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MATHEMATICS Vector

Vectors and their representation:

/ <—— Terminal point
A—> initial point

Vector quantities are specified by definite magnltude and definite direction. A vector is generally

represented by a directed line segment say AB LAlis called the initial point and B is called the terminal

point. The magnitude of vector AB is expressed by [ ABI,

Types of Vectors:

Zero vector :
A vector of zero magnitude i.e. which has the same initial and terminal point, is called a zero
vector. It is denoted by O. The direction of zero vector is indeterminate.

Unit vector :

(4] [}
A vector of unit magnitude in the direction of a vector 2 is called unit vector along @ and is
W

. _
denoted by @, symbolically |al .

Equal vectors :

Two vectors are said to be equal if they have the same magnitude, direction and represent the
same physical quantity.

Collinear vectors :

Two vectors are said to be collinear if their directed line segments are parallel irrespective of
their directions. Collinear vectors are also called parallel vectors. If they have the same direction

they are named as like vectors otherwise unl|ke vectors.
1
Symbolically, two non-zero vectors a and b are collinear if and only if, 8= lb, where A € R

R . . . . . a, a, a,
woon a,i+a,j+ask b,i+b,j+bsk b b b
a:lb@(1 2 3):)\(1 2) 3)‘:’alz)\bl,az:Abz,as=7\b3zb1=b2:ba(:A)
a, a, a,
" . ~ ~ o . ~ -~ - N o
Vectors @ =aii +22] 4 ak and P =h.i + baj 4 bk are collinear if b - b, _by

Coplanar vectors :

A given number of vectors are called coplanar if their line segments are all parallel to the same
plane. Note that “two vectors are always coplanar”.

Find unit vector of | =2j+3k

4 _i-2j+3k

" 2 H n A a2+az+a2
if a= al aJ ak yoilal o v& T3, +&;

|_\0
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MATHEMATICS Vector

w

a

lal

1 2 3
M "
lal - V14 o a - - 14 V4] 14k

Example # 2 : Find values of x & y for which the vectors

[ N H n
a=(x+2) I -(x—y) I +k

b = (x-1) [ (2x +y) I+ 2k are parallel.

X+2 y-x 1
] (| PR— —
Solution : a and D are parallelif x-1 = 2X*Y = 2

x==5y=-20

3. Multiplication of a vector by a scalar:

(4] (]
If @ is a vector and m is a scalar, then m is a vector parallel to @ whose magnitude is Dm0 times that of

o] o] 4
a | This multiplication is called scalar multiplication. If @ and b are vectors and m, n are scalars, then

@ ™ @=(@m=ma

Gy M (na)=n(ma) = (mn)a
iy (M) a-ma + na
w M (@a+b) = ma + mb

4. Addition of vectors:

B

A

] ) [ Py w 4]
0] If two vectors @ andP are represented byOA and OB , then their sum @+b js a

vector represented by OC | where OC is the diagonal of the parallelogram OACB.

] o o A ] o W ] o W

(ii) a+b =b+a (commutative) (iii) (@+b)+c=a+(b+c) (associative)
1\ o [ o 4] i} i i 1A ]

(i) a+0=a=0+a (V)a+(—a)=0=(—a)+a
A [4) W &) [ n 1A w

(vi) la+b|<la|+]|b] (Vii)|a_b|2||a|_|b”

W L ~ s a
Example #3: |f a=2i+3j+4k and b=i+j+k represent two adjacent sides of a parallelogram, find unit
vectors parallel to the diagonals of the parallelogram.

L 4
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MATHEMATICS Vector

i 1 [ &AL ) il
Solution : Let ABCD be a parallelogram such that AB =@ and BC =b

Then, AB + gdé = /u-"ﬁ
- AC = a+b - 3i+4j+5k
|AC| _ 9+16+25 _ 50
AB 1 BD = AD
= %:Tﬁ—ﬁ :B—é :_(i+2]+3|§)
IBD|_ Vi14+9 _ a
1 ~ n ~
Unit vector along AC = |AC] 50 (3i+4j+5k)

% 1 . . .
iy A i+2j+3k
and  Unit vector along BD -IBDI __\14 ( )
Example #4: ABCDE is a pentagon. Prove that the resultant of the forces AB AE BC DC
ED and AC is 3. AC
Solution : Let R be the resultant force
R = AB +AE +BC .DC LED 4+ AC

= FL{:(JL&JI?:L +BC)+(KME+E% +DC)+AC
= R = AC ; AC 4 AC
= R =3AC Hence proved.

Self Practice Problems :

(1) Grven a regular hexagon ABCDEF Wlth centre O, show that
(|) OB OA _OC_OD (") OD +OA =2 OB+ OF (|||) AD +EB +PC =4 AB

(2) The vector —i+j-k bisects the angle between the vectors c and 3 +4j . Determine the
unit vector along C
3) The sum of the two unit vectors is a unit vector. Show that the magnitude of the their difference
is\/5 .
1 2+ 14-
Ans. (2 3 15" 15

5. Position vector of a point :

JaTanA's] W n
Let O be a fixed origin, then the position vector of a point P is the vector OP |t a and b are position
vectors of two points A and B, then

w L 4
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MATHEMATICS Vector

6.

7.

S
—8 = position vector (p.v.) of B — position vector (p.v.) of A.

>
[v]
I
o=

Distance formula:

B(b)
b-a
INE))
0
W [ | W _ o
Distance between the two points A(a) and B (b) is AB =

Section formula:

" il
If @ and P are the position vectors of two points A and B, then the p.v. of

I (4]
|§ _na+mb
a point which divides AB in the ratio m: n is given by m+n
(] 'l
a+b

Note : Position vector of mid point of AB = 2

Example #5: The midpoint of two opposite sides of quadrilateral and the midpoint of the diagonals are vertices

of a parallelogram. Prove using vectors.

T
Solution : Let & b, ¢, d be the position vectors of vertices A, B, C, D respectively.
Let E, F, G, H be midpoint of AB, CD, AC and BD resepectively
[
a+b
PVofE= 2
4 w
c+d
PVofF= 2
(4] &}
a+c
PV.ofG= 2
[} w
b+d
P.V.ofH= 2

_bﬂ
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MATHEMATICS

Vector

- W -
z[gHE:JJ {a+b} é_g
2 ) 2 _ "2
[ -~ oo
T8 cid b+d c-b
HF=— | 5 | —
2 _ = 2
EG=HF = EG||HF and EG = HF

hence EGHF is a parallelogram.

Self Practice Problems

(4)

Express vectors BC , CA and AB in terms of the vectors OA, OB ang OC

A oB [}
(5) If a, b'are position vectors of the points(1,-1),(-2, m), find the value of m for which 8 and
b are collinear.
(6) The position vectors of the points A, B, C, D are i+j+k , 2i+9) , 3i+2)-3k , I-6j-k
respectively. Show that the lines AB and CD are parallel and find the ratio of their lengths.

(7)

(8)

(9)

(X

The vertices P, Q and S of a APQS have position vectors P- 9 and s respecuvely

0] If M is the mid point of PQ, then find position vector of M in terms of p and q

Im [
(i) Find t the position vector of T on SM such that ST:TM = 2: 1, in terms of P 4 and S

(iii) If the parallelogram PQRS is now completed. Express r , the position vector of the

[ M
point R in terms of P 9 and s
D, E, F are the mid-points of the sides BC, CA, AB respectively of a triangle.
Show FE= 2 BC and that the sum of the vectors 7\%, BE , CF is zero.
The median AD of a AABC is bisected at E and BE is produced to meet the side AC in F. Show

1

1

that AF =3 AC and EF =4 BF.

(20) Point L, M, N divide the S|des BC, CA, AB of AABC |n the ratios1:4,3:2,3:7 respectively.

Prove that AL + BM +CN is a vector parallel to CK , when K divides AB in the ratio 1 : 3.

Ans.  (4) BC=OC-OB CA=OA-OC AB=0B-0A
(5) m=2

1 [} [} (] 1 [} (4] w 1 '} [} [}

© 1:2 (m=20+a t_20@+a+s) ¢ _2(q+p-s)

Coordinate of a point in space :

L 4
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MATHEMATICS Vector

10.

11.

PG Y 20)

5 x
XT

z

x-coordinate of point P = distance of P from y-z plane
y-coordinate of point P = distance of P from x-z plane
z-coordinate of point P = distance of P from x-y plane

Vector representation of a point in space:

If coordinate of a point P in space is (X, y, z), then the position vector of the point P with respect to the

same originis xi +y! +zk.

Distance formula:

2 2 2
Distance between any two points (X1, y1, z1) and (Xz, yz, Z2) is given as ‘/(X1 X)) V=Y (2 -2,

Vector method
We know that if position vector of two points A and B are given as OA and OB then
AB = | OB OA |

= |(le+yzJ +2:K) - (X1I+y11+21k)|

= AB:\/(XQ_X1)2+(y2_y1) +(22_Z1)2

Distance of a point from coordinate axes:

Let PA, PB and PC are distances of the point P(x, y, z) from the coordinate axes OX, OY and OZ
respectively then

pa= VW 2 pg=VZ’ X’ pc=VX+Y’

Example # 6 : Show by using distance formula that the points (4, 5, -5), (0, —11, 3) and

(2, —3,-1) are collinear.

Solution : Let A=(4,5,-5),B=(0,-11, 3),C=(2,-3, -1).

g = J(A—0F +(5+117 +(-5-3) = /336 = V484 = 2/84
Be o NO-2F +(-11+37 + (3417 =84

ac = V(4-27 +(5+3) +(-5+1) =84
BC + AC=AB
Hence points A, B, C are collinear and C lies between A and B.

Example # 7 : Find the locus of a point which moves such that the sum of its distances from points A0, 0, — Q)

and B(0, 0, a) is constant.

Solution : Let the variable point whose locus is required be P(x, y, z)

Given PA + PB = constant = 2a (say)

030
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MATHEMATICS Vector

Jx=0P +(y—0P +(z+a) , J(x=00+(y-0F +(z—a) _ ,,

2 2 2 2 2 2
N \/x +y +(z+a) :2a_\/x +y +(z-a)
2 2 2
+y° +(z-
= Xe+Yo+2Zo+ Qe+t 2za=4az+ X+ Y2+ 22+ A2 — 2za —4a \/X y +(z-a)
z’o®
N Y
= 4za—-4a: =—4a = +a:—-2za=Xz+Yy2+ 22+ 2 — 2za
2
[1‘1] x° y’ z
2 R
2 2 2 2 2
or, X2+ Y2+ 22 —az— 2 = a-o 4 a-o 4 a=-1

This is the required locus.

Self Practice problems :

(12) One of the vertices of a cuboid is (1, 2, 3) and the edges from this vertex are along the +ve x-
axis, +ve y-axis and +ve z-axis respectively and are of lengths 2, 3, 2 respectively find out the
vertices.

(12) Show that the points (0, 4, 1), (2, 3, 1), (4, 5, 0) and (2, 6, 2) are the vertices of a square.
(13) Find the locus of point P if AP. — BP.=18,where A= (1, 2,—-3)and B =(3,-2, 1).

Ans. (11) (1,2,5),(3,2,5),(3,2,3),(1,5,5), (1,5, 3), (3,5, 3), (3,5, 5).
(13) 2Xx—4y+4z-9=0

12. Section formula:

If point P divides the distance between the points A (X1, y1, z1) and B (Xz, Yz, z2) in the ratio of m : n,
MX, +NX; My, +Ny, Mz, +nz, J

internally then coordinates of P are given as [ m-+n m-+n m+n

A_P B
m:n

Note :- Mid point

Xyt X, ¥YitY, Z,+2, 141
2 "2 2 A p B

13. Co-ordinates of special points of a triangle :

(i) Centroid of atriangle :

A(X,,¥1,Z,)

B(XZIYZ!ZZ) C(x3ly3l23)

[x1+x2+x3 Y+ Y, + Y, z1+z2+sz
G= 3 ! 3 ! 3

L 4

(i)

Incentre of triangle ABC :

7
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MATHEMATICS Vector

Example #8:

(iii)

Solution :

Example #9:

Solution :

Example # 10 :

Solution :

(ax1 +bx, +cx, ay,+by, +cy, az, +bz, +cz,

a+b+c a+b+c at+b+c ]WhereAB:c,BCZa,CA:b

Centroid of a tetrahedron :

A (X1, Y1, Z1) B (X2, Y2, 22) C (X3, Y3, z3) and D (x4, ys, z4) are the vertices of a tetrahedron, then

4 4 4
2% 2N 2
i=1 i=1 i=1

3

4 4 4

coordinate of its centroid (G) is given as

Show that the points A(2, 3, 4), B(-1, 2, -3) and C(—4, 1, —10) are collinear. Also find the ratio
in which C divides AB.

Giyen A=(2,3,4),B= (._1’ 2,-3),C=(-4,1,-10).

A(2,3,4) B (-1,2,-3)
Let C divide AB internally in the ratio k : 1, then
£k+2 2k +3 3k+4] )
C= k+1 k+1 k+1 - k+1 =_g> 3k=-6 = k=-2
2k +3 -3k +4

For this value of k, k+1 =1 and k+1 =-10
Since k < 0, therefore C divides AB externally in the ratio 2 : 1 and points A, B, C are collinear.

The vertices of a triangle are A(5, 4, 6), B(1, -1, 3) and C(4, 3, 2). The internal bisector of zZBAC
meets BC in D. Find AD.

4% 4152132 =52

AC= VP + T +42 =32

Since AD is the internal bisector of BAC

A(5, 4, 86)
B D c
(1,-1,3) (4,3,2)
BD _AB_5
DC AC 3

D divides BC internally in the ratio 5 : 3
5x4+3x1 5x3+3(-1) 5x2+3><3} 23 12 19
5+3 5+3 5+3 or D=

D=
2 2 2
[T,

AD = 8 8 8) _ 8

If the points P, Q, R, Sare (4, 7,8), (-1,-2,1), (2, 3, 4) and (1,2,5) respectively, show that PQ
and RS intersect. Also find the point of intersection.
Let the lines PQ and RS intersect at point A.

unit

8
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MATHEMATICS Vector

[k+4 20 +7 k+8]
Let A divide PQ inthe ratio A: 1, A # 1) then A=\ A+1  A+1  A+1) e (1)
(k+2 2k+3 5k+4]

Let A divide RS in the ratio k : 1, then A= \K+1 - k+1 k1) )
P(4,7,8) S(1,2,5)
R(2, 3, 4) Q(-1,-2,1)

From (1) and (2), we have,

-A+4 k+2

Al KT o AK—A+4k+4=Ak+2A+k+2 =2k +3A-3k-2=0 ... 3)

“2.+7  2k+3

Al KT o ONK—2A+ Tk +7=2Ak+ 3N+ 2k + 3= 4Nk + 5BA—=5k—4=0 ....(4)
A+8 5k+4
A+ K+1 (5)

Multiplying equation (3) by 2, and subtracting from equation (4), we get—A+k=0 or, A=Kk
Putting A = k in equation (3), we get 2A2+3A—-3A-2=0 > A=1=k
Clearly A =k = 1 satisfies eqn. (5), hence our assumption is correct.

[1+4 247 1+8) [3 5 9}
Azl 2 2 2 ) o asl2 22

Self Practice problems :

14.

L 4

(14)

(15)

(16)

(17)

(18)

Ans.

Find the ratio in which xy plane divides the line joining the points A (1, 2, 3) and B (2, 3, 6).

Find the co-ordinates of the foot of perpendicular drawn from the point A(1, 2, 1) to the line joining
the point B(1, 4, 6) and C(5, 4, 4).
§,—1, 2

3

Two vertices of a triangle are (4,—6, 3) and (2, -2, 1) and its centroid is( J . Find the third

vertex.

If centroid of the tetrahedron OABC, where co-ordinates of A, B, C are (a, 2, 3), (1, b, 2) and (2,
1, c) respectively be (1, 2, 3), then find the distance of point (a, b, ¢) from the origin, where O is
the origin.

[_la 25 OJ
Show that is the circumcentre of the triangle whose vertices are
A(1,1,0), B (1,2,1) and C (- 2, 2, —1) and hence find its orthocentre.

(14) 1: 2 Externally (15) (3, 4, 5)(16) (2,5,2)
a7 V107 (18) (1,1,0)

Direction cosines and direction ratios :

(i)

Direction cosines :

9|
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MATHEMATICS Vector

Example # 11 :

(i)
(iii)

(iv)

(v)

(vi)

(vii)

Solution :

&
4

Let Q, B, Y be the angles which a directed line makes with the positive directions of the axes of

X,y and z respectively, then cos Q, cosB, cos Y are called the direction cosines of the line. The
direction cosines are usually denoted by ¢, m, n.

Thus ¢ = cos A, m = cos B n=cosYy.
If ¢, m, n be the direction cosines of a line, then f2+ mz2+n2=1

Direction ratios :

Let a, b, ¢ be proportional to the direction cosines ¢, m, n then a, b, ¢ are called the direction
ratios.

If a, b, ¢, are the direction ratios of any line L, then ai+bj+ck
L.

will be a vector parallel to the line

If ¢, m, n are direction cosines of line L, then ¢ i+m l+n Kis a unit vector parallel to the line L.

If 2, m, n be the direction cosines and a, b, ¢ be the direction ratios of a vector, then

(Q a b ne c J
Ja?+b? +¢? Ja?+b2+c? Jal+b’+c?

({,_ -a -b ne —C J
or Ja? +b?+c? Jal+bi+c?  +a?+b?+c?

If OP =r, when O is the origin and the direction cosines of OP are ¢, m, n then the coordinates
of P are (¢r, mr, nr).

If direction cosines of the line AB are ¢, m,n, |[AB| =r, and the coordinates of A is (X1, y1, z1) then

the coordinates of B is given as (x: + r/, y1 + rm, z1 + rn)

If the coordinates P and Q are (X1, Y1, z1) and (Xz, Yz, z2), then the direction ratios of line PQ
are,a=X2 — X1, b =y> = y1 & ¢ = 2z — z1 and the direction cosines of line PQ are (=
X3 =% Y2~ Yy Z, =2

IPQl = IPQL gngn= 1PQL

Direction cosines of axes :

Since the positive x—axis makes angles 0°, 90°, 90° with axes of x, y and z respectively. Therefore
Direction cosines of x—axis are (1, 0, 0)

Direction cosines of y—axis are (0, 1, 0)

Direction cosines of z—axis are (0, 0, 1)

Find the direction cosines of a line which is connected by / + m+n =0, 2/2+2m2—n2=0

f2+mz+n2=1

10|
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f+m+n=0

202+ 2m2—n2=0
2l-n2)—n2=0

2
= 3n2=2 or n:i\g and 2(¢2 + mz) = n2 = (—(¢ + m)2
2 2
or f=m (+m=x V3 or 20=%93
1 1
/:iﬁ,m:iﬁ

cn‘—L
cn‘—‘
Tl
N— S
QD
>
o
O
cn‘—‘
cn‘—‘
[
Tl
N——

Self practice problems:

(29) Find the direction cosines of a line lying in the xy plane and making angle 30° with x-axis.

(20) A line makes an angle of 60° with each of x and y axes, find the angle which this line makes
with z-axis.

(22) A plane intersects the co-ordinates axes at point A(a, 0, 0), B(0, b, 0), C(0, 0, c) ; O is origin.
Find the direction ratio of the line joining the vertex B to the centroid of face ABC.

V3 c
Ans. (19) /= 2 m=+2,n=0 (20) 45° (21) 3, ,-p, 3,

N =

15. Angle between two vectors:

It is the smaller angle formed when the initial points or the terminal points of the two vectors are brought
together. Note that 0° < 6 < 180°.

P o\

16. Scalar product (Dot Product) of two vectors:
4

a , (0<0<n)
] [ 2
Note: (i) If 6 is acute, then ab >0 and if 6 is obtuse, then @b < 0.
L‘J (4]
(i b= 0<:>aJ_b(g¢0 b;&D)
'} & i}
(iii) Maximum value of 2 5’ is |a| |b|
(iv) Minimum value of a bis — |a| |b|

17. Geometrical interpretation of scalar product :

L 4
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MATHEMATICS Vector

B(b)

L A(8)

W Al Y Wy WY
Let @ andP be vectors represented by OA ang OB respectively. Let 8 be the angle between OA

[l )

and ©B  Draw BL L OA and AM L OB
From AOBL and AOAM, we have OL = OB cos 6 and OM = OA cos6

)
Here OL are known as projections of b on @,

and aon b respec'uvely
o o i
Now, 8.5 -|a|b||cose |31(P|cos 8) =13 (OB cos 8) =|3] (OL)

= (Magnitude of b ) (Projection of @ on b)
Thus geometrically interpreted, the scalar product of two vectors is the product of modulus of either vector
and the projection of the other in its dir%ction.

g 0 a_b
aon b =—H%#—
0] Projection of bl
1Al ol ol A
(i) a.b=b.a (commutative)
] S 4 _W E—; 1A W
Giy @ (brc)=a.b+a.c gicyiputive)
W o w W 0
(iv) (ma). b= a_(mb) = m(a : b),where m is a scalar.
v  Lizllokk=opilcikzkizg
N PRR
vi) a.a=[a=a
- W [
[T
i) fazal +a ]+a3k and 0= byl +bol +bok Cthen @ - P = aiby + asho+ ashs
i
a| = a1 +a, +a, | | Vb +b,” +b’
W oW %
atb 2 2
(viii) | = ‘/|_§| +|b| + 2|a||b|cose , Where 8 is the angle between the vectors

Moaya (M oaya (B sy s
(ix) Any vectorg can be written as a- (a ' I) ' (a ‘ J) I (a ' k) k.

u M 2 o oo - o
Example # 12 : Find the value of p for which the vectors3=31+2j+9k jnq b=T+pi+3k 50
0] perpendicular (i) parallel
W SN 3i+2j+9k) (i+pj+3k
Solution : 0] alb =>a-b:0=>( : )( Pl ):o
= 3+2p+27=0 = p=-15
W . . 2 . "
(i) vectors @ = 3i+2)+9%k and D = H+pj+3k are parallel iff
3 2 9 2 2
1=P = 3 = =P = p= 3
f Ay bado0 lal_g Ibl_gglSle dand b
Example #13:If 8+ P+C= =3, =5 and'" '=6, find the angle between2and °.
% l—‘ & E{‘ ] ]
Wwoow 4 [
Solution : We have, a+b+c=0 o  a+b -_C o (a+b) (a+b) = (_C). (-¢)
B E W, 2 tté 2 Nooow W2
I LU LT RO

L 4
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MATHEMATICS Vector

] w o K
BURNE 1 L B L1 LI NN
2 A
= 9+25+2(3)(5)cosB=236 > cos § =30 > 0 =cos: 10

]

Example # 14 : Find the values of x for which the angle between the vectors & = 2x21 + 4xj + kand

X

b =71 _21 +x k is obtuse.

il il
a £
ion - 4 and b is g _ lallb]
Solution : The angle 6 between vectors @ and P is given by cos 6 =
i} (]
a @
b a . b al,|b|> 0
Now, 6 is obtuse = cosG<0=>~| bl <0=> 2 P<o ['.'lal’| > |

1
> 14x:—8x+x<0 = 7x(2x—-1)<0 = x(2x-1)<0 = 0<x< 2
Hence, the angle between the given vectors is obtuse if x € (0, 1/2)

Example # 15 : D is the mid point of the side BC of a AABC, show that AB2 + AC2=2 (AD:z + BD>)
LR W [Tw = ~ 2 B VY
Solution:  Wehave AB = AD + DB = A, = AP*DB)  ap, - Ap,+DB.+ 2AD . DB

A

B D C

WY WY

Also we have AC = AD+ DC 5 ac, = (AD+DCY - ap, 1 pc, + 2AD | DC

Adding (i) and (ii), we get AB. + AC: = 2AD; + 2BD: + 2 AD  (DB+DC)
= AB: + AC: = 2(AD: + BD>) .-DB +DC -0
& M - 2 H -
Example#16:1f@ =1+ !+ k and =22 - | + 3k then find
; 2 8b ;
0] Component of b along 2. (ii) Component of b in plane of a but L to 2.
K W
a.b
- - b s s Ual) 3 5 b laf
Solution : () Component of P along @ is 8 . Here@P =2-1+3=4and =3

a Eﬂ)
[lalzlw S = . 7 .
Hence a:3a:3(|+1+k)

@ 4 £ Iﬂl
(i) Component of b in plane of a&b but L to @ isP
Self Practice Problems :

1 &
(22) If @ and © are unit vectors and 8 is angle between them, prove that tan

“ z T Al - ~
(23) Find the values of x and y if the vectors 8 = 3i+x -k and b = 2i+]+yk

mutually perpendicular vectors of equal magnitude.

L 4

g_H'_g 1, . . .
o \Tar ) g _ 3(2i-7i+5k)

13|
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(24)

(25)

Ans.

w 2% s ~ oo s . “ 2% 2 o
Let a = X 1+2]-2k , b= i-j+k and¢ =X I+5] -4k be three vectors. Find the values of

“ a -l Al
x for which the angle between @ and b is acute and the angle between b and ¢ is obtuse.

WY [ 0 DUy (] o Y W [
The points O, A, B, C, D are such that CA=a0B=b OC=2a+3b OD=a+2bgjyen that

the length of OA is three times the length of OB, show that BD and AC are
perpendicular.

31 4
(23) x=-12 y=12 (24) (-3,-2)uU(2,3)

18. Projection of aline segment on aline :

(i)

(i)

(iii)

(iv)

Example#17 :

Solution :

L 4

If the coordinates of P and Q are (X1, y1, z1) and (X2, Y, Z2), then the projection of the line segments

PQ on a line having direction cosines /, m, n is | 2%, = x)+mly, —y,)+n(z, ~2)) |

Vector form :

b In the above case we can consider

©
=
K=}
D
(@]
(=g
o
>
@]
=
Q
<
D
o
j 24
o
=
W
o
>
Q
>
[e]
=
=0
D
=
<
D
(@]
—
o
=
o=
&
W
(=]
1

— . M R “ N M R A
PQ as(x2—x1) | +(y2—y1) | + (z2—z1) k inplace of @ and £i + m! + nk in place of P.

[} [}

[} [}
LT ], m|T]&n|T|are the projection of T on OX, OY & OZ axes.
i il N H -
r=|r|¢i+m! +nk)

Find the projection of the line joining (1, 2, 3) and (-1, 4, 2) on the line
having direction ratios 2, 3, — 6.

Let A=(1,2,3),B=(-1,4,2)

Direction ratios of the given line PQ are 2, 3, — 6

2 2 2
2°+3° +(-6) —7

N
~ | w
~N| o

direction cosines of PQ are 7,7 —
B

Projection of AB on PQ
= |0 (X2 — X1) + m(yz2 — y1) + n(zz2 — z1)|

14 |
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2 3 6
SE-D (-2 -2 (2-3) |=

-4+6+6 8
7 "7

Self Practice problems :

19.

L 4

(26)
(27)

(28)

Ans.

A(6,3,2),B(5,1,1,),C(3, -1, 3)D (0, 2, 5). Find the projection of line segment AB on CD line.

The projections of a directed line segment on co-ordinate axes are — 2, 3, — 6. Find its length and
direction cosines.

Find the projection of the line segment joining (2, — 1, 3) and (4, 2, 5) on a line which makes
equal acute angles with co-ordinate axes.

2 236
26 V22 (op 7, 777

7

(28 3

Vector product (Cross Product) of two vectors :

(i)

(ii)

(i)
(iv)
(v)

(Vi)
(vii)

(viii)

(ix)

)
(xi)

sind n
, where

i} o i) [
axb:|a| b

w 0w
If @ b are two vectors and 0 is the angle between them, then

A is the unit vector perpendicular to both a and b such that a b and f forms a right handed
screw system.

w ©w

) |a xb
Cﬂ;eometngally

a

= area of the parallelogram whose two adjacent sides are represented by

and b
5
C
b
0 : :

(not commutative)

Mma) b _ 4., (mﬁ) _(axb)

, where m is a scalar.

(dlstrlbutlve)
axb=0<a and b a0, b=0 a=Kb
axp=U<=a an are parallel (collinear) (@=0,b= )i.e.a_ , Where K is a scalar.
ixi=jxj=kxk=0.7xj=k jxk=1 kxi=]
R R i j k
axb=|a, a, a,
w . : - o . : - b, b, b
If @ =aii +a: !+ as k andP =i + b2 | + bak, then v
w w
i)
|axb|

(&
A vector of magnitude ‘r’ and perpendicular to the plane of @ and b is

| i
a and b, then sin® = 5%
al |b
If 8 is the angle between ‘ | | |
[ B d 4]
f 8 band ¢ ar th position vectors of 3 points A, B and C respectively, then the vector area

ny Ug By

1(a><b+b><c+c><::1) R T A
of AABC =2 . The points A, B and C are collinear if @xPxbxC4+cxa=0

15|
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(xii)
(xiii)

Example#18:

Solution :

Example#19:

Solution :

Example#20 :

Solution :

L 4

Qec
Q
>0
o
Qc

Area of any quadrilateral whose diagonal vectors are 2 is given by 2
Lagrange's Identity :

i
a

U =0 =
O =0
O =0

V= V=

For any two vectors

Find a vector of magnitude 9, which is perpendicular to both

[~ 7]+7K goq 31-2+2

Lot 8= i=71+7k b= 3i-2]+2k 1100

ij ok

1 -7 7
axb- 3 22 = (-14 + 14) —(2—21)+(_2+21)R:19]+19R
L laxbl o942

=

laxb| J2 (j+k)

Q=0

~ Required vector = 19{

L‘JIV:‘JJA ] B W tu) NowW,ow W g 8
For any three vectors & P € show that @%(b+C)+bx(c+a)+cx(a+b)=0
ol il wooow [
(&) A
We have, @ x (b+c) ,b (c+a) ,c , (@a+b)
oW W ow w8y W oW N oW
oW oW oW oW oW Wow oW oW oWy ow E w - A g
- axb+axc+bxc-axb-axc-bxc_ [ 0X@=7 8XD gy

@ Y P k P A2
For any vector@ , prove that | 8%1 1" 4 laxilJaxk[" _, |a|

1 T 5 -
Let a = &! +a2j+a3k. Then

B oa B M o . .o c s oot ~ M
axi - (aji+a,j+azk) < :al('X')+az (JXI)+a3(kXI) :—azk+aBJ
1A * 2
= |ax|| = az + as
[ - . ~ » ~ A
axj _ (aj+ayj+ak) | _ak-a,i
[T
= laxj] =aa +a
4] ~ k “ -~ w o -
axk — (& i+a,j+ask) < k = _ &j+a,l
LT
> |a><k| = awnz +a=

N A i P
|ax|| +|an| +|ax | —axt+astanrtax+antax

NQ
:2(a12+a22+a32):2|a|

1
2|

the vectors

16 |
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Self Practice Problems :

20.

L 4

(29) If P and 9 are unit vectors forming an angle of 30°. Find the area of the parallelogram having
AI

p * 2q and 2p + q as its diagonals.

')

[
a, b,

(@)=

(30) Prove that the normal to the plane containing the three points whose position vectors are
- T
lies in the direction PxC+Cxa+axb

Ans. (29) 3/4 sq. units
Aline:

0] Equation of aline

(a) A straight line in space is characterised by the intersection of two planes which are not
parallel and therefore, the equation of a straight line is a solution of the system
constituted by the equations of the two planes, aix + bwy + c1z + di = 0 and axx + b2y +

c2z + d2=0. This form is also known as non—symmetrical form.
(b) Vector equatlon Vector equation of a straight Ime passmg through a fixed point with

position vector a and parallel to a given vector b is r-a + 7\b where A is a scalar.

i)
(©) Vector equation of a stralght line passing through two points with position vectors a

&b Sr—a.,.)\(b a)

(d) The equation of a line passing through the point (x1, y1, z1) and having direction ratios a,
X—X Y-V, -2,

bcis 8@ = b = ¢ =¢ Thisformis called symmetric form. A general point
on the line is given by (x1 + ar, y1 + br, z1 + cr).

(e) The equation of the line passing through the points (x1, y1, z1) and (Xz, Y2, z2) is

X —X, Y-V, z-2z,
Xy — X4 =y2’y1 =22*Z1
)] Reduction of cartesion form of equation of a line to vector form & vice versa
X=X, Y-V, z-2, A i
[ - ; N - : -
a = b = ¢ o=r(@i+tyl+zk)+A@i +b!+ck).

Note: Straight lines parallel to co-ordinate axes:

Straight lines Equation

0] Through origin y =mx and z = nx
(i) X—axis y=0andz=0
(iii) y—axis x=0andz=0
(iv) z—axis x=0andy=0
(V) Parallel to x—axis y=p,z=q

(vi) Parallel to y—axis x=h,z=q

(vii) Parallel to z—axis x=h,y=p

17 |
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(i)

Note :

Example#21:

Solution :

Example# 22:

Solution :

L 4

Equation of angle bisector of two lines :
W o Woow 4
The equations of the bisectors of the angles between the lines F =8 + AP and r=a+ M€ are:
W (5+6) Woow (6—5)
r=a+t and =28 +p .
w s}
A vector in the direction of the bisector of the angle between the two vectors 2 and b is .
1] ol
.S -
12l e - 2 ang b is, *(8+D)
Hence bisector of the angle between the two vectors @ and is, where
A€ R-. Bisector of the exterior angle between and is , A€ R-.

- - A 5. +(a-b)
Bisector of the exterior angle between 2 and is ,AER:

Find the equation of the line through the points (1, 2, 4) and (2, 4, 6) in vector form as well as in
cartesian form.

Let A=(1,2,4),B=(2,4,6)
Now a=OA_i,+2/ 4 o b—OB-2|+4J+6k
Equation of the line through A(a)and B(b) is 1 =a +t(b a)

or P =1+ 2)4ak +t(l+21+2k) ..... 1)
Equation in cartesian form :
x-1_ y-2 z-4 x-1 y-2 z-4
Equation of AB is 21 S 4-2 6-4 or, 1 2 2
x-1 y+2 z-3
Find the co-ordinates of those points on the line 2 3 6 whichisata

distance of 10 units from point (1, — 2, 3).
x-1 y+2 z-3
Given lineis 2 3 6 . Q)
Let P=(1,-2,3)
Direction ratios of line (1) are 2, 3, 6

236
Direction cosines of line (1) are 7 7 7
x-1 y+2 z-3
2 3 8
Equation of line (1) may be written as 7 7 T 2)
[gr+1, Er—2, 9r+3)
Co-ordinates of any point on line (2) may be taken as 7 7 7

[grﬂ, Er—2, §r+3]
Let Q= 7 7 7

Distance of Q from P = | r |
According to question | r | = 10 r=+10
Putting the value of r, we have

[Z 16 ﬂ} {_E 44 _ﬁ)
0=\7T" T T) & o=\ T7 T 7

18|
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Example#23: Find the equation of the line drawn through point (3, 0, 1) to meet at right angles the line

X+1 y-2 z+1
3 2
X+1 y-2 z+1

Solution : Given line is 3 -2 L (1)

Let P=(30,1)

Co-ordinates of any point on line (1) may be taken as
Q=@Br-1,-2r+2,-r-1)

Direction ratios of PQ are 3r—4, - 2r+2,—-r—-2
Direction ratios of line AB are 3, -2, -1

Since PQ AB
3@Br—-4)-2(-2r+2)-1(-r-2)=0

= Or—-12+4r—-4+r+2=0 = 14r =14 = r=1
Therefore, direction ratios of PQ are 1,0, 3 o, -1,0,-3

x-=3 y-0 z-1 x-=3 y-0 z-1
Equation of line PQ is 1 0 3 or, —1 0 -3

x-1 y-2 z-3 x—4 y-1
Example#24 : Show that the two lines 2 3 4 and ° 2 =zintersect. Find also the point

of intersection of these lines.
x-1 y-2 z-3

Solution : Given lines are 2 3 4 Q)

x-4 y-1 z-0
and O 2 . )
Any point on line (1) is P (2r + 1, 3r + 2, 4r +3)
and any point on line (2) is Q (5A + 4, 2A + 1, A)
Lines (1) and (2) will intersect if P and Q coincide for some value of A and r.

. 2r+1=5A+4 = 2r-5A=3 ... 3)
3r+2=2A+1 = 3r-2A=-1 .. 4
4r+3=A > 4r-A=-3 . (5)

Solving (3) and (4), we getr=—1,A=-1
Clearly these values of r and A satisfy egn. (5)
Now P=(-1,-1,-1)

Hence lines (1) and (2) intersectat (-1, — 1, — 1).

Self Practice problems:

Ans.

21.

L 4

(31) Find the equation of the line passing through point (1, 0, 2) having direction ratio 3, — 1, 5. Prove
that this line passes through (4, — 1, 7).

X—2 _ y+1=z—7

(32) (Féng tg)e equation of the line parallel to line 3 1 9 and passing through the point
(33) Find the coordinates of the point when the line through (3, 4, 1) and (5, 1, 6) crosses the xy plane.
x-1__y_z-2 x-3_y_z-5 (E 23 OJ
(31) 3 —1 5 (32) 3 1 9 (33) 5 5
Foot, length and equation of perpendicular from a point to aline :
0] Cartesian form :
X-a y-b z-c
Let equation of the line be £ - m = n = r(say) (i)
and A (Q, [, Y) be the point. Any point on line (i) is P (/r +a, mr+b,nr+c) ... (i)

19|
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(if)

If it is the foot of the perpendicular from A on the line, then AP is perpendicular to the line. So

((rva—a)+m@mr+b—PB)y+n(r+c—Yy)=0ie.r=(a—a)/+ (B —b)m+(y—c)n since

f2 + mz2 + n2 = 1. Putting this value of r in (ii), we get the foot of perpendicular from point A on the

given line. Since foot of perpendicular P is known, then the length of perpendicular is given by

AP Jlr+a-of +(mr+b — BP+(nr+c—y)
X—a y-p Z—vy

frra-o — mr+b-f _ nr+c—y

= the equation of perpendicular is given by

Vector Form :

Equatlon ofaline passmg through a point having pgsition vector a and perpendicular to the Imes

r _a1 +7\b1 and r= a2 +7\b2 is Parallel to b1x b, . So the vector equation of such a line |sr
1 I&

=0+ A ( 2). Position ve‘ctopg Bof the image of a point a in a straight line -a +A

. 2 (5-3) b ‘

b | B LG b— & posit -

is given by 2 - . — O, Position vector of the foot of the perpendicular
l:
on line is b. The equation of the perpendicular is I = % + [

Vaed iy

22. To find image of a point with respect to a line :

(ii)

Example # 25 :

Solution :

L 4

a = b = ¢ jsagienline
(x',y', ") is the image of the point P (X, y1, 1) with respect to the line L. Then

axi=x)+byi1-y)+c(z2—-2")=0
X, + X' +y Z,+Z
1T_X2 %_ , 1T_Zz

a = b = o =\

from (ii) get the value of X', y', z' in terms of A as x' = 2aA + 2x2 —
=2bA+2y2—yi, 2'=2CA+22:— 271
now put the values of X', y', ' in (i) get A and resubtitute the value of Atoto get (x'y' z).

x+1 y-3 z+2

Find the length of the perpendicular from P (2, — 3, 1) to the line 2 3 -1
X+1 y-3 z+2

Givenlineis 2 3 - (1)

P=(2,-3,1)

Co-ordinates of any point on line (1) may be takenas Q=(2r—-1,3r+3,-r—2)
Direction ratios of PQ are 2r—3,3r+6,—r—3
Direction ratios of AB are 2, 3, -1
Since PQ AB
2(@2r-3)+3@Br+6)—-1(-r-3)=0
-15
or, 14r+15=0 r= 14

20 |

L 4



MATHEMATICS Vector

[—22—3—13)
o=\ 7 147 14

Second method :

PQ

x+1 y-3 z+2

Given lineis 2 3 -1
P=(2,-31)

2 3 1
Direction ratios of line (1) are V14 , V14 y — J14

RQ = length of projection of RP on AB

2 3 1 15
L 24— (3-3) - (142) |= >
g e pta-a- a7
P(2,-3,1)
A R Q B
(-1.3,-2)

PR2=32+62+32=54

54225 _ [531
PQ = PR’ -RQ* _ 14 14 units.

L 4

531
14

units.

21 |
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Self Practice problems :
(34) Find the length and foot of perpendicular drawn from point (2, -1, 5) to the line

x-11 _ y+2 =z+8
10 -4

-1 Also find the image of the point in the line.

X _y-1_2z-2
(35)  Find the image of the point (1, 6, 3) in the line 1 2 3

(36) Find the foot and hence the length of perpendicular from (5, 7, 3) to the line

x-156 y-29 z-56

3 8 =5 Find also the equation of the perpendicular.
Ans. (38 V14 N=(1,23),1=(0, 5, 1) 35 (1,0,7)

x-5 y-7 z-3
(36)  (9,13,15);14; 2 3 6

23. Angle between two line :

If two lines have direction ratios ai, b1, ¢1 and az, bz, c2 respectively, then we can consider two vectors

parallel to the lines as ail +bu) + ek and axi +b2! + 2k and angle between them can be given as.
aa, +bb, +c.c,

2 2 2 2 2 2
cosez‘/a1 +bf +c; \/az+b2+c2 .

(i)

(ii)

(iii)

Example # 26 :

Solution :

L 4

The lines will be perpendicular if aia2 + bib2 + ci1c2 =0

a b g

The lines will be parallel if 2 =02 = C

Two parallel lines have same direction cosines i.e. 1= f2, m1 = Mz, N1 = N2

What is the angle between the lines whose direction cosines are

J3 1 B 31 43

T R - and ] D
4 4 2 4 4 2

Let B be the required angle, then cosB = ¢1/2 + mimz + ninz

D060 5 2p2

16 4 2 5 g=120°

22|

L 4



MATHEMATICS Vector

Example # 27: Find the angle between any two diagonals of a cube.

Solution : The cube has four diagonals
OE, AD, CF and GB
The direction ratios of OE are
a, a,a or 1,1,1

Y
G(0,a,0) F(a, a, 0)
D E (a,a a)
(0, a, a)
o A
(0,0, 0) (a, 0, 0)

a1 !

1
«~its direction cosines are \E ‘E , \/5 .

Direction ratios of AD are — a, a, a or -1,1, 1.
1 1
V3 V3T 3

~its direction cosines are
Similarly, direction cosines of CF and GB respectively are

1 1 -1 1 -1 1
BB B g3 BB
We take any two diagonals, say OE and AD
Let © be the acute angle between them, then

#) (@FEHEF)]

3)
or, 0 = cos- 3 .

cosO =

Self Practice problems:

(37) Find the angle between the lines whose direction cosines are given by
f+m+n=0and 2+ mz2—n2=0
(38) LetP (6, 3,2), Q(5,1,4),R(3,3,5) are vertices of a A find 2£Q.

(39) Show that the direction cosines of a line which is perpendicular to the lines having directions

cosines /1 m:1 n1 and /> mz nz respectively are proportional to

MmiNz2 — M2N1, Nil2 — N2f1, /1M2 — (2m1

L 4
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24.

L 4

Ans. (37) 60°  (38) 90°

Skew lines and shortest distance between two lines :

If two lines in space intersect at a point, then obviously the shortest distance between them is zero. Lines
which do not intersect and are also not parallel are called skew line. For Skew lines the direction of the
shortest distance would be perpendicular to both the lines.

A L—>p
_AE  L—P
L ! 90°

i
o1

Lz\.\%ﬁ\
B(b)

M‘—aé

Let LM be the shortest distance vector between the lines L: and L. . Then LM is perpendicular to both

Pand 9ie. LM s parallelugg P x9 Therefore the magnitude of the shortest distance vector (i.e. |[LM
|) would be equal to that of AB the projection of along the direction of the line of shortest distance.

|E?\m)1| =‘ Projection of %\ug on ENMM ‘_ ‘ Projection of g\ﬂg on 3 X 3
AN i} I o K [ K
ABo.(pxa | _|(b-3) . (pxa)
_| |pxal px q
0] The two lines directed along qu Td 9 will intersect only if shortest distance = 0w

w

W_l&l 1 1Al _ b—a 0 b—a [ ]
ie. (b-a).(pxq=0 ie. ( )Iies in the plane containing Pand 9.= d ( ) Px Q=g

4] W i [ (] “l
r=a,+Kband r,=a, +Kb

(ii) If two parallel Iin;_-s are given by , then distance (d) between them
%
d - b X (ﬁ2 _a1)
b
is given by ‘ ‘

(i) The straight lines which are not parallel and non—coplanar i.e. non—intersecting are calledskew
a'-a B-p y-y
? m n X—o_y-B_z-y x—oU:y—B’zz—y'

[ J

%0, then lines ? m n g ¥ m n

lines. If A = ¥ m' n'

are skew lines.

(iv) Shortest distance: Suppose the equation of the lines are
X—o y-f z-y X—a' _ y-p'  z—y'

£ = m = n and ¢ m N are

24 |
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v)

(Vi)

Example#28:

Solution :

L 4

(@ o) (mn-m'n) B p) (€ Dy y) (Im' &'m)
S.D.= J Zmn-m'n)’ |

a'—a PP -y
? m n

_r om o +\/Z(mn’ — m'ny
¥

M ' H " 1 o o o 4] [
Vector Form: For lines T =3 + iiP1 & T = 32 4+ \,P2 19 pe skew (P xP2 ). (B2 =31y ¢
Heoow W

(&}
or [bw b, (32 -3y = 0.

W [l a
Shortest distance between the two parallel lines T = i+ A\b &

/I i
(a, fa@ x b

b

W (] )
r=%4pybisd=

Find the shortest distance and the vector equation of the line of shortest distance between the
F=3i+8]+3k+2 (3?-]+R) F=-31-7j+6k+u (-3?+2]+4R)

lines given by and

) ) r):37+8]+3lz+l (37—]+I§)
Given linesare A (1)
r=-3i-7j+6k+p (-31+2j+4k
and J o k) @)
Equation of lines (1) and (2) in cartesian form is

A L B
W
90°
90+
C M D

x73:y782273
Ag: 3 1 T =2
X+3 y+7 z-6
and CD: ‘3_2_4:p
Let L=BA+3,-A+8,A+3)
and M= (-3u—-3,2u—-7,4u + 6)
Direction ratios of LM are
BA+3u+6,—A—2p+15 A—4p-3.
Since LM 1 AB
SEA+3u+6)—1(-A-2pu+15)+1A-4u-3)=0
or, 1IA+7p=0 L (5)

Again LM L CD
—-3CBA+3u+6)+2(-A-2u+15)+4A-4p-3)=0
or, -7A-29u=0 (6)
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Example#29 :

Solution :

L 4

Solving (5) and (6), we get A=0,u=0
L=(3,8,3),M=(-3,-7,6)

2 2 2
Hence shortest distance LM = \/(3+3) +(8+7y +(3-6) _ 270 3 \/%units
, r=37+8]+3k+t (67 +15]-3Kk)
Vector equation of LM is
x-3 y-8 z-3

Note : Cartesian equation of LM is 6 15 -3 .

Prove that the shortest distance between any two opposite edges of a tetrahedron formed by the
planes y+z=0, x+z=0, x+y=0, x+y+z= V3 ais V2 a.

Given planesare y+z=0 ... (i

x+z=0 . (i)
x+y=0 . (iii)
X+y+z ENE] a L (iv)

Clearly planes (i), (ii) and (iii) meet at O(0, 0, 0)
Let the tetrahedron be OABC

o (\Q‘Q‘(ﬂ P

c

Q
(OJ 0, \"r3 a)
Let the equation to one of the pair of opposite edges OA and BC be
y+z=0,x+z=0 . Q)
x+y=0,x+y+z=\/§a ..... (2)

equation (1) and (2) can be expressed in symmetrical form as
x-0 Y -0 _z- 0
1 1 - (3)
x-0 y-0_ z—\/3_ a
and, Tt -1 0o 4)

d. r. of OA and BC are respectively (1, 1, — 1) and (1, — 1, 0).
Let PQ be the shortest distance between OA and BC having direction cosines

(¢, m, n)
PQ is perpendicular to both OA and BC.
f+m-n=0

and f—-m=0
m

7=

A
NS

Solving (5) and (6), we get,
also, fe+m2+n2=1

=k (say)

1
ke+ka+4k2=1 = k=% ‘/g
0
A
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1 1 2
/== \/g,m:i \/g,n:i \/6

Shortest distance between OA and BC
ie. PQ = The length of projection of OC on PQ

=l (xe=X) L+ (Ya—y) M+ (Z2—2z) n |

0 P A
90°
90°
C Q B
1 1 2
0 —+0 —+v3 a —
- ’ V6 V6 6 | =v2 4
Self practice problems:
x-1 y-2 z-3 x-2 y-4 z-5
(40) Find the shortest distance between the lines 2 3 4 and 3 4 o

Find also its equation.

(42) Prove that the shortest distance between the diagonals of a rectangular parallelopiped whose
bc ca ab

2 2 2 2
coterminous sides are a, b, ¢ and the edges not meeting it are Jb?+c? Vet +a® Ja'+b
1

Ans. (40) \/§,6x—y210—3y:6z—25

25. Scalar triple product (Box Product) (S.T.P.) :

Mooy W,oa N
. : a.b andc axb.c =|a ‘b| |
0) The scalar triple product of three vectors “’ is deflged as: ,
. Wooow 0 A
sinb . cos¢ whereeis the angle between a,b (i.e. 8 b= ) and @ is the angle between
i /\N Woowoow w-onu

abec

axb.c

W W
axbandc’ axb) ] and spelled as

=) . ltis (i.e. ) also written as [

box product.
(i) Scalar triple product geometrically represents the volume of
the parallelopiped whose three coterminous edges are

y oW W W
a,bandc ie V=[a b c]

represented by

(i) In a scalar triple product the position of dot and cross can be interchanged i.e.
w o [0} w AW W
a.(bxc) = (axb).c = [abc]=[bca]=[cab ]

[A]

a.(bxc)=-a.(cxb) ie.[abc]=—[ach]

=

(iv)

a1 aZ a3
b1 b2 b3
Woe
(V) if a= a1|+azJ+a3k b b1|+sz+b3kandC C1|+Czj+C3k then [ab ]: €2 G

W
In general, fa a{’+am+an b= bP+bm+bnandc—c1¥+ c, m +Cn

L 4
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a, a, a
i N I
I:abc]: b, b, b, [{’mn]
c, C, C ? mand n
then oz , Where ™’ are non-coplanar vectors.
. [
b a abc
(vi) IiF 2> b and € are coplanar & [ ] =
A bW
(vii) Scalar product of three vectors, two of which are equal or parallel is 0 = [abc]=0
il i)“ it wgw 0 wgm 0
(viii) if @:2:€ are non-coplanar, then[a cl> for right handed system and [abc]< for left
handed system.
- A BRE [ W B W e AW oy
N oW owoN Koy oW w N N K W
[a—b b-c o—a] [a+b b+c c+a] [ab c]
x) =0and =2
WW Nw K
a.a ab ac
H UK Kpg
g |93 8% B
2 N X i W
) [ ab CJ c.a cb cc
(xi) =
26. Tetrahedron and their properties :
0) The volume of the tetrahedron OABC with O as origin and the position vectors of A, B and C
1By
b Y V=—llabc
being a bandc respectively is given by 6 |[ ]|
il oo 0
(ii) If the position vectors of the vertices of tetrahedron are a, b,cand d, then the position

Note : that this

18 0 g @
— (@a+b+c+d)
vector of its centroid is given by

is also the point of concurrency of the lines joining the vertices to the centroids of the opposite

faces and is also called the centre of the tetrahedron. In case the tetrahedron is regular it is equidistant
from the vertices and the four faces of the tetrahedron.

Example#30 :

Solution :

Example # 31 :

&
4

Find the volume of a parallelopiped whose sides are given by
—6i+14j+10k —-5i+7]-3k and 71-51-3k

K a~ ,.‘ ~ &} a ~ ~ A ~ "
a=-6i+14j+10k b=-5i+7j-3k g:?i—Sj—(ik

Let and

v
We know 'éhat the volume of a parallelopiped whose three adjacent edges are a b,

[gllgc]

(o)==

is

-6 14 10

5 7 -3
@abc_|7 5 -3

Now = = ~6(-21 ~ 15) ~14(15 + 21) + 10(25 - 49) = 528

|[abc]|

So required volume of the parallelopiped = =|-528 | = 528 cubic units.

il
+a]

=
O=

g W
o [ +b b+c
Simplity
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Solution :

Example#32:
Solution :

)| (=5) [oebbukedod]

¢] :2[5' b ¢]

i ] # ]
Find the volume of the tetrahedron whose four vertices Qave position vectors @, b ¢ ang d .

&) i
Let four vertices be A, B, C, Q with position vectors 2, b ¢ and d respectively.

E)MAW :(g_d)

DB= (b -d )

DC :(é _d)
1

— " A A g o
Hence volumeVv =8 [a— d b_d c_dj

1 1

L 4
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