MATHEMATICS Vector

H A A B P i - - ~
a=-4i+8j-4k, b=4i-2j-2k and c=-2 i-2 j+4 k

Example#33: Show that the vectors are
coplanar.
-4 8 4
4 -2 -2

Solution :

@ b c_|2 2 4

So vectors , , are coplanar

=_4(-8-4)-8(16-4)—4(-8—-4) =0

Self Practice Problems :

27.

28.

il &
Example # 34 : If b and € are two non colinear vectors such that

L 4

W &
] S| a9 ] abec
(42)  Show that {(@ +b+C)x(C—b)}.a:2[ ]

il .| i

(43) Show that @ (b+c)x(a+b+c)=0

(44) One vertex of a parallelopiped is at the point A (1, -1, —2) in the rectangular cartesian co-
ordinate. If three adjacent vertices are at B(-1, 0, 2), C(2, -2, 3) and D(4, 2, 1), then find the
volume of the parallelopiped.

(45) Find the value of m such that the vectors 2i-j+k , I+2)-3K and 3i+mj+5k

coplanar.

are

[} ¥

(46) Show that the vector &
Ans. (44) 72 (45 -4

o s Wow
are coplanar if and only ife+C  ¢+a a+b gre coplanar.

=

Vector triple product :

A w A A o A
Let @ b and c a x (b x C)isavector&is called a vector

triple product.

be any three vectors, then the expression

4 3 W
Geometrical interpretation of @ * (b x c)

Considerwthe expressi(?n Lh (bx g) which itself is a vector, since it is a cross product of th vectors .
é a;d (b x g) Now a x(bx g) is a vector perpendlcular to the plane conltalnlng a and (b x g) but
bxe is a vector perpend|cular to the plane containing b and C , therefore ax (bxx C) |s av?ctorwhlch
Iie§ in the E)Iane 9f b :nd !C and perpendlcular to a . Hence we can express (b X g) in terms
ofb and g i.e. 5 x (b x g) Xb +yc,wherex,yarescalars.

ax (B

. xc) _ (a.c)b-(a.b)c
A

. (@xb)xc _(a.c)b—(b.c)a
il 0 o [
o Ingeneral(aXb)XC¢ax(bXC)

i aon
a ||(be

) then prove that

equalto |al* (bc)
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MATHEMATICS Vector
oy
a ” bXC w_ we 1] [ “ w
Solution : Since ( ) a=MbxC) gng alb gpgalc
W u wow
i B8 . s
1 K I i 2
Now o= (axb).(axc) _|ba bc la|” (bc)
Wow oW ow [ oo woow
Example # 35 : Prove that 2* {Px(cxd)} = (b . d)@axc) _(b. c) (axd)
oW oW ow W o 0w N oW B
Solution : We have, @x{bx(cxd)} _ax{(b . d)c—(b.c)d
i Woow oy Woooow
_(b . d) (axc)-(b . c) (axd)
[ ! a
Example #36: If @, b and € are three non-coplanar non-zero vectors, then prove that
N B ARHK- K
aa)bxc+(abcxa+(aclaxb = [bca}a
(L]
Sol. If &b.C are non-coplanar
.| [ W
then a _ Mbxc)+pu(cxa)+v(axb)
8N K o ow 0w
oW A ol oW
aa -— I:b c aj|, gb:p[c a b:l ;ac :V[abc]
AE M AERE B AR E K
(g.a%bxc (a.bLCan; (a.c{ﬂgxb
# o+ + i WU N e Nuw e
cacllbea] [ean] [abc]] alabe]  (34)5xd)-@b)Exa)+ac@ExD)
oo W - .
axb+a bxa+aﬁ_(|a| —1)
B “w Woow © w 6‘ o |a|2 [ |3|2
Example #37: IfA+B=a A a=1and AxB =D  then prove that A= andB =
W i W
Solution : Given A+B=a2 0]
So(ReB) 5
N - _a.a
i} o ] 4] 4] 1] 2] Ao
N a.A+a‘:a a N 1+a.B=|a|
i é Ao
= a.B_laf _o, (ii)
(4} [x} w N 0 : M
Given AxB=b = aX(AXB) —a xb
WooB N
I I - IRV - -

L 4

[Using equation (ii)]
solving equation (i) and (iii) simultaneously, we get
. oW W [
axb+a bxa+a (jaf -1)
af af

A = and B =
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Example # 38 : Solve for ' satisfying the simultaneous equations I X ,

Solution :

Solution :

4] (4] o [&] w w
(r-¢) b -0 = r-c and b are collinear
f—&-kb focekb ()
. 4 ¢ + kb
r.a_g - (c+kb) _g
a . i ac
ﬁ—ib r=c- a
= k=—2" putting in (i) we get ab b
How W oW ab
Example#39 :If X*a+kx = ?q, where k is a scalar and ** ' are any two vectors, then determine
iﬁlnﬁterms ofa b and k.
xxa+k<=b 0]
[&]
Premultmply the gwen equation vectorially by @
ax(xxa) k(axx) axb
W 4] 1 [ " B
N @.8) x a.x) a+k@xx)=axb (il
Premultlply ® scalarly by .
[axa] k(a.x):a.b
A w
k@.x=a.b (iii)

perpendicular to b .

Substituting from (i) and from (|||) in (i) we get

Self Practice Problems :

(47)

Ans.

29.

(48) Find the unit vector coplanar with i+ 4ok and i+ ol 4 k and perpendicular

(49)

(50)

(51)

(52)

(48)

W
N M
_ 1 kb+(axb)+( . b) | a
x = a’ +k? k
E&ix(gxg)+ax(gxg)+gx(gxg)=0

Prove that

W

:0 . 4 -
provided 2@ is not

to i+l 4K .
W A - W [ el
Prove that ax{ax(axb)}=(a . a) (bxa).
i
X+@1? W nooow . ;ﬂ(zlg . 0
Given that P° (P )P=4 , show that 2 and find X interms of P and 9
i} w W o W W
Ifm Xw' aw:O, X .b =0and X * © =0 for some non-zero vector , then show that
[@ b c]=0
i N W W 0 W W W A [
(r . a)(bxc) (r .b)(cxa) (r.c) (axb)
N oW
Provethat I = [a b c] [a b c] + [a b c] where @ ® € are three non-
coplanar vectors
1 p I&é
_ - ~ A [ 2 ]p
N2 (Jlik (50) x=9_\ 2IP]

Linear combinations :

L 4
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MATHEMATICS Vector

Note 1:

Note 2 :

L 4

Given a finite set of vectors
w pay

oo oW om
r

a,b,C,..... , then the vector '=%X@7 Y+ 28+ is called a linear

1"
combination of a,b.c,..... forany x, y, z..... € R. We have the foIIowmg results
N o ,
(i) If ab are non zero, non-collinear vectors, then xa+yb X! a+ y b = X=X y=y
Bl
(ii) Fundamental Theorem in plane : Let a.b be non zero, non collinear vectors then any vector
r coplanar with a b can be expressed uniquely as a linear combination of a and b
il oo W
i.e. there exist some unique X, y € R such that Xa+yb=r .
w M X
(iii) if @ b.c are non zero, non coplanar vectors, then
[
xa+yb+zc X a+y b+z c:>x x,y=y',z=2
o
(iv) Fundamental theorem in space: Let a.b.c be non-zero, non—coplanar vectors in space. Then
any vectorl' can be uniquely expressed as a linear combination of a b C i.e. there exist
W
some unique X,Yy, Z € R such that xa * yb +ZC =",
4] (4] w
(V) If X1 Xaree ' Xﬂ are n non zero vectors and Kai,kKa,.....,kn are n scalars and if the linear
comblnat|onkx1+k x2 ....... +K, x —0 = k=0 k,=0, ... , kn=0’ then we say that
vectors X1’ x2’ """ Xn are linearly independent vectors.
KX, +K,X, +k kX kX, =0
(vi) If X1+ X2+ X3 """ X KX = and if there exists at least one k: # 0O, then
w (&)
Xi» Xz25 - Xn are said to be linearly dependent vectors.
o
If kr * 0then * is expressed as a linear combination of vectors
(4]
x1, xz, ........ X1 xm, .......... , xn
W W [ 4] A o
Ifk # O: KiXq +KoXy + KgXgeoo o+ KX+ +k,x, =0
(A [ [} 4] W W
N KX =KXy + KoXy .. + KX KX F e + k. X,
11U 11 1K 1 1 U
K —x =k —X; + Ky =X+ K — X+ K —X
"k, Tk 2k k k
= r r r r
W W [ [a
= X, = CqXq + CoXg + ..o +Cr_qXroq 4 CrpaXpsq Fovenene +Cp X,
IN 4] W [T W W
; Xq, Xgyeeenne Xy 1y Xpyqs coveeenee , X
ie. Xris expressed asa Irnear combrnatron of vectors r r+ n
Hence x with X1’ X2’ """" Xf—1' Xf+1’ """" *n forms a linearly dependent set of vectors.
W a - ~ o ) ) ) a3 [ PN
If a=3i + 2! + 5k then?@ is expressed as a Linear Combination of vectors i,) k. Also @, i 1 k

form a linearly dependent set of vectors. In general, in 3 dimensional space every set of four vectors is a
linearly dependent system.

i, ] k are Linearly Independent set of vectors. For Kii+ Kz!+ Ksk=0
= Ki= Kk=Kzs=0

Two vectorsaand bare Ilnearly dependent =>a is parallel to br e. aXb 0 = linear dependence ofa

and b . Conversely if aXb¢0 then a and b are linearly independent.

30 |

L 4



MATHEMATICS Vector

Woe Wowow
w If three vectors a,bc are linearly dependent, then they are coplanar i.e. [a b cl. 0. Conversely if
WoBP
[a b cl, 0 then the vectors are linearly independent.
Self Practice Problems :
(53) Given that ' 1, -2 are two vectors. Find a unit vector coplanar with these vectors and
perpendicular to the first vector '~ Find also the unit vector which is perpendicular to the plane

30.

3L

of the two given vectors.
54) If wrth reference toa rrght handed system of mutuallx perpendrcular unrt vectors bk

, o= 3i-] B 2'+J 3 . Express B in the form P = B1 +B2 where B1 is parallel to o and BZ

is perpendlcular to 01 .
(55) Prove that a vector r in space can be expressed linearly in terms of three non-coplanar, non-

zZero vectors a, E’mcwrn thew fgrurn
4 [r bcla+[r c alb+[r ablc
[ abc]
1 B 3. 1. B 1. 3.
2 e A =—i-=]j |+f -3k
Ans. (53)+0TDV2. &k (59 =3 ZJ,ﬁ 2' "2

Test of collinearity :

ﬁ w
Three points A,B,C with position vectors a, b’ respectlvely are collinear, if & only if there exist scalars

xa+yb+zc =

X, Y, z not all zero simultaneously such that = 0 ,Wherex+ y+z=0.

Test of coplanarity :

W
Four points A, B, C, D with position vectors b’ c.d respectrvely are coplanar if and only if there exist

4
xa +yb+ zc+wd

scalars x, Y, z, w not all zero simultaneously such that = 0 ,Wherex+y+z+w=0.

L] o i A o i A o i
Example # 40 : Show that the vectors 28 —b+3C  a+b-2¢ 54q a+b -3¢ 4re non-coplanar vectors.
Solution : Let, the given vectors be coplanar.

Then one of the given vectors is expressible in terms of the other two.

s o a8 (a+b-2c) (a+b-3c)
Let 2a-b+3c -y +y , for some scalars x and y.
s 2D sy B ey b+ (2x-3y)
= 2=x+y,-1=x+yand 3=-2x—3y.

Solving first and third of these equations, we getx =9 andy = —7.
Clearly these values do not satisfy the second equation. Hence the given vectors are not
coplanar.

N [E | [ i [ o I H o W
Example # 41 : Prove that four points 28+3b—-C a-2b+3c 3a+4b-2¢c 59 a-6b+6C ze coplanar.
Selution : Let the glven four pomts be P, Q R and S respectively. These points are coplanar if the

L 4

vectors PQ PR and PS are coplanar. These vectors are coplanar |ff one of them can be

[ e

expressed as a linear combination of other two. So let PQ - xF'R +y PS

31|
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MATHEMATICS Vector

W e Nowoy N
R —a-5b+4c :X(a+b‘°) +y(‘ ~9b+7c)
X w 4] A . I
> TaThHAC = (k)@ +(x-9y) b+ (x+7y) ©
oW
= X—-y=-1,x-9y=-5 x+7y=4 [Equating coeff. of a b c on both sides]
1 1
Solving the first two equations of these three equations, we getx=— 2 |y = 2,

These values also satisfy the third equation. Hence the given four points are coplanar.

Self Practice Problems :

32.

L 4

Ifa,b,c,d

(56) are any four vectors in 3-dimensional space with the same initial point and such that

(s

W W i
3a-2b+c-2d=0 show that the terminal A, B, C, D of these vectors are coplanar. Find the
point (P) at which AC and BD meet. Also find the ratio in which P divides AC and BD.

[

] ] o ] W A ol [
(57)  Show that the vector@ —P+C  b-Cc-a znq 2a-3b—4C gre non-coplanar, where
any non-coplanar vectors.

I
a’b’care

(58)  Find the value of A for which the four points with position vectors 1~ k , 4i+5]+hrk , 3i+9)+4k

and “HHAI+4K o coplanar.
g _3a+c

Ans. (56) 4 divides ACin1:3andBDin1: 1 ratio (58) A=1

Application of vectors:
: 2 W= Fs

0] Work done against a constant force F over a displacement $ is defined as =rs

VI o "
(ii) The tangential velocity V of a body moving in a circle is given by, V=o x T where T is

the position vector of the point P.

“ Y w u
(iii) The moment of F about 'O’ is defined as M=r x F, wherer is the position vector of P
" N o )
w.r.t. 'O’. The directionM of is along the normal to the plane OPN such that r.F&M

a right handed system.
n-n)xF

[} 4}
(iv) Moment of the couple =( , Where rand

are position vectors of the point of the

application of the forces

32 |
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Example# 42: Forces of magnitudes 5 and 3 units acting in the directions

Solution :

6i+2j+ 3k and 3i—2j+6k
respectively act on a particle which is displaced from the point (2, 2, —1) to (4, 3, 1). Find the
work done by the forces. )
Let F be the resultant force and 9 be the displacement vector. Then,
| 5(6?+2]+3|2) (31 — 2] + 6Kk) 1
E_  J36+4+9 ,3 J9+4+36 —7 (39i+4]+33K)
(4 +3j+k) _ (2i+2j-k) _ 2i+]j+2k
] 1 ~ ~ ~ ~ 'S ~
,"_i_d _7 (39i+4j+33k) (2i+]+2k)
1 148
=7 (78+4+66)= 7 units.

and d=

Total work done =

Self Practice Problems :

(59)

(60)

(61)

Ans. (59)

A point describes a circle uniformly in the i, I plane taking 12 seconds to complete one

revolution. If its initial position vector relative to the centre is i and the rotation is from i to | ,
find the position vector at the end of 7 seconds. Also find the velocity vector.

The force represented 3i+2k by is acting through the point 5i+4]-3k . Find its

moment about the point P+3]+k .

Find the moment of the couple formed by the forces Si+k gng —Si-k acting at the points
(9, -1, 2) and (3, -2, 1) respectively

1 - T o 2
(VB i) 5 (I8 ])

| (60) 21 —20j -3k i—j-5k

(61)

33. Miscellaneous solved examples :

Example # 43 : Show that the points A, B, C with position vectors

Solution :

L 4

2i—j+k i-3j-5k and  3i-4i-4k
respectively are the vertices of a right angled triangle. Also find the remaining angles of the

triangle.
We have,

AB_ (i-3]-5k) _(2i—j+k) _-i-2j-6k

BC _ (3i-4j-4k) (i-3]-5k) _ 2i-j+k

and, CA _ (2i—]+Kk) _ (31 -4]-4k) _ —i+3j+5k

Since AB+ BC 4CA _ (-i-2j-6k) _ (2i-]+k) , (-i+3]+5k) _ 0
So A, B and C are the vertices of a triangle.

vow, B EX @i+ (T3+50 __gusg

v T
- BC L CA 5 /Bca=2 = ABC is a right angled triangle.

Since A is the angle between the vectors AB and AC . Therefore

ALV AN

(-i - 21—6k) (i-3]- ")
_JABIAC] _ NP (207 (-6 P 3%

COS A=

33 |
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MATHEMATICS Vector
-1+6+30 35 35 35
- V1+4+36V149+425 - 41¥35 = V41 | p=cos, V41

AN LAY

(I+2J+6k) (2I—j+k)
cos B = |BA||BC| _ VP22 16222 1 (<17 + (1)
2-2+6 6 6

= cosB= \/_\/_ 1=>B—0051 41

[

a @ B
Example #44: If = *

erpendicular vectors of equal magnitude, prove that2+ b+c is

[&]

a b

Q=

are three mutually p
|((

and C

Zi ') A
Solution : Let |a| = |b| _ICI = A (say). Slnce a D C g mutually
il w 1
perpendlcular vectors, therefore a : b = +C=C.8-9

il
[} ol o

|a+b+C| 4. b.b . 6.6 .2 b.2.c . 2 . 4

equally inclmed with vectors @

oc
o]

Now,

W o

u

Suppose a+b+c makes angles 81, 02 93 W|th a b and c respectively. Then,
i oo N M W

a.a++c a.a+a +a.c al?

a||a+b+c| |a||a+b+c|

[= 4]

cosB: = |
gl 1 [;]
_latb+cl V3h - VB (Using ()] = 6. =coss \V3
& &
=~ Similarly, 82 = cos- V3 and 8 = cosa V3

i B W “
Because 0:=0:=0s,s0 28+ b+c is equally inclineded with & b and ©

Example # 45 : Using vectors : Prove that cos (A + B) = cos A cos B —sin Asin B

Solution : Let OX and OY be the coordinate axes and let | and ! be unit vectors along OX andOY
respectively. Let zZXOP = A and £XOQ = B. Drawn PL L OX and QM L OX.Clearlyangle

between OP and OQ isA +B
In AOLP, OL = OP cos A and LP = OP sin A. Therefore OL = (OP cos A) and

LP = (OP sin A) ( )

- OP = 0P [(cos A) 7—(sin N (i)
In AOMQ, OM = OQ cos B and MQ = OQ sin B.
Therefore, OM = (OQ cos B) in, MQ - (OQ sin B) ]

L 4
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MATHEMATICS Vector

= 83 _ 0Q [(cosB) i +(sinB)j] (i)
From (i) and (i), we get

OP . 0Q =op [(cos A) i — (sin A) J?] .0Q[(cosB) i + (sin B) ]]

= OP . OQ [cos A cos B —sin A sin B]

But, OP . OQ |OP| |OQ| cos (A+B)=0P.0OQcos (A+B)
OP .0Qcos (A+B)=0P.0Q [cos Acos B —sin Asin B]
= cos (A+B)=cosAcosB-sinAsinB

Example # 46 : Prove that in any triangle ABC

0] Cc=a+hb2—2abcosC
(i) ¢ = bcosA + acosB.
Solution : 0 In AABC, AB + BC  CA —¢
N BC,CA-_AB 0

Squaring both sides
(BC)2 + (CA) +2 (BC) CA = (kﬁg)z

T 1 T )

= a+b.+2(BC CAy=, = C2 =az+ b2+ 2 ab cos (T - C)
= C2 = az + b2 — 2ab cosC

(ii) (BC CA) AB = _ AB AB
7—-CO\C
BC AB+CA AB=-_g,
—accosB—-bccosA=-c:
acosB + bcosA =c.

Example # 47 : If D, E, F are the mid-points of the sides of a triangle ABC, prove by vector method that area of
1

ADEF = 4 (area of AABC)

Solution : Taking A as the origin, let the position vectors of B and C be and respectively. Then the position
1 1 1
R I “ —
vectors of D, E and F are 2 (b+c) ,2C and? b respectively.
L A I R
NOW, DE 28 2 (b+C) = 2 and DF = 2 b_2 (b+C): 2
1A

oc

1 AR WA 1 {XCJ

Vector area of ADEF = 2 (DExDF) _ 2 2
1 E‘) i { (ABXAC} _

=8 (bxc) -4 4 (vector area of AABC)

L 4
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Example # 48 :
Solution :

Example # 49 :

Solution :

A (origin)

B(b) D

1
Hence area of ADEF 4 = area of AABC.

In any triangle, show that the perpendicular bisectors of the sides are concurrent.
Let ABC be the triangle and D, E and F are respectively middle points of sides BC, CA ang

AB. Let the perpendicular bisectors of BC and CA meet at O. Join OF. We are required to @
prove that OF is Lto AB. Let the position vectors of A, B, C with O as origin of reference
[T £

I
be @, b and € respectively.
1 1
[l i ) J— 2 al Y —_ a W [T —_ 1 N
oD -2 (b+C)7OE = 2 (C+a)and OF - 2 (a+b)
Since OD L BC
1

—_ o u A ]
= 2 (b+cy (c_by=0 = b2=C e, (i)
1
- i) [} [} i
Similarly OE 1 CA => 2 (C+8@) (8_C)=0 = a=C .. (ii)
from (i) and (ii) we have a2 —b2=0

1
Iél n Al W —_ Al w Al “l I W
= (a +b).(b_a):o = 2 (b+a).(b_a):0 - OF LAB

A, B, C, D are four points in space. using vector methods, prove that
AC: + BD: + AD2 + BC2 > AB:2 + CD2 what is the implication of the sign of equality.
4] o (4] Il

a,b,c

Let the position vector of A, B, C, D be and d reﬂspeﬂctively trmlen

AC:+BD: + AD: +3c2=(g’g) (c-a) + (S_E) (é_ﬁ) +(a‘a) (d‘a)+ (%_E) (‘w"g) _lcf

2 . . .

& ¥ won v oW ) w w i
|af_,a . c,|df ,|bP _,db |df ,laf _,ad  |cf ,|bf_2b.c

oy

+ 2
A = 1 1 &} Ao _ <] o Y
_laP ,IblP_,ab, IcP . 1dF _,cd laf , bl (lcP , |df
W Wow - oo a Iﬂ
+pab 2cd_ 238 _2b.d _2ad _ 2be
[ K oow K ow Bow W B N W2
:(a—b) (a—b) +.(c—d).(c—d)+ (a+b—c—d)
(a+b-c-d) (a+b-c-d)
=AB:2+ CD:2 + . > AB:2 + CD2
> AC: +BD:2+ AD2+ BC2> AB:2+ CD:
W o w w W W T} Ly
for the sign of equality to hold, a+b-c-d =g or a-c=d-b
= AC and BD are collinear, the four points A, B, C, D are collinear

34. Aplane andits equation:

If line joining any two points on a surface lies completely on it then the surface is a plane.

OR

If line joining any two points on a surface is perpendicular to some fixed straight line. Then this surface is

called a plane. This fixed line is called the normal to the plane.

L 4
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L 4

(i)

(ii)

(i)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)
)

(i)
d

(i)

r-r).n=0

S E

The equation ( represents a plane containing the point with position vector

i) (4]
i . where n is a vector normal to the plane. The above equation can also be written as

i W A W

r. n:d,whered: L - N

Angle between two planes is the angle between two normals drawn to the planes and the angle
between a line and a plane is the compliment of the angle between the line and the normal to the
plane.

The length of perpendicular (p) from a point having position vector to the plane is given by

w [}

la . £7d|

o= Il

(&} &} [} (&} [ [}
If (r *a). n; =0 and (r *a). n, =0 are the equations of two planes, then the equation of line

W W w W
of intersection of these planes is given by r=a+i (nxny) .

Normal form of the equation of a plane is /x + my + nz = p, where, ¢/,m, n are the directioncosines
of the normal to the plane and p is the distance of the plane from the origin.

General form: ax + by + cz + d = 0 is the equation of a plane, where a, b, c are the direction ratios
of the normal to the plane.

The equation of a plane passing through the point (x1, y1, z1) is given by a

(X —x1) +b(y —y1) + ¢ (z — z:) = 0 where a, b, c are the direction ratios of the normal to the

plane.

Plane through three points: The equation of the plane through three non—collinear points
X y z
X; Yy 4
XZ y2 22

_ A A

(X1, Y1, Z1), (X2, Y2, Z2), (X3, Y3, Z3) iS X3 Ys =0

.£.+)£+.E.:‘

Intercept Form: The equation of a plane cutting intercept a, b, ¢ on the axes is @ b ¢

Vector form: The equation of a plane passing through a point having position vector &
[l i} 1 [l [ [} () [}
normal tovector Nis(Fr —&)N, =Qor . N =28_n

o

- ] 5]
Vector equation of a plane normal to unit vector N and at a distance d from the originisf . N =

Coordinate planes
€) Equation of yz—plane is x =0
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(iii)

(iv)
(v)

(vi)

(vii)

(viii)

(ix)

(x)

(b) Equation of xz—plane isy =0

(c) Equation of xy—planeisz=0

Planes parallel to the axes:
If a =0, the plane is parallel to x—axis i.e. equation of the plane parallel to the x—axis is by
+cz+d=0.

Similarly, equation of planes parallel to y—axis and parallel to z—axisareax +cz +d = 0 and
ax + by + d = 0 respectively.
Plane through origin : Equation of plane passing through origin is ax + by + cz = 0.

Transformation of the equation of a plane to the normal form:
To reduce any equation ax + by + cz — d = 0 to the normal form, first write the constant term on

the right hand side and make it positive, then divide each term by va® +b? +¢* , Where a, b,
c are coefficients of x, y and z respectively e.qg.
ax by cz d

+ Va?+b?+c? | + Jai+b?+c? | + Ja?l+bP+c? _ + al+b?+c?

+ +

Where (+) sign is to be taken if d > 0 and (—) sign is to be taken if d < 0.

Any plane parallel to the given plane ax + by + ¢z + d = 0 is ax + by + cz + A = 0. Distance
| d1 — d2 |

) 2 2 2
between two parallel planes ax + by + cz+di=0and ax + by + cz+d2=0 is V@ +b”+c

Equation of a plane passing through a given point & parallel to the given vectors:

[ o al
The equation of a plane passing through a point having position vector @ and parallel to b gc

# [ o a oo B aogp M
is T =a+Ab +uc (parametric form) where A & [ are scalars. or f (bxc) _ a (bxcC)

parametric form)

(non

A plane ax + by + cz + d = 0 divides the line segment joining (X1, y1, z1) and (X2, y2, z2). in the

[_ ax, + by, +cz, +d]
ratio \ Xzt by, +cz, +d

The xy—plane divides the line segment joining the points (X1, y1, 1) and (X2, Y2, z2) in the ratio —.
4 * Y

Z, i . X :
2 Similarly yz—plane in — 2 and zx—plane in — Y

Coplanarity of four points the points A(X1Yy121), B(Xz y222) C(Xsyszs) and D(xs ya z4) are coplaner
X =Xy ¥Y2—¥y 2,24
X=X Y3 Y1 Z3—%
then Xeg =X Ya=VYy 2,724 =0
W W ¥

very similar in vector method the points A ( f ), B( 2 ), C( I'3) and D( I'4) are coplanar if [r4

L [ [
_rw,r4 _rz,r4 _f 1=0

I w
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Example # 50 : Find the equation of the plane upon which the length of normal from origin is 10 and direction
ratios of this normal are 3, 2, 6.

Solution : If p be the length of perpendicular from origin to the plane and ¢/, m, n be the direction cosines of
this normal, then its equation is
X+my+nz=p Q)
Here p =10

Direction ratios of normal to the plane are 3, 2, 6
V3 +22+6° — 7

3

Direction cosines of normal to the required plane are /= 7, m

~| >

2
=7 , =
Putting the values of 7/, m, n, p in (1), equation of required plane is
3 2 6

7 x+7y+7 z=10 or, 3x+2y+6z=70

Example#51 : Show that the points (0, — 1, 0), (2, 1, - 1), (1, 1, 1), (3, 1, —3) are coplanar.
Solution : Let A=(0,-1,0),B=(2,1,-1),C=(1,1,1)andD =(3, 1,-3)
Equation of a plane through A (0, — 1, 0) is
ax—-0+b(y+1)+c(z-0)=0

o, ax+by+cz+b=0 . (1)
If plane (1) passes through B (2, 1,—-1)and C (1, 1, 1)
Then 2a+2b-¢=0 . (2)
and a+z2b+c=0 . 3)
a b ¢

From (2) and (3), we have 2+2 -1-2 4-2

a_b_c
or, 4 3 2-y (say)

Putting the value of a, b, c, in (1), equation of required plane is

4kx —3k(y +1) +2kz=0

or, 4x-3y+2z-3=0 L (2)

Clearly point D (3, 1, -3) lies on plane (2)

Thus point D lies on the plane passing through A, B, C and hence points A, B, C and D are
coplanar.

Example#52: If P be any point on the plane /x + my + nz = p and Q be a point on the line OP such that OP
. OQ = p2, show that the locus of the point Q is p(/X + my + nNz) = Xz + y2 + Za.
Solution : Let P =(q, B,Y), Q = (x1, y1, Z1)

Direction ratios of OP are a, B, y and direction ratios of OQ are xi, y1, Z1.
Since O, Q, P are collinear, we have

o _B_x

X Y 4y (say) L (1)
As P (a, B, y) lies on the plane /x + my + nz = p,

fa+mB+ny=p or k(/xr+myi+nz)=p ... 2

Given OP . OQ = p2

\/(12 +BZ+Y2 \/xf+y$+212 =p

JkZ(xf +y?+z%) \/xf +y?4z? - b

L I 3)
&, +my, +nz, 1

or,

or,

2 2 2
On dividing (2) by (3), we get X1 FYitZi P

L 4
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2 2 2
or, P (X +mys+nz)= X1 HYit4

Hence the locus of point Q is p (/X + my + nz) = X2 + y2 + Za.

X y z
Example#53: A point P moves on a plane @ b c=1a plane through P and perpendicular to OP meets
the co-ordinate axes in A, B and C. If the planes through A, B and C parallel to the planes X
=0,y =0, z=0intersect in Q, find the locus of Q.
X, Y. zZ_4
Solution : Givenplaneis@ b ¢ (1)

Let P=(h,k, 7

h k ¢
Then @ b ¢C =9 @)
Op:\fh2+k2+?2
h k 0

Direction cosines of OP are Vh? k7 4 2 Jh? K7+ 2 Jh? Kk + £

-~ Equation of the plane through P and normal to OP is

h k ?
— X + =y + ———— 7=V +K*+ ¥
Vh? +Kk? + 92 Jh? +k? + ¢2 Vh? + k2 + 92

o, hx + ky + ¢z = (h2 + ka2 + /(2)

2 2 2 2 2 2
[h +k“+¢ 0, 0} [0, h* +k +¢ , OJ
B= C

A= h , B= “ &= P
h? + k* + ¢ h? +k* + ¢ h* ok + &
LetQ=(a, B, y), then a= h B= k Y= L (3)
B IO IO S S
Now @ B (WKLY (ek+€) @
From (3), h = a
bt
.'.a aa
K_Rakie® & hikt el
Similarly P bp and © cr
h?2 +k2+22 h2+k?>+2 h?2+k®+2 h k ¢
N + =—t—t—
a0 bp cy a b ¢-1 [from ()

L 4
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1 1 1 1 1 1T 1
—t—t— = —t—+—

2 2 2 2
or, ao bp ¢y h*+k*+8 o PB° vy [from (4)]

4,1, 1. 1.1
x by cz x* y* Z°

Required locus of Q (a, B, y) is a

Self practice problems :

(62)

(63)

(64)

(65)

(66)

(67)

Ans.

Check whether given points are coplanar if yes find the equation of plane containing them A
=(1,1,1), B=(0,-1,0), C=(2,1,-1), D=(3,3,0)

Find the plane passing through point (— 3, — 3, 1) and perpendicular to the line joining the
points (2, 6, 1) and (1, 3, 0).

Find the equation of plane parallel to plane x + 5y — 4z + 5 = 0 and cutting intercepts on the axes
whose sum is 150.

Find the equation of plane passing through (2, 2, 1) and (9, 3, 6) and perpendicular to the plane
X+3y+3z=8.

Find the equation of the plane parallel to I+]+k and -] and passing through
1,1,2).

Find the equation of the plane passing through the point (1, 1, — 1) and perpendicular to the
planesx +2y +3z—7=0and 2x -3y + 4z =0.

(62) yes, 4x -3y + 2z =3 (63) X+3y+z+11=0
3000

(64) x+5y—4z= 19 (65) 3x+4y—52=09

(66) x+y-2z+2=0 (67) 17x +2y -7z =26

35. Sides of aplane:

A plane divides the three dimensional space in two equal parts. Two points A (X1 y1 z1)
and B (xz2 y2 z2) are on the same side of the plane ax + by + cz + d = 0 if ax1 + by: + ¢cz: + d and
axz + byz + czz + d are both positive or both negative and are opposite side of plane if both of these values
are in opposite sign.

Example # 54 . Show that the points (1, 2, 3) and (2, — 1, 4) lie on opposite sides of the plane

Solution :

X+4y+z-3=0.
Since the numbers 1+ 4 x2+3-3=9and 2 -4 + 4 — 3 = -1 are of opposite sign, then points
are on opposite sides of the plane.

36. Aplane & apoint:

(i)

L 4

Distance of the point (x', y', z') from the plane ax + by + cz+ d = 0 is given by

ax'+by'+cz'+d

Ja?+b? +c?
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(ii)

(i)

(iv)

(v)

Example # 55 :
Solution :

Example#56 :
Solution :

&
4

4] w B i
The length of the perpendicular from a point having position vector @ to plane r.Nn =d is

la . n-d|
n
o= Inl
The coordinates of the foot of perpendicular from the point (x1, y1, z1) to the plane
X=X Y-y, Z-2Z (ax, + by, +cz, +d)

ax+by+cz+d=0are @ b c =_ a+b’+c’
To find image of a point w.r.t. a plane.

Let P (x4, y1, z1) is a given point and ax + by + cz + d = 0 is given plane. Let (x', V', 2') is the
image of the point, then
€] X' —x1 = Aaq, y' —y1=Ab, zZ'—z1=Ac

= X' =Aa + xi, y' = Ab + y1, Z’=Ac+zz ... ()

(x’+x1j [y’+y1j (z'+z1J
b a' 2 Jip\ 2 Juc\ 2 Jog

from (i) put the values of x', y', z' in (ii) and get the values of A and subtitute in (i) to get
x'y' z).
The coordinate of the image of point (X1, y1, z:) w.r.tthe planeax+ by +cz+d= 0 are given

X'= X, _ y'-y, z'-z, (ax, +by, +cz, +d)

by @ b C =_p a+b’+c?

The distance between two parallel planes ax + by + cx+d=0and ax + by +cx+d =0 is
|d—d'|

JaZ +b% +¢?

Find the image of the point P (3, 5, 7) in the plane 2x +y + z = 0.
Given planeis2x+y+z=0 . 0
Direction ratios of normal to plane (1) are 2,1, 1
Let Q be the image of point P in plane (1). Let PQ meet plane (1) in R then PQ L plane (1)
Let R=@2r+3,r+5r+7)
Since R lies on plane (1)
22r+3)+r+5+r+7=0 or, 6r+18=0 ~ r=-3
R=(-3,2,4)
Let Q=(a,B,y)
Since R is the middle point of PQ
a+3 B+5 y+7
-3= 2 = a=-9and2= 2 > B=-1land 4= 2 > y=1
Q=(-9,-1,1).

Find the distance between the planes 2x —y + 2z =4 and 6x — 3y + 6z = 9.
Given planes are 2x-y+2z-4=0 ... 1)
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and 6x-3y+6z-9=0 . (2)
a_b_go
We find that 22 b, ¢,
Hence planes (1) and (2) are parallel.
Plane (2) may be writtenas 2x-y +2z2-3=0 ... )

Required distance between the planes =

Example # 57 : A plane passes through a fixed point (a, b, ¢). Show that the locus of the foot of perpendicular
to it from the origin is the sphere x2 +y2+ z2—ax—-by—-cz=0

Solution : Let the equation of the variable plane be /x + my+nz+d=0 ... Q)
Plane passes through the fixed point (a, b, ¢) fat+mb+nc+d=0 ... (2)

Let P (a, B, y) be the foot of perpendicular from origin to plane (1).
Direction ratios of OP are

0(0,0,0)

lP(Ot, B, v)
a-0,B-0,y-0 ie. a, B,y

From equation (1), it is clear that the direction ratios of normal to the plane i.e. OP are ¢, m, n;

a, B, y and 7, m, n are the direction ratios of the same line OP
o p oy 1

£ =m=n =k (say) r=ka,m=kB,n=ky ... ©)
Putting the values of ¢, m, n in equation (2), we getkaa + kb + kcy +d=0 ... 4)
Since q, B, y liesin plane (1) - fa+mB+ny+d=0 .. (5)

Putting the values of ¢, m, n from (3) in (5), we get ka: + kB2 +ky2+d=0 ...
(6)
or kaz + kB2 + ky2 —kaa — kbB —kcy =0  [putting the value of d from (4) in (6)]
or Q@+ P2+y2—aa—bB-cy=0

Therefore, locus of foot of perpendicular P (a, B, y)isxe+y2+z2—ax—by—-cz=0 ..... (7

Self practice problems :

(68) Find the intercepts of the plane 3x + 4y — 7z = 84 on the axes. Also find the length of
perpendicular from origin to this plane and direction cosines of this normal.

(69) Find: (i) perpendicular distance
(i) foot of perpendicular
(iii) image of (1, 0, 2) inthe plane2x +y+z =5
84 3 4 -7

Ans. (68) a=28,b=21,c=-12,p= V74 74" 74" 74

1 [4 1 13} [5 1 7]
69) () v& qy\3 6 6 ip \3 3 3

37. Angle between two planes:

&
4
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(i)

(i)

Consider two planes ax + by + cz + d =0 and a'x + b'y + ¢'z + d' = 0. Angle between these
planes is the angle between their normals. Since direction ratios of their normals are (a, b, c)
and (a', b', ¢') respectively, hence B, the angle between them, is given by

aa'+bb'+cc'
9= JaZ +b>+c?  Ja?+b? +c?

cos

a b c
. . . ] ] ]
Planes are perpendicular if aa' + bb' + cc' = 0 and planes are parallel ifa’ =b" =¢

[} (4]
LI 2
A A

"

The angle 0 between the planes M=diand r. "2=dzis given by, cos O = In |1, |

&l i &l &l

Planes are perpendicular if M N-pg planes are parallel if M= ANz,

"

38. Anglebisectors:

(i)

(i)

(iii)

The equations of the planes bisecting the angle between two given planes
aix + by + ciz + di = 0 and a=2x + bay + c2z + d2 = 0 are
ax+by+c,z+d, a,Xx+b,y+c,z+d,

2 2 2 2 2 2
Jaj +bi +c; . Ja; +b; +c;

Equation of bisector of the angle containing origin: First make both the constant terms positive.
a,x+b,y+c,z+d, a,x+b,y+c,z+d,
2 2 2 2 2 2
Then the positive sign in \/81 tbi+e ‘/82 *hy+¢;
angle which contains the origin.

=+ gives the bisector of the

Bisector of acute/obtuse angle: First make both the constant terms positive. Then
aiaz + bib2 + cicc>0 = origin lies on obtuse angle
aiaz + bib2 + cic2 < 0 = origin lies in acute angle

39. Family of planes:

(i)

(i)

Example#58 :

Solution :

L 4

Any plane passing through the line of intersection of non—parallel planes or equation of
the plane through the given line in non symmetric form.
aix+bhy+ciz+di=0&ax+hby+cz+do=0is
aix + by +ciz+di + A (azx + b2y + coz + d2) =0, where A€ R

L] ]

[} i}
The equation of plane passing through the intersection of the planes r Mizgh& 1 .M2= g, is.
M

=

(n: + A"2) = du + Adz where A is arbitrary scalar

The plane x +y + z = 4 is rotated through 90° about its line of intersection with the plane X
+y + 2z = 4. Find its equation in the new position.

Given planes are x+y+z=4 . (1)

and Xx+y+2z=4 L. (2)

Since the required plane passes through the line of intersection of planes (1) and (2)
its equation may be taken as

X+y+2z-4+k(x+y+z-4)=0

or @A+kx+@Q+Ky+(2+kz-4-4k=0.....(3)

Since planes (1) and (3) are mutually perpendicular,
QA+k+(1+k+(2+k)=0
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or, 4+3k=0 or k =
4

Putting k = 3 in equation (3), we get x—-y+2z2-28=0
This is the equation of the required plane.

4
3

Example#59 : Find the equation of the plane through the point (1, 1, 1) which passes through
the line of intersection of the planesx+y+z=6and 2x + 3y + 4z + 5= 0.
Solution : Given planes are x+y+z-6=0 .. (1)
and 2x+3y+4z+5=0 .. (2
Given pointis P (1, 1, 1).
Equation of any plane through the line of intersection of planes (1) and (2) is
X+y+z-6+k(2x+3y+4z+5=0 .. )
If plane (3) passes through point P, then
3
1+1+1-6+k(2+3+4+5)=0 or, k=14
From (3) required plane is 20x + 23y + 26z — 69 =0
Example #60 : Find the planes bisecting the angles between planes 2x +y + 2z =9 and 3x — 4y + 12z + 13 =
0. Which of these bisector planes bisects the acute angle between the given planes. Does origin
lie in the acute angle or obtuse angle between the given planes ?
Solution : Given planes are - 2x-y-2z+9=0 ... (1)
and 3x—-4y+12z+13=0 . (2)
—2X—-y—-2z+9 Ix-4y+12z2+13

Equations of bisecting planes are V2P + (-1 +(-2) V3 +(-4) +(12)
o, 13[-2x-y—-22+9] =3 (3x—4y + 12z + 13)
or, 35/x+y+622=78, ... 3) [Taking +ve sign]
and 17x + 25y - 10z =156 ... (4) [Taking — ve sign]
Now aiaz+bib2+cice=(-2)3)+(-1)(-4)+(-2)(12)=-6+4-24=-26<0
Bisector of acute angle is given by 35x +y + 62z = 78
aiaz + bib2 + cic2 < 0, origin lies in the acute angle between the planes.

Example#61: Ifthe planesx —cy—-bz=0,cx—-y+az=0and bx + ay —z = 0 pass through a straight line, then
find the value of a2 + b2 + c2 + 2abc.

Solution : Given planesare x-cy—-bz=0 . Q)
cx-y+az=0 (2)
bx+ay-z=0 . 3)

Equation of any plane passing through the line of intersection of planes

(1) and (2) may be

takenas x—cy—-bz+A(cx-y+az)=0

or, X(L+Ac)-y(c+AN)+z(-b+aN)=0 ... (4)

If planes (3) and (4) are the same, then equations (3) and (4) will be identical.
1+ch  —(c+i) -b+ak

b a —1
@) (ii) (iii)
From (i) and (ii), a + acA = — bc — bA

(a+bc)
or, A=— f(@c+b) (5)
From (i) and (iii),

(a+bc)
or, A=— f(@c+b)y (5)

From (ii) and (iii),

L 4
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—(ab+c)
c+A=—ab+ah or A= 1= (6)
—(a+bc) —(ab+c)
ac+b  (1-a?)
From (5) and (6), we have .
or, a—as+ bc—abc =abc +ac:+ab2+bc or azbc+ac:+ab:2+azs+abc—a=0
or, az + b2+ c2 + 2abc = 1.

Self practice problems :

(70) A tetrahedron has vertices at O(0, 0, 0), A(1, 2, 1), B(2, 1, 3) and C(-1, 1, 2). Prove that the angle
19

between the faces OAB and ABC will be cos-: [35 .

(71) Find the equation of plane passing through the line of intersection of the planes 4x -5y -4z =1
and 2x +y + 2z = 8 and the point (2, 1, 3).

(72) Find the equations of the planes bisecting the angles between the planes x + 2y + 2z — 3 = 0, 3x
+ 4y + 12z + 1 = 0 and sepecify the plane which bisects the acute angle between them.

(73) Prove that the planes 12x — 15y + 162 —28 =0, 6x + 6y — 72— 8 =0 and 2x + 35y — 39z + 12 =
0 have a common line of intersection.

Ans. (71) 32x-5y+8z-83=0
(73) 2X+7y—-5z=21,11x+ 19y + 31z =18; 2x + 7y - 52 = 21
40. Areaofatriangle:

A2+ A%+ A2
Let A (X1, Y1, Z1), B (X2, Y2, 22), C (X3, Y3, Z3) be the vertices of a triangle, then A = m
Yo 4 1 Z; X 1 Xy Y 1
1 y2 ZZ 1 1 ZZ XZ 1 X2 y2 1
where Ac=21Y % 1 A, 212 X VT|_jgA=! X ¥ 1

Vector Method — From two vector AB and AC . Then area is given by
i j k
1 X=X Yo=Yy 244

1
§|A>BXAC|:§ Xg =Xy ¥Ya— Yy Z43—Z

Example # 62 :Through a point P (h, k, £) a plane is drawn at right angles to OP to meet the co-ordinate axes in

ps
| 2nke ‘ _ -
A, B and C. If OP = p, show that the area of AABC is , where O is the origin.
Solution : oP :W =p
h k ?

Direction cosines of OP are JhE ek bkt JhE kg

Since OP is normal to the plane, therefore, equation of the plane will be,

h k ?
X + y+ ——————z=~h"+k*+ &
Vh? +k? + ¢ vh? +k* + Vh? +k* + £°

L 4
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or, hx+ky+/z=ha+ke+ l2=p ... Q)

2 2 2
Now area of AABC, A = VA + AP+ A%

Now Ax = area of projection of AABC on xy-plane = area of AAOB

2
Po 1
h
2
0o 2
k
110 01| 1 F T 1
= Mod of 2 =2 [hk] Similarly, Ay, = 2 |k?| and Ax = 2 ||
RO O - - - o ‘ P’ ‘
A= 4 PP 4K AN _ ARNCE (), 44 hy) = ANKE oopo | 2K
41. Volume of a tetrahedron:
Volume of a tetrahedron with vertices A (X1, Y1, Z1), B( X2, Y2, 22), C (X3, Y3, Z3) and D (Xa, Y4, Z4) iS \%
X, oy, oz 1
XZ YZ Z2 1
11 %X Yy zz 1
=modulus of 6 | X+ Y4 Zs 1
42. Angle between aplane andaline:
XX Y—V¥ Z-2Z,
() If B is the angle between line £ - m = n andthe plane ax + by + cz + d = 0, then
af? + bm + ¢on
Sin 6 = J(a\2 + b® o+ cz) \/32 + m o+ n
[T
[ | n }
1 [ o oW
(ii) Vector form: If © is the angle between a line T = (2+AP)andf. N=dthensin 6 = [l nl]
£ m n _
—_ — —_— £l 1
(iii) Condition for perpendicularity az-b-c bxn=0
Il 1
(iv) Condition for parallel al+bm+cn=0 bn=o

43. Condition for alinetolieinaplane:

L 4
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(i