Relative Motion /

INFINITY NOTES (RELATIVE MOTION)

(B8]
1 RELATIVE MOTION

Motion is a combined property of the object under study as well as the observer. It is always relative ;
there is no such thing like absolute motion or absolute rest. Motion is always defined with respect to an
observer or reference frame.

Reference frame :

Reference frame is an axis system from which motion is observed along with a clock attached to the axis,
to measure time. Reference frame can be stationary or moving.

B Suppose there are two persons A and B sitting in a car moving at constant speed. Two stationary
persons C and D observe them from the ground.

Here B appears to be moving for C and D, but at rest for A. Similarly C appears to be at rest for D
but moving backward for A and B.

2 RELATIVE MOTION IN ONE DIMENSION :

2.1 Relative Position :
It is the position of a particle w.r.t. observer.
In general if position of A w.r.t. to origin is xa and that of B w.r.t. origin is xs then “Position of A w.r.t. B”
XaB IS

— X

XAB = XA — XB

Solued Example

Example 1. See the figure (take +ve direction towards right and —ve towards left). Find Xsa, Xca, Xcs, Xas and

XAcC.

C

A B
* 10m

»l
»

origin
Here, Position of B w.r.t. A is 4 m towards right. (xsa = +4m)
Position of C w.r.t. A'is 10 m towards right. (Xca = +10m)
Position of C w.r.t. B is 6 m towards right (Xxce = +6m)
Position of A w.r.t. B is 4 m towards left. (xas = —4 m)

Position of A w.r.t. C is 10 m towards left. (xac = -10m)
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2.2

Relative Velocity

Definition : Relative velocity of a particle A with respect to B is defined as the velocity with which A
appears to move if B is considered to be at rest. In other words, it is the velocity with which A appears to
move as seen by B considering itself to be at rest.

NOTE 1 : All velocities are relative & have no significance unless observer is specified. However, when
we say “velocity of A”, what we mean is , velocity of A w.r.t. ground which is assumed to be at rest.

Relative velocity in one dimension -
If Xa is the position of A w.r.t. ground, xs is position of B w.r.t. ground and xas is position of A w.r.t. B then

dx,
we can say va = velocity of A w.r.t. ground = dt
dxg.
ve = velocity of B w.r.t. ground = dt
dx,s d (X, —Xq) dx, dxg

and vas = velocity of Aw.r.t. B= dt =dt = dt _ dt

Thus
VAB = VA — VB

NOTE 2. : Velocity of an object w.r.t. itself is always zero.

Solued Examples

Example 2.  An object A is moving with 5 m/s and B is moving with 20 m/s in the same direction. (Positive x-

axis)
() Find velocity of B with respect to A.
(i) Find velocity of A with respect to B

Solution : (i) vs=+20m/s, va=+5m/s,

VBa = v —Va=+15m/s
(i) ve=+20m/s, va=+15m/s
va =Va—Vve=—15m/s
Note : vBa = — VaB

Example 3. Two objects A and B are moving towards each other 10m/s 12m/s
with velocities 10 m/s and 12 m/s respectively as shown. W
(i) Find the velocity of A with respect to B. A B

(i) Find the velocity of B with respect to A

Solution : va=+10, ve =—12

() Vvas=va—vs = (10) — (=12) = 22 m/s.
(i) Vea = Vs —va = (=12) — (10) = —22 m/s.

(A8

2.3

2.4

Relative Acceleration
It is the rate at which relative velocity is changing.
dv,, dv, dvg
ag= Ot = dt _ dt -5, _35;
Equations of motion when relative acceleration is constant.
Vrel = Urel + Arel t
1

Srel = Urel t + 2 arel 12

VZrel = U?rel + 2arel Srel

Velocity of Approach / Separation

It is the component of relative velocity of one particle w.r.t. another, along the line joining them. If the
separation is decreasing, we say it is velocity of approach and if separation is increasing, then we say it
is velocity of separation. In one dimension, since relative velocity is along the line joining A and B, hence
velocity of approach / separation is simply equal to magnitude of relative velocity of A w.r.t. B.
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Example 4.

Solution :

Example 5

Solution :

Example 6.

Solution :

Example 7.

Solution :

Solued Examples

A particle A is moving with a speed of 10 m/s towards right and another particle B is moving at
speed of 12 m/s towards left. Find their velocity of approach.

* 10m/s 12m/s ’

A B
Va=+10,Ve=—-12 = Vas=Va—-Ves = 10-(-12)=22m/s
since separation is decreasing hence Vapp = |Vag| = 22 m/s
Ans.: 22m/s

A particle A is moving with a speed of 20 m/s towards right and another particle B is moving at a
speed of 5 m/s towards right. Find their velocity of approach.

* 20m/s ’ 5mls

A B
Va=+20,Ve = +5
Vas =Va— Vs
20— (+5)=15m/s
since separation is decreasing hence Vapp = |Vag| = 15 m/s
Ans.: 15 m/s

A particle A is moving with a speed of 10 m/s towards right, particle B is moving at a speed of
10 m/s towards right and another particle C is moving at speed of 10 m/s towards left. The
separation between A and B is 100 m. Find the time interval between C meeting B and C meeting
A.

5 100m "
* 10m/s » 10m/s
A B
10m/s %
C
seperation between A and C 100
{= Ve Of Aand C _ 10-(-10) 5 sec.
Ans.: 5sec.
d d
E
Note : aapp = , sep = dt
J'aappdt J'asepdt

Vapp = y Vsep =

A and B are thrown vertically upward with velocity, 5 m/s and 10 m/s respectively (g = 10 m/s2.

Find separation between them after one second
1 5m/s 10m/s

Sa=ut— 2gt?
1 (») (s)

=5t— 2x10xt2=5x1-5x12=5-5=0
1 1

Se=ut— 2g=10x1- 2 x10x12=10-5=5
~ Sg— S/i’= sep_gratio_’n =5m.
Aliter ; %o = 8 _ 8= (-10) - (-10)= 0

AIsoiBA: VB—VAzl_(’)—S =5m/s ° e

Sea (in1sec) = Vea x t=5x 1=5m
Distance between A and B after 1 sec =5 m.
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Example 8. A ball is thrown downwards with a speed of 20 m/s from the top of a AZOm/S
building 150 m high and simultaneously another ball is thrown vertically I s,
upwards with a speed of 30 m/s from the foot of the building. Find the 150 m| _
time after which both the balls will meet. (g = 10 m/s?) l I s,

Solution : S1=20t+5¢t +30m/s
S2=30t-51 B
S1+S2=150 = 150=50t = t=3s
Aliter : R.ela.tive acceleratipn o_f both is zero since both have same IZOm/sl
a_c’cele@tmrl’ in downward direction 9
Eli\B: G_B,=g_g=0
Vea= 30 - (-20) = 50
SBA = VBa X t 30mfs lg

t= Vea = 60 -3¢

w

RELATIVE MOTION IN TWO DIMENSION

-

ri: position of A with respect to O
r_B’: position of B with respect to O

r_A,B: p_gsiti_gn of A with respect to B._,

o =TT (The vector sum " =% can be done by A law of
addition or resolution method)

dire) dn)  d%)

dt - dt _ dt
- - d(Vas) d(vy)  d(vg) = o
= VYaa=Va—Vg . dt - dt _ dt = 9ap =3,

A L
Example 9. Object A and B both have speed of 10 m/s. A is moving towards East while B is moving towards
North starting from the same point as shown. Find velocity of A relative to B.

N
10 m/s
We—— —E
10 m/s J
B A S
- -7 - =
. v
Solution : Method 1: Y28 = Va _ Ve | AE‘: 10V2
N
=
VA
_V’B W B A50 E
10V2 RN
S A

Method 2: Y4 =101, Ve =10/ .
Vas = Va _ Ve = 10i-10] ‘VAB‘
- -
‘VA_VB‘: JVZ +V2 —2v,v, cos6

=10V2

- -

Note : , where 0 is angle between Va and Ve,
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——5 0lf P ractice P roblems

Question 1. Two particles A and B are projected in air. A is thrown with a speed of 30 m/sec and B with a
speed of 40 m/sec as shown in the figure. What is the separation between them after 1 sec.

40 m/s

Answer : (50 m)

3.1 Relative Motion in Lift
Projectile motion in a lift moving with acceleration a upwards

(1) Inthe reference frame of lift, acceleration of a freely falling object is (g + a) Lift ?
(2) Velocity at maximum height = ucosé I
2usin®
3 7= 9*2 y
u’sin’ 0 H
; ; _ 2(g+a) 0 0
(4) Maximum ?ellght H) = A Range 5
u-sin20
(5) Range = g+a

— Solved Example

Example 10. A lift is moving up with acceleration a. A person inside the lift throws the ball upwards with a
velocity u relative to hand.

(&) What is the time of flight of the ball?
(b) Vy’hat i§’the g’waximum height reached by the ball in the lift?

Solution : @@ =% _ A —g4gq
1

-

s :LTt +E A 12
1 2u

0=uT- 2 (g+a)T? - T1=1(9+3)
(b) v2—u2=2as
0O-u2=-2(g+a)H

u2

H _2(g+a)
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4.

4.1

RELATIVE MOTION IN RIVER FLOW

If a man can swim relative to water with velocity ViR and water is flowing relative to ground with velocity

VR, velocity of man relative to ground Vi will be given by :

VmR = Vm — VR or Vm = VmR+VR

-

If Y& =0, then Ym= VYR in words, velocity of man in still water = velocity of man w.r.t. river

River Problem in One Dimension :
w  Velocity of river is u & velocity of man in still water is v.

Case-1 : Man swimming downstream (along the direction of river flow). -
In this case velocity of river vr=+u —(u+v)
veloci_ty of man w.r.t. river vmr = +v u—>

now Ym = Vmr 4+ VR=y +y

Case-2 : Man swimming upstream (opposite to the direction of river flow).

Vo=

In this case velocity of river VR=_y —>(v - u)
-

veloci_ty of man w.r.t. river YmR= +y
- -

A

nOWVm: mR+VR :(V_u)

Solued Example

Example 11 A swimmer capable of swimming with velocity ‘v’ relative to water jumps in a flowing river having

velocity ‘u’. The man swims a distance d down stream and returns back to the original position.
Find out the time taken in complete motion.

Solution : Total time = time of swimming downstream + time of swimming upstream

d d 2dv
2,2
t = tdown + typ= VFTU + V-U = Vv —U Ans.

(A8

4.2

Motion of Man Swimming in a River

-
Consider a man swimming in a river with a velocity of VuR relative to river at an angle of 8 with the river
b

flow. The velocity of river is Ve, Let there be two observers I and II, observer I is on ground and observer
Il is on a raft floating along with the river and hence moving with the same velocity as that of river. Hence
motion w.r.t. observer II is same as motion w.r.t. river. i.e., the man will appear to swim at an angle 6 with
the river flow for observer 11 .

f— [— [—

For observer I the velocity of swimmer will be Vi = Vury VR,

Hence the swimmer will appear to move at an angle 6’ with the river flow.
: X

s

I‘%\Observerl

@ : Motion of swimmer for observer I

@ : Motion of swimmer for observer II
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4.3

4.4

4.5

River problem in two dimension (crossing river) :

Consider a man swimming in a river with a velocity of VR relative to river at an angle of 6 with the river

flow. The velocity of river is Vr and the width of the river is d
: X

H »

Y =Ymr + VR = VM = (vurcosB i + virsin®!) + vei = YV = (vmrcosO + VR) 1 + vursing
Here vmr SinB is the component of velocity of man in the direction perpendicular to the river flow. This

component of velocity is responsible for the man crossing the river. Hence if the time to cross the river is
d d

t thent= "y = YwrSINO

DRIFT
It is defined as the displacement of man in the direction of river flow. (See the figure). It is simply the
displacement along x-axis, during the period the man crosses the river. (vmrcos0 + Vr) is the component
of velocity of man in the direction of river flow and this component of velocity is responsible for drift along
the river flow. If drift is x then,
Drift =vx x t

d

X = (VMRCOSO + VR) X Vi SINO

Crossing the river in shortest time

_d4
Vig SINO . Clearly t will be minimum when 6 = 90° i.e. time to cross the river will be
d

As we know thatt =

minimum if man swims perpendicular to the river flow. Which is equal to MG
Crossing the river in shortest path, Minimum Drift
The minimum possible drift is zero. In this case the man swims in the direction perpendicular to the river
flow as seen from the ground. This path is known as shortest path
VR

here Xxmn=0 = (VMrCOSBO + VR) =0 oOr cosf = — Viur
B since cosO is —ve, ~ 6 > 90°, i.e. for minimum drift the man must swim at some angle ¢ with the
VR

perpendicular in backward direction. Where sin ¢ = Vir

-V v
cos™ [—R] —R
B Q= VR <1 i.e. VR<VMR
i.e. minimum drift is zero if and only if velocity of man in still water is greater than or equal to the
velocity of river.
B Time to cross the river along the shortest path

3 VMR
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t=

d d
Vyr SINO _ Vi — V2

Note :

e If vg > vmr then it is not possible to have zero drift. In this case the minimum drift
(corresponding to shortest possible path is non zero and the condition for minimum drift can

[vMR] [vMR}
be proved to be cos0 = - YR/ or sin Q= YR ) tor minimum but non zero drift.

Example 12.

Solution :

Soluved Examples

A 400 m wide river is flowing at a rate of 2.0 m/s.A boat is sailing with a velocity of 10 m/s with

respect to the water, in a direction perpendicular to the river.

(a) Find the time taken by the boat to reach the opposite bank.

(b) How far from the point directly opposite to the starting point does the boat reach the opposite
bank.

(c¢) Inwhat direction does the boat actually move, with river flow (downstream).

B x ¢C
] y
d=400m 2m/
10mis| ¢4 X
A
d  400m

(a) time taken to cross the river t = Vy = 10m/s - 40 Ans.
(b) drift (x) = (vx)(t) =(2m/s) (40s) =80 m Ans.

10

2

(c) Actual direction of boat, 6 = tan—! { ] =tan~! 5, (downstream) with the river flow.

"B

WIND AIRPLANE PROBLEMS

This is very similar to boat river flow problems. The only difference is that boat is replaced by aeroplane
and river is replaced by wind.
Thus, velocity of aeroplane with respect to wind

\

where, v

Solved Examples

Example 13.

Solution :

:VE—VW or VE :Vaw +VW

—_— —_
a=—

velocity of aeroplane w.r.t. ground and, V= velocity of wind.

An aeroplane flies along a straight path A to B and returns back again. The distance between A
and B is ¢/ and the aeroplane maintains the constant speed v w.r.t. wind. There is a steady wind

with a speed u at an angle 6 with line AB. Determine the expression for the total time of the trip.

Suppose plane is oriented at an angle a w.r.t. line AB A/V /
while the plane is moving from Ato B : ?/ - *B
u

Velocity of plane along AB = v cosa — ucos6,
and for no-drift from line AB ; v sina = usin®
using

= siha= V

\'
] A £ '(h\B

—_— 0
time taken from A to B : tag = YCOSa—UCOSO f
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Suppose plane is oriented at an angle o’ w.r.t. line AB
while the plane is moving from Bto A :
velocity of plane along BA = vcosa + u cost and for no drift from line AB ; vsina = usin®

using
= sina= V = a=o
I
time taken from Bto A : tga = VCOSQ +UCOS0
f 5

total time taken = tag + tga= YCOSG—UCOSO . VCOSa +UCOSO

u?sin® 0
2vlcosa ZVE\P_ v2

- v?cos?a —u?cos?0 = v —u?

28
6. RAINPROBLEM

If rain is falling vertically with a velocig VR and an observer

-

is moving horizontally with velocity Vi  the velocity of rain
relative to observer will be :

" - = \/ﬁ
Vem = Y& _Vn or yeg= VYR TVa

Vm

and direction 6 = tan—! { Ve J with the vertical as shown in
figure

Solued Examples

Example 14. Rain is falling vertically at speed of 10 m/s and a man is moving with velocity 6 m/s. Find the
angle at which the man should hold his umbrella to avoid getting wet.

bLLdLL yroms

Solution :

B i/s
2005

Vrainz—lojﬁ Vman=61 /

Vrwrt man = —10] -6 i ‘ 10 m/s
6 3

— - 6 m/s
tano= 10 = g=tan? [5]

Where 6 is angle with vertical

Example 15. A man moving with 5m/s observes rain falling vertically at the rate of 10 m/s. Find the speed and
direction of the rain with respect to ground.
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Solution : Vrm = 10 m/s, vm =5 m/s

- - -
Vem =Vr _Yu

e — f—

= YrR= Vem 4+ Yu v =10 ms
= VR:S\/g

1 1 ‘
tano= 2,6 g=tan! 2, v, =5m/s

7. VELOCITY OF APPROACH / SEPARATION IN TWO DIMENSION

It is the component of relative velocity of one particle w.r.t. another, along the line joining them.
If the separation is decreasing, we say it is velocity of approach and if separation is increasing, then we
say it is velocity of separation.

Solued Examples

Example 16. Particle A is at rest and particle B is moving with constant velocity v as shown in the diagram at
t = 0. Find their velocity of separation

A®
Solution : VBA= VB—VA =V
Vsep = component of vea along line AB = vcos6

Example 17. Two particles A and B are moving with constant velocities vi1 and '
vz2. At t = 0, v1 makes an angle 61 with the line joining A and B 1 0, BZN
and vz makes an angle 02 with the line joining A and B. Find their A % » B

velocity of approach.
Solution : Velocity of approach is relative velocity along line AB

VAPP = V1€C0S01 + V2C0S02

Example 18. Particles A and B are moving as shown in the diagram at t = 0. Find their velocity of separation
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dm/s
N
oA
3m
am/s
L >
D ——
4m
(att=0 (i) att = 1 sec.
Solution : (i) tane=3/4
Vsep = relative velocity along line AB
4m/s
4
4 4c0s0
4sin0
- P 3sin®
8. & 3mls
Oy S
> g
4m
A 3cos0
4 3 A
=3cosf +4sinf=3. 2 +4. 9= 5 =48m/s

(i) 0 =45°

Vsep = relative velocity along line AB

dm/s
h
4c0s0
4sin0
., p
K1
N 3sin@
7m A
e=4§?n‘f'3m/s
<——>p™.,
m .
",3C080
1 1 7

= 3c0s0 + 4sind = 3. \E + 4. \/E: \Em/s

7.1  Condition for uniformly moving particles to collide
If two particles are moving with uniform velocities and the relative velocity of one particle w.r.t. other
particle is directed towards each other then they will collide.

Solued Examples
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Example 19.

Solution :

Two particles A and B are moving with constant velocities

vi and vz2. At t = 0, vi1 makes an angle 081 with the line joining A

and B and vz makes an angle 62 with the line joining A and B. ¥ ~

() Find the condition for A and B to collide. h d -

(i) Find the time after which A and B will collide if separation between themisdatt=0

(i) For A and B to collide, their relative velocity must be directed along the line joining them.
Therefore their relative velocity along the perpendicular to this line must be zero.

VI
0,
A

Thus vi1 sinB1 = v2 sinB2 .

d d

Voo  V4COS0; +V,cC0s0,

(i)

VaPP = V1€C0SO1 + V2€0S02 ; t=

7.2  Minimum / Maximum distance between two particles
If the separation between two particles decreases and after some time it starts increasing then the
separation between them will be minimum at the instant, velocity of approach changes to velocity of
separation. (at this instant vapp = 0)
dS,g
Mathematically Sag is minimum when dt =0
Similarly for maximum separation vsep = 0.
Note :
e If the initial position of two particles are i and " and their velocities are Y and V2 then shortest
[ faxVy, |
distance between the particles, dshortest = Vi | and time after which this situation will occur,
_ LoV
t= | Via I
Example 20.  Two ships are 10 km apart on a line joining south to north. The one 2021
farther north is steaming west at 20 km h-. The other is steaming ;
north at 20 km h-1. What is their distance of closest approach ? How 2ok ¢ 1okm
long do they take to reach it ? niht
2@
Solution : Solving from the frame of particle -1
10
we get dshort = 10 cos 45° = V2 = 52 km 10km

10sin45  10x1//2

r= IVl - 2042




