MATHEMATICS

Solution of Triangle

Bl Exercise-1

Marked Questions may have for Revision Questions.

OBJECTIVE QUESTIONS

Section (A) : Sine Rule

A-1 Sol. LHS.=asin(B-C)+bsin (C—-A)+csin (A-B)
=k sin Asin (B-C) + k sin B sin (C — A) + k sin C sin (A - B)
=k (sin? B —sin? C) + k (sin?C —sin? A) + k (sin? A — sin? B)
=0=R.H.S.
a’sin(B-C) . b?sin(C—A) . c’*sin(A-B)
A2 sol. LHs.= SnA sin B sin €
a’sinB-C)  k?sin’A sin(B—C)
firstterm = SN A = sinA
= kZsin(B+C) sin(B-C)
= k2 (sin2 B —sin?2C)
b*sin(C—A)
Similarly ~ SinB = k2 (sin? C — sin2 A)
c?sin(A-B)
and sinC = k2 (sin2 A — sin2 B)
L.H.S. = k2 (sin? B — sin2C + sin?C — sinA + sin? A — sin2 B)
=0=R.H.S.
A-3 Sol. 2B=A+C,
= B =60°
from Sine-rule
a b ¢ b sin B 3
sinA  sinB  sinC N sinC 2
L
sinC = V2 = C = 45°
A =75°
C (A+B] (A—Bj C
A-4.  Sol. cos A + cos B =4 sin2 2 > 2cos\ 2 cos\ 2 =4sin?2 2
(A—BJ C C (A—B] C C
= 2cos \ 2 ) =4sin 2 = 2c0s2 cos\ 2 / =4sin2 cos?2
(A+B] [A—B]
= 2 sin 2 cos 2 =2sinC=sinA+sinB=2sinC
= a+b=2c = a, ¢, bareinA.P. a, ¢, b lek{Jrj Js<h esa g§A
sinA sin(A-B)
A5, Sol. - sinC = sinB-C) _ qnp +C)sin(B - C) = sin(A + B) sin(A — B)
= sin? B-sin?2 C =sin? A—sin?B = 2sin?B=sin? A+sin2C
=>2b2=a?+c? > a?, b?, c2are in A.P. > a?, b?, c?
A-6. Sol. A:B:C=3:5:4 A=45° B=75°,C=60°
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MATHEMATICS Solution of Triangle

from Sine - rule

a__b _ ¢
a b c 1 V41 VB
SinA - sinB - sinC =) 5 Y2 22 2 (. in75° = sin(45° + 30%)
K [\6+1] k3
sa=V2 p= 2y2 kand c= 2
ky3

* [*’51J [ } ke 3 KB +1)
.~.a+b+C\/§:\/§+ 242 k + 2 V22 2\/5[2+(\/§+1)+2\/§]: 2.2 =3b

cosA cosB cosC

A-7. Sol. given @ b c L. (i)
- a=ksinA,b=ksinB,c=ksinC (i) becomes
cotA cotB cotC
k k k . A=B=C
AABC is an equilateral triangle
bcsin® A k? sinBsinCsin® A k?sinBsinCsin® A
A-8.  Sol. .. cosA+cosBcosC - —cos(B+C)+cosBcosC _ sinBsinC

Section (B) : Cosine Rule, projection formula

B-5. Sol. -+ L.H.S. =b(cos A cos 6 + sin A sin 8) + a(cos B cos 8 — sin B sin 8)
=cos 0 (b cos A + a cos B) + sin 6 (b sin A—a sin B)
=ccosB+0 {- bsinA-asinB=0}
=ccos O =R.H.S.

B-6.

B-7.
C A

Sol. LH.S.()=2asin2 2 +2csin? 2
=a(l-cosc)+c(l-cosA)
=za+c—-(acosC+ccosA)
=a+c-b

=k?sinZ A = a2
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MATHEMATICS

Solution of Triangle

=R.H.S.
B-8.  Sol.  (@a+b+c)(b+c—-a)=kbc > (b + c)?—a? =kbc
b’ +c?-a’? k-2
b2 +c2-a?=(k-2) bc = bc = 2 =cosA
k-2
- InaMABC -1<cosA<1 - 1< 2 <1
O<k<4,
B-9. Sol. ‘~a:b:c=4:5:6
+ a=4k, b=5k, c=6k
c’+a’-b* 9
- cos B = 2ac - 16
b?+c?-a? 25+36-16 3
- cos A = 2bc - 2x5x6 _ 4
- cos3A=4cos®*A—-3cos A
27 3 27 9 27-36 -9
—4x 64 _3x4 =16 _4_- 16 _- 16
cos 3A = —cos B = cos (11— B)
3A+B=1
a
B-10. Sol. + ED=2 —ccosB
2 2 2
a a“ +c°-b
=§—c 2ac
a {32*'02"32} a?-a’-c?+b? b?-c?
-2 _ 2a _ 2a _ 2a
Section (C) : Napiar formulae, Area of Triangle
C-1. Sol. L.H.S. =4A (cot A + cot B + cot C)
:a2+b2+c2
cos A cosB cos C
{ - +— +— }{ A—1bcsinA}
—gp \ SN A sin B sin C 2
=2bccos A+ 2cacosB+2abcosC
=a2+b2+c2 =R.H.S.
C-2 Sol. a=6,b=3 and cos(A—B)=4/5

(A—BJ a—-b C
tant 2 /= a+b o2

(A—B] 1-cos(A —B)
a2\ 2 ) = 1+cos(A-B) _ 9

(A—BJ 1
tan\ 2 /=9

. (i)

-
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MATHEMATICS Solution of Triangle

1 1 C
— — cot —
from (i) we get 3=3 2 => C=090°
1
Area= 2 ab =9 sq. unit
J3a?
c-3. Sol. - ¢A=30° and A= 4
1 V3 1 V3
2pcsinA= 4 a2 = 2 pcsin30°= 4 a2 = bc= V3 a2
¥3 1
= sinB sinC =V3 sinA = sinBsinC= 4 as sinA= 2
V3 V3
= cos(B—C)—cos (B +C) = 2 = cos(B—C)+cosA= 2
4
= cos(B—C)=0 (as ZA=30°=>cosA= 2)
= B-C=90° or B-C=-90°
But B+C=150° as A=30°
case (i) : if B-C=90°
and B + C = 150°
= B=120°and C=30° = B=4C
case (i) : if B-C=-90°
and B+C=150° = B=30°and C=120° . C =4B.
r ENE]
C-4. Sol. - A= 3, b-c=3V3 and Area = 2 cm?
1 &3 1 2
-A=2 bc sinA = 2 =2npcsin® =bc=18
2n  b*+c?-a’ 1 (b—c) +2bc—a’ 1
- cos 3 = 2bc =_2 = 2bc -_ 2= a=9

Section (D) : Half Angle formulae

2 A . B ,C
cos’ —~ cos’— cos’ —
2 2 2
D1 Sol. -~ LHS(O= @ + b 4+ ¢
1 s(s-a) 1 s(s-b) 1 s(s-c) s (3s—(a+b+c)) s’
-—a bc 4 b ca ;¢ ab = abc - abc

D-2.  Sol. L.H.S. () =2bc(1 + cos A) + 2ca(l + cos B) + 2ab(1 + cos C)
=2bc + 2ca+ 2ab +2bccos A+ 2cacosB+2abcosC

:Zzab +a?+b?2+c2=(a+b+c)?=R.H.S.

2 abc A B C
2

D-3. Sol. LHS.=23+b+C cos2 cos2. cos
2 abc \/S(s—a) s(s—b) s(s—c)
- 2s bc ca  ab - S(s—a)s—b) (s-c) =A=RH.S..
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MATHEMATICS Solution of Triangle

D-4.  Sol. w 2b=a+c (D)
5 9 (s-b) (s-c) (s—a) (s—b)
w tan 2 +tan 2 = s(s-a) + s(s-¢)
s-b|_8-C¢*fS-a8 | b s(s—b)
s a0 _s\Gt-a) (-0
2b s(s—h) 2b B 2 B
- 2s\(s-a) (s—¢) _3b o2 =3cot2
A B 3 s(s—a) s(s—b)
D-5. Sol. - bcos2 2 +acos?2 =2¢ = b bc 4+a ac
s 3 s 3 atbic 3c
> C[s-a+s-b]=2 ¢c= € xc=2¢ = 2 =2
= a,c,barein AP.
B C s(s—b) s(s—c) s 2s
D-6. Sol. - cot2 cot 2 = V(s—a)s-c) \(s-a)s-b) _ s-a _ 2s-2a
atb+c 4a
= b+c—a:2322 ('.'b+c:3a)
D-7.  Sol. A=(@+b-c)(a—b+c)
SR S Al
A=4(s—c)(s-b) = (s-b) (s-¢) -4 . tan 2 =4
2tané
_ 2
1—tan2ﬁ 8
- tan A= 2 o tanA= 15
D-8. Sol. woa2=b?+c?
<
tanc= P
2tan9
2
1—tan29 ¢
+ tan C = 2 =b
2t c C
-t = b where t=tan 2
c
a
b
A c B
t?(c) + 2b)t—-c=0
—2b ++/4b? + 4 xc?

L t= 2c
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MATHEMATICS

Solution of Triangle

-bta a-b C
t= ¢ =t= € =tan 2
2ab COSEE 2ab s(s-¢c) g_¢
D-9. Sol. (a+b+c)A . 2 :(2 S).A ab - A
Section (E) : Circumradius and Inradius
E-1. Sol. = Rr(sin A + sin B + sin C)
(a+b+c} A
=Rrr. 2R r=8S
r(2s)
= 2 = rs=A
E-2. Sol. =acos B cos C+cos A(b cos C + ccos B)
= a[cos B cos C + cos A]
=a[cos B cos C — cos (B + C)]
b ¢ abc 4RA A
=asinBsinC =a. 2R_2R:4R2 =4R* =R
1
c+a+b 2s ZRA e
E3. Sol. = abc =-4RA = s = 2Rr
1
E-4. Sol. = 2 (1+cosA +1 +cosB + 1 + cos C)
1[3+1+4 sinﬁsinEsinEJ 1r L
=2 2 2 2) -9242R=2+2R
cos A cos B cos C
a— +b — -
E-5. Sol. _ sin A sin B sin C
[1+4sinAsinBsinC)
=2R 2 2 2 =2R+2r=2(R+r)
b2-c?2  4R*(sin’B-sin’C)  sin(B+C).sin(B-C)
E-6. Sol. .. 2aR  _ 2.2RsinAR - sinA =sin (B-C)
acosA+bcosB+ccosC  R(sin2A +sin2B +sin2C)
E-7. Sol. a+b+c — 2R(sinA +sinB +sinC)
4sinAsinBsinC c
A B C . . . r
A cosZcos > sin—sin—sin— —
:80032c0320032 _4 5 2 2-R.
E-8. Sol. a=3k;b=7k;c=8k
s=9k.
abc  (3K)(7k)(8k) Tk
A= VOKBK2KK -2 643 R=4A -4xkx 63 _ 3
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MATHEMATICS Solution of Triangle

A K63 2%
r= 8 = 9K :\/5 R:r=7:2

E-9. Sol. a=1
[sinA+sinB+sinC}
2s=6

3
[a+b+c}
2s=2\ R
R=1
a 1
- SN A _2R5sinA= 2
T
A=6
Section (F) : Length of Median, angle bisector, altitude
2A 2A 2A 1 1 1 a’+b’+c?
— — — =t tEm e
F1. Sol. -a= a8 B=b y=oc¢ N at BTy - 4 A
1,11 a+b-c 2(s-c) s-c
F-2. Sol. o Y = 2A = 2A = A
2A
F-3. Sol. - required distance = @

. p= s(s—a)(s-b)(s-c)
a=13;b=12;c=5 = s=15

2 A= V15x2x3x10 —5x3x2=30

2x30 60
. required distance= 13 =13
1
F-4. Sol. - AD2=4 (2b2+2c?2-a?),

1
BE2= 4 (2¢2+ 2a2-b?) and
CF2= (2a2+2b%2-c?)
AD? +BE? +CF* 3
. BC?+CA?+AB? _ 4

DE
F-5. Sol. - SiNA-pap
2A
=>DE= 2 sinA
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MATHEMATICS

Solution of Triangle

2AsinA A
_ 2RsinA - R

1
F6. Sol. - (=232b"+2 -2’

& 402 =2b% + 2¢2 — a?
=a?+2(b?+c*-a?)
= a? + 2(2bc cos A)
402 = a2 + 4bc cos A

Bl Exercise-2 |

Marked Questions may have for Revision Questions.

PART -1: OBJECTIVE QUESTIONS

1. Sol. s—a=3 ..(1) and s—-c=2 ...(2)
by (1) = (2), we get
c—a=1
1)+ (@2),weget2s—a—-c=5 => b=5
A AABC is right angled at B
a?+c?2=25 ..(3)
(c—a)2+2ac=25
ac =12 ..(4)

a(l+a)=12=>a?+a-12=0
=>(@+4)(@-3)=0
=>a=3andc=4.

2. Sol. - RcosA=r

A B C

RcosA=4Rsin 2 sin 2 sin 2
coOsA=cosA+cosB+cosC-1

cosB+cosC=1

3. Sol. MINA is a cyclic quadrilatral
MN A
2SINA AT S MN=rcosec 2 sin A= 2r cos
IM=IN=r
(ZrcosAJ(r)(r) A
L 2] 7 % ges O
4><lrxr sin A 2 2
Ly = 2 _ 2r° sin A
rcosA r
2 A
SnA _ 2sin 5

A
2

L 4
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MATHEMATICS Solution of Triangle

r r

2sin
similarly y =

arc
angle = radius

v 4+5+3=21R = R = 6/m
5 5
2A=R =6
E K
2B= R =2 and
s+
o2c=R =3
1 { 2 . 5n . n}
2 sin=—= + sin— + sin—
Areaof AABC= 2 R 3 6 2
V3 _+1 B431 BB 36 9VB(W3 1)
2 — = 2
- - x T = T

Jb
. BC

if we apply Sine-Rule in A BAD, we get
BD AD

sin o _Sin 60° (1)

if we apply Sine-Rule in A CAD, we get.
CD AD

sin B _ sin 43°

divide (2) by (1)

sin @ ¢cD sin 60°

sin B . BD - sin 45°

(2)

J3
sin o 3 2><i
sin B XT _ 2
sin o i
sin B _ 6
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MATHEMATICS Solution of Triangle

b+c=11Kk
b+c c+a a+b c+a=12 k
6.  Sol. 11 12 13 oy . AP=EBK o7k b=k, c =5k
b?>+c’-a’ 36+25-49 1
c?+a’-b? 25+49-36 179
cos B = 2ca - 2x5x7 - 35
a’+b*-c® 49+36-25 5 cosA cosB cosC
cosC= 2ab - 2x7x6 -7 7 - 19 - 25
ai
/bz
7. Sol. x3—Px2+Qx—R:0\c=
. a2+b2+C2:P
a2b2+b2c2+c2a2:Q
a?b2c2=R = abc = JR
cosA cosB cosC 1 P
a + b + C :ZabC [a2+b2+02]:2\/§
cotA cotE cot9
8. Sol.  LHS. =(b-c) 2 +(c-a) 2 +(@a-b 2
A
cos cos
A A (B+C] (B—CJ A
— . . Sin— 2 . 2 Sin—
+ (b—c)cot 2 =k(sin B—sin C) 2 =2kcos sin 2
[B+CJ [B—CJ
=2k sin\ 2 sin\ 2 =k [cos C — cos B]
B
similarly (c—a)cot 2 =k[cos A — cos C]
c
and () (a—b) cot 2 =k[cos B —cos A]
~ LH.S. =K[cos C—-cos B + cos A—cos C + cos B —cos A]
=0
= R.H.S.
21

9. Sol. For dodecagon «A'OB'= 12 =30°
R V3 -1

sin75° _sin30°

= 20OAB' =20B'A'=75"=

L 4
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MATHEMATICS

Solution of Triangle

10.

11

12.

(3 -1)3+1)

1
2.2 x
= R= 2 = R= V2
2n

For hexagon « AOB = 6 =60°
= A AOB is equilatecal > AB=R= V2
Sol. In AHBC is we apply Sine-rule, then we get

BC
sin(B+C) _ oR

A
C|B

B c

a
sin A

=2R'2R=2R'=> R =R’
- circumradius of AHBC (i.e. R") =R
Similarly we can prove for AHCA and AHAB.

Sol. f=RcosA,g=RcosB,h=R cosC.
a P ¢ 2RsinA 2RsinB 2RsinC
. f+9 +h = RcosA . RcosB , RcosC

_ 2(ZtanA)

abe
fgh =8 (HtanA)

a b ¢ abc 1
T 4+ 94hoy foh _ 22tanA _, o([TtanA) o g
Sol A, C1, G and () Bz are cyclic

B A c
BCi. BA =BG . BB:

c [3 BBWJ . BB,

2 c=\3

¢ 2 1

P — X —

2 -3 4 (2¢2 + 2a2 — b?)
= c? + b? = 2a?

PART - Il : MISCELLANEOUS QUESTIONS
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MATHEMATICS Solution of Triangle

A-1. Sol. Statement-1:

_ 3
T 3 3
- H.M. of the three ex-radii=" = T =s-a+s-b+s-c - s -3

= 3 times the inradius
.. statement-1 is true

Statement-2: -+ LHS.=r1+r2+r3
A A A
- 8s-a 4+ 8-b ,s-c
[(s—b)(s—c)+(s—a)(s—c)+(s—a)(s—b)}
A (s—a)(s—b)s-c)

{352 —25(a+b+c)+ab+bc+ca}
_ A?

SA [ab+bc+cafsz}

_ A2
s (ab+bc+ca—sz)
- A
abc
- RHS.=4R= A

» L.H.S. # R.H.S.
~ Statement 2 is false.

A-2. Sol.
Statement : 1
AL
............. )
l"
c
I.I=4Rcos 2 ifwe apply Sine-RuleinAliIoIs, then ALLIs
4R(:059
I L 2
. (A Bj . [A +B}
sin| —+ — sin 2
2 Rex = 2 2)_
4RcosE
2
Ccos—
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MATHEMATICS Solution of Triangle

2Rex =4R Rex =2R
A ABC is pedal triangle of A l1 12 I3

B-1. Ans. (A) - (a), B) - (), ©€) - (s), (D) - (1
i 2r
Sol. (A .+ 2B=A+C=>B=3 andA+C= 3
- b2=ac
= sin?B =sin AsinC
3
=>sinAsinC= 4
3 2
= cos(A—C)—cos (A+C) = 2 ~ A+C= 3
r
= Ccos(A-C) = 31
>A=C= =B
=>a=b=c
a’(a+b+c)
3abc =1

(B) - a2=b?+c2and 2R=a

a?+b?+c? 2a®

R? = ? =8
C
a
b
A c B
1 1 9 a
(C)w A= 2 pbcsinA=>A=2 9.sinA= 2 x 2R a=2
~ 2RA=9
(D) - a=5,b=3and c=7
and because we know that
bcosC+ccosB=a
~ 3cosC+7cosB=5
B-2 Ans. (A) - (s), (B) - (p), <€) - ), (D) - (@)
Ans. (A) N (s), (B) - (p), <€ -, (D) - ()

B,

Sol. B A C

Match the column
(A) AA: and BBz are perpendicular
a2 + b2 = 5C2

13 |
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MATHEMATICS Solution of Triangle

a’ +b?
2= ° =5 = c:\/g
a’+b’-c® 16+9-5 5
cosC= 2ab  _ 2x4x3 _ 6
Nl
snc= 6

1
A= 2 absinC:\/ﬂ

A2=11
(B)  G.M. =2 H.M.
3

1 1 1
ez 0k
= (rLr2r3)3 > 3r

h L h

=3 r* > 27

Cc (s—a)s—b)

(C) tan2 2 = S(s—¢c) a=5b=4 2s=9+¢c
(9+¢c—-10)(9+c—-8) c? -1
= (9+c)9-c) - 81-¢’
7 -1
N 9 - 81-¢’ = c2=36 = c=6
(D) 2a? + 4b? + ¢2 = 4ab + 2ac.
> (@a—2b)?>+(@-c)’=0
=> a=2b=c
a’+c’-b*> 7
cos B = 2ac -8
8cosB=7

Section (C) : ONE OR MORE THAN ONE OPTIONS CORRECT

(A—B} [abj C
c-1. Sol. (1) - tant 2 J =\a+b)oor 2 0
13
32
(A—Bj 1-cos(A -B) ] 31 1
a2\ 2 ) 1+cos(A-B) - ' 32 _ 63
[A—B] 1
tan 2 = 3J7 - a=b5and =4

from equation (i), we get

1 [5—4j C 1 1
37 = \5+4) or 2 5 3T = 9 oo

&—
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MATHEMATICS Solution of Triangle

1-tan’C/2 1-7/9 2 1
cosC= 1+tan’C/2 - 1+7/9 -16 - 8

b? +a®-c?
cos C = 2ab = c2za?+h2-2abcosC = c=6
1 1 1 37
2), (3) - Area =2 absinC -+ cosC= 8 = sinC= 64 - 8
1 37
Area=2 x5x4x B
15\7
Area = 4 sq.unit.
From Sine rule
a b c asinC 5x 37 57
sinA - sinB - sinC = sinA= C - 6x8 . sinA= 16

cosA  cosB cosC b?+c?-a° c?+a’-b? a?+b?-c?

C-2. Sol. (1) a + b 4+ ¢ = 2abc +  2abc + 2abc
a’ +b? +¢?
- 2abc
sinA  sinB  sinC a b c 3
) a . b 4 ¢ = 2R.a + 2R.b + 2R.c _ oR

cosA  cosB cosC
(3) a = b - ¢ = cotA=cotB=cotC = A=B=C

true for equilateral triangle only

sin2A sin2B sin2C

(4) a2 - b? - c?
2sinAcosA  2sinBcosB  2sinCcosC
. K’sin A - k®sin®B - k’sin’C
> cotA=cotB=cotC = A=B=C > true for equilateral triangle only
B
C-3. Sol. - r=(s—bytan 2
r=s-b (~- B =90°
2s-2b AB+BC+CA-2CA
~r=z 2 = 2
AB+BC-CA
. r= 2

15 |
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Solution of Triangle

B c A
b
Again. ~ R= 2
B
- r=(s—b)tan 2
s—r
>r=(s—b)=>r=s—-2R=>R= 2
C
a
b
A c B
1-cosAcosB
C-4. Sol. - sinc= SiNAsNB <1 S cos(A-B)21 =>cos (A-B)=1
1-cos” A
SA-B=0 =SA=B ~sinc= SIPA - = C =90°
C-5. Sol. Product of distances of incenter from angular points
o (abe)(r)
_A_.B_.C abc , A (abc) (r)
sin—sin—sin— —r — —_—
= 2 2 2 = I'/4R = 4Rr2 = A = r = S
C-6. Sol. Let the radius of the inner circle be x
1B
cos 30° =X +1 = 2
2-3
radius of other (shaded) circle
2-V3  2+3
=2+X =2+ \/g = \/5
2bc A
C-7 Sol. - Ba=P*C cos 2

&—
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MATHEMATICS Solution of Triangle

(A) correct
(B) incorrect

abccoset::ﬂ bc 25inﬁcosA
2 2 2

abccosec — %
———= 2 (hig) sin™ (b+c) © A
() Rb+c) - sinA’ = 2 = (b+c) o5 2
—1 2bcsinécosé —1
2A A bcsinA sinﬁ 2 2 sinﬁ 2bc A
(D) (b+C) cosec 2 = (b+C) . 2 = (b+C) . 2 = b+c C052
Bl Exercise-3 |
O
1. Sol. tan \"/ = 2r .gin\nJ = 2R
a [cothrcosecn} a [n)
r+R=2 n Nl Sr+R= 2 cot \2N
s(s—c)+ c. s(s—a)
2 So. a= @b be
E(s—c:+s;—al) 30
- b = 2
=>a+b+c=3b.
>a+c=2b
= a, b, careinA.P.
3 Sol. AD =4
2 8
AG=3 x4=3
1
Area of AABG = 2 x AB x AG sin 30°
32 AG 2AG 16

= 93 .sinee= AB 5 aB= V3 =33

32
Area of A ABC = 3(Areaof AABG) = 3V3

sina+cos’a —1-sinccosa 1
4. Sol.  cosB= 2sino.cosa =_2
N B = 120°

5. Sol. 2C=1/2
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MATHEMATICS

Solution of Triangle

o)

NS
c
r=(s—c)tan 2 C =90°
r=s-2R
2r+2R=2(s-2R) + 2R.
=2s-2R
_°
:(a+b+c)— sinC C = 90°
=a+b+c-c
=za+b
20 24 20
6. Sol. a' b’ ¢ areinHP.
a b ¢
2A" 2A7 2A arein AP.
> a,b,carein A.P.
7. Ans. (2)
o)
Sol. R =cos\N
no2
Letcos N =3 forsomenz3,neN
12 1 L. L Tz
As 2 < 3 <2 = cos 3<cosh <cos 4 = 3>ns>4
= 3 < n <4, which is not possible
so option (2) is the false statement
so it will be the right choice
Hence correct option is (2)
8. Sol. (1)
Let AB =X
_P_ _P_
tan(m-0-a)= X" 9 >tan(®@+a)= 97X
Dy il c
(NG
Py
n—(ﬂ+(xi_§
AT M 3 =8
= g-x=pcot(6+aq)
= X=qg-pcot(0+aq)
(cote cota1j
=q-p cota +cotd
9 coto -1
P
9, coto [qcote t—g] [qc9s§ —psmgj
+ no +
=q-p p —q-p g+pco —q-p gs pcos

L 4



MATHEMATICS Solution of Triangle

g° sin®+pqgcos0—pgcos0+p’sind (p* +9*)sin®
- X = pcos+qsind — AB = PcosO+gsinb

Alternative

From Sine Rule

AB )p2 + q2

sind _ sin(z—(6+a))
D il c
c
e 2 2
P tq p
—~(6+0) o
B
Jp?+q® sind
AB _ SinB cosoa +cosb sina
(p* +q°) sino B cosac -9
gsin 6+pcos N

(p* +g°)sind
— pcosb+gsin®

PART -1: JEE (ADVANCED)/IIT-JEE PROBLEMS (PREVIOUS YEARS)

1. Sol. In =2n x area of A OA:1l1
1
= In =2nx 2 x Ail1 x Ol
T I
= In =nx sin N xcos N
N2
= In=2sinn. ... (1)
On =2n x area of A OB101
1 n n
= On =2nx 2 xB1O1x010 =nxtan N x1 = ntan N
T

2 1Y
& [1+ 1_{ n )] 0, [1+c0327ﬁ}

Now RH.S.= 2 2
O, i i
= 2 x2cos2 N = On.cos2 N
n L no 2z
=ntan N .cos? N =2sin N=I, = LHS
2. Sol. Let angle of the triangle be 4x, x and x .
Then 4x +x+x=180° => x = 30°

Longest side is opposite to the largest angle.
Using the law of sines

19 |
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MATHEMATICS Solution of Triangle

a b ¢
sinA  sinB sinC - oR
a=R.b=Rc=¥3 R, = (2+VY3) R | _(2+43) R
3. Solution
Clearly the triangle is right angled. Hence angles are 30°, 60° and 90° are inratio 1:2: 3
B
30°
Jg 2
60°
]
BD
4. OD = cot30e = BD = V3

= BC=AB=AC=2+2+3
NE)
I 2
area of AABC = 4 (2+2V3)

V3
= 4 (143+2V3) 4=6+ 43 sq. unit

b-c  k(sinB-sinC)
5. Sol.  Consider @ = ksinA

P ] o ) (5

el Sel) e (Aeld] ]

6. Ans. \/g
Solution :

T
r= 8 = S

2s=7+8+9 = s=12
[5.4.3
=V 12 — 5
1 V3
7. Sol. A=2 .b.b.sin120°= 4 b2 .. (1)

20 |

L 4



MATHEMATICS

Solution of Triangle

8.*

Sol.

sin120°  sin30°
Aso @ b 5 a=V3b
1
and A= V3S and s= 2 (a + 2b)
V3

> A= 2 (@+2b) ©)

From (1), (2) and (3), we get A =

Sol. We have AABC = AABD + AACD

1 1 A1 A
= 2 bcsinA= 2 cADsin 2 + 2 bxADsin 2
2bc A
==~ cos—
= AD = b+c 2
A
Again AE = AD sec 2
Z2bc
= b+c > AEisHMofbandc.
A 2x2bc A A
EF=ED+DF=2DE=2xADtan2 = P+C xcos 2 xtan 2
4bc A
=b+c - sin2
As AD L EF and DE = DF and AD is bisector = A AEF is isosceles.

Hence A, B, C and D are correct answers.

Ans. 4
In A ABC, by sine rule
a 242 4

sinA — sin30° — sinC = C =45 C'=135°
When C =45° = A =180°- (45° + 30°) = 105°
When C' = 135°= A =180° — (135° + 30°) = 15°

1 1 V3 -1

> 5 T 3-1
Area of AABC' = 2 AB. AC'sin 2 BAC' = 2 x4x 2¥2 sin@s0)= 42 x 22 -5 ( )
1 1
(\/5+1)

Areaof AABC=2 AB.AC .sinA= 2 x4x2V2 sin (105°) = 2

J3+1 V3 -1
Absolute difference of areas of triangles = | 2 ( )— 2( )
Aliter

=4

21|
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MATHEMATICS

Solution of Triangle

AD=2, DC=2
Difference of Areas of triangle ABC and ABC' = Area of triangle ACC'
1 1

=2 ADxCC' = 2 x2x4=4

A
10*. Sol. cosB+cosC=4sin2 2
B+C B-C A A |:COSBC—2Sin§}
- 2cos 2 cos 2 =4sin?2 2 = 2sin 2 2 2] -9
(B—CJ (B+C] A
= cos \ 2 —2cos =0 assin 2 #0
B [ B C
= —cos 2 cos 2 +3sin 2 sin 2 =0
B ¢ 1
= tan 2 tan2 =3
A
c b
B . c
fixed base
(s—a)(s—-c) (s—-b)(s—a)
N s(s—b) s(s—-c)
s—a 1
N s =3 = 2s=3a = b+c=2a
Locus of A is an ellipse
a c 2 b
11. Sol. C sin2C+ @ sin2A= 2R (acosC+ccosA) = R =2sinB=2sin60°= V3
o =17+ x 1) —(2x+ 1)
12. Sol. cos 6 = 2 + X+ 1)(x* 1)
J3 O =17 +(x® +3x+ 2)(x* - x)
2 - 2(x% + x+N(x* -1)
J3 (X2 =1 + (x +1)(x + 2)x(x - 1)
o 2(x% +x+1)(x2 =1)

22|
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MATHEMATICS

Solution of Triangle

x2 =1+ x(x+2)

V3 = X x+1 = ‘/g(X2+X+1):2X2+2X—

5 (V3 _2)x2+ (V3 —2)x+(V3+1)=0
on solving
X2+ X — (3‘/§+5):O we get

x=3 41 _(2+V3)

At x = _(2+ \@) , Side ¢ becomes negative.

X = \/§+1
13. Ans. 3

1
Sol. Areaoftriangle= 2 absinC=15 V3

1

=>c=14

1 NE]
= 2 6.10sinC=15v3 = sihnC= 2
2n
= c= 3 (C is obtuse angle)
1 36+100-c?
Now cosC = = -2 = 2.6.10
1543
A 6+10+14
r:S = 2 :\/g = r2=3
14. Sol. Ans. (C)
a=2=0QR
7
b= 2 =PR
5
c= 2 :PQ
a+b+c 8
S = 2 = 4 =4
2sinzg
2sinP -2sinPcosP  2sinP(1—cosP)  1-cosP ,P
28inP + 2sinPcosP _ 2sinP(1+cosP) _ 1+cosP - “°°° 5

(s=b)(s-c) (s-b)(s—c)? (4‘32(4'2]2 [

= S(S - a) = A2 = AZ =

15*  Sol. (B,D)
(2n+2)2 +(2n+4)2 —(2n+6)2 1

2 (2n+2) (2n+4) 3

cos P =
an’-16 1
., 8 (n+1) (n+2) 3

4A

L 4
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MATHEMATICS Solution of Triangle

P
n n
2n+2 2n+4
N M
n+2 n+4

Q n+2 L n+d R

2n+6

n?—4 1 n-2 1
_2(n+1)(n+2) 3 :2 (n+1) 3
=3n-6=2n+2
=>n=8
=>2n+2=18
=>2n+4=720
=>2n+6=22

16. Ans. (B)
Sol. a+b=x

ab=y

X2_c2:y ¢
(a+b)2-c?2=ab

a2+ b2 +ab=c? a?+b?-c?=-ab ¢ @

a’+b?-¢®> 7
~ 2ab -2
i

cosC= 2

2n
C:?

1 22 .2

e AxdA 4x4ab sin“C 3ab

R sxabc. (a+b+c)abc _ 4c(x+c)

%y
_ 4c(x+c)

17. Ans. (A,C,D)
X

sol. Y x4
S-x S-y 8-z
2S=x+y+z = 4 = 3 = 2 =)\
S—x=4A
S—-y=3A
S-z=2A

S=9A
Adding all we get
S=9\, x=5\Yy=6\=2z=7A
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MATHEMATICS

Solution of Triangle

8n
mrZ=3

S(S-x)(S-y)NS-2)

xyz B5h6LTL 35
R= 4a =46/617 =46 )\
weget A=1

(A)A=66

x Yy Z

(©)r=4Rsin2 sin2 sin2

4 x y oz

35=sin2sin 2 sin 2
[X+Y)

(D) sin2\ 2 J = cos?

8
= =3

NN W T TR R

g8 A*_216x* 24 8
= 2=3 =5 8h% =9 \2=3 )\2=
35 35
(BYR=4V6 \ =46
22 35 x y oz
= V3 =4. 46 sin2sinzsin2
92 3
=56 =5

w| oo
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MATHEMATICS Solution of Triangle

-Additional Problems For Self Practice (APSP)]

PART -1: PRACTICE TEST PAPER

1. Sol. a+b:2\/§,ab:2
(a—b)=(a+b)?-4ab=12-8=4
>a—-b=2
a= V3 +1,b= */5—1

c2=a2+ b2-2ab cosC
T

cZ:(\/§+1)2 +(\E—1)2—4cos 13) =23+1)-2
c= V6

Perimeter:a+b+c:2\/g + \/E

2. Sol. Here 2c = 90° (v c?=a?+hb?
Now, 4s(s — a)(s — b)(s — ¢)
= 4/
2
)
=4 \2 = a%b?
3. Sol. A=(a-b+c)a+b-c)

A = (2s - 2b)(2s — 2c)
1
Vs(s—a)(s=b)s—¢) _ 745 _pys_ o)

(s=b)(s—c) 1

N s(s—a) _ 4
Al
tan 2 = 4
2(1/4) 8

tana= 1-(174) =15

4, Sol. a? sin 2B + b? sin 2A
= a?(2sin BcosB) + b?(2sin A cos A)
= 2a?(kb)cosB + 2b?(ka)cosA
= 2abk(acosB + b cosA)

= 2ab(ck)
[iabsinc}
:42
=4A
A B B C c A
5. Sol. tan2tan2 +tan2 tan 2 +tan2tan 2 =1
1 E g E [tanC] {1]
3x3 +3 @n2+\ 2/13) o4
c 27
tan2=1-9 =9
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MATHEMATICS

Solution of Triangle

10.

11.

kb b

Sol.  cosA= 2(ke) = 2c
b? +c? —a? b

2bc - 2c
= b2+ c?2—a?=p?
c2-a?=0
a=c
isosceles,

sinA sinB sinC

Sol. V3 - 16 - 123
sinA  sinB sinC
o 1 =12 =+3/2

<A =90°
2B = 30°
<C = 60°
A ys(s—a)(s-b)(s-c)
Sol. r= S = S
3p+5p+6p
S = 2 = 7p
\j(7p—3p)(7p—5p)(7p—ﬁp)
s 4= 7P
p = \/ﬁ
A B C
Sol. cot 2 cot 2 cot 2

s(s—b) s(s—c)
(s— b(s c) (s—a)(s—c) (s—a)(s—b)

:\/ sb(s c)

S
- A - (A/s)

Sol. c?+a?-2ac +ac="h?

c2+a’-b?=ac

cZ+a?-b?> 1 1
2ac =2 = CcOosB = 2

B =60°

Sol. Let a = 4k

b = 5k

c=7k
(4+5+7)k

S= 2

=8k

A= Vs(s—a)(s—=b)s-C) _ /Bk(4k)(3K)(k) _

=4 V6 2
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MATHEMATICS Solution of Triangle

abc  (4K)BK)(TK) 35
R= 45 = 44J6K) _ a6

A 4fek* 46
35k
46
R (Nék} 35x8 35
LT 8 - 16x6 - 12
12.  Sol.
12 13

AN

5 A
a=12,b=13,c=5
length of angle bisector of 2B
2ac {5} 2(12)(5) 2(60) 1 120

= a+C og \2 12+5 cos(45°)= 17  x V2 - 1742
A2
13, Sol. = S5-a)s-b)s-0) o g
14. Sol.
A
c b

b2+c2—a? 4c?+c? —4c?

4c +Cc —4c 1
COSA = 2bc f= 2(2C)(C) =4

15. Sol. tan
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MATHEMATICS

Solution of Triangle

b:a=1:2
16. Sol.
A
B D c

a
BD = 2 AND «BAD = 90°
c 2c

cosB=(@/2) = a 4

A
17. Sol. 2R=4Rsin 2
A1
sin 2 = V2 o ,Aa=90°

c2+a’?-b> 2
2ca

B C .B_.C
COS—COS— —sin—sin—
2 2

= 8 5 a2-b?=3c?

A

[b2+c2—a"’J {c2+a2—b2J {a2+b2—ch
18, Sol. 2 2abc + 2abc P 2abc _

> b2+c2=az= 2A =90°

Ss—a §—C

20. Sol. s =s-b

C C Cc
tan 2=1= 2 =45°

tan? 2 =1 =
2C =90°

21. Sol.

s>a=3b,a=c
¢’ +a’ -b’
cosB=  2ac
2
1+1-[1J 51
3 9

= 2x1x1 = 2 = 1

—
~

(0]

22. Sol.
A

c=6/n/6\T/6™~0=10

B a2 D ap
r  b?+c?-a?

COSA = cos 3 = 2bc

1 100+36-2a’

2 _ 2x10x6

= a?2=136 - 60

C

2a2 + 9b? + c2 = 6ab + 2ac
=>a?2+9b2-6ba+a2+c2—-2ac=0 =

=

_\‘m

(s—a)}(s—=b)
s(s-¢c) -

C

a=3b=c
b c

=13 -1

=4Rsin 2 cos

2

a? +b?

abc

(a—3b)2+(a-c)?2=0

(B+C

} ﬂ [sinAJ
= 1=2sin 2 2
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MATHEMATICS

Solution of Triangle

23.

24,

25.

a2=76
length of median AD is
1
— 2 J2b% + 2¢% - a2
1
- 24J200+72-76
1
- 2 4196
1
2 J2x2x49
1
=2 x2x7
=7
B
7 9
2 E 2
Sol. ¢ 4 oD 4 *

median = 2 V2¢’ +2a’ —b’
1
V162 +98 - 64
V196

2
1
2

1]
N =

x14=7
7

N 1w
w m
Sﬁn
o]l
N
|
™,

Sol.  Angles are 15°, 75°, 90°
a b c

sin15 — sin75° _— sin90°
a b

V3-1 B+ ¢

22 - 242 _1

a b c
J3-1_ V3+1_2J2

a+b+c

1
S = 2 =§(2\/§+2\/§)=(\/§+\/§)

sina sin2a
Sol. a-2 - a+2

a+2

> 2cosa= a—2
(a+2y +a*-(a-2)
2(a+2)a

Now, cosa =

30|
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MATHEMATICS

Solution of Triangle

a’+da+4+a*—-a*+4a-4
- 2a(a+2)

a(a+8)
— 2a(a+2)

a+8 a+2
2(a+2) 2(a-2)

= >a’+6a-16=a’+4a+4
2a=20
a=10
4 3
26. Sol. cos(A-B)=° =tan(A-B)=4
2tan[ ]
—tan( } E
_ 4
232 el )
= 8 tan =3 — 3tan? 2
_J 1
tan = 2 —3,3
A-B (A—BJ 1
2 s acute, tan\ 2 =3
a-b C 1
Now, 8+b ¢cot 2 =3
8-4 ¢ 1
8+4 C0t2 :3
c

27. Sol.

AH c
sin(90—-A) _ sin(90-A)
CCOSA ccosA
AH = SiN(180-C) _ “sinC_

28. Sol.

A

t
cosA = R
/=R cosA
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MATHEMATICS Solution of Triangle

PART -1l : PRACTICE QUESTIONS

Practice Questions: 20-50 depending on chapter length.

(A+B]
1. Sol. - atanA+btanB =(a+b)tan 2
tanA —tan [A+BH {tan [A+Bj—tan8}
>al 2 =b 2
sinAcos(AJrBJsin[AJrBJcosA sin A+BfB
2 2 2
cosAcos (A+B] cosBcos(A+B)
>a- =b 2
a sin[AA+BJ b sin[A_B)
2 2
cosAcos(A+B) cosBcos[AJrBJ
N 2 _ 2
[A—Bj( a b ]
—sin\ 2 cosA cosB) _
[A—BJ a b
—sin\ 2 -0 or :k cosA _cosB —
=>A=B or sk 2R (fan A—tan B) =0
>tanA=tanB
>A=B
cos
A [1—2sinzj iné A
2. Sol. - cosAcot 2 = 2 2 =cot2 —sinA
B B
Similarly cosBcot 2 =cot2 —sinB
c c
and cosCcot 2 =cot 2 —sinC
- a, b, carein A.P.
* Sin A, sin B, sin C are also in A.P.
- a, b, carein A.P.
A B c
~ cot 2,cot2 ,cot 2 arealsoinA.P.
A B C

~ cot 2 —sinA, cot2 —sinB, cot2 —sin C are also in A.P.

If we apply Sine-Rule in A ABD , we get
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MATHEMATICS Solution of Triangle

AB BD BDsin@ BD sin6
sin 6 _ sin(n—(0+4¢)) N AB = Sin(6+¢) _ sinbcos¢+cosBsing
P P
2 2 2 2
sing = VP +4 and cosg = VP *4

-~ from equation (i), we get

(\/p2 +q° )sine
gsin0 N pcos6
ag= WPPHE P+

(p® +q*)sino

~ AB = qsind+pcoso
4*, Sol. cos A(sin B —sin C) + (sin 2B —sin 2C) =0

= Ccos A.(sinB-sinC)+2cos(B+C)sin(B-C)=0 v B+C=m-A

= cos A.(sihB—-sinC)—2cosAsin(B-C)=0

= co0s A[(sin B — sin C) — 2(sin B cos C- cos Bsin C)] =0

= eithercosA=0=>A=90° = right angled

or(sinB—-sinC)—2(sinBcosC—-cosBsinC)=0

{b a? +b? -¢? e a? +c? —bz]

S (b-c)-2 2ab 2ac -0

s>alb-c)-2(b%2-c?) =0

(b-c)[a-2(b+c)]=0
~b-c=0 = b=c = isosceles

5. Sol.

c D A
Area of ABAD = V3 x Area of ABCD ABAD = V3 x ABCD
1 1
= EBDXBAsine=\/§xEBCXBDsin(45°—e)
BA sin(45°-0)
BC - 3  sind 1)

From Sine-Rule
BC AB
sin75° — sin60°

BA sin60°  V3v2
BC — sin75° - /3 +1

From equation (1) lehdj.k (1) Is
V3.2 {icole - i}
(V3+1)_ 3 V2 J2
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MATHEMATICS Solution of Triangle

2 2(J§ -1)
= (‘/g+1):cot6—l = 2 =cotB-1
- cotf= 3 ~ ©=30° = ABD=30°
nir?
Area of incircle T A
c sin
6. Sol. Area of AABC _ o
nx16R? x sin? ﬁsin2 §sin2 =
2 2 2
1(2RsinB)(2RsinC) ZsinA cosé
_ 2 2 2
4nsinﬂsin2§sin29
2 2 2
. B B . C C A
2sin—cos— 2sin—cos— | cos—
_ 2 2 2 2 2
.A.B.C
mTsin—sSIiNn—SsIin—
2 2 2 L
A B C A B C
COS-—COS— COS— cot—cot—cot—
= 2 2 2 = 2 2 2
A B C
=m:cot2 cot2 cot 2
7.

required distance = inradius of A ABC
2s =at+tb+b+c+ct+a
=2(a+b+c)
s=a+b+c
A = Vs(s=(@+b)(s-(b+c)(s—(c+a)

(a+b+c)(abc)

. required distance

abc
8. Sol. - AD = b -¢c?
2A abc bcsinA abc

= a = b2702 = a :bZ*C2
> (b2-c?)sinA=a?

.2 .2
= sin A (sm B —sin C) =sinZ A
> sin(B + C) sin (B—C) =sin (B + C)
= sin(B-C)=1
= B-C =90°
= B =90°+ C =90°+ 23°
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MATHEMATICS Solution of Triangle

B=113°

9. Sol. 0] EIFA is a cyclic quadrilateral
A

A
JEA.

Al =r cosec A/2
EF =r cosec A/2.sin A

=2rcos A2
similarly DF =2r cos B/2
and DE = 2r cos C/2.
(i) IECD is a cyclic quadrilateral
¢
¢ICE=¢2IDE= 2
B
similarly 2 IDF =£IBF = 2
B,C n-A
/FDE=z 2 2 = 2
x A
=2 _2

1
(iii) area of ADEF=2 FD. DE sin «FDE

(2reos 3o ZJan(3-3)
—| 2rcos — || 2rcos — [sin| ———
-2 2 2 2 2

A B C
COS —COS —CO0S —
=212 2 2 2
[sinA+sinB+sinC}
=2r2 4
r2(2A 2A 2A
- 2\bc ca ab
i[2A (a+b+c)} r’A.2s
_ 2 abc — abc

2r2.As®  2A(rs)?
— (abc)s _ (abc)s
2A°
— (abc)s

m
R.

N —

10. Sol.
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MATHEMATICS

Solution of Triangle

11*,

12.

13*.

B

DEDF =
=180 —

Sol.

Sol.

Sol.

90-A+90-A
A

AAEF : AF = bcosA, AE = ccosA

b? cos? A + C? cos® A —EF?
COSA = 2bcosA.ccosA
(EF)? = (b2 + c2 — 2bccosA) cos?A
(EF)2 = a2 cos?A
EF = a.cosA

BC a a

Circumraii of the triangle PBC = 2-8iN(B+C) = 2sin(n-A) - 2sinA - g

- FE=acos A=Rsin 2A

DE=ccos C=Rsin 2C
FD =b cos B=R sin 2B

R

(D sin2A)

a+b+c
A

(1=

(2) X

3)

R(4sinAsinBsinC) S(HSingJ(ncosgj

2R(4COSACOSBCOSCJ ZCOSACOSECOSE L
= 2 2 2)_ 27727772 - R

Area of ADEF
1 1
=2 FD x DE sin (Tt — 2A) =2 b cos B.c cos C.sin 2A
1

2 {1bcsinAJ
2 pc cos B.cos C.2 sin A.cos A=2 2 cos A.cos B.cos C
2A cos A.cos B. cos C

1
Area of AAEF =2 AE xAF sin A
1

2 [— bc sin AJ
=2 (ccos A) (b cos A) sin A = 2 c0s?A = A cos?A
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MATHEMATICS Solution of Triangle

FExDExFD abc cos A cosB cosC a ARA R

bc
AAper _ 4x2A cosAcosBcosC _ 8a  8A

(4) Roer = 2 ss

14. Sol. Clearly

15. Angles of the Al1 1213 are
Sol. Let 21 =6
Then angle of pedal trinagle = —26 = A
n A

=2 2

16. Sol.  Side of pedal triangle = I21scos® = BC
a

n A

COS| ———

_ (2 2]
lals =

2
I213 = 4Rcos 2

A

17. Sol II;=4R sin 2
A
l2l3= 4R cos 2

112 + L2132 = 16R?
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