Indefinite Integration

MATHEMATICS

I Indefinite Integration

But just as much as it is easy to find the differential of a given quantity, so it is difficult to find the integral of a given
differentjal. |[oreover, sometimes we cannot say with certainty whether the integral of a given quantity can be found or not.

Bernoulli, Johann

If f & g are functions of x such that g'(x) = f(x), then indefinite integration of f(x) with respect to x is defined and

denoted as'[ f(x) dx = g(x) + C, where C is called the constant of integration.

1. Standard formulae :
(ax+b)n+1
0 I @x+bpdx= 2N Loz
dx 1
(ii) I ax+b _ an lax + b| + C

I 1
(lll) €ax+b AX = a €ax+b+ C

1 aP*"d

(V) I amadx=P M2 Lcoaso
I 1

(v) sin (ax+ b) dx = — @ cos (ax+ b)+ C
I 1

(vi) cos (ax+ b) dx = @sin (ax+ b) + C

1
(vii) I tan(ax+ b) dx = @ /n |sec (ax+ b)|+ C

1
(viii) -[ cot(ax+b)dx = @ /n |sin(ax +b)| + C

1
(ix) I sec? (ax + b) dx :g tan(ax + b) + C
1
(x) I cosec?(ax + b) dx = _a cot(ax + b)+ C
1

(xi) I sec (ax + b). tan (ax + b) dx =§ sec (ax +b)+ C

1
(xii) I cosec (ax + b). cot (ax + b) dx = _a cosec (ax +b) + C
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(xiii) -[ secx dx = /n |secx + tanx| + C OR n

X
tan —

(xiv) I cosec X dx = /n |cosecx — cotx| + C OR /n + C OR — /n |cosecx + cotx| + C

dx
I 2_.2 X
(xv) 7% —ginaa +C
dx X X

2 2 - -
(xvi) I a+X - agn,a+c

7(“ 1 X
2 2 — —
(xvii) J e 3sec.d +C

dx
I 2 1o X +Vx? +a° X
(xviii) =/n +C OR sinh-18 +C
dx X
I 2o’ ’x+\,fx2—a2 X
(Xix) =/n +C OR cosh-1@ +C
dx 1 a+Xx
7 .2 _
(Xx) I a’-x"_2a ,laXx|, ¢
dx 1 X—a
2 2 5
(xxi) I X —a 2a ml X8l ¢
a?
(xxii) -[ Ve dx— 2 Ve 2 sln-a +C
a2 x +x% +a’
/2 = [2 — a
(xxiii) I X*+a’ g, +C
52 X +Vx% -a’
/2 /2 — a
(Xxiv) '[ dx—2 -2y +C
eax
7 2
XXV €ax. Sin bx dx = a sin bx — b cos bx) +
(- bxdx =2 " (asin bx — b cos bx) + C
eax
7 12
(xxvi) '[eax.COS bx dx = @ +b (acos bx + b sinbx)+C

Theorems on integration:
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J' C f(x).dx J' f(x).dx

(i)
i J(f(x)i gx))x _ Jf(x)dx + j g(x) dx
g(ax+b)

Jf(x)dx =g(x)+C, . J.f(ax +b)dx _

(iii) +Cz

.[4x5 dx
Example #1: Evaluate :

Solution :

3

X
Example # 2: Evaluate : [ X Jx
I{x3+5x24+z+inx

X Jx
7 2
3 2 d —=dx

:Ix dx+.[5x dx_j4dx +J.x x+J'\/;

Ix3dx . J‘xzdx_4. j1.dx+ 7.Ildx +2.J‘x‘”zdx

Solution :

4 3 [X”Z]
— = 1/2
= 445 3 _Ax+7in|x|+2 +C
4

X

5
= 443 X3—4x+7£n|x|+4\/; +C

I(EE!nx " ea?nx n e4!nx)

Example # 3 : Evaluate : dx,a>0
. J.(eﬂnx + eal’nx " e4¥nx)
Solution : dx
I(eﬂnxz + e2nxa + e?nx4 )
= dx
3 Xa+1 X5

2 a 4 [ —_—
:j(x TXOAX )dng a+1+5 +C

[2x+1_5x1}
X
Example # 4 : Evaluate : 10 dx
1) 1Y
) 4 )
5 112
X X —_—
s T3], (] ()
5 52 e
107 dx= dx = 5 2)+c

j sec? xcosec? xdx

Solution :

Example #5: Evaluate :

, ) cos? x +sin® x ) )
_ Jsec Xcosec’x _[—2 — J(sec X + cosec x)
Solution : I= = COS XSIn"X = dx= tanx — cotx + C

3]

L 4



Indefinite Integration

MATHEMATICS
(1+x)°
Example # 6 : Evaluate : Jx dx
(1+x)? 1+3x+3x% +x° " 1 3 5
- = X 2 x2dx x2dx x2dx
Solution : ’[ Jx dx = ‘[ Jx dx= J +3.[ +3.[ +.[

3 5
X2 2

) 7
X2 3x2 3x2 x2 . s
1 3 S 7 2% +2x2 + ExE + gxE
2 2 2 2 yc= 5 7

+C

1

2
Example #7: Evaluate: ° 4+9X" dx
Solution : We have

.[ 1 1.[412 1 1

4+9% gy =9 9 gy = §j(2/3)2+x2 dx

L5 28) oy ()
=9 (2/3) 4n,\2/3) L c=6 @ana 2/ 4

Icosxcost dx
Example # 8 : Evaluate :

Solution :

Self Practice Problems :

1
I tan® x _[ :
6y Evaluate : dx ) Evaluate ; * 1+sinx
Ans. (1) tanx —x + C (2) tanx —secx + C

3. Integration by substitution :

If we substitution @(x) =t in an integral then
(i) everywhere x will be replaced in terms of new variable t.
(i) dx also gets converted in terms of dt.

I sec? x
Example #9: Evaluate : * 3+tanx gy
I sec? x
Solution : = 3+tanx gy
Let3 +tanx =t
dt
= secxdx = dt = to =/nt+ C=/n|@3+tanx)|+C

1

Example # 10 : Evaluate : * 1+€"" dx

cos x cos 2x dx 1JZCOSX cos2x dx lJ‘(cos3x+cosx) l[
J. =2 =2 dx = 2

dx

4|
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d (.
_[ 1 J eX J‘a(e +1)
Solution : (= 1+e  gy=-e" +1=" (e"+1) = logelex + 1| + C
Itan“xdx
Example # 11 : Evaluate :
. J.tan“xdx Jtanzx.tanQde
Solution : =
jtan2x(se02x—1)dx Itanzxseczxdx Jtanzxdx
) ) ) tan® x
jtan xsec” xdx J(sec X —1)dx 3
- _ = —tanx +x+C
X
_[ 4, .2
Example # 12 : Evaluate : * X +X“ +1 dx
Solution : We have,
J‘ X I X dt
= 2 22, .2 -
1= x*+x%+1 gx =" )V +xX+1 gy put xo = t = x.dx =2 }
I 1
2 2
> 1=27 Patet g =2 2 2)
1
1 t+§ )
1 E ﬁ 1 {21+1] 1 [2)( +1]
=2, 2 tana. 2 +c = V3 tan, V3 +c=Y3 tans J3 +C
J- (Fo)™
Note: (i) [f)f')dx = N+1 +C n=#-1

(ii)

(iii)

f'(x)

i
PO o= 1on +c ne1

dx
n
I X(x +1); neEN

Take xn common & put 1 + x-n = t.

Self Practice Problems :

3)

Ans. (3)

sec? x J- sin(¥nx) dx
Evaluate : * 1+tanx 4) Evaluate : X
/mll+tanx|+C (4) —cos (/nx)+C

4, Integration by parts:

Product of two functions f(x) and g(x) can be integrate using formula :

0_10
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d
(f(x)) {(a(x)) dx} dx
Jroasea) oo Jle) o N (dx J
() when you find integral Ig(x)dx then it will not contain arbitarary constant.

(if)
(iii)

Example # 13 :

Solution :

Example # 14 :

Solution :

I g(x)dx
should be taken as same at both places.

The choice of f(x) and g(x) can be decided by ILATE guideline.
the function will come later is taken an integral function (g(x)).

I - Inverse function
L - Logarithmic function
A - Algebraic function
T - Trigonometric function
E - Exponential function
I xlog, xdx

Evaluate :

xlog, xdx
Letl= I °

J'de ) Hdc:((logx).[xdx}dx

logex
x* 2 2 2
> J‘lXL x X
= logex —9%X 2 dx = 2 logx- 4 +C
Ix[’n(1+x)dx
Evaluate :
X €n(1+ x) dx
LetI:-[ ( )
=mx+1). 2 — Ix+1 2 gy
x* 1 x2 x* 1 X2 -1+1
= 2 /n(x+1)- X+1 dx= 2 /nx+1)- 2 x+1 dx

&)

X 1 J' x2 —1
-y X+1 x+
2 /n(x+1)- 2 dx

x? 1 J.[x 1)+X+de

2 mx+1)-—

X2
X 1 {x+9n|x+1|}
- -2
2 imx+1)- 2 +C

N

030

L 4



Indefinite Integration

MATHEMATICS

jez" sin2xdx

Example # 15 : Evaluate : dx

ax

jea" sinbxdx = ———
Solution : We know that a” +b” (asinbx — bcosbx) + C

e2x

a=2andb=2= 8 (2sin2x — 2cos2x) + C

Note :

(i) '[ ex[f(x) + f'(x)] dx = ex f(x) + C (ii) '[ [f(X) + xf "(X)] dx = x f(x) + C

Example # 16 : Evaluate :

J‘{{’n (fnx)+ 2}
(€nx) dx {put x = e: = dx = e dt}

1 171 1
v | Int + ] t [{’nt - ++J
1= e ( ¢) g le tt ) g

{Qnt - JJ {{’n (Inx) - i}
= e tV+c =x x] 4 c

Solution : Letl=

Self Practice Problems :

stinxdx Ixzex dx
(5) Evaluate : (6) Evaluate :
Ans. (5) —Xcosx+sinx+C (6) X2 €x — 2Xex + 2ex+ C
5. Integration of rational algebraic functions by using partial fractions :
0] Partial Fractions :
f(x)

If f(x) and g(x) are two polynomials, then g(x) defines a rational algebraic function of x.

Let degree of f(x) < degree of g(x) [if it is not so, divide f(x) by g(x) until the degree of numerator
becomes less than that of denominator ]

Apply the concept of partial fractions as below:

CASE | :
When denominator is expressible as the product of non-repeating linear factors.
Let g(x) = (x ai) (X —az2) .....(x — an). Then, we assume that
f(x) A A, A,
ax) - x-a; , x-a; , + X—a,
where Ai, A, ...... An are constants and can be determined by equating the numerator on
R.H.S. to the numerator on L.H.S. and then substituting x = as, ao, ........ ,an.
CASE Il :

When the denominator g(x) is expressible as the product of the linear factors such
that some of them are repeating.

L 4
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1 L
Example g(x) — (x—a)k(x—a1)(x—a2) """" (x-2) this can be expressed as
Aq A As Ak B, B, B,
x-a 4 (x-aY , (x-a)° L , (x-a)f | (x-a) , (x-a), , (x-a&)

CASE Il :
When some of the factors of denominator g(x) are quadratic but non-repeating.
Corresponding to each quadratic factor ax. + bx + ¢, we assume partial fraction of the type
Ax+B
2
ax” +bx+¢  where A and B are constants to be determined by comparing coefficients of
similar powers of x in the numerator of both sides. In practice it is advisable to assume partial
A(2ax +b) B
2 2
fractions of the type @X° +bx+c 4 ax®+bx+C Tne following example illustrates the
procedure.
CASE IV :
When some of the factors of the denominator g(x) are quadratic and repeating
A(2ax +b) A,
{A0(2ax+b) A, } ) >+ ) >
ax‘+bx+c ax“ +bx+c

fractions of the form 'aX +bx+c  ax®+bx+c ( ) ( )

A 1(2ax +b) Azk

2 I K

(ax +bx+c) (ax +bx+c)
+ . +

j (2x-1)

Example # 17 : Evaluate * (X=D(x+2)(x=3) gy
(2x 1) A . B . C
Solution : Let (X=DX+2)(x-3) = x-1 x+2 x-3

Now to determine constants we equate numerators on both sides. Some of the constants are
determined by substitution as in case | and remaining are obtained by equating the coefficient

of same power of x.
The following example illustrate the procedure.

2x -1 AX+2)(x-3)+B(x—N(x-3)+C(x—1)(x+2)
N (x=1N(x+2)(x-3) - (x=1)(x +2)(x - 3)
1
Puttingx =1, -6A=1 > A:_E
1
Putingx=3, 10C=5 > c=2
1
Putting x =-2, 15B=5 => B=- 3

000
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s It o3 I 1
_6 X1dx—3 x+2dx+2 X=3 dx

1
=— 6 log|x — 1| — 3 loge|x + 2| + 2 loge|x — 3| + C

x* —6x% +10x-2

2
Example # 18 : Resolve X" —5x+6 into partial fractions.
Solution : Here the given function is an improper rational function (i.e. degree of numerator > degree of

denominator) .On dividing we get

x* —6x% +10x -2 ~(—x+4)
X2 5x+6  —y_14+(x-5x+6) 0]
-X+4 -X+4

we have, X* —5x+6 = (x-2)(x-3)

-X+4 A B
So, let X=2)(X=3) = x-2 4+ X-3 then
—X+4=AX-3)+BX-2) ... (ii)
Putting x — 3 = 0 or x = 3 in (ii), we get
1=B(1) = B=1.

Putting x —2 = 0 or x = 2 in (ii), we get
2=A(2-3)=>A=-2

-X+4 ) 1
S(X=2)(x-3) = x-2 4 x-3
x®—6x2+10x -2 2 1
Hence x* -5x+6 =x_1— X-2 +X-3
3x-2 (3x —2)dx

2 2
Example # 19 : Resolve (X~ (X+0)(X+2) ing partial fractions, and evaluate * (X =1 (x+1)(x+2)

3x-2 A, A, A, A,
Solution - Lot (X=D2(x+1)(x+2) = x—14 (x=17 4 X51 4 x+2
=> X—2=Ar(X—-1) (x+1)(x+2)+A:(x+1) (x+2)

+As(X=1)2(X+2)+As(X=1)2(Xx+1) ....... 0]
Putting x—1=0or, x =1 in (i) we get
1

1=A(1+1)(1+2)=>A=6
Putting x +1 =0 or, x =-1 in (i) we get
5
—5=As(22(-1+2)>As=— 4
Putting x +2 =0 or, x = -2 in (i) we get

L 4
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Example # 20 :

Solution :

Example # 21 :

Solution :

Example # 22

Solution :

L 4

8

—8=As(-3)2(-1) = As = 9
Now equating coefficient of xs on both sides, we get 0 = A1 + Az + A4

5 8 13
=4 Ar=-As—As= 4_9 - 36
3x-2 13 1 5 8

(x =12 (x+1)(x+2) _ 36(x—1) + B(x—1)% _ 4(x+1) + Ax+2)

(3x —2)dx
and hence (x =12 (x +1)(x + 2)
13 L 8

=36 /mx—1/- 8X-1 _ 4 ynxe1+ Qmx+2i+cC

x2

Evaluate (x* +4)(x* +1) dx
2

J' X I[ 4 1 }
(x% +4)(x% +1) ) dx x> +4  x?+1 dx

et B e 33
3 2 tan-1 3tan1x+C—3tan1 2 —3tan_1x+C

2x-3
(x = 1)(x* +1)?

Resolve into partial fractions.

2x—-3 A Bx+Cc Dx+E
Lot (X=DOC+17 _ %9, 41 L X+ . Then,
2X—3=AMX2+1)+(Bx+C)(x—=1) (x2+ 1)+ (Dx+E) (x—-1) ..... (i

Puttingx=1in(),weget—1=A(1+1):2=>A=-
Comparing coefficients of like powers of x on both side of (i), we have

A+B=0,C-B=0,2A+B-C+D=0,C+E-B-D=2andA-C-E=-3.

1

Putting A=— 4 and solving these equations, we get
1 5 2x—-3 -1 X+1

X+5

1
B=4 =C,D= 4 andE= 2 =N )P A1) A0+

2x

- Resolve X’ —1 into partial fractions.

2% 2X

We have, x*-1= (x = 1)(x* +x+1)

2x A Bx+C
So, let (X=DOE+x+1) _ X1 K2 x+1,
Then, 2x=A (X2 +x+ 1) + (Bx + C) (x = 1) ...(J)
2
Puttingx—1=0or,x=1in(),weget2=3A=>A= 3

2(x% +1)?

10|
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2

Puttingx=0in (i), we getA—-C=0=>C=A= 3
Putting x=—1in (i), we get-2=A+ 2B -2 C.

2 4 2
> —2=3+2B-35B=-3
2x 2 1 (-~ 2/3) x+2/3 2x 2 1 2 1-x
x*-1=3  x-1 4 x> +x+1 orx*-1 =3 x-1 4+ 3 x*+x+1
Self Practice Problems :
1 dx
xr2)xe3) ()0 1)
7) ()  Evaluate: (X+2)(x+3) (i)  Evaluate: = X+NO+1)
X+2 1 1 1
Ans. (@) () m IX+3lec i) 2 mx+1-4 m(xe+1) + 2tans(x) +C
-[ dx J- dx .
6. Integration of type °ax’ +bx+c  ~vax®+bxic JJax® +bx+c ax
Express axz + bx + ¢ in the form of perfect square & then apply the standard results.
[2
Example # 23 : Evaluate : -[ XT+2X+5 dx

Solution : We have,

j\/x2+2x+5 _ j\/x2+2x+1+4 dx = J‘\/(x+1)2+22
1
(x+1) Jx+17+2° 2 () [(x + 1) L1y 428 |+C
1
2 (x+1) VX? +2X+5 +20n|(x + 1) VX +2x45 |+C

|
N —

1

2
Example # 24 : Evaluate : * X —2X+3 gy

_[ 1 ,[ 1 J‘ 1 1 (x—1)

o 1 — a x1

Solution 1= X% -2x43 gzt (=17 +2 g P (P (N2 g 2 pan, V2 ) s
1

2
Example # 25 : Evaluate : 33+8x-x" gy
e Jm J 1
Solution - Va3 8x 2 gy o T N-X*-8x-33) | _ J-x2 —8x+16 - 49) N
[ L [—— [x—4J
2 2 2 2
= ANHAKEAT =T g 2 TN AT sV T s

Self Practice Problems :

1 _
o2 Ly 4 2
(8) Evaluate : J2X2 +x=1 dx ) Evaluate ; =~ V2X" +3X-2 gy

L 4
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1 2x -1 1 (x+ij+ fx2+%x—1
Ans.  (8) 3l 2X+2] 4 © Y2 +C
pX +q px+q
7. Integration of type '[ax +bxG jVaX +bx+° J(px+q)"axz+bx+c dx

Express px + g = A (differential co—efficient of denominator) + B.

2x+3
Example # 26 : Evaluate : VXZ +4x+1 gy
I& _[ (2x+4 -1 J‘ 2x+4 _[
Solution : VP +dx+1 gy = 0 U+ AxHT gy = 0 D HAx T gy T VX HAxHT gy
1
dt .[
T w2 ()

dx, where t = (X2 + 4x + 1) for s integral

=92 Vi —in|(x+2)+|+ X2 +4x+1 Cc =2 X2 +4x+1 —/n |X+2+\jx2+4x+1 |+C

j(x—S)\/x2 +X

d
Solution : Let (x—=5) = A. 9X (x2 + x) + p. Then, x =5 = A (2x + 1) + .

Example # 27 : Evaluate : dx

Comparing coefficients of like powers of x, we get
1 "
1=2Aand\+p=-5=>A=2 andpy =— 2

1 11
ey [y2 —(2x+1)——]
Hence, J(X PIVK+X dx =J.{2 2) x®+x gy
1 11 2
IE(2x+1) m i 7 J\fx +X dx

1 (1)
tra e 3
=2 dt — 2 dx (where t = x2 + x for first integral)
2 2
1 1 1 1
372 —|X+= || x+=| -| =
Teeon {2( 2}( 2) (2}
2

2 3/2 _

ER SR i)

+C
1 2% +1 1), Srx
1 11 X2 +xf—{’n X+— [+VX°+X
_ 3 ) 4 2
= tarz — +C
1 17 | 2+ X +xfl{’n [x+1]+\}x2+x
3 - 4 8 2
= (X2 + X)3 — 2 +C

L 4
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Self Practice Problems :

Ans.

Example # 28 : Evaluate :

Solution : I=

L 4

_[ X+1 6x-5

2 2
X“+X+3 gx (11) Evaluate: = V3X" —9x+1 gy

j(xf1)\/1+x+x2 ]
X

(20) Evaluate :

(12) Evaluate :

1 1 {2x+1]
(10) 2€n|xZ+x+3|+\/ﬂtan_1 V11 +C

(11) 2 V3x% - 5x +1 +C
1 3 9
(12) 3 (2 + X + 1)sz— B (2x+1)\41"”“"”‘2 ~16 in2x +1+2 VX2+X+1)+C

Integration of trigonometric functions:

J‘ dx _[ dx dx
a+bsin’x oR  a+bcos’x QR asin® x + bsinx cosx + ccos’ x

(i)
Multiply Nr & Dr by sec2 x & puttan x =t.

dx dx _[ dx
(i) a+bsinx OR a+bcosx OR a+bsinx+ccosx

X
Convert sines & cosines into their respective tangents of half the angles and then, puttan 2=t

a.cosx+b.sinx+c
(iif) f.cosx+m.sinx+n

dx

d

Express Nr = A(Dr) + B dx (Dr) + C & proceed.

J‘35inx +2cosx
4cosx+9sinx gy

j35inx +2cosXx

4cosx+5sinx gy
d
Let 3sinx + 2cosx = A(4cosx + 5sinx) + p dx (4cosx + 5sinx)
= 3sinx + 2cosx = A(4cosx 5sinx) + p(5cosx — 4sinx)
comparing coefficients of sinx and cosx
A\ +5p=2
5A—4p=3

13|
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2 2
A= 41 and m=- 41

Example # 29 :
Solution :

L 4

23 2 [5cosx—4sinx
= I1.dx—— —_—
1= 41 41 J 4cosx+5sinx gy

% 2
= 41x - 41 An|4cosx + 5sibx| + C

3cosx+2
Evaluate : ° SINX+2cosx+3 gy
We have,
J- 3cosx+2

[=7sinx+2cosx+3 gy

Let3cosx+2=A(sinx+2cosx+3)+ ph(cosx—2sinx)+v
Comparing the coefficients of sin x, cos x and constant term on both sides, we get

6 3 8
A= 2u=0,20+p=3,3\+v=2 = A=% p=5% and v=-19
jh(sinx+2c:osx+3)+u(cosx—Zsinx)+v
I= sinx+2cosx+3 dx
J- €CosSX —2sinx .[ 1
- I=2 de+“ SiNX+2cosX +3 gy +y ° SINX+2C0SX+3 gy
> I=Ax+plog|sinx+2cosx+3|+vh

1
where L = jsinx+2(;osx+3 dx

2tanx/2 1—tan®x/2

Putting, sin x = 1+tan°x/2 cogy =1+tan’x/2 e get

1
I 2tanx/2  2(1-tan’x/2) I 1+tazn2x/2 i
L = 1+tan?x/2 1+tan®x/2 dx = 2tanx/2+2-2tan" x/2+ 3(1+tan” x/2) dx
J- sec’ x/2
= Jtan*x/2+2tanx/2+5 gy
X 1 X X
Puttingtan2 = tand 2 sec. 2 =dt or sec. 2 dx = 2 dt, we get

Mnx+1
2

i 2dt | dt 2 (ﬂj 2
L="t+2t+5 -5 (t+1)2+22:2tan_1 2 ) =tan,

Mnx+1

2
Hence,I=Ax + plog|sinx+2cosx + 3|+ Vtana +C

14 |
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6 3 8
whereA= 5 p=5 andv=-95
_dx
Example # 30 : Evaluate : 1+3cos® x
Solution : Multiply Nr. & Dr. of given integral by seczx, we get

_[ sec?x dx 1 [tanxj
1= ° tan*x+4 = 24, \ 2 4

Self Practice Problems :
J4sinx+5005x

(13) Evaluate : ° 9sinx+4cosx gy

40 3
Ans. (13) 41x + 41 yn |5sinx + 4cosx| + C

9. Integration of type [ sin™ x.cos" xdx

Case -1

If m and n are even natural number then converts higher power into higher angles.
Case-1I

If at least one of m or n is odd natural number then if m is odd put cosx =t and vice-versa.
Case - III

When m + n is a negative even integer then put tan x = t.

Isins x cos® x dx
Example # 31 : Evaluate :

J.sins x cos* x dx

Solution : Letl= put cosx=t = —sinx dx = dt
(1-12)? j(t4—2t2+1) j(t8—2t5+t“)
= I=—'[ ta . dt=— tadt =— dt
o2 cos®x  cos’x  cos’x
=—9 4+ 7 _5 4c=- 9 +2 7 _ 5 +C
J‘ dx
3f i1
Example # 32 : Evaluate :  VSIN  XCOSX
dx
J—
Solution : 1= sin? xcos®x

&
4

15|
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Indefinite Integration

MATHEMATICS

I dx (1+tan2x)se02x
11 "

3 4 3
Divide and multiply by cosiusx = tan3 xcos” x tan? xdx

j(1+t2)

11
= t3 [put tanx = t]

3

3
8tes—2tas+C  (wheret=tanx)

10. Integration of type:

x? +1 1
x* +Kx* +1 dx where K is any constant.Divide Nr & Dr by x2 & put x” X =t.
1-x2

Example # 33 : Evaluate : 1+X° +x* dx

-5 )=

1*X2 X i 1 (11]
Solution : Let I =1+x%+x* gx =— x° fputx+ X =t = X"/ dx = dt}
x+1—1
t-1 1
dt -
I > 1‘ﬁ 1 x+1+1
A=) -1 =208 v c =2 24l X +C
Self Practice Problems :
2
[ J' vianx
(14) Evaluate: d X' -7x*+1 gx (15)  Evaluate : tanx gy
x+1—3
X
1 x+1+3
Ans. (14) 6 X +C
y-+2 1

1 (L) 1
(15) V2 tan.s V2) y22 4 y+2 + C where y = Vianx_tanx

11. Integration of type:

j dx J‘ dx
(i) (ax+bWpx+q o * (@X" +bX+CWPX+a pyipy 4 g =1,

J- dx 1

J dx 1
(i) (ax* +bNpx* +q ey = t

x+1

Example # 34 : Evaluate : (x=TWx+2 g

L 4
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Indefinite Integration

MATHEMATICS

'[ X+1
[= (x-1Vx+2 dx

Solution :
Letx+2=t or dx = 2t dt
J' t2 —1
1= 7 (=3t x ot
J-t2—3+2 I(” 2 ] 2 [t=V3 2 |Yx+2-438
20 (F=3) 27\ P-8)gops VBiagltt VBl oo 2Vkw2 VB gl VX243 ¢
X+2
2 f
Example # 35 : Evaluate : (X +3x+3) x+1dx
X+2
2 f
Solution : Letl= (X +3x+3) x+1dx
J (t2 +1) 2t dt
2 _ 42 2 2
Putting x + 1 = t, and dx = 2t dt, we get 1= Wt ~1)7+3(t —1)+3WE
1
1+t7
J- (2 +1) _[2 1 1
4 .2 45+ T
= 27 U+t 41 gr=2 t dt fputt—t =u}

2
Example # 36 : Evaluate (x+1Vx" -1 dx
1 1
Solution : Letx+ 1=t dx =— t? dt
1 1
I (1-2t)2

1(1 1) 1[ 1} dt . 1
Wiy ) T e oor 1-2t (=2)x Aot
1= W B ge=" V1-2t :—J( ) dt = 2 yc=V1-2t L ¢

ho 2 x-1

,[ dx

2y / 2
Example # 37 : Evaluate (1+x"WN1=x
1 1 J.tL
- 0 2 /42
Solution : putx=t = dx=-t' dt = 1=+ {putte —1 =y.> tdt = ydy }

L 4
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Indefinite Integration

MATHEMATICS

y dy i [LJ i [\}1—)(2]
= I=— (' +2)y __2 tan- V2 C:—\/E tan-. vax +

Self Practice Problems :

dx dx
/ 2 Il
(16)  Evaluate: = (X+2Nx+1 (17)  Evaluate : '[ (X" +5x+6)vx +1
J J dx
/ 2 2 2
(18) Evaluate: *+IWI+x=x""" 19 Eyaate:  (&X"+IV1-x
J dx
(20) Evaluate : (x2 +2x+2)\(x2 +2x-4
VX +1
X+ VX +1 [
Ans. (16) 2 tan_l( ) + C (17)2 tan_l( )—‘/Etan_l V2 +C
3 1
2 \%H 1 [ 2 }
18) sinat 2 Jic@9)-V3 tana V3 x +

1 [\}x2+2x 4 - \/E x+1)}
(20) 206 VX7 2% 4 +6 (x+1) i

12. Integration of type:

X—Q
O L e N e 2

put x = A cos20 + B sin.0

f\/x_—adx [Vix=a)x=p)dx
(ii) X=B o dx; putx=Qsec.0 - Btan.0

o dx
(il (X =) =B); putx—a=torx-B=t.

13. Reduction formula of :
_[tan”x dx _[cot”x dx _[sec"x dx _[cosec”x dx
y y

n 2 n-2 2,
i _ jtan X dx _ jtan X tan"* x dx _ j(sec x—1) tann- x dx

tan™" x
xdX —In-2 = In= N=-1 _T,, n>2

Jsecz xtan"?
=>Ih=

n 2 n-2 2 n-2
0 zjcot x dx :Jcot x . cot" " x dx _ I(cosec x—"T)cot"“ x dx
cot™" x
—Ih2= Ih=— N-1 _L,, n>2

Jcos ecixcot"?x dx
==

L 4
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Indefinite Integration

MATHEMATICS

(i)

(iv)

Example # 38 :

Solution :

L= _[sec"x dx Iseczx sec"?x dx
= =

jaanxxn-z)

= In = tanx secn-2x — SEeCn-3 X. Secx tanx dx.
= Ih = tanx secn-2 X — (N — 2) (secz2 X — 1) secn-2Xx dx
tanxsec"?x n-2
= (n—1) In = tanx secn-2x + (N — 2) In_2 = In= n-1 +n-1 L,

_[cosec"x dx Icoseczx
In= = cosecn-2X dx

(cotx)(n-2)

= In = — cotx cosecn-2x + J (— cosecn-3x cosec x cot x) dx

J'cot2 xcosec" *x dx
= — cotx cosecn-2x — (N — 2)

cosec’x —1)
COSECn-2 X dx

n-2
cotxcosec""x _»o

= I, = — cotx cosecn-2x — (N — 2) I(

= (n—=1)In=—cotx cosecn-2X+(N=2)In-2 > L= —(n-1) 0L,
Obtain reduction formula for I = ' sinnx dx. Hence evaluate ' sinax dx
Ih= ' (sin x) (sin X)n-1 dx
II I
=—CoS X (sin X)n-1 + (N —1) ' (sin X)n-2 cos2x dx

=—Cc0S X (Sin X)n1 + (N —1) ' (Sin X)n-2 (1 — sin2x) dx

Li=—cosx(sinX)r1+(N=1) [ho—(n—1) In
cosx(sinx)"'  (n-1)

= In=- n n In-2 (n > 2)

+
cosx(sinx)’ 3 [_COSX(SinX)+lX]
+ 4 2 2 )sc

Hence L = — 4

Self Practice Problems :

(21)

(23)

x—-3 \ dx
| Tx—1@-—x)F?

Evaluate : ' X—4 gy (22)  Evaluate :
dx

| Tx+ 2P (x 1777

Evaluate :

_ /x—1_/2—x}
Ans.  (21) ‘(X_S)(X_4)+fn( X3 X74)+C (22) 2{ 2=x Wx=1) ¢

(23)

. (X_1}1/7
3 \ X+2 +C

L 4

19|

L 4



