MATHEMATICS Limits, Continuity & Derivability

Calculus required continuity, and continuity was supposed to require the infinitely little; But nobody could discover what the infinitely little

mightbe Russell, Bertrand
1. Definition : (Limit of a function f(x) is said to exist, as x - a when)
dim £im
h=0 f(a—h) = h>o f(a+ h)=Finite
(Left hand limit) (Right hand limit)
Note that we are not interested in knowing about what happens at x = a. Also note that if L.H.L.
& R.H.L. are both tending towards ' ® ' or ‘==’, then it is said to be infinite limit.
Remember, x — a’ means that x is approaching to ‘a’ but not equal to ‘a’.
2. Fundamental theorems on limits :
&im &im
Let *?f(x)= ¢fand *?® g(x) =m. If ¢ & m are finite, then:
_ £im
0) T £g(X) }=L£m
) £im
(ii) (¥, g(x) }=L.m
L GO
£im x) _ o
(iii) xa 9X) = m  provided m # 0
£im
(iv) =8 kf(x) =k f(x) = k¢; where k is a constant.
fim im g ()
(V) *>2 f(g(x)) = f\*~*@ = f(m); provided f is continuous at g (x) = m.
Example # 1 : Evaluate the following limits : -
, 2&im ; 4im .
() x52 (X + 2) (ii) x>0 cOos (Sin X)
: : : o o fim
Solution : 0] X + 2 being a polynomial in x, its limitas x — 2 is givenby »»2 (x+2)=2+2=4
) 2im . (Pimsinx)
(i) x>0 €Os (sin X) = cos ‘*°° =cos0=1

Self practice problems :

Evaluate the following limits : -

. X +4
&im &im
(1) 52 X(X — 1) (2) x»2 X+2
Ans. (1) 2 (2) 2
3. Indeterminate forms:
0 =
0 , ©,0X 0 0 =00 00 (° ]
x2 -4 . .
] &m &im
Consider f(x) = X—2 _Here x»2 xo—4=0and *2 x—2=0
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MATHEMATICS Limits, Continuity & Derivability

0
&im ] ) 0
x-»2 f(x) has an indeterminate form of the type “ .
) nx o0
fm — ] ) —
x>= X has an indeterminate form of type * .
i o :
x>0 (1 + X)ux is an indeterminate form of the type 1-
. X X%
fim — , , fim — . .
x»0 X js an indeterminate form whereas x:¢ X is not an indeterminate form (where [.]
represents greatest integer function)

tending to zero exactly zero
tending to zero tending to =zero

ie. is an indeterminate form whereas is not an
indeterminate form, its value is zero.
similarly (tending to one)endng o = is indeterminate form whereas (exactly one)endgingto = IS NOt an
indeterminate form, its value is one.

~ [sin®X]
£im ) . ) )

x50 X (where [.] represents greatest integer function) is not of indeterminate form as
numerator is exact zero & denominator is approaching zero.

NOTE :
(|) 0 4+ 00 = (||) © X 00 = oo
a a
(iii) ®© =0, if ais finite. (iv) 0 is not defined for any a € R.
4. Methods of removing indeterminancy :
Basic methods of removing indeterminancy are
(A) Factorisation (B) Rationalisation
© Using standard limits (D) Substitution
(E) Expansion of functions.
(i) Factorisation method:
We can cancel out the factors which are leading to indeterminancy and find the limit of the
remaining expression.
x*-2x-3 { 1 2 (2x-3) }
tm o4 £im I 2
Example #2: (i) ~ x» X —4x+3 (i) a2 LX72 X -3XT42X
X -2x-3 o (x=3)(x+1)
Solution : (i) U Tax+3 M (x-3)x-1) =2
. {12(2)(—3)} . {1_2(2x—3)}
iy M [x-2 K-8 e2x] o M [x-2 x(x-1)(x-2)
x(x—1)-2(2x - 3) x* -5x+6
_lm T - x-2) | M| x(x=1)(x - 2)

2|

L 4



MATHEMATICS Limits, Continuity & Derivability

N =

(x=2)(x-3) x-3
o Am xx-Nx-2) | = M [xx-1)] __

x 2 =

(ii) Rationalisation method :-
We can rationalise the irrational expression in numerator or denominator or in both to remove
the indeterminancy.

Example # 3 : Evaluate :

VX =V x  lex-1-x
(i) Jf'r,'J V1+x® =1+ x (ii) g”;g X

1+ =l x V16 T+ x 1+x° +1+x
Solution : (i) WM A —Virx 1@ 10 x 145 T+ x

14+ x* = (1+x) VX 1 x (X)(x="1)

M 1% (14 x) V1+x% +1+x o OOx=N(x+1) —q

x 0
0
(ii) The form of the given limit is 0 whenx - 0. Rationalising the numerator, we get
Jrx--x \/1+x—\/1—xxx/1+x+x/1—x
I Jtm o eG

(1+x)—(1-x) 2X
m | x (Frx+V1-x) | _8m | x (Pex+1-x)

x>0

2 2
¥im {V1+X+V1—x} -2 -1

Self practice problems :

Evaluate the following limits : -

. (2X*3) (\/;71) 'le ‘l—(sinx)“ I \/ﬁ—\/;
3) Im 2k rx-3 4) =3 1=(sinx)*? 5) fm h
e S
@ R A gy on Ve
-1 1 1 1
Ans.  (3) 10 (4) 2 (5) 2Vx (6) 4ava-b 7y o0
5. Standard limits :
&im sinx &im fanx
0] (@) =0 X =22t X =1 [ Where x is measured in radians |
tan'x sin"'x
B B
0 9 x =0 x =1

31
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MATHEMATICS Limits, Continuity & Derivability

1

© fﬁ{,‘ (1+ x)X e - {:[E' (1+ax)< =e®
fim [Hl) %im [HEJ =e’
(d) X—» % X e : X
gim &1 tim &
(e) =0 X =1 : *»0 X =lJogea=/(na ,a>0
oim n(1+x)
(f) x—0 X = 1
2im X —@
(9) x>a  X—=8 =pa;.:
(i) If f(x) - O, when x — a, then
sinf(x)
2 2
@) o f(x) -1 (b) % cos f(x) =1
 tanf(x) e
(c) glr}; fx) -1 (d) glr}; f(x)  =-¢
. b _1 . n(1+f(x))
im im
(e) x»a f(x) =/n b (b > O) (f) x-ra (X) =1

(@) Um (1+f(X))“" =

&im &im &im
(iii) o2 f(x) = A>0and x>a (x) = B(a finite quantity), then x»a  [f(X)]ex) = Ae.

(1+x)" -1
im——
Example #4: Evaluate : =0
g (X0 =1 ()t
Solution : 0 X = 0 (1x)-1 2
. eﬁx*‘l
2im
Example#5: Evaluate : x» 2X
p e® -1 p e” -1
im im _ Ta.
Solution : x50  2X = x0 3 6X =3
tanx —sinx
im——3
Example # 6 : Evaluate : x>0 X

.9 X
tanx —sinx 0 tanx(1- cosx) tanx . 2Zsin®

. fm ——— im————— m ——————
Solution : x50 X = x>0 X = xs0 X
2
. X
sin=
2
0 1  tanx X 1
= x”;lg 2 X 2 =2
tanx

&m
Example #7 : Evaluate : x30 tan5x

&—

) 4
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MATHEMATICS Limits, Continuity & Derivability

tanx tanx X 5x . tanx 1 . 5x 1
fim tml— - — - fim — fim _
x50 tanbx X 5x  tandx x>0 X | 5 [50 tandx ] _5

x 0

Solution :

1 2Y
fim [ '+
Example # 8 : Evaluate ; x»=

2 X
.2
fim (”‘ fim X
X —e” = ea.

Solution : Xy =
" et -¢’ " x(e* 1)
im— & T ra—
Example #9: Evaluate : (i) >3 X—3 (i) x>0 1-cosx
Solution : () Puty=x-3.S0,asx - 3=y - 0. Thus
e* _gd e*r_¢® e’ . e-¢° e’ -1
im— fm — m —— m ——
‘g”;l; x-3 = yLO y = VLO y =es3 YLO y =es .1l=e3
x(e* 1) e -1 X
x(e* —1) o X 1 X a2 X
im- ——_ &m 2sin®>  — g sin” 2
(ii) im 1 cosx = tim 2 -2 ¥im 2] -9

Self practice problems :
Evaluate the following limits : -

. X2 2 XZ XZ
&im sin2x &m 8 [1-cos=——cos=+cos——cos—
x—=0 *x—=0 8 2 4 2 4
(8) X 9) X
fim V1-sin2x g 529
ot T Ae im
(10) ¢ moAX (11) A0 X
b
‘P|m 23\x
(12) xow (1 + az)x sin (1+a7) ,wherea#0
A 5
Ans. (8) 2 (9) 32 (20) does not exist (112) 9

(12) b
6. Use of substitution in solving limit problems:

£im £im £im
Sometimes in solving limit problem we convert x»a f(x) into h»0 f(a + h) orh>0  f(a — h) according as
need of the problem. (here h is approaching to zero.)

Em 1-tanx

Example # 10 : Evaluate ¢ 1-/2sinx
T
Solution : Put x=4 +h

T
x> 4 > h-0

1-tan (ﬁ+h —2tan h

4 ~1+tan h 1—tan h
, 1-tan h h h h
; 1—\/§sm(n+hj i . im 2sin®> — —2sin_cos —
£im 4 _ &im 1_sin h—cos h _ £im 2 2 2

L 4
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Limits, Continuity & Derivability

_2tanh
h
. h
—-2tan h S'ng[ h h}
——~£|sin-—-cos—
&im 2sinh[sinh—cush}1 &im D 2 2 # __2
= o 2 2 2] (1-tanh) _ 35 2 (1-tanh) = —1- o
7. Limits using expansion :
g g, X 0 a x2~E'n2a+x3€n3‘a+ a >0
0 = i o1 T —
x x2 X
e’f1+ﬁ+§+—l+ ......
(i) 13
2 3 4
xfx— X—fX—Jr .......... for-1<x<1
iy @)= 2 3 4
3 XS X7
SinNX=X——+"———+.....
(iv) 31 51 71
x* x* xt
cosX=1-—+———
V) 21 41 6!
x+x—3+E+
(vi) tan x = 3 15
n(n-1) n(n—1)(n-2)
Wi) for<LneR (L+xp=Ll+nx+ -2 xou 1-2-3 op . o
%im X —Sinx
Example # 11 : Evaluate *~° x°
X xX* X x* x* X
X—| X—="—+" -2 ... = = 0
. X-—sinx . 31 51 7l 31 51 71 1
. #im dim 5 = 3 =—
Solution : =20 X = *=0 X X 6
gim tanx —sinx
Example # 12 : Evaluate *°° x°
x® x3
, X+t | x—=—+....
%im tanx —sinx %im 3 3! 1 1 1
Solution : x>0 x° =x-0 x° =3 46 -2
1
oim X =2
Example # 13 : Evaluate *°'  X—1
Solution : Putx=1+h
1
3 _
oy (BN =2
h—=0
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MATHEMATICS Limits, Continuity & Derivability

1 2 ‘1+l . D+ +aee, -1
h\3 3 8 1.2
2[”8} -2 11
fim &im fim — —
— h—=0 h —h—0 h _h—>02x24:‘]2
x2
n(1+x)—sinx+—
. 2
M T tanx sinx
Example # 14 : Evaluate *~°
x? X x*  x° x?
) (x—?+?— ..... }—(x—§+§— ..... J+?
Pn(1+x)fsinx+x— -7
gim 2 gim o tanx  sinx L
Solution : x>0 xtanx sinx =x—0 XX =346=2
1
e—(1+x)
gim &= 0+X)
Example # 15: Evaluate *~°¢ tanx
1 e—e [1-X4..
Coe—(1+x)x { 2 J e X e
fim ———— {fim fim = =
Solution : x>0 fanx  —x-0 tanx - %502 y tanx- 2
. ae* —bcosx+ce™
fim -
Example # 16 : Find the values of a,b and c so that x>0 X sinx =2
. ae” —bcosx+ce
fim -
Solution : x>0 X sinx =2 L. (1)
at x » 0 numerator must be equal to zero
a-b+c=0 = b=a+c ... (2)
{,imae —(a+c).cosx+ce
From (1) & (2), X0 xsinx =2
x x* x* x* x* x x2 x°
ajl1+—+—+"—+...... —(a+c)|1-——+——...... +Cl1-—=—+——-"—+...
1 20 3! 2! 4| 1M 20 3!
Qim T T T sasas
o x50 3! 5l Y
(a_c)+(a+c)+%(a—c)+.....
X x".
. Tt ...
£im ( }
o x50 31 5! _ o
Since R.H.S is finite,
a-c=0
0+2a+0+....
a=c, then 1 =2
a=1thenc=1
From (2), b=a+c=1+1=2
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MATHEMATICS Limits, Continuity & Derivability

8. Limitwhenx - «

In these types of problems we usually cancel out the greatest power of x common in numerator and

1

denominator both. Also sometime when x — <, we use to substitute y = X and in this casey - 0-.

1

fim —
Example # 17 : Evaluate *~“ x sin X
1
sin—
X
gim l fim 1
Solution : oeygin X = X =1
x> =2

im ———
Example # 18 : Evaluate >~ 3x* +4

2
2 17)(72

X — 4 1

im fm 3+— =

Solution : xow 3xE+4 — xow x* =3
X*+7x+5

1 _—
Example # 19 : Evaluate *>* 4x° +x" +1

x x* x
oim X FTX+5 L4 1
Solution : e 4P +x 41 = o X x* =0

fim
Example # 20 : Evaluate ** = X—2

V3xF+2 1

Solution : oor X=2 (Putx=—t , X o> —o =t 0
V3 +2t%. %
t _
iim 1220 im varat t V3
— t=0 t = t=0* _(1+2t) |t|: *1 = _ \/g
9 Some important facts :
2nx X x"
) fm — 8im —x  fim
0] xow X = (i) x>» € =0 (i) x>~ e =0
fnx)’
&im (tnx) 2im
(iv) xom X =0 (V) *=0" xX(/nx)a =0

As X — o, /n X increases much slower than any (positive) power of x where as ex increases much faster

than any (positive) power of x.
fim ¢im
(vi) "?* (1—hw=0and "?* (1 +h)a - %, whereh - O-.

1000
X

X

£im
Example # 21 : Evaluate x>~ €

8|
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MATHEMATICS Limits, Continuity & Derivability

1000
X

. &im X
Solution : xow € =0

10. Limits of form 1=, Oo, «0

0
0] All these forms can be converted into © form in the following ways
€) Ifx - 1,y - o, then z = (X)yis of 1- form
= mhz=y/lnxX
nx
1 (9 formj
= mz=Y 0

1
Asy - o = Y20 andx-1= /mx-0
(b) Ifx - 0,y - 0,then z = xy is of (Qo) form

= mz=y/lnXx
: 0
1 (— form}
= /n z = x 0
(© IfX - o,y - 0,then z = Xy is of () form
= mz=y/lnXx
; 0
1 (— form}
= (nz=14Mx 0
(ii) (1)~ type of problems can be solved by the following method
1
£im x
(a) x>0 (1+x) =e
£im
(b) xoa [f(X)]ow ; Wheref(x) - 1; g(X) > © asx —» a
(f(x)-1) g(x)
! f(x)-1}.9(x !
_Aim [1+f(x),1]m” o _ im [[ﬂ(f(x)—'l)]'m‘} _ -t
x+1)
&m X—2
Example # 22 : Evaluate x»=
Solution : Since it is in the form of 1-
2x-1 _
o (X+1] [@im{W}(zx_n}
Xy X=2 =exp X= =T
£im

Example # 23 : Evaluate = 4 (tan X)un2

'le &im (tanx-1)tan2x ?im(tanx—nzin:
. . e . Xt xag xt 1-tan® x
Solution : Since itis in the form of 1. so = 4 (tan X)mn2c = © =€
o tann/4 1
-1(1+tann/4)
= e — e = e

9|
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MATHEMATICS Limits, Continuity & Derivability

tan
a 2a
£im (2;J
Example # 24 ;. Evaluate xa .

X

a ianza
) &im (2_;J
Solution : X a put Xx=a+h
n E.,_n_h‘ nth
14 h ) [2 2a) ] h ’wt[zaj . .
¢ ¢ + fim-cot™" [ 14— -
_ &im (a+h) _ tim a+h _ ™ CotZa[ an )
mh 2a
H'inh ash 2
_e \ 2a _e T
€im
Example # 25 : Evaluate *—0 X«
. Lim
Solution : Lety = =0 X«
fni
_X
, . 1 1
£im £im - -
= My =0 x/fnx =0 — X =0, as X Lo = y=1

11. Sandwitch theorem or squeeze play theorem:

Suppose that f(x) < g(x) < h(x) for all x in some open interval containing a, except possibly at x = a itself.
Suppose also that

Y.
h(x)

9(x)
f(x)

{

dim Zim dim
=8 f(x) = ""%=h(x), Then *~% g(x) = (.
oim [X]+[2x]+[3X] +.... + [nx]
Example # 26 : Evaluate "~~ n? , Where [.] denotes greatest integer function.
Solution : We know that, x — 1 < [x] £ X

2x — 1 <[2X] < 2x
3x—1<[3x] £3x

nx — 1 < [nx] £ nx
(X+2X+3x+....+nx)—n<[x]+[2X] + ..... +nx] £ (X +2x + .... + nX)

xn(n+1) Z"“[rx] xn(n+1)
= 2 -n< "<
1 1
oim %(.HHJ % %im [x]+[2x]n4;....+[nx] oim %(1+HJ
= n—s:= _ < n—o= < n—:=
%im [X]+[2x]+....+[nx] X oim [X]+[2x] +....+ [nx] X
N 2 < now n? < 2 LT n? =2

Aliter : We know that [x] = x — {x}

L 4



MATHEMATICS Limits, Continuity & Derivability

> I]

=1 =[x]+[2X] + .... + [nX]
xn(n+1)
=(x+2x+3x+ ... +nx) - ({x}+{2x} + .... + {nx}) = 2 -3 +{2x¢+.. +{nx})
DY I [”1] {x} +{2x} +.... + {nx}
nz r=1 = 2 nj_ n2
n zn:{rx}
2. x} fim =
Since, 0 <{rx} < 1, 0< ! <n o= =0
> [rx] 1 > {rx} > Irx]
. r=1 . X . r=1 . r=1 X
fim fim = (1+—J fim fim z
ns= N —nosx 2 N/ _ no= n = nox n -2
12. Continuity & Derivability :
Limit
A function f(x) is said to be continuous atx =c, if **° f(x)=f(c) i.e. fiscontinuousatx=-c

Limit Limit
if "= f(c —h)= "% f(c+h) =f(c).
If a function f(x) is continuous at x = c, the graph of f(x) at the corresponding point (c, f(c)) will not be
broken. But if f(x) is discontinuous at x = ¢, the graph will be broken when x = ¢

[ O I G ¢
O (i)C x O (ii)C x O (ii:) x O (i\c/) x

((i), (ii) and (iii) are discontinuous at x = c)
((iv) is continuous at x = ¢)

A function f can be discontinuous due to any of the following three reasons:

Limit Limit Limit
0) *** f(x) does not exist i.e. *>° f(x) # x> f(x) [figure (i)]
(i) f(x) is not defined at x = ¢ [figure (ii)]
Limit
(iii) ¢ f(x) #f(c) [figure (iii)]
Geometrically, the graph of the function will exhibit a break at x= c.
. TX
sin— , x<1
2
Example # 27 :If f(x) = x| x=1 , then find whether f(x) is continuous or not at x = 1, where

[.]is greatest integer function.

. TX
sin— , X <1
2
Solution : f(x) = x] ., x=1

lim lim
For continuity at x = 1, we determine f(1), x> f(x) and x> f(x).
Now, f(1)=[1]=1
, , X T , ,
lim im  — = lim lim
T f(x) = x> sin 2 =sin2=1 and o f(x) = o [x]=1

11 |
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MATHEMATICS Limits, Continuity & Derivability

lim lim
SO f(l) = x> f(x) = x> f(x) =1
f(x) is continuous at x = 1

Self practice problems :

T
(13) If possible find value of A for which f(x) is continuous at x = 2

1-sinx
1+ c082x’

?\' ’

X
A

>
Il

2X—7

(= N4r2x—m-2

>
\%
Nla Njla oA

(14) Find the values of a and b such that the function

x+aJ§ sinx O§x<%
f(x)=4 2xcotx+b Tex<l
4 2

acos2x —bsinx Tex<n r R

2 is continuous atx =4 and x = 2

(1+ax) x<0
f(X) — b ’ X = 0
1/3
(x+c)"” -1 x>0
(15) If X , then find the values of a, b, c, for which f(x) is continuous at x =
0
oo 1
Ans.  (13) discontinuous (14)a=6 b= 12 (15)a=-m3,b=3 c=1
13. Theorems on continuity :
0] If f & g are two functions which are continuous at x = ¢, then the functions defined by:

Fi(x) = f(x) £ g(x) ; Fz2(x) = K f(x), K is any real number ; F3(x) = f(x).g(x) are also continuousat

f(x)
x = c¢. Further, if g (c) is not zero, then F4(x) = g(x) is also continuous atx =c.
(i) If f(x) is continuous & g(x) is discontinuous at x = a, then the product function

P (x) = f(x). g(x) may or may not be continuous but sum or difference function

P (x) =f(x) £ g(x) will necessarily be discontinuous at x = a.
sing x=0

e.g.f(x):x&g(x):[0 x=0

12 |
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MATHEMATICS Limits, Continuity & Derivability

Example # 28 : If f(x) = [sin(x—1)] — {sin(x—1)}. Comment on continuity of f(x) at x =

(iii) If f (x) and g(x) both are discontinuous at x = a, then the product function ( (x) = f(x). g(x)
is not necessarily be discontinuous at x = a.

[ 1, x=0

eg.fx)=gp=l"1 » *<0

and atmost one out of f(x) + g(x) and f(x) — g(x) is continuous at x = a.

T
2

(where [ . ] denotes G.1.F. and { . } denotes fractional part function).

Solution : f(x) = [sin (x — 1)] = {sin (x — 1)}

Letg(x) =[sin (x—1)] +{sin (x—1)} = sin(x—-1)
T

which is continuous atx = 2 +1

T
as [sin (x — 1)] and { sin (x — 1)} both are discontinuous atx = 2 +1
T

At most one of f(x) or g(x) can be continuous atx = 2 +1
T

As g(x) is continuous at x = 2 + 1, therefore, f(x) must be discontinuous

lim [ n +1j
Alternatively, check the continuity of f(x) by evaluating e f(x) and f 2 .

14. Continuity of composite functions:
If f is continuous at x = ¢ and g is continuous at x = f(c), then the composite g[f(x)] is continuous at
Xsinx
X = c. eg. f(x) = xX*+2 & g(x) = Ox0 are continuous at x = 0, hence the composite function
Xsinx
X2 +2| -
(gof) (x) = will also be continuous at x = 0.
Self practice problem :
1
x-1° , x<0
f()(){1+x3 , x<0 g(x) = ( )1
T g2 2
(16) x-1, x>0 and (x+1)? , x=0
Then define fog (x) and comment on the continuity of gof(x) at x = 1
Ans. [fog(x) = x, x€ R and gof(x) is discontinous at x = 1]
15. Continuity in an Interval:
(@ A function f is said to be continuous in (a, b) if f is continuous at each & every point €(a, b).
(i) A function f is said to be continuous in a closed interval [ a, b] if:
€) fis continuous in the open interval (a, b),
Limit o )
(b) f is right continuous at ‘a’ i.e. *»2" f(x) = f(a) = a finite quantity and
Limit o _
(c) fis left continuous at ‘b’ i.e. *=b" f(x) = f(b) = a finite quantity.
(iii) All Polynomial functions, Trigonometrical functions, Exponential and Logarithmic functions are
continuous at every point of their respective domains.
On the basis of above facts continuity of a function should be checked at the following
points

13 |
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MATHEMATICS Limits, Continuity & Derivability

€) Continuity of a function should be checked at the points where definition of a function
changes.

(b) Continuity of {f(x)} and [f(x)] should be checked at all points where f(x) becomes
integer.

(c) Continuity of sgn (f(x)) should be checked at the points where f(x) = 0 (if f(x) = 0 in any
open interval containing a, then x = a is not a point of discontinuity)

(d) In case of composite function f(g(x)) continuity should be checked at all possible points
of discontinuity of g(x) and at the points where g(x) = ¢, where x = c is a possible point
of discontinuity of f(x).

J [sinnx] ; 0<x<1

Hx—g} sgn(x——J; 1€x<2
Example # 29 : If f(x) = , Where { . } represents fractional part function
and [.]is greatest integer function, then comment on the continuity of function in the interval

0, 2].
Solution : Ei) ] Continuity should be checked at the end-points of intervals of each definition
ie.x=0,1,2
(i) For [sin 1tX], continuity should be checked at all values of x at which sin 1ix € I
1
ie. x=0, 2
{x 2 sgn [x —E] S
(i) For, 3 4 continuity should be checked whenx — 4 =0
5 2
(assgn (x)is discontinuous atx=0) ie. x= 4 and when x — 3 €1
5
ie. x=3 (as {x} is discontinuous when x € I)
1 5 9
overall discontinuity should be checked at x = 0, 2 1, 4 , 3 and 2

check the discontinuity your self.
1

5 5
discontinuous atx= 2,1, 4 , 3

X+3 1

Example #30: If f(x) = X -3 and g(x) = X—7 | then discuss the continuity of f(x), g(x) and fog (x).
X+3
Solution : fix) = X—3
f(x) is a rational function it must be continuous in its domain and f is not defined at x = 3
~fis discontinuous at x = 3
1

gx)= X7
g(x) is also a rational function. It must be continuous in its domain and g is not defined at
X=7

g is discontinuous at x = 7
Now fog (x) will be discontinuous at
0) X=7 (point of discontinuity of g(x))
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(i) gx) =3 (when g(x) = point of discontinuity of f(x))
A
if g(x)=3 = X=7 =3 = x =22/3
: discontinuity of fog(x) should be checked at x = 7 and x = 22/3
1 +3
x—7
U
fog (X) = X-7
fog (7) is not defined
. +3
x—7
1 1+3x-21

. -3 . - =
i fog(x)= X—7 _ Mm%+ 21 =1

~fog (x) is discontinuous at x = 7 and it is removable discontinuity at x =7
fog (22/3) = not defined

—+3
X—7

lim lim 1 3

22 =z o

X)S fog(x): 3 X*T =
1 +3
X—7

lim lim 1 3

2 e

7% fog (x) = a X7 = _o

fog (x) is discontinuous at x = 22/3 and it is non removable discontinuity of II.s kind.
Self practice problem :

[®n x] . sgn[{x%}}; 1<x<3

2 s
(17)  Iff(x) = L 3<x<35 Lind the points where the continity of f(x),

should be checked, where [ . ] is greatest integer function and {.} fractional part function.

3 5
Ans. {1,§,E,ta,3,‘/ﬁ,\/ﬁ,\/ﬁ , 3.5}

16. Intermediate value theorem:

A function f which is continuous in [a,b] possesses the following properties:

0] If f(a) & f(b) possess opposite signs, then there exists at least one solution of the equation
f(x) = 0 in the open interval (a, b).

(i) If K is any real number between f(a) & f(b), then there exists at least one solution of the
equation f(x) = K in the open interval (a, b).

a+b
Example # 31 : Show that the function f(x) = (x — a) (x — b)2 + x take the value 2 for some value of
X € [a, b].
a+b € [a, b]
Solution : f(a) = a ; f(b) = b. Also f is continuous in [a, b] and 2 . Hence using intermediate
a+b
value theorem, there exist atleast one ¢ € [a, b] such that f(c) = 2

&—
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Self practice problem :

(18) If f(x) = xex — 2, then show that f(x) = O has exactly one root in the interval (O, 1).

e H
Lim : n
Example # 32 : Let f(x) == 1+ nsin®X  then find f 4/ and also comment on the continuity at x = 0
1 _1
1 T Lo T 1
im T ey {] jim 1+n.sin” lim 1+”(]
Solution:  Letf(x)= e 14NSIN*X ¢ \4 = e 4 =noe = 2) 0
Now
1 1

0) _Im nsin®(0)+1  _ 14024

lim (x) = lim {lmhn sinzx} ~0o
{here sinz2x is very small quantity but not zero and very small quantity when multiplied with
 hecomes 0}
~f(x) is not continuous at x = 0

Self practice problem :

Lim
(29) If f(x) = r=>= (1 + X)n.
1
Lim X _
Comment on the continuity of f(x) at x = 0 and explain *-0 (1+x) =e .
Ans. Discontinous (non-removable)

T

Example # 33 : f(x) = maximum (sin t, 0 < t < x), 0 < x < 21t discuss the continuity of this function at x= 2
Solution : f(x) = maximum (sint, 0 <t <x), 0 £ x <21

if xe 2 , sint isincreasing function
Hence if tg[0, x], sin t will attain its maximum value at t = x.

sint

|
|0 T 7 Aen

T T
o3 5=
~f(x) =sinxifx € 2 if xe \2 andt € [0, X]

N A

then sint will attain its maximum value when t =

sinx if x e{o, f}
H 2

X [E, 271:} 1 , if xe (g, 27:}
fx)=sin2 =1ifxe \2 f(x) =

[EJ lim lim
Now f\2/=1 = 2 f(x)=’“2 sinx=1
lim lim

X o

2 fo=""2 1=1 as f(m/2) = LH.L. = R.H.L.
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T

f(x) is continuous at x = 2 .

17. Differentiability of a function at a point :

(ii)

Example#34:

Solution :

Example#35:

Solution :

The right hand derivative (R.H.D) of f (x) at x = a denoted by f '(a-) is defined by slop of PQ
Limit f(a+h)-f(a)
R.H.D.=f'(a:) = "¢ h , provided the limit exists.
The left hand derivative (L.H.D) of f(x) at x = a denoted by f'(a-) is defined by slop of PR
Limit H@=n)=f(a)
LHD.=f"(a-) =" -h , provided the limit exists.
A function f(x) is said to be differentiable at x = a if f'(a+) =f' (a-) = finite

Limit [@+h)-f(a)
By definition f '(a) = "' h
{X , x<1
i iabili X2, x=1
Comment on the differentiability of f(x) = ) atx =1,
Limit J4+h)—f(1)
R.H.D.=f (1+) = h-0*
2 2
Limit (E =1 g T 22021
= h—0* h — h=0* h — h=0* (h +2) — 2
Limit fa-h)-f(1) Limit 1-h-1
LHD.=f(1) = h—0" —h = ho0t -h =1

As L.H.D. # R.H.D. Hence f(x) is not differentiable at x = 1.

sinx?

xz=0
X
. . T _ 0 , x=0 _
Discuss differentiability of f(x) = atx = 0.
. __sinh?  h.sinh?
lim lim = ——=0
For continuity x~0f(x) = >0 h
Hence f(x) is continuous at x = 0
— sinh?
lim f(h)—f(0) im !
Also. f'(0+) =h=0 h —hs0 h -1
—h)- sinh?
jim M=) sinh?
and f'(0-) = "0 -h —h>0 h? =1

Thus, f(x) is differentiable at x =0
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xsin(nx?) x=0

Example#36: Discuss the differentiability of f(x) = { 0 x=0 atx=0

Solution : for continuity
lim
f(0:) = "% hsin(/nhz) = 0 x (any value between -1 and 1) = 0
lim
f(0-) = " (=h) sin(¢nh2) = 0 x (any value between -1 and 1) = 0
hence f(x) is continuous at x = 0
for differentiability

: 2

im f(h)-f(0) im Nsin(Enh®)-0 .
f0)="=% h = h-0 h = "=%sin(/nhz)
= any value between -1 and 1

Hence, f' (0) do not take any fixed value hence f(x) is not differentiable atx =0

Self practice problems :
[2x]+x , x<1

(20) If f(x) :{ 1, x21 , then comment on the continuity and differentiable at x = 1,
where [ . ] is greatest integer function and {.} is fractional part function.

{xtan‘11/x, x=0
(21) If f(x) = 0. x=0 , then comment on the derivability of f(x) at x = 0.
Ans. (20) Discontinuous and non-differentiable at x = 1

(22) non-differentiable at x = 0

18. Concept of tangent and its association with derivability :

Tangent :- The tangent is defined as the limiting case of a chord or a secant.

f(a+h)-f(a)

slope of the line joining (a,f(a)) and (a + h, f(a + h)) = h ]
Q(a + h.f(a + h))

X

o a (a+h)
~ f(a+h)-f(a)
Lim———————
Slope of tangent at P = f'(a) = h-0 h
The tangent to the graph of a continuous function f at the point P(a, f(a)) is
0) the line through P with slope f'(a) if f'(a) exists ;
(i) the line x = a if L.H.D. and R.H.D. both are either e« or — «,

If neither (i) nor (ii) holds then the graph of f does not have a tangent at the point P.

In case (i) the equation of tangent is y — f(a) = f'(a) (x — a).
In case (ii)itisx=a
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Note : (i) tangent is also defined as the line joining two infinitesimally close points on a curve.

(ii) A function is said to be derivable at x = a if there exist a tangent of finite slope at that
point.f'(a:) = f'(a-) = finite value

(iii) y = Xs has x-axis as tangent at origin.

(iv) y = |X| does not have tangent at x = 0 as L.H.D. # R.H.D.

Example#37: Find the equation of tangenttoy = (X)usatx = 1 and x = 0.

Solution : At x = 1 Here f(x) = (X)w3
kY CRY3 1
lim f(1-h)—f(1) im (1-h) 1 1
LHD=f(1) =h>0 -h = h—0 -h =3
_ 113 1
im f(1+h)—f(1) im (1+h) 1 1
RH.D. =f(l,) = "0 h =h-0 h =3
1
AsRH.D.=LHD.= 3
1 1
slope of tangent = 3 . y—f(1) = 3 (x=1)
1
y—-1= 3 x-1) = 3y —x =2istangenttoy = xusat (1, 1)
Atx=0
o 173
lim (0-h -0
LH.D.=f(0)= r-0 -h =+
(0+h)"”* -0
im ——
R.H.D.=f(0:)= h»0 h =+

As L.H.D. and R.H.D are infinite. y = f(x) will have a vertical tangent at origin.
x = 0 is the tangent to y = xus at origin.

Self practice problem :

(22) If possible find the equation of tangent to the following curves at the given points.
0] y=Xs+ 32+ 28x +1atx =0.
(ii) y=(X—8)atx =8.
Ans. (i) y=28x+1 (i) X

8

19. Relation between differentiability & continuity :
0) If f '(a) exists, then f(x) is continuous at x = a.
(i) If f(x) is differentiable at every point of its domain of definition, then it is continuous in that
domain.
Note : The converse of the above result is not true i.e. "If 'f' is continuous at x = a, then 'f' is differentiable at
X = a is not true.
e.g. the functions f(x) = | x — 2 | is continuous at x = 2 but not differentiable at x = 2.
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If f(x) is a function such that R.H.D =f'(a+) =¢ and L.H.D. =f'(a-) = m.

Case -1

If ¢ = m = some finite value, then the function f(x) is differentiable as well as continuous.

Case - 11

if £ # m = but both have some finite value, then the function f(x) is non differentiable but it is continuous.

Case - III

If at least one of the ¢ or m is infinite, then the function is non differentiable but we can not say about

continuity of f(x).

(i) (ii) (iii)

continuous and differentiable | continuous but not differentiable | neither continuous nor differentiable

Example#38: If f(x) is differentiable at x = a, prove that it will be continuous at x = a.
f(a+h)-f(a
| i farh)-f(a)
Solution : fi(a:) = hoo h =/

lim lim
h-0" [f(a+h) —f(a)] =h¢ as h - 0 and 7 is finite, then 0 fla+h)—-f(a)=0
lim
=h=0" f (a + h) = f(a).
lim lim

Similarly h—0" [f(a — h)-f(a)] =—h¢ = h-0' f(a—h) =f(a)

lim lim lim

hs0” f(a+h)= hs0 fa) = h—0" fla=h)
Hence, f(x) is continuous.

x?sgn[x]+{x}, 0<x<2

Example#39: If f(x) = { sinx+[x-3], 2<x<4 , comment on the continuity and differentiability of f(x),

where [ . ] is greatest integer function and {.} is fractional part function, at x = 1, 2.

Solution : Continuity at x =1
lim lim
=1 f(x)=*=" (xesgnx]+{x})=1+0=1
lim lim
=1 f(x) =*21 (xesgnx]+{x})=1sgn(0)+1 =1
f1) =1

L.H.L =R.H.L =f(1). Hence f(x) is continuous at x = 1.
Now for differentiability,
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f(1+h)—f(1) lim (1+h)* sgn[1+h] + {1+h} -1

R.H.D.:f|(1+): o0 h = h>»0" h
. (1+h?*+h-1 ~ 1+h*+2h+h-1 . h?+3h
lim —— lim lim
= hoo h = hs0 h =hs h =3
f(1-h)-f(1 1-h)?*sgn[1-h]+1-h -1
fim (1-h)-f(1) fim (1-h)"sgn[1-h] +
and LHD:f'(l—): h >0 -h = h0" -h =1

> f(1.) = f'(1).
Hence f(x) is non differentiable at x = 1.

Now at X=2
lim lim
=2 f(X) = x»2 (Xesgn[x]+{x})=4.1+1 =5

lim lim )

22" f(x) = 27 (sinx+|X—=3|)=1+sin2

Hence L.H.L # R.H.L

Hence f(x) is discontinuous at x = 2 and then f(x) also be non differentaible at x = 2.

Self practice problem :

(23)

Ans.

e x| -1
[ [x] + {2x} }
If f(x) = 12 x=0 , comment on the continuity at x = 0 and differentiability at x = 0,
where [ . ] is greatest integer function and {.} is fractional part function.

discontinuous hence non-differentiable at x = 0

20. Differentiability of sum, product & composition of functions:

(i)

(ii)

(iii)

(iv)

v)

Example#40:

Solution :

If f(x) & g(x) are differentiable at x = a, then the functions f(x) + g(x), f(x). g(x) will also be
differentiable at x = a & if g (a) # 0, then the function f(x)/g(x) will also be differentiable at x = a.

If f(x) is not differentiable at x = a & g(x) is differentiable at x = a, then the product function
F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = Ox0 and g(x) =Xa.
If f(x) & g(x) both are not differentiable at x = a, then the product function
F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = Ox0 & g(x) = Ox[.
If f(x) & g(x) both are non-differentiable at x = a, then the sum function F(x) = f(x) + g(x) may be
a differentiable function. e.g. f(x) = Ox0O & g(x) = —0Ox0.
|' f(a+g(h))—f(a+p(h))
im _
If f is differentiable at x = a, then h—0 g(h)-p(h) =f'(a), where

lim lim
wop(h) = n=0 g(h) = 0

Discuss the differentiability of f(x) = x + |x| at x =0

As we know that f(x) + g(x) will be non-differentiable at x = a if f(x) is differentiable but g(x) is
non-differentiable at the same point.

Here, x is differentiable but |x| is non-differentiable at x = 0.

Hence, given function is Non-differentiable at x = 0.
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Example#41: Discuss the differentiability of f(x) = x|x|
{ x* , x20
) = -x? , x<0
h|h|-0
R.H.D = =0
-h|-h|-0

LHD= -h =0
Differentiable at x = 0

Solution :

Example#42: If f(x) is differentiable and g(x) is differentiable, then prove that f(x) . g(x) will be differentiable.

Solution : Given, f(x) is differentiable
lim fla+h)-f(a)
ie. h->0 h = f'(a)

g(x) is differentiable

lim g(a + h) B g(a)
i.e. h->0 h =g'(a)
let p(x) = f(x) . g(x)
p(a+h)-p(a)

lim
Now, h—»0 h
lim f(a+h).g(a +hh)—f(a).g(a)
lim f(a+h)g(a+h)+f(a+h)g(a)-f(a+h)g(a)-f(a)g(a)
— h—>0 h
. {f(a+h) (g (a+h)-g(@) g (a)(f(a+h)f(a))}
_ Jim h i h

lim [f(a+h)'w+g(a)_ w}

=f(a).g'(a) +g(a) f'(a) =p'(a)
Hence p(x) is differentiable.

21. Differentiability over an Interval :

f (x) is said to be differentiable over an open interval if it is differentiable at each point of the interval and

f(x) is said to be differentiable over a closed interval [a, b] if:

(@ for the points a and b, f '(a+) and f '(b-) exist finitely

(i) for any point c such thata < c <b, f'(c+) & f'(c-) exist finitely and are equal.

All polynomial, exponential, logarithmic and trigonometric (inverse trigonometric not included) functions

are differentiable in their domain.
Graph of y = sin-1 x.
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/21

il

/_1'

-n/2

Non differentiable atx =1 & x=-1

Note :

Example#43:

Solution :

Derivability should be checked at following points
0] At all points where continuity is required to be checked.
(i) At the critical points of modulus and inverse trigonometric function.

x-3 , X<0

2
If f(x) = {X —3x+2 0 x20 5404 gx) = K(x|) + [f(X)], then comment on the continuity and
differentiability of g(x) by drawing the graph of f(|x|) and, [f(X)].

N

y=f(x) /

1/47 1~"2

P

Graph of f(|x|) and [f(x)]|

X

y=f(x])

\ Ly / \3 y=[f(x)|
AN A/ N

~

1114 -2 -1 lpt 2

If f(]x]) and |f(x)] are continous, then g(x) is continuous. At x = 0 f(|x|) is continuous, and [f(X)| is
discontinuous therefore g(x) is discontineous at x = 0.

g(x) is non differentiable at x = 0, 1, 2, (find the reason yourself).

|x\—3 : \x\21
_ | xE-1n X <
Example#44 : If f(x) =

Solution :

, write the doubtful points of differentiability for f(x).

x =1 and x = — 1 are doubtful points as the definition of the function changes at these points.

Also. x = 0 is a doubtful points because of |x|.

Self practice problems:

&—
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(24) Iff(x) = [x] + [L —Xx], — 1 < x < 3, then draw its graph and comment on the continuity and

differentiability of f(x), where [ . ] is greatest integer function.

[1-4x%] , 0<x<1

2
(25) If f(x) :{[X -], Asxs<2 , then draw the graph of f(x) and comment on the
differentiability and continuity of f(x), where [ . ] is greatest integer function.

Ans. (24) f(x) is discontinuous at x = -1, 0, 1, 2, 3 hence non-differentiable.
1
(25) f(x) is discontinuous at x = 1, 2 & non differentiable at x =2 , 1, 2.

22. Problems of finding functions satisfying given conditions :
If f(x) is non-zero & non-constant function satisfying the given conditions, function can be found as below.

Condition to be satisfied Required function

f(x +y) =1f(x) + f(y) f(x) = kx

f(x+y)=1(x). f(y) f(x) = akx.

f(xy) =f (xX) + f (y) f(x) =k In x
f(xy) = f (x). f(y) f(x) = xn, n €R

f(x) is a polynomial function and f)=x"+1lorfx)=—x"+1,neN
) .5
f(x) + £\ %/ =f(x) - f\ %

Example# 45: If f(x) is a function satisfies the relation for all x, y € R, f(x +y) = f(x) + f(y) and if f'(0) = 2 and

function is differentiable every where, then find f(x).
f(x+h)—1f(x) i f(x)+ f(h)—f(x)-f(0)
—— i

"
Solution : f'(x) = o h = oo h (- f(0)=0)
im 1) - 7(0)
= hs0 h =f(0)
£(x) = 2 N J'f’(x) dx = j2 dx
f(x)=2x+c¢
f(0)=2.0+c as f(0)=0
c=0 f(x) = 2x

Second Method :
Since f(x +y) = f(x) + f(y) is true for all values of x and y is independent of differentiating both sides w.r.t
x (here y is constant with respect to x).

fix+y)=f(x)

put x=0
f(y) = F(0) L [ty dy=J2 dy
fy)=2y+c = f(0)=0+c=0
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c=0
fy) = 2y = f(x) = 2x.

Example#46: f(x +y) = f(x) . f(y) V X, y € R and f(x) is a differentiable function and f'(0) = 1, f(x) # O for
any x. Find f(x)
Solution : f(x) is a differentiable function

lim flx+h)-f(x) im f(x).f(h)—f(x).f(0)

f'(x) = ho0" h = ho0 h (- f(0) = 1)
o T)-(f(h) —(0))
= h0 h =f(x) . f'(0) = f(x) f'(x) = f(x)
f'(x
.[f((x)) 1 dx
=> Mmif(x)=x+c ml=0+c
= c=0 /n f(x) = x = f(x) = ex

[ﬂ] f(x) +f(y)
f —

Example#47: 2 2 VvV X, ¥y € Rand f(0) = 1 and f'(0) = — 1 and function is differentiable for
all x, then find f(x).
f {ZHZhj ¢ {ZHO} f(2x)+f(2h) _ f(2x) +f(0)
2 , 2 2
) lim
Solution : fi(x) = 0 h = h0 h
. f(2h)-f(0)
lim————
= h-o0 2h =f(0) =-1
f(x) =-
integrating both sides, we get
fx)=—x+c
c=+1 (asf(0)=1) fx)=—x+1=1-x
f(a+2h)-f(a-3h)
im
Example#48: Evaluate h—0 h  iff'(a) = 3
. f(a+2h)-f(a—3h) - f(a+2h)-f(a-3h)
) lim lim 5h
Solution : h-s0 h = hso .5

=f(a)x5=3x5=15
S

Example #49 : If f(x) is a polynomial function satisfying f(x) . f *\*/ = f(x) + f\*/ v x € R — {0} and f(2) =9,

then find f (3)
Solution : f(x) =1 % xn

Asf(2)=9 fx)=1+x3

Hence f(3) =1 + 33 =28
Self practice problems :

X

(26) f{y) =f(x) —f(y) Vx,y € R-and f'(1) = 1, then show that f(x) = /nx.
(27) If f(x) and g(x) are differentiable, then prove that f(x) + g(x) will be differentiable.

f(2+h)—f(2+sinh)
h. sinh.tanh

lim
(28) If f'(2) = 4, then find the value of -0

&—
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(29)

(30)

Ans.

¥ s i)
If f(x) is a polynomial function satisfying f(x) . f [-X =f(x) + f**/ v xe R -{0} and
f(3) = — 8, then find f(4)

f(x)
1+ f3(x)

If f(x +y) = f(x) . f(y) for all real x, y and f(0) # 0, then prove that the function, g(x) = is
an even function.

(28) 213 (29) -15
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