MATHEMATICS Binomial Theorem

1. Binomial expression:

Any algebraic expression which contains two dissimilar terms is called binomial expression.
1 1

2 2 3
For example : x +y, xay + VY | 3, VX +1 + (X7 +1

)11’3

etc.
2. Terminology used in binomial theorem:
(i) Factorial notation : [Nor n! is pronounced as factorial n and is defined as
{n(n1)(n2) ........ 3.2 .1 ;if neN
o= 1 ; if n=0
Note: nl=n.(n=-1)! ; neN

(i) Mathematical meaning of »Cr : The term .C: denotes number of combinations of r things

n !
choosen from n distinct things mathematically, «C:= (=t rt ,NEN,TeEW,0<r<n
)
Note : Other symbols of of C: are ") and C(n, ).
(iii) Properties related to nC: :

€) nCr = nCn-r
Note : If nCx=nCy = Eitherx=y or x+y=n
(b) nCr+ nCr-1=n+1Cr

"C, n-r+1
© Gz T

n n(n-1) nin-1(n-2)......... (n=(r-1))
d) Co=T Gy = =0 o, = _ o (r=N(r-2).....2 1
(e) Sum of two consecutive binomial coefficients
n! n!
iCi+1Crs = aCr = LH.S. = GG = MOE T (n=re )l (r=1)
n! F* 1 } n! (n+1) (n+1)!

(=)t (r=N{r n-r+1_(=r) r=1 r(n-r+1) _(n-r+1! r! —uC=RH.S.
) Ratio of two consecutive binomial coefficients

"C n-r+1

"Co. .

n n(n—1) n(n-NHn-2)......... (n—(r-1))

@  C=T mCa= "0 c = = rr=Nr=2)...2 1
(h) If n and r are relatively prime, then »C: is divisible by n. But converse is not necessarily

true.

3. Statement of binomial theorem:

(X + ¥)n = nCo Xnyo + nC1 Xn-1y1 + nC2 Xn2Yy2 +...4 nCr Xnr Yr +...... + nCn Xo Yn
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MATHEMATICS Binomial Theorem

wheren € N

n
Z nCr Xn—ryr
or (X+y)=""0
from the above expansion, we can find the following expansions
(1 + X)n =1Co+nC1 X +nC2 X2 +... + nCr Xr +...+1Cn Xn

iﬂcr Xr

or (L+x)0="0
Notes:
0] The number of terms in the binomial expansion (a + b)nis n + 1.

(i)  The sum of the indices of a and b in each term is n.

(i)  The binomial coefficients (»Co, nCi1 .......... nCn) of the terms equidistant from the beginning and
the end are equal, i.e. nCo= nCn, nC1=nCnu1 etc. {'.' nCr = nCn—r}

(iv) General term in the expansion of (x + y)» can be considered as Tr1 = nCr Xn—r Yr

(v)  The rn term from the end is equal to the (n — r + 2)n term from the begining,
i.e. nCnor+1 Xr-1 Yn-r+1

(vi) Middle term(s) in the expansion of (x + y)" can be calculated as below :

[n + 2}“1
€) If nis even, there is only one middle term, which is 2 term.
[n+1]m [n+1 1]m

(b) If n is odd, there are two middle terms, which are 2 and 2 terms.

Example # 1 : Expand the following binomials :
%)

(i) (x=3)s (ii)

Solution : 0] (X —3)s =5Coxs + 5C1Xa (— 3)1 + 5C2 X3 (— 3)2 + sCs X2 (—3)3

+5Ca X (= 3)a +5Cs (— 3)s
= X5 — 15x4 + 90x3s — 270x2 + 405x — 243

(5] ) oL L)
(i) 2 =4Co + 4C1 2 + 4C2 2 +4Cs 2 + 4Ca 2

27 2 8
=1-6x2+ 2 xa— 2 xo+ 16 xq
20
(5
Example # 2 : Expand the binomial 3 2 up to four terms

N S N S A R B N
Solution : 3 2 = 20Co 3 + 20C1 3 2 + 20C2 3 2 + 20Cs 3 2 + ...

(2_x}20 [zj18 [2)15 [2)14
=\3 +20. \3 Xy + 190 . 3/ xus y2 + 1140 3) xu ys +

Example # 3: The number of dissimilar terms in the expansion of (1 — 3x + 3X2 — X3)20 iS

2|
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Solution :

Example # 4 :

Solution :

Example #5 :

Solution :

Example #6 :

Solution :

(A) 21 (B) 31 (C) 41 (D) 61
(1 — 3x + 3x2 — X3)20 = [(1 — X)3]20 = (1 — X)se0

Therefore number of dissimilar terms in the expansion of (1 — 3x + 3X2 — X3)20 is 61.

Find
(5-2)
0 26w term of (3x + 2y)s (ii) Tntermof \ O 2X
30!
(i) Tas+1 =30Cos (3X)5 (2y)25 = 5 25! (3X)5 . (Zy)zs

2]
(i)  Tthtermof \ ® 2X

SR
Tor1 =oCs * 2 2x = 31615 2x) = X

Find the number of rational terms in the expansion of (9u4 + 8us)1000.

1000

91/4 81/6
The general term in the expansion of ( - ) is
1 1000-r 1 r
[94 J [86 } 1000 ¢
Tre1 = 1000Cr = 1000Cr= 1000Cr 3 2 2?
The above term will be rational if exponent of 3 and 2 are integers
1000 —r r
ltmeans 2  and 2 must be integers
The possible set of values of ris {0, 2, 4, ............ , 1000}
Hence, number of rational terms is 501
Find the middle term(s) in the expansion of
)(2 14 a3 9
%) [=-%)
0) (i)
2 \14
%)
0)
[1 4+ 2}
Here, n is even, therefore middle term is 2 w term.

It means Ts is middle term

2 N7
[X] 429
Ts = 1aC 2 = - 16 X14.

(33 —%J
(if)

[9 + 1} (9 +1 . 1}
Here, n is odd therefore, middle terms are 2 h & 2 th.
It means Ts & Ts are middle terms

4 318
S S
Ts = 9Ca (3a)9-4 6 = 8 ay > Te=eCs (3a)9-5 6 =-16 g4,

w?
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MATHEMATICS Binomial Theorem

(s
3
Example # 7 : Find the coefficient of xs2 and X-17 in * X .

Solution : Let (r + 1)n term contains Xm
=)
3
Trs1 =15Cr (X4)15—r X = 15Cr Xe0-7r (— 1)r
() for xs2, 60 — 7r = 32 = 7r=28 = r =4, so 5nterm.

Ts = 15Ca Xa2 (— 1)4
Hence, coefficient of xa2 is 1365
(i) for x-17,60-7r=-17 = r=11,so 12n term.
T12= 15C11 X-17 (— 1)11
Hence, coefficient of x-17 is — 1365

Note : In any binomial expansion, the middle term(s) has greatest binomial coefficient.
In the expansion of (a + b)n
If n No. of greatest binomial coefficient Greatest binomial coefficient
Even 1 nCni2
Odd 2 nCr-12 and nCn+12

(Values of both these coefficients are equal )

Self practice problems :

=)
(1) Write the first three terms in the expansion of 3/

x2 3Y
5
(2) Expand the binomial .

(-3
3) Find the term independent of x in X
(4) The sum of all rational terms in the expansion of (3us + 213)15 is
(A) 60 (B) 59 (C) 95 (D) 105

1 8
(1+3)
(5) Find the coefficient of x-1 in (1 + 3Xz + Xa) X

(6) Find the middle term(s) in the expansion of (1 + 3X + 3X2 + X3)zn
&0 X' 5 10 135 243
Ans. (1) 64-64y + 3 y: (2) 243 127 wo+ 3 yxa+30x+ X 4 X°
3) 283 4 B (6) 232

(6) 6nCan . Xan

Divisibility and remainder calculation:

Lets consider a number (7)*2 , which can be written as (8-1)3
g o 5w L8 ot PN e i ®e 1 1S ®ored 0GBy G
Now (8—1)13 - Multiple of 8
s~ (8-1)B=81-1
=8(I-1) +7
Hence on dividing (7)*3 by 8, we get remainder 7.

~*
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MATHEMATICS Binomial Theorem

Example # 8 : Prove that for each n € N, 23 — 1 is divisible by 7
Solution : 2:n—1 =(23h—1=(1+7n-1

= [1 +nC1 (7) +nC2 (7)2 ........... + nChn (7)n] -1
= 7[nCl +nC2 7+ ......... nCn 7n—1]
= 230 — 1 is divisible by 7 for alln € N

Example # 9 : Find the remainder when 5g is divide by 8

Solution :

hence remainder when 5 is divided by 8 is 5

Example # 10 : Find the last two digits of the number (17)1o.

Solution : (17)0 =(289)s = (290 —1)s

=5Co0 (290)s — sC1 (290)4 + ........ + 5C4 (290):1 — sCs (290)o0
=5C0 (290)s —sC1 . (290)4 + ......... 5C3 (290)2 + 5x 290 -1
= A multiple of 1000 + 1449 Hence, last two digits are 49

Note : We can also conclude that last three digits are 449.

Example # 11 : Which number is larger (1.01)1000000 0r 10,000 ?
Solution : By Binomial Theorem

(1.01)1000000 = (1 + 0.01)1000000
=1 + 1000000C1 (0.01) + other positive terms
=1+ 1000000 x 0.01 + other positive terms
=1 + 10000 + other positive terms

Hence (1.01)1000000 > 10,000

Self practice problems :

Ans.

@) If n is a positive integer, then show that 3zn+1 + 2n+2 is divisible by
(8) What is the remainder when 7103 is divided by 25 .

599 = 5(52)a9 = 5(24 + 1)a9 = 5(49C0 2449 + 29C1 2449 ......... 49Cas 24 + 1)

7.

(9) Find the last digit, last two digits and last three digits of the number (81)zs.

(20) Which number is larger (1.2)000 or 800
(8) 18 9 1, 01, 001 (10) (2.2)4000.

Some standard expansions :

0] Consider the expansion
2."C.
(X + y)n =r=0 Xn-r yr = nCo Xn yO + nC1 Xn-1 yl + o + nCr Xn—r yr
(i) Now replacey - —y we get
>re,

(X—y)n: r=0 (— 1)an—ryr
= nCO Xn yO - nCl Xn-1 yl + ...+ nCr (—1)r Xn-r yr + ...t nCn (— 1)n Xo yn

(iii) Adding (i) & (i), we get
X+ Y+ (X=Yy)h=2[CoXnYo+ nC2Xn-2 Y2 +......... ]

(iv) Subtracting (ii) from (i), we get
X+ Y —(X=Y)h=2[CiXn-1 Y1+ nCs Xn-3 Y3 +......... ]

F o +nCn Xo yn (|)

... (i)

a?t
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MATHEMATICS Binomial Theorem

6. Properties of binomial coefficients:
(L + X)h=Co+ Cix + Coxz + ......... + CrXr + i +Coxn L Q)
where C: denotes Cr
() The sum of the binomial coefficients in the expansion of (1 + X)n iS 2n
Putting x =1 in (1)
nCo+nC1+nC2+........ +2Ch=2o (2)
Z nCr _ 2n
or r=0
(ii) Again putting x = -1 in (1), we get
nCo—nC1+nC2—nC3+ .uvennnnns + (—1)n Ch =0 L (3)
Z(—‘l)r "C, =0
or r=0
(iii) The sum of the binomial coefficients at odd position is equal to the sum of the binomial
coefficients at even position and each is equal to 2n-1.
from (2) and (3)
nCo+nCo+nCa+ i, = Ci+nC3+nCs+ v, = 2n-1
Example #12: If (1 + X)n = Co + Cax + CoX2 + ............. + CnXn, then show that
0] Co+ 3C1+ 3Lz + .......... + 3n Cn = 4.
(ii) Co+2C1+3.Ca+ ........ +(n+1)Ch=2n-1(Nn+2).
¢ C ¢ c, 1
(i) Co— 2 + 3 — 44 .. +(=1)n+1=n+1,
Solution : 0) (1+X)p=Co+ Cix+CoXe+........... + CnXn
putx =3
Co+3.Ci+32.Ca+......... +3n.Cnh=4n

(ii) I Method : By Summation

LHS. =Co+2.:C1+3.:C2+ ........ + (n + 1) nCn.

S (r+1) Sroc, YUC,

=r=0 . nCr =r=0 + =0
Z”: e Z "C,
=nr=0 + r=0 =n.2n-1+20n=2n-1(N+2). RHS
Il Method : By Differentiation
(L+x)h=Co+ Cix + CoXz + ........... + CnXn
Multiplying both sides by x,
X(1 + X)n = Cox + Cixz + CoXs + ........ + Cn Xn+1.

Differentiating both sides
Q+x)h+xXnNn(L+xX)n-1=Co+2.Cix+3.Cax2+ ....... + (n + 1)CnXn.
putting x = 1, we get

Co+2Ci+3.Co+...... +(N+1)Crh=2n+nN.2n-1
Co+2Ci+3.Co+...... +(N+1)Ch=2n-1(n+2) Proved

o?
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(iii) I Method : By Summation
& % G C,
LHS.=Co— 2 +3 _— 4 + . + (= 1) N+1
1y G
= r=0 I’+1
N r n 1 n n+
B Y {i. C = C}
=n+1 .0 n+1Cr+1 r+1
=n+1 [n+lCl—n+1C2+n+1C3— ............. + (— 1)n.n+1Cn+1]
1
= n+1 [Fn+1Co+n+1Ci—n+1Co + ......... + (= 1)n.n+1Cn+1 +n+1Co]
1

_ n+1 n+1 n+1 n n+1 _
1 —RH.S. . since { "1C, +™C, =" Cy+ .+ (1) "' C,, =0

II Method : By Integration
(L+X)h=Co+ Cix+C2X2 + ...... + Chn Xn.
Integrating both sides, within the limits — 1 to O.

n+170 2 3 n+1 70
[&} [C0x+C1X—+C2X—+ ..... +c, X }
2 3
1 =

n+1 "n+1 p
1 {—CO RS B (=) C—}
nt1_g=0- 2 3 n-+1
¢ G c 1
Co— 2 + 3 — ... + (= 1), N+1 = n+1proved
Example # 13 : If (1 + X)n = Co + CaxX + CaXz2 + ........ + CnXn, then prove that
0] Co2+ Ci2+ Ca2 + ...... + Cn2 = 2nCn
(ii) CoCz+ CiCs + C2Ca + .......... + Cn-2 Cn = 2nCn-20r 2nCn+2
(i) 1.C2+3.C12+5.Ca2+ ......... +(2n+1).Cn2.=2n. 20-1Cn + 2nCn.
Solution : 0] (L+X)h=Co+ Cix+ CaX2 + ......... +CnXn. Ll 0]
(X + 1)n = Coxn + CiXn-1+ CoXn-2 + ....... +CnXo (ii)
Multiplying (i) and (ii)
(Co+ Cax + Cox2 + ......... + CnXn) (Coxn + C1Xn-1 + ......... + CnXo) = (1 + X)zn

Comparing coefficient of xn,
Co2+Cr2+Ca2+........ + Cn2 = 20Cn

(i) From the product of (i) and (ii) comparing coefficients of x»-2 or x»+2 both sides,
CoC2+ CiCs + CoCa + ........ + Cn-2Cn= 20Cn-20r 20Cn+2.

(iii) I Method : By Summation

LHS. =1. Coo+3.C2+5. C2 + .......... +(2n + 1) Cra.
>(2r+1) >ar >("C.)
=r=0 nCr2 =r=0 .(nCr)2+ r=0

=21 .n=1Cr-1nCr + 20Ch
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(1 + X)n =nCo+nCiX+nC2X2+ ..., nCaxn
(X+1)n—1:n—1CO Xn-1+n-1C1 Xn-2 + ......... +n-1Ch-1Xo ...

Multiplying (i) and (ii) and comparing coeffcients of xn.

n-1Co . nC1 4+ n-1C1 . nC2 + ........... +n-1Cn-1. nCn = 20-1Cn
n 1
n—
> ""Cr
r=0 .nCr = 2n-1Cn

Hence, required summation is 2n. 2n-1Cn + 2:Cn = R.H.S.
Hence, required summation is 2n. zn-1Cn + 2:Cn = R.H.S.

II Method : By Differentiation

(1 + X2)n = Co + Caxz + C2Xa + CaXs + ..ocuveieeee + Chn Xzn
Multiplying both sides by x
X(1 + X2)n = CoX + Cixz + CaXs + ............. + CnXen+1.

Differentiating both sides

X.N(@A+X)n-1.2X+ (L +x)h=Co+3.Cixa +5. CoXa + .....+ (2n + 1) Cn Xon......(1J)

(X2 + 1L)n=CoXen+ Ci Xon-2+ C2 Xon-2 + ......... + Cn
Multiplying (i) & (ii)

(Co + 3Cix2 + 5Coxa + ......... + (2n + 1) Cn X2n) (Co Xan + CiXen-2 + .........

=2n X2 (1 + X2)2n-1 + (1 + X2)2n

comparing coefficient of Xan,

Co2 + 3C12 + 5C22 + ......... +(2n+1)Cr2 =2n.20-1Cn-1+ 2nCn.

Co2 + 3C12 + 5C22 + ......... +(2n+1)Crz =2n.201Cn + 20Cn. Proved

Example # 14 : Find the summation of the following series —

(i) mCim + me1Cm + me2Cin + cvovrerenn. +nCn
(i) nCs+ 2. niCs+ 3. ne2Ca + ......... +n . 201C3
Solution : (i) I Method : Using property, nCr +nCr-1 = nr1Cr
mCm + me1Cm + me2Cm + ..., + nCnm
Cani G
= + me2Cm F v, +nCnm {~+ mCm = me1Crme}

m+2 m+2
g e

= F o + nCm

= ma3Cmst + e, +nCm = nCm+t + nCm = n+1Cm+1
II Method

mCm + m+1Cm + m+2Cm o + nCm

The above series can be obtained by writing the coefficient of Xxm in
@A+ X)m+ (L +X)ma+ .. + (1 + X)n
LetS=(Q+X)m+ (1 + X)met +urrrrernnne, + (1 + X)n

(1+ x)”+1 (1+x)"

= coefficient of xm in X - X = n+1Cmaa+ 0 =n+1Cm+1

ot
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MATHEMATICS
(i) nCs+ 2 . naCs+ 3. n2Cs3+ ... +n.21Cs
The above series can be obatined by writing the coefficient of xs in
A+xX)n+2. (L +X)a+3. (L + X2+ oo +n.(1+X)nt
Let S=(1+xX)h+2. (L +X)1+3. (L + X2+ oo +n(l+X)21 0 . ()
L+x)S= (1+X)a+2 (L+X)e2 + evveeennnne +(N=1) (1 +X)2n1 + N(L + X)2n (i)
Subtracting (ii) from (i)
=XS=Q+xX)h+ @+ X))+ (L + X2+ eovrrrneenn, + (1 + X)2n1 — N(1 + X)2n
(+x)"[(1+x) -1]
= X —n (1 + X)zn
(1" +(1+x)"  n(1+x)"
S= x° " X
Xs:S (coefficient of xs in S)

—(1+x)" +(1+x)"  n(1+x)*
X3! X + X

Hence, required summation of the series is —2nCs + nCs + n . 21Ca

Self practice problem :

(11)

Prove the following

() Co+3C1+5C+ ... +(2n+1)Ch=2n(n+1)
42 ﬁ 4 5114
(i)  4Co+2 .Ci+ 3 Cotr, +n+1 co= N+
(iii) nCo .n1Cn + nC1 . nCn1 + nC2 . n-1Cnz + ........... +nCn.1C0 =201 (N +2)
(iv) 2C2+3C2+ ..., +nC2 = n11Cs

7. Binomial theorem for negative and fractional indices :

n(n-1) n(n-1)(n-2)
21 3!
fneR,then (1+X)h=1+nx+ Xz + )T
nin-1H(n-2)....... (n-r+1)
r!
.................. + D (e R
Remarks
0) The above expansion is valid for any rational number other than a whole number if | x | < 1.
(ii) When the index is a negative integer or a fraction then number of terms in the expansion of
(1 + x)n is infinite, and the symbol «C: cannot be used to denote the coefficient of the general term.
(iii) The first term must be unity in the expansion, when index ‘n’ is a negative integer or fraction
B n 2
x”[1+xj =x"41+n . !+w[ij +o if |¥]<1
X X 2! X X
x) X n (n-1)(x ‘ X
y"{1+—J =y"<1+n . —+7[—} +on if |—|<1
y y 2! \y y
(X+yh =
nin-NH(n-2)......... (n—-r+1)
!
(iv) The general term in the expansion of (1 + X)n is Tra = re Xr
(V) When ‘n’ is any rational number other than whole number then approximate value of (1 + x)n is
1 + nx (X2 and higher powers of x can be neglected)
(vi) Expansions to be remembered (|x| < 1)

(a) Q+X)a=1l=-X+Xe—=Xz+ ... + (1) X + e o0

o?
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(b) I-X)1=1+X+Xe+Xs+ .ooee, + X+ o o0

Example # 15: Prove that the coefficient of xr in (1 — X)-n iS n-1Cr

Solution: (r + 1)n term in the expansion of (1 — x)-» can be written as
-n(-n—N(-n-2)......(—n-r+1)
Trn = rl (=X)r
nn+N(n+2).....Nn+r—1) nn+1)(n+2)..., n+r-1)
= (1), r! (=x) = r! X
(n=1! n(n+1MN.....(n+r-1)
- (n-1)!r! %
(n+r-1)
Hence, coefficient of x: is (n-Dhrt nr-1Cr Proved

Example # 16 : If x is so small such that its square and higher powers may be neglected, then find the value of

(1-3x)"? + (1-x)*"?
(4 + X)1i2

(=307 + (- 0 x)"
(44 )" ( )

2
1(2—EXJ[1—X] 1[2—"-19x} x 19 il
=2 6 8) - 2 4 6 J_q1_ 8_ 12y =1_ 24

Self practice problems :

Solution :

(12) Find the possible set of values of x for which expansion of (3 — 2x)u2 is valid in ascending powers

of x.
2 132y 13572V
(13) Ify=5 + !{EJ + 3! [EJ o,  then find the value of y2 + 2y
350
(14)  The coefficient of X0 in (1-xy is
(1) 100 (2) =57 (3) -197 (4) 53
ie
Ans. (12) xe\ 2°2) (13 4 14 @3

+

10 |
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