MATHEMATICS
Complex Numbers

Bl Exercise-1

Section (A) : Algebra, Modulus and Conjugate of complex number

A-1.

sol V-2-3 - (W2)(i3)=—V6

A-2. Sol. fan = 1, lan1=—1 , lan+1 = i, jan =1

200

2 F
A-3. Sol. L R A T v + i200

i(1-i2%) i(1-1)
= Ao =i =p
{1, if nis odd
] p e

A-4, Sol. 1+3+5+..+ (2n+1):|(n+1) = Lif nis even

(] [w] (2]
A-5.  Sol. -1 2 (-0’ =\ 2 = (D,

so n = 2 is mini. value of n € N forwhich given expression is real.

A-6.  Sol. @A-ix+@1+i)y=1-3i
comparing the real and imaginary part

x+y=1 ... (1)
—x+y=-3 ... 2)
= X = 2, y:_]_
(1—cos0)— 2isin0 1-cos0—2isind
A7 Sol.  (1—cos0) +4sin?0 _ (1-cos6)(1-cos6 +4 (1+cosB))
(1-cos6) 1
real part = (1-c0s0)(5+3cos6) - 5+3cosd
(1+0)> 20 2+i -2+4i
T —_— X —
A-8. Sol. (@=D=-2-i 2+i= 5
4
imaginary part = °
A-9. Sol. z=3-4i
(z = 3)2 = (- 4i)2
= Z2—6z2+25=0
Now

Za— 323+ 322+ 99z - 95
=(z22—62+25)(z2+3z-4)+5
=5

A-10. Sol. 3+ixey=xe+y-—4i
comparing real and imaginary part
Xx+y=3 .. 1)
Xy=-4 ... (2)

1]
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from (1) and (2)

XxX=+x2y=-1
A-11. Sol. z= V86
x+iy:"—8_6'

squaring both sides

X2 —y2 + 2ixy = -8 — 6i

equating real and imaginary part on both sides
X2 —y2=-8

2xy = —6

(X2 — y2)2 + 4x2y2 = (X2 + y2)2

64 + (36) = (x2+ y2)2

X2 +y2=110

since X, y are real

X2 +y2=10
X2 —y2=-8
2x2=2=>x2=1=>x=%1
2xy = —6
=3
y = X
=3
x=1y= 1 =-3
=3
X:_l,y: -1 =3
z=+(1 - 3i)

A-12. Sol.  z=(-7 242

22 =-7 - 24i
Z=X-1y

Z2 = X2 —y2 — 2ixy
X2—y2=-7

2xy =24

xy =12

(X2 —y2)2 + 4x2y2 = (X2 + y2)2
49 + 4.144 = (x2 + y2)2

(x2 +y2)2 = 252

X2+ y2=25

A-13. Sol. Re(z2)=0,|z]=2
Letz=x+1y
x2—y2=0
X2+y2=4
Adding we get 2x2 = 4

X=% V2 Clearly z = V2 (x1 i)
y=+ V2 ~ 4 solutions

Section (B) : Representation of a complex number, Principal argument, Argument and
its properties,
i5n 5n 5t B
B-1. Sol. z=4e°% =4c0os 6 +i4sin 6 =Z4ax- 2 +igx2 =—2\/§+2i
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B-3.

B-6.

B-7.

B-8.

A+DA+)  1-1+2i e
L= (U=D{+) _ 73 _i_q ez
T

arg(z) = 2, modulus = 1

wlAa

1-iy3 2

:1+iJ§ _ 2ei§ _e 3

Sol. z
2

- 3 =-120° = 240°

Sol. z=(1+i 3y
(269
.8n

87
=256€ °
2n

2n
=256 € °

zZ=

I
) B
+
|
N
(0]
(2]
I
o
& 1E]

Sol.

ola N

z=¢€
7i1007c .50n 2in

Zip=¢€¢ & -e 3 -—e?3
which is in Il quadrant

Solution:

—B=arg(z)<0

arg (-z)=m-0
sarg(-z)—arg(z)=m-06-(-0)=m

e m

Sol. z=1+cos 92 +isin 9
2n . . 2%
— —isin—
z=1-cos 9 9
n T s
— —COoS—
z=2sin2 9 —2isin 9

ﬂ:( . T . T[}
il S|n——|cos§
z=2sin 9

7 n .. TIxn
2c0s | — || cos— —isin—
_ (18]( 18 18}

o)l )

31

L 4



MATHEMATICS
Complex Numbers

n (1—(;057[}
B-9. Sol. sin® +j S

6 [1+COSE)
B-10. Sol. sin 5 +i 5

. T . T
—sin—=+i|1—-cos—
5 { 5]

T T . .o T
—Ccos— + 2isin“ —
= 2sin 10 10 10

T [ T . . T[J
2 | —cos— +isin—
- 2sin 10 10 10

T [ On . . 97:]
2 | cos—+isin—
= 2sin 10 10 10

%)
Arg (z) =10

Section (C) : Properties of conjugate and modulus and Triangle inequality

C-1. Sol. Z‘Z:O,Ietz=x+iy = Xa+y2=0 = x=y=0
C-2. Sol. 2+i)2+2)2+3i).... 2+9)=x+iy
5.8.13......... 85 = (X2 + y2)
C-3. Sol. |zi+zefe+|zi— 2o = |zafe + |z2)e + 2122 T H122 4 |Z4]o + |22 = D172 T HP2 = 7 (|za) + |22)2)
C-4. Sol. |21 + 22| = |21 — Z2|

Z4Zy +ZyZy + 242y + Z4Zy = 242y + ZpZy — 242y — Z4Zy
2125 +24Z, =0

z, Z
71"‘_71:0
Z; Z

o z
2

Z4
arg -
2

22 s purely imaginary

C-5. Solution :
Ozi0=0z20 =0z30 = 1

4|
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2121 = 2325 _Z3Z3 -
Given
1 1 1

z, Z, Zj

L~ 75| [przran|

1:|z1+22+z3|

Z—i
C-6. Sol. Z+i=)\j
z—i  zZ+i
Z+i+ z-i=0
(z=i)(z-1)+(z+i)(z+])
(z+i)(Zz-i) -0
7712 ;1422 +iz+1Z2_1:=0
242 _2=0
zz_4
z-1
C-7. Sol. z+1 s purely imaginary
S
So z+1= Z+1
zz+z-z-1= -zz+z—z+1
27z =3 =>|zl=1
C-8. Sol. |21 + 22| < |z4] + |22
<2+1
<3
C-9. Sol. |z1 —z2] = minimum distance b/w z:1 & z2=1
C-10 Sol.
.,__S\I/// > min |z + 1|
rnax|z_+61\ 7/7|§\7\1\
C-11. Sol. By using property |z1 — zz] 2 |z1]| — |z2]
|[z1—2z2| =|z1—(z2—3—-4i)) - B3+ 4i)| 2|za| - |z2-3-4i|-|3+4i|=12-5-5=2
|21 — 22| 2 2.
Clearly from the figure : minimum value of
|z1—z2:|=AB=0OB-0A=12-10=2
C-12. Sol.

5|
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C-13.

Section (D) : Geometry of complex number and Rotation theorem

D-1.

D-2.

D-3.

D-4.

D-5.

D-6.

min.|z| = V5 -2

max. |z| _5+2

Sol. [(z1-1)+(z2—2)+ (z3-3)| < |z1 - 1| + |z2— 2| + |23 - 3|
=3 |z1+2z2+23-6]<6

Let z=21+2722+123

then |z - 6| <6 is circular disc
Clearly 0<|z| <12

Sol. Length of segment = |- 1 —i— 2 — 3|
=]-3-4i|=5
Sol. z=-4+5j
Znew = 1.5 (=4 + 5i) €
3 15i
= 2 (4-5i) =6— 2

Sol.
z, z,
P
) Z,
Zy+23  Zy,+2Z,
piz)= 2 = 2
Sol. lz—2 -0 =]z- (3 +i)]

Locus of z is the perpendicular bisector of
(2,-1) and (3, 1)
i.e.2x+4y =5

Sol. |z=5il=|z+5i|=|z-5|=|z-(-51)]
z is equidistant from 5i and —5i

If Arg (z— 2 —3i) = 4, then the locus of z is

6|
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t 4) t /(2. 3) T :
(%) ‘ 2) ‘ 3) s/ i x @ N

s
Sol. Ray joining, z to 2 + 3i should make on angle of 4 with +ve direction of real axis.
D-7.  Sol. [z=1]z+|z+1]2=2
zz+1-(z+2)+zz+1+(z+2)=2
= z=0
D-8.  Sol Putz=x+iy= (X+1)2+y2+X2+y2=4 = 2X2+ 2y +2x—-3=0

3
Xe+y2+x=2=0

D-9. Sol. X2 +Yy2=4

X=3):2+y2=4
On solving

3 i
X = 2 y =+ 2

1 3+id7)
7= 2

|z—2]
D-10. Sol. 1Z73l=2
5]

End points of diameters are 3 and (4, 0)

2
1 (8—4J 2
2\\ 3 _3

D-11. Sol. |[z+1|=V2|z-1|> =2

radius =

\/5 # 1, so locus of z is a circle.

Zy+2Zy +2Z;
D-12. Sol. G - Centroid of A = 3
H - Orthocentre =z say, O — Circum centre =0
G dividesHO inratio2: 1
Z1+22+Z3 2-0+1z

3 = 2+1 = Z=71+ 272+ 73

D-15. Solution

AN 2

7|
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D-16.

D-17.

D-18.

D-17.

D-18

(1-31)(1+/31) 4
Z1-Z3 1-iyf3 : Al
¥ 22723 = 2 = 2(1+\/§') :2(1+ 3') _1+/3i
Z; -2 i Z, -2
Z2=2 14143 cos = +isin— P B
Z4=Z3 = 2 = 3 3 = 2123
Hence triangle is equilatral
Z3— 2y .
P — +Z
Sol. Z;-Z; —e 4
“ |z1—2z2| = |z2—z3
> z3=2722+ V2 (z2 —z1)
Sol.
Alz)
M
RS 2= °
Cc
z-(@2-)_1 = 1
1+2i 2 e 2_,2
3 i
= z=1- 2 or (k% 3-2
Sol. ez = igeose +irsing) = E-rsine (COS (r cos B) + i sin (r cos 6))
Sol.
A(z)
M
4 @ ="
c
z-@2-)_ 1 =1 3 i
-1+2i 2 e? -42 = z=1- 2 or (k%2 3- 2

Sol.

€iz = Ei(rcosé + irsind) = €-rsine (COS (r cos B) + i sin (r cos 8))

and arg [

Section (E) : De moivre's theorem, cube roots and nth roots of unity

(cos@+isinB)*  (cosO +isino)*

Zy —Z3

Z1—2Z3

. _ 5 . .. 5
E-1-.  Sol. (sin@+icos0)” - i(cosO—isin®)” = _j cos 96 + i sin 98)= sin 96 — i cos 90
(cos26 —isin20)* (cos 40 +isin40)™
E-2 ol (cos30-+isin30)(cos30 —isin30)™°
= ©(-80-206 + 60 - 276)i
= ea98i = COS 4960 —isin4906

-3

8|
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8
T . . i T
2cos? - +i2sin— cos

. 8 16 16 16
[1+cos(n/8)+|5|n(nf8)} 2eos? T _io T
o cos® — —i2cos—sin—
E3  Sol 1+cos(n/8)—isin(n/8) | _ 16 16° 16
T . . T
COS— +i.sin—
16 16
T .. T
coS— —isin—
= 16 16 ) —cosm+isinmm=—1
E-4. Sol. €i0.€2i8.€36......... eno =1
0(1+2+........ +n)
— = 1
in(n+1)6
= € 2 =1
n(n+1)0
= 2 =2km kel
4kn dmn
>p= nin+7) kelorg= NN+ mer

(—1+iJ§)15 (-1—iJ§)15
E5. Sol. TR

15
21° cosz—n+isinﬁ 21° cc»sﬂﬂsinﬂ
3 3 3 3

15

20 20
219 cos® —isin ™ 2% cos ™ +isin™
4 4 4 4
=2x2s [cos 15m +isin 15 1] = 26(-1) = — 64

(—1+i\/§J20+[—1—i\/§

}20
TWo tWo=W+w=-1

2 2
E-6. Sol.
E-7. Sol. (3+ 5w + 3w2)2 + (3 + 3w + 5w2)2 = (2w)2 + (2w2)2 =4w2+4ws=—-4
E-8.  Sol. 1+ w2n=(1+ Wa)n = (—w)n = (—w2)~ which is true for n = 3 for least positive integer

E-9. Sol. l-w+w2) (l+ws—w2) =(-2wW) (-2w2) =4
similarly total we have and terms and each equal to 4

Ans. = 4n
1 n w2n
mn 2n 1
2n 1 mn
E-10. Sol. Given , A= = 1(Wsn — 1) — Wn(W2n — W2n) + Wan(Wn — Wan)

:1(1—1)—0+w2n(wn—wn):o

_1+iﬁ
2 2 3
E-11. Sol. 4 + 5Wszs + 3Wzes = 4 + 5w + 3W:2 =1+2w=1+2 =1
E-12. Sol. Xx=a+b+c,y=aw+bw2+c,z=aw2+bw+c

9|
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yz = (aw + bw2 + ¢) (aw2 + bw + ¢)

= a2+ b2+ c2 + ab(ws + W2) + be(w2 + W) + ca(wz2 + W)
=—az2+b2+c2+ab (w2 + w) + bec(w2 + W) + ca(w2 + w) {wa = w}
—a2z+b2+c2—ab-bc-ca {w2+w+1=0}
xyz=(a+b+c)(az+b2+c2—ab-bc-ca)

= as + b3+ c3—3abc

2 2 2 2
(o0 2 sfate ] o [0 3 oo )
E-13. Sol. © @ o ©

there are 9 term which have wsp.

so sum 9 x 4 = 36

there are 18 term which not have wsp
so sumis =18

total sum = 18 + 36 = 54

NEW

E-13_ Sol. Obvious
E-14. Sol. Circle

PN

z,0rw z, orw

so by pythogorous theorem

2
V3l

)\:|W—W2|2:

an+bB+cy  2a+2wb+2w’c 1
E-15. Sol. a=2,B=2w,y=2w: = ap+by+co - 20a+20b+2c © =W
z—1 1
E-16. Sol. 2 =
Z_—1
2 =1,-1,i,—i

z=3,-1,1+2i,1-2i
sum of roots = 4

3/4
T ., . T
{cos—wsm—}
E-17. Sol. Product of roots of 3
(= 1)s (cos Tt + i sin TT)

1
i2%142.....5] %’Ige
E-18. Sol. 21222372425 = © =€ =—em=1
E-19. Sol. a=1us
consider x5—1=0
N 4
1+a+(12+u—5 - d—5
o’ o _ 2|1+m+m2+(x3—a4

Sso 2

&—

10 |

L 4



MATHEMATICS
Complex Numbers

|- of—a| lon*|
= 2 = 4 =4

Z‘“': _2nk . 27k
SIN———1C0S——
7 7

E-20. Sol. k=1
6
3 [ 2k . 2nk]
cCOS——+I1SIn——
= k=1 7 7
=—i(-1) =i
27

T[
E-21. Sol. k. n=2 = n= 4k

E-22. Sol. —1(-1n-1=—(-1)s-1=-1

Bl Exercise-2

PART -1: OBJECTIVE QUESTIONS

zein eiﬂ:/B _ 26451‘:!6

1. Sol. z=
_om
|z| =2, Argz= 6
on  _8n
18 9 @25 g 25
2. Sol. z=1+¢%® = e®
2cos(g—nj 9=
- 25) g 25
2cos(g—nj On
|z| = Argz= 25
3. Sol. (@+ib)s=a+ip
is (b—ia)s=a+if
(b—ia)s=—ia+
(b +ia)s =B +ia
4. Sol. |21 + Z2]2 = |2a]2 + |Z2)2

242, +2Z, =0

H__4
= Zy Z;
z z
z, [1] _o z
z z . o
2 2 = %2 s purely imaginary
[ﬁ} "
. z
soamp*“2/ may be 2
5. Sol.

11 |
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6.

Im(z)=2 / 2+2i

ol

iz

Sol. lz-4|<|z-2]
In the shaded region
Re(z) > 3

—

Z
=

Sol. Obvious

L‘/Paﬂb
[¢] B

c.+idQ ‘

|a +ib] = |(c +id)|
and a+c=b+d

Sol.

N A

Sol. max (arg z) =
max|z|=d+r
minjz|=d-r
d:OC:\E
r=1

2
B8=,0CX=tan: 1

([i(] sina = 1

5

a=20CA =tana

B C

point of max 4 point of min
principal arg S principal arg

e} X

1

So principal Arg of A=8—a  =tani2—tan 2

12 |
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4 T
I —= —_
10. Sol. iz = ze ? , Qs obtained by rotating P about origin through an angle 2
R(z + iz) represents vertex of parallelogram(square) OPRQ.
R(z +iz)
Q P(z)
i)
Q
=> APQR =200
1
= 2 |z| |iz| = 200
|z|2 = 400 > |z| = 20
11. Sol. |21 — z2| = |Z2— z3] = |z3— Z4]
= (@a-1:2+(1—-b)2=az+1=b2+1
= a=banda:—-2a+1+hb—2b+1=a+1
= a—-4a+1=0
= a:2—‘/§:b O<a,b<1
12. Sol.
z, / 60"
-1K‘/1
13. Sol.  All the three vertices lies on circle |z] = 1
zZ,+Z,+Z
1t2 4 o
so there centroid at O i.e. 3
14. 222=271+ 23
Zy+25
=4 Z2 = 2
= straight line
15. Sol. zz+az+az+k=0jg equation of circle
centre=—-a
=—4-3i
radius = Voo —k
_ J25-5_2/5
ni/2
%HZ‘%H .t 1—%
16. Sol. Given=¢© =@ =en=-1
[ ei(x ]n |: einrt. }
—io —ino.
17.  sol. \° ©
= €izna — €izna = 0

13 |
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1 1

n n ..
18. Sol. x=ees y=e€p = Xn+ X' =2 cosnd > Xn— X =2isinnB

19. Sol. h(w) = wf(ws) + w2(ws) =0
and h(w2) = w2f(Ws) + wag(ws) =0
= wf(1) + w2g(1) =0 and w-f(1) + wg(l) =0
> fl)=0and g(1)=0 = h(1)=0

20. Sol. Xn—1=(X=-1) (X —w) (X— w2) ....... (X — Wn-1)
putx =5
5" -1
4 =(5-w)B-w)...(5-wn-1)

21. Sol. (z-1) (z-@) ......... (z-—as)=2zs—-1
Put Z =W, Z = W2 and divide
(=N (w—0y)(w—a,) (w—a3) (0—0y) o° —1

(0 =1) (0° —ay) (0 —ay) (0° —og) (0 —og) _ o'° —1

(0—0y) (w=o0y) (0—o03) (0—ay)

(0° = ay) (0 = 0y) (07 —a3) (0 —ay)
(0® =1
2
= (=1 —(w+lp=zw=w
22. Sol. Real (1T+a+a+...... + aw) =0
> l1+Real(a+a+.... as) + Real(as + a7 + ...... + Q0)=0
1
= 2Real (+ Q2+ ........ a)=-1 = (@++as+as+as)= 2
23. Sol. Sumofroot —a+ar+as+as+as+as=-1

productof root=3ar+ (a+a:+as+as+as+ as) =3 — 1 =2 = quadratic equationisxz+x+2=0

PART - Il : MISCELLANEOUS QUESTIONS

Section (A) : ASSERTION/REASONING

A-1. Ans. (2

Sol. Statement-1  Arg (2 + 3i) is tana

N

3
2
Arg (2 — 3i) is tana [ J
Arg (2 +3i)+Arg (2-3i)=0
Statement-2 Letz=—2 + 0i, then Z = -2 — Oi
Arg (z) + Arg (E) =2m#0
statement is wrong.

A-2.  Ans. (1)

Sol. Statement-1 (1 +2)s=—2s
take modulus
|1+ z]e =|z]s

1+z

z

=1

which is straight line

L 4
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Zi+ 24

Statement-2 z2= 2
~.Z2 is mid point of line joining z: & za. Hence zi, z2, zz are collinear

A-3.  Ans. (1)
Sol. For statement-1
1 1 1
+ +
z-2; (2,-23) (z3-2y)
1 N 1 N 1 _0
= z-2; (2,-23) (z3-2y)

2,2 2 _
Zy + 25 + 25 = 242, + ZyZ5 + Z3Z4

il

Z1 22 Z3 are vertices of equilateral triangle
For statement-2

|Zl - Zo| = |Zz - Zo| = |Z3 - Zo|

Zo is circum-centre

Section (B) : MATCH THE COLUMN

B-1. Ans. (A) - (p), (B) ~ (a), € - O, (D) - (s)

Sol. ﬁ
NS

(A) |21+ 72| £ |z1] + |22 £2+1 <3
(A) - P
(B) |z1 —z2] = minimum distance b/w z: &z =1
|Zl—22| = z1=1
B-gq
© [2z1 + 32| minimumis=6-2=4
© - T
(D) |21 — 222| < |z1] + |- 222
1+4<5
(D) -S

Section (C) : ONE OR MORE THAN ONE OPTIONS CORRECT
Section (C) : ,d :k ,d Is vf/kd Igh fodYi ¢dkj 4ONE OR MORE THAN ONE OPTIONS CORRECT¥%

6
Zcos (2r1—31)n T 3n 1
C-1. Sol. r=1 =cos13 +cos13 +... .. +cos 13
. Bm
sin—
13
(2= J [ n n J
sm[ —+5—
— 2x13 cos 13 13
. Bm 6 61 6m
sin——cos—— i 0T on
13 13 2sm1300313
sin| - 2sin "
_ 13 _ smE

15 |
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2sin "~
Re(z) = 13
(~cosa+cos(a+PB)+cos(a+2B)+....+cos(a+(n-1)p))

sin@

2
sinE
= 2 cos(a + (n—1)B/2)

T 3n JZE

Im(z):cos19 +cos19 + ... . +cos 19

. ([ 2=m
sin| =—
(19}

T T T
sin— (19+19J
19 cos

. [ 2n
sin| =
(19} [ T Qn]
——2C0S| —+—
sin ™ 19 19
= 19
. 9 9 . 18n
-2sin—cos—  —-sin——
19 19 19 1
2sin - 2sin® 2
Im(z) = 19 = 19
1.7
nz=2 2
arg(z) =—-1/4
1
Iz| = 4 4 2
1 i .
Z+———=|1-il=+2
5 2‘ |1-il=+2
C-2. Sol. amp (zizz) =0=>ampzi+ampz: =0
amp z: = —amp z2 = amp Z2
Since |zi] = |z2], we get |za| = | 22| ij. S0, z1 = Z2,
Also 7172 =
Z27,= |z2]> = 1 because |zz| = 1.
C-3. Sol. |21 + 22]2 = |z1]2 + |Z2]2
212, +24Z, =0
&__ A
- Z2 Z,
%2 \%2 = %2 s purely imaginary
[ﬁ} L L
soamp ‘%2’ is may be 2 or -2
C-4 Sol. Z=1in

L 4
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Now principal argument of z can be 0, T, /2, —TU/2

C-5. Sol.

17 |
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