Indefinite Integration

MATHEMATICS

Il Exercise-1 |

OBJECTIVE QUESTIONS

Section (A) : Integration using standard Integral :

I(eafnx 4 ex?na)

A-1. dx, where x>0,a>0
ax Xa+1 Xa+’l ax
(1)xa+1+9”a+c @ @1 +ama+c (3 a+ly hay ¢ (4) None of these
a* Xaﬂ Xa+‘l a*
(1) xann+ M3 4¢c (2 @+lyagma+c (3% a+1+®a 4 ¢ (4) buesals dksh] ugha
1
J'(ealnx+exlna) j(xa+ax) at + a"
Sol. dx = dx= a+1 fna,c

A-2.  Iff'(x) = x2 + 5 and f(0) = -1, then f(x) =
sfn f'(x) = xo + 5 rfkk f(0) = —1 gks, rks f(x) =

LIV LI
(1) Xs+5x—1 (2) Xs+5x+1 (39 3 +5x-1 (4 3 +5x+1
Sol. f(x)=x2+5
If'(x)dx ~ J.(xz +5)dx
3
f(x)= 3 +5x+C
Putx=10
3
fO)=C=>C=-1 = f(x) = ?+5x—1.
jcos2x
A-3. COSX dx is equal to
(1) 2sinx—/n(secx+tanx) +c (2)2sinx—(n(secx—tanx) +c
(3)2sinx+/n(secx+tanx) +c (4) None of these
jcos2x
COSX dx dk eku g§&
(1" 2sinx—/n(secx+tanx) +c (2)2sinx—¢n(secx—tanx) +c
(3) 2'sin x + /n (sec x + tan x) + ¢ (4) buesa Is dksb] ugha
oS 2X 2cos? x —1
Sol. Iz'[ COSX dx = '[ COSX  dx =2sinx-— JSGCXdX =2sinx—/n|secx +tan x|+ C
A-4. -[ Sin X. oS X. COS 2X. €0s 4X. cos 8x. cos 16 x dx is equal to
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J Sin X. COS X. COS 2X. COS 4x. cos 8x. cos 16 x dx dk eku g§ &
sin 16 x cos 32X cos 32X cos 32X
(1) 1024 4 ¢ (2% - 1024 ¢ 3) 1096 c(4) - 1096 4 ¢

%J- sin2xcos2xcos4xcos8xcos16x dx

Sol. I
17 1
—'[S|n32xdx= - cos32x +c¢
- 32 1024
j\f1—sin2x dx
A-5. where x € (0, 11/4) is equal to
I«f1—sin2x dx " .
x € (0, T/4), cjkej g&
(1) —sinx+cosx+c (2) sinx—cosx +c¢ (3) tanx + secx +c (4*) sinx + cosx + ¢
T
I«f1—sin2x dx {0' ZJ J(cosx—sinx)dx )
Sol. , XE = =sinx+cosx+C
2
_[ 1+ -cozs X dx
A-6. SIn~ X =
(1) —cotx—2x+c (2) —2cotx—2x+c (3*) —2cotx—x+cC (4) —2cotx+x+c
Jcoseczxdx +J.cot2 xdx J(Zcoseczx— 1)dx
Sol. = =—2cotx—-x+C

J‘ dx
A-7. tanx +cotx —

cos2x sin2x sin2x cos 2x
+C +C - +c +C
v 4 2 4 @ 4 (49 - 4
J‘ dx
J' dx sin?x+cos?x 4 1
; — | sin2xdx -
Sol. tanx+cotx _ sinxcosx _ 2 J = 4cosox+C
2
X
tan™" (tanx) xdx —
A-8.  Sol. J dx:-[ =2 +C
Jx51 (tan™ x+cot™ ' x)
A-9. Sol.

x? n

_—

e
J.2X51dX= 52 2+C

X52

= 92 (tan-1x +cot-1x)+C

Section (B) : Integration by substitution

L 4
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B-1.

B-2.

B-3.

B-4.

B-5.

B-6.

B-7.

a
—dx
Sol. I:'[\/; Put ‘/;:t

dx a\&

- t
a dt
o 20 =g :>I:2J =p2%a ;¢

X 5%
Sol. Let 5 =t N 5% . 8n5.5% #n5dx = dt
5'dt 5 5%
,[ 2 3 7 C 3
I= (&n5)* _ (¥n5) ~(n5)" c
Sol. Let2x=t 2xlog2 dx = dt

i
= L 1
= 1092712 _ M2ginu@)+c= M2sina@2)+c > k= M2

JtanB 2x.sec 2x dx

Sol.
J(secz 2x—1)
I= sec 2x.tan 2x dx Putsec 2x =t = 2 sec 2x tan 2x dx = dt
10/(.2
— ([t —-1)dt
= I= 2‘[( )

£t 1 1
= 6_2 +C =6 gecs2x—2sec2x+C

.[ cos 2xdx cos 2x dx _l E
Sol. 1= (sinx+cosx)® _ Jisinax 2]t
whent= 1+ sin2x = dt = 2cos2x dx
1 1
I =2/t= 2/n(sinx+cosx)z +¢C = /n(sin X + cos x) + C

J-— X X [1+1J
Sol. Let 1=" X(1+Xx) = X

2
Sol. LetI= VX' +2 _"Vx“+2 Put x2+2=t = 2xdx=dt

000

L 4



Indefinite Integration

MATHEMATICS

: Jdt

A 2
Vto ot rc=2V%+2 4 ¢

=1
Jtanx J
J_—dx J tanX coc? xdx
B-8. Sol. 1= °SIhxcosx — _J tanx Put tanx =t = secz x dx = dt

1
—dt
= I:'[\/E :2ﬁ+czzvtanx +C

dx
e

3 3 1 2
B-9. Sol. y= X[1+X2} put  1+%X =t = -x* dx=2tdt
tdt dt 1 X
N y:t—3:_t_2:¥+cz 1+ x2 +C
1
y(0)=0 -  Cc=0 ay(1) = V2

Section (C) : Integration by parts

d B
[x-te ax e j[a(x-nje "dx} dx
C-1. Sol. =(x-1) dx —
= (X—l) ex—ex+C=—xex+C
1 5 dx = dt
C-2. Sol. Let ()tan-ix=t = 1+x
jet(seczt+tant)dt =e'tant+c tan-' x
= = x¢© c
tano [ S€CO—SINO 2
B Jetane(sece—sine)de _ J'e - ( sec? 0 }sec 6 do
C-3. Sol. I= =
Jetane 1 _ tano

Vi+tan® 8 (1+tan2 9)3[2

Je‘a”&’{ 1 sing )
2
secl sec”0) sec, 8 dp =

1

2
=ewo. VIHANTO — o cosB+C

I=

J‘(xe”"Si”x —cos x)dx

coa Sol _ Ixsinx_ Icosx dx

Icosx dx_ Icosx dx

= -—XCOS X + —emxCcos X+ C

C-5.  Sol J(f)g" - (ag)ax [0g"x)ax [ (x)g(x)dx

sec20 db

_bﬂ
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f' ! f" f'l f"
- f(x) g'(x)—-[ (x)g(x)_j (x)g(x) {00 900 — 00 g + .f (x)g(x)_j (x)g(x)

=fx) g’ -f(x) g(x) + C

- _[93X cos4xdx _ e® (Asin4x +Bcos4x)

C-6. Sol. = +C ()
1 oo J.Ee“ sin4x T e sinax e cosdx fie“ cos4x
=4 sin 4x — dx = 4 +16 -+ 16 dx
25 1
- _ 3X o 3x
16 ;= 16 (4e sindx + 3e cos4x)
comparing with equation (i)
4 3 A 4
N A=25 g= 25 > B=3 53a=48 = 4A+3B=1
2x.tan5

J’“’Si”x I xlsezc:ziﬂan5
2 2 2

—Z—Itaan +Itan£dx
1+COSX gy = 2 2 2

C-7. Sol. F(x) =
=xtanx/2+C
Since 0=F(0)
C=0and F(1/2) =1/2

dx =

sin"x X
e (1—72}
Cc8. Sol. F(x)= 1=-x"J gx

sin-1x 1 2 —X J dx
_[e 1-X +—
= {\‘1"2 V1-x* ) gy putsinax =t = V1-%* = gt

_[e‘ (\/1—sin2t—sint) dt e 12
= F(x) = =etrcost+C= +C
1=F(0) >  C=0
3 KB L
Hence, F(1/2)=ew. 2 = T ew (given) - k=2
e (x + Vx) 1
L= g
C-9. Sol. I= Vx put Vx =t = Jx =2dt
t(:2 t 42 t t t 42 t
2 +1) dt [e.t —[2te! at e.tdt} [e.t _[te dt] (2 _tgl 4 el
:Izzje( +) _, J- +I s I :Z[et te+e}+C
?—t+1 Jx
:2e1[ J+c:2ex[x—\/; +114C
sec xtanx 1
C-10. Ans. 2+ 2 /n|secx +tanx |+ C
Sol. Let t =tanx

dt = secax dx

I=|Vi+tan®x
J

seczx dx =

I 1+t :%“1+t2+1 i+ 4 ¢

2 ;mit+
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secxtanx 1

= 2 +2 In |secx + tanx| + C

Section (D) : Algebraic Integral

D-1.

D-2.

D-3.

D-5.

D-6.

J' dx
(x+1/2)2+[‘/§] 2 (2“1J
2 = V3 tan- V3 +C

Sol. I=

o ;I(xufi ﬁ]z 2 (4x
j 7).

2 4 4 =
Sol. 2" +X+1_ = \ﬁtan_l J7
I 2x+1 ax 1 “ 22x+1 dx+I i dx }
Sol. X“+x+3 = 2 X +x+3 X“+x+3
2X +1 dx
dx +
Iz J 2

+X+3 2 f
1 [x+;J +[ ;1J
=2
1 {Pn|x2+x+3|+\/2_tan‘1( H+k 1
1 1 ;a=2,b=1lc=1

_[ 2x+3
X2 —5x+6 gy

N

x
ﬁ+

—

I
N

Sol.

_[ 2x—-5 _[ 8 j 8
= x2—5x+6dx+ x2—5x+6dx = /N |x2=5x+6| + (X—Z)(X—?’)dx

J LI
(x=3) (x-2)

=/n |x2 —5x +6| + 8 dx=/n |[xo —5x +6] + 8 ¢n [x-3| =8 /n |x-2| + C

=9/ |x-3|-7/Mx-2+C =A=9,B=-7

e’ -1

Sol. 1= Ve -1 gy

o ot

- e’ -1 e*Je™ -1 puteX:t B ex dx = dt
[

N B

te -1

= (n —seca(t) + C, where () t=ex

Sol. Putl—-xs=t. = —3x2dx =2t dt
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j .[ x”dx J 2dt 2 J-
x\/‘l 1= x° 3 (-1t —t2 _3
1 1-x% -1
2 1=t —ne——xo+c
_ 32 f1et _ 3 W1=x3 41
e 5.2 (&)
D-7. Sol. 1= XN - L x oy WX+ 4 c
let xX(x+1) _ x + X 4 X 4 (x+1)

3 2 2
1:a(x+1)Xz+bx(x+1)+c(x+1))+dX3:a(x +x) L p () + (X + 1) + dxs

O0=a+d
O=a+b
O=b+c
c=1,b=-1,a=1,d=-1
| dx dx dx cdx 1 1 1
x*(x+1) .[7 ISCI Ry X Y oel
= = 7 X X 40X~ x4l =k X = 2XT —ynx+ 1]+ C
1
Comparing B=1A= 2
I J‘[ 11_ 12}dx X+1
D-8. sSol. - x#Nx+2) _AXHT O XFL) x| — on x#2] + C = il X2

+C

D-9. Sol. Xa+4=Xa+4+4x2—4x2=(x2+2)2—(2X)2= (X2 + 2Xx + 2) (X2 — 2X + 2)
33
2
X° +2x+ 2)dx
:.[( ) =3 +Xx2+2x+cC
d 1 1
,[ A ! { 1 32 4J 1(tal’f1)<—1tan'1xj
D-10. Sol. (x +1)(x +4) 3 X*+ X dx= 3 2 2 +C
I I (1+ x")-2x’ 1 x6 5
X(1+x7) j—w ) dx ;dx_2J1 —dx 2
D-11. Sol. dx = = (1+x7) = -7 ml+x]+c
‘1+£2 x—g
2 2 .[ 2X2 X
jx4+ (XJ +4 1 2
D-12. Sol. X' +4 dx = X dx=2 tana +c
Xn—1
J- n n 1 X
D-13. Sol. | X (X +1) Let xn=t n. Xn1 dx = dt

L 4
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D-14.

D-15.

10 1 101 1 1
| = H-I.t(u‘l)dt :nj[t_MJdt _ H[{’nt—{’n(t+1)]+c

1
J. 1 I

5
(14—
Sol. X dx

1 4

Let X = X

J‘ dx

Sol. (x+1)Vx=-2

let () x-2 =tz

dx = 2tdt

I 2tdt i i
(t2+3)t: ‘@tan_l\/g +C

x—2]
3 +C.

2 [
= \/5 tan-:

1

dt 1

t1t‘4

N3 - —+c
S

Section (E) : Integration of trigonometric functions, Reduction formulae,
Miscellaneous

E-1.

E-2.

E-3.

dx J' sec? xdx
Sol 4sin? x+5cos” x _ 7 4tan® x+5
let () tanx=t
seczx dx = dt

'[ dt 1 {Zt}
= 4t2+5=2‘/§tan_1 \/E +C = 2

e (=) S

Sol. 1+sin’x - 1+ sin” x —x—
%tan‘1(\/§tanx)+c

=X -

1

T
1+COS[—— XJ
Sol. 1= 2

2c0s2| T % . 1J-sec2 r_Xx
47 2) _2 472

dx

1 [Ztanx

\/g tan-:

sec? xdx
2
2tan” x+1 =y _

1J sec? xdx
2 ) 1 2
tan® x +

%)
K
a=—-4 beR

000
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Ii [tang]
E-4. Sol. Let I="9+4C0SX =|tan, +C

seczidx

g 2

X
. 2 X 2 X
1+ 4(1+cosx) _ 5+5tan §+4—4tan —
seczidx

2
9+tanz > X X

= 2

Puttan 2=t = sec.2 dx = 2dt

o2 [HanX] 21
= I=2 9+t -3 tan-: 3 2 +C = k=3 m=3
1
1 Jf dx
j— ~ T COSX+ — smx
E-5  Sol. J3cosx+sinx = 2 2 2
J——dx
1 cos(x—ﬁ) 1jsec[x—n}dx T sec( ]+tan[x——J
=2 6) -2 6) -2
J-25inx+3c;osxdx d
E-6. Sol. 2cosx+3sinx N
—2A+3B—2} 5 12
3A+2B=3 L  A=13 g=13
2sinx +3cosx 5 3cosx—2sinx
o e dx [Tt dx 13 [1dx
so °2cosx+3sinx -13 Y 2cosx+3sinx L 13 ]"
5

12
13 n |2cosx + 3sinx| + 13 x+C

Jsins xcos® xdx J.sin3 x(1—sin® x)
E-7. Sol. = €Oos X dx
let () sinx =t
cos x dx = dt
fio-e,_2x s
— 4 _ 6 +C
j ,[ 7'[ sec* xdx I(1+tan2 x)sec? x
Es  Sol. Jsinx cos®x _ 7 Jtan? xcosx ° tan®x _ Vtan® x
Let ) tanx =t = secx dx =dt
1+12) —2 2t3’2
(t3’2 +C  —2Jcotx +§\jtan3x+0
= =

L 4

9|

2sinx + 3cosx = A dx (2cosx + 3sinx) + B (2cosx + 3sinx)

dx
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dx

— » =3/2 -1/2
Eo. Sol Let I:'[ foin® x.cos x :jsm Xxcos™ ' “ x dx

jtan’m2 x.sec? x dx
= put tanx =t = seczx dx =dt

-2

-3/2 —
I= _[t dt:\jtanx +C

=

———dx —11/2 L 4
E10. Sol . I (tanx)”(cosg X) _ j(tanx) sec” xdx

~ J.(tan x)‘1”2(1 +tan? x)sec? xdx

put tanx =t secz xdx = dt

: J(t’”"z +t’7’2)dt

7—2t’9’2 +£t’5’2+C ;z(tanx)’g’2+£(tanx)’5’2+C 1 1
= 9 5 -9 5 = A= 9 B= 5

dx
E-11. Sol. I= .[0083 X+/sin2x

jsecz x.sec’ x dx

V2tanx put tanx=t = sec2x dx = dt

103
1 ﬂ e [t_EHEI [ t lt 5/2]
. 1:\5'[ i dt:\/EI dt:\/ﬁ \/anx+5(anx)

+C
J- (sinx + cos x)dx
H 2
E.12. Sol. 12-5(sinx - cosx) , put sinx — cosx =t
[12 . 12
t+,— SiNX—CcosSX+,/—
5 5
j ! dt 1 _ 12 1 sinX — cox — 12
S 12-5t 7 2 415l VST 5 415 oy 51sc
J-sinx—cosx x| (sinx — cos x)dx —dt 1 [t}
E-13. Sol. 26 +sin2x - (sinx+cosx)2+25 - t2+25 :_5 tan-1 S +C
—1tan‘1 (sinx + cosx) L C
5 5

J‘ 1 J‘ sinxdx
E-14. Sol. Let I=*1-cotxgy = 7sinx-cosx

Let sinx = A(cosx + sinx) + B(sinx — cosx)

A:

A+B=1
A-B=0

B =
then .

L 4

L 4
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E-15._

E-16.

L 4

1 . 1, .
§(cosx + S|nx)+§(smx —COSX)

Jcosx+smx
= 2

%J.dx+0

I= (sinx — cosx) dx = sinX —cos x
1 . 1
—log|sinx—cosx|+—=x+C
= 2 2
Sol. We known that the reduction formula of cosx is
n-1 1
cos" xdx N - .
In :j = N [w2+ N cosnixsinx
3 1 .
E 1 é {12 +—cos® XSIHX} 1c;osﬁ Xsinx
Is= 6L+ 6 cossx sinx = 1e=6 4 4 6
5 5 1
= Te= 8 T+ 24 cossx sinx+ 6 coss sinx
5

[1 1 . } 5 __ 1
Y| =x+—=cosxsinx| ——xcos®xsinx-+—
:16:8 2 24

+ 6 cossx sinx+C

5 3y, ]

A : —cos’ xsinx +—
- 1,=16 [xcosxsinx] -, 24 cossx sinx + C

Icot" x dx jcot:2 x . cot"™ 2 x dx J(cos ec®x —1)cot™ % xdx

Sol. Ih= = =

J.c:oseczxcot“‘2 xdx
=>Ih= —In->

cot" " x

>Lh=- n-1 —Ih-2, n>2

11]
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