

AB, E, 

AAED ACEB AAEC ADEB 

ADBC 

ACB = AbB.  ACB CkD,  

up 180”). 

5.3 CIRCLES 

A circle 

centre 

circumference 

on 

radius 

A on 

on diameter. 

0 AOB OP 

4 

4 8 

A semicircles; 

quadrant. 

disc. 
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A 

0 I 

(b) 

Figure 5.28 The circle 

A on chord; CD 
A 

minor arc major arc. A 

secant; FG 

tangent. 

E point of contact; E. A 

A 

A 

B 

Figure 5.29 Circles and triangles: (a) incircle, the triangle circumscribes the circle; 
(b) circumcircle, the triangle is inscribed within the circle 



5.3 CIRCLES 213 

The region inside the circle is also divided into two parts by a chord. The smaller part 

is callcd the minor segment, shaded in Figure 5.28(b), and the larger part is called the 
major segment. The major segment always contains the centre of the circle. 

If a polygon is driwn a n m d  a circle in such a way that all its sides are tangents to the 

circlc, we call it  a circumscribed polygon. In Figure 5.29(a) ABC is a circumscribed 
triangle to the circle. We also refer to the circle as being inscribed relative to the 
triangle. In Figure 5.29(h) the situation is reversed, the circle circumscrihes the triangle 

and thc trianglc is inscribed in the circle. 
Two circles with the same centre and different radii are concentric; see Figure 5.30(a). 
The arca insidc a circlc cut off by two radii is called a sector; sec Figure 5.3qb). In 

fact, thc art produccs two scctors; thc smallcr scctor is shown shadcd. Unlcss othcwisc 
stated, we usually specify tk scctor which contains an acute angle at the centre, in this 
case POQ. 

A very important result is that thc ratio of thc circumfcrcncc of a circlc to its diameter 

is constant. This ratio is written n and has an approximate value of 3.14159; in some 

situations we make use of the cruder approximation of -. In fact the exact value of R 

cannot be exprcsscd as a fraction and therefore not as a finite decimal. The circumference 
of a circle i s  cqual to 2nr where r is thc radius. It can also tw shown that the arca of a 
circle A is equal to d. 

22 

7 

Figure 5.30 Centres ond rodii: (a) concentric circles have the same centre but 
different rodii; (b) two radii divide a circle into minor sector (shoded) and major 
sector (unshaded) 
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Examples 1. A 20 10 2.n x 10 = 20 

.n 314 

2. 5 
10 annulus 

= .n x 102 = 100.n 

= .n x 52 = 2571 

7571 

r2 rl 

A tangent T 

on P. PT 

OP; 

Q 

Figure 5.31 Circles and lines: (a) one tangent and (b) two equal tangents 

OP 

O>T = OQT = OT OPT OQT 

TP TQ 

Circular Measure 

AB 0 Y. 

AB = Y ,  O h  of radian. 

r s 

S 
8 8 = -; 

r 
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Examples 

(3) (h) 

Figure 5.32 Radian measure 

Sincc thc circurrrfcrcncc of the circlc is 2nr. thc anglc suhtcndcd at the ccntre (ix. 1 
s t n r  

r r  
revolution) is - = - = 2 n  radians. Thus 1 rcvolution = 2n  radians = 360". so 

Thc notation for one radian is I". To convert an anglc in dcgrccs to radian mcxsurc wc 

multiply by (6). Toconvcn an a~iglc in radians to degw ine:asun' we multiply by 

1.  Convert thc following to radians: 

(a)  180 (b) 45' ( c )  60 (d) 30 (e) 120' (0 ooO 

(a) 180 = x "  (b) 45- = (& x 45)'. = (:)' 
(c) 60 = ( - x 60 )' - - (;)'- - (d) 30'-' = 
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(e) 120' = (& x 120) = (%>' (0 900:' = - x 900 = (Sn)' 
(IiO ) 

2. Convert the following to degrees: 

Soliction 

(a) (;)' = 90" 

(c) (!!)'. = (; x **o)*' = 150: 

The length of arc of a sector of a circle of radius r which subtends an angle 0 at the 

ccntrc is givcn by: 

The area of the sector will bc a fraction of the area of the circle. i.e. a fraction of d. If 

the angle at the centre is 0 then this fraction is - so the area 01 a sector is given by: 
0 

2 R' 

Example Find the lcngth of arc of a sector of a circlc of radius 3 cm which contains an anglc of 

65 . What i s  the arc of  the sector'? 

First wc convcrt thc anglc to radians: 

Then the arc length is 

s =  3 x 65 - = 3.403cm 
(1;o) 



and the area is 

Exercise 5.3 
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3 T h i s  circle has rxiius I 2  cm and PT= 35 cm. How far is T fmm thc ccntrc of lhc circlc? 



r. 

r? 

do you 

5 A 3 on ABC. D, E, F 

of ABC. 

A 

B F C 

ABC by 

A 0  

BF = B D  = x ABE 

6 

BC, y = 7 AB, CD 

B 

I 

A C 
4 17 b 

A 14 12 D 
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x, r =  5 ,  

r, x = 10 

D ' c  
X 

7" ABC 

4 

B 

A E C 

IFB, ABEA. 

I BE (a). 

I ,  ABC 

D, E, F, AABC, 

AABC. 

8* 
: : 
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9* 

1 o* 

l 1  

: : 

: : 

Area A ,  arc length s 

Angle 8, area A 

Angle 0, arc s Radius r, area A 
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5.4 SHAPES IN THREE DIMENSIONS 

A solid by 

box, 

A polyhedron by A box 

Polyhedra 

cuboid box; 

cube. 

faces, edges, 

vertices. A 

diagonal; 

parallelepiped, 

-1- 

(4 (b) ) 

Figure 5.33 Four-sided prisms: (a) cuboid, (b) cube and (c) parallelepiped 

box I ,  b h;  

three dimensions box. I = b = h. 

5.33 

5.34 box ABCDEFGH ABCD, EFGH, ABFE, DCGH, AEHD 

BFGC; AB, BC, CD, DA, EF, FG, GH, HE, BF,AE, CG, DH, A ,  B, C, 

D, E, F, G, H ,  AG, BH, CE, DF. 
A prism 

bases. 

right prism; 

on 
on by 
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F G 

B 
C 

H 

A D 

Figure 5.34 A box 

Figure 5.35 Prisms 

(a) (b) 

Figure 5.36 Features of prisms 
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cross-sectional area 

on height 

h 

A pyramid 

on 

ABCD. sloping faces ABE, ADE, BCE DCE 

E. 

E 

A D 

E 

A D 

Figure 5.37 Pyramids 

height h, 

EF 

altitude h. 

F 

tetrahedron 5.38. 
on 

A regular polyhedron 

A 

Cylinders 

right circular cylinder, 

A 
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Figure 5.38 Tetrahedron 

is 

5.39 h Y. 

r 

h 

Figure 5.39 Cylinder 

A 

Cones 

right circular cone, 

vertex is 
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~ 

by 

by 

slant height 5.40. 

V 

h 

Figure 5.40 Cone 

Spheres 

on centre. 

by 

by 

5.41. 

Figure 5.41 Spheres 
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h 

Surface areas and volumes 

4 

v 

V 

0 Box: box 

by 

S = 2(lb + bh + lh) 

box by 

V = Ibh 

0 Cube: I = b = h 

S = 612, V = l3 

0 Prism: A h, 

V = A h  

e Pyramid: A h ,  

1 
V = - A h  

3 

0 Cylinder: 5.42(a). n? r 

V = nr2h 

A = 2nr2 + 2nrh 

r 

r= 
27tr 

A -  
* 

h 

B 

Figure 5.42 Volume and surface area of a cylinder 
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AB. 

2nr, 

h. 

by 

A = 2nr2 -k 

Cone 

r h by 

1 
V = 

3 

1 

3 
by - x x 

AB. 

1. d2. 

BCB’ 2nr, 
2711. 

rg) nr2, 

A 

C 

( a )  

Figure 5.43 Volume and surface area of a cone AB = CD = DE = FA, BC= EF 
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A = TY2 + TYl  

Sphere 

r is by 

s = 4nr2 

Its by 

4 3  V = - n r  
3 

Exercise 5.4 

1 

a U 

(a) 

2 10 4 x 4 

6 
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A I ,  b h 

by 

A 3r r on r. r 

A 8 

8 kg 

20 * c 

$ 3  

10 (x = 4 

A 70 

by 3.1 %? = 100 

A 3.7 g 30 

4.6 

great circle, 

small circle. 
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r, 

r / 1 / z  

nr/& 

nr/2 

by 



0 Angles: 

Acute < 90" 

90" < Obtuse angle < 180" 

180" < Reflex < 360" 

0 Parallel lines: three sets of equal angles are generated when a transversal 
cuts parallel lines. They are vertically opposite, corresponding and alternate 

0 Triangles: the sum of the interior angles is 180". Triangles may be 

classified by the number of equal, sides: 

Scalene: no sides equal 

Isosceles: two sides equal 

Fquilateral: all sides equal 

0 Congruent triangles: look for equality in one of the following sets. 

Two sides and the included angle 

Two angles and the side joining them 

Three sides 

Right angle, hypotenuse and another side 

0 Similar triangles: corresponding angles are equal; the lengths of 
corresponding sides are in the same ratio. 

1 
0 Area of a triangle: - x base x height 

2 

0 Interior angles of a polygon: sum to (2n - 4) x 90" 



0 Sectors and arcs: 

7 f  = 180" 

Arc length = TO 

Sector area = -AI 
1 

2 

0 Properties of a circle: If the radius is T then 

A m  = n? 

Circumferencc = 2711- 

Volumes of solids: 

Cuboid: base area x height 

1 - x base area x height 
3 

Tetrahedron: 

Pyramid: 

Sphere: 

1 
- x base area x height 
3 

4 3  

3 
- nr 

Cylinder: ,j! h 

1 
- n?h 
3 

Cone: 

0 Surface areas of solids: 

Sphere: 4x2  

Closed cylinder: 2n? + z?h 

Closed cone: n 3  + nrt 
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Answers 

Exercise 5.1 

1 

2 a =x, PQ AB; a =x +y; PQ CD; a =x + y  +z, PQ 

EF 

4 (a) AP= 12 PB= 16 

A 5  C Q  

A Q  AP 16.5 3 

A Q  = 7.5 

- - _ _ -  - -  
2 

5 

(9 

6 A 4x, is 

7 CD= 17.32 P 5 CD 

8 A = C=70" 

B = 85", C = 

B = C = E = F = D = 

C =  

A A A -  

A A 
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10 25 

3.745 

12 Y -(. 2 --I> 3 
2 

f i a 2  
13 - 

4 

924 (DP = 

8.186 

14.98 

14 +a) 
15 12 

18 

Exercise 5.2 

2 ACGE = ACFB FB 11 EG) 

3 ACFB 

A B 

E D 

4 A E = B D  AE 11 BD 
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6 

AC= AC ( 1  EF ( 1  HG 

7 ADEB 

8 

1 1  

12 

Exercise 5.3 

1 

11.126 

2 31.73 

3 

4 - 

31.62 

= 0.1616 
43- 1 
____ a+ 1 

5 5 A B = A C =  10 BC= 12 

6 18 24, 21 

r - 5 ,  X =  10 

7 1 

r c :  3 d 3  

8 

10 

1 1 = 10.996, A = 16.493 

e = = 229.20, = 20 

IE:IB = IE:IA = AE:AB = 1 

r=3,  

13 = A = 7.5 



ANSWERS 237 

Exercise 5.4 

1 (4 6 

2 (a) 224 

3 (a) 3% 

4 $nr3 

5 780.8 kg 

6 6.71 

7 6.102 kg 

261.19 
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6 PROOF 



The development of mathematics relies on the framework provided by 
proof. Many of the mathematical procedures we cany out can take place 
with the knowledge that underlying what we do is a bedrock of proof. 
When we obtain a solution to a particular equation we are s w e  it is the 
unique solution because the method has been proved to yield a unique 
solution. Yet it is easy to take for granted that the proof is there. It might 
be an exaggeration to say that the whole of higonometry rests on 
Pythagoras' theorem, but in reality it is not much of an exaggeration. An 
appreciation of the main methods of proof helps us to make our own 
mathematical arguments rigorous and it gives us confidence in drawing 
conclusions from the application of mathematics in our area of 
specialisation. 

OBJECTIVES 

0 

0 

0 

0 

0 

0 

0 
0 

After working through this chapter you should be able to 

distinguish between an axiom and a theorem 

understand how a theorem can be derived from a set of axioms 
appreciate the development of a corollary from a theorem 
follow the proof of Pythagoras' theorem 
understand the proofs of the theorems on concurrency of sets of lines 
related to triangles 
understand the proofs of theorems relating to equality of angles related to 
circles 
recognise the methods of reductio ad absurdurn, induction and negation 
understand the logical development of a proof 
appreciate the economy of effort in a proof 
appreciate the absolute nature of a proof 
understand the distinction between a necessary condition and a sufficient 
condition 
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6.1 DEDUCTIVE REASONING AND PYTHAGORAS’ THEOREM 

upon proof, 

by 2. 

by 3. 

theorems. 

by deductive reasoning. 

axioms; 

Examples 1. positive integers by 6, 

by 6 

6 
= 84 -~ 

6 
= 4, 

Proof n. 

n(n + + = K .  

n n + 2 n + 1 2 K. 

3 n, n + 1 

n + 3 K. 

by 2 3 by 6, 

2. Archimedes’ axiom x, 

x. 

N x, N 5 x 

x - N 5 1 .  N + 1 ; N +  1 2 x, N + 2 > x 

no 

on 

R. 
6.1. 

As x upon 

and 

x. 
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X 

I I I I I I 1 I I I l l  

-3 - 1  0 1 2 3 N N + 1  

Figure 6.1 Integers 

up. 

up 180". 

PQR 

6.2, on PR 

PQ QR. 

P Q ~  + Q R ~  = P R ~  

6.2 

I I 

I 

I 

I 

I 

I 

I - - - - _ _ _ _ _ _ _ _  

Figure 6.2 Pythagoras' theorem 
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A X E  Y B 

D G C  

Figure 6.3 Proving Pythagoras' theorem 

Example 6.3, ABCD 

E, F, 

AE = BF = = DH = x = FC = GD = = y. ABCD 

x+y.  
= b = 

EBF, FCG, GDH HAE 

= = =z, 
So 

A k B  = A k H  + + F k B  = F k B  = AHE 

AHE + AhH = so AbB = + H b F  = 
= F 6 H  = = 

z. 

ABCD. 2 = b = 

ABCD = (x = x2 + 2xy + y2 

ABCD = 4 x AEFB + 
1 

2 
x -xy+z2 = 2 ~ ~ 4 - 2  

2 + 2xy + y 2  = 2xy + 2 

2xy 
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upon 

x y z 

x, y z Pythagorean set. 

Examples 1. Pythagorean sets: 

X Y Z 

3 4 5 = 5 2 )  

5 12 13 

7 24 25 

12 35 37 

6, 

8, 10 6, 17.5, 18.5. 

2. Using Pythagoras’ theorem: 6.4 

+ (ED)2 = - (DC)2 = 202 - 122 = 256. = 

2 ( ED= 16 = - 18 = . 
4 

1 1 1 
= = - = 32 - = 

2 2 2 

F 18 E D 

G 

20 

I 
A H B 
4 60 b 

I I 

Figure 6.4 Using Pythagoras’ theorem 
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AH = A B  - HB = AB - FD = 26, 

A G  = JAll‘+cHz = + ( = 31.91 

Exercise 6.1 

1 

by N 

2 N - 1 N 3  - 1 N 
63 124, composite, 

3 
by 24. 

4 
3 1  

3, 8 -  
4 

14, 48, 50 

0.9, 1.2, 1.5 9, 17, 20 
8, 15, 17 (f) 21, 28, 35 

5 A 5.2 up 2 

up 

6 A B (b). 
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X 

I 
\ 

\ 

\ 

\ 

L 
\ 

\ 

\ 

I 
10 

B - t 

14 

7 ABC AB =AC. 

AbC AkB? 

BCIAB? 

8 

A 

3.0 

B c 6.1 

9 r and nr2. 
rc 2 4. 
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10* - = - = - 
AE BF FI 

EN FC IE’ 

A E 

6.2 THEOREMS IN CLASSICAL PLANE GEOMETRY 

on 

upon 

by 

upon no 

Examples 1. The bisectors of the angles of a triangle meet at a point, the incentre, which is 

equidistant from each side. In ABC C h  A k ,  

6.5. I. 

ID IE AB BC 

IBD IBE. DbI = EbI D E 

IB A D D  AIBE, 

ID = IE. 

IAD IAF, F 

I AC, AIAD AIAF ID =IF. 
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A 

2. 

C 

Figure 6.5 Angle bisectors are coincident 

ID = IE = IF I I 

IC IEC IFC 

ID, IE IF 

IE=IF 

IC 

I k C  = IPC = 

AIEC = AIFC I k E  = I k F  B k A  

go 
I ,  IA, IB, IC 

A ,  B 

6.5 IBD IBE 

I b D  = I b E  AbC on. 
of 

The perpendicular bisectors of the sides of a triangle meet at a point, the 

circumcentre. AB BC 

D E, 0. 

AO BO, AOD BOD 

AD=DB 
ADO = = 

OD 

AAOD 

BOE COE. 

ABOD, OA =OB. 
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A 

C 

Figure 6.6 Perpendicular bisectors meet at a point 

(i) CE=EB 

CkO = BkO = 
OE 

OC = OB = OB = OA. OB OA 

0 A ,  B C; 

OF F 

AC. do AOF COF 

OF 

AO= 

AkO = CFO = 

M O F  = ACOF AF=FC, F AC. 

OD, OE OF 0. 

on 
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ABC. 0 
A ,  B OA = OB = 

0 AB,  BC, AC, D, E, F. 

M O D  = AAOD A h O  = BDO = 

B 

A 

Figure 6.7 Perpendicular bisectors meeting outside the triangle 

ABC 0 

6.7. 

by 

0 

orthocentre 

Figure 6.8 Orthocentre of a triangle 
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0 

A 

Figure 6.9 Medians are concurrent 

centroid 

ABC 0, 
H on Euler line. 

Circle Theorems 

Example ‘Angle in a segment’ theorem: 6.10 A B on 

0. C on major arc AOB 

0 C  ACB. 

Figure 6.10 ‘Angle in a segment‘ theorem 
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ACO BCO A 0  = = BO, 

O i C  = O k A  0 k B  = ObC 

D. 

A O D  = O i C  + OL'A = 2 0 e A  

D 6 B  = OL'B + OBC = 2 0 k B  

AOB = 2 ( 0 k A  + O k B )  = 2 A c B  

by A B )  
on C). 

on C AkB.  
on 

no C ACB.  

no A k B  

6.1 1) .  

Figure 6.1 1 Angle at the centre is twice the angle at the circumference 

1 

2 
A ~ B  = -AOB 

1 

2 

C on AB. 

A k B  AOB 

on minor arc AB A C B  = - AOB 
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C 

Figure 6.12 Angle in a minor arc 

Figure 6.13 Angles in the same segment 

Corollary 

6.13, D on AB. 

AOB = 2 A e B  AOB = 2ADB 

A e D  = A b B .  

Look 6.14. 

1 1 

2 2 
A k B  = - A 6 B  ADB = - A b B  
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c 

D 

Figure 6.14 quadrilateral 

2 
A k B  + A b B  = - = 180" 

A ,  B, D on 

concyclic ABCD a cyclic quadrilateral. 

a up ACB + A b B  = 

DAC + D k  = 180". 

up 

Examples 1 .  by 
6.15. PXQ RYS SFQ = S k Q  

on SQ) Pi)R = P h  

R X / P X  = XS/XQ,  so 

RX x XQ = PX x XS 

intersecting chords theorem. 
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Figure 6.15 Intersecting chord theorem 

2. GH A AOC 
0). AB 

B ~ H  = A ~ B  

A e B  ACB, 

by C A ,  

B ~ H  + B ~ C  = 

A e B  + BAC = 

C C 

A H A 

(4 

Figure 6.16 Alternate segment theorem 

H 
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D AB 

GAB = BbA.  

GAB + BAH = BbA + A k B  = ABCD 

BAH = A e B ,  GAB = BbA. 

alternate segment theorem. 

Tangent Theorem 

6.17 CT = CA', 

you 

Figure 6.17 Tangent theorem 

Tangent-chord Theorem 

6.18 CP x = CT2. 

you by CTP CQT 

corollary 

T 

C 

Figure 6.18 Tangent chord-theorem 
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Exercise 6.2 

1 on 249 

AB, BC AC ABC; 0, OA = OB = OC. 

2" 
PQR, ABC, QP AB, RP 

AC RQ is BC. 

R 
A 

\ / 

\ / 

\ / 

\ / 

\ / 

\ / 

\ 
/ 

/ 
\ / 

\ / 

\ / 

RACB AQCB DA RQ 

BE CF. 

PQR? 
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3 A’ B’ BC AC 

1 

2 
A’B‘ = -BA A‘B’ BA 

G AA‘ BB’, 

1 1 

3 3 
GA‘ = -AA‘ GA’ = -BB‘ 

1 

3 
CC’ C‘ BA G on GC’ = - CC’. 

B 

C 

1 

2 4 A k B  = - A b B  BC 

is 

- - - - -  

-B 

(a) (b) 

A k D  = A e B  + B e D  A b D  = A b B  +BbD.  
1 

2 
A ~ B  = -AOB. 
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AB 

A ~ B ?  

B A 

1 

2 
A t B  = -A&?, 

5* YQ RX= 4, XS= 3, PX= 5 XQ 

upon Y. XYS 

6 

7" DE BC ABC. AC is 

E. 

A 
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C ~ D = E ~ D  

B e A  + E k D  = 

B, E, F 

8 

24" 
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6.3 ARGUMENTS IN ARITHMETIC AND ALGEBRA 

you 

= 

> 

< 

3 

5 

on do 

upon 

a b a < b. 

by c 

a t 6  a + c < b + c  a - c t b - c  

by c > 0, 

a b  
a < b ac < bc - < - 

c c  
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Example a,  b, c, d > 0 

a b  a a + b  b 

c < d  c c + d < d *  
- < - - 

by 

> 0 d > 0. 

ad < bc 

ac 

ad + ac < bc + ac 

a(c + d )  < c(a + b)  

by by + d 

a a + b  

c c + d  
- < -  

+ d > 0 c > 0 d > 0. by 

bd ad < hc 

a + b  b 

c + d < d  

1 13 

2 24 
- < -  

1 13 

2 24 
-<- < -  

1 7 13 

2 13 24 
- < - < -, 
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Example x > 1 xn > 1,  n 

xn > xm,  rn n n > rn. 
a >  1 b >  1, a b > l 2 = 1 ,  x >  I ,  x2>x, 

by x) x2 > 1. 

x 

x" = Y-" x x", n - rn > 0, x"-" > 1 X" > xm. 

II xn > 1, x > 1, n > 1. 

N .  

Example 

Example 

N a. 

Solution 

N = ab, a b 

ab > N ,  ab 5 N 

a = b = z/N N 

a. II 

N 5 1000 you go no 31 

(31)2 = 961 < 1000 (32)2 = 1024 > 1000. 

Solution 

x y (x + y )  f i  

(a - b)2, a b 

(a - b)2 2 0 a2 - 2ab + b2 2 0 so a2 + b2 2 2ab, 

a b. a2 =x, b2 = y  so x, y 2 0, ,b 2 0, f i  L 0 

- (x + y )  1. f i  ,/Zj 5 - (x + y ) ,  II 
1 1 

2 2 
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by 

1 

2 
4’ = & 5 -(3 + 2) 2.449 < 2.500 

4 7 3  

7 11 4 
- < - < -  

2 7 5 8 3  
- < - < - - < - < -  
5 17 12 19 7 

2 3 8 4  

3 ’  5 ’  1 1 ’  7 

7 1 = 47 + 24 145 = 97 + 48, 

4 71 1 

9 145 2 
- < - < -  

on 

1 

2 f l y  5 !. (x + y ) ,  x > 0, y > 0, x + y  5 1, 
2 

3 x > 1 

1 
x + -  2 2  x(x2 + 3) 2 3x2 + 1 

9 
x > 3 x + -. 

x 

X 

4 

xn 2 1 + n ( x -  1) 

y2 = 2, 3. 4 x > 1.  
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n, 

1 

Y 
0 < y  < 1 ,  by - = x 

0 < y" < 1. 

a c 
5 - < ~ a < - b, d > 0, no on a 

b b + d  d 
c. 

If on b d a = - 1, b = 1,  

a + c  

b + d  
c= -3, d =  -2, ~ no 

a c  
- -. 
b d  

6" 5 a = 2, b = 3, c =x, d=x,  x > 0, 

x + 2  
y = -  

x + 3  

y 

6.4 THE METHODOLOGY OF PROOF 

upon 

by 

reductio ad absurdum proof by induction. 

A proposition 

the number 8 is greater than 7 .  

implies the number 8 is 
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greater than 7 ,  the number 8 is greater than 6, 

1 

2 

Necessity and sufficiency 

p q, p =+ q q t p .  

p + q p does not imply q. 

Example 

Example 

Examples 

p : x = 4, p (x) 4. 

q :x2 = 16, q (x) 16. 

p =+ q 42 = 16. 

( = 16 q + p .  x2 = 16 

sufficient x=4, not necessary -4 

p : l x l = 4  

p =+ q q =+ p 

* implies and is implied by, p 

necessary and sufficient q 

p if and only if q 

p =+ q q =+ Y ,  p =+ Y .  

1. by 4,  suflcient 

not necessary 6 by 4. 

2. p : x > 8  q : x > 7  r : x > 6  

p =+ q q =+ r,  p =+ Y .  W 
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by 

p e q, q e r p + r 

some, 

any all. some x, 

( = 16. 
1 

6.19 A k B  = ?A6B.  A 6 B  C any on 
L. 

AB. all C on 

AB. 

Figure 6.19 Angle at the circumference 

Reductio ad absurdum 

by reduction to the absurd, upon 

Example no 

Solution 

by P: 

p. 2 , 3 , 5 , .  . . , p .  
1 

x 5 x . * .  
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q by 

q, 

q 

q 

q > p .  P p 
q q odd by 3,  5,7 ,  . . . , p 

q 

r, r r 

q q > p  P 

q r > p ,  r P 

P no 

Proof by induction 

p + q q + r p + r.  

p 1  , p2,  . . . , pn 
p1 + p2, p2 +- p3,  . . . , pn, p 1  +- pn. method of induction 

pn 

pn+l pn pn +- pn+l ,  n 3 1 

p l ,  

P I  +P2, P2 +P3,**-,Pn-1 +Pn? Pn +-Pn+l,*-* 

n. 

n = 2, 3 ,4 ,  . . ,; 1 ’ 1 ! pn n 2 2. 

p l  nn > n!  

Example 

1 

2 

n -n(n + 

1 

1 

2 

verzfi n,  

n = 3 ;  1 + 2 + 3 = - x 3 x 4 = 6. 
1 

2 
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all n;  

verification is not proof: 

Proof 

p n : l  

p ,  j P,+~, 
p n  n + 1 n, n + 2 n + 1, 

1 

2 

(*) 
1 

2 
P,+~: 1 + 2 + 3 + a . -  + n + ( n  + = - (n  + + 

( n  + (*) 

n 1 
-!n(n + + ( n  + = (n  + + 1) = - ( n  + + 
2 

P,+~, P, * p,+l.  

p 1  n= 
1 

2 
1 = - x 1 x 2 = 1, 

by 

n 

by 
n by n + 1 (Pn + P,+~). 

n, n = p l .  

Negation 

p 
jj, p p 

p .  

p : x  > 6, 

p : x  5 6, 

x > 6 

x 5 6. 
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Example 

Example 

p p p p 
R. 

x 

x R, x n 

P P 

x > 7  x 5 7  

n n odd 

n by 5 n by 5 

x < x 2 3 

reductio ad absurdurn by 

p 

book 
you 

you 

p q p + q, p t q, p + q, p e q, 

x, y x, y E R, n 

n N. 

4 4 

x= 1 x = 1  xy=O x = o  

~ $ 3  o r x g  - 3  x2=9 n n2 3 o 
y1 odd n (0 x > 8  x g 3  

x <  - 6  x <  -7 x > 3  x2 > 9 

5 5 x t 6  5 t x ~ 6  (i) x 2 + x -  x=3  

x2 > x x >  1 x2 >y2 x > y > O  

2 

Solution 

x = 1 + x2 = 1, p + q, p + q x= - 1 

p t q xy = 0 x = 0 y = 0. 

p : x  = 3 x= - 3  x2=9; x2=9, x= s o p  + q. 
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x R, x2 3 0, n by n2 3 0 

n = 1 n = 2, p + 4 p + q. 

(9 p 4 p = 4. 

< < - 6, p t 4. 

x > 3, x2 

p : x 5 6, 5 6. 
4 : 5 6 6 5.  

p 4 

by p + q, p + 4. 

(i) x2 +x - 12 (x + - 3) = 0, x = 3 - 4. x = 3 

x 2 + x  - s o p  e 4. 

(k) x > 1 x2 > x x > 0. x < 0 x2 > x 

p + 4 

x > y  > 0 x > y  x2 > xy by x > xy > y 2  

by y > x2 > xy > y 2  x2 >y2. 

16 = > ( - 3 ) 2  = 9. 3 -3 p t 4 

n. p =+ 4. 

3x > 9 x > sop + 4. x < - 3, x2 > 9, s o p  + 4. 

P + 4- 

book upon 

up 

you you 

book you 

Exercise 6.4 

1 p 4. 

p + q, p t q, p e 4 x y n 

P 4 

x2 - 5x+4 = 0 x=  1 

x + l = O  x =  

n odd n2 odd 

x 2 + x - 6 = 0  

x > 5  x > 4  
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P 4 

(0 
1 

2 5 x 5 3  

(i) 

x3 < y3 

(1) x4 < y4 

2 

3 

4 

5* 

6 

x + y < + Y ) ~ ?  

x2+$ 

n3 - 1 n 

x < d m ,  x R x2 +3 < 

A 

x = j x2 - 2x - 63 = 0 

(0 x2 - + 6 > x [w 

x =  

(i) 1 

n = by 

4. 

n n =fq, q2 n2. 

a, by 

&=- P 

4 

p q no 

p 

a h ah=0, a b, 

x3 - y3 no 

x y 
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7 

N = n2 + n + 41 

n 

n n 

8 (n  x R). 

n 3 

+x)" > 1 + n x ,  n 2 I , x > O  

n" > n ! ,  n > 1 

= 

9 

up by 

10 

1 1 1  

r ( r +  r r +  1 

1 1  1 
-+-+...  +------- 
1.2 2.3 ( n  - 

1 1  1 1 1 

2 
1 1 * N is - < - x 1 O P m ,  - = 2"-N x --, 

1 1  

2 
- < - x 10-" n 3 N .  

12" a + (a  + d )  + (a  + + . . . + ( U  + (n  - 

n 

2 
Sn = + ( n  - 

by 

(a) 2 + 5 + 8 + . . .  + 32 41 

39. 



0 

0 

0 

0 

Axiom: a fundamental statement which is assumed to be true 

Theorem: ii statement which can be derived from axioms 

Corollary: a statement which follows from a theorem 

Pythagoras’ theorem: in a right-angled tiiangle thc square of the length of 

the hypotenuse is cqual to the sum of the squares of the lengths of the other 

two sidcs 

0 Triangle theorems: 

The bisectors of the angles mcet at a point 

The perpendicular bisectors of the sides meet at a point 

The medians mcct at a point 

The altitudes meet at a point 

0 Circle theorems: 

The angle subtended a t  the ccntrc by an arc is 

twice the angle it subtends at the circumference 

The angle between a tangent to a circle and 

a chord to the point of contact is equal to any 

anglc in thc alternate segment 

0 Sufficient condition: 11 is ;i sufficient condition for 4 if t? is lrue when p is 

true 

Necessary condition: p i s  a necessary condition for 4 if p is true when y i s  

true 

0 

0 Methods of proof: 

Retlitctio tit1 nhsiirdum 

mathematical induction 

negation 
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Answers 

Exercise 6.1 

1 ( N -  1 

2 N 3  - 1 3 ( N  - + N + N =  2, N - 1 = 1 7 = 23 - 1 

is 

3 by 2, by 3 

by 4. 

120. 

4 

5 4.8 

6 = 10.247 

7 

2/181= 13.453 

8 

10 2/2 + 1 f ,/* = 4.61 16 0.2168 

Exercise 6.2 

2 H 

4 

5 

8 (a) 

Exercise 6.3 

4 3 2 8  
1 - < - < - < -  

7 5 3 1 1  

3 6  
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2 x + 2  

3 x + 3  
6 - < -  < 1, 

l- 
Exercise 6.4 

2 x + y >  1 

n = 2 n3 - 1 = 7, is 

if x =  1, y =  - 2, 5 ,  1 

x2 +x - 2 = 0 x = 1 x = - 2 

5 0 2 5 x 5 3 

x2 - 2x - 63 = 0 x= x=9 

7 n = 4 1  

1 
10 

n n  

12 187 188 



I TRIGONOMETRY 



The name trigonometry derives from the Greek words trigonon ‘triangle’ 
and ntetron ‘measurement’. It is the basis of surveying and navigation. 

Indeed, it pervades every aspect of our lives. When an orienteer uses a 

map, when a toolmaker consults an engineering blueprint, when NASA 
engineers program a computer on a space probe, each of them relies upon 

trigonometry. 

OBJECTIVES 

a 

a 

a 

a 

a 

a 

a 

a 

a 

a 

a 

a 

After working through this chapter you should be able to 

define the sine, cosine and tangent of an acute ‘angle 

state and use the fundamental identities derived from Pythagoras’ theorem 

define the three reciprocal trigonometric ratios, sec‘ant, cosecant and 
cotangent 

state and apply the CAST rule 

relate the trigonometric ratios of an angle to those of its complement and its 

supplement 

state and use the sine rule for a triangle 

state and use the cosine rule for a triangle 

calculate the area of a triangle from the lengths of two sides and the 
included angle 

solve a triangle given sufficient information about its sides and angles 

calculate the angle between a line and a plane 

calculate the angle between two planes 

find the general solution of simple equations involving trigonometric ratios 
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7.1 TANGENT, SINE AND COSINE 

by 

PQ QC on AB 

A P on 

PQC 
ABC 

PQ estimating 

AB, BC QC 

P 
R 

C B Q 

(a) 

Figure 7.1 Estimating heights 

AB PQ 

BC QC 
- = -. 

RkS AB, DE, FG CS. 

- - - 

tan on 

6. 

AB DE FG 

B C ’ C E  CG 
tangent 

7.2 on A e B  

A AB 

CB 
= - _____ 
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Examples 

Figure 7.2 Definition of tangent of an angle 

opposite; 

hypotenuse adjacent. 

7.1 
AB PQ CB CQ 
- = - - = -. 
CA CP CA CP 

sine cosine k, sin cos 

on 

7.2 

A AB A CB 
C = - = c = ~ = 

CA AB 

1. 50 

A 

C 50 m B 4 8 m  c 

Figure 7.3 Diagrams for (a) the first example and (b) the second example 
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AB. 

= - 

= 50 x 0.7002 

= 35.0 

2. CD 8 

3.5 - 

.. 
C = - = C = 3.5 = 1.86 

Also 

.. A B  1.86 
= - = - = 0.4 136. 

4.5 

=~f 

3. 25 22 

A 22 
= - = - = 0.88, = SIN). 

25 

CB = ACcos = 25 x 0.474 97 = 11.87 

A 

Figure 7.4 Diagrams for (a) the third example and (b) the fourth example 
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4. CB = BD = 10 

BE = 3 ACB = CA AB. 

AC &E A k E .  

,-. BE 3 
= - = - BCE = 

CB 10 

A e E  = A e B  + B e E  = + = 

CE = CB B k E  = 10 = 9.54 

9.54 
= 12.02 m. - 

CE CE 
- = CA = ~ - 
CA A e E  

AB = AE - BE 

= CA - 3 

= 7.31 - 3 

= 4.31 m 

Graphs of sine, cosine a n d  tangent 

7.5 on 

C A 

Figure 7.5 Varying the angle 
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A s  the angle A<'R increases. the lengths C:4 I .  C:.l,. ( * A  ;. ('..I4. remain constant (equal to 

t -  say) hut the tieipht\ d 4 1 R I .  .d1H3. /I&. As& inc.rca\c to r. hcncc the sine of the 

anglc incrcascs from 0 to 1 .  The Icnpth\ C'Bl. C'B:. C.fI3. C'BJ. CfIs dccreasc from r to 

xro .  Hence thc cosine of the angle decreiiscs from I to 0. Sincc the length of the opposite 

xidc is increasing and the length o f  the ;rdjacent sidc is decreasing. thc tangent of 

anglc is incrcasinp-wit hout Ii riii t .  

Figure 7.6 shotvs the graphs of ainc. cosine and tangcnt. 

the 

I ; ( )  (h) Ic ) 

Figure 7.6 Graphs of (a) sine, (b) cosine ond (c) tangent between 0 and 90 

Some useful results 

Figurc 7.7(ii) depicts ;I right-angled isoscclcs trisnglc. I f  the lengths AB and CB i I K  1 t t w i  

from t?/thapor;tx' theorein we dcducc that thc hypltcnusc has Icngth &. It follows using 

.4CR ;IS an cxample that 

Figure 7.7(b) depicts ill) ~yuiliitt.ral tri;iriglc X'D. B is the inidpoint o f  CD and AB is ;I 

median. the perpendicular bisector of C ' D  and thc bisector o f  C , b .  If the lengths of thc 

sides of the trianplc . K D  are 2. thcn thc length C'B is I ;ind. via Pythagoras' theorem. thc 

length of .4R is 4'3. 
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/ 

1 / 
Figure 7.7 Ratlos of special angles 

Using trianglc AC'B and thc angle AC'H. we see that 

I t  is n o  coincidence that sin60 = cos30 and cos60 = sin30 . Consider Figure 7.8 

whew 11 is  mcasurcd in dcgrccs: 

We highlight thcw important rc'sults: 
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Wtwn thc sum of two angles i s  cx) the angles are called complementary. hence wc' may 

think o f  [tic cohiric as thc coriiplcnwcntary sine. 

Figure 7.8 Complementary angles 

Two identities 

Rcfcrcncc t o  Figurc 7.8 shows that 

Furthcrmorc. since -+ ('B? = ('A?. dividing through by <'.4' pivcs 
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or 

These results arc true for any angle. not simply angles ktwccn 0- and 90 . 

Ratios for obtuse angles 

Wc saw in Chapter 5 that sornc trianglcs contain obtusc anglcs. i.e. angles of magnitudc 

greater than 90 but less than 180.. In the next section WO shall need to calculate sincs 

and cosines of thew anglcs. 11' you uw your pcxkc.1 calculator you will lind that 

sin 150 - 0.5 and cos 120' - -0.5. What do thcsc rcsults mean? In Scction 7.4 we 

consider ritios for anglcs of any magnitudc. hut for the rnorncnt u'c conccntriitc on acutc 

and obtuse angles only. 
In Figure 7.9 the point /> lies on ;I circle of radius I unit. centred at 0. As /) IIIOV~S 

anticltxkwise from A to R the ;mglc 0 increases from 0 to 180 . 
In Figure 7.9(a) the height of P a h v e  the x-axis. P.1" = OPsin 0 1 sin I) and the 

distance OX = OPcosO = cos0, so the coordinates of P are (cos0. sin I ) ) .  

Now consider Figure 7.9(b) where the angle .46P is obtuse. Clearly PX = 

OP sin Q = sin 4 anti OJV = OP cos 4) = cos 4). Tllc ccn~dinirte~ o f  P ;ire (cos ib, sin ch). 
i.c. (- cos( 180 - 0). sin( 180 - 0)). 

I '  
Y 

(31 (h)  

Figure 7.9 Ratios of acute and obtuse angles 
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The .\-cM)rdiliitle i h  nrgati\e twcauw P is to the left of the x-axis. If  we are k i n g  

consistent H'C h h o u l d  cxpect thc coordinate of P to bc (cos0. sin 0). Wc therefore notice 

that the sine o f  ;in obtuse ;~iglc is positive ;md the cosine is ncg;ttive. I f  tve &fbw the 

t:~iigciil to tx the ratio hitic:cosine thcn the Iailge~il o f  an obtuhe angle wil l  alsu k 

ncgative. In fact H'C can make the following gcncral dcfinition 

since this definition is complctely consistent tvith our e;irlier definition for an awte angle: 

xcc Figurc 7.2. 

W e  have the following detinitions for an acute ringlc 0: 

Exercise 7.1 

3 Express the following angles in radians: 

(a)  46.281 (b) 07.020 ( C )  305.06 

Express ttw following angles in dcgrecs: 

(d)  I "  ( c )  1.WY (!-) 4.844'- 
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4 
2 3. 

5 8 

Y X Y tI = -. 
r r X 

8 = - , 8 = -, 

A 

P 

Y 

b 

X 

P' t 

n/2, can 
( U  + by P h B ,  

-Y 
r 

COS(O + n/2)  = - = - 0 

X 1 + = __ = -- 
-y 

8 + n  O+2n - 8  

7112 - 19 TC - U (0 0+3n/2 

+ n/2)  = - 0, 

6 8 180" ( 7 ~ " ) .  

5 

- 371 5 0 5 0 0 .  
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7 on 

1 
= - = 

2 
8 

+ = 1 

1 + - = 1 

+ - + = 0 

2 

@ 9 
3,4,  5 ,  0 by 

on 4? 
5 ,  12, 13 8, 15, 17. 

4 

10 fj + H = 1 

o 
1 

1 - 

(1  - 1 + = 1 

( 1 + f l  - fl)( 1 - H + H )  = 2 8 H 
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7.2 SOLUTION OF TRIANGLES 

Given certain infconnation about a triangle. in the fonn o f  the lengths of  one or nwre of its 

side\ and the \aluc 0 1  oiic or  more o f  i t \  angles. i t  may tx po\\ihlc to deduce the unknown 

sidcs arid angles. 'The qxcial c;ise o f  ;I right-anglcd trianglc can bc. solvcd using the 

inforniation in the previous \echii .  tiere HC dccelop sotiie mles for a pcneral triangle. 

Finr. we rcc;ill ii rcwlt from Chapter S. 

Now wc dcvclop soiiic ntlcs to help u s  in our task. 

Sine rule 

c sin B - h sin C*  

I n  thc c a ~  of  .Figure 7: 10(h). since AC'S and ,4$'.lf iirc supyletiietitary angles. 

sin ,jl(',\I = sin .,1('R = sin C', so ;1M = csin B = h sin C. ;is kforc.  

Equation ( 1 ) can hc. divided through by hc to give 
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Examplc 

- 
(3) ( b )  

Figure 7.10 Sine rule 

Similarly. by drawing thc prpendicular from H to A<'. we can show that 

Pooling thcsc results wc haw thc sine formula or sine rule: 

By inverting each fraction. wc obtain another version o f  the fomrula which inay be more 

straightfonvard t o  apply i n  sonit' circumstances: 

In thc trirrnglc ABC. ? = 47 , b = 33 and (J = 125 mrir. Calculatc h and c. 

First. we use the angle sum to determine the third angle. Hence 

A = 180 -47  - 3 4  = 9 9  
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b = 125 = 70.8 = 125 = 92.6 

II 

Cosine rule 

7.11 

on ACM, 

(AM)' = (AC)' - (CM)' = b2 - X' 

on ABM, 

(AM)2 = (AB)2 - (BM)' 

7.1 1 

(AM)' = c2 - (a  -x) 2 

A A 

/ I \ / 

B a - x  M X C B a c x  M 

Figure 7.1 1 Cosine rule 
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2 - x2 = c2 - (a  - x )  

= c2 - u2 + 2ux - x2 

c2 = u2 + h2 - 

ACM, 

x = 

7. 

(AM)’ = ( A B ) 2  - (BM)’ = c’ - (U  + x)’ 

2 h2 - x2 = - (U + 
- a2 - - x2 

= a2 + h2 + 

ACM, 

= a2 -I- b2 - 

A 

B 

cosine rule: 
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Examples 1 .  The sides o f  triangle .4BC arc' (I  = 120 mii. h = I35 iiiiii. (. = 2(K) niiii; rind the anglcs 

..i atid 6. We usc thc foniiulac 

t hew tore ..I = 45.75 (usins INV COS). 

thewfore C = 103.2 (obtuse. bccausc the cosine is negalive) 
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Solution of triangles 

Three sides are given 

a 

no 

on 

by 

Two sides and the included angle are given 

Example ABC, 2 = b = 4, = 8. a,  B, 6. 

a2 = b2 +c2 - 

= 16 + 64 - 2 x 4 x 8 

= 19.86 

a = 4.456. 

h c, 

b a 
- 
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A 

= ~ = 0.307 
4.456 

k = 

A 8 x 
= 0.614. - C = ___ - 

4.456 

? = 37.88. 

2 + b + C # 

C = - - = 

= 

Two angles and one side are given 

Two sides and an angle opposite one of them are given 

ambiguous case 

7.12 c, b l? 
A B  

B A k .  A 

b 

no b 

b 

on A B  

b > 

< b < c. 
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A 

A 

Figure 7.12 The ambiguous case 

Examples ABC = 24, c = 25 C = 

2 --- - 
U C 

A 

= 0.8770 - - 
C 25 

= ____ 

A = 

A = - = 

2 + ?  > 

b = - - = 
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C 
- 

b 
~ _ _ _  

- i? 
25 

= 21.8. - b = c- - 

C 

C A 
-, -, 

could 

b. 

2. ABC a = 7, c = 6 ? = 

2 = 

2 = 

b = - - 35.0 = 

2 = 

b = - - = 5.55' 

6 
b =  = 1.18. 

A = 35.0, B = 115.55O, b = 11.0 

2 = 145.0, b = 5.55", b = 1.18. 
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Area of a triangle 

Figure 7.13 Area of a triangle 

A s  ~c S;IW in C'haptcr 5 thc ;irc;i o f  cither triangle. dcnotcd A. is givcn by 

so 

1 

2 
11 = - tdr 

'fhi\ rcwlt ohtaincd by noting that rhc ;irc';i of' 3 triangle is  half thc area of a rectangle 

with sidcs equal t o  thc triangle's haw iitid height. Sincc tlic altitude is wldom givcn. hul 

usually h a s  to bc. dc.ri\ cd. i t  i \  more convenient to eniploy ;I Ibnirula which involvcq onl)  

thc angle\ and \idc\ of ;I irkinglc. 

Rcfcrcncc to Figure 7.13 \ h o w  that 

Hencc 



- 
3 z. > 

- - A  

I! 
tl? 

D 

II 
1 . 4 1  - 

k 
h 

3 

3 
2. 

e 
'2 
Y. 

5' 

Y 

5 
r; 

-. 
-+- 

s 
Y 

I, 

7 

5 
Y 

P 
3 

E 

fE 

3' 
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2. 57.4, 70.8, 103.6. = 57.4, 

b = 70.8, c = 103.6. semi-perimeter, 

1 

2 
s = + 70.8 + = 115.9. 

A = - - - 

= J(115.9)(58.5)(45.1)(12.3) 

= 1939. 

Exercise 7.2 

b=,6, A = ( B  c=5: B = 

A = b=7,  (f) A = B,  C = c=5 

4 = B = = 6 
A A  

B = A = 

b=5,  c=6 

A b=3, 

10, c=6 
? =  

AB = 6 AG AB. At 

B of 4 AG C2 

ABC, ABC2 A = = 4, c = 6, 

G 

A 6 B 
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m 4 

u=3.5, b=5,  c=3 A = B = 

b=6,  B = b = 4 , c = 9 , B =  

5 3 2 

42". 

m 6 

R 

R 4. do you 

7 4. 

8 y = 2x - 3 

by 

9 
(xi, (x2, y2)  

X 
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(3 ,  4) 9 (-2, 3 )  4) 

by 3). 

(1 ,  

10 9. 

up 

y = mx + 
TAN on 

1 1  a ,  b, c 

A b2 - a2 

2bc 
= 

1 

2 
s = - (a  + b + c), semi-perimeter, 

A 2{s(s - a)(s - b)(s - c)} 1/2 
= 

bc 

C 

A b B 

A = {s(s - a)($ - b)(s - c ) } ”~ .  

9. 
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1 

2 
12 AZB -rs, r 

11, ABC, 

= rs. 

C 

A F B 

13 R 

r /R .  

14 

b - + 
- a2 + b2 +c2 +-+- - - 

= - b2 

+ - a2 + b2 

+ 

- + - = 0 

b a 

- 

A .  

- 

15 ABC ( X I ,  (x2, y2) (xj, y3) 

(b) 

ALMC, CMNB ALNB. 

ABC by 

( c )  you = 
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16 

17 

( -3 ,  3, 3) ,  (-1, 

1). 

(a ,  - a,  b > a > 0 

(-3, 41, (3, 

A is by (xl, y l ) ,  (x2, y2) ,  (xj, y 3 )  (x4, as 
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by 

you 

A by - l ) ,  (3, 5 )  3). 

on 

18 ABD BCD 

B 

D 
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19 P O? 

0 .  
5 

20 

A 

AC 

B 

D 

7.3 DISTANCES AND ANGLES IN SOLIDS 

by 

A good 
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by 

good 

The angle between a line and a plane 

on 

Q 

A B 

Figure 7.14 Angle between line and plane 

7.14 PQ ABCD P. QN 

Q PN PQ on PQN 

QFN 

The angle between two planes 

common line. 

on 

7.15 

A B  A B  OP OQ. 

POQ. 

AOB Q, OP 

line of greatest slope up 
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A 

Figure 7.15 Angle between two planes 

0; on A B  

OP. 

AD 

BG 

Examples 1. 7.16 

D i G  

AG ABCD 

DAG ABCD 

AG 

H 

, E  

20 m m  

1 

A B 

40 

Figure 7.16 Diagram for the cuboid example 
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H H 

E E 

C C 

A B A B 

ia)  ib) 

Figure 7.17 Construction for the cuboid example 

ACG 

on ABC: 

(AC)’ = (AB)2 + (BC)’ = 1600 + 900 = 2500 

AC= 50 
ACG: 

(AG)’ = (AC)2 + = 2500 + 400 = 2900 

AC = &?%6 = 53.85 

do 

AC 

ADC; D. 

DG 

J(AG)2 - (AD)’ = d2900 - 900 = 1/2ooo = 44.72 

DAG by 

,. DA 30 
= 0.6708 = ~ = ___ 

AG 44.72 

DAG = 

by AGC; C 

ABCD. 
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GAC. 

* GC 20 
GAC = - = - = 0.4 

AC 50 

= 2 

DAG ABCD AD. 

GD DC GbC. 
20 

40 
GDC = - = 0.5, = 

2. 7.18 on 120 
200 P. 

PkG 

PbE 

PG x = - x 120 = 60 

CGE 

1 

2 

(GC)' = (GE)2 + = + = 7200 

GC = 47200 = 6 0 a  

PGC 

(PG)' = (PC)' - (GC)' = 40000 - 7200 = 32 800 

P 

A B 

Figure 7.18 Diagram for the pyramid example 
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PG = 18 1.1 
,. 181.1 

PGE, = ~ PkG = 

= 200 = - x 120 = 60 
1 

2 

60 

3. 

A 60 
COSPBE=-=- 

200 

= 

PE 

(PE)2 = - = 40000 - 3600 = 36400 

PE = 190.79 

PGE: 

(PE)2 = (PG)2 + (GE)2 = 32 800 + 3600 = 36400 

PBC 

1 1 
x = - x 190.79 x 120 = 11 447.3 

2 2 

4 x + = 4 x 1 1 447.3 + 14 400 

= 60 189 

A A 

= =- - 

CM 
M - = 

CM = 
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D E C AE 

B B N 

(4 
Figure 7.19 Diagrams for the plane example 

A ,  B M. 

ABCD 

7. 

CM 

BE BC 
= ~ = - = 

= 

= 0.4532. 

= II 

Exercise 7.3 

A 100 

on 10". 

A 10" on 

100 

A 50 

A 2 5 

12 
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5 A 

by 8 -nR2, 

R 6, 

1 

4 

26, - 7t = 2 

6 A 20 8.5 



7.3 DISTANCES AND ANGLES IN SOLIDS 315 

7 A B on B 2.5 A .  

A B. 

35" A .  B. 

H 8 
As 

100 

P, 60 80 on 

A 90 

up 

(x, y )  on do x 
y 

H 9 
A 
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E 12 F 

EC 

EC DE 

H 1 0  ABC AB 

BC AC 

0 
0 

0 
/ 

0 

A 

H 11 500 

1 

10 15 @ 12 



7.3 DISTANCES AND ANGLES IN SOLIDS 31 7 

13 A good on 

40 

5" .  

on 

14 A B  

15', 

A 

\ 

15 

( 3 ,  5 )  4, 

7, ( -  1, 

( -  -5 ,  3 )  5 ,  -5) 

16 0, (1, 0, 3 ) ,  1 ,  - 2, 

do you 

17 by ( 1 ,  1 ,  1 ,  - 0, 

0, 

18 A by A(3 ,  0, B( - 1,  C( - 2, 

D(0, 0, z = 0 

by B ,  D 
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7.4 RATIOS OF ANY ANGLE AND PERIODIC MODELLING 

7.2 

7.20 OP on 1 

P 

'1 

Example 

Figure 7.20 Ratios of angles greater than 180" 

PN = OP 4 = 4 ON = OP 4 = 4. 
P (- 4, - 4), (- - - - 

P 8, 

6, 180" 

6, = - - 180') 

8 = - 

8 = - - 

8 = - - 0) 

6, - - 

6, = - 0) 
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Solution 

= 0 - = 

= - = - 

= - = 

- 

= - = - 

= = - 

CAST 

by 

A (all) I S (sin) 

c (cos) 

As 

= 

= - ~ 2 7.21. 
1 

f i  

Figure 7.21 Angle for the second quadrant 
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Examples 

I 

= + 
= + 
= + 

= 0.643 
= 0.766 
= 0.839 

= + 

= - 

= 0.342 

- = 
- = = - 

= - 

= + 

- = 

= 0.577 
= - - COS = 

- = 
= 0.985 

- = 

= - 
= + 
= - 
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A useful pe~~ralisiitior~ o f  the iih)\fe exaiiiples is provided by Figure 7.22 and the 

formulac cncloscd i n  thc following display. 

0 

Figure 7.22 Rerated angles 

Example Find 

(a) sin 300 (b) tan200 

(a) Thc angle 300 is in the fourth qudr;lnt and c;m be writtcn ;is (360 - 60 ). Hence 

sin 300 = - sin 60 . 

(b) Thc anglc 200 is in thc third q d n n t  illid can bc. written as (I80 + 20 ). tlence 

tan 200 = + tan 20 . 

Ratios of angles greater than 360 

If \cc return to thc rotating linc O P  in Figurc 7.20 H'C may iniaginc rotating niachincs 

where thc line has piic  through iwrc than onc rcvolution. 

If b e  conpire the pocitions of OP aftcr ;I rotation o f  390 with [hat o f  30 wc' will find 

that thcy arc idcntical since 390 - 360 + 30 . i.c. onc full rcvolution plus 30 . Indccd a 

rotation ot 750 produccs ;in idcntical rcsult since 750 = 360 + 360 + 30 , i.e. ttvo 
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Example 

cornplctc rct'olutions plus 30 . Clcarly each o f  the r;itios for these three angles has the 

sanic vuluc at ;ill thrcc anplcs. c.g. sin 750 = sin 390 = sin30 . 
We niay gcncr;ilisc this result to say that 

In this contcst anglcs ;ire often rncasurcd in radians and the equivalent results arc as 

fol I W V  b : 

Find 

t i )  

( i )  

t i i )  

t i i i )  

1 I;: 
cos i80  ( i i )  tan600 ( i i i )  sin--- 

4 

780 = 720 +60 thcrcforc cos780 = cos60 - 0 .5  

HMI = 360 + 240 thcwfow tan600 = tan 240 

Sincc ZJO = I X O  + W  . tan600 = + tan(fi = ,fi 

3 n  l l n  . 31: 
- - ? x + -  thcrctim sin - - = sin -- 
1 lrr 

4 4 4 4 
Za !r . 11;: . i :  I 

Sincc - = TI - -. sin - = + sin - = __. 
4 3 3 4 v 5  

Ratios of negative angles 
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'I 

Example 

Figure 7.23 Negotive angles 

The concluhns are true whiitever the magnitude of the negative angle. and we may state 

thc following: 

Find 

(i)  sin(-200 ) (i i)  tan(-300 ) 

( i )  sin(-200 = - sin 200 = - sin( 180 + 20 ) = -( - sin 20 ) = + sin 20 . Sote 

that -200 occupies the same position as 160 ancl 

sin 160 = sin( 180 -20 ) = sin 20 . 
( i i )  tan(-300 ) =  -tan300 = -tan(360 -60 ) = t a n @ .  

Graphs of the ratios 

We now display the graphs of sin 0 and cos0 for values of 0 bciwcen - 180 and +540 . 
We calculated the values for seven1 angles in the nngr. 0 to 90: and used the properties 

of the ratio of angles in other quadrants to exiend the graphs. Figurc 7.24 shows sin 0 and 
Figure 7.25 shows cosD. Notice that we h a w  markcd the scales in Figurc 7.21 both in 
degrees and in radians for comparison. 

Notice how the pattern repeats every 360 or 2n radians. This feature is called periodic 

behaviour and the period is 360 or Zn radians. Because of the shape of the graphs. 
pcriodic phenomena. e.g. oscillations. can often be expressed in terms of sines and 
cosines. 
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Y 

I I  

I I  

I 1  

I I 

I I  

I I  

I I  

1 1  

I I 

I I 

- 1 8 0 9 1 ) o  I - X I 2  

I 

I \I - 1  

Figure 7.24 of 

Y 

Figure 7.25 of 
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7.26. 

Figure 7.26 of 

7c 

- 1 

+ branches 

Solutions of trigonometric equations 

tun 0 = p  

Example 

0 = 1 

1 0 = 

0 2 0.7854, 0 = -. 
7l  

4 
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Figure 7.27 0 = 1 or - 1 

7.27 

1. 

Solutions between 0" and 360" (0 und 271. radians) 

0 by n (:  1 
All solutions of' the equation 

n 

. . . , . . . 

U 



7~ wnos OF ANY ANGLE AND PERIODIC MODELLING 327 

In radian mode a compact formula can be usc l  to cover all solutions. It is 

whcrc fl0 is thc calculator solution of the quation. 
Note that if wc wish to solve the equation tan0 = - 1 the calculator solution is -45' 

and the solutions in the range 0 ' 5 0 5 360 can bc found by adding 180 twice to give 
first I ) =  I35 then O =  315 . Other solutions can k found by repeatedly adding or 
subtracting 180 . The formula applies generally to thc cquation tan0 = p. whether p is  

positive or negative. 

cos 0 = p, - I  5 p 5 1 

Figure 7.28 shows the graph of cos 0 between 0 = 0 and 0 = 360'. 

Example 

0.3 

-03 

- 0  

Flgure 7.28 cm0 = 0.5 or - 0.5 

Supposc wc wish to solvc the following cquations: 

(i)  cos0 = 0.5 
(ii) cos0 = -0.5 

(i)  Thc calculator solution is 0 = 60 or !! radians. In the range 0 5 0 5 3W there is 
3 

n S n  
3 -  3 

a sccond solution, U = 360 - 60- = 300' or il = 2n - - - - radians. Othcr 

solutions can bc found by adding or subtracting multiplcs of 360 or 2 x  radians. as 
a ppropria t c. 

(ii) The calculator solution of cos 0 = -0.5 is U = 120. 

is of the form 1W - 4 where &=60 : thc sccond solution in the range 

0 5 0 5 360 is of thc form 180 +q5. i.e. O =  230 

240 - I20 . 
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Again. other solulions can be found by adding or subtracting multiples of 360 

(or 2n radians). A compact formula for the solutions in radians of the cquation 
cos0 = p is 

where O,, is the calculator solution. 

s inO=p,  - I  s p  5 I 

Example Find solutions of the following equations: 

( i )  sin0 = 0.5. 
( i i )  sin0 = -0.5 

0.5 

-0 5 

Figure 7.29 shows the graph of sin0 for 0 5 U 5 360 (or 0 5 0 5 2n radians). 

( i )  If we input 0.5 to a pockcl calculator and press INV SIN. we obtain U=30 (or- 
6 

radians). Looking at Figure 7.29 we see there is a second solution in thc interval 

0 5 0 5 360 ; it is the supplenient of the first solution. i.e. 180 - 30 = 150 

R 

) 
R 57! 

(or n - = Tradians . 

. Other solutions an! obtained by adding or subtracting multiples of 360 (or 2n 

ndians) to each of these solulions. We therefore generate two sets of solutions: 

.... -690 . -300 . 30 , 390 , 750 . .. . 
and .... -570.  -210, 150. 510.  8 7 0 .  . . ,  
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23n n 17n 2.571 
-- -- - __ __ 

7n 5n 17n 29n 

6 

. . . ,  

, . . .  -__ -- - ~ ___ . . . , 

A 8 = 0 = 

5 8 5 

by 

= - = + 4 = + = 

by 

, 

. . . , . . . 

1771 5n 7n 19n 3171 
- __ - - - - - 

6 ' * ' .  
. . . ,  

1371 n 23n 3571 
, . . .  -__ -- - __ - 

' 6 
. . . 

Exercise 7.4 

1 = - cos(-x) = cosx, cosx 

odd even odd, 

+ 
cos2x + 2x (f) 

2 0 5 x 5 2n 

do you 



330 TRIGONOMETRY 

1 
3 

4 

- n 5 x 5 n y = - y = cosx. 

1 
y = 5 x 5 4n y = -. 

2 

x 

1 

2 
x 0 5 x 5 2n = -? 

5 x 5 4n. 

= -? 
1 

2 

5 4 

1 

2 
y = cosx 

y = 

cosx = - 

1 

2 
6 = - 0 5 x 5 2n by xn = z  z. 



SUMMARY 

0 Ratios of an angle: in a right-angled triangle. opposite/hypotenuse 
is thc sine of an anglc. sin0; adjacent/hyptenusc is its cosine, cosfl: 
sine/cosine is its tangent, tan 0. 

Fundamental identity sin' 0 +- cos' 0 = 1. 

0 Cast rule: determines the sign of the trigonometric ratios in thc four 

quadrants of the plane. 

0 Useful results: 

sin(90" - 0 )  = cos0 

cos(90" - 0 )  = sin 0 

sin( 180'' - 0) = sin 0 

sin(360" - 0)  = -sin 0 

0 Sine rule: in trianglc ARC 

c -- 
a h --- - 

sin11 sin R - sin c 

Cosine rule: in trianglc ARC 

o2 = h2 +c' - 2hccosA 

1 

2 
0 Area of a triangle: triangle ARC with sidcs n, 17. c has area -hcsinA. 

0 Solution of a triangle: trianclcs can be solved if we know 

( i )  three sides 

(i i)  two sidcs and the included angle 

(i i i)  two ansles and onc side 

The ambiguous case niay occur if we are given two sides and a non- 
included anglc. 



Angle between a line and a plane: the angle bctwccn thc linc and its 

projcction on thc planc. 

Meeting of two planes: unlcss thcy arc pmIIcI. two planes meet in a 
common line: the angle between the planes is the anilc bctwccn thcir 

normals. 

0 General solutions: 

wherc Oo is the value obtained from a calculator. 
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Answers 

Exercise 7.1 

2 

(f) 

3 

(9 

4 

1 
= = -- 

2 

= = - 

= + 

= = 

1 

1 
43 

= = -, 
.J2 

= 2 x + = = 0 1 ( g )  

n n n 
= 0.5878 = 0.8090 = 0.7265 

5 5 5 
1 3n 3n n 

2 2 2 2 

= - - = - = 186 

- = = 0.5744. 

5 - 
1 

- - 
0 

0, - 0, 8 (9 - 

1 
-- 

8 
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.-. / - -  

-37T / 2 7 T n - 7 T  /' 

~ 

6 

/ /  
7T / 5 m 3 7 T  

t y  
I COS 8 8 

-7T - 
2 

Y 
0 

= 7~ 

X 
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5 10" 

-104" 

+ = 
- 104" = 

3 + = 150" 

9 4, 
(8, 15, 

12, 

k = 64.5 L' = 78.49, = 6.513 

C = 36.8", A = = 8.328 

= = 6.26, b = 9.45 

C = 1.28, 

B = = 

A = B = 
A A  

2 = & = L' = 

2 = b = L'= 
= 2.938, = L' = 

= 12.225, A = B = 
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3 C1 = k = b = 3.54 

C2 B = b = 5.66 

4 2 = b = ? = 

= 12.5, b = 14.9, C = 

2 = ? = 3.13 

5 1.01, 2.34 

6 2.54 11.14 

4.57 

7 5.165 90.36 6.215 23.48 

9 
8 (;, 4 

9 2 6  a 3 4  

x +  17 

5 
10 BC: - AB:  x + y =  1 ,  AC: y = ~ , 2 = 

h = = 

r 1  13 E - 

16 4 5 ub 0 
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~ 

17 

+X:!(Y~ - Y I )  +x3bI  -y2) 

Y 

X 

XYZ, 

(6 ,  

= 34 

18 29.37 

19 7.085 

20 501 
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Exercise 7.3 

1 12.86 

2 51.57 

3 26.59 

4 

6 

7 

8 

9 

10 

1 1  

12 

13 

14 

15 

46.74 

675 kg 

1427 

87.2 

500 m3 

28.29 2475 

3.742 14.59 

186.60 

43.6 

316.2 7 

17.49 

16 

17 2 

18 4 = 

= 3 2, upon 

Exercise 7.4 

= - cosx,  

1 odd 

odd (0 

(g) odd 
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2 I 

1 

3 

x ' x  

lz 2x 

(period 
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4 Y 

I 
x = E +  2nn n = 0, f2,. . . 

n = 0, k 2 , .  . 

6 
5n 

i = - + 2nn 
6 

x = n/3  + 2nn, n = 0. . . x = -n/3 + 2nn, n = 0, . . 

x = n/4 + nn, n = 0, f2,. , 

x = 5 + 2 n ,  n = 0,  1,2,  . .  . .  
3 



8 FURTHER ALGEBRA 



INTRODUCTION 

The seeds of algebra were sown in Chapter 2. Thc ideas of scqucnccs and 

scrics underpin the important branch of mathematics known as calculus. 

which is introduccd in Chaptcrs I 1  and 12. Two spccial classcs of 

scqucnccs. arithmetic and geometric. have applications when phenomena 

occiir in ;I discrete rathcr than a contintlotis manncr; for cxamplc. intcrcst 

o n  a loan compounded monthly or the heisht reached :it each bounce by an 

object which is colliding rcpeatcdly with a horizontal surfacc. Polynomials 

have application in many areas of applied mathematics. including the 

automatic control of engineering systems. 

OBJECTIVES 

Aftcr working through this chapter you should be able to 

identify an arithmctic prosrcssion and its component parts 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

find the sum of an arithmetic series 

identify a gcomctric progression and its component parts 

find the sum of a Seometric series 

find thc sum of an infinite seometric series, when i t  exists 

calculatc thc arithrnctic mcan of two numbcrs 

calculate the Feometric mean of two numbcrs 

understand and use the sigma notation for scrics 

idcntify thc tcrms associated with a polynomial expression 

evaluatc a polynomial usin: ncstcd multiplication 

know the rcmainder theorem for polynomials 

know the factor theorem for polynomials and use it to find factors 

deduce the main features of  the sraph of a simple rational function 
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8.1 ARITHMETIC AND GEOMETRIC PROGRESSIONS 

on 

by 

800, 850, 900, 950, 

1000, 1050, 1100 1 150. 
sequence, terms) 

800 + 850 + 900 + 950 + 1000 + 1050 + 1100 + 1150 

series, 

on 

Mathematics in Engineering and Science, 

10, 

Arithmetic progressions 

by SO.  common 

difference 50. arithmetic progression, 

by a,  by d, by n 

by 1. 
a=800, d-50 ,  n = 8  1= 1150. 

150 = 800 + 7 x SO.  

l = a + ( n -  

a ,  a + d ,  a + 2d, . . . , a + 7d. 

Examples 1 .  a = 4 ,  d = 3 ,  

61 = 4 + ( n -  x 3 

3(n - = 57 

n = 20. 
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2. 

33 = 81 + 24d 

24d = d = 

d 

3. 6, 13 20. 
a = 6 d = 7. 

a ,  a + d, a + 2d 

a + ( r -  1) x 7 

r = 100, 700 - = 699. W 

Sum of an AP 

7800, 

6, 13,20, . . . ,699. 

S = 800 + 850 + 900 + 950 + 1000 + 1050 + 1100 + 1150 

= 1950 + 1950 + 1950 + 1950 + 1950 + 1950 + 1950 + 1950 

= 8 x 1950 

= 15600 

S= 7800, 

S = a + [a + + [ a  + + .  . . + [a + ( n  - 

S = [a + ( n  - + [a + ( n  - + [a + (n  - + e .  + a 
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= [2u + (n  - + + (n  - + . * .  + + ( n  - 

= + (n  - 1 )d] 

n 

2 
= + ( n  - l ) d ]  

A by 1 = a + (n  - I)d 

S = - (a  n + 0 
2 

Examples 1 .  

3 + 5 + 7 + * * * + 371 

AP 

3 , 5 , 7 ,  . .  . ,371 

a = 3 ,  d = 2 ,  n 

AP arithmetic series. 

n - 1 = - = 184, SO n= 185. 

185 185 

2 2 
S = + = - x 374 = 34595 

2. 20 AP 8, 13 18. 

a = 8 ,  d = 5 ,  1 = 8 + 19 x 5 = 103. 

20 

2 
S = -(8 + = 1 1  10 



346 FURTHER ALGEBRA 

3. 24 AP 960. 17 

24 

2 
960 = -(a + = + 

a = 63. 

/ = a + @ -  

17 = 63 + 23d 

Exercise 8.1 

1 APs. 

8, 1 1 ,  14, 17,.  . . 1000,996,992,988, . . . 

2 AP 8.6 6.2. 

3 APs: 

1,2,  3 , .  . . ,  18 51 ,52 ,53 , .  . . , 6 8  

4 

n = 5  

a = 2, d = 6, n = 10 

a = 2, I = 29, n = 10 

6, 18, 10 

5 

1 1 + 

6 20 APs: 

5,4.8,4.6, .  . . 
1 2  

3 
. . .  
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7 

8 

9 

1 o* 

1 1 *  

12 

6. 

10 1 1 

n 

s,, = 

2 
Sn = -n(n  + 

n 

S, > 100 S,, > 1000. 

n S = n(5n - 

S 

1 + 4 + 7 + . . . 

24. 
10 

As by 5000 

by 100 

Geometric progressions 

by by 

geometric progression, As 

3, 6. 12, 24, 48. 

U,  3, I ,  48 
by by common ratio 2, by Y .  

U ,  ar, ar2, ur3, n = 5 

I = art'- ' .  
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Ex amp 1 e s 1. 

1 1 1 1  I 1  

1 

2 
a =  1, r = -, L=ar6 

2. 

1, 4, 16 

4 a =  1, r = 5 ,  L=ar 

3. 

= 729 

r5 = 243 r =  3 

4. 

= 2187 

r6 = 729 

r = 3 r = - 3  

Sum of a GP 

by 

s = U i- ar i- ar2 + . . + art’-‘ 

rS = ar + ar2 + a y 3  -+ . . - + arn 

S - r S  = a -arn 

S( - r )  = a - arn = a( - r”)  
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r =  1 .  

series. 

r =  1 S = + + + - - - + = na. geometric 

Examples 1 .  

1 ,  0.5, 0.25, 0.125, 0.0625, 0.031 25 

= 1,  r = 0.5 n = 6. 

- 1 - 0.15625 
- S =  - 

1 - 0.5 0.5 

= 2 x 0.984 375 = 1.968 75 

you 

2. 

3, 12, 48 

by 

1 - - 1 + 
- 

3 
S =  

1 

= 33 

you 

Sum to infinity of a GP 

1 1 1 1  1 
- 

16' 32 
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1 1 

2 2  
a = -, r = - n = 5.  

10 

20 

20 

S = 1 - (:> = 0.999 999046 

n 

s =  1 - ($ 

n ( ; ) n  

S 1 .  sum to infinity 

1 

you. 

you. I to you 

1 1 1 1  -+ -+-+-+ . . .  
2 4 8 1 6  

1 .  
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provided r I < 1 ,  

by 

r < 1, - 1 < r < 1, r” n 

- r”) 1 .  

Examples 1 .  

3 3  3 -+-+-+. . .  
7 49 343 

3 1 

7 7  
U = -, r = - 

by 

2. 0.90 = 0.909090.. . , 

9 9  9 -+- + -___ 
10 1000 100000 + 

9 1 
U =- r=-- - .  

10 100 
is  by 

3.  
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2 1  = - 
2 

= 1 - Y, + r - 1 = 0. 

1 

2 
l ) ( r+  r = - - 1 

I r l  < 1 

a 0. 

rn S = -  = 

-z 

Exercise 8.2 

1 

5 ,  10,20, .  . . 2, 50, .  . . 

3.2, 1.28,0.512,. . . 

2 

4, 8,  16, 32,64, 128,256 4, -8,  16, - 

1 1  
20 1, - -, . . . 

2, - 101 

6 

3 
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a = 3, Y = 2, n = 5 
1 a = 3 ,  r = - - ,  1 n = 5  

2 
a = 5 ,  Y = - ,  11-10 

6 

4 A 9 0.8. 

20 10 

1 1  20 

5 

2, 3 

1 1 
-, - 
4 2 

1 1 
--, - 

4 2 

1 1 
--, -- 

4 2 

6 n 

r= 1 

7 I r l  < 1. 
1 

1 + x  
- - + + 2 - x 3 + x 3 - . . . = -  , 1x1 < 1. 

1 +x2 +x4 +x6 + a - .  1x1 < 

1 

64 
8 4 -. 

9 

9 

10 

0.4 0.45 0.288 = 0.288288288.. . 3.288 

1 1 * A 

A by 

A = P  ( 
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r P 

4 10 

12 5 1000 by 

1 0  

13 A 

100 0.01% 

14 An 

on 0.7 

3 5 n 3 

5 

15 U h: 

1 
?(U + h )  

& 
2 

1 1  -+ -  
U h 

N = 4, h = 9. 

a, b c' AP h a 

c. 

a ,  h h a 
c'. 
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The sigma notation 

1 1 1 1  1 1  
- 

i ’  16’ 32’ 64 

1 1 1 1 1 1 

1 
A t,. = 1. 

h 

6 on C 
t l  

5 c t, = t 2  + t3 + t4 + t ,  

Example 

1 1 1  -+ -+ -+* . *+ -  
3 9 27 243 

162 
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1 
-, you by 

1 1 1  1 6 1  s=7+T+3+*-*+-= E- 
3 3 3  36 

34 

34 

r you 
r= 1 

2, 2 x 3, 2 x 3* 2 x 

5 

r= 

S = 2 x 

5 2 5  
= - 

r= 1 3 
5 = 2 x 

1 1 1 1  -+-+-+-+.. .  
2 4 8 1 6  

00 on implies 

Exercise 8.3 

1 

1 

1 1 1 1  1 -+ -+-+-+ . * .  +- 
2 3 4 5  100 

1 1 1  

3 9 27 
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(8) 1 +x2 +x4 +x6 

1 1  

5 25 
(f) 5 +  1 + - + - + * * .  

1 - x + x 2  -x3 +- . -+x "  

2 

8.2 POLYNOMIALS 

3 rnx + 4 

ax2 + bx + ax3 + bx2 + cx + d. 

x. 

p(x )  3 a,xn + a,-lxn-l + . . . + a. a,, a,-], . . . , a. 

n polynomial x. 
a,  leading coefficient. U, # 0 

degree n. 

4 

x4, --2x4, -x4+x2-6 ,  1 x 4 + x 3 - 2 x + 7  

2 

x 

x 

3 2 

1 
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a,xn + a,-lxn-l + . + a lx  + a. 

descending order 

a. + al  + x + . . + an_,xn-l + a,xn 

ascending order. 

Evaluation by nested multiplication 

x, 

x 5x3 - 2x2 + 3x + 4 x = 2 

5 x (2)3 - 2 x (2)2 + 3 x 2 + 4  = 40 - 8 + 6 + 4  = 42 

x = - 1.732 

nested multiplication 

Example 

5x3 - 2 2  + 3x + 4 

[5x2 - 2x + 3]x + 4 [(5x - 2)x + 3]x + 4. 

all x x; 

x 

5x - 2. 

5x3 - 2x2 + 3x + 4 3 [(5x - 2)x + 3]x + 4 

on 

x = 2 

5 by x 2 5 ~ 2 - 2 = 8  

by x 3 

by x 4 

8 x 2 + 3 =  19 

19 x 2 + 4 = 42 
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Graphs of y = 

4 y =x2 y = -x2 

y = ax2 + hx + c a > 0 a < 0 

y = x  y =  -x 

.v=ax + h a > 0 a < 0 y = x 3  

y = -x3 not typical y = ax3 + bx2 + ex + d.  

n > 2 y = xn y = -xn not typical n .  

8.1 y =x4 y = -x4. y =x4 

Y 

X 

Y 

T y = -x4 

Figure 8.1 Graphs of (a) y = f  and (b) y= -9 

y =x2. y=x4 

y=x2  is 1x1 < 1,  x4 < x2, 

2 

< - = 1x1 > 1 ,  x4 > x2, 34 = 81 > 9 = 32 .  

4 8.2. 

x4 

on 8.3. 

x 
y = x4 - 3x3 + 2x2, 

x = 1 x = 2 x = 0. zeros: x = 

x = 2 double zero x = 0. 
x4 - 3x3 + 2x2 = 0 roots: 

x = 1 ,  x = 2 x = 0 
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k V  

Figure 8.2 Graph of a typical polynomial of degree 4 

t’ t y  

1 -114 

Y Y 

I 
X 

Figure 8.3 Graphs of four polynomials of degree 4 (a) y = x4 - 3x3 + 2x2, 
(b) y = x4 - 3x3 + 2x2 + 0.625, (c) y = x4 - 3x3 + 2x2 - 0.25 and y = x4 + 3x3 + 2x2 
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Example 

x = a  zero p(x )  x = a  root 

p ( x )  = 0. (x - a )  factor 

p ( x )  = x4 + 3x2 + 2x2 2(x  + l ) ( x  + 

x (x + 1) (x + 0 - 1 

x4 + 3x3 + 2x2 = 0 x x = - 1 

x =  rn 

x4. 

x = 0. 

4 p ( x )  = x - 4x3 

p ( x )  x3(x - 

Y 

y = x 4- 4x 3 

Y 
y = x4- 4x3 + 40 

4c 

X 

13 

X 

Figure 8.4 Graphs two polynomials of degree 4 
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4 

no 

by on. 

n a 

8.4. n a 

1 6. 

0 0 
1 

2 2 0 

3 3 1 

4 

5 

6 

4 2 0 

5 3 1 

6 4 2 0 

Interpolation with polynomials 

(xl, y , )  (x2, y2).  P’? 

P 

P’. P 

P’ linear interpolation. 

QPM QRN so 

y.  
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Example 

.Y x2 X 

I 
Figure 8.5 Linear interpolation 

R 

N 

x2 
X 

A 3 )  9). 
1 

on 2-. 
2 

2 - -  1 

9 - 3  4 - 1  
y - 3 -  - 2 

1 
1-  1 Y - 3 - 2 = _  
3 2  

- 
6 

1 

2 

y = 6  

y - 3 = - x 6 = 3  

t 

Figure 8.6 Linear interpolation 
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Example 

8.6 P ,  = 3 )  P2 = w 

do on 

A ( 3 ,  

on 4.2. 

8.7. A 

y = x2 - 8x + 16. by 

x = 4.2, y = - 8 x 4.2 + 16 = 0.04. rn 

four 

do on on 

P 

QR QRS 8.7, 

extrapolation 

8.6 

t Y  

- 
X 

I 

Figure 8.7 Quadratic interpolation 
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Exercise 8.4 

1 it 5 x 5 2, - 10 5 y 5 10, ofy=x”,  n = 1(1)5. 
do you n odd 

2 A 

?/’ = CI + hx + (x2 + dx3 + , f X 4  

a ,  c ~ , f ’ >  0, h=d=O 

U ,  h>O, c’=d=,f’=O 

u=-,f ;J’>O, h = c = d = 0  

(f) a = 0,  h, c. d, .f’> 0 

-v( -x) = -v(x)) 

a,  h, c, U’, ,f’> 0 

d < 0, .f’= 0 

3 A odd 

no i t  

4 y = x4 - 20 5 x, &v 5 20. 

5 

(x,, y , )  (x2, 

(c)  

x = x I  x=x2 

y = ux + b, U b. 

=L(.x , )  y2=L(x2).  
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6 

Q(x) x, 

x =xl ,  x2, x3 Q(x , )  = Q(x2) = y 2 ,  Q(x,) = y 3 ,  Q(x) 

Q(x). 

(x,, (x2, y2) ,  (x3, y3)  on 

(XI, (x2, y2). (x.3, yd. 

7" Q(x) 6 by 

reductio ad absurdurn. 

8* 6 

C(x) (xl, (x2, y2) ,  (x3, y 3 )  (x4, y4). C(x) 

(-3,  2) ,  ( 3 ,  
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9 by 

2 - 3x + x3 6 - 5x2 + 2x5 - x6 + x'. 

10 1 - x + 2x2 - x4 + x5 5 x 5 2. 

12* x 

x(x - 3)(x - 5 )  > (x + 7)(x + l)(x - 2)(x - 4) 

8.3 FACTOR AND REMAINDER THEOREMS 

A 

intermediate value theorem. p(x) x 

p(a )  # p ( b )  b < b p(x) 

p ( a )  p(b )  a 5 x 5 b. 

s p ( a )  p(b )  

c (a, p ( c )  =s. 

I 

s - .- - - - - - 

I 

L I * 

a c h X 

I 

(a) 1 

Figure 8.8 Intermediate value theorem 
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Corollary 

Example 

Examples 

Example 

p ( a )  p(b )  

p ( x )  = 0 a 5 x 5 b; 

p(x )  = x3 - 3x2 + 4x - 12. 

x 0 < x < 4, p ( x )  = 0. 

p(0 )  = 12 = 20. 

x x=  3. 

1. p ( x )  = x2 + 4 no irreducible quadratic. 

p( -  = 13 = 20 

13 20 x - 3 4. 

does not indicate 4 

13 you. 
4 

x = 0, 4 13 

2. q(x) = x2 - 4 x = x = 2. 

p( -  = 5 = 12 

5 12 x 4. 

5. 

polynomial of odd degree at least one zero 

p(x )  = x3 - 2x2 - 5x + 6. 

= 64 - 32 - 20 + 6 = 

18 > 0 p ( x )  

p ( 0 )  = 6 p ( x )  6 18 
x 0 4. 

p(x)  = (x + 2)(x - l ) ( x  - you by 

x = x = 1 x = 3. 
not 

= p ( x )  

rn 

p(-3)  = - 18 + 15 + 6 = < 0 
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Example 

up Mathematics in Engineering and Science 

and 

p l (x )  = x4 + 5x2 + 4 = (x2 + + 
4 2  2 2 

4 2 

p2(x) = x + 3x - 4 = (x - l)(x + = (x - l)(x + 1)(2 + 
= x - 5x2 + 4 = (x2 - l)(x - 4) = (x - l)(x + l)(x - 2)(x  + 

2 2  p4(x) = x4 - 2x3 + 5x2 - = (x - (x + 
p s ( x )  = x  +6x2 1 = (x- 1) 4 4 

p l ( x )  no 

p 2 ( x )  

p3(x )  

p 4 ( x )  p&) 

= 

y2 

n odd 

p&) 

The remainder theorem and the factor theorem 

18 by 6 quotient 3. 

18 by 7 2 

remainder 4. 

4 

7 

1 8 -  2 x 7 +  4 

3 18, 

p ( x )  s (x)  s(x) $ 0 
q ( x )  r (x)  
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Note that if r ( x )  is not identically zero then it  is of lower degree than dx). The polynomial 

q(x )  is the quolienl and t4.d is the remainder. 

Example If  f i x )  = .r' - 3 2  + x + 6 and .Nx) = x  - 2 then you can verify that 

.$ - 3.2 + x + 6 = (x - 2K.2 - x - I )  + 4 

Hence the quotient is .r2 - x - I and the remainder i s  4. 

Later in this section we will see how to obtain the quotient. Suppose for the moment we 

just want to find the remainder. 

In identity (8.6) suppose that s(x) is a linear factor (x - a) .  It follows that tfx) must 
have dcgrce lcss than I ;  therefore it is a constant polynomial (i.e. a number) which we 
shall write as R. Then (8.6) becomes 

f i x )  (x - u)q(x) + K 

I f  we now put x = U wc' obtain Ihc result 

f i a ) = O + R  

so that R=/da).  
This rcsult can bc statcd 11s thc rcmaindcr theorem: 

Example We wish 10 divide the polynomial p(x) = x! - 3 2  + x + 6 by the expression (x - 2) .  
Here (I = 2 and the remainder is p(2)  = 8 - 12 + 2 + 6 = 4 (as we found earlier). If wc 
divide p(x) by the expression ( x + 2 )  then a = -2  and the rcmaindcr is 

p( - 2 )  = -8 - 12 - 2 + 6 = - 16. T h i s  c m  be verified by direct division but we ask 
you now merely to verify that 

.? - 3.2 + x + 6  = (.r+2)(.$ - 5x+ 1 1 )  - 16 

An important result which partly follows from the remainder theorcm is the factor 
theorem: 
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Proof 

p(x) = (x - a)q(x) + p ( a )  q(x) 

p(a )  = 0 p(x)  (x - a)q(x) so (x - a) p(x). 

(x - a )  p(x)  p(x) by 

(x - a )  0. p ( a )  = 0, 

Example (x + 2 )  p(x) = x3 - 2x2 - 5x + 6 (x - 

p(-2) = - 8 + 10 + 6 = 0 (x+  2 )  p(2) = 
rn 

(x - a )  p(x )  x = a 

p(x) = 0. 

ax+b=O 

x = -h/a ( a  # 
by 

are algorithms) 

4 no 

8 - 8 - 10 + 6 = # 0 (x - 2 )  

Finding quotients and factors 

by 

Examples 1 .  x3 - 3x2 + x + 6 by (x - 

x2 - 3x2 + x + 6 (x - + 
= (x - 2)(x2) + 
E (x - 2)(x2 - x )  + 

= ( x - 2 ) ( x 2 - x -  

= (x  - 2)(x2 - x - 1) + 4 

x x x2 F x3 

x3 - 2x2 

x3 - 2x2 - x2 + 2x 

= x3 - 3x2 + 2x 

x3 - 3x2 + 2x - x + 2 

= x 3  -3x2  + x + 2  

(x2 - x - 4. 
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2. 2x3 + 3x2 - 5x + 9 by (x + 3) .  

2x3 + 3x2 - 5x + 9 = (x + + x x 2x2 = 2x' 

3 (x + 3)(2x2)  + 2x3 + 6x2 

2x3 + 6x2 - 3x2 - 9x (x + 3)(2x2 - 3x)  + 
3 2x' + 3x2 - 9x 

E (x + 3)(2x2 - 3x + + 
E ( x  + 3)(2x2 - 3x + - 3 

2x3 + 3x2 - 9x + 4x + 12 

(2x2 - 3 s  + a 

Example (x - p ( x )  = x3 + 4x2 + x - 6. 

do 

p( 1 )  = + 4 + 1 - 6 = 0 - 1 )  

p(x) .  

x3 + 4x2 + x - 6 3 0 = (x - 1 + x x x2 = x3 

x' - x2 

x3 + 4x2 - 5.x 

3 (x - + 
E (x - + 5x) + 
= (x - 1)(x2 + 5x + 

(x + 2)(x  -I- 3 )  

a 

= 0 

x = 1 x = x = 

p(x )  E (x - 1 )(x + 2) (x  + 3) .  

Example p(x)  = x4 - 2x3 - 5x2 - 8x + 4, p( 1 ) = 0. (x - ) 

p(x),  

x4 - 2x3 + 5x2 - 8x + 4 = (?i - 

= (x - + 
= (x - 1 )(x' - x2) + 
= (x - 1)(x3 - x2 + + 
SE (x - - ?I2 + 4x - 

x x x3 x4 

x4 - x3 

x4 - 2x' + x2 

x4 - zx3 + 5x2 - 4x 
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p ( x )  - 

(.U - 1 ) x = 1 = 

Exercise 8.5 

1 

1 ,  2 

0, 1 

1 ,  2 

-5 ,  0 1 ,  4 

x 1, 

(.U + 1 )(.U - 1 )(x - 

2 f(x) = x3 + x2 - 6x + 2 1.  

no = 0 x 2 2. 

x = 3, x : y  1 : 10. 

- 2 1 ,  f ( x )  y = 21 

3 

(b) 

y =.f(x) 2, by a 

by h? 

a = 2  h = S .  

4 by (x - a )  P(x)  = - a)Q(x) + R. 

x = a ,  R=P(a) .  

R = 

x3 - 7x’ + 2x + 1 1 F - + R 

R @xj. 

Q(x) 
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5 a b x3 - 2x2 + ux + b x = 1, 2. 

x = x = 

(a), a h? 

1 2  

3 
6 

7 

cx3 + x2 + dx + = 0 x = - 1 -. d. 

Ax(x - 1 )  + Bx(x - + C(x - l)(x - = 2 

3x2 =a(x- 1 ) 2 + b ( x -  

Ax(x  - l ) ( x  - 2 )  + Bx(x - 2) (x  - 3 )  + Cx(x - I)(x - 

+D(x - I)(x - 2)(x - 12 

3x2 + ex + d 
3 (x - - (x - 

every value of'x, x 

x=O, 1 2 

8 

a3(h - c )  + h3(c - a )  + ~ ' (0  - b )  

a - b, h - c, c - a 

a ,  b, c, 

9" 

a"(b - c) + h"(c - a )  + cn(a - h )  

n 

n = 

h - c c - a a - h (U  - h)(h - c)(c - a )  +--- - 

U h c ahc 
+- - 

10 

(x + y + 1 )(x - y + c)  c 

x2 - y2  + X - Y  x2 -*v2 +2x+ 1 x2 -.$ + 5x + 3"V + 4 
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1 1 (x - y )  x2 - 2x2’ + 2y2 + 4y + 4 

x y.  

12” 

x 2 y 1 

- 1, (2x + y  + a )  (x - y +  h )  

xy - 1 .  

c: 

13 Q(x) R P(x) 

by 

x4 - 3x3 + 2x + 1 by (x - 

3x3 + 2x2 - x - 1 by (X + 2 )  

4x3 - 2x2 - x + 30 by (x - 

11 - 5x-x3 by ( 3  - 2 ~ )  

14 

P(x) 

x3 - 9x2 + ax + 15 x - 3  

5 + 6x - x2 + ax3 x +  1 

x + 
x2 + p x + q  x + c  

60 + ax + hx2 + x3 x+5, x+3 

(0 x3 + ax2 + hx + c x -  1 , x - 2 , x - 5  

(x + l)(x2 + ax + 1) 

15 

e x 2  - x +  12 

2 - 3x + 4x2 - 5x3 -x2  - 2 x + 4  

x3 - 5x2 - x + 6 
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1 - 6 - 11x2 - x - 5  

x4 - x3 + 8x2 + 9x + 7 - x2 + x + 
x4 + 5x3 + 6x2 + 4x + 3 -+ x3 + 2x2 + 3x + 1 

(0 9 - 4x2 - x3 - x4 -+9 -x3  

16 

12 
x(x + + 1 = - 

x(x + 

17" 

~ X ( X  + - 19 = ~ 

x(x + 
3 

x(x + + _____ 
x(x + = 

(x(x + + + 4x(x + I)(x + + 17 

no 

JGT+&-T7=J iG-Tx  

x + y =  5 

x2y2 + 3xy = 28 

by z =xy xy. 

7 1 +- 
x + y  x - y  

x 2 - y 2 = 7  
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x 

8.4 ELEMENTARY RATIONAL FUNCTIONS 

px3 + - + (x4 - x3 + x2)  x4 + x3 + 2 + x - 7 

(2x3 +x - + (x3 - x2 + 2x) E 3x3 -x2 + 3x - 7 

divided by 

x3 - x2 + 4x - 4 

X 2 f 4  
= x + l  

(x’ + x3 - x2 + 4x - 4. 

x3 - x2 + 4x - 4 

x2 + 5 
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A rational function 

p(x)  q(x) 
p(x )  q(x), 

proper p(x )  

q(x), improper 

a 
Graphs of JJ = - 

Xn 

q(x) 
p(x)  

a =  1 

a 1 

8.6 you do 

Example 
1 

8.9 y = -. 

x > 0, y > 0 x < 0, y < 0. 

by 
exactly 

(As x= 2, y =  0.5 x =  

X 

y = -0.5.) 

1 
Figure 8.9 Graph of y = - 

X 
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Example 

y =x. 

y = -x. 

1x1 lyl 

x y x 

y 

on x 

asymptote 

x = 0 y .  x 0 

y 

x 0 

As x 0, 

1 

.Y2 
8.10 y = -. 

1’ = -. 
1 

s 

x > 0, y > 0 x < 0, jj > 0. 

x =  2, y=0.25 x= 
1’ = 0.25 

Y 

x 

1 
Figure 8.10 Graph of y = - - 

X 2  
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Example 

Example 

As 1x1 

x, y 

x=O y.  x 

y 

rn 

a 

1 
8.1 y = - - 8.1 

y = - -. = - - y = - - 
1 1 1 

X x2 

6 

Y Y 

1 1 
Figure 8.1 1 Graphs of (a) y = - - and (b) y = - - 

X X* 

q(x) (x - a )  ( x+a) .  

1 1 

x - 2  X 

8. y = ---. y = - 

by 2 has 

x = 2 y As x 
2 x 2 



8.4 ELEMENTARY RATIONAL FUNCTIONS 38 1 

1 
and (b) y = __ Figure 8.12 Graphs of y = ____ 

x - 2  x +  1 

1 

x=2 x-axis y=O). 

1 
y = - y = - 

by 1 x=  - 1 x-axis. 

y- y=- 

x +  1' X 

1 

x - (-1) 
1 1 

= -- (x=0) = ___ 
1 

2 x +  1 
y = ___ 

x - 2  
y = 1 .  rn 

Ratio of linear polynomials 

Example 

q(x) 

2x - 5 
y = -  

x - 3  

2 ~ - 5  2 ~ - 6 + 1  1 1 
___ - - -2+ -  y = 2 + - - 

x - 3  x - 3  x - 3 '  1 x - 3 '  
x 3 -2- 

2 x = 3.000 1, 

x y 2 

x - 3  

y = 2 + 10000 2 10000 x=2.9999, y = 2 - 10000 2 -10000. 

x = 10 003, y = 2.0001. 
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x y 2 

x = y = 1.9999. 

- 5 

x - 3  
y = ~ 8.13. x=3 y = 2  

‘ Y  

2 

I 

2x - 5 
Figure 8.13 Graph of y = ____ 

x - 3  
1 

= - by 3 by 2 

y = - (x = 

x 
5 

3 
3 

2 
x = - (y = 

bc + d +- - 
I 

d\ 

ad 
h - -  

a C --+- - 

c c x + d  

U b c - a d  

c C ( C X + d )  

- 

E--+ 
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bc#ad 

ax + h 
y = -  

cx + t l  

bc'=ad a ,  6, d 

4 8.6. 

Exercise 8.6 

1 

3 

1 
y = - 

X 

1 
x = - 

I?/ 

1 
y =  -- 

X 

1 
(4 IyI = - 

1x1 

3x- 1 
(4 y = -  

x + 2 

1 1 1 

ax 2 2 
y = -, a = -, 1, 2, --, 

5 x  + 4 2 - 3x 
Y = .v = 

-v = ~ + ad= hc # 0 ad = hc = 
C,Y + d 

j*= 0 

y = - y = 3x + 2. 
1 

9 
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7" on a b 

b. 

a? 

1 1 
y = ax + b y = - y = ax + b y = - 

1 
y = ax + b y = - 

X X 

X 

x + 3  
y = - 

x - 2  
8 

y = 4 

x= 

y = + 1 
3 

9 
y = x + 3 + -  1 

X+2 

x y 

1 1 1 1 
10 y = -, y = -, y = -. x = -. 

x x2 x3 Y 2  

1 1  

y = x ,  y = - 
1 

x 3  

1 5 
, v = ; , Y = - -  

X2 

1 1 
y = - , y = -  

X2 (x - 2)' 

1 1 
y = ;, y = ;(x2 - 6x + 11) (3 
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x 

x 

12 

1 

x -  1 x - 2  
13 y = - y = -. 

1 1 
x - > - 

x - 1  x - 2 '  

1 
14* y = 2 + - 

X 

3 

3x - 4 3x - 4 5 

x - 3  x - 3  x - 3  
y = ____ . 15" ~ 

y = Ix + 21 
x 

3x - 4 
Ix+21 <--- 

x - 3  

16* 15, x 



SUMMARY 

0 Arithmetic progression (AP): A sequcncc a.  a d ,  n + 2d. . . . , in which 
each terni is obtained from its predecessor by adding a constant amount. the 
common difference 

Sum of an AP 

n 
s = - ( n  + I )  

2 

where a is the first term. 1 is the last term and n is the number of terms. 

0 Geometric progression (GP): A sequence 0. ar. d. . . . , in which each 
term is obtained from its predecessor by multiplying i t  by a constant 
amount, the common ntio 

0 S u m o f a G P  

(I( 1 - F) 

1 - r  
s = . r f l  

where CI is the first term, r is the common ratio and ) I  is the nuniber of 
terms. If - 1 < I' < I the sum to infinity is 

I 

2 
0 Arithmetic mean of two numbers a and h is - (a  + 1)) 

0 Geometric mean of two numbers a and 17 is 

Sigma notation 

n 

tr = I, + t? + 1, 
r- I 

If the scqucncc is infinitc then 



0 A polynomial of degree n is writtcn p ( x )  E no + nl.r + a$ + + a,$. 

0 Nested multiplication: used to evaluate a polynomial. 

0 Remainder: when a polynomial p(x)  is divided by (x - a) the remainder is 
R=p(cr). If R=O then (.r - a) is a linear factor of the polynomial. 

P W  
d.4 

Rational function: thc ntio of two polynomials. -. Where p(.u) = 0 the 

function has a zero: wherc q(s) = 0 thc function has a vertical asymptote. 
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Answers 

Exercise 8.1 

1 35, 50, 8 + 3(n - = 5 + 3n 

964, 944, 1000 - 1)  = 1004 

2 d=-0.8; 11.8, 11.0, 

3 18 18 

4 290 0 155 240 

5 210 436.6 

6 62 
1 

3 

3 10 
-j- 

7 63, 195, 690 - 195x495 

8 14 45 

n 

2 
9 S = + ( n  - 1, 11, 21, 

10 32 

1 1  a=30,  

12 66000 

Exercise 8.2 

1 2560 r=-5;  31 250 (c) 0.081 92 

2 508 172 

= 1.5 2 
3 486 784 400 

2 324 522 934 
- 1 

6 =- 2 6  
3 93 ( 69 

33 
( c )  - 

16 
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4 (a) - - 

- = 45 x - 

1 
-2n+l 

6 (a) na 

1 
n- 1 

1 
Z X  (;) =* 

0 for n a for n odd 

1 
7 -  

1 -x2 

1 127 

16 
8 r = - -  

2 
9 r = -  

3 

1 1  approx., approx., approx., approx. 

12 (a) (b) approx. 

13 1328 approx. 

14 1.7 15 0.840 35 5 x 

5 x 0.7 + 5 x + 5 x 3 

- 
= 18.615 = 1.7 x + 5 x + 5 x = 1.7 x 

__ o.7 

= 23.571 ( 5  
- 

1.7 x 
1 - 0.7 

= 28.3 
5 

1.7 x ~ 

1 - 0.7 

72 
15 (a) = - 

13 
a = b. 
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5 r2 
r= 1 

F; 
r=2 

5 4 

r= 1 r=O 

- 5r) = - 5r) 

3 

r=O 

X2r 

16 

10 

3 

12 

1 1  -+-+ 1 5 
4 2  

Exercise 8.4 

1 

x 4  

8 

1 1 1  1 -+-+-+-; 20 
4 16 64 256 

8 

15 

2 + 6 + 12 + 

1 2 

-5 

-10 
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(b) 

y-axis 
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(4 

3 

<< 0 x << 

y > 0 x > 0, x = 0 

y = . f ( l  -x2)(1 +x2) 

(y > 0, x > 
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4 

x = y 4  

I 

(1, 1) 

Y1 -Y2 y 2 - y l ,  b = 
5 (b) a = ___ 

x1 -x2 x2 - X I  XI -x2 x2 

L(x) y =y l  

1 3  

2 2  
6 Q(x)=-X2--X+l 

Q(x) x2 

7 q(x) = Ql(x) - Q2(x) (xl, (x2, 0) 
(x3, q(x) 0. 

(x - 3)(x + 4)(5x + 3) 5 2 19 

36 36 9 12 
- - -x3 +& - -x - 1 8 C(X) = - 

9 

(b) 

x7 - x6 + 2x5 + x3 - 5x2 - 3x + 8 

-x7 +x6 - 2x5 +x3 + 5x2 - 3x - 4 

XI0 - x9 - x8 + 5x7 - 8x6 - x5 + 21x3 - 1ox2 - 18x + 12 
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1 1  -z4)(1 - z 2 ) ,  z =x1l4 

(b) 

- 6 t x t  - 1 ,  2<x<4 ,  approx. 

- 1 - z6),  z = ( x ~ ) ” ~  

z4(1 - z)(3 - 4z), z = 1 / f i  

12 

Exercise 8.5 

1 x3 - 2x2 - x + 2  x4 + 5x3 + 3x2 - 9x 

( c )  x4 - 7x2 + 18x2 - 20x + 8 x6 + 2x5 - 2 lx4 - 22x3 + 40x2 
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3 XI-+ x / a , y i + y / b  

y = b( (5))+( %> + 21)  

i f a = 2 ,  b=5 

4 (x - a )  is 

x3 - 7x2 + 2x + 4 

5 a=-1 ,  b=2 a=-119, b=588 

6 ~ = 1 2 , d = - 4 1  

7 A =  I ,  B=-2 ,  c= 1 a=3 ,  b=2,  c = 2  

(c )  A = 2 ,  B = 6 ,  D=-2  ~ = - 2 1 ,  d=37 

8 -(a - b)(b - c)(c - a)(a + b + c)  

9 a - b , b - c , c - a  0 
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10 (a) ( x + y +  l)(x--y), c=O 

( x + y +  l ) (x-y+4) ,  c = 4  

( x+Y+  I ) ( X - ~ +  I), c = l  

2 2 1 1  (x-y)  + @ + 2 )  > 0 ; x = y = - 2  

13 R 

(a) x3 -x2  - 2x 1 

4x2 + 18x + 89 475 

3x2 - 4 ~ + 7  - 15 

1 

8 
- 

1 3  5 
-x2 + -x  + 3 - 
2 4  8 

14 (a) a=13 

(c) a = - 1  

a=47, b= 12 

a=-2  

c2 - P C + ~  = 0 

(f) a=-8, b=17, c=-10 

15 

(a) x - 4 - 1 7 ~  + 54 

- 5 ~  - 6 5x + 26 

(c) x2 - 2x+ 9 2x - 2 

x2 +-+- 
(f) x + 1  4x2 + 9x 

x + 3  -3x2 - 6~ 
x 56 11 IX - 446 

11 121 121 

1 3 
17 (a) 1, -4, 

6 2 

1 

y = x(x + l)(x + 2) @ + + 1 = 0, no real y ,  no real x. 

x6 + 6x5 + 13x4 + 16x3 + 16x2 + 8x + 17 
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18 . ~ = - 3  

(c) 

Exercise 8.6 

1 

33 
x = - I ,  -- 

17 

I 
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v = 2 + -  
. x + l  - 
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a a = - 1, 

a= (a, -a), (-a, a). 
2 5  

3 
3 
1 ~ = - 2 , y = 5  

4 y =  b/d  a/c ,  

a = 6 = 0 + y = 0  

c = d = 0, y = 00, 

a 
b = d = 0, y = -, 

C 

4 
5 -- 

5 

6 

I 

7 b2+4a>0 b2+4a=0 

2 b  
b2 + 4a < 0;  (i, T ) ,  a < 
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I 

10 
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1 

2 
12 (a) T : 2 y + ~ = 3 ,  

T : x + y + l  = O , N : y = x + 3 .  

13 

I 

I 

I 

1 \haded 

I r 4 
I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

u = l  . ,=? 
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14 

1s 

-1  - < x < 2 - A, i.e. - 4.317 c x  c - 0.449. 

3 c x < 2 + J i . i . e .  3<x<4.449 

16 

I 

I 

I 

I 

I 

1 

I 
x - 3  

-4.317 < x  < -0.449 (as Question 15) and - 1 < x < 4.449, i.e. 2.317 c x  c 4.449. 



9 COORDINATE 
GEO M ETRY 



INTRODUCTION 

OBJECTIVES 

Coordinate gcometry is :I combination of geometry nnd algcbra. Points. 

lines and geometric shapes are defined in  ;ilgebraic terms using the 

position of points with rcspcct to fixed lines. or  axes. We are able to 

calculate distmccs. areas and volumes iiccurately. without recourse to 

scalcd diaTrams. In three dimensions. where dia_emms would be difficult to 

producc. many of the forinulac of coordinate geometry are simple 

extensims o f  correspondin2 fomiulrtc for two-dirnensionpl cases. Robotics 

is a brilllch of cngincering that makcs cxtcnsivc usc of coordinatc 

geometry . 

After working through this chapter y o u  should be able to 

calculate the distance hctwccn two points with given coordinates 

find the position of ;i point which divides a line sesment in a given ratio 

find the angle between two straight lines 

calcul;ite the distancc o f  a point from a given line 

CalctIliitc the iirc;1 of ;i triangle knowing thc coordinatcs of its vertices 

give simple csamplcs of ii locus 

recognise and interpret thc equation of a circle 

define a parabols as a locus 

understand the conccpt o f  p;rr;lnletric representation of a ciirve 

use polar coordinates and convert to and from C';irtesian cmrdinatcs 

interpret the equation of a straight line in three dimcnsions 

statc rind intcrprct thc equation of a planc 
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Y 

9.1 DISTANCES AND AREAS IN TWO DIMENSIONS 

b 

3 

Cartesian coordinates. 

two 

Distances between two points 

9.1 P Q y l )  y 2 )  

PQ. 

PQR PR RQ 

R P 

R Q. (PR on 
y = y I  RQ on x = R 

MP NQ M N 

A4 , N (xz, 

. 

RP = NM = - 

QR 

Q 

M N X 

Figure 9.1 Distances between two points 
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Applying Pythagoras' theorem to the triangle /JQk. we have 

Taking the pcisitivc square rrwt crl' hith sidcs o f  this cquaiion pivcs 

Noticc !hat if the points /' arid Q arc interchanged. thc rcwh is thc same sincc 
(.v2 - s, )? = (.rl - .r2 I' and cv2 - 1' E (vl - y2)'. 

Although we have drawn hoth /' and Q in  thc first quadrant. the rrsult applies quite 

gencral l y . 

Example Find the tli\tilnce hL.t\cec~i the point> (3. -8) and (-2. 4). 

Lci x I  - - - 8 . ~ ~  = - 2 . ~ . '  = 4. Thcn the rcquircd diatancc is 

Dividing a line segment in a given ratio 

In Figure 9.2 Q and R are the points (x, ..I*' 1 and (.Y:.>.:) rcspctively. We want to find the 

CcWrdinille~ of the p'irit I' which di\'idc\ the linc scprrieni QR in the raiio 111 : 11. i.c. 
Q/J N1 

Pk I t '  

s-axis and TR is parallel t o  the x-ilxis. Thrrrfcrrc QTR = 00 . 

_ -  .- - 

Lei P have coordinates ( Y. .I-). The trkingle QRT is dr;r\vn ui that (17 is parallel i o  the 
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PS 

QPS, 

I R 

Q S T 

X 

Figure 9.2 Dividing a line segment in a given ratio 

RT QT S. Q i P  = QRT 

RQT = P ~ S  

QTR = Q i P  

QkT  = QbS 

QRT QPS 

QS PS QP - - --- 
Q T -  R T -  QR 
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SQ = x - x1 TQ = x2 - x1 

x - m 

x2 -x l  m + n  
- 

( m  + n)(x  -- xl) = m(x2 - x l )  

( m  + n)x = mx2 - mxl + ( m  + n)x, = mx2 + 

mx2 + nxl 

m + n  
X =  

(xl , ) (x2, y 2 )  
m : n 

P R ,  

~ ~ 

m = n,  P QR, P 

m > y2 P R Q 

Q R 

n m 

m + n  m - f n  

+ x2), + y 2 )  . 

R Q. 

Example Q R P 

QR U QR 1 .  

Solution 
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Y '  

Example 

U by 

2 x 2 + 1  x ( -4 )  - 2 ~ 4 + 1 ~ ( - 6 )  2 

U 

P Q R P QR internally 

nz : E. P QR externally m : n QP : PR = m : n 

P QR; 9.3. 

X 

Figure 9.3 Dividing a line segment externally 

P by 

Q R P 
QR 1 U QR 1 

Solution 

P by 

2 x 6 - 1 x 2  2 x 8 - 1 x 4  
= 12 

y =  x =  = 10, 
2 -. 1 

P (10, 12). 
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U by 

= 0. x =  Y =  

Q 

QR 1 RQ 

1 .  

Angle between two straight lines 

3.3 

by 

0 y = m l x  + c1 y = + by 

rn, = m2 = 0, 8 = 0, 

m2 = - 1 1 + mlm2 = 0, 8 8 = 

8 
8 

Examples 1.  y = 2x - 5 3x + y = 4. 

m l  = 2. 

y = - 4, rn2 = -3.  8 by 

5 
- = - = 

1 + 2 x (-3) - -5 

SO 8 = 

acute - = 45". 

2. P( 
1 

2 
y = -(x - 9.4. 
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Figure 9.4 Diagram for the second example 

1 

2 
m2 = -. m,  . 

N P )  0 = 

1 
m1-- 

2 .  
1 =- , m l  = 3 .  

1 
1 

2 

"V - 2 = 3(x - 1 )  

y =  3x-  1. 

If MP) 0 = - 1 

1 

1 
, ml = -- * 

1 3 
1 + - m ,  

2 

-z 
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1 

3 
1 7  

y = - 5 x + 7  

3 x (-;) = -1 .  

= 8 - 8. < 0 

0 - 

y t  y = ml x + Yt 

I 
I 

Figure 9.5 Angle between two straight lines 

Distance of a point from a straight line 

ax + by + c = 0 

P on 

on 

d. PM 

M. 

d = = 
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Figure 9.6 Distance of a point from a line 

M P ; M on 

by ux + by, + c = 0, 

x = -(by1 + c) /u .  

PM 

lax, +by[ 
PM = 

a 
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The equation of the line may be written 

u.r c 
? '= - - - -  

h h  

so that its gridienl is -(a/h). 

In both diagrams thc gradient of the linc is tan( 180- - 0) = tan U.  Hcnce tan U = a /b  
11 

and s in0  = f-- , ,,?. This result is now dcrivcd. 
(U' + h i )  

We know that sin' 0 + cos' 8 I .  so dividing by sin' 0 we gel 

h? a: +$  
-- - I + - = - .  1 

i.e. 
sin' o 02 42 

N 
Thereforc sin? 8 = ___ 

Cl? + hz 

and taking square rot s .  

Since it is thc length of PN which is rcquired and since PX = P.Wsin0, we have the 
following result. The perpendicular distance from P ( x l . y , )  to the line ar  + by + c = 0 is 

given by 

Example We wish to find the distances of the points P( 1.2) and Qc2. 1 )  from the line 

ZX + y - 1 = 0 and to decide whether the point?; are on opposite sides of the line. 
For P the required distance is 
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Q 

12 x 1 x 1 + 11 2 
- - 

+ 1 * p 2  2/5 -8' 

axl + byl + c P Q on 

Area of a triangle 

9.7 ABC A ( x , ,  B(x2, y 2 )  C(x3, y3).  

A L ,  CM BN 

< i \  I A !  \\ 

L M N X 

Figure 9.7 Area of a triangle 

ACML 

1 1 

2 2 
- ( A L  + C M )  x LM = - ( y 1  +y3)(x3 - x,). 

CBNM 



416 COORDINATE GEOM€W 

and the ;hrc:i of the trapc/.ium .4B:\L i s  

Then ihc ;irc;i of tri:tnglr ABC' i\ 

Espanding this crprcwion and cancelling leads to  the following rcsult: 

Sometimes this forniula leads to :I negative value t o r  the ;irci. '1'0 ensure a positive 

anstvcr. \vc should labcl the vcniccs of thr irianplr so ih:it. when moving round the 

pr imc tc r  of thc triangle froin :I to B to C' to :I. the triiiilgle i s  alwiiys on our Icft. I t  i s  

h p l c s t  to  i pc i rc  the minus s i p 1  when i t  arises 

Example Find the arc3 of' ihc. trianplc. ivi th vcrticcs A(6. 4). B( 1. 1)  and C(4. 6 ) .  

Hcrc s, = 0. .v: = 1. .r3 = 4. i s ,  = 3. 1.: = 2. 1'; = 6 .  Hciicr the ;iwa is given by 

1 I , (612 ~ 6 )  t I(h 2 ) }  =, 4) t J(J ' 3  * Z i X) = -7.  
L .. 

The actual urea i s  7.  

Exercise 9.1 
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x I’ -+ -=  
a h  

a ,  b > 0 

a b, 

X Y  
- + - = 1 
3 2  

3x - 4y = 5 .  

a b, 

OP? 

4, 

/ x + m y + n = 0 .  

(xl , X = x - x1 , 

Y = y (xl 

1-x+my+n = 0 

6 ABC. 

1 

3 
OG = -(OA + OB + OC). 
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A 

t 

B 

7 y = 2x - 3 

8 4 

45". 

9" (x ,y)  

5 )  1). x 

y 

x - y =  1 



9.2 LOCI AND SIMPLE CURVES 419 

10" by 

middle 

no 

look 

9.2 LOCI AND SIMPLE CURVES 

locus 

As on 

(2, 3); 2x - y  - 1 = 0. 

Example P A( - 1 ,  2) B(2, - 

9.8 P 

AB. on P PA = PB, so 

(PA)2 = PB)2 

(x - + - = (x - 2)* + - 

(x+ 1)? +0/ -2)2  = + ( Y +  2 
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Figure 9.8 Locus of a point equidistant from two given points 

x2+2x+ 1 + y 2 - 4 y + 4 = x 2 - 4 x + 4 t y 2 + 2 y + 1  

6x = 6y 

x = y  

P 
H y = x. AB.) 

Intersection of two loci 

by 

Example y = x + 2 y = 2x2 - x + 2. 
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Solution 

Example 

x + 2 = 2x2 - x + 2 

2x2 - 2x 0 

2x(x - 2 )  = 0. 

x = 0 x = 2. x = 0 y = 2 

.Y = 2 , y  = 4. (2 ,  

A tangent 

as point of contact. 

y = mx + a / m  y' = 4u.r 

m # 0 

mx + - = 4ax ( 32 
U L  

m x  -2ux+-=O 

m2x2 + 2ux -I- ~ = 4ax 
m2 

2 2  a2 

m2 
2 

(mx-:) 

x = a 
m2 

y=-+-=- - - - .  
a a 2a 

m m m  

(3, ). 

Some important loci 

Circle 

circle. C centre 

radius 9.9 c' ( ~ ~ ~ , j ~ ~ ~ )  

U .  
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Example 

Figure 9.9 A circular locus 

P(x ,y )  on PC = a. 

( P C ) ~  = a2, 

2 
(x - xg) + - yo)2 = a2 

C 

x2 +y2 = a2. 

3x2 + 3y2 - 6x + 12y = 12. 

Solution 

by 3 

x2 +$ - 2x+4y = 4. 

x y:  

2 

2 

x2 - 2 x - 2  - 2 x +  1 - 1 = (x- - 1 

y2 + 4y = y 2  + 4y + 4 - 4 = (y + 2) - 4 
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( x  - 1 ) 2  + (V + 2)2 - 5 = 4 

( X - 1 ) 2 + ( y + 2 )  2 2 

3 

rn -2) .  

Parabola 

parabola. focus 

directrix. S 

PS = PM.  

1 

+ 
X 

.I- = 

Figure 9.10 Parabola 

Example P 

x = 2 (2 ,  

PS = PM. P (x,y) .  M 

(-2 ,  y ) .  

P M = x + 2  
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= (x - + (y - 

(PS)2 = (PM)2 

(x - + (y - = (x + 212 

x2-4x+4$-#  = 2 + 4 x + 4  

y2 = 8x 

x = a  (a ,  

y2 = 4ax. 

standard form. 

Ellipse 

I ellipse. 

eccentricity e.  

9. 1 9.1 1 

x = - (ae, 
a 

e 

(3-4 
S P  = ePM 

x 

Figure 9.1 1 Ellipse 
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a2(e2 - by b2 

x2 v? -+-= 1. 
a2 b2 

Hyperbola 

1 hyperbola. 

by e. 
a 

e 
x = - 

(ae, a2(e2 - 1) by b2 

x 

on asymptotes 

b 

a 
y = f - x .  

Directrix 

(4 
Figure 9.12 Hyperbola 
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b = a rectangular 

hyperbola. x y 

x y = c .  2 

Exercise 9.2 

1 

2 

3 

8 

9* 

( a ,  b)  (c ,  d )  

5) 

3x + 4y = 5 4x - 3 y  = 5. 

A ( x , y )  

I y 

- y 2 +  

3 ( - S ,  6. 



9.3 CIRCLES 427 

10* A = 3 

9.3 CIRCLES 

x2 +y2 + + 2f i  + c = 0 

(x + + o/ + f ) 2  = g2 + f 2  - c 

(-g, -f) 

(g2 + f 2  - 

Example 

X2 +y2 - = 0 

g = -1, f  = 2 c = 4. 

+ 22 + = f i  = 3. on II 

Equation of a circle on a given diameter 

AB 9.13. P(x,  y )  on 
5 APB = so AP 

PB 

AP PB 
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’I 

P 

Example 

I 
X 

Figure 9.13 Circle on a given diameter 

Y - Y l  

(iq)(G) 

on A (  1 ,  B ( 5 , 2 ) .  

AB; - 1). 

= - + - 2 = 4 + 9 = 13. 

2/13 

13. 

Equation of a circle through three given points 
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Example (8,  

( -3 ,  

x’ +$ + 2gx + 2f i  + c = 0. 

on c = 0 

on 4 + 4J’ + c = 0 

:. f = - 1  

3)  on 1 + 9 - 2g + 6f + c = 0 

:. g = 2. 

x’ +y2 + 4x - 2y = 0. 

(x+2)’ +(y- 1)’ = 5 

a. 

Intersection of a straight line and a circle 

x2 +y2 = U’ = mx + c; 

x’ + (mx + c)‘ = U’ 

+ m2)x2 + 2mcx + c’ - U’ = 0. 

> 4( 1 + m2)(c2 - a’). 

c’ > (1  + m2)a’. 
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Examples 

c2 < + m2)u2 

y = mx + x2 +? = u2 

tangent 

c2 = + m2)a2.  

1. x + 3y = 10 x2 + $ = 10 

x = 10 - 3y. 

- +y2 = 10 

10y2 - 60y + 90 = 10 

y2 - 6y + 9 = 0 

(y - = 0. 

y = 3, x = 10 - 9 = 1. 
(1, 

y = - -x 1 + -, 10 

3 3  

10 1 .  10 100 

3 3 9 9 
c = -, m = --. u2 = 10 +m2)a2 = - x 10 = - = c2. 

(9.13) 
9.14 (- 1,  

x + 3y = c (- 1, - on 

= c = 

-10. 

2. 
3y = 4x + 6 a 
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’I 

Figure 9.14 Tangents to a circle 

x2 + y2 + 2gx + 2fi + c = 0. 

y = 0, x2 + 2gx + c = 0. 

(x2 + 2gx + g2), so c = g2. 

x = 0, = c. 

x2+y2+2gx+2gy+g2 =o .  

3y = 4x + 6 

4x + 6 
2 

+ 2gx + 2g( T) + g2 = 0 

25x2 + (48 + 42g)x + (36 + 36g + 9g2) = 0. (9.14) 

(48 + 42g)2 = 4 x 25(36 + 36g + 9g2). 
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2g2 - 3 = 0 

3 
g = 1 g = - -. 

2 
g = 1 

(- 1, - 

, g = --, so 
3 

2 

9 

4 
x2 + y2 - 3x - 3y + - = 0. 

9 

4 
25x2 - = 0 

100x2 - 60x + 9 = 0 

2 
(10x - = 0. 

3 

10 5 
is x = - y = -. 

Length of the tangent from a given external point 

2 P(x,  , y , )  (x - xo) + 0, - yO)’ = u2 

9.15 PT P x2 + y’ + 2gx + 2fi + c = 0. 

PT P 

by (PT)’ = (PC)2 - 

C (-g, - f )  

CT of 

= g2 + f 2  - c. 
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X 
I 

Figure 9.15 Length of a tangent to a circle 

(PT)2  = x; + 2x,g + g2 + y; + 2yof + f 2  - g2 -. f2 + c 

= x; +y; + 2gx" + 2jyO + c. 

x by xo 

y by yo. 

Parametric representation of a point on a circle 

P on x2 +? = a2.  OP 

0 P A 8 
P A .  0 = P 

A .  

on 8 8 
5 8 < on 8 

parameter. 

OM = x = 0 PM = y = a 8. 
P (a 8, a 0). 
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-a I 
(4 

Figure 9.16 Parametric representation of a point on a circle 

x2 + y2 = a2 o + a2 o 
= o + 0) 

= a 2  x 1 

on 

x2 +U' = a2. 

Exercise 9.3 

1 y = x + c x2 +U' = 9 c. 

c 

2" 13 

10 
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13x + 18y = 52. 

1 

3 
y = -(x + 

3x2 + 3 3  - 18x - 20y + 57 = 0. 

(3, 1) ( -2 ,  21, (2, ( 5 ,  -5)  

(1, (- 1 ,  18 

.x2 + y2 = 8. 

by 

x 2 + y 2 + 2 g x + 2 / S , + c = 0  

g, f c 



436 COORDINATE GEOMETRY 

7 
( -2 ,  (0 ,  

8 x2 +g = 1 

, .n, n), P, 

2/z 

9" x y 

x2 +y2 + 4x - 6y + 5 = 0 x 2 + y 2 - 5 x + 9 y - 3 = 0  

x2 +y2 + 4x + 2y + 5 = 0 x2 +g - 6x - 4y + 20 = 0 

10* A ( 3 ,  5 .  

x y 

y = x 

9.4 POLAR COORDINATES 

on 

by x- 

polar coordinates by 0, origin 

P 0 by r.  P, 18 

0 P r 

8 
0 P ;  

r 0 P P ( v ,  0). 
P ,  P4 
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P 
35") 

0 

( 1 ,  240") I 

Figure 9.17 Polar coordinates 

P I  by 2 - . ( 7:) 

As 

P4 

0 U, 

on 

PO t P(a, at); 

9.18. U = - P ,  t = 1 s. 

P I  8 t = 9 P ,  t = 17 s, t = 25 s, on. 

t = 1 P a, - , t = 9 a, - 

t = 17 s a, - . All 8 

71 

4 

( f) ( 
( Y )  

Figure 9.18 Rotation at constant angular speed 
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2n 

0 - < 0 5 -n < 0 5 n 

5 6, < 0 5 0 < 

The link between Cartesian and polar coordinates 

9.19. 

Y 

Example 

P 

01 X M Fixed ray 

Figure 9.19 Polar and Cartesian coordinates 

OPM 

x = r 0, y = r 0. 

Pl  30"), P, P, 

Solution 

Pl  r = 2 0 = so 
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Example 

P ,  (8, 

P2 3 = 3 x ( (-33x3 

P3 = - - - ( 

9.19 

r2 =x2 +y2,  = y / x .  

8 

Solution 

P ,  r2 = 22 + 22 = 8 :. r = 

2 

2 
= - = 1 :. 8 = 

P 

Q,  r2 = + = 8 *. r = 

= - = 1. 

A 8 = P Q 

Q 

= 1 = on 

< 8 < 
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Y 

2 

Q 

y t  
R I 

2 X 

S 

-2) 

Figure 9.20 Converting from Cartesians to polars correctly 

R = (- 1, = - R 

2 2 
s o r = & .  

0 = S. 

R 135". 

A 

0 

Curves in polar form 

r = a r2 = u2, x2 +y2 = a2, 

0 = 9.2 1 

8 = -. y = x, x 2 0. 

0 = - y = x, x 5 0. 

n 

4 
5n 

4 
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Examples 

Y 

/ 

J 

Figure 9.21 

X 

Two related rays 

1 .  r = 4 0 

by r, 

r2 = x2 +y2 

x2 +y2 = 4x x2 - 4x +y2 = o 

by Y r = 0, ,Y = y  = 0, 

8 = - r = 0, 
2 

(x' - 4x + +y2 = 4 

(x - +y2 = 4 

2 

9.22. 

r 0, r 

r = 4 8 I -  

by 0. r = 4 0 = 0. 

= U 

-- < H 5 - r 2 0. 
n 7.L 

2 
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Figure 9.22 Generation of a polar curve 

2. r = + 0) a > 0. 
r 

a 
0 5 8 < 2rc 8 - 8. 

9.23 cardioid 

0 8 r l a  

0 
30 
45 
60 
90 

120 
135 
150 
180 
210 
225 
240 
270 
300 
315 
330 
360 

1 
0.87 
0.7 1 
0.5 
0 

1 

0 
0.5 
0.7 
0.87 
1 

2 
1.87 
1.71 
1.5 
1 
0.5 
0.29 
0.13 
0 
0.13 
0.29 
0.5 
1 
1.5 
1.71 
1.87 
2 
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Figure 9.23 The cardioid r = a(1 + COSU)  with a > 0: in this case the radial 
coordinate is r/a, which is equivalent to taking a = 1 

0 I: 0 < 2n, on 

cusp; on 8 = E. 

8 = 2rc, 

-7r < 0 5 rc 
0 

8,  = 0. 

3. r = 1 + 2 8 0 5 < 2.n. r; 

0 

8 8 r 

0 
0.5 
0.7 1 
0.87 
1 
0.87 
0.7 1 
0.5 
0 

0 

1 
2 
2.4 1 
2.73 
3 

2.73 
2.4 1 
2 
1 
0 

0 
1 
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Figure 9.24 Polar graph for curve r = 1 + 2sin 8,0 5 8 < 2n 

8 = 7 n / 6  r = 0 r 

8 = 1 1 71/6 
r = 1 on 0 = 271. 8, 

8, 9.24. 

4. r = 8/271, 8 > 0 8 = 671. 8 

do 
9.25. 

Figure 9.25 Polar graph for the spiral r = 0/2n, 0 < 0 5 6n 
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Exercise 9.4 

1 

Y = 

Y = 0 

2 x = c. 

3 A d 

d = + 0) d = - 0) 

d = + d = - 

I 

4 

x2 + y  = loiv x2 +y2  = (x2 + J ) ~  - y )2  

3x = y(x2 x2 +? = - + Cy - 2 
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5 
I 
I 

MI 
I 

-I-( I I 

I 
I 
I 
I 

x = 

* X  

S 

A x = -2a. 

SP = ePM, 

2a 
- = 1 - 
r 

y2 = 4a(x + a). 

6" 

r =  1 

c c = 0.8, c = 1.2. c = 1 

c = 

7* 
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8* 

10 8 

0 
Y = ____ , 8 > r = 10 8 = 0 

r = 6 8 + 8 8. 

by 

9.5 THREE-DIMENSIONAL GEOMETRY 

9.26 

N P. x y 

0. 

A 

x 

y ,  z. 

x y x-y y z 

x z x-z 

octants. x, y 2 0. 
by 9.26. 

Z 

0 

/ 

M L 

P 

Y 

YO N / 
X 

Figure 9.26 



448 COORDINATE GEOMETRY 

Distance between two points 

The distance between two points is found by applying Pythagoras' theorem twice in 

succession: refer to Figure 9.27. PM is parallel to the x-axis, lCf,V is parallel to the )--axis 
and A'Q i s  panllel to the :-axis. 

Then 

by applying Pythagoras' thcorem first to thc right-angled triangle PA'Q and then to the 

right-anglcd triangle PMN. 
Now A1 is the point (x2.y,.:,) and N is the point ( s , . . ~ ~ . : , ) .  Hence the distance 

PM = x? - x I ,  the distance M A '  = j b 2  - j., and the distance Q N  = z2 - zI .  We have thc 

following rewlt: 

Figure 9.27 Distance between two points 
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Example 

:. 

Solution 

(PQ)‘ = - + - + - = 4 + + 16 = 36 

(PR)‘ = - 2)’ + - + - = 1 + 0 + 25 = 26 

(PS)‘ = - - + - = = 12 

= - + - + ( - 1  - = 9 + 16 + 1 = 26 

= 

14 

. * .  = 6 

.*. PR = 2/26 

.* .  PS = 

.*. QR = 1/26 

.’. 

... R S = 2 / 1 4  

P Q P I 

Equation of a line in two dimensions (2D) 

9.28, 
RN 3 
- = -. 

2 3 
P(x , y )  on - = - As 

MQ 2 
Q 

Y ‘  

X 

Figure 9.28 of a two 
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P 

3 

2 
x = 2 + u ,  y = l + - U  

U 

x = 2 + 2 t ,  y = 1 + 3 t  

t - U .  Q 

R 
t on Q t = 0 R 

1 

2 

1 

2 
t = 1. t = - - t = 3 

on. t Q, 0 < t < 1 

Q R t > 1 R. 

x - 2  
= t. - - 

2 3 

- 
x - 2  
- - by 6 

2 3 

3~ - 6 = 2y - 2 

3 

2 
y = - x - 2  

direction ratio 

2:3  

a p 9.28 
a p direction cosines 

RQN = a a = = - p = - a 
2 

1/J 
5 

= RQN = -. : = 2 : 3, 
6 

2 2 1. 



9.5 THREE-DIMENSIONAL GEOMETRY 45 1 

Equation of a line in three dimensions (3D) 

Q(2, 1, 2) 

R(4,4, 3) 9.29. QR. 

Q R, by 2, by 3 
by 

2 :3 :  1. 

P(x ,y ,  z )  on x = 2 + 2 t , y  = 1 + 3t, z = 3 + t. 

x - 2  y - 1  2 - 3  
- _ _ _ ~ -  - - - 

2 3 
(9.20) 

t. 

(9.20) 

d # 0. 

Figure 9.29 A line in three dimensions 
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Example 

(xo,yo,  zo) I : m : n 

x - a  

I m n 
__ - - 

- 

3, 
Q - 1, R 3, Q R 

by 5 by -5)’ by 4 

by - 2 

x - 3  y - ( - l ) - z - 2  

x - 3  

- - - 
-5 4 

- - - 
4 * -5 

R 

y - 3  z 

9.29 a, B, y x, y z 

by by P Q 

S a, [j, S 

= 1 .  

: : I : m : n, 

I : rn : n = a : B : 1’. 

= a + /3 + y 

= 1,  

a + p + y = 1 
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Example by 

1 : m : n = 2 : 1 : 

l2 + m2 + n2 = 4 + 1 + 4 = 9 = 32 

2 1 

3 3 3 
cosa = -,  = -, - 

x : : ;' = 1 : m : n 

IX = = 70.5", 2' = 13 , 3 m 

no 
skew 

As 9.30. Q R  

on 2 0. ST .Y ty = = 0 

x-"v no 

do 

Figure 9.30 Skew lines 
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Example 

x - 1  
- - - z 

- - - - - 
2 1 0 4 

y = 2 on 

on y = 2, x-z 

on by 

x = 1 + y = + z = 

on by 

x = 1 - 3u, y = 2, z = 2 + 4u U. 

t U 

= 3 x- 

1 + = 1 - 324, 7 = 1 - 3u, U = 

= 2 + 4u = 

2, 

The equation of a plane 

+ by + = d 

b, c b c 

4 

on d = 0. 

# 0, b = = 0 x = 0, 

b # 0, = c = 0 y = 0, 

# 0, = b = 0 = 0, x-y 

x = y-z 

x = 4 0, 
a =  

book x-y 

y = 0 x-y 

z = 0, y z 
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Examples 1 .  (2 ,  0, (1, 1, 

( -2 ,  1, 1). 

ax + by + cz = d 

(2,O,O) on 2a = d 

on U + b = d 

( -2 ,2 ,  on - 2a + 2h + c = d .  

1 

2 
- d + d + c = d , s o c = d .  
1 1 

2 2  
-dx + -dy + dz = d ,  d ,  

x + y  + 22 = 2. 

2. x + 2y - 32 = 4 

x + 2y - 32 = d .  -2, 1 )  on 

-2, 

1 x 4 + 2(-2) - 3(1) = d 

d = 

3. do x + y  - 32 = -2 2x - 3v - z = 6 

z = 0 

x + y  = 2 2x - 3y = 6, x = 0 , y  = -2, -2, 

z = 

x + y  - 3 = -2 x + y  = 

2x - 3-v - 1 = 6 2 - 3y = 7. 

x = 2, y = - 1 z = 1, (2 ,  - 1, 

-2,O) (2 ,  - 1 ,  1 ). 

1,  



456 COORDINATE GEOMETRY 

4. x + L y _ -  - - -  3x - 4y - 22 = 15. 
1 1 1  

on (x, y ,  z) x = - 1 + t ,  y = t ,  = 3 + t 
t. 

+ t )  - - + t )  = 15 

15 

.*. t = 

-5) .  

by 4 Mathematics in Engineering and 

Science. 

Exercise 9.5 

1 
(a ,  b, c)  (p, q ,  r ) .  

1 ,  

2 3, 

1,4), 

3 ( -  1 ,  1 ,  - 

y = 

4 P ,  PI ( -  1, 

z = 
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5 

X Y Z  -+-+-= 1 
a b c  

(a,  0, (0, b, 0)  (0,  0, c)  

of 

X Y Z  

5 6 7  

3x + 5y + 9z = 45 

2 ~ - 3 ~ + ~ + 6 = 0  

3x - 7y = 42. 

6 

x + 2y + 32 = 6 

x - y + 22 = 2. 

y = 

7 A y = x2, z = 0. 

8* A by P ,  (x, , , z l  ) P2(x2 ,  y2 ,  2, ) .  

t 

rI r2 

P,P,. 

+YlY2 
P ,  OP, = 

rl r2 
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P,6P2  

P ,  = 1 1  P2 = ( L 2 ,  1 )  

P ,  = P, = 

P,OP,? 

9 H 
x on 

h 

- 
H =  

h = 100 = = H. 

10* h A B, on 

d 
00 

d 

+ 7 )  ' 

x = a = 'J = d = h. 

A? 
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1 1 0, (1 1, 

( 5 ,  

12 x + y + z = 1 x, y ,  z 2 0. 

z- 
z = 0 

13 by 0, (-3,  0, 6, 

4, 3). 

14 A 2, - 1, 

15* A 

A B  

J 

X 



SUMMARY 

0 The distance between the points 

0 To divide the line segment joining (x,.~vl) and ( . X ~ . J ~ ~ )  in the ratio m : n 
find the point 

0 The angle 0 between the lines with gradients m, and nt? is given by 

The distance of the point (xl, yI)  from the line ax + I>,v + c = 0 is 

0 The area of the triangle with vertices ( x I . y , ) .  (x2.-v2) and (x3 .y3 )  is 

0 A locus is a set of points which satisfy a given condition. For example, the 

set of points that arc equidistant from points P and Q form the 
pcrpcndiciilar bisector of the line segment PQ. 

0 The equation of a circle centre ( - g .  -f) and radius k2 +-f2 - c)'I2 is  



0 Parabola: the locus of points which are equidistant from a fixed point (the 
focus) and a given line (the directrix) 

0 Parametric representation: a curve in the x-,v plane specified by a pair of 
equations expressing x and y in terms of a third variable, the parameter. 

0 Polar coordinates: a point can be represented as (r, 0) where 

x = rcos8.y = rsinO 

0 Equation of a straight line: the equation of a straight line in three 
dimensions which passes through the point (xI ,y l ,  z , )  with direction ratios 
(a, h, c )  is 

0 F4uation of a plane: the general equation of a plane is 
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Answers 

Exercise 9.1 

1 {(a - c>2 + (b  - 

1/74 1/50 
2/65; (-5, -4) 

2 

b 
3 - - 

a (a2 + b2)1/2 

l a b '  no 
(a2 + b2)1/2' 

p = 

6 / r n  (ii) 0.48 

4 y =  ax/b 

1 

3 
7 y = - ( x + 1 )  

68.09' 
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y + 3 x = l  

8 y = x + 5 - 4 f i ( i . e . y = x - 0 . 6 5 7 )  

9 

10 by 

P on. 

scalene 
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p4 

7 1 ("' +x, f X 3  +X4 Yl +Y2 +Y3 

4 4 

A on 

Exercise 9.2 

1 y = - 3 x + 5  
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1 

2 
2 ( U  - c)x + ( b  - d)y = - {(a2 - c2) + (b2 - d 2 ) )  c b d 

3 1 2 ~ - 2 y - 2 7  ?r + 1 + 14 = 0 

4 (2, 

5 y = x,y = -x 

6 

8 x 2 + y 2 - 4 ~ - 2 y - 5 = O  x2 + j J  + 1 OX - + 5 = 0 

7 

X2 
9 y = l + -  

4 

4x2 + 3-9 + 6y = 9 10 

Exercise 9.3 

1 c = ~ 2 / 2  

/I’ 

2 x 2 + ~ ~ - 1 8 x - - 2 4 y + 5 6 = O  

x2 +g + 8x+ 12y- 48 = 0 

3.168 
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4 x2 +? - x2 +? - + 2y - 20 = 0 

6 ( -g ,  -f) (g2 +f2 - 

7 (?, 2 4  ?) = - 2 1/J 
3 

x2 +? = 

x =  1 +1/zcos 1 

9 

(3, - , 2 m 
- r = 0 

(x - + (y - + 7 > 7 x,y 

Exercise 9.4 

1 o x2 +U2 

and 1 )  
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= (x - 0 

d = rcos(cw - 

= r - CL) 

\ 

5 )  
r =  
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5 

6 

I 

> 1 
c =  1 

7 
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r < 0 n < 8 < 2n, r > 0 

2n < 8 < 3rc, r < 0 3n < 0 < 4n, I 

11. 

5 ,  

Exercise 9.5 

1 (4 { (a  + ( b  - q)2 + ( c  - r)2}1’2 

3 
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P,Pl  = rn P,P, = m P,P ,  = m 

x - 1  
- - - 

1 
- 

3, y = 0 0, 

x - 1  
- 3, 1) - - 

1 -2 ’ 
4 -  

2 



ANSWERS 471 

7 

8 

9 

10 

1 1  

12 

2 = 0 

1 

2 
n=-JG 

h = A 

v + z =  

21 
__- 5m 

1 

2 
A = -2/409 

= Jz: &,P, = 

1 - 2x = 1 - = z, P I P ,  
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13 9 

15 tan-'(2/5) = 

2 = 



10 FUNCTIONS 



Functions are the verbs of mathematics. A function is a special kind of 

relationship between two variable quantities. which can be regarded as 

input and output variables. It is important to understand the operation of a 
function in its general sense so that specific functions can bc handled 

properly. The exponential function can k used to model the spread of 
disease and the falling temperature of a substance as it cools down. Its 
inverse. the logarithmic function, can be applied to convert an exponential 

model into a straight line model. 

OBJECTIVES 

After working through this chapter you should be able to 

0 define a function 

0 

0 

0 

undcrstand thc terms domain and mnge 

understand how a translation can alter a functional description 

understand how a reflection in the .Y axis or they axis can alter a functional 

description 

understand how a scaling transformation can alter a functional description 

interpret the action of one function followed by another 

find the inverse of a given function both algebraically and graphically 

determine thc domain and range of the inverse of a givcn function 

define and use the exponential function 

solve problems of exponential decay and exponential growth 

define and apply the logarithmic function 

state the domain and range of the inverse trisonometric functions 

0 

0 

0 

0 

0 

0 

0 

0 
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10.1 IDEAS, DESCRIPTIONS AND GRAPHS 

+ t 

on you on 
on 

(a) 

Figure 10.1 The function ‘double’ 

by 

10.1 

x 2x, 10. 
x 2x. 

. f :  x I+ 2x 

If x 2x’. 
= 4 image 2 

f (x) = 2x 

x 2x’; x argument 

y = 2x 

X 

Figure 10.2 Graph of the function ‘double’ 
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c 
2 

Examples 

7 
___) 3 

y x, 10.2. 

x independent variable y dependent variable, 

by 

-4 
3 

1. x 3 

27, - 2 - 8, on. 

box : x I-+ x3 = x3 

y = x3. 

-5 - 

-----+ 3 - 

Figure 10.3 Functions: (a) ’cube’ and (b) ’double and add 3’ 

2. 3’ x -+ 2x + 3 = 2x + 3 
= 2x + 3. = 7 = -5. 10.4 

box 

Figure 10.4 Applying the function ‘double and add 3’ 

x 
= 2u + 3,f(a) = 2a + 3, x 

= x2. 

f ( x )  = f i  1/ on 
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A domain 

co-domain. 

x I+ x2 to 

range 

= 2x + 3, 

\.3 

.v2 

f i  
x 

cos x 

x 

- 
\. 

\.7 

I4 

- 

2 0 

odd 

.Y = 0 

2 

.Y = 0 

All 

2 0 

2 0 

y 

All y 

- 1  S J Z  

- 1  

,Y 

0 

f ( x )  = 1x1 absolute value modulus by 

x 
-x 0 

x = 3 = I x = = 

10.5; c a x. 

on 

= n2 on 

0, 1, 4, 9, 16, 
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5 

Figure 10.5 The function ‘absolute value’ 

- 

f ( x )  = 2x x 

f ( x )  = 8, x = 4. = x2 two 

x = 4, x = 2 x = c > 0 

x 

10.3. 

Exercise 10.1 

1 

2 

2 5 x < 3, by 

All x = 0 x 3 x = 0, 1/z 

= . . . 

(c) -4 1 1- 

(d) -4 1- 
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3 2. 

4 A 

x + 2  x s - 2  

f ( x )  = 0 - 2 < x t l  

{ x - l  x > l  

2 + 3x 
y = ___. 

1 + x  
5 

2 + 3x 
f ( x )  = _ _ _ _ I  

1 + x  

6 y = x,  y = 3 y = 10 - x. 

f ( x )  = 3, - x )  

10 - x x. x = 4 x 

1 0 - x =  

3 ,  f ( 4 )  = 3. f ( x )  on 

x 

a. 

x, 3 

4, 

so.f(x) 

piecewise function, 
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7 f ( x )  = 1,4 - x2, x - 
1.4 - x2 x - 3.  

(b) 6 by 

1 

f ( x )  = 4 -x2 [ x - 3  

8 

A 
.Y - axis y = .r 

F 

x = -2 
I 

I 

I I 
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9 

f :  x I--+ 2x2 f :  x x3 

,f : x /x' f :  x I/(x + 

f ( x )  = . . - . 

71 71 71 71 
j ' :  x I+ -- < x < - f :  x I-+ -- < x < - 

2 2 

, f :  xi-+ , f :  x I--+ 

10 
(f) 
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1 1  A continuous function no no discontinuities. 

x < o  

f(x)= x 2 - 1  0 5 x 5 2  {I:: x > 2  

1 

x - 3  
= - ? 

x -+ 1x1 

f ’ : x + x 2 + 1  x t o  

f : x 3  0 x = o  

f ’ : x+x2+1 x > o  

12* y = d x ,  x 2 1. 

y” = x - 1. 

x y 

off(x) = 6-7. 

13” of f n 

(nl 5 4. 

by n n 

14 A A 

B 

B. to, t , ,  t2 t, A ,  
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is B. 

s ( t )  K2 = K l ( t ,  - to)  = K3(t3 - t2) .  

A 091 0 180 kph 
0913, 0945. B,  0950. 

to = 0 s a t. 

A B? 
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10.2 TRANSLATION, SCALING, FUNCTION OF A FUNCTION 

Translation 

4 

= ux2 + hx + c by 

ax2 + hx + c = a [ (x + &)’+(c - 31 

Example 

y = x2. 

10.6 y = x2 

by 2 

y = x2 by 1 

y = x2 x- 

by 1 y = x2 

by 2 
= x2 by 1 

by 2 could by 2 

by 1 

translations. 

by ( 1 ,  

x y.  

(f) reflection = x2 by 

3 x2 

isometry 

= 4x - x2 by 

y = x2. 

4x - x2 5 4 - (x - x2 (x - 

by 2 
-(x - by 

4 



2 -- 

( 

Figure 10.6 Translations of y = x2 

;+ y = 3 - . t ’  
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(4 (b) 

Figure 10.7 Creating a function using simple isometries: (a) begin with y = ( x  - 2)2; 
(b) use a reflection to obtain y =  - (x-2)* ;  (c) use a translation to obtain 
y = -(x - 2)2 + 4, which simplifies to the required function, y = 4x - x2 

x 

f ( x )  = (x - x by -x 

f ( - x )  = (-x - = (x + 

by 

y =f(x) .  

y =f (x )  + a y = f ( x )  by 

a;  a > 0 is a < 0 

. 
y =f(x  + a )  y = f ( x )  by 

a;  a > 0 a < 0 

2 X -2 

(a) (b) 

Figure 10.8 Reflection in the vertical axis 
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x 

contrudicts 

y = -J’(x) y = . f ’ ( x )  by 

y = f ( - x )  1’ =.f‘(.x) by 

Scaling 

by 

2, - l ( x g  

0, 

y = 1.5f(x) 

y = 0.5f’(x). on 

- 1  __ 1 I X  - I X  

I *  
2 x  

(t‘) 

Figure 10.9 Scaling a function 
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___ - --+---- 3 

v =,f ’(2x); x by 2x 
,f: 

________ 
* 3 -+----- 

=,f’ --x . G 1 
y = qf’(x) =.f’(x) 

by 1a1 1 ~ 1  > 1 by 

lal ( a (  < 1 .  a < 0 

y = f ’ (ax)  =, f (x )  

by lul [a1 > 1 by 

< U < 0 

x 

by 2 

?I by 2 

squashes 

Function of a function 

10.1 f ( x )  = 2x + 3 on x. 
10.1 

, f  j ’ :  ?c I---$ 2.y , f’(x) = 2x g 
g :  x I--, x + 3 g(x) = x + 3. g( , f ’ (x ) )  = g(2x) = 2x + 3. 

Figure 10.10 The composition of two functions depend on the order in which they 
are performed: (a) 2x + 3 (b) 2(x  + 3 )  
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Example 

g o , f ( x )  ,f’(g(x)) ,f’ o g(-u). g of 

composition g ,f: function of a function 

on 

= f i  g(x) = x - 2 g(f(.x)) 

on 

g 

3 0 

0, 
2 0 g 

> 2 
> rn 

f ( x )  = (x2 + 1 )  1 ’  3 

Exercise 10.2 

1 A x 2 0 - 1 ) + 1 ). 

’t 
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2 A even 

x, x R. 

= 0, odd = - f ( x ) .  

x 

x2 

x3 

xn, n 

x n ,  n odd 
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(b) is odd 

odd 

x4 + x 2  ( i i )  1x1 2 + x  
Ix + 31 

3 [-L, L]  g h 

g(x) h(x) odd h(0) = 0. 

4 1 

x < 0. 

g? 

g(x).  

6 

- n/2)  - n) - n) 

+ 3n/2)  - 

7 

- n/2)  

8" 1 ,  
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r f ( p x  + q)  + s 

I 1 

-1 

(-1, -1/2) 

1 
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9 = 1x1. 

x E R? 

10" [w M )  M 
-+ 0 x -+ 

fW f ( 3 x + 4 )  3 f W  + 4  f ( - X ) .  

X 

1 1  x I-+ 3x = 1 21, 1 5 x 5 2, 51. 

f (2x  + 2f(x) + 1 3f(x - + 2 

R, (f)? 

2 
12 = - 

x + 3 
f (x2> f ( 5 x  - 6) 

f ( 3 J 4  + f ( 3 / J ; I ; )  
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13 3x2 - 6x + 10 = 3(x - + 1 f ( x )  = x2, 

3x2 - 6x + 10. 

b2 
14 ax2 + bx + c = a = x2 

ax2 + bx + c rf(px + q )  + by p ,  q, r 

a,  b, c. 

1 

2 
15 = - 

x = (n /6)  + 2nn, x = (5n/6) + 2nn, n 

y = 2x - 

1 

2 
- n / 2 )  = - . 

= 1 = 1 

x = (:) + nn, n 

10.3 INVERSE FUNCTIONS 

1 

2 
f ( x )  = 2x g(x) = -x 

1 1 

2 2 
f ( g ( x ) )  = 2 x -x = x g ( f ( x ) )  = - x 2x = x. 

g 

inverse g g 

10.1 box undo 

box box 

10.1 1 
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* -1 r I I I - 

c *  

(a> 

Figure 10.1 1 Inverting a function 

1 1 

2 2 
-v = 2x x = -y,  x y y = -x. 

Example f ( x )  = x + 3 f ( x )  = x3. 

-1 I- - 
(a) 

Figure 10.12 Inverting f ( x )  = x + 3 

y = x + 3 x = y - 3. x y y = x - 3. 

g(x) = x - 10.12. 

(a) 

Figure 10.13 Inverting f ( x )  = x3 

y = x3 x = g(x) = x1l3; 10.13. H 

f ( x )  f - * (x) .  f-' (x) = x - 3 

(a) = x1I3 

y = f ( x )  y = x. 

y = f - l ( x ) .  10.14 

(a) on 

on 
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* 
X -1.2 

Y ,  

X 

Figure 10.14 Graphical approach to inverting a function 

c 

1.2 X 

on on 

y = x 

the 

= x3, 10.15(a). 

= 1.728 x; x = 1.2. 

f - ' ( x )  = j - ' (  = 1.2. 

( 

Figure 10.15 Not every inverse is a function: (a) x = y1I3 is a function but (b) 
x = is not 
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, f(x) = x2. 

f ( x )  = 1.44 no x. 

unique 

x = x = f 1.2 good 
f ( x )  = x2 

4 on 
do. 10.16 y = x2 y = x. 

Figure 10.16 Inverting function f ( x )  = x2 

is 
x > 0 two = x2 x 2 0 

y 2 0. = &. 

Inverse of a function of a function 

box 

= 2x + 3 

box inverse 

1 
f -  '(x) = r ) (x  - 3). 
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- ADD 3 

Example 

- 
X 

Figure 10.17 of 

1 

2 
y = 2x + 3 x = - 0, - 3). x 

y y = - (x  - 3). no on 

f ( g ( x ) )  g - ' ( f - ' ( x ) ) .  

o g g-' of-'. g on 

1 

2 

f ( x )  = (x + 
y = (x + x = 3 - 1 = x2 - 1. 

2 - 1. f ( x )  
x 2 y 2 0, 

x 2 0 y 3 - 1. 

Figure 10.18 of f ( x )  = ( x  + 
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Inverse trigonometric functions 

10.19 = sinx y = x. 

= sinx 

I 

Figure 10.19 Inverse of sine function 
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7t .n 
- - -= x 5 - - 1 1 

2 

7t 7 l  
= - - < x 5 - - 1 5 y 5 

2 
.n .n 

5 x 5 1 - - < y < -. 

on x 

by principal value x. 

Exercise 10.3 

1 y = f ( x )  x y ,  

1 

1 - x  
f :  x I+ x5 f : x t +  - 

f :  x I-+ x3 - 1 f :  xi-+ JX 
(f) f :  x I-+ ax + b (a # 0 )  (g) f : x l +  

no on 

2 (f) 1 a = 

x I+ ___ ad # bc. 

ad = bc? 

ax + b 

cx + d 

3 x I-+ x2, x > 0, 
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by y = x2 y x. 

g :  x I+ x2, x < 0. g-' g 

g-' : x I-+ - ,.b g. y = -,.b 

~ ~ 4 3 - 1  
x I+ - 4 5  - 1 ,  on h. 

4* y = . f ( x )  x y 

f-' 

f :  x I-+ x2 + 2x + 5 

f :  x I-+ 3x2 + 2x - 11. 

J ' :  x I-+ x2 - 12x - 50 

f :  x ax2 + bx + c ,  (a # a = 0 

b # 0 b = 0. 

5" As y = x 

\/ ' I  

y = x 
y = x. 

J': x I--+ x2 + 2x + 5 f :  X I +  , f : x  I+ 

on x =f- '(y), 

x y ,  
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(x, on 

y =f(x) ,  (y, x )  on x =f- '(y). 

y x on f - I .  

on 

6 : x I-+ x, y = x, x = 

@ 7 

(- -!-) 

8 

implicit functional relationship, x2 + ,v2 = 1 ,  

1. 

x2 = 1 y = x. 

y =,f(x). 

x2 y2 
9* - + - = 1 a b 

a2 b2 
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x 

x y.  

10* 9 - - -- = 1 ,  U > h. 
x2 1,’2 

u2 h2 

1 1  x x 1 3  1 -x, h :  .Y I+ x3. 

g h 
jg ,  gh, /z,f;,fg g 

j - ’ ,  g-’ , h-’ = 1 

# g j ’ ,  

(,fi)-‘ = g-’,f ‘- ‘, 

f (  f ( x ) ) ,  g(g(x))  h(h(x))? 

+ g(x) + g 

(J’ + g)- ’?  

, f ‘ (x )g (x ) ,  g(x)h(x) h(x),f’(x),  (0 

12 A + y )  =.f‘(x).f(y) x , y .  

(b) 

= { J ’ ( 1 ) } 2 , j ’ ( 3 )  = { , f ’ ( l ) } 3 .  

n 

= y2 

by n > 0 n < 0. 

x, J’ E [w on 

f ( x )  = 
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(f) 

= a" a a = 3. 

do a? 

by ax a 

x do you 

13" g 

1 

2 
g ( f i )  = -g(x)  x > = 0 

g = =f(y,  +y2).  

12. 

g( = -g(x>, x # 0 

1 = g(x2)  = y2 = + y2. 

f ( x )  = 12, by 
y = x = y .  g : x I+ x g. 

(f) y = 2-',y = x y = on 

14 N 
N no 

f :  n I+ n2 

f' : (2n - I-+ (212 - n : (2n )  I-+ (2n)3,  n 

f : n I-+ n ,  n .f : n I+ f i , n 

f : (2n  - 1) I+ 2 n ; f  : (2n)  I+ 2n - 1 

. f :  n I-+ I /n  (0 f :  n ( n  + + 
. f :  n I-+ 12 -nI .  

15 

f : x  I+ 2 x +  1 - 00 < x < 0 

J':xI+ 0 5 x 1 3  

 XI+ 

j - '  (x). 
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10.4 POWER LAWS, EXPONENTIAL AND LOGARITHMIC FUNCTIONS 

Power laws 

1 numbers 32, 3 3 ,  34 

function power function 3 

i s f ( x )  = a'. 10.20 -v =.f(x) 

a = 2 , 3  
1 

you a = 2 a =+? 
L 1 1 

a = - 2 ,  , f ( x )  = (;)-'= = f ( x )  = 2', (;)l=t(-x) 
Y 

\ 
LI = 2 

1 
X 

Figure 10.20 Power functions 
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= (;I.' y = 

ao = 1 = 

> 1 x growth 

0 < a < x 
decay = 1 f ( x )  3 1. 

Examples by 5% 1990 

2000, x 

1990 by 

V = 10 000 x 

5% by 1.05. 

L 51 2 763. 

1995, x = 5 V = 10 000 x ( 1  .05)5 = 12 763 

2000, x = 10 V = 10000 x 5 

2010, x = 20 526533. 

2. 

3 x 
C( 

0.01 C = 0.01. 

10 

= x = 

1 ) 
x =  = 43.7. 

44 1 % 

U 

The exponential function 

y = 

x = -, 1. 1 - , 2. y 

1 by 

1 1 

2 2  
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~ 

r Gndicnt of mpcnt ?' Ratio 

- 1.9 I .732 1 . 1  
1 

2 

I 3.3 3 1.1 

5.7 5.1% 1.1 
1 

1- 
2 

- 9.9 9 1.1 9 

I f  we repeat the calculations for y = 4'. we find the comsponding ratio is about 1.4 and 

for J- = 2' the ratio is about 0.7. It seems reasonable to suppose thcrt: is ii value of U 

between 2 and 3 for which tk ratio is exactly 1. This value is about 2.7 18 d is dcnotcd 
by e. 

Your calculator should have thc button e'. In Figurc 10.21 wc have plotted thc gnph of 

>* = er. We used i t  to calculate thc gradient at x = 2 and found it to be about 7.4: the value 
of t2 is 7.389 to 3d.p. 

Figure 10.21 Graph of y = s' and y = w X  

An equally important and rclatcd function is the negative exponential function 
t.-'(= I / @ ) .  Its graph. shown in Figurc 10.21. can be obtained by reflecting thc graph of 

J* = 4' in the vertical axis. It is uscd to model decay. 
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Examples 1. 0 

8 = 8, + (8, - e,s)e-kf. 

13, t = 0 k 
up 8. 

- O,v) on 8, 
8,; 

(a) 

Figure 10.22 Producing the graph equation (10.1) 

0, = 100 O C ,  8, = 15 k = 0.1 

t = 5 10 20 

( 10.1 ) 

8 = 15 + 85e-'.". 

t = 5, 8 = 65.6 

t = = 46.3 

t = 20,8 = 26.5 

2. 
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m t 

by 

m = mOe-kt 

mo t = 0 k 

3. up 

on. L' t by 

c = V (  1 - e-") k v 
10.23. V 

asymptotically 2' = V asymptote 

" I 

I 

Figure 10.23 Voltage across the capacitor versus time 

by eCkr 

-e-kr. 1 by 1 ;  

by V by 

The logarithmic function 

85 

5 
e0." - - - = 17. 
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Example 

1.3 a > 0, d" = y x = y.  

eX = y  x = 

e natural logarithms 

A on x; 

= 17 7 s .o  

O . l t  = 17 = 17 

t = 17 = 10 x 2.830 = 28.3. 

= + 
= - 

= n 

ax a' = eY 

= 

= y ,  ar = 81na. H 

logarithmic function 

by y = e" y = x; 10.24. 

Figure 10.24 of 
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x x < 0. eY > 0 

y ;  y = x x = eJ', eY > 0, x 0. 

y = x 
x x 

11 by -. 
1 

x 

Example 

rn = O S r n , ,  

1 1 
0.5 =- = e-kt = - 

2 ekr 
ekt - 

1 

k 
kt = 2 = 2 t = - 2. 

half-life 

0.5 0.25? 

1 

1 2 

3 on. 

Exponential and logarithmic functions compared 

4' 

e0 = 

&. eY = pt+Y 

& + e.V = 8 - Y  

= ent 

e'" = x (x > 

1 /x 

= s + y 

= x - y 

x" = n x 

= x x) 
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Exercise 10.4 

1 = 1024 - ( 
2 2, binary form: 

5 8 =  1 111010 

7 19 41 

59 113 520 

A 

bit. 

3 p% by 

+ &) 

2 n 

5 

4 

1 000 000 

(0  log;(^> 

5 x = y = z = 

xyz = 1 .  
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m - log2 + 2/343 - J2 3 
- -  - 

4900 - 16 

6 

m 7  

9 

10 

1 1  

12 

1 
b = --. 

U 

0 < x < 

< 0.05. 

< logy, n 

)" = 3.5 15 logl,,(x2 -x) = 0.3010 

(3.5)"(2.9)-." = 6.7, = 19.1. 

y = e'. y = e?. 

x 

, > 0 = e.\- In 

c 

b 
log, c = --, h,  c > 0. 

f :  x I +  et- . f - I  : x on 

.v =.f '(x),  y = x -v =,f ' - ' (x ) .  

= &,.f'-'(x) = = x2 g-"(x) = f i  

, f ( g ( 2 ) )  . f - I (g (3 ) )  

g - ' ( , f - I ( e 2 ) )  j - '  {g- I (4) j2  

. P ( g ( x H  = ? f - ' ( x )  . f - I ( g ( j ' ( x ) ) )  = g ( x )  

j-'(,/&j) =,f-'(x) 

x x ( c )  
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13 

14 

t@ 15 

16 

17 

18 

x = C( 1.4)-' 

t 

x t. 

1 2 

3 

e" 
x > 0 ___ 

+ - x, x > nx, - 1 5 x 5 2 

x 

- 2-x = 6 - 7 x 3" - 8 = 0. 

And x y 

2"'Y = 32, 3" + 3 Y  = 36. 

10g'O(e" + ') 

hyperbolic sine x 

1 
= - (8 - 

2 

hyperbolic cosine x 

1 
= -(t" + ePX). 

2 

odd 

= - 
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2x 2 x - 1 .  

x = 0 x = 0 

x - = 1 

x 3 1,  x 

2x ZE 2 2 

x x. 

19 hyperbolic tangent by 

x 
= ___ 

e" - e-.Y 
= ____ 

6 + e-.y 

x=0? 

x 

x x. 

20 on 

( - 5 )  ( -  (0 

21 * 
by 

y = x x = = (8 - e") 

z = $, z > 0, x = . z x 

z = x J-. 

,/'= > x x, z > 0 
y = = In(x + ,/-), x = + d m )  x. 

x = - 1 (Z). 
1 

x > 1 x - 
.x + J2-T' 

f 4iE-1) = f + 47-7). 
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y = x x = = 
x 

x 3 f + 1/x2 - 1 )  

22* (f) 20. 

23* y = x on 

x ' x x I x x x 

Exercise 10.5: further applications and models 

1 

2 

m 3  

m 4  

y = I? e). 

on 1 

e 

1 y = 1) 

y 
= 1n2. 

3 x s 

by U = V(  1 - e-'jCR) 

v V R 

(Q) C 

= 1W6 t ,  

t = CR. 

R = 5 x 106 i2 C = 10 (tc)'? 

up 

no R C v 2r 0.63V 

t = tc., v = 0.99 V 
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5 upon I,, 
I ,  I ,  = I,q, 0 < q < 1 on 

rn rn 

1, = Ioq, Z2 = I 1 q ,  I3 = I,q, I,, = Ioqn2 

a = - q I* = Ioe-'*. 

rn > 0, 

I = /0e-1~95x x 

1 

by . (8 
6 A 

8,. 

2 
by k = -. 

15 

( c )  



5 18 FUNCTIONS 

7 (i) 
(U 

V 1 4 8 12 17 20 

1 0.030 0.240 0.679 1.241 2.103 2.683 

on 
V i. 

8 
by PVY P 

V y = 1.4, P V 

P = 1 10 V = 1 P = 

9" on up 

. 
x t ,  

x: t l+  

P 
x t 

x ( t )  = 2 

x = 0 

x = 0 
x = - 10 
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@ 

U :  t I-+ ug 

'I) > 8Oq, t = 0. 

11 * by 

E S (p, , p 2 ,  . . . , p , , )  by 

n 

I= 

E(S)  = - C y j  logzpj 

n 

cpi = 1 .  E ( S )  

0.18, 0.35, 
i= 1 

n 

R(n) = -!L , n  N. 
- 1 

R :  x I--+ -.?.- 001 

x >  1. 
- 1 



SUMMARY 

Function: a rule which associatcs cach mcnibcr of one set. the domain. 
with a uniquc member of a second sct. thc co-domain. The sct of VRIUCS 
taken by the function is its range. We writc .v =./*(A-) where s is the 

independent variable and JJ is the dependent variable. 

Transformation: nic graph of y =.f(s) niay bc translated. reflected or 

scalcd. 

Translation: f ( s  - ci) rcpresents a niovc to the right by a. hut J(s) + a 

represents n move upwards by U. 

Reflection: :f(.v) mprcxcnts a rcflcction a h u t  the x-axis. but . f(-x) 

represents a reflection about the !*-axis. 

Scaling: c!f ' (s)  rcprcscnts a scaling in thcj:-dircction. an cxpiinsion if N > I ,  

a compression if CI < 1 : but.f'(m) represents a scaling in the .u-dircction. an 

expansion if N < 1 .  a conipression if N > 1. 

Function of a function: the output of one function bcconics the input of a 

sccond function. The notation f(,q(.u)) implics that  the functionfis applied 

to the output of thc function g .  

The inverse of a function: ,f--'(.u) reverses the action of the functionJ(.u): 

its graph is obtained by reflectins the yaph of,f(.t-) in thc linc y = x. It is a 

function if thc orisinal fiinction is such that no two inputs are mapped to the 

sanic output. Thc domain of thc invcrsc function is thc nngc of thc original 

function and vicc-versn. 

The esponential function: is witten er. wherc c % 2.718: its inverse is 

Ins. 

Inverse trigonometric functions: the domains o f  the trigonometric 

functions are restricted to an interval of length z: thc function sin-'s 

has domain - 1 5 s 5 1 .  
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Answers 

1 

x 5 x 3 4 

-5 < .Y < 

3 

2 5  

( c )  All 1. 1 

All 

2 - 

4 Y 
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5 

v = x  

* 

5 3 

a = 7 
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Y, 

4 - x 2  

' X  

x <  1 

( x - 3  

8 

5 2 

x > 0 two y 

x -a < x < 0 0 < x < a two 

9 

.f(4 = 2x2 

f ( 4  = x3 

# 0 

# 0 

0 5 y 5 1 

1 
f ( x )  = 2 # 0 

# 
1 

. f (x  = ____ 
(x + n n 

f ( x )  = cosx 
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7.L .n 
-- 

2 < x < -  2 
(f) f(x) = 

f(x) = 12x + 31 3 0 

f(x) = # 0 s y  5 1 

1 
- < ~ 5 5  
20 - 
-7 < x < -5 2 < x < 4 
.n .n 

(f) - < x < -  6 3 

x = 3 

U x = 0 101 = 0. 

x = 
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12 

13 

14 

2 = x - 1 nor x two y 

x = go/) = 3 + 2 1 

x 2 1 f ( x>  L 0 

~~ 

n 3 4 

1 1 3 2 5  
0 - - - -  

5 5 17 13 37 

3 
f ( n >  -5 

f ( n )  -+ 0 

t ,  = I I 2 0  t , = 7 / 1 2  t = 2 / 3  

3 
1 

O S t < -  
20 

1 7 

12 

A B 108 km 
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I I 

- 1  

Exercise 10.2 

1 

1 I 

1 2 X 

+ 

x 2 1 x but 

2 odd odd odd 

odd 

3 g h [-L, L] 

I I I I 

- 1  1 

x > o  
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(0)  = 0 

10 

1 1 
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~~ 

251, 741 (0 l-2, 1-7, -41 

R, f2 

[a + b,2a + 61, + - 1,3(2a + 6 )  - 11 

2x + 1, x - 5 ,  2x2 + 6x + 5 [W x 

R 51 

3 5 x 5 5 ,  

2 

3 
- , 

2(6 + x + x )  

+ + 

Exercise 10.3 

1 R/{  1 )  1. 

( e )  

f" : y I-+ .v- R/{O), R/(O) 

j - '  : y I-+ y - R, [W 

1 
f-' : -Y I-+ 1 - -; R/{ R/{O) 

Y 

f - ' : ~  I-+ 1 +g: 001, [W (f) 

f- '  : y I-+ y 1 l 5 ;  R, R 

f- '  : y I--+ (y + R, R 

f - '  : y I-+ (y - h ) / a ;  [W, R 
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f :  x I+. x, 

ax+b a 

c x + d  c 
ad = bc, ~ = -, 

f (4 ' 0 f - I :  x I+ ,b x 2 1 

y +. - 1 + 4 9 ,  f : (x 3 - 1) I+ 0.) 2 4) 

& - I : y + - l - J ~ , f : ( x < - 1 ) 1 - , 0 , > 4 )  

A - ' : y + .  f :  (x 2 I+. 0 , ~  

: y +. 6 - Jm, f :  (x < I+. 0, > 

1 34 
&-by+. --- f :  (. < -+) I+. ( y  > -?) 

I h2 

&-l:y+. --- 
2a a 

f -' 

L 

' - - ', f :  R +. R f-' 
b 

x 2 + 2 x + 5  

I 
y = x  

L - 1 + 4 A T  

- 1  - 4 . z  
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6 

7 

-03 < x < 00, -n/2 < y < 7112 
--3~//2 x 

x = 

(e)  75" 

y = m, x I+ ( 1  - x ~ ) ' / ~  upper [ -1 ,  11 I+ 11 

y = --, f :  x I+ - (1  - x ~ ) ' / ~  [- 1,  I+ 11 
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9 

I x I-+ b / w ,  [0, a] -+ [0, b]; 

I1 x I-+ bd-, [-a, 01 -+ [0, b];  

I11 x I-+ - b , / m ,  [-a, 01 -+ [-b, 01; 

IV x I-+ - b , / w ,  [0, a] -+ [-b, 01; 

x I+ ad-, [0, b] + [0, a] 

x I+ - a,/-, [0, b] + [-a, 01 

x I+ - ad-, [-b, 01 -+ [-a, 01 

x I+ ad-, [-b, 01 -+ [0, a] 

10 I x I-+ b d x m ,  (x 2 a),  (yz 0 )  

I1 x I-+ b d v ,  (x  5 -a), (y 3 0 )  

111 x I-+ - b d m ,  (x 5 -a), 0,s 

IV x I-+ - bd-, (x 2 a) ,  (y 5 0)  

x I-+ a,/-, (x _> 0.) 2 a )  

x I-+ - ad-, (x 2 0) ,  (y 5 -a) 

x I-+ - a,/-, (x 5 5 -a) 

x I-+ a J w ,  (x 5 01, (y _> a> 

1 
(i) f g :  x I-+ - , 

1 - x  

f-' : x I-+ I / x ,  

g f :  x I-+ 1 - ( f f g ) ,  f h :  x I+ (= h f ,  
hg:xi-+ - x ) ~  

g h :  x I-+ 1 - x 3 ,  

8-I : x I-+ 1 - x, 

h f :  x t+ 

h-' : x I-+ 2 1 3  

1 
g-'f-' : x I+- 1 - - (= fg ) - ' ,  h-'g-' : x I-+ - x)''~, f- 'h-I  : x I-+ ~ - 1 1 3  

X 

ff = I ,  gg = I ,  hh : x I-+ ( x ~ ) ~  = x9, f f f  . . . = f ,  odd, n = I ,  

g,  h . .  . h (n  x --+ x3n 

1 
f ( x )  + g(x) = - X + 1 - x = 

X 

\ --I 1 /x 

1 -x 

1 /x 

A + g is x R/{O} ( f  + g)-' 

x > 0 x < 0. 

1 - y f  {(y - 

2 
( f  + g)-' : y I-+ 
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(9 
-.x 

, x3(l -x), x2 
X 

12 

(0 
. f(n) = { J'( 1 = k" .f( = k 

a" U > 0 x E R. 

f (  1 ) = a 

14 N 

(b) N 

2 -+ 2 , 4  -+ 2, j '- '  =,f '  

(f) 

1 -+ 1, 3 -+ 1 ,  

x -  1 
.f-' : x I--+ - , (-m, 1); 

2 
x I+ 2/X--l, 101; x I-+ 13 -x, 00) 



534 FUNCTIONS 

- 1  

Exercise 10.4 

1 2 

1 = 1024 - 103 - 
2 (4 = 10011 

41 = 25 + 23 + = 101001, = 111011 

113 = 26 + 25 + 24 + 1 = 11 10001, 520 = 29 + 23 = 1000001000 

- 103, 

3 100 +">: 100 100 

1 +- = 127.63 ( 
14 n = 14 

4 (4 4 

(9 3y 

5 = = 

0.05 
7 n > -  n 3 29 

8 x = 0.695 x = 2 x = 1.664, y = 0.171 

on e-' eX, axis 

10 
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11  

12 

13 

e" y = x 

e4 2 3 yIz 2 

x x > 1. 5 1 ; 

C = x(O), x t = 0 x = Ce-0.336t = 

(E) 2.06 

1 7 14 

2 510 

3 364 

14 
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= 2.623 
3 AO) 

2 
15 x = 

16 x5 

17 + 

= 8, x = 1.893 

19 = 0 x = 0, = 0 

eh - 1 1 - e - 2 x  

= ~ - 1,x >> = ~ - << 0. 
e2x + + e-2x 

20 1.175 

23 

x 

/y ,’ x 

3.762 3.762 

(f) 1.317 

\ 
/ 

x 

0.549 

x 
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Exercise 10.5 

1 

3 rn = rnoe-kt, k = = 2.310 x 103 

4 t, = 

5 (i)  

6 15 

7 x 

y = x + 1,y = ex 

2 

3 x 

8 P 1  2 3 4 5 6 7 8 9 10 
~ ~~ ~~ ~~ 

V 1 0.6095 0.4562 0.3715 0.3168 0.2781 0.2491 0.2264 0.2081 0.1931 

9 0.125 0.625 

10 

11  1.607 

12 n =  10 



This page intentionally left blank 



1 1  DIFFERENTIATION 



INTRODUCTION 

The iiccd to calculate accurately the rate of change of a variable quantity is 

crucial in many areas of activity. Often we have a formula which describes 

the behaviour of the quantity, and differential calculus provides us with the 
means of obtaining the rate of change as accurately as the formula will 

allow. We can calculate the acceleration of an object if we know its speed 
as a function of tirnc. The proccss of differentiation can be used to 
calculate maxirnuni and minimum values; for example, we can find the 
dimensions of the box of maxinium volume which can be cut from a given 

area of sheet metal. 

OBJECTIVES 

After working through this chapter you should be able to 

understand the terms &ri\vd.firncfion and derivative 

relate the derivative of a function to the gradient at a point on its graph 

diffcrcntiate standard functions 

differentiate a linear combination of standard functions 

identify from its derived function where a given function is increasing or 

decreasing 

identify the stationary points of a function 

use the first derivative test to determine the nature of a stationary point 

obtain the second derivative of a function by repeated differentiation 

use the second derivative test to classify the stationary points of a function 

locate thc points of inflection of a function 

know the derived function of the standard functions 
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11.1 RATES OF CHANGE 

A on 

rate qf change 

by 

x y 

y = 2x y 

x. y = rnx + c y rn 
x. grudient y = mx + c. 

y decreases x 

1 1 . 1 .  

/ m = O  

X X 

rate 

/ 

(a) (b) 

Figure 1 1.1 Rate of change for a linear relationship 

Average rate of change 

y = x2, 1 

y x x < 0 x > 0 

As x 

x = 0 x = 1 y by 1 x = 1 x = 2 
y by 3 1 As x 

average rate of change y x by 

1 1.2(b). As x xl x2, y y ,  y2.  

Y2 
y -. 

x2 
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Example 

- 2  - 1  1 1.5 2 x x2 x 

(a) 

Figure 11.2 Average rate of change of a function 

y2 > y ;  y2 < 

y 

y = x2 x1 = 1 

x2 = 1.5, x1 = 1.5 x2 = 2, x1 = x2 = x1 = 

x2 = 

x2 > xl. 

x1 = = 1 x2 = .5,y2 = 

2.25 - 1 1.25 

1.5 - 1 0.5 
= ______ - - - = 2.5 

x1 = = 2.25 x2 = 2,y2 = 

4 - 2.25 1.75 

2 - 1.5 0.5 
= 3.5 - = ~ - - 

= -- - = 

= 

4 -  I 

0 

4 
- 

y x 2, average 

Instantaneous rate of change 

y = x2 instant x = 1. 

1.3, y x 1  = 1 

x2 = 2 ,x1  = 1 x2 = 1.5 xI = 1 x2 = 1.1 
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y T  I 

_____) 

1 1.1 1.5 2 

Figure 11.3 Instantaneous rate of change 

1 2.25 - 1 1.21 - 1 

1.5 - 1 1 . 1  - 
- = 3 , -  = 2.5, ____ - - 2.1. 

x2 

x1 = 

on x1 = 2. 

Table 11.1 

x2 2 1.1 1.01 1.001 1.0001 

3 2.1 2.01 2.001 2.0001 

Table 11.2 

x2 3 2.1 2.01 2.001 2.0001 

5 4.1 4.01 4.001 4.0001 

looks 

2 x2 x I ,  4. 

xl, 

x1 = a x = a + h, 

y a 5 x 5 a + h 

( a  + h)2 - a2 a2 -k 2ah + h2 - a2 2ah -I- h2 
- - = 2 a + h  - - 

(a  -/- h )  - U a + h - a  h 
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Example 

Y A  

(U + 11)= 

U 2  

U a + h  x U X 

(4 

Figure 11.4 

chord PQ Q 

P, Q P 

by tangent P, 

Q P h 

+ 
y = x2 x = 1 2 x = 2 4. 

could x = 1 x = 2 

on derivative = x2 

x = any 

derived function = g(x) = 2x. 
x’. 

x = x = a,  

= 2x. = 2 = 4. 

= mx + = m, 

x = 2 x = -3. 

x, = x2 = + h. y =f(a)  = + y2 + h )  = + h)+ 

c, y 5 x 5 + h 

y 2 - y ,  mh 

x2 + h )  - a h 
= m  - - - -- - 

h, = m. 
f ’ ( -3 )  m. 

= x f ’ ( x )  = 1. 
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derivative f ( x )  x = a by 

J ’ ( a + h ) - f ( a ) .  h 

f ( x )  differentiable x = a 

f’(a). 

h 

h 

differentiation. 

11.5. P ( x ’ y )  Q close by 

(x + 6x, y + 6y). 6x x’ 

6y y’. 6 by no 

h+O 

Y 

y + 6v 

Y 

4 t 

x + 6x X 

Figure 1 1.5 Alternative notation for differentiation 

6Y 

6X 
PQ -. y = x2 

0, + 6y) - -v (x + 6x)’ - x2 2X6X + (dx)2 

(x + 6x) - x 6 X  6 X  
= 2x + 6x - - - - 

Q P ,  6x + 0 2x+ 6x -+ 2x. 

2x.  

- x -. 6Y dY 

6X dx 
dY -v = x 2 ,  - = 2x. 
dx 
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dY 
- single entity d’s do not 
dx 

dY 
Example - y = ex2 c 

dx 

PQ 

P (x, cx2) Q (x + 6x, c(x + 

6y - c(x + - ex2 2cx(6x) + c(6x)2 
- = 2cx + c(6x) - - - - 

6x (x+6x) - x  6X 

dY 
dx 

6x -+ 0 by - = 2cx. 

dY y = -x2, - = -2x. 
dx 

Table 11.3 

f (X) Y X2 

2x 
f ’ ( x )  - dY 

dx 

f ‘(4 
dY 
- 
dx 

2a 

dY 
- =f ’ (x)  y =f(x)  increase x 
dx 

dY 
- =f’(x) y =f(x)  decrease x 
dx 

Exercise 11.1 

1 y = x3. 

~ 

X 0 1 2 3 4 5 

Y 0 1 8 27 64 125 

x = 2  = 3, 31. 
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x = 2, 2.1 2.2. 
2.11 2.21. 

x =  2.01 2.02 2.011 [2.01, 2.021. 

x = 2 + h + h).  If h -+ 0 

x = 

x, xo. x = xo? 

2 

(xo + h)' (xo + h)3 

(x, + h)4 (xo + h)5 

h h2 O(h2), 

(xo + h)", n 

4. by xo + h O(h2) 

(xO + h)"" zs xa(x0 + ( n  + 1)h). 

3 xo = 1 h = 0.01 

y = x6 [ 1 1.011. h = 0.00 1.  

x, = 

4 xo = 1 ,  2, 3 h = 0.001 

y = I/x 

1 

XO 

5 O(h2) (xg + h)-' - (1 - t). 
y = l/x [x,, xo + h] by 

x = xo, 

h + 

@ 6 
f ( x )  = 

= x = 0 0.5 
3 

x 
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7 = er x = 0 3. 

-k h, - f ( x )  h = 0.01, h = 0.001. 4 by e" 

do you 

h 

8 7 = by xJ' on 

h = 0.0 1. 4 

1 1  

3 2  
9 f ( x )  = x = -, -, 1, 2, 3. 

do you f ' (x)? Hint: 2 = 0.693 3 d.p. 

h 

10 

f ' (x )  

X 0.0 0.1 0.2 0.3 0.4 0.5 

.f'W .000 0.794 0.72.5 0.697 0.693 0.707 

you 

f ' (0.05) 0.11. 

1 1 D by 

~ ~ _ _ _ _  

t 1 2 3 4 5 

D 0.7 2.1 4.0 6.5 9.2 
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1 1.2 SIMPLE DIFFERENTIATION 

Example 

x, x2 

Table 1 1.4 

f (x ) ,  o r y  X .Y2 .Y3 x4 x5 

1 2x 4x3 5x4 
dY 

f ' (x ) ,  - 
dx 

x3, x4 x5. 

n 

x 

= xn = 

= x- ' .  

1 1 1 
= = - f (a )  = - f ( a  + h )  = ____ a ( a  + h).  

1 
As h + 0 ,  (a + h )  -+ a --. 

U 2  

a a = 0 
1 1 

X 
= - - - = 

xn. 
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Wc show in Chapter S of Murhenturic:v 111 Engmwrng uud Scrcwe that the formula 

n.f' I hold\ true when n i s  ii friiction. In f;ict we c;in qiiote thc following j iw curr red 

nimrhir ti .  

Wc quote three rules without proof that can be uscd gcncrallp. pnn*icki*d thc functions 

conccmcd can bc diffcrentiatcd. Hcref(.v) andg(x) arc two functions and x and /j are tso 

wal l lul l lhcn.  

I .  Scalar multiple: the dcrivalivc of ;I w;iI;ir multiple of ;i fiinction is that scalar 

2. Sum: thc dcrivativc of the sun1 of two functions is the win of  thcir derivatives. i.e. the 

multiplicd by thc dcrivativc of thc function. i.e. thc derivalivc of x J ( x )  is  t f ' ( . v ) .  

derivative of I ( s )  + g(s)  is /"(.r) 

3. Difference: the derivative of the diffcrcncc of two functions is the diffcrcncc of thcir 

dcrivatives. i.e. thc dcrivativc of-/'(s) - g(s) is./'(.v) - g'(s).  

~ ' ( s ) .  

Note that these three rules can bc covered by a single general rule: 

4. Linear combination: the deriv;itive of ;I linccir combinstion of two functions is the 

s;ime lineilr con1bin;ition of t k i r  dtrivativcs. i.c. thc tlcrivative of ?f(.r) + /ig(.v) is 

q ( . v )  + /jg'(.r). 

Puiting /I = 0 gives Rule 1 .  putling z = /i = I gives Rule 2 and putting x = 1. /I - - I 
give\ Rule 3. 

Note that when \ve use the term 'derivative' this mans  thc results are true for ii particular 

valuc. s = t i  say. If therc arc no restrictions on U then we should strictly replace 

'derivative' by 'dcrived function'. 

In  the altcmativc notation wc let I I  -,f(.v) and I'  - g(.v). Then the NICS become 
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Examples 1. 1.2) 1 .  

(a) x9 (b) x - ~  X1 l2  . x - ~ / ~  

5x7 ( t i  -2x3 4,115 -3x-3/4 

Solution 

n = 9 9xs. 

n = -6xP7. 

1 1 
n = - -x-'I2 

2 2 

n = - - - - x - ~ / ~ .  
2 2 

3 3 

5 x 7x6 = 35x6 (f) (-2) x 3x2. 

2. 2, 3 4 

x2 + 1 

x2 + 4x + 3 

x2 - x  

-2x3 + 4x2 + 3x - 5 

4x2 - 3x 

Solution 

2 2x + 0 = 2x. 

3 2x - 1.  

4(2x) - 3( 1) = 8x - 3. 

l(2x) + 4( 1 )  + 3(0) = 2x + 4 

-2(3x2) + 4(2x) + 3( 1) - 5(0) = -6x2 + 8x + 3. U 

you by 

axn + a,,- Ixn-' + . . + ao, a,, U,- 

n - 1 .  

n, 

. . . , a() a, 

Trigonometric functions 

1.6 y = A I. 

A' Z'. x 

on 
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Figure 11.6 Gradients of the sine function 

The value of the sccond function at A' is 1. which is thc value of the gradient on thc 
I 

2 
lirst graph at A: the gradient on thc lirst graph at B is -. which is the value of the second 

function at E.  I t  is clcar that thc gradient on thc first graph at c' is zero and this is the 
value on ihe .second graph at C.  and so on. From the periodic nature of the function 

/(x) = sins we niay also expect the gradients to bc periodic. e.g. the situation at I should 
bc identical to the situation at A. 

The lower graph looks very similar to y = COSS: in fact this is exactly what the curve 
is. Without proof we state thitt 

Siniilar consideration of the graph of]* = cosx leads to the following result 



11.2 SIMPLE DIFFERENTIATION 553 

We state without pmof two funher results. 

It would be instructive for you to verify the plausibility of results ( I  l 5 ) ,  (I 1.6) and (1  1.7) 

by consideration of the graphs concerned. 

Example A stone is thrown vertically upwards with initial speed 14. Its height above the point of 
projection at subsequent times I i s  given by 

I ,  
v = 111 - - g r  

2 

where g is thc acceleration due to gravity. Find its velocity at any time I and determine 

whcrc thc sped is ZCM. What do you conclude abu t  the motion of the stone at this time? 

I 
11 - 
R 

Flgwe 11.7 Height of a projectile with time 

The velocity is given by 

d\- I 

dr 2 
t -  = 2 = II - - g  x 21 = JI - gr (positive upwards) 
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11 
When I = -, the speed is zero. The stone is then at its highest point. Subsequently 

dr 

n?. S _ -  - i*  < 0. indicating that the stone i s  descending again. 

1 

2 
Figurc I 1.7 shows the graph of y against r. Note that y = 0 when itt - -g% = 0. i.e. 

211 
21rr - gr' = 0 or r(211 - gr) = 0. Therefore, y = 0 at r = 0 or at I = -, 

g 

I n  general. if il parabola c'rwws thc horizonial axis ai two distinct points then ils highest 

(or lowest) value is taken midway ktwccn rhc two crossing values. 

Scaled variables 

Consider the graphs of !* = sinx and = sin 2u in Figure 1 I &a) and (b) respectively. 

Bccausc ihc graph of y = sin 2r can be obtained from the graph of y = sinx by 

comprcssing it  horizonially by a factor of 2. the gradients on the graph of y = sin 2v are 
stccpcr. 

These ideas make plrrrsihlc. the following result 

X 

(a) (b) 

Figure 1 1.8 Scaling the sine function: (a) y = sin x and (b) y = sin 2 x  
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The factor c o s h  implies that the gradients repeat with the same periodicity as the 

function and the factor A- cmphasiscs the relative change in stccpncss of thc gradicnts. A 

formal justilication will be given i n  Chapter 5 of Mutircwrotics in Engineering ond 
Scirncr. 

Another uscful result which we state without pnwf is as follws. 

Examples I .  Scwton'h law of cooling states that the rate at which a 'hot' liquid c o d s  is directly 

proportional to the temperatun: differcncc bctwccn the liquid and the surrounding air. 
Write the mathcmatical equivalent of this law using 0 for the tcmpcmturc of the liquid 

at time t .  I], for thc tciripcrature o f  the air (assumed constant) ;md k as a constant of 

proportional i t y (assu mcd posit ivc ). 

Show that 0 -- 0, + ( ( I , ,  - O,)C-~' satisfies the equation you produce where Of, is the 
initial teniprraturrl of the liquid (i.c. the temperature at t = 0) .  (Note that the derived 

function of P-'' is (-kk-A'). 

Soliitioti 

The rite of change of knrpcriiture m i t h  time is -. The mtcinent 'is propnional to' 

means 'is equal to ii c o i ~ ~ t a n i  tiiiirs' and the temperature difference is (I) - 0,) .  We cannot 

do 

dt 

do 

lit 
equate - and k ( I I  - 0 , )  hecause k ( 0  - 0,) is positive since A- > 0 and 0 > 0, for the 

do 

(it 
liquid to cool. If - > 0 then I )  incrc.clst.s with time. which is clcarly wrong. We require 

1irr cilr 
- -= 0. so we write - = -X.(tr - 0,).  which is the required ryuation. ( In  Chapter I I of 
(It dt 
.\lu/hentutics k Etrgiticwing utrd Scirtrc~* we see how to solve this equation. For the 

moment. wc take the given 'wlution' and verify that i t  does satisfy the equation.) 

Using the given derived function of c-' we apply Rule I so that 
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8, by 2 

13 - 8, = (13, - 13,)e-~‘ 

d8 

dt 
- = -k (8  - OS), t = 0, 

8 = 8,s + (8, - 8,) x 1 = 8, t -+ 00, e-kt + 0 8 -+ 13, 

2. 

Solution 

-k (8 ,  - %,), by 8 = 8, -. 
dQ 

dt 

dO 1 

dt 2 
- = --k(OO - 0,) 

1 

2 

1 

2 

-k(B - 13,s) = - k(8, - O,y) 

8 - 8,s = - 

kt = 

1 
t = 

k 

kf’(/oc). 
4x 4x) = 4x. 

you 
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Table 11.5 

f ( x )  f ' (x )  

C, 

X" 

x 

x 

x 

e' 

> 0 

kx 

kx 

kx 

eh 

0 
nxri - 1 

x 

- 

t?' 

l / x  
k kx 

kx 
kx) 

d .  

dx 
kx = + lnx k 

Examples 1. y = k > 0 , x  > 0 - by y 

= 0 + - = -. 
dY 1 1  

x x  dx 

dY 2. y = ( x  + b)2 - by on 
dx 

y = (x  + b)3. 

y = (x + b)' = x2 + 2bx + b2 

- '' = 2x + 2b = 2(x + b).  
dx 

y = (x + b)3 = x3 + 3bx2 + 3b2x + b3 

- dy = 3x2 + 6bx + 3b2 = 3 ( 2  + 2bx + b2) = 3(x + b)'. 
dx 

5 Mathematics in Engineering and Science y = (x + b)" 

dY 
- = n(x + b)n-l. 
dx 
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3. y = (ax + b)' y = (ax + b)3,  

Solution 

y = (ax + b)' = a2x2 + 2abx + b2 

2 = 2a2x + 2ab = 2a(ax + b)  
dx 

y = (ax + b)3 = a3x3 + 3a2bx2 + 3ab2 + b3 

2 = 3a3x2 + 6a2bx + 3ab2 
dx 

= 3a(a2x2 + 2abx + b2x2) 

= 3a(ax + b)' 

dY 
y = (ax + b)" - = na(ax + b)"-' 

dx 

Exercise 1 1.2 

1 
1 

x3 x5 7 

2 x x: 

3x2 

2x3 - 7x2 + 5 

I 
x + -  

X 

5 

X 

-4x2 

x2 - 7x (0 

3 
- - 4x 
X 

8x3 

5x2 + 6 

3x - 5 

3(2x - 3x2) 

3 + 6~ - 8x2 

x3 
- - 4x2 + 3x 
2 

2 
4x3 - - 

X 
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3 

4 

5 

dY y = x2 - 5x + 4. - 
dx 

2 = 

x2 - 5x + 4 = 

dx 

y = (x + 3)(x - 2)(x - 

- 

y = 0. 

- = 0 x. y x 

on 

dx 

dY 
dx 

v s- I )  

v = -, s t (s). If s = 3t - t3(t > 

ZI t = 0.5. 

ds 

dt 

1 

2 
A s = -g t2 ,  s 

t g 

A 

on 
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7 

8 

9 

10 

x: 

(= 2 1nxk 

e. 

(x + l)(x - l)(x - 

1Ox 

(8 + e-")(e" - 3e-') 

x + x) 

y = + bx + c *= 0. 
dx 

A f ( x )  = ax3 + bx2 + cx + d 
as y =f(x)  

dY x. - by a, b c 
dx 
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dY dY 

dY SY 

1 1 * y = 1x1 - x - 
dx dx 

x = 

y = ~1x1,  - = 21x1 (x  # - 6x -+ 0 

y - 
dx 

dx 6 X  

dY 

12* A up A B 
A B 

of 
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1 1.3 TANGENTS AND STATIONARY POINTS 

dY 

dx 
- y =f(x)  

( x , , y l )  on 

y - = m(x - x l )  

rn 
normal a 

11.9. 

X 

Figure 11.9 Tangent and normal to a curve 

Examples 1. y = x2 - 4x + 3 x = 0 

x = 4. 

Solution 

dY dY 
- = 2x - 4. x = 0 , y  = 3 - = -4. 

y - 3 = (-4)(x - 0), 
dx dx 

y - 3 = - 4 x  y = - 4 x + 3  

- 1  1 

-4 4 
- = -; 

1 1 

4 4 
y - 3 = - ( x - O )  y = - x + 3  

x = 4,y = 3 2 = 4. 
dx 

y - 3  = 4 ( x - 4 )  i . e . y = 4 x -  13 
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1 

4 
-- 

1 1 

4 4 

13 

x = 2 , y  = -5,  

-5) .  

1 1 

4 4 

1 1 

4 2 
x = 2 , y  = - - x 2 + 4 = 3 -. is 

1 1.1 

1 
2. - y = -. on 

dx x 

on 

1 
Figure 11.10 Tangents and normals for (a) x2 - 4x + 3 and (b) y = - 

X 



sbrl DIRERE" 

Solution 

~n the curve. e=--  he gradient of the m a l  at (xl.yl) is  therefore 

-I/($) = 4. m e  equation of the normal isy -yI = ~ f ( x  - X I ) .  

1 
But y, = - so that 

XI 

dr 9' 

If this line passes through the origin then 

I 

XI 

0 - - = G(0 -x,) 

- -= -d  I 
i.e. 

XI 

or x: = I .  

Hcnccx, = 1 or - 1  and thc two points are ( I .  1)  and ( -1 .  - I ) .  

The gradient is never zero but approaches zero as x takes increasingly large values, 
positive or negative: see Figure I l . lqb) .  

Horizontal tangents 

Consider thc function y = f - 4x t 3 shown in Figure 1 l . lqa) .  We saw that 

3 = 2x - 4. When x < 2. - < 0 and the function is decreasing; when x > 2.  - > 0 

and the function is increasing. At x = 2.  - = 0 and the function is slatlonaq. 

dY g 
dr dx dr 

dr 
We can generalise these results to the following slatcrnents using h e  aher notation. 
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Examples 

- stationary 

point. 

1 

x 
7.26 y = 

f ( x )  = = ___ > 0, x. 

1 - 1  

X x2 
2. f ( x )  = - no = - on 

f ( x )  1 1 . 1  

3. f ( x )  = x3 - 3x , f ’ (x) = 3x2 - 3 

x = I , y  = - 3 = x = -1,y = ( - 1 ) -  3 + 3 = 2. 

A = (- 1 ,  B = ( 1, 

1 1.1  1 

Y 

A 

-2 

2 

B 

Y 

-i 
____c 

X 

Figure 11.1 1 Gradients on the curve f ( x )  = x3 - 3x 
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Types of stationary point 

Thc graph in Figurc I I . I  I is typical of a cubic function with a positivc cocfficicnt for Ir'. 
The feature at .4 is a lcwul muriwirmi: the function is at its highest in /he neighburrrhocd. it 

does rake higher \dues for large positive x. in fact for .Y > 2. The feature at R i s  a bcnl  

ntininirmi: thc function is at its lowest in /lie neighhoirrlitmt it does take lower values for 

large negative x. in fact for x < -2. 
We make a formal definition as follows. 

Local minima and local maxima arc both cxanipleb of stationary points. but thcrc is a 

third kind. Consider the function / ( x )  = x3. whose graph is depicted in Figure 1 1.13. 

Now /.'(.r) = 3.G. and for almost every value of .r.f'(.r) > 0. showing that /(x) is 

increasing. At s = 0. howcvcr. .j'(s) = 0 and thc function is stationary therc. Yet this 

point is clearly ncithcr a local minimum nor a local maximum. 

If  you imaginc driving along the curve from ncpativc values of .r to positive values. i.e. 

in a gencral left-to-right direction. then at x = 0 thc wnsc of bcnding would change from 

clockwisc to anticlwkwisc. 

The point of change in  thc scnw of bcnding is called a horizontal point of inflection. 
(Sollie older h ~ k s  c;dl i l  it p i n /  f!1'(.c)n/T(!ll~..riI~~ to tlnphilGw the change.) 

At a local niaximum the scnse of bending is clockwise, at a local minimum it is 

anliclockwise. Local maxima and minima arc points at which thc function changes from 
decreasing to increasing or vice versii: in oiher words. the derivative changes sign. They 

Figure 11.12 Graph of the function f ( x )  = x 3  
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turning points 

Testing for stationary points 

A 

1 1.6 

x = a. 

Examples 1. y = x4 - 6x2 + 8x + 9. 

Solution 

dY 
- = 4x3 - 12x + 8 = 4(x3 - 3x + 2)  = 4(x - 1)2(x + 2). 
dx 

x = 1 x = -2. 

dY - might x = -2 x = 1 .  

x 1, 

1. 

dx 

Table 11.6 

-U 
0 

+A 

-Y 

+ 

- 
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dx 

- x = -3 ,  0,2. 
dx 

x = -3 ,  - = < 0. 

x = 0, 9 = > 0. 
dx 

x = 2, 2 = > 0. 
dx 

x = 

x = 1. 11.13. 

Y 

1 X 

Figure 11.13 Graph of y = x4 - 6x2 + 8x + 9 

2. = 

Solution 

= = 0 = 0, 

n 3n 5n 
2 2 2 

n n 
x = - - x = - x = 0 

f ’ ( 0 )  = 1 > 0. x = - 
n 2 2 

2 n 

= 2’ 
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n 3n 
x = x = I x = n 

L L 
n 

f ’ ( n )  = < 0. x = - 
2 

3n 

2 
x=-.  

n 
x = -, 

local maximum. x = 2n, f l (x)  = 1 > 0, 

x = -, local minimum. 

- 1, of 1. 1 1.14 

y = sinx 

2 

3n 

2 

Figure 1 1.14 Graph of y = sin x 

4 
3. = x + -. 

X 

4 x 2 - 4  
f ’ ( x )  = 1 - - = - 

x2 x2 * 

= 0 x2 - 4 = 0, x = f 2 .  

x = -4, 1 4 

might 

4 4 

16 16 
= 1 - - > 0, = 1 - 4 < 0, f ’ (4 )  = 1 - - > 0. 

x = -2,y = -2 - 2 = -4, x = 2,y = 4. a 

( - 2, - 

1 1.15. 

y = x y = -x asymptotes 

x y x = 0, 

by 
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/ A 

Y A  
\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 
\ y = - x  

\ 

4 
Figure 11.15 Graph of y = x + -  

X 

Special cases 

f ( x )  = 1x1 no x = 0 

local global 

extrema, extremum. 

1 1.16 P Q, 

5 x 5 b x = b. 

f ( x )  = 2 x = 0, 
1 5 x 5 3, x = 1 ; 1 

Figure 1 1.16 Local and global maxima and minima 
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Example 

Y 

3 x  I '  

Figure 1 1.1 7 Graphs of (a) y = x2 and (b) y = tan x 

n 
y = 0 5 x 5 - 

x = 0 x = -. 0 5 x 5 n 
.n 4 

4 

do 

1 
f ( x )  = 

[(x - + 1012 * 

(x - + 10 x = 10 
1 
- 
100' 

1 
Figure 11.18 Graph of y = 

[ (x - 4)* + 
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- + 10 no 

x by -. 

x2, 

1 

1.18. 

Exercise 1 1.3 

1 

5 

y = 3 + 5x x = 2 y = 2 = 0 

, y = x3, y = - 
2 

1 n 
y = ___ x = - 1  (f) y = 

x2 ’ 

1. 

y = y = 

1 

2 
on y = --? 

y = x2 - 8x + 12 

on 

4 
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8. 6 y = x2 + 3x + 1. 

P ,  5).  

P2 on 

5) .  

P ,  

Pz 

on 

7 y = x2 + x  + k x = 1 

3. k. 

8* y + 4x = k y = 1 /x P 

on P k. 

y + 4x = -k  P', P 

9" A y = rnx y = x = a 

5.n 
x = -. 

2 
rn. 

a CI = a. 
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1 
10. = f i  - - , x > 0 > 0 x > 0 

f i  

1 1.4 SECOND DERIVATIVES AND STATIONARY POINTS 

second derivative by 

L. 
dx2 

d2Y 

Example f ( x )  = x6, y = y = 5 - 3 

f ’ (x )  = 6x5 = 6(5x4) = 30x4 

dY d2y d 

dx dx2 dx 
- = - = = - 

cl’y = 5 cosx - sinx) = 5 + 3 
dx 

= -5 + 3 
dx2 

d2Y 
- = -y. 
d X 2  
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Geometrical interpretation of the second derivative 

d2 v = - 
dx2 

f ( x )  = x2 = 2x f”(x> = 2 

= = = 

y = x2 increasing 

- > 0. 
dx2 

1 y = -x2 decreasing 

- < 0. 
dx2 
y = x2 concave upwards y = -x2 

concave downwards. 

Y = 

- > 0. 
dx2 

d2 v 

dx2 
L- < 0. 

__ = 
dx2 

Y Y 

X I 

Figure 11.19 Graphs of (a) y = x2 and (b) y = -x2 
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Points of inflection 

dY 

dx 
y = x3 y = x3 - 3x 11.20. y = x3 - = 3x2 

dLY 
- = 6x. 
dx2 

Y Y 

(a) 

Figure 11.20 Graphs of (a) y = x3 and (b) y = x3 - 3x 

d2Y d2Y 
x < 0, - -= 0 x > 0, - > 0 

dx2 .? dx2 
d'Y 
dx2 

x = 0, - = 0 

x = 0 by 

- 
d2Y 

dx2 
y = x3 - 3x x < 0 

x > 0. 

*= 3x2 - 3 
- d2Y 

dx dx2 = 6x 

d2Y 
- = 0 x = 0 

x = 0 point of inflection. 
dx2 

d2Y 
- = 0 
dx2 

y = x4 11.21. 

d 3 = -(4x3) = 1 2 2 ,  x = 0. 
dx2 dx 
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Flgure 1121 Graph of y = xd 

Wc can bax a test for stationary points and points of inflection on the second 
derivative as follows. 

Example Locate the points of inflcction on thc following curves: 

(a) J' = 2 - xz 
(c) ,Y = 3x4 - &$ + 62 + 2 4 ~  

(b) y = sinx 

(d) y = e-' 

1 
he point of inflection occurs when x = T ,  

J 

6, d2y d'v 

CLr dr- dr' 
(b) - = cosx. = - sinx. When x is a mulriplc of K thcn 2 = 0 but cosx = 1 or - 1 

at such points. hence the points of inflection occur infinitely often. sandwiched 
between the alternate local maxima and minima. Refer to a graph of y = sinx. 

4' 

z= 

(c) - = 122 - 2 4 2  + 12x + 24. 
dx 

dzY 
3 6 j  - 48r + 12 = l2(32 - 4.r + I )  = l2(3.r - I)(% - 1). 
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Examples 

d2Y dY I d2y dY 7 
dx2 dx 3 ’ dx2 dx 9 

1 
are x = 1 x = -. 

3 

dY d2Y 
- = -e-’, 3 = +e-“ __ no 
dx dx2 dx2 
on W 

on 

on on 

x, 
do 

on on 

1. by 

11.22. 

So lu t io rz 

x by y xy 

xy= 400 y =  

800 
by p = 2x + 2y. y = p = 2x + -. 

X 

800 d2p - 1600 
dx X2 dx2 - x3 

dP 800 
dx X2 
- = 0 2 - - = 0, x2 = x = 20. 

y = - = 20, p = 80 __ > 0 400 d’P 
X dx2 

p. 

2. by = 3t + 3t. 
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(a) (b) 

Figure 11.22 Diagrams to show the rectangular plot land 

Solution 

ds d2s 
- = 3 3t - 3 3t, - = 3(-3 t )  - 3(3 3 t )  = 3t - 9 3t 
dt dt2 

d2s dt2 = - (3)  

ds 

dt 
- = 0 3cos3t  - 3s in3t  = 0 

3t = 3t 3t = 1.  

n 57c 9n n 5n 972. 

4 4  4 12 ’ 12 
3t = -, - , -, t = - - -, 

n d2s 1 1 

dt2 J2 1/z 
3t = -  -= x x - < 0. 

n 1 1 2  5n 
t = -, -, --, s __ + - = - = A. At t = -, 

13n 21n 1 1  
s - 

12 ’ 

12 12 12 12 

_ _ _ _ _ _  
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s 

3. A firm p 

x by 

2 

x =  (1> . 

C by 

C = 5(x + 
x 

p 

Solution 

8100 
R x R = x p .  x = - 

P2 

= R = 

8100 
R x R = x p .  x = - 

n2 r 

= R = 

P = - = R - C 

= - 5(x + 24) = - 5x - 120. 

dP 

dx 
- 

45 d2 P 

dx2 
= 9, x = 8 1. At x, - < 0, 

90 90 
x =  81,p =- = - = 10 

9 
I ,  

P = - 5(81) - 120 = 285. 
&285 000 8 100 

100 
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Exercise 11.4 

1 

x, 

x2 - 8x 7x - x2 3x2 + 4x 

1 -x’ (x - - (0 (x + 2)(x - 5 )  

(8) 7 + 5x - 2X2. 

2 
x 

x2(x - x(x2 - 

(x + - 1 )’ 

x2 + 2x. 

(0 ( 1  + x)2(2 - x) 

3 = (x - l)(x - 2)/x you 

by x = 

4 by 

5 A 8 5 
box. 

6 A 

2t3 9t2 
s = - - __ + 

3 2  

s t (s). 

velocity. 
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7 

m 8  

9 

10 

1 1  

12 

13 

A 
1 

s = ut - -gt2 s U 
2 

s-I) g 

dS 

dt 
s U = - t = 0. 

A 

10 s ~ I .  

g 10 s - - ~ )  

x2 - 4x - 1 
= no x > 0. 

f 

2x(x - 1 )  x <  

- - x 3 1 
= { 

on 

= x3 + + bx + c x = 

x = -, a, b, c. 
2 

3 

W by 
400 

'U I by W = 25v2 + --. 
'U2 

W 'U 'U = 4. 
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14* 10 A 9 A.  

6kph. 

t x x' = 72t2 - 228t + 1 .  

by t x7 

15* 

.Y2 .Y' 4 f? 

(t) x - (g) x3 + 3x' + 6,u + 1 1  

16" x > 0. 

A 

0 

\ 

ABCO 

= e-', x > 0, 
d 

(1.Y 
= (.U - 

17 

x7 (c) ( 5 )  

.uh - 19x' + 26.u' - 5x3 + 3x2 - 1 l x +  1 

( c )  As (f) x / 3  ( 5 )  
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18 e-', do you 

19 

20 xk 

k 

do you 

k 

21* f ( x )  = 1 + (x - f k ) (  = 0, k 5 3. x = 1 + E ,  

I by x = 1 

x = 1. 



SUMMARY 

0 Differentiation of a function: a functionf(x) is differentiated to give the 

derived functionfl(x). The valuefl(a) is the derivative off(x) at x = a. The 

derivative measures the instantaneous rate of change of the function. 

f (a  + 4 -m 
h 

f ’ (a)  = Iim’ 
11-0 

0 Linear combination: 

dY 
0 Gradient of the curve: y =J(.Y) has gradient - =.f’(x). 

0 Increasing and decreasing: are properties of a functionf(x) revealed by 

its derivative. 

dr 

0 There is a local minimum at x = a if.f‘(x) < 0 for .Y < a andf’(.r) > 0 for 

x > a. 

0 There is a local maximum at x = a iff’(x) > 0 for x < a andf’(x) c 0 for 

x > a. 

0 There is a point of inflection at x = a iff’(x) has the same sign on both 

sides of a stationary point. 

0 The second derivative of a function is the derivative of the first derivative, 
d -!-v 

writtenf”(x) or - 
dr2‘ 

0 ,Second derivative test for a stationary point at x = a 

Iff”(a) > 0 the point is a local minimum 

Iff”(a) < 0 the point is a local maximum 

If f”(a) = 0 we need hrther investigation 



0 

0 Some derived functions 

Point of inflection: if ./"'(a) = 0 thcn whcn f ' ( a )  # 0 the function has a 

point of inflcction at s = ( I :  iff"(a) = 0 we nccd to invcstigatc further. 
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Answers 

Exercise 1 I .I  

0 1 2  3 4 5 

v 0 1  8 27 64 125 

1 7  19 37 61 

1 

x 2 2.1 2.2 

I' x 9.26 1 

12.6 1 13.87 

10.648 

2.00 2.0 1 2.02 

V 8 8.120 60 1 8.242 408 

1 2.060 1 12.1807 

(d) = 12 + 6h + h2 + 12 h + 0 

At x = xo, = 3 4  + 3xoh + h2 -+ 3xi as h + 0 

2 xi + 2xoh + h2 % xi + 2xoh 

xi  + 3xih + 3x0h2 + h3 % x i  + 3xih 

xi  + 4xih + 6xih2 + 4xoh3 + h4 % xi + 4xih 

(xg + h)" % X I  + nxE-'h = x3-'(x0 + nh) (c) 

3 (h  = 0.01) = 6.152(3 d.p.) 

(h = 0.001) = 6.015 ( 3  d.p.) 

6 

4 
X 1 2 3 

1 /x 1 .000 0.500 0.333 

d.p.) - 0.990 1 - 0.2488 107 

- 1  - 1  
5 = ; = - 

X o ( X 0  + h )  
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X 0.0 0.1 0.2 0.3 0.4 0.5 
6 

x 0.000 0.100 0.199 0.296 0.389 0.479 

1 0.99 0.97 0.93 0.90 

x 1 0.99 0.97 0.94 0.90 

7 x  0 1 2 3 h 

c' 1.000 2.718 7.389 20.09 

1.005 2.732 7.426 20.19 0.01 

1.005 1.005 1.005 1.005 0.01 

1.001 2.719 7.393 20.10 0.001 

1.001 1.001 1.001 1.001 0.001 

h 1.0005, 1.001. 

--+ 1 h -+ 0 h = 
1 
- x 
2 

0 1 2 3 
8 

1 2 4 8 

0.696 1.391 2.782 5.564 

0.696 0.696 0.696 0.696 

2 0.695 555 = f ' ( x )  = 
2: 0.693. 

0.333 0.500 1.000 2.000 3.000 
9 

x - 1.098 0 0.693 1.098 

2.96 1.98 1.00 0.50 0.33 
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9 (4 

10 

y = l n x  

‘ I  

’ 1  (a) t 1 2 3 4 5 

S(kph) 42 84 114 150 162 

(4 

= 1 10.4 kph. 

1 ‘ 2  3 4  5 r 
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Exercise 11.2 

1 3x2 5x4 

2 (a) 6x - 8x (c) 24x2 

2x - 7 (0 1ox (8) 6x2 + 5 

3 c i )  - 4  (k) 5+10x 

6x+5 8x - 7 (0) 6 - 1 6 ~  

3 

3x2 1 
15x2 + 8  2- 8 ~ + 3  (s) 1 -- 

X2 

18x 
2 

- - - 4 (U) 12x2 +- (v) --- 
X2 X2 X2 

= 4) 
dx 

L 

3x2 - 6x 

(1) 6 - 1 8 ~  

6x2 - 1 4 ~  

- ” = 0 -2.25) is 
dx 
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4 
t 

Y 

y = x 3 - 4  

2 = 3 2  - 8x - 11 = (3x - 1 + 
dx 

dy = 40 = 15 24 ( 5 ,  
dx 
- 

dy = 0 (- 1, 

5 1 

6 44.3 25 

1 + (c) 1 -:) 
2 f i  

7 + 

(j) 10 cos 10x (k) (1) 2e2X + 
(m) sec2x 
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10 b2 > 3ac; 

+1 

- 1  

12 

(a) 

1 

50 
y - 1 = - ( x  - 

Right y - 1 = --(x - 2) 

y = - (-x2 + 3x + 48) 

1 

50 

50 

7 
y =  - x * = x p 1  

Exercise 11.3 

1 y = x + 7 , x + y =  11 

y = 2,x = 0 

y = x 2 = x  I I  x 
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(c) y = 3 x + 2 , 3 y + x + 4 = 0  

(d) x+y=21/2 ,y=x  

(e)  x + y + 3  = O , y = x -  1 

f i n  +- x f i  n y  (9 y = - + - - -  -+x=--- 
2 2 6 ’ 2  4 3  

2 

5 

4 y f 4 x  = 8 

4y = x - 2 

y = - 24 

\ x + y -  1 = 0 is the 

-8) 

(4, 
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1 
6 5, - (1 ,  

3 

( -  3, - ( 

8.788 

7 2 + 1 

8 P ). 

> 0 x > x + y  = 1. 

Exercise 11.4 

1 4 

0 

5 
(8) -. 

4 

2 1 

7 
- 
2 

2, 0 

5 
- 
2 

1 1 
--, 1 ,  - 

3 3 

2 
-- 

3 
3 

(f) - 
2 

0, 4, 2 

20 13 
2, -, - 

J J 

(f) - 1, 1, 0 

(g) 3 - 1 
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4 

5 
1 

6 (a) 73 

c 
( t  = 5 )  

8 5 1.1 1 s 

9 
1 

f ’ (x)  = x + - > 0 x > 0. = 0 

10 -@,;a), 3 9  3 ;a), 

- 1  - 

- 

I 

1 1  

12 

13 187.5 200 
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14 

15 

16 

17 

18 

19 

20 

1 h 35 ( = 0.707 

up 

up (g) 

- cosx 840x3 
24 
- 
x5 

d2 
-(e-") = e-'; 
dx2 

x, - x, - x, x, . . .; 

k(k - . . (k  - n + 1)xkPn n 

= 0 k + 1 

21 



12 INTEGRATION 



Integration is a vcrsatilc tool in applicd mathcmatics. It can bc rcgardcd as 

the reverse of differentiation; for example. we can find the distance 

travelled by an object knowing its speed at every instant during the 

journey. To find the  position of the object. we would need to know where 

i t  started from. On the other hand. integration can be applied to finding 

plane areas. volumes of non-regular solids. the location of centres of 

gravity and the mean value of a function over a given interval. The link 

between thc two types of application is provided by a powerful theorem: 

the fundamental theorem of calculus. 

OBJECTIVES 

After working through this chapter you should be able to 

understand thc distinction bctwccn indefinite and definite integration 

obtain the indefinite integrals of simple functions by rcvcrsing differ- 

entiation 

use definite integration to find the area under a given curve 

deal with cases where the area crosses the horizontal axis 

apprcciatc the importance of the fundamental theorem of calculus 

calculate the mean value of a function over a specified interval 

calculate the root-mean-square value of a function over a specified interval 

find the volume of a solid of revolution by integration 

calculatc the moment of an area about either axis 

find the position of the centre of gravity of a plane area 

use the trapezium rule to find the approxiniate value of a definite integral 
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12.1 REVERSING DIFFERENTIATION 

Example = 2x 

on one f ( x )  = x2. 

f ( x )  = x2 + -, f ( x )  = x2 - 3 f ( x )  = x2 - 4.7. 

= 2x 0. 

all = x2 + C C arbitrary constant, 

constant of integration. 

1 

2 

rn dY 
- = 2x y = x2 + C. 
dx 

dY 
- = 2x family solution curves 

y = x2 + C 

no 

x-y on 

dx 

Y 

-1  

Y 

+ 

X 
x = U 

(4 

Figure 12.1 The family of curves y = x2 + C 
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Example 

12.1 x, x = a ,  on 

2a. 

x = 0 , y  = 3, 

y = x2 + 3 the 

indefinite integration. 

primitive, indefinite integral, 

F(x) .  

= 2x, F(x)  = x2, F(x )  = x2 - -, F(x )  = x2 + 3. 
1 

2 

A U .  t 

by 

y t g 

Solution 

dY 1 
A y - = U - gt y = ut - -gt2,  so 

dt 2 
1 

2 
y = ut - -gt2 + C 

t = 0 , y  = 0 

= 0 the 

1 

2 
y = ut - -gt2. 

Notation 

on 

2x x2 + C 

2x dx = x2 + C. .) 



12.1 REVERSING DIFFERENTIATION 601 

The left-hand-side is read as 'the integral of 2.r (with respect to XI'. 

The syiiibol J' is ;i corruption of S (for SLIIII. ;IS we Shiill we i n  the next section). 

You should r c g d  i t  and d v  as fomiing pan of a package into which a function is 

placed. i.e. s( ) c h .  where the formula for the function replaces the brackets. The function 

kiiip integrated is known as the integrand. Note that .r is the vnriahle ~ w d  to 

convey information about the proccss of integration. OIher letters could be used. 

Hence 

To allow us to integrate a range of functions we make uw of rules similar to those in 

In thc following.,/(.r) and g(s) arc two functions and x and /I are two rcal numbcrs. 

I .  Scalar multiple: the intcgral of a scalar multiple of a function is that scalar multiplicd 

by the integral of the function. 

Chapter I1 and apply P i i t I s  of Tilhle I I .S i n  reverse. 

2.  Sum: the integrd of the sun1 of two functions is the sum of their intcgrds. 

3.  Difference: the integral of the difference of two functions is the diffcrunce of their 

in[cgr.ils. 

4. Linear combination: the integral of a linear combination of two functions is thc same 

We have used the tcnn 'integral' to mean 'indefinite integral'. 

linear combination of their intcgrals. 

These rules may bc summarised as follows. 

In the following tahlc we haw denoted the constant of intcpration by C'. NOW thc use of 

1.11 in the integral of . This is bccause thc In function requirus a pcisitivc numbcr as input. 
1 

.Y 
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Table 12.1 

Examples 1 

f (s)  J, f (x)dx 

0 

1 

2x 

Xy”, n # - 1 

x 

P‘- 

kx 

kx 

e“ 

C 

x? +c 
p+ 1 

+ 
- + c 
I?‘- + c 

+ C  

I .Y( + C 

1 
- kx + C 
k 

- - c o s h  + c 1 

k 

+ c 
k 

y 

- = 5x4 
4 1  
- = 2x3 - 3x2 + 2 

dY 

dx dx 

dY 2 
- = - 
dx x3 

dv 3 

dx x4 
= 3x2 +--. 

Solution 

1 

X 2  
+c=--+c 

dY 3x3 3x-3 1 

dx 3 ( -3)  x3 
- = 3x2 + 2 + 3 ~ - ~  Y = - + 2x + - + C = x3 + 2x - - + C 

2. x: 

5 
x2 + 2x3 + 3 + - 

X2 

(e2.‘ + ,-’-‘). 

x3 

1 
2 3x + 5 2x 
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Solirtion 

l x3dx  = + C 

Ij12 +2x3 + 3 -  dx = x2dx+2 x3dx+3 1 d ~ +  5 xP2dx 

x4 

5 ) . l  I I I 
dy3 2x4 5x- ’ 

= -+--+3x+--+c 
3 4  ( -1)  

x3 1 5 
= -+-x4 +3x  - -+  c 

3 2  

( 2  cos 3x + 5 2x)dx = 2 cos 3x dx + 5 2x dx s I 

one ‘ + 

‘+ 

I t  by 

Exercise 12.1 

1 

5x2 
19 

-- 
X 
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(x -  
(i) -- 

x3 

2 1 by 

x3j2 &<. - I)(x - 

( 6 ~ ~ ' ~  - 1 - 2/x) 

{(x - 5) (x  - 6 )  + (x - 2 ) 2 ( x  - 

(x - 1)'(x - + - 3)2 (x  - 

x5/4 

(f) ( x 7 / 2  - x2/11)(x19/6 - x 3 / 7 ) *  

3 

be" 1 + 15e2X 

l l / x  a ax + b bx a, b 

4 f i  + C 

5 3" = 

6* S(x" + xh)(xC + xd)dx a, b, c,  d 
on 

7* 

8 

J((x - a)(x - b) + (x - c ) ~ ( x  + d) f i )dx a, b, c, d 

2 

5 
f i ( x  + a)dx = - x ~ / ~ ( x  + + C a. 
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12.2 DEFINITE INTEGRATION AND AREA 

y = x, 

.Y = a x = b, 

ABDC = OBD - OAC 

1 1 
- 0 B  x BD - - 0 A  x AC 
2 2 

1 1 

2 2 
1 -b x b - - a  x a 

1 1 

2 2  

1 

2 

= - b2 - -a2 = F(b)  - F ( a )  

F(x)  = -x2 

1 

2 
F’(x)  = x. a = 0, - b2. 

by 

v = U + at, U t = 

U = U + at, t = t ,  t = t2 

by t ,  t2. 

AC = U + at, BD = U 3- at2. ABDC by 

y t  / V = X  

h 

Y 

X = N  x = h  

D / v =  u+ut  

Figure 12.2 Area under a straight line graph 
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1 

2 
ABDC = - { ( U  + at,) + (U  + at,)} x (t ,  - t , )  

a 
= u(t, - t , )  + - ( t i  2 

= (ut2 + i t ; )  - (U, ,  + i t : )  

- c?) 

= W 2 )  - W , )  

1 

2 
F( t )  = ut + - at2 

F’(t) = u + at = U. t ,  = 0, 

ut, + -at;. t 3 0 ut + -at2 = F(t ) .  

y = x2, 
x = a x = b; 12.3. 

could on estimate by 

estimating 

a = 0. 

x = 0 x = b OPQR; 
OR x QR = b x b2 = b3. 0 < < b3. 

h 
x = -. 

2 

1 1 

2 2 

Y Y 

I a X 0 

h 2  

(b) 

Figure 12.3 Area under the curve y = x2 



12.2 DEFINE INTEGRATION AND AREA 607 

Thc area we want has a value greater than the arca of the rectangle I . f lVR and less than 

the sum of the areas of OSTII' and II'UQR. i.e. 

h h ' h  
x (f)'< Area < x (f) = 2 - x h: 

h3 5b3 
- < Arca < - 
8 8 

Notice that the overestimate of thc area has clecnwsrcl (because w have omittccl the 
rectangle SPUO and the underestimate of the area has kc-reusd (bccaux \vc havc 

included the rectangle IfTjW. 

Figure 12.4 shows the process continuing with the intend 0 5 s 5 h divided into 4 

strips of width h/4 and 8 strips of width h/8.  The suni of the areas of the shaded 

rectangles represents the difference between the values of the overestimate and the 

underestimate in each case. 
The table on the next papc shows the results as the nuniber of strips incrcascs over the 

interval 0 5 x 5 h. Results arc quoted to 5d.p. As the number of strips increascs and 

therefore their width dccrcascs, the underestimate and the ovcrestiii~atc get closzr 
together. To what value arc they converging? 

Question 3 in Exercise 12.2 shows that for 11 strips. of width -. the underestimate and 

the overestimate are given rcspu-ti\vAy by 

h 

I1 

Figure 12.4 Improving the accurocy of area estimates 
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As y1 

- A) + 2. 

1 

Table 12.2 

y1 

1 

2 

4 

8 

16 

32 

64 

128 

256 

0 

0.125 

0.2 18 75 

0.273 44 

0.283 20 

0.317 87 

0.325 56 

0.329 44 

0.331 39 

0.625 

0.468 75 

0.398 44 

0.365 23 

0.349 12 

0.341 19 
0.337 25 

0.335 29 

b3 b3 
1 x 2 x - - 

6 

b3 a3 
- - -. 
2 2  
J J  

y = x3, 
b4 a4 

4 4  
x = a x = b - - -. 

Fundamental theorem of calculus 

by 
b5 a5 x5 

= x4 - - -, - 

5 5  5 
x4. 
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Table 12.3 

t -  

a a  

a 3  

3 
t -  .- 

In  general. for a function j (s) .  when the underestimates and thc overestimates of area 

converge to the same taluc as the number of strips increases. the value to which they 

converge i \  called IIK definite integral off(.r) from v = ( I  to .r = h. We oftcn call it 'the 

integral of f ( x )  from ( I  to h'. 

In each case i n  the above table the detinitc integral could bc cxpreswd in the form 

F ( h J  - F(u) Hherc F ' h )  =.l'(.r). i.e. F ( r )  is an indefinite integral of f(.v). Which 

indefinite integral is choxcn dws not matter. 

For example. with the function f(sL =A' we have chosen F(.v) = then 
s' 

3 '  h! U' .I ' 
3 3  3 

F(h)  - F(u) = - - --; if u'e had chown F(x) = - + 2 then 

s 
Whatever constant we ;idd to - will c;inccl o u t  in this wag: therefore we choose F(s) 

without a con\rant of integration. 

Bccausc of thc link hciwccn the area and thc primitive we write the definite intcpral o f  

/'(.v) from s - U to  s - h as 

3 

I (.vki.v. L. 
Notice the position of the lower limit of' integration s = 11 and the upper limit s = h. 

To cvaluatc the detinite integral we find an indetinitr integral of f(.v). cvaluatc it at 

s = ( I  and .v = h and subtract the tirst value from the second. This is cxpresxd in the 

fundamental theoreom or calculus. 
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Evaluating definite integ ra Is 

Examples 1. 

3x2 dx dx 51;2 
3x2;x3 do. 

x3 x = 2, x = 4 

A 

n 
dx = = - - 0 = 1 

2 

8. 

0 - 

1 .  

n 

2 

n 
2. y = x = 0 -, x = n. 

2 

by 

dx = [- = 1 

n 
0 -. 

2 
rn 

J 
0 

n 
x = - 

2 
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Example Firid 

J r  
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below area 

+ 1 + 81 = 82. 

+ 16 + 8 1 = 97. 

3 

4x3 dx = + = + 8 1. 

= 162. 

by - 1 

/ 

Figure 12.5 Finding the area under the curve y = f ( x )  from x = a to x = b 

y = f (x )  

x = a x = h. h = 6x, 

12.5. 6x 
y 6x f ( x ) 6 x .  6x 
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A 6x --+ 0 f (x) integrable a 5 x 5 b 

value, function 

~ ~~ ~~ 

Exercise 12.2 

1 y = x3 

11. 

4 

do 

1 
- 

8 

2 y = x3, by 

y x = - - 

1 
-. 
4 

1 1  
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3* 0 5 x 5 6 n of b / n .  

l 2  + 22 + - . . + n2 = -n (n  + 1)(2n + 
y = x2 

1 

6 

4 

f x ( x  - l ) ( x  - 2)dx Ci)  
1 

2 1 3x2dx  
1 

$ 
/1(3x3 - x ) d x  

1 : 1 ( 3 ~  - 1 ) ( 2 ~  + 1)dx 

9 1, x%dx. 

5 y = 4x2.  by x 

x = 0 x = 3 .  

6 = 2x(2 - x ) .  P? 
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7 y = - x)(2 + x). 

8 by 

y = x(x  + 1 )(x - 1 ) y = x(x + 1 )(x + 2).  

y = 3x - x2 x 0 5 .  9 (3x - x2)dx 

3 

10 1 (2x - x2)dx 

1 1  

12 y3dy = 20, a.  

13" y = l / x  x = -b, --a, a ,  b a h 

b > a > 0. 

0 

on y = 5x - x2 by y = 6. 

SI 

- 

I / x  lnlxl 

14 

dx 
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2 1 e-x dx 
1 

X -+ 00. 

b 

15" P d x  a ,  b N 

N > 0 N = 0 

N = b > a > 0 N < - l , b > a > O  

(0 
a b 

a = 0, b > 0 

a = 0, b > 0 

b > a, a b, b > a > 0, 

m 1 6  
6.121 1 - 
1.327 

2.5 

= 
1 

- 

8 1 7  rn ~ f ( x )  5 A4 [a,  b] 
by a,  b m, M 

LlBO 

m(b - a )  5 f(x)dx 5 M(b - a )  I: 
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b I a  
1 

= ____ x x 2 0. 
1 

1 

1 
1 

1 0  

m18 
= + l)e-x2 11. 

19 [a ,  b] 

by 

0 5 i 5 4 

I c 

I a b 
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1;s 
B mID 20 19 

dx 

12.3 APPLICATIONS TO AREA, VOLUME AND MEAN VALUES 

Area between two curves 

by 

Example y = x2 y = x3. 

(i)  y = x2 

x = 0 x = 1 12.6. 

y = x3, 

Figure 12.6 Area between the curves y = x2 and y = x3 
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12.6 (x2 - x3) 

(x2 -x3)dx. 

A ,  c(2 - x3)6x. As CTx -+ 0 

1 
= (A - !-) - = - 

3 4  12 

Mean value of a function 

12.7 PQRS so 

y = f (x )  x = a x = b. 

a b x  

Figure 12.7 Mean value of a function 
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h 

Hence ( h  - a ) ~ , , ,  = /oj'(.x)dr 

where y,,, is the average height of the ordinates y from x = U to x = b. 

Examples 1. Find the mean value of cos x over the intervals 

R 
(a) 0 5 x 5 - 

2 
(b) 0 I x I n (c) 0 5 x 5 2n  

I I 
(b) Mcm value = 

(c) Mean value=- 

Check with Figurc 12.11(a) to see whether the results are reasonable. 

c o s h  = - [sinx]; = - (sin n - sin 0) = 0 
n R 

1 

2n 
cosx  cl^ = - [sinxg = 0. 

2. Find thc mean value of .i2 over the intervals (a) 0 5 x 5 2 and (b) -2 5 s 5 2 

(3) (b) 

Figure 12.8 Mean value of (a) y = cosx and (b) y = x2 
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(a) Mean 

These results are the ~ l m t  hecause of [he symmetry of the curve about the jmh: scc 

Figure I2.8(b). 

It is always xmihlr: t o  Itwk for symmetry to simplify the calculation: a limit of zero in an 
integral is rcla~ivcly casy to apply. 

R o o t  mean square value of a function 

As H'C have seen the mcan value of cos .r over a peritd. e.g. 0 5 .r I 2n. is zero. A more 

useful measure of the averqe amplitude of a wavc is provided by the root mean squarc 
(RMS) value. 

To calculatr. thc RMS of a XI of values. take each one and .s411m~ it. then rake the 
nwun of the squares and finally obtain the squarc mr of the mean. Since thc original 
values are quared thcre are no canccllation effects. unlike the arithmetic man.  

R 
Find the RMS of cos .r over the intervals (a)  0 5 .r 5 (b) 0 5 x 5 ~t and (c) 0 5 .r 5 Zn. 

2' 
Example 

Snlirriori 

To solve this problem we make use of a trigonometric identity that wc provc in 
Mu/ht.r,tulics irr Engiriwring umf SricvmD: 

7 I 1  

2 2  
COS' .r = - + - cos 2K 
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1 
x dx = + 5 2x)dx 

71 

2 1  1 nI2 

= [ ?x + 2x1 
0 

2 1 n 1  

7 1 2 2 2  
= - X - X - = - .  

1 
= - 

45 

= - x dx 1 .II: 
1 

= A [; x + 2x1 ' 
0 

= - 1 1  { (2a + 1 - 

71 

1 1  1 

7 1 2  2 
- - x -71 = - .  - 

1 
= ~ 

2/2 
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I:” 
= - 1 1  [ (- x 1 

- 2 4 

1 
= - 

z/z 

Volume of a solid of revolution 

y = f ( x )  ABCD 

x-y 

6x 
6x 

by y 6x. 

A B 

Figure 12.9 Element of a volume of revolution 
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The cross-sectional area of the sudace with radius 

Thc volume hY of the element c x.? b.r. 

Thc total volumc of thc solid bctwccn x = U and x = h 2: 

whcrc thc clcmcnts an: summed fors = a to x = 6. 

is n?. 

xj2 bx. 

Hence. regarding integration as thc limit of a sum. we have 

Examples I .  Find thc volume of a cone of height h ilnd radius r. Placing the ilxcs as shown in Figure 

12.10. the cone can be rcgarded as the result of rotating a line about the x-axis. The 
cone is that pan o f   he resulting solid hetwen x = 0 and x = r. 

The equation of the line is found from the relationship 

Figure 12.10 Volume of a cone 

v r  
_ - _  (using similar trianglcs) 
x - h 

r.r 
I.C. r' = -. 

h 

2. The curve y = c' is rotated about the x-axis. Find the volume Y swept out by the 
area enclosed between the curve. the x-axis and the following ordinates 

(a) . r=  - 1 .  x = O  (b) x = 0, x = I 

Refer to Figure 12. I 1. 
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I 

- 1  
I + x  

0 1  

h h h 

V = n I(, y2 dx = n e2' dx = IT[$] . 
a 

n[e' - 11 

2 e2 

n n 
V = -[e2-']' - -[e2 - 

2 

3. by y = x = 0, x = n/2 

12.12 

4 2  

V = n y2 dx 

n/2 

= nI0  dx 

= + 
n f2  

n2 

4 
- _ _  - II 

Figure 12.12 Part of the curve y =  cosx rotated about the x-axis to obtain a 
volume of revolution 
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Exercise 12.3 

1 

2 

4 

5 

7 

by y = x' y = 4. 

x = y (y  - 

y = x' y' = x on 

by 

y = x 3  + 9x2 + 1 4x + 9 y = 3 (x' + x + 1 ) 

do 

y = x, y = e" y = x, y = p ,  

x = p .  by y = 8 

dx. 
. I  I;' 

y2 = 4ax x' + ,v2 = r2 (1, - a 

r. 

AOC 

ABC. 
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e-'I2 dx 

8 7. 
4d.p. 

9 

0 x < 

on 

H l O  
by x 3 0 , y  2 x3, x2 5 2. 

1 1 y = x2 x = 0 x = 1 by 

12 by y = 1 - x) 

13 y = is 

x = 0 x = 2.n. 

14 9 = x by 

x = 0 x = 2. 

15 y = x = 0 

x = 

16 y = 2e"I2 x = 0 

x =  1.  

17 Y 

r. 
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18 

19 

20" 

to 3 

A 9 6 

by 

A by by y = x2, 0 5 y 5 5 x 5 1,  

x = - 1 .  

y 

21 * y = (x - 1)'l2, 1 5 x 5 5 

x = 1 
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12.4 CENTRES OF GRAVITY 

Moment of a force 

A P OA / 
OA, 12. 

on by moment. M 0 

by 

0, 

A4 = Px 

A 0 

w 

A 

Figure 12.13 Moment of a force 

Centre of gravity 

centre of gravity. 

12. 

cjx, 12.14, 

0 

W ( W / / )  

( W// )Sx .  0 by 

0 I I  A - 6.w - 
Figure 12.14 Centre of gravity 
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A4 by 

M 21 C ( W / l ) x  6x 

As 6x 

= 

1 
M = W i ,  

2 

Centre of gravity of a plane area 

DEF 

on 

DEF 

Y 

a 0 a A x  

(b) 

Figure 12.15 Centre of gravity of a triangular area 

(X, j ) .  

x = 
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Example 

j 
y = 

on y = x 

M,, 

M y ,  

6A; 

12. 

on 

on AB, by x + y = a y = a - x. 

(a  - x) 

(a  - x)Sx. 

Y t  
B 

t 

0 x x + 6 x  A x  

Y t  

(a) 

Figure 12.16 Finding the first moment of area 
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OAB 

- x)6x. 6x + 0 by 

by 

- on 

x, 

- 

6x -+ 0 by 

M y  = - 

= - 

on 

on AB,  by 

-U) -y)6y. 

- y)6y. 
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6y -+ 0 by 

ru 

1 

6 
- - 

M, = M,,? ML, = A i  

1 

3 
M ,  = A y  j = 

Mx by 

12. up, -y  
1 

2 

1 1 

2 2 
-y  x y 6x = -y2 6x. 

1 

2 
c - y 2  6x 

As 6y --+ 0 by 

1 

6 
= 
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Examples 

Warning: on xydx s J: 

1. r 
12.17 

on 

x2 +y2 = y2 y’ = r2 - x2  

rcr’ 
A j  =- A =- 

3 2 

Yf 

dx X 

Figure 12.17 Centre of gravity of a semicircular area 
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2. y = x y = 2 x, 

12.18. x = 0 x = 71 

2 

1 

X 

Figure 12.18 Finding the centre of gravity of the crescent y = 2 sin x - sin x 

'x' 'x + 6x' up, 

+ - 

x - x)6x. 

1 

2 

1 
- x + x - x)6x. 
2 

M~ = - x - x)dx : .c 

by 

- = dx 

= [- cosx]; 

= [COSX]" 

= 1 - ( -1)  = 2 

0 

= 0 - n 
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- ( 3 r )  = g by 
2 4  

\ _. 

rc 
on x = -. 

2 

Centre of gravity of a volume of revolution 

on 

by 

Example x = 1 y2 = 4x 

12.19, 

rcy2 Sx = 4rcx Sx. 2 6x. 

Figure 12.19 Centre of gravity of a volume of revolution 

As 6x -+ 0 by 

1 

dx = [2nx2]:) = 2rc 

.x x rcy2 bx = 4nx2 Sx 
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The total iiioincnt of the volume i s  appmxiniately equal to 

4 ~ 2  ci.y 

As d.r -. 0 thc inoment is exactly given by 

I 
This is plausible since the cross-scctional area increases with s. so i =- i. By syininctry 

w .F = 0. so the cwrdinaic of the ccntrc of gravity are (i , 0). 

Exercise 12.4 

1 For thc cunc .I* = I - .v' find the first niomcnt of area of the pan above the x-axis about 

(a) the x-axis (b) the !.-axis 

find also thc position of the centroid. 

2 Triangle AB(' is right-nnglctl at R. AB = 3 in. BC' = 4 ni. By taking BA and RC as Ihc s 
and J' axes n'spcctivcly. find the equation of AC. Hence find thc f i r s t  moment of area about 

ia) BA (b) BC' 
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3 by y = 8, 
x = 0 x = 1 

Hint: xdldx = (x - + J 
4 A 3 2 

on A B  

AB. 

5 2 + y' = a2, x ,  y > 0 

6 y = r x / h ,  0 5 x 5 r x- 

r h.  of 

7 A 

v(t)  = 2t - 3t2 - 5t3 

s(t2) - s ( t , )  t ,  t2 by 

s(t2) - s(t1) = 1; v(t)dt 

8 A up 

v = 11 - e-'. 

t = 0, 1 2 

1 2 
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9 a( t )  t ,  5 t j t, 

u(t2)  - v(t2),  by 

V(t2) - v(t1) = a(t)dt 

A a( t )  = 1 *, 

4 t ,  = t ,  t ,  = 

3 4  
a( t )  = - - -. 

t 2  t3 
'U t = 1 

10 a by 

F ( x )  x, x2 

x = 0 x = 10 

0 

F ( x )  = 2 I 0 10 

1 1  A 

by 

GmM 

x2 
F(x )  = -~ 

m M 

x 

a 

h ( b  > a) .  

h a? 
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12 V ,  V2 by 

P( V)dV P V. 

PV = RT R 

P( V ) d V .  

A V ,  

13 L by 

L ( T )  

14 x = 1 (0.2) 2.0 x 

5d.p. 

on 

h, on 

by 

15 y = esinx 

14, 

7c J;?y2 dx by y2 y. 

3 



SUMMARY 

0 Integration is the reverse of differentiation: indefinite integration p d u c e s  

a function. incorporating an arbitrary constant: definite integration produces 

a numerical value. 

0 Area under a curve: the area under the curve y =.f(x) can be calculated as 

a definite integral: arcas undcr thc x-axis are assigned a negative value. 

0 The fundamental theorem of calculns: the area under the curve v =f (x)  

between the ordinates s = a and x = h is given by 

0 The mean value of a function in the interval a 5 x 5 h is 

0 The root mean square value of a function in the interval a 5 x 5 h is 

0 The volume of a solid of revolution formcd by rotating the graph of 

y =-f(x) about the x-axis through 2n radians is x l ,  
0 Moment of area 

h 7  
dx. 

Moment about the y-axis = ~p dx 
. a  I" 
l h  

Moment about the x-axis = - jo $ dx 
2 



0 Centre of gravity of a plane area 

i = JIp ../ j : j - ( .y ) rn  

0 The centre of gravity of a solid revolution lies on the axis of revolution. 



ANSWERS 643 

x7 
-+c 
7 

2 

3 
- x3/2 + C  

x4 1 1x2 

4 2 

9 5  7 

x 4x 6x6 
--+-+-+c 

5 

5x3 
-+c 
3 

-+c 
3x3 

-n 

43x4 - 1 ox2 + 

x3 1 
-- 2 x - - + c  
3 X 

+ c  
15 

2 1 3  
- - - -+  C 

x 2x2 2 

4 2 6 

7 5 3 

x4 14x3 

2 3  

+ - x 3 ~ 2  - x 7 ~ 2  - - x 5 ~ 2  

+ 19x2 - 38x _-__  

-x23/3 3 66 x287/66 I 77 x124/77 

23 69 287 124 

1 

5 
- - C O S ~ X +  C 

- + bx + C 

15 
ePx + -e2' + c 

2 

5 

3 
- - C O S ~ X  - - 11 C 

5 
3 

1 p + d +  1 xb+c+ 1 xb+d+ 1 

+ C + c, + d,  

b + b + d is - 1. a + c = 

6 1 

x3 - + 
- +- 

2 3 
7 

9 7 3 

3 
8 -  

5 



644 INTEGRATION 

Exercise 12.2 

1 

12 114 
0.0625 0.5000 

0.1406 0.3906 

8 1 /256 

0.1914 0.3 

- = 0.2656 
64 

1 
-. 
2 

5 36 

6 P 

9 
7 -  

2 
1 1  

8 -* - - 
4 

1 1  
- *  - - 

4 
25 

6 
9 - -; x = 0 x = 3 x = 3 

x = 5 -:). 
10 

1 
1 1  - 

6 

12 
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13 
t Y  

15 

b 
- 
U 

b 

U 

274 

315 
-- 

1 

x 1 --,+ 1 cc 1 

b N + I  - 
h - a  

b/u b/u > 0 b/u < 

[xns'] x = 0 < 

U < h < 

16 (a) 0.171768 

6.12083 

1394.55 

3.89832 

0.65 < ,f'(x)dx < 0.90 
* 0 

18 .x = (a - 
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19 0.592 

20 0.566 

Exercise 12.3 

32 
1 -  

3 

2 

3 

= 1 
6 

sxdy 

= 1; f i  dx - x2dx = - 1 

3 

4 (-1,6) 
1 

= - 
2 
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5 

X 
I 

1 
6 a = - , r = &  

4 

2 3  
A r e a = - + - =  1.9041 

= 0 
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1 
0.8942 

1 1 
- 
f i  

- 
1/z 

8 - 
4 

9 

4 
= - 

3 

10 ~ (n  = 1.0354 
4 

n 
1 1  - 

5 

m 

12 
30 

13 n2 

14 -n 

- rc) 
15 ~ 

4 

16 1) 

3 
17 - 

18 

19 

1471 

5 
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21 8.n 

Exercise 12.4 

8 

15 
1 - 

4x 

3 
2 

4 

6 

206.n 15 

I '  

32.n 
- 

5 

t 

Yt 
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7 

8 

9 

10 

1 1  

12 

13 

14 

- 24 - 12 

10, 11 - 11 - 10 + 21 + 

(a) 

3 2  
1 - -+-  

t t 2  

10 

3 
- - 31n 3 = 0.0375 

6 

G m M w  > 0 (a  b )  

G m M e  < 0 ( b  a )  

ab 

ab 

RT v,/ v, 
RT RT = 2 = 2 

13.66 days;f”(1.951) < 0 

X 1 .o I .2 1.4 1.6 1.8 2.0 

2.3 198 2.5397 2.6790 2.7171 2.648 1 2.4826 s 

= 2.5970 

15 1 .o 1.2 1.4 1.6 1.8 2.0 

Y’ 5.38 1 6.450 7.177 7.383 7.0 12 6.163 

12.622 12.326 5.38 1 7.740 10.048 11.813 

= 2 1.23 is I ,  
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