MATHEMATICS Sequence & Series

I Sequence & Series

"1729 is a very interesting number; it is the smallest number expressible as the sum of two cubes in two different ways." ...... S.Ramanujan

1. Sequence :
A sequence is a function whose domain is the set N of natural numbers. Since the domain for every

sequence is the set N of natural numbers, therefore a sequence is represented by its range. If
f: N - R, thenf(n) =t., n € N is called a sequence and is denoted by
{f(1), f(2), f(3),..cvvereernns F={ty, t2, ta, e } = {t}

If all the elements of a sequence are real , it is said to be real sequence.

e.g. 0] 2,58, 11, .o,
(i) 4,1, —-2,=5, i
(iii) 3,-9,27,—-81, .o,

Notes : (i) A sequence is said to be finite or infinite if it has finite or infinite number of terms respectively.
(i) Series : By adding or subtracting the terms of a sequence, we get an expression which is called a

series. If a1, az, as,........ an is a sequence, then the expressionair + az + as + ...... + an is a series.
e.g. () 1+2+3+4+ e, +n
(i) 2+4+8+16+ .o,
(iii) —1+3-94+27—.....c.......

(iii) Progression : Set of numbers, following a particular mathematical definition is called progression.

Example #1: Write down the sequence whose nn term is

2+ (-1
(i) n x 5n i 2"
Solution : 0) Lettn=n x 5n
putn=1,2,34, ... we get

t1=5,t2=50, ts =375
so the sequence is 5, 50, 375 ......
2+(-1)"
(ii) Letth= 2
putn=1,2, 3,4, ....

a,a+d,a+2d,...... ,a+(n-1)d,......
Where a and d are first term and common difference respectively
d=tb—ti=tz—to=....cc....... =th—tha

ta (N term) =a+ (n—1) d, where d =tn—tn-1
n

n
Sh(sumofnterms)= 2 [2a+(n—1)d]= 2 [a+ (] (Where ¢ is the last term)
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MATHEMATICS Sequence & Series

Note : For any sequence {t.}, whose sum of first r terms is Si, rn term tr = S — Sr-1.

Example #2: Iftsof an A.P.is 66 and ta1 = 30, find t.
Solution : Let a be the first term and d be the common difference
SO ts=a+2d=66 ... 0]
and ta=a+20d=30 .. (ii)
equation (i) — (ii) we get
18d = - 36
= d=-2
a=70 o) t.=70 + (-2) = 68
Example # 3 : Find the number of terms in the sequence 6, 12, 18, ........ ,132.
Solution : a=6,d=6 SO 132=6+(n—-1)6 = n=22
Example # 4 : Find the sum of all natural numbers divisible by 4, but less than 62.
Solution : All those numbers are 4, 8, 12, ........... , 60
15
o] s=2 (4 + 60) = 480
Example #5: Find the sum of all the two digit natural numbers which on division by 6 leaves remainder 3.
Solution : All these numbers are 15, 21, 27, ....... 99.
9=15+(n-1)6
= n=15
15
S0 S= 2 [15+99] =855
m+1
Example # 6 :  The sum of n terms of two A.Ps. are in ratio 4N +27 _ Find the ratio of their 11 terms.
Solution : Let a: and a2 be the first terms and d: and d- be the common differences of two A.P.s respectively,
n -1y
5[231"'(”—1)(11] i 2 !
n-1
9[232+(n,1)d2] n+1 az+[—Jd2 n+1
then 2 :4n+27 = 2 :4n+27
For ratio of 11n terms
n-—1
2 =10 => n=21
7(21)+1 148 4
so ratio of 11w terms is = 42N+27 111 =3
Example # 7 : If sum of n terms of a sequence is given by S = nz + n, find its 50n term.
Solution : Let tn is nn term of the sequence so tn = Sn — Sn-1.
=mnz+n—-(n-1)2 —(h-1)=2n
SO tso =100
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Self practice problems :

(1)
(2)
3)

Which term of the sequence 2005, 2000, 1995, 1990, 1985, ............. is the first negative term

For an A.P. show that tm + ton+m = 2 tm+n
Find the maximum sum of the A.P.40+ 38 +36+34+32 + ..............

Ans. (1) 403 3) 420
Remarks:
0] The first term and common difference of an A.P. can be zero, positive or negative (or any
complex number.)
(ii) Ifa,b,carein AP. 2b=a+c&ifa,b,c,dareinA.P. = a+d=b+c.
(i) Three numbers in A.P. can be takenasa-d,a,a+d;
four numbers in A.P. can be takenas a-3d,a-d,a+d, a+3d;
five numbers in A.P.area-2d,a-d, a,a+d,a+2d;
six numbers in A.P. area-5d,a-3d,a-d,a+d, a+3d, a+5d.
(iv) The sum of the terms of an A.P. equidistant from the beginning & end is constant and equal to
the sum of first & last terms.
(v) If each term of an A.P. is increased, decreased, multiplied or divided by the same non-zero
number, then the resulting sequence is also an AP.
(vi) The sum and difference of two AP's is an AP.
Example # 8 : The sum of three numbers in A.P. is 15 and the sum of their squares is 93, find
them.
Solution : Let the numbersbe a—-d, a, a+d
SO 3a=15 = a=5
Also (a—d)2+ a2 + (a + d)2=93.
3az+2d2=93
d2=9 > d=+3
therefore numbers are 2, 5, 8
5
D
Example # 9: If a1, a2, as, as, as are in A.P. with common difference#0, then find the value of '=' |, when a: = 2.
Solution : As ai, a, as, as, as are in A.P., we have a: + as = a- + a« = 2as.
5
>a
Hence "' =10
A a4
Example #10: If a, b, c € R« form a A.P. then prove thata + ¢ | b+ 8¢ ¢+ 3P are also in A.P.
Solution : a, b, carein A.P.
S
bc ca ab greinAP. [Divided by abc]
4 4
a+ PC p+ac c+ab zreinAP. [ sumoftwo AP.'sis also in A.P.]
Example # 11 : If az(b + ¢), b2 (c + a), c2(a + b) are in A.P. then prove that a, b, c in A.P.
Solution : bz(c + a) — az(b + c) = cz2(a + b) — bz(c + a)

or c(b2—a2) +ab(b—a)=a(ca—b2) + bc (c—h)
or (b—a) (ab + bc + ca) = (c —a)(ab + bc + ca)
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Note :

or b—-a=c-Db or 2b=a+c
hence a, b, c are in A.P.
Arithmetic mean (mean or average) (A.M.):

If three terms are in A.P. then the middle term is called the A.M. between the other two, so if a, b, ¢ are
in A.P.,bisAM.ofaé&c.

a;+a,+az+...+a

A.M. for any n numbers ai, az,..., anis; A= n

n-Arithmetic means between two nhumbers :
If a, b are any two given numbers & a, A1, Az,...., An, b are in A.P., then A1, Az,... An are the n A.M.’s
between a & b.

b-a 2(b-a) n(b-a)

A1:a+n+1,A2:a+ n+1 yernees ,An=a+ n+1

Sum of n AM.’s inserted between a & b is equal to n times the single A.M. between
n

z a+b

a&b ie. "' Ar=nA, where Ais the single AM. betweena &b ie. A= 2

Example # 12 : Between two numbers whose sum is 12, an even number of A.M.s is inserted, the sum of these

means exceeds their number by 20. Find the number of means.

Solution : Let a and b be two numbers and 2n A.M.s are inserted between a and b, then

2n
2 (@a+b)=2n+20

. 13
ivena+b=—
{g 7% }

nl1l2=2n+20 = n=2 . Numberof means =2
Example # 13 : Insert 30 A.M. between 4 and 128.
Solution : Here 4 is the first term and 128 is the 32w term of A.P. so 128 =4 + (31)d
= d=4
so the seriesis 4, 8, 12, 16,....... , 128

required means are 8, 12, 16,...,124

Self practice problems :

4) If A.M. between pn and gn terms of an A.P. be equal to the A.M. between rn and sw terms of the
A.P., then provethatp+qg=r+s.
(5) If n A.M.s are inserted between 20 and 80 such that first mean : last mean = 1 : 3, find n.
an+1 + bn+1
a"+b" -
(6) For what value of n, ,a#bisthe A M. of aand b.
Ans. (5) n=11 (6) n=0
5. Geometric Progression (G.P.):
a, ar, arz, ars, ara,...... is a G.P. with 'a' as the first term & 'r' as common ratio.
L _T T
r= T Lo T
0) nth term of GP = a -1
(i) Sum of the first n terms of GP
a(r" -1
7( ) , r=1
r—1
S, = na , r=1
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(iii) Sum of an infinite terms of GP when Or0 < 1.
Whenn - o, m - 0if Or0 < 1 therefore,

a

w=1-r (Il <1)
Example # 14 : The first term of a G.P. is 1. The sum of the third and fifth terms is 90, find the
common ratio of G.P.
Solution : as+as=90
arz + ars =90 [ a=1]
rz+ra=90
r+r—90=0
rs++10r2—9r.—90=0
(rz+10)(r=—9)=0
r—-9=0 = r=+3

A

Example # 15 : The first term of an infinite G.P. is 1 and any term is equal to the sum of all the
succeeding terms. Find the series.

Solution : Letthe G.P.be 1,r, 12, 13, .........
r? 1
given condition = r=1-r = r=2,
111
Hence seriesis 1, 2'4'8" 0
L
Example #16: LetS=1+ 3 +9 + 27 + .. , find the sum of
0] first 20 terms of the series (ii) infinite terms of the series.
1120
3 1
1 3% -1 T 3
1- 19 L~
Solution : (i) Sw = 3 =237 i) S.= 3 =2,
Self practice problems :
(7 Find the G.P. if the common ratio of G.P. is 3, nnterm is 486 and sum of first n terms is 728.
(8) If the pn, gu, rm terms of a G.P. be a, b, ¢ respectively, prove that aq-r br-p Cp-q = 1.
(9) A G.P. consist of 2n terms. If the sum of the terms occupying the odd places is S: and that of

the terms occupying the even places is S:, then find the common ratio of the progression.
(20) The sum of infinite number of terms of a G.P. is 4, and the sum of their cubes is 192, find the

series.
Sz 3

Ans. (7) 2.6, 18, 54,162,486 (9) S1 . (10) 6,-3, 2.
Remarks:
(@ If a, b, c are in G.P. = bz = ac, in general if a1, az, as, as,......... an-1, an arein G.P.,

then aian = @@n-1 =@ @n-2= cooceeeviieee e,

a
(i) Any three consecutive terms of a G.P. can betakenas I, a, ar.
a a

(iii) Any four consecutive terms of a G.P. can be taken as r’ , I, ar, ars.
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(iv) If each term of a G.P. be multiplied or divided or raised to power by the same non-zero
guantity, the resulting sequence is also a G.P..

(v) If a1, az, as,........ and bs, bz, bs,......... are two G.P’s with common ratio r: and r2 respectively,
then the sequence aibi, azbz, asbs, ..... is also a G.P. with common ratio ri re.

(vi) If a1, az, @s,.ee....... are in G.P. where each ai > 0, then log as, loga, logas,.......... are in A.P. and

its converse is also true.
Example # 17 : Find three numbers in G.P. having sum 26 and product 216.

a
Solution : Let the three numbers be I | a, ar
[1 +1+ r}
SO alLf =26 . 0]
and as =216 = a==6

1
so from (i) 6r.—20r+6=0 = r=3, 3
Hence the three numbers are 2, 6, 18.

Example # 18 : Find the product of 11 terms in G.P. whose 6n term is 5.
Solution : Using the property

a1d1l = A2a10 = A3A9 T ..vveiiainsns —as2=25

Hence product of terms = 51

P
Example # 19 : Using G.P. express 0.3 and 1.23 as 9 form.
Solution : Let X =03 - 0.3333 ..., =0.3+0.03+0.003 +0.0003 + .............
3
_10
3 3 3 3 T3 1
=10 4 100 , 1000 ,10000 , = 10 =9 =3
let y =123
=1.233333=1.2 + 0.03 + 0.003 + 0.0003 + .............
3
10%
3 3 3 1 1 37
S12410% L10° L 10° L =12+ 10 =12+ 30 =30
Example # 20 : Evaluate 5 + 55 + 555 + ........... upto n terms.
Solution : Let S=5+55+555+.... upto n terms.
5
=9 [9+99+999+.....]
5
=9 [10-1) + (10— 1) + (10s = 1) + ........ + upto n terms]
S
= 910+ 102+ 10: + ........... + 100 —n]
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5 [10(10”-1)@ 5
9

o =81 [10,.1—9n - 10]

6. Geometric means (mean proportional) (G.M.):
If a, b, carein G.P., b is called as the G.M. of a &c.

If a and c are both positive, then b = Vac and if a and c are both negative, then b = — ‘E.

b2 = ac, therefore b = \/EE; a>0,c>0.
7. n-Geometric means betweena, b:

If a, b are two given numbers & a, G1, Gz2,....., Gn, b are in G.P.. Then
G1, G2, G3,...., Gnare n G.M.s between a & b.

G1 = a(b/a)im+1, G2 = a(b/a)2in+1,......, Gn = a(b/a)nm+1
Note : The product of n G.M.s between a & b is equal to the nth power of the single G.M.
betweena & b

n

L ey

ie. 71 Gr= = Gn, where G is the single G.M. between a & b.

Example # 21 : Insert 5 G.M.s between 4 and 256.

1
b

n+1
Solution : Common ratio of the series is given by r = (aj = (64)us =2
Hence five G.M.s are 8, 16, 32, 64, 128.

Self practice problems :

(12) The sum of three numbers in G.P. is 70, if the two extremes be multiplied each by 4 and the
mean by 5, the products are in A.P. Find the numbers.

t'dgan?
(12) Ifa= 55 ,b=1+10+ 102+ 10s+ 10sand ¢ =1 + 10s + 1010 + ..... + 10s0, then prove
that
(i) ‘a’ is a composite number (i) a = bc.

Ans. (11) 10, 20, 40

8. Harmonic Progression (H.P.)

A sequence is said to be in H.P if the reciprocals of its terms are in A.P.. If the sequence a1, a2, as,....,
anis in H.P. then 1/a1, 1/a2,...., 1/anis in A.P.

Note :
(@ Here we do not have the formula for the sum of the n terms of an H.P.. For H.P. whose first term
_ab
is a and second term is b, the nth term is tn = b+ (n-1)(a-b) .
2ac a a-b
(ii) Ifa,b,careinH.P.:aba+C:orC:bfc.
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a - b a
. b - ¢c_ a
(iii) Ifa, b,carein AP.=> =
a - a
(iv) Ifa, b,carein G.P. = b =b
o. Harmonic Mean (H.M.) :
2ac
If a, b, c are in H.P., b is called as the H.M. between a & ¢, thenb = @+¢
Ifai, az, ........ an are ‘n’ non-zero numbers then H.M. 'H' of these numbers is given by
11 A 1
H=n L3 2 an
1 1 1
Example #22: Ifa>1,b>1,c>1arein G.P. then show that 1+logea 1+log, b 1+log, are in H.P.
Solution : b2 =ac
or 2logeb = logea + logec

Hence logea, logeb, logec are in A.P.

1 +logea, 1 + logeb, 1 + logec are in A.P.
1 1 1

1+log,a’ 1+log, b 1+log, c

are in H.P.
2 2
Example # 23 : Insert 4 H.M between 3 and 18.
Solution : Let 'd' be the common difference of corresponding A.P..
18_3
2 2 3
S0 d= 5 =2
1l 3 38 2
H1:2+2:2 or H1:6
L 9 2
Hy = 243=2 or He= 9
1 3 9 12 2
Hy—2,2-2 or He = 12
L 2
H4 :2+6:2 or H4:15

Example # 24 : If pn, gn, rm terms of an H.P. be a, b, c respectively, prove that
(@—nbc+(r—p)ac+(p-qg)ab=0

Solution : Let 'x' be the first term and 'd' be the common difference of the corresponding A.P..

1

S0 a=x+(p-d L. 0]
1
b-x+@-1)d . (ii)
1
C=x+@r-1)d L. (iii)

@) - (ii) = ab(p-gqd=b-a ... (iv)
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(i) - (iii) > bc(g-nd=c-b ... v)
(i) - (i) > ac(r-p)d=a-¢c ... (vi)
(iv) + (v) + (vi) gives

bc(q-r)+ac(r—p)+ab(p-qg)=0.

Self practice problems :

(13) Ifa, b,cbeinH.P,showthata:a—-b=a+c:a-c.

(14) If the ratio of H.M. between two positive numbers 'a’' and 'b' (a > b) is to their G.M. as 12 to 13,

prove thata: bis 9: 4.
H H

(15) If H be the harmonic mean of a and b, then find the value of 2a +2b_3
(16) If a, b, ¢, d are in H.P., then show that ab + bc + cd = 3ad

Ans. (15) 0
10. Arithmetico-geometric series:

A series, each term of which is formed by multiplying the corresponding terms of an A.P. & G.P. is called

the Arithmetico-Geometric Series. e.g. 1 + 3x + 5x2 + 7x3 +.....
Here 1, 3, 5,.... are in A.P. & 1, X, X2, X3..... are in G.P..

(i) Sum of n terms of an arithmetico-geometric series:
LetSn=a+(a+d)r+(a+2d)rz+....+[a+ (n-1)d] rn-1, then

dr(1-r""")  Tai(n-1d]r"

a
HJF 1 2 1-r
Sn = (*I’) ,r#1.
a o dr
Limit Limit 1-r (17,,)2
(i) Sum to infinity: If Or0<1&n - ~ ,then"?* m=0 and"?* nm=0 ~ Se=
35 7
Example # 25 : Find the sum of the series 1+5+5° +5° + . ton terms.
3 5 7 2n-1
r 2 g3 -1
Solution : Let S=1+5+545 4+ £57 (i)
{1} 1 3 5 2n-3  2n-1
5)g= 6545 48 4 485" 48 (i
(i) - (i) =
4 2 2 2 2 201
55=1+54+5 45 4+ +5" _ &
n-1
5 5
1 n—1
4 ] 1 2n-1 2 1[1_(_} ] 2n-1.3 1 1 2n-1
Bg—14 5  _ 5 _1,5 4| \° 5" _2 2 5 &

Example # 26 : Evaluate 1 —3x + 5x2 + 7Xs + ...... + o, where |x| < 1.

Solution : Se=1-3X+5x2—7Xs + ...... oo ()]

—XSe = — X + 3X2 — 5Xs + ....... o0 (i)
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(i) — (ii)
20
Se (1+X)=1—2X+2X2—2X3 + ....... o =1+ [17(*’()]
1 2x 1-x
N S.= T+x _ (1+x¥ _ (1+x)?

Example # 27: Evaluate 12 + 22X + 32X2 + daXz + ... @ .

Solution : Let S=12+2X+ 32X+ ...... o0 0]
XS = IoX + 22X2 + ... © (i)
S(i) — (ii)

S(1-X)=12+ (22— 12) X + (32— 22)X2 + (42 — 32)Xs + ..... ©,
S(1-X)=1+3X+5%X2+ 7Xz+ ... .

1 2X 1+ X 1+ x
+

2 2 3
This is an infiuite A.G.P.= 1% (1-x)° (1-x)" 5, g= (1-%)

Self practice problems :
(17) Evaluate : 1.2 +2.22+3.2s+ ...... + 100. 2100

(18) Evaluate : 1+ 3x + 6x2+ 10xs + ...... upto infinite term, where | x | < 1.

2
),
(29) Sum to n terms of the series : 1+ 2 nJ +3 n + o

1
Ans. (17) 992w +2.  (18) (1-x) (19) n2
11. Relation between means:

(i) If A, G, H are respectively A.M., G.M., H.M. between a & b both being positive, then G2 = AH (i.e.
A, G,Harein G.P.)
(ii) For n positive numbers ai, az, as, ....... an AM. 2G.M. =2 HM.
Let a1, az, as, ....... an be n positive real numbers, then we define their

aj+a,+az+..... +a,
AM. = n , their
G.M. = (a1azas ......... an)in and their

n

i + i Foiinn + —

HM. = & 22 an

It can be shown that
A.M. > G.M. > H.M. and equality holds at either places iff
Al= A2 = A3 = v = an
3 6

Example # 28 : The A.M. of two numbers exceeds the G.M. by 2 and the G.M. exceeds the H.M. by S find
the numbers.
Solution : Let the numbers be a and b, now using the relation

&—
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[mz] [G—GJ 3 9
Ge2=AH = o) 2@+ 10G6-5 5 G

i,e. ab=36 also a+b=15
Hence the two numbers are 3 and 12.

6

Example # 29 : Prove thatex+ ex > 2
Solution : Using the relation A.M. = G.M. we have

2 > (ex X ex)iz = ex+ex 22

[on—1
Example #30: Ifn>0, provethat2.>1 +n 2"

Solution : Using the relation A.M. > G.M. on the numbers 1, 2, 22, 2s,........... , 2n-1, We have

142+2% 4., +2n

n > (1.2. 22. 2. ......... .2n-1)1/n
Equality does not hold as all the numbers are not equal.

1
(n=1n \n
2" -1 [2 2 ] (n—1) (n-1)
= 2-1>np >2,—1>n. 2 °? = 20>1+n. 2 °

Example # 31 : Find the greatest value of xyz for positive value of x, y, z subject to the condition
Xy +yz +zx = 12.

Solution : Using the relation A.M. = G.M.
XY + YZ + ZX
3 >(X2Y222)13 = 4=2(XYyZ) = Xyz<8

Example # 32 : If a, b, c are in H.P. and they are distinct and positive, then prove that an + ¢a > 2bn
Solution : Let an and ¢n be two numbers

a" +¢"
then 2 > (@n Cn)12
an+Ch>2 (aC)n/Z ........... (I)

Also G.M. > H.M.
ie. ‘/*E> b, (@c)w2>bn ...l (i)

hence from (i) and (ii), we get an + cn > 2bn
Self practice problems :
(20) If a, b, c are real and distinct, then show that az (1 + bz2) + b2 (1 + ¢2) + c2 (1 + a2) > 6abc

(21) Provethatnn>21.3.5......... (2n-1),neN
(22) If a, b, ¢, d be four distinct positive quantities in G.P., then show that
0] at+td>b+c

11 [1+1_1]
(i) ab . cd > o\bd ac ad
(23) Prove that AABC is an equilateral triangle iff tan A + tan B + tan C = 33
(24) Ifa, b,c>0, provethat[(1 +a) (1 +b) (1+c)]7>77asbaca

Results:
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(i) 1 o (artb)="" arx "' b
(i) 1 kar=k" ' an
(iii) T k=Kk+Kk+K+. n times = nk; where k is a constant.
: n (n+1)
(iv) Tl =142+ 34 +n= 2
N n(n+1) (2n+1)
(v) Tlr2=12+22+ 32+ +n2= 6
: n? (n+1)?
(vi) T or3=13+ 23+ 33 +.......... +Nn3= 4
Example # 33 : Find the sum of the series to n terms whose general term is 2n + 1.
2(n+1)n
Solution : Sh =¥Th=3@2n+1)=23n+3%1 = 2 +pn=n+2n

n
2T
Example # 34 : Tk =kz + 2«, then find k=1
n n n
T, K2 ok nin+)(2n+1) 2(2"-1) n(n+1)(2n+1)
IREDIDY

Solution : k= = k=1 4 k=1 = 6 + 2-1 = 6 + 2n+1— 2.

12. Method of difference for finding ni» term:
Let. a1, az, as, as, as, as, ar,.......... be a sequence such that

VIVIVIVTY
VoV oV
VvV VvV V

Wo W3

as

Where um = am«1 — am is 1« difference ym=1, 2, 3.........
Vm = Um+1 — Um IS 2na difference vm =1, 2, 3.........

Wm = Vma — Vm IS 3na difference vm =1, 2, 3.........

and so on.

Case-l : If kn difference are all equal then a» = polynomial in n of degree k
i.e an = bonk + bink-1 +....... + b

Case-ll : If kn difference are in GP with common ratio r(r #1) then a» = Ara-1 + polynomial in n of degree
(k-1)

Example # 35 : Find the sumton-terms 2 +5+ 10+ 17 + 26 + ........

Solution : Let S=2+5+10+17+26+........ +Ta 0)
S=2+5+10+17+26+ ........ FToa+Ta e, (i)

&—
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MATHEMATICS

Sequence & Series

Example # 36 :

Solution :

Example # 37 :
Solution :

()—(@i) > To=2+@+5+7+.......... + (T = Tra))
n-1
=2+ 2 [6+(n-2)2
=2+(n-1)(n+1)
=n+1

Hence S=) (n2+1)

2
n(n +1)(2n + 1) {2“”’”*7}
6 +n = n °

Find the nth term and the sum of n term of the series 2 + 12 + 36 + 80 + 150 + 252 +

Let S=2+12+36+80+ 150+ 252+ ............... +Tn (i
S= 2+12+36+80+ 150+ 252+ ......... +Ta+Th (i)
()=()=>Th=2+10+24+44+70+ 102 + .............. +(To=Th) (iii)
T = 2+10+24+44+70+102 + ....... + (To=Tn2) + (Tn = Tr1) evereenn. (iv)

(ii)— (V) > Ta—Tra=2+8+14+20+ 26 + .........
=[4+(nh-1)6]=n[3n—=1] Tan—Tra = 3N2—n
general term of given seriesis ) (Tn—Tn-1) =) (3n2—n) =Nz + na.
Hence sum of this series is

S= Z ns + z N2
n2(n+1°% nn+ND2n+1) nn+1) 1
- 4 + 6 = 12 (3n2+7n+2) :12n(n+1)(n+2)(3n+1)

Find the sumton-terms1+2+5+ 14 + 41 +

Let S=1+2+5+14+41+ ... +T 0]
S=1+4+2+5+14+41+ ... + T+ T (ii)
@—(i) = Th=1+(1+3+9+........ +Th—Th1)

311
3-1
Th=1+
3" 41
Th= 2

So S:ZTn :(23n—1+21)

n
1 {3 2‘1“@ 3" 4+ 2n-1

=2 4

13. Method of difference for finding sn:

If possible express rn term as difference of two terms as t- = £ (f(r) — f(r £ 1)). This can be explained with

the help

Example # 38 :

Solution :

&—

of examples given below.

t. =f(1) - f(0),
t = f(2) - f(1),

tn =f(n)—f(n-1) =  Sn=1f(n)—f(0)

Find the sum of n-terms of the series 1.2.3 + 2.3.4 + 3.45 +

Let T: be the general term of the series
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So T =r(r+1)(r+2).
To express tr = f(r) — f(r—1) multiply and divide t- by [(r + 3) — (r — 1)]
r

so T 4=+ (+2)[(r+3)—(-1)]

1
APt +D (3 ——1) 1+ 1)+ 2

—

Letf(r)= 4 r(r+1) (r+2) (r+3)
SO Te = [f(r) — f(r — 1)].
n
2T
Now S=""1 =Ti+To+Ts+......... +Th
1
T.=4[1.2.3.4-0]

T.=4[2.3.4.5-1.2.3.4]

Sl Bo

To= 2 [Nn+t) (n+2)(n+3)—(h=1)n(n+1)(n+2)]

1
~S=4n(n+1)(n+2)(n+3)
Hence sum of series is f(n) — f(0).

1 1 1
Example # 39 : Sum to n terms of the series (17X)(1+2x)  (1+2x)(1+3x) ;. (1+3x)(1+4x)
Solution : Let Tr be the general term of the series
1 1 | A+ (r+1)x)—(1+rx) 1 1T 1
T.= +x)(A+(r+1X) go T, = x L A+m)(1+(r+Mx) | _  [T+mx 1+ (r+1)x
Tr:f(r)—f(r"’l)-'« SZZTr:T1+T2+T3+ .......... + Th

1|: 1 _ 1 i| n
_x L1+x A+ (n+x | - (1 x)[1+(n+1)x]

4 5 6
Example # 40 : Sum to n terms of the series 1'2'3+ 2'3'4+ 3.4
r+3 1 3

= rr+N(r+2)_ (r+D(r+2) L r(r+1(r+2)

Solution : Let T«

[1_1} [ 1 1
_Lr+1 r+2] 2 r(r+1) (r+1)(r+2)

[1_"} 31t s 1|, 8

s= 2 nv2l, 2[2 (MeNM+2) 7 _na2l 20+
5 1

_ 4 _ 2(n+1)(n+2) [2n + 5]

Example # 41 : Find the general term and sum of n terms of the series 9 + 16 + 29 + 54 + 103 + .........

Solution : Let S=9+16+29+54+103+ ...ccveeveennn. +To 0]
S= 9+16+29+54+103+ ......... +Tha+Ta (i)

&—
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()= (i) =>Tn=9+7+13+25+49 + ..o +(To=Trt) e (iii)
To= 9+7+13+25+49+ ........... + (Tooa=Tnz) + (To = Trt) oeve. (iv)
@ w1824 i -
(i) = (V) = Tn= Taa = 9 + (=2) + (n-2)terms =7 +6[2n2—1] = 6(2)nz + 1.

~ General term is Tn = 6(2)n-1 + n + 2
Alsosum S=3Thn

2"-1) n(n+1) n(n+5)
=6Y2m1+Yn+3y2=6. 2-1 + 2 +2n=6(2.-1)+ 2
Self practice problem :

(25) Sum to n terms the following series
() 4+14+30+52+80+114 + .........

(ii) 2+5+12+31+86+ ...

12 10243
(iii) By P+, B+2243

1 1 1
vy 135,357 ,57.9 .

(v) 1.5.94+42.6.10+3.7.11 +.........

Ans.  (25) (i) n(n+ 1) @ 2
2n 101 1 }
(iii) n+1 (iv) 413 (@2n+1)(2n+3)

n
(v) 4 (n+1)(n+8)(n+9)
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