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GRAVITATION

1. INTRODUCTION
The motion of celestial bodies such as the sun, the moon, the earth and the planets etc. has been a
subject of fascination since time immemorial. Indian astronomers of the ancient times have done brilliant
work in this field, the most notable among them being Arya Bhatt the first person to assert that all planets
including the earth revolve round the sun.
A millennium later the Danish astronomer Tycobrahe (1546-1601) conducted a detailed study of planetary
motion which was interpreted by his pupil Johnaase Kepler (1571-1630), ironically after the master
himself had passed away. Kepler formulated his important findings in three laws of planetary motion
2. UNIVERSAL LAW OF GRAVITATION : NEWTON'S LAW
According to this law "Each particle attracts every other particle. The force of attraction between them
is directly proportional to the product of their masses and inversely proportional to square of the distance
between them".
m_my Gm_m m m
Fox 1 or F= r —_r—
where G = 6.67 x 10-11 Nmz kg-z is the universal gravitational constant. This law holds good irrespective
of the nature of two objects (size, shape, mass etc.) at all places and all times. That is why it is known as
universal law of gravitation.
Dimensional formula of G:
Fri  [MLT’] (]
2
c="h "™ - [M7] = [M- Ls T-2]
Newton's Law of gravitation in vector form :
. Gmm, . Gm,m,
Foo ## h g Fuo /7
E F\Z F12 'E 1 F21 m
Where 12 is the force on mass m: exerted by mass m: and vice-versa.  ——r——
. Gmm, . Gm,m,
Foo ¥ g Pz 7 T
> -G m m,
P F, = 2 ] 2 P E E
Now M2 =7T21 Thys r . Comparing above, we get "' 12=-"21
Important characteristics of gravitational force

0] Gravitational force between two bodies form an action and reaction pair i.e. the forces
are equal in magnitude but opposite in direction.

(i) Gravitational force is a central force i.e. it acts along the line joining the centres of the
two interacting bodies.

(iii) Gravitational force between two bodies is independent of the nature of the medium, in
which they lie.

(iv) Gravitational force between two bodies does not depend upon the presence of other
bodies.

(V) Gravitational force is negligible in case of light bodies but becomes appreciable in case
of massive bodies like stars and planets.

(vi) Gravitational force is long range-force i.e., gravitational force between two bodies is
effective even if their separation is very large. For example, gravitational force between
the sun and the earth is of the order of 102x N although distance between them is
1.5 % 107 km

Example 1. The centres of two identical spheres are at a distance 1.0 m apart. If the gravitational force

p

between them is 1.0 N, then find the mass of each sphere. (G = 6.67 x 10-11 ms kg-1 Sec-1)
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Solution Gravitational force F= 7~
on substituting F=1.0N,r=1.0mand G = 6.67 x 10-11 ms kg-1 sec-1
we get m = 1.225 x 10s kg

A

Principle of superposition
The force exerted by a particle or other particle remains uneffected by the presence of other nearby
particles in space.

*m,

-m,
Total force acting on a particle is the vector sum of all the forces acted upon by the individual masses
whenutheﬁ arclaJ taken alone.

LI
F1 =F1+F2 JFF3 Foiini

— Solved Examples

Example 2.
#’
m m
a
m m
Four point masses each of mass 'm' are placed on the corner of square of side 'a’ . Calculate
magnitude of gravitational force experienced by each patrticle.
m Jm
450 1
45° '
F Fy
SO|UtiOI’] : lﬁ ................... bm

Fr = resultant force on each particle = 2F cos 45° + F:
2Gm*> 1 Gm® Gm’

a* \E+(\an)2 _2 @’ (2N2+1)

3. GRAVITATIONAL FIELD
The space surrounding the body within which its gravitational force of attraction is experienced by other
bodies is called gravitational field. Gravitational field is very similar to electric field in electrostatics where
charge 'q' is replaced by mass 'm' and electric constant 'K' is replaced by gravitational constant 'G'. The
intensity of gravitational field at a points is defined as the force experienced by a unit mass placed at that
point.
L
F
u J—
E=-m
The unit of the intensity of gravitational field is N kg-1.
Intensity of gravitational field due to point mass :
The force due to mass m on test mass mo placed at point P is given by :

m P =)
®---->----
T r Eal

p
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GMm,
F= r?
F em
Hence E= o > E= r°
}:?: — Gjl/f F
In vector form r

F_LMLT] o g2 g

Dimensional formula of intensity of gravitational field = " [ M ]
Example 3. Find the relation between the gravitational field on the surface of two planets A & B of masses
ma, Me & radius Ra & Re respectively if
() they have equal mass
(ii) they have equal (uniform) density
Solution : Let Ea & Es be the gravitational field intensities on the surface of planets A & B.
4
G_rnR,p
Gm, _— 3" "7 4Gn 2
2 2 Py
then, E= Ki Re - 3
E = GmB 4G
B R ) —TT
Similarly, B = 3  psRs
L
2
0] for ma=mes E, = R
By Ry
(i) For & pa=ps B RB

s

GRAVITATIONAL POTENTIAL

The gravitational potential at a point in the gravitational field of a body is defined as the amount of work
done by an external agent in bringing a body of unit mass from infinity to that point, slowly (no change in
kinetic energy). Gravitational potential is very similar to electric potential in electrostatics.

\ r ,

@ P
Gravitational potential due to a point mass : M dr

Let the unit mass be displaced through a distance dr towards mass M,
then work done is given by

Gm
—-dr
dW=Fdr = T
Total work done in displacing the particle from infinity to point P is
—GM
o Jaw=] %
r
GM
V=——
F

Thus gravitational potential,
The unit of gravitational potential is J kg-1. D|menS|onaI Formula of gravitational potential

work =[ ML*T?]
_ Mmass [M]

= [M°L2T—].
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— Solved Examples

Example 4.

Solution :

Example 5.

Solution :

Find out potential at P and Q due to the two point mass system. Find out work done by external
agent in bringing unit mass from P to Q. Also find work done by gravitational force.

Gm
0] Ve1 = potential at P due to mass ‘m’ at ‘1’ = — {
Gm 2Gm
P2 = — ﬂ Ve=Ve1+ Ve =- 4
GM
VQ | = ——
(ii) £/2
B _@ 3 Gm B Gm 4Gm
€ /2 Vo=Voi+Ve = £/2 £/2-_ 1
Force at pointQ =0
3 2GM
(i) work done by external agent = (Vo — Vp) x 1 = /
2GM
(iv) work done by gravitational force = Ve — Vq = {

Find potential at a point ‘P’ at a distance X’ on the axis away from centre of a uniform ring of
mass M and radius R.

Ring can be considered to be made of large number of point masses (m:, mz .......... etc)
Ring Rr,M
; SCT
R|
. =P
Gm, Gm,
Ve = \/R2 +x° \/R2 +x°
(m + ) GM
=— m, +m,..... =
2 2 2
R +x VR™+ X" \vhere M=mui+mz+ms + .o
GM
Potential at centre of ring = — R

o

RELATION BETWEEN GRAVITATIONAL FIELD AND POTENTIAL

The work done by an external agent to move unit mass from a point to another point in the direction of
the field E, slowly through an infinitesimal distance dr = Force by external agent x distance moved = —

Edr.

Thus

&

dv

dV = — Edr > E=- dr,
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Therefore, gravitational field at any point is equal to the negative gradient at that point.

Iv. Uniform Solid Sphere
(a) Point P inside the shell. r <a, then

Gm GM r IGM
v= 2a° (Ba2-r) & E=- a’ ,and atthe centre V=— 2@ andE=0
GM GM
(b) Point P outside the shell. r>a, then V= r & E=- r

Vi
-GMIr

-3GM / 2a
-GM (3a’- r’)l2a’

El
-GM/r?

V. Uniform Thin Spherical Shell
- GM

(@) Point P Inside the shell. r<a,thenV= a & E=0
- GM

(b) Point P outside shell. r>a,then V= r & E=-

GRAVITATIONAL POTENTIAL ENERGY

L 4

Gravitational potential energy of two mass system is equal to the work done by an external agent in

assembling them, while their initial separation was infinity. Consider a body of mass m placed at a

distance r from another body of mass M. The gravitational force of attraction between them is given by,
GMm
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Now, Let the body of mass m is displaced from point. C to B through a
istance 'dr' towards the mass M, then work done by internal conservative
force (gravitational) is given by,

GM m j GM m
2 J‘dW = yz
dW=Fdr= 1 dr = w0 dr

Hc
dr

B
!

OR
U=_GIVIm
Gravitational potential energy, r

Increase in gravitational potential energy :

Suppose a block of mass m on the surface of the earth. We want to lift this block by ‘h’ height.
Work required in this process = increase in P.E. = Ur - U= m(V: - Vi)

{_[ GM, ] ) (_ GM, H
R +h R
Wex = AU = (m) ¢ ¢

-1
(L_ 1 ] GM ,m 1_(14_1]
R
Wext = AU = GMem Re Re * h = Re ¢
(as h << Re, we can apply Binomical theorem)

2
Wext = AU = Re Rc = (m) Re h

Wex = AU = mgh
* This formula is valid only when h << Re

Example 6. A body of mass m is placed on the surface of earth. Find work required to lift this body by a height

R,
@) h= 1000 (yh=R.
RC’
Solution : 0] h= 1000 ,as h<<Re, so

we can apply
Wext = U/[\ = mgh

p

L 4

6 | Page

4



Gravitation

) 4

~

[GM(,J( R J GM m
d _GMm_
Wo = R, 1000 (m) = 1000 R,

(i) h = Re, in this case h is not very less than Re, so we cannot apply AU = mgh
so we cannot apply AU = mgh
Wex = UMD = Ur- U= m(Vi - V)

H_ GM, j_(_ GM, H GM.m
Wext = m R‘: * Re Re = Wext = 2R(’

ACCELERATION DUE TO GRAVITY :

Itis the acceleration, a freely falling body near the earth’s surface acquires due to the earth’s gravitational
pull. The property by virtue of which a body experiences or exerts a gravitational pull on another body is
called gravitational mass me, and the property by virtue of Whi&h a body opposes any change in its state

of rest or uniform motion is called its inertial mass mithus if Eis the gravitational field int%nsity due to
the earth at a point P, and g is acceleration due to gravity at the same point, then mg=mgk

Now the value of inertial & gravitational mass happen to be exactly same to a great degree of accuracy
for all bodies. Hence, &= £

The gravitational field intensity on the surface of earth is therefore numerically equal to the acceleration
due to gravity (g), there. Thus we get,

_GM,
g= Rez
where , Me = Mass of earth 0
mg
R,
Earth

Re = Radius of earth

0

&

Note :
e Here the distribution of mass in the earth is taken to be spherical symmetrical so that its entire
mass can be assumed to be concentrated at its center for the purpose of calculation of g.

VARIATION OF ACCELERATION DUE TO GRAVITY
(a) Effect of Altitude
GM,

2

Acceleration due to gravity on the surface of the earth is given by, g = e
Now, consider the body at a height 'h' above the surface of the earth, then the acceleration due to gravity

at height 'h' given by
T
h

GM, AN 2 h
R +h) s %
gh:( e+ ) =g € =~ 0 ¢ when h << R.
2gh

o

The decrease in the value of 'g' with heighth=g —gn= "¢
Then percentage decrease in the value of
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88,992 "
‘g‘ = g Re
(b) Effect of depth

x100%

The gravitational pull on the surface is equal to its weight i.e. mg = e

4
Gx—nR’ m
3 P 4

2
- mg = R, or g= 3 NMGRep ......... 1)
When the body is taken to a depth d, the mass of the sphere of radius (Re — d) will only be effective for
the gravitational pull and the outward shall will have no resultant effect on the mass. If the acceleration
due to gravity on the surface of the solid sphere is gq, then

4

9= nGRe=d)p s )
By dividing equation (2) by equation (1)

RE

IMPORTANT POINTS

(i)
(i)

R
[1 ) Re }
At the center of the earth, d = Re, SO Qeenre = ¢ ¢/ =0.

Thus weight (mg) of the body at the centre of the earth is zero.
Percentage decrease in the value of 'g' with the depth

(;&Jxloo 4 100
_\ g _R _

e

p

(c) Effect of the surface of Earth
The equatorial radius is about 21 km longer than its polar radius.
GM,
R2
We know, g = e Hence Qgpole > Qequator. The weight
of the body increase as the body taken from the equator to the
pole.

Polar Equitorial

Radius~._Pole  Radius
\_\_/ Equator
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(d) Effect of rotation of the Earth
The earth rotates around its axis with angular velocity w.
Consider a particle of mass m at latitude 6. The angular
velocity of the particle is also w. () equator

AN

Atpole 8=90°= Qgpoe =@ ,

Jre

g'=g

R o’
|:1 B L :|
_ - g
At equator 8 = 0 = Jequator = ¢ .
Hence gpole > gequator

R’
(1_ e J
If the body is taken from pole to the equator, then g’ =g g .

Hence % change in weight =

2
R o

J 2 2
g J100=""R 2 q00=2_2 100

mg —mg (l—

mg mg g
9. ESCAPE SPEED

The minimum speed required to send a body out of the gravity field of a planet (send it to r > o)

9.1 Escape speed at earth's surface :

at r—soee

@ v 0

Suppose a particle of mass m is on earth's surface

We project it with a velocity V from the earth's surface, so that it just reaches r - oo (at r - oo, its velocity
become zero)

Applying energy conservation between initial position (when the particle was at earth's surface) and find
positions (when the particle just reaches to r - o)

Ki + Ui = Kf + Uf

! (_ GM, j [_GM) 2GM,
2mv2+m0 R =0+ mo ("_)OO) = V= R

2GM
V= |
Escape speed from earth is surface R

If we put the values of G, Me, R the we get
Ve =11.2 km/s.

9.2 Escape speed depends on :
(i) Mass (Me) and size (R) of the planet
(i) Position from where the particle is projected.

9.3 Escape speed does not depend on :
(i) Mass of the body which is projected (m0)
(ii) Angle of projection.

&
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10.

10.1

10.2

&

If a body is thrown from Earth's surface with escape speed, it goes out of earth's gravitational field and
never returns to the earth's surface. But it starts revolving around the sun.

KEPLER’S LAW FOR PLANETARY MOTION

Suppose a planet is revolving around the sun, or a satelite is revolving around the earth, then the
planetary motion can be studied with help of Kepler’s three laws.

Kepler’s Law of orbit
Each planet moves around the sun in a circular path or elliptical path with the sun at its focus. (Infact
circular path is a subset of elliptical path)

Law of areal velocity :

To understand this law, lets understand the angular momentum conservation for the planet.

If a planet moves in an elliptical orbit, the gravitation force acting on it always passes through the centre
of the sun. So torque of this gravitation force about the centre of the sun will be zero. Hence we can
say that angular momentum of the planet about the centre of the sun will remain conserved (constant)

t about the sun=0

dJ
= dt = 0 = Jpanet / SUN = cONnstant = mvr sin® = constant
Now we can easly study the Kapler's law of areal velocity.
If a planet moves around the sun, the radius vector (/) also rotates are sweeps area as shown in
figure. Now lets find rate of area swept by the radius vector (7).

Area swept by
radius vector

Suppose a planet is revolving around the sun and at any instant its velocity is v, and angle between

L
radius vector (T) and velocity (¥). In dt time, it moves by a distance vdt, during this dt time, area swept
by the radius vector will be OAB which can be assumed to be a triangle
A

vdt sing

dA = 1/2 (Base) (Perpendicular height)
dA = 1/2 (r) (vdtsing)

L 4
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dA

1
so rate of area swept dt = 2 yrsine
dA 1 mvr sin@

we can write df = 2 m

where mvr sin® = angular momentum of the planet about the sun, which remains conserved (constant)
d_A L planet [ sun

= dt = 2m = constant

so Rate of area swept by the radius vector is constant

10.3  Kepler’s law of time period :
Suppose a planet is revolving around the sun in circular orbit
m,v’ _ GM m, GM

2
then 7 r V= r

Time period of revolution is

2rr

()
T2= GM’ I3 > T2ars

For all the planet of asun, Tz o< 3

11. CIRCULAR MOTION OF A SATELLITE AROUND A PLANET

Suppose at satellite of mass mo is at a distance r from a planet. If the satellite does not revolve, then due
to the gravitational attraction, it may collide to the planet.
To avoid the collision, the satellite revolve around the planet, for circular motion of satellite.

GM m, my’
N rt r (D)
GM, GM,
= V= " this velocity is called orbital velocity (v0) = VO = r

11.1  Total energy of the satellite moving in circular orbit :

&
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12.

13.

&

|
0] KE = 2 mov2 and from equation ... (1)
myv:  GM m, GM ,m, 1 1 GM ,m,
e —myv = ——2L
ro= = mov2 = r > KE = 2 2r
(ii) Potential energy
GM m,
U=- r

M] (MJ GM m,
+ = TE=-

Total energy = KE + PE = ( 2r 7 .

Total energy is —ve. It shows that the satellite is still bounded with the planet.

GEO - STATIONERY SATELITE :

&7

We know that the earth rotates about its axis with angular velocity weath and time period Tean = 24 hours.
Suppose a satellite is set in an orbit which is in the plane of the equator, whose w is equal to weam, (Or its
T is equal to Tearn = 24 hours) and direction is also same as that of earth. Then as seen from earth, it will
appear to be stationery. This type of satellite is called geo- stationery satellite. For a geo-stationery
satelite,

Wsatelite = Wearth
= Tsateite = Teatn = 24 hr.
So time period of a geo-stationery satelite must be 24 hours. To achieve T = 24 hour, the orbital radius
geo-stationery satelite :

T2 = GM, Is

Putting the values, we get orbital radius of geo stationery satelite r = 6.6 Re (here Re = radius of the
earth)
height from the surface h =5.6 Re.

PATH OF A SATELLITE ACCORDING TO DIFFERENT SPEED OF PROJECTION

L 4
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V>,
(hyperbolic escape)

parabolic escape)

Suppose a stallite is at a distance r from the centre of the earth. If we give different velocities (v) to the
satellite, its path will be different

(i)

(ii)

(iii)

(iv)

&

e8]

But if size of earth were small, the satellite would complete the elliptical orbit, and the
centre of the earth will be at is farther focus.

GM,

If v<vo
surface.

then the satellite will move is an elliptical path and strike the earth's

or v=

If v=v0

or

r
, then the satellite will revolve in a circular orbit.
2G
r

M, [GM,
>V >
r

fvo > V> wvo , then the satellite will revolve in a elliptical
orbital, and the centre of the earth will be at its nearer focus.

[2GM,
V=
r

Ifv= ve , then the satellite will just escape with parabolic path.
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— Solved Miscellaneous Problems

2

[N

Xy
JE— +_
2 2
Problem 1. Suppose a planet is revolving around the sun in an elliptical path given by 2 b% =1
Find time period of revolution. Angular momentum of the planet about the sun is L.
d4 L
Solution : Rate of area swept = dt  2m constant
A=mab t=T
L
idl .[ dA =t L 2nmab
2 g S 2m 2 L
> dA = <M = 4=0 = =0 > mab=<«MT=> T=
Problem 2. The Earth and Jupiter are two planets of the sun. The orbital radius of the earth is 10- m and that

of Jupiter is 4 x 107 m. If the time period of revolution of earth is T = 365 days, find time period of
revolution of the Jupiter.

Solution : For both the planets T2r3

2 3 2 3
T:'.""ﬁ"- fer T:‘;“Pffﬁ’f' I}upfrer 4 X 1 O7
T ) _\ Tewrn - 365 days) _ {107

Tiupiter = 8 x 365 dayS

Problem 3.

Suppose earth has radius R and mass M. A point mass m. is at a distance r from the centre. Find
the gravitational potential energy of the mass due to earth.

Solution :  Ug = (Mo) (Veart)

(_ GMe] (_ GM ,m, ]
Ug = (mo) r = r

&
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Problem 4.
Suppose the earth has mass and radius R. A small groove in made and point mass mo is placed at
the centre of the sphere. With what minimum velocity should we project the particle so that it may
escape out of the gravity field (reachestor - o)
M, R
‘ at r—>m =
L &— - - -
Solution : '

Suppose the particle projected with speed v, and to send it to infinity, its velocity should be zero atr
- oo, Applying energy conservation between its initial position (centre) and final position (r - =)
Ki+ Ui = ks + Us

3GM,
2 R

B | =

MoV2 + (mo) (Veanh) =0+ (mo) (Veanh at mflmtely) = 2 MoV2 + (mo) =0+ Mo (0)

)

Newton's law of gravitation:
Gravitational attraction force between two point masses

G m_m, O @)
Fe= r and its direction will be attractive. —r—
Gravitational force on (1) due to (2) in vector form
- G m m y o2 o2,
F,_— me—5 52 4l am,

—r—*

SUMMARY

Gravitational Field :- Gravitational force acting on unit mass.
F

g= m
Gravitational Potential : - Gravitation potential energy of unit mass

B8 ,
v % _[g? dr’
Vg=M = g=- dr and Ve—Va=-—4
0) For point mass :
GM GM

rz T @r ......................... < .......

g-= , V=—

pl . 2\
(ii) For circular ring g = (R +X7)

oM X g

V= \,‘RZJrJC2

(iii) For thin circular disc

L 4
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1 R
1 B 2
2 GM 1+(Ej
g= K !
- 2GM
— (\MR2 +x° —x)
v= R
(iv) Uniform thin spherical shell : -
M
GM GM ;
gout = FZ = gsurface = R2
Qgin = 0
L Potential :
GM GM GM
Vou = — ¥ = Vsurface = - R = Vin = - R
(v) Uniform solid sphere :- (Most Important)
M
GM GM ;
Qout = ‘Fz = Qsurface = R2
GM
—
QOin = R = Jcentre = 0
GM >
&M (3R>~ r?)
L Potential : Vou=— F = Vin=— 2 R
GM 3 GM
Vsurface = — R = Veentre = — 2 R
B Self energy :
1 GM®
Self energy of hollow sphere = User= — 2 R
3 GM’
Gravitational Self energy of a Uniform Sphere = User= — 5 R
Escape speed from earth's surface
2GM,
Ve = R =11.2 km/sec.
If a satellite is moving around the earth is circular orbit, then its orbital speed is
GM,
Vo = r

where r is distance of satellite from the centre of earth.

&
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TE of the satellite = —
Time period of Geo - stationary satellite = 24 hours

Kapler's laws : -
@ Law of Orbit :- If a planet is revolving around a sun, its path is either elliptical (or circular)
(ii) Law of Area : -

View (i) If a planet is revolving around a sun, the angular momentum of the planet about the sun
remains conserved
View (ii) The radius vector from the sum to the planet sweeps area at constant rate

dA L
Areal velocity = df = 2m = constant

(iii) For all the planets of a sun
T2 xRs = T2= GM‘ Rs

Factors Affecting Acceleration Due to Gravity :

GM, hY 2 h
(R +h) R R
1. Effect of Altitude : Oh = ( et ) =g € ~dg ¢ when h << R.

d
1——
R,
Effect of depth: gu=g ¢
Effect of the surface of Earth

The equatorial radius is about 21 km longer than its polar radius.
GM,
R2
We know,g= "¢  Hence gpole > Jequator.

4, Effect of rotation of the Earth

Consider a particle of mass m at latitude 6. g’ = g — w2ReC0s20
At pole 6 = 90°

= Qe =g , Atequator0=0

= (equator = ( - w2Re. Hence Opole > Jequator
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