MATHEMATICS Binomial Theorem

Bl Exercise-1 |

Marked Questions may have for Revision Questions.

OBJECTIVE QUESTIONS

Section (A) : Expansion of (x + a),, general term, middle term and coefficient of X«

A-1. Sol. 15C3r=15Cr+3 =3r=r+3 or 3r+r+3=15
=>r=3/2 or r=3
But 3r,r+3eW =r=3

TG, _44 5.2n(2n-1)(2n-2) _,, nin-1)
A-2. Sol. "G, 3 = 3.2nC3 =44, 2C2 = 3! 2!
= 4n(n-1) (2n-1)-44 n(n-1) =0 = 4n(n-1) (2n-1-11) =0
= n==6

A-3. Sol. 15C3 + 15C13 = 15C3 + 15C2 = 16C3
A-4.  Sol. T7 = Te+1 =17Cs(3x)11 (4Y)s

A-5. Sol. 6th term from end = (11 —6 + 2)th = 7th term from begining
33
T7 = 11Ce (2a)5 2) = 2 ;Csashe

1)r

A-6. Sol.  Tr1= 13Cr(3X)13-x (X 13Cr 3131 X -2r
Putr=3
= coefficient of x7 is = 13C3(3)10

A-7. Sol. Tr1 = 12Cr 2122-+(3X)r
r=5
Te = 12C52735 . Xs
coefficient of xs = 12Cs . 27 . 3s

A-8. Sol. Letits comein Tr+1
then Tre1= 5Cr (X2)5—r . X=r
= 10-3r=1

3r=9
r=3

Hence Ts+1=Ta

10 - r1 r

[1] (i)

2

A9 Sol. TaizwG 'O 2x
10-r

-2r=0
10—-r—-4r=0
r=2
1,35
hence term = 10C2 X 322 4
m+1 m
5 e 3)
2m + 1 — 2m + 1
A-10. Sol. Co \Y x) = "C,\y

1]

L 4



MATHEMATICS Binomial Theorem

X

Dependent upon the ratio Y and m.

A-11. Sol. (X + @)100+ (X — @)100

_ 2 (10000 X100 +100C2 XBBaZ +....+100 C100 aWOO)

Number of terms = 51 terms

) 1
A-12. Sol. Te=8Cs X (X2 |Og10 X)5 =5600 = x° X10 (|Oglo X)5: 100 =x =10
17 10
[ - II + 3\/5]
A-13. Sol. T11 = 15C10 (3)s
17 °
4+ 342

= 15C10(3)s 4 = a positive irrational number
A-14. Sol. T2=nC1 (a13)n-1 (a32) = 14ase

>n=14

HCG
."Co g
6561-r
(7)

A-15. Sol. 6561Cr (L119)r

Here r should be multiple of 9

r=0,918............... 6561

Number of terms = 730
A-16. Sol. (1 —3%x+ 3%x2—X3)s = (1 — X)1s
A-17. Sol. middle term = Ts

Ts=Tar1=8Ca. ka=1120

= k=2
A-18. Sol. Obviously it comes in Tz+1=Ts

and 6Cz2 = 6C4

So also

comesin Ta+1=Ts

1 8
[1+5)

A-19. Sol. (1-2xs+ 3xs) X

Co-efficient of x = —2. sC2+ 3. Ca= 154
A-20. Sol. (X1/3— X-112 )15

E\
Tea=15Cr X ° (—=Xr2)r
15-r r
Forconstantterm 3 -2 =0=r=6
Co-efficient of xo = 1sCs=5 x 1001 = m = 1001

2|
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MATHEMATICS Binomial Theorem

() (5] (3]

X——| | X' == X——

A-21. Sol. X X/ = X (3CoXs— 3C1 X2+ 3C2X-2— 3 CzX-6)
There is no term independent of x

Ol

A-22. Sol. P =2a2Cnand Q = 2n-1Ch =

&)
1+ —
Q) = (1+2)s=3

A-23. Sol. (L+by)h=1+8y+24y> + ...........
1) . e
(1+byyw=1+n.by+ 2 F o
by comparison
bn=8 e (1)

M b? =24
2

=2

. (2)

4n—-4=3n
n=4
andb=2

(18+7)° 25°
T4 V6 ST -
a24. sol. (342
100
Z 100 Cm(x _ 3)100—m 2m
A-25. Sol. S=m=0
S = 100Co (X — 3)100 + 100C1 (X — 3)99 . 2 + ...... + 100C100 . 2100
S=(2+ (X=3))1w0 = (X—1)100
Co-efficient of Xs2 = 100Cs2 = 100Cas

|:(1+X)10 —1j| (1+X)31 _(1+X)21
A-26. Sol. (L+X)a[l+(L+X)+ o (L+X)] = (L +X)o1 = X = X

Coefficient of x5 = 31Cs — 21Cs

(1] e
A-27. Sol. (1 + X)m ) = X
Independent term of X = m«Chn

A-28. Sol. (1+x)(1+X+X2)...... @A+x+... + X100)
Highest exponentof x =1+ 2 + ............ + 100
= 5050

Section (B) : Remainder and Divisibility problems
B-1. Sol. 1710=(18—1)1= 18\ +1

B-2. Sol. 798 = (50 —1)49 = 49Co0(50)49 — 49C1(50)48 + .....+ 49Cag x 50 — 49Ca9
Remainder=5-1=4

&—

) 4

31
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MATHEMATICS Binomial Theorem

B-3. Sol. 22003 = 8.(16)s00
=8 (17—1)500
~ Remainder = 8

31" 3.82-17°]  [3.[2°C,(82) +2° C,(82)*° (~1) +.....+%° C,py ] 3
Sol 82 | _ 82 _ 82 82

B-4.
B-5. Sol. 3s0 = 925 = (10 - 1)25
(10 - 1)25 = 25C0 1025 — 25C1 1024 + ..... —25C23 102 + 25C24 10 — 1 = 1000\ + 249
last three digits = 249

B-6. Sol. 3400 = (10—1)200
200 Co (10)200 + ........ + 200 C199 (10) (—1) + 200 C200
Last two digits = 01

B-7. Sol. Last two digits in 10! are 00 and third digit = 8
B-8. sol. 10n+4=(9+1) +5=9A+1+5=9A+6

Section (C) : Sum of series, Product and division of binomial coefficients, Reverse

Expansion
C-1. Sol. (1+X)p=Co+ Cix+CoXe+......... +Cn . Xn
Put x =1 both sides
20=Co+Ci+Co+ .unnnnnnn. + Cn
C-2. Sol. (L+X)h=Co+C1.X+C2Xe+ ............ Cn. Xn
Now Co + 3C1 + 5C2 + ........... +(@2n+1)Cn
> (2r+1) C,

- r=0

n

L SR
r=0 r

=0

2N . 2n-1+ (2n)

=2n(n+1)
10 ”C 10
. “Cr Y (n—r+1)
C-3. Sol. r=1 N
10x11
=(n+1)x10- 2
=10n-45
C-4. Sol. (@A+xn="" axr=ao+aX+.... + anXn
a, 71+n7r+17n+1
br=1+ % r r
lﬂlb _bb b _ (n+1) :(101)"’0
S A " 4, 23...n 100!
= n =100

4|
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MATHEMATICS Binomial Theorem

S "C, =or+1
c-5. sol. = G+ Cu_ T n+d
1 4 0D on
=N+ [1+2+....... +n]= N+1 x 2 =2
G, TG, + ', ok “Cyo
c-6. Sol. T2 3 11
12 CD+1—2 -”C1+E TG, +. £12 C,
- 12 L1 2 3 11
i 12 12 12 12
_ 12 C,+°C,+7C,+....... + CNJ
1 2" -1
=12 (212-2) = 6
! n 1 n
J(1=x)" dx =[(Cy =Cx+ Cx* =Cox” +...+ (1) C"x”)dx
C-7. Sol 0 0
1 [CD S B +(=1) &}
S onils 2 3 n+1
D) oSG e ]
- 3 n+1)_ 3 3 n+
C-8. Sol. Let (1+Xx+Xe+Xs)s=ao+aX+aXe+ .ccoeeennnne + 0]
putx=1 ds=ao+ar+az+ ...
put x==1,0 mac—artaz+......
adding 2(ac+az + ........ )=4s
%:512
Q0+ @+ ... = 2
C-9. Sol 47C4 + 51C3 + 50C3 + 29C3 + 48Cs + 47C3 = 52Ca
10 10 10C
[ mcrj[ (_1)k 2kkj
C-10. Sol r=0 k=0
WOC 1001 . 1(ch2 ow
0 > SO 210
= (10Co+........ + 10C10)
10
[-2)
= 210X 2 =1
C-11. Sol. 50Co X 50C1 + 50C1 X 50C2 + ........... + 50Ca9 X 50Cs0
= 50Co X 50Ca9 + 50C1 X 50Cas + ........... + 50Ca9 X 50Co
= co-eff. of Xas in (1 + X)100 = 100Ca9
(1+3)
C-12. Sol. (1 +X)n X
[CO+C1 —+C, l2+ ...... +C, - lﬁ}
=[Co +C1. X+ Cz.Xe#+ ......t Cn . Xr] X X X

5|



MATHEMATICS Binomial Theorem

2n!

2 2 2 2 2
Coeff. of xo = CotCi+Cotonnn +Co o (8]

(L +x)n (1 —X)n=(Coxn+C1xn-1+ ... +Cn) (Co—Cix + ....... + (=1)n Cn xn)
coefficient of xn
Co2—-C12+C22—-C32 + ...... + (—1)n Cn2 = coefficient of xn in (1 — x2)n

Co2—C12+C22-C32 + ... + (-1)nCn2= 0, nisodd  ....(2)
subtracting (2) from (1)
2n!
2
2(C12+ C32+C52 ........... )= (n!)

5 1
C-13. Sol. an='-0 C

n

non-2r n-r r
I

S: r=0 r=0 v
L n-—r L r
S= f;] ﬁ(:n—r — TZU r'C:r =0

(3
1+—
C-14. Sol. (1 +X)n X

=[Co +C1 X+ Cz2. X2+ ...... + Cn . Xn]

Coeff. of xo = Cy +C2+C5 +.....+ C2

Section (D) : Binomial Theorem for negative and fractional index
D-1. Sol. Trrr = 240-1CrXr =2 CiXe = T7 = 7CeXe = 7Xs

143 148
(x2+—} =x8’3(1+—3J — <1
D-2.  Sol. X X = Hence X o x>
D-3. Sol. Co-efficient of xnin (1 —=X) -2=2+n1C1=n+1
D-4. Sol. We have : (1 +2X + 3X2 + 4x3 + ....... )12
=[(1=X)2]iz=(L=X)1=1+X+ X+ ...... +Xn+ .
Hence, coefficient of xa =1
D-5. Sol. General term in the expansion of (1 — X)-siS 3+-1CiXr = 2CiXr
31
(1+x)3"2—(1+1>()3 1+§x+2 2| 1+§x+§x2 (1-x)"*
2 2 2! 2 4

D-6.  Sol. (1-x)"

(2] (rewn] -

X2

o|w Il

Bl Exercise-2

&—

) 4
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MATHEMATICS Binomial Theorem

Marked Questions may have for Revision Questions.

PART -1: OBJECTIVE QUESTIONS

1. Sol. 18Cr2 + 2.18Cr1 + 18Cr = 20Cus
or 19Cr-1 + 19Cr = 20Cu3
or 20Cr 2 20Cis
r=7,8,910,11,12,13

39 39 _39 39 39 39 39 39
Cy oy - Cr2 - Cr2-1_ c Cyq+ 7 Cy _ Co,+ Cr2

2. Sol. I o = 2.1
4OC3F = 40Cr2
r =3r or r=0,3
(o)
2
3 Sol X

n!

2n
If5r—2n=5then5r=2n+5 = r=9 41
2n
If 5r — 2n = 10, then 5r = 2n + 10=> r= 5 +2

Let n = 5k

5k! 5k!
Now  (2K+DIEBK-1! _ (2k+2)!(3k-2)! _

1 1
= k-1 _ 2k+2 =0
= k=3 = n=15
[41/3+LTO
4, Sol. 6"

Tr+1 = 20Cr(413)20 - r(6-1/4)r
For rational terms
20—-r=3k &r =4k, where k, p € n
=>r=20 & r=8

no. of rational terms = 2

no. of irrational terms = 19

10
X+1 x—1 1)°
e avmnd NN CUTLR B
5. Sol. X2 =x¥+1 x-x? = Vx

1 J
Tre1= 10Cr(X1/3)10—r ( \/;

10—r_L:O

For independent term 3 2 > r=4

7|
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MATHEMATICS Binomial Theorem

Coefficient of the term independent of X = 10Ca

6. Sol. (2x — 5)e
Ts
Greatest binomical Co-efficient is of middle term = 2 =Ta
7. Sol. 7o+ 97 =(8-1)s + (8 + 1)
= 9Co(8)s — 9C1(8)s + 9C2(8)r ..... + 9Cs(8) — 9Co + 7Co(8)7 +...... + 7Cs(8) + 7C+
This is divisible by 64
8. Sol. (27)27 =381 = 3.(9)40
= 3(10 — 1)40 = 3(1040 — 40C1.103¢ + ..... + 20C38.102— 40C30.10 +1)
= 3(1000\ — 400 + 1)
Last 3 digits of this number = 803.
9. Sol.  f(n) =10x+ 3.4m2+5
put n=1
f(1) = 10 + 192 + 5 = 207 this is divisible by 3 and 9
1 1 1 1
10.  sol. M=y 2=t MO-DE L o nt it Gt +iCos ]
(multiply and divde by n!)
1 2
=nl[2,-2]=n! (2.-1)
11. Sol. 10Cs + 11Cs + 2C3 + ........ +20Cs
= 10Cs + 10C3 + 11C3 + 12c3 + ....... + 20C3 — 10Ca
=1Cs+ uCs + 12C3 + ....... + 20C3 — 10Ca
= 21C4 — 10Cs = 21C17 — 10Ce.
(e Y e (1)
12. Sol. =a r=1
= a[nC1— nC2 + nC3 ..... +(—l)n—1 nCn] - a[ CU_ C1+ Cz ..... (_1) Cn."“ CD ] =a
13. Sol. 3.nCo—8.nC1+13.1C2—-18nCs+ ....up to (n + 1) terms
(1 + Xs)n = Co + Cixs + CoXuo + ...... + CnXsn
Multiplying by xs and differentiating w.r.t. x
X3 . N(L + Xs)n-1 . 5Xa + 3X2 (1 + Xs)n = 3Co X2 + 8C1 X7 + 13C2 X12 + ...... + (5n + 3) Cn Xsn+2
Now putx=—-1
3Co—8C:+13Czo+ .......... +(n+1)terms =0
14. Sol. (1 +X+X)n=ao+aiX +axe+ ........ + @2nXan
putx=1
n=act+aita+..... + axn ()]
Xx=-1
lzao—art+a+... + azn (D))
adding (i) & (ii)
3" +1
2 cagtart... + azn.

8|

L 4



MATHEMATICS Binomial Theorem

15.

16.

17.

18.

19.

20.

21.

1+29x)"
+ 2% 40
Sol. ( ) = 20Co+ 40C1 2\/; +.....+ 20Ca0 (2\/;)
40 40
(1 _2\/;) = 40Co —40C1 2\/; +.... + 40Ca0 (2&)
(1+2x)° , (1-2Jx)"
40
= 2 [40Co + 40C2 (2\/;) 2+......+ 20Ca0 ] (2\/;)
Putting x =1
3% 41
40Co + 20C2(2)2 +....... + 20Ca0 (2)a0 = 2

Sol. (9%x2+ x —8)6 = ao +aix + a2x2 + ..... + a12 x12)
x=1 2s=ac+air+az+.... + a1

X=-1 O=ac—ar+az+..... + a1

26 =2(@i+as+as+ ... + ai1)

subtracting (1) from (2)

- ar+as+ ... +a11=25=32

n

Sol. =0 (r+1)Ce
(14+X)n = Co + CiX +..coeeee. + CnXn
Multiply by x & then differentiate
(1+X)n + X. N(1+X)n-1 = Co + 2C1X +............ +
(N+1)CrXn wevevirireenee 0]
(X+1)n = CoXn + CiXn-1 +.eeeeeeen. +Cnoreennn, (i)
Multiply (i) & (ii) & equate the coefficient of x» on
both side
(n+2)(2n-1)!

| -1
Coz + 2Ca2 + ........ + (N +1) Cn2=2Cn + N. 20-1Cn-1= 2.20-1Cn1 + N.20-1Cn1 = nt (n-1)

1 2 5 2n 2n-2
(CORINCH N
Sol. =nCo X —nC1 X + ... +nCn (—1)n

Total number of terms=2n + 1

Sol. Coeff. of X1 in (1 = Xa)s (1 — X)-s
5 5
a- © Coet ) (L=%)s

Coeff. of x10 in (1 — X)-s — 5.coeff. of xe in (1 — X)-s + 10 coeff. of Xz in (1 — X)-s

“e, e, , 10°C

T Xa +

-5x 4+ 4 =101

n+1
1_[x+2]
X+3

| X+2

Sol. X+ + X+ 32 (X+2)+...... +(X+2)h =(X+3)n x+3 = [(X + )1 — (X + 2)n41]

Coefficient of Xn-1 = n+1Cn-1 (3)2 = n+1Cn1 X 4

Sol. (2 + x)2(1 = x)-2
= (1 + X2+ 2x) (1 = X)-2
Co-efficient of xa =5Ca+3C2+ 2 4C3=16

PART -1l : MISCELLANEOUS QUESTIONS

9|
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MATHEMATICS Binomial Theorem

Section (A) : ASSERTION/REASONING
DIRECTIONS::

Each question has 4 choices (1), (2), (3) and (4) out of which ONLY ONE is correct.

(1) Both the statements are true.
(2) Statement-I is true, but Statement-II is false.
(3) Statement-I is false, but Statement-II is true.
(4) Both the statements are false.

A-1.  Ans. (1)

x+1+2}m 7(X+1)2m

Sol.  Statement-1: [ X x"

(2m)!

.. | 2
co-efficient of xo = 2mCm = (m!)

True
Statement-2 :  Obviously true and correct explanation of statement-1

A-2.  Ans. (3)

Sol. Statement-1 : (2nCi+ 2nCs + 2nCs + ... + 2nCn-1 ) + (20Chret + ... + 20Con1 ) = 2201

= 2(2nC1 + 20C3 + 20Cs + ... + 20Cn-1) = 2201

= nC1+ 2nCs + 20Cs + ... + 2nCn-1 = 22n-2
Statement-1 : false

Statement-2 :2nCi + 20Cs + ..... + 2nCan-1 = (2)2n-1, True

Section (B) : MATCH THE COLUMN

n(n—1)=46

B-1. Sol. (A) nCo + nC1 + nC2 = 46 > 1+n+ 2
= n+n-90=0
= (n+10)(n-9)=0
= n=9
1024 —r r
52 78
(B) The general term te1 = 1024Cr where 0 <r <1024
t1is an integer = r =8\

= r=0,8,16,...... ,1024 = 129 terms

(©) (1+ X + X2 + X3 + Xa)199 (X—1)201= (1 B X) = —(1 — Xs)1e9 (1 —X)2

199 5yr
=— (1 -2X + X2) 2.7C (%)
Hence coeff of x103=0

(D) 21=2, 2:=4, 2:=8, 24=16, 25 =32, 26 =64, 27=128,

Last digit is repeted with period 4
> last digit of the number 299 is = 8

n

Zn:(rH)Cr =>rC, +Zn:Cr
r=0 r=0 r=0

B-2. Sol. (A) =nN.2n1+ 2n

(B) Cot+ Cit+Co..... +Cnh=2n

=~ 2(Co+ Ci+... ...+ Cuz)= 20+ Cni2

10 |
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MATHEMATICS Binomial Theorem

1(2" +C,)
= Co+ Ci+... ... + Cir= 2
2 3 n+1 14X n+1
i—C1+§—Cz+ ...... + 2 Cn:( )
(©) £ XCot+ 2 3 n+1 n+1
putx =2
(D) nCn nC2+ nCna nCa+ .......... +nC2nCn = Selection of (n+2) persons out of n boy and n girls

Section (C) : ONE OR MORE THAN ONE OPTIONS CORRECT
~ (1000)(1000)............ (1000)
C-1. Sol. " 1200 n

A999 = A1000
an is maximum for n = 999 and n = 1000

C-2. Sol. Total term = (2n + 1)
(2n+1) +1
Middle term = 2 =(n + 1)th
Th+1 = 2nCnXn
Coefficient of xn = 2nCn
Xn = 2nCn
2n ! 2'n {1.3.5......(2n = 1)} {1.3.5 ....... (2n—1)}
= 2

_n!n!_ n'!n! n !

n

C-3.  Sol.  (101)so— (99)so = (100+1)s0 — (100 —1)so
= 2 (50C110049 + 50C3 10047 + 50Cs5 10045 +....... +50Ca9 100]
=2.50. 10049 + 2[50C3 10049 + 50C3s 10047 + 50C510045 +.......... + 50Ca9 100]
= 10050+ 2[50C3 10049 + 50C3 10047 + 50Cs 10015 +.......... + 50Ca9 100]
= (101)s0 — (99)s0 > (100)s0
or :k (101)s0 — (99)s0 > (100)s0
or :k (101)s0 — (100)s0 > (99)s0

o) (70w o0 o) ) -
- ) ,
Again = 1000 1000) 1 4 ..ic, 1000 1000 1000 ietiien

+......1000 terms

[1001
1000

999

< (1000

)WDUO

999
] <1000 = (1001)

20-r r

C4. Sol. Tw=xC 4°6°
Tra is rational if r = 8, 20
Here only 2 terms are rational and 19 terms are inrrational
also middle term is tu1 which is irrational

C-5. Sol. (101)100—1 =(1+100)100—1
= 1+ 100C1(100) + 100C2(100)2+ ....+100C100(100)100—1
- 104}\. vieN

&—

11 |
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MATHEMATICS

Binomial Theorem

* Marked Questions may have more than one correct option.

PART -1: JEE (MAIN)/ AIEEE PROBLEMS (PREVIOUS YEARS)

Sol. (1 + 2X + Xt )-32 = [(1 = X)-2]-32 = (1 — X)3

So, coefficient of xs in (1 + 2x + 3xz+....)-3r
= coefficient of xs in (1 — x)s = 0.

Sol. (r + 1)m term of
' 260
e, Trm= " (3)@ss-rn2 (5)us
256 -r r

The terms are integral, if 2 and 8 are both positive integer.
=>r=0,8, 16,24, 32,....., 256
Hence total terms are 33.

Sol. = (r + 1)n term in the expansion of (1 + X)zs

27( 27 27
e Ll T =y
5[5 ] (5 J ‘

X
r!

Now this term will be negative, if the last factor in numerator is the only negative factor.

27 32
> 9 —r+1<0> 9 <r

= 6.4 <r = leastvalue of ris 7.
Thus first negative term will be 8th.

Sol. Coefficient of middle term in (1 + ax)s =4C:z Q2
coefficient of middle term in (1 — ax)s =6Cs (—Q)3
4C2a2 =—6Cs0s
5
_20 —4
-3
a= 10

Sol. QA=A =-xX)n=(@A=X)n+x (1 = X)n
Coefficient of xn = (=1)n+ (-1)n-1.n
=(-1n(1-n)

L 4



MATHEMATICS Binomial Theorem
L_n
N s, 2
7. Sol. 1+ y)m
Tr=mCra . Yr-1
Ter = mCr . yr
Tre2 = mCret . Yre1
mCr—1 mCr+1
_ _ "C "C _
mCr—l+ mCr+1 - 2 mCr = - 2 = r mz — m(4r + 1) + 4r2 - 2 - 0
8. Sol. 50Ca + 55C3+ 54Ca+ .......... + 50Cs
= 56Ca
vz (4, 1,.) 1.3,,3 1 X)) (.3 32 X
(1+x) [”2"} 2 2 2l 272 4
9.  sol. (1-x)" - (1-x)"
SO
= 8 (1 - X)—l/2 = 8 X2
10. Sol. (1 —ax)-1 (1 — bx)-
=(l+ax+ (ax)z2+ ....... ) (1 + bx+ (bxX)2+............ )
so,Jan=an+an1b+an2b2+....... +bn
b n+1
a8l
a
T n+l_pn+1
1P a’ -b
11. Sol. QA-ym@+yh=1l+ary+ayz+....
A -my+nmCzaya........ ) (L +ny+nCaya......... )=l+ary+azyz+....
a=n-m=10 ... (1)
a=mnC2+C2—mn=10 ... (2)
solving (1) & (2), we get (m, n) = (35, 45)
12. Sol. S = 20Co — 20C1 + 20C2 ..... + 20C10
We know, 20Co—20C1 + ........... + 20C20=0
2(20Co— 20C1 + ........... —20Co) + 20C10= 0
1
20Co— 20C1+ ......... —20Co= 2 _ 20C10
1
= 20Co— 20C1+ ......... —20Co+ 20C10 = 2 20C10
1
SO, () S = 2 %Cw
13. Sol. Ts+Te=0
nC4an—4. b4 B nCEan—S. b5 _ 0
an—4 b4 nC5
N an—s b5 _ nC4
a n ! 4 !(n - 4) ! n-4
-~ b _51!n-5 1, n ! _ 5
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MATHEMATICS Binomial Theorem

(r+1) Zr."(,‘.r+Z:“Cr
14. Sol. Statement -1 : =0 nCr= r=0 r=0
=n.2n1+2n =(n+2)2n-1

n

D(r+1"Cx Yr."C, x+»"C X
Statement-2 : r=0 = =0 =0
=xn (1 +x)n-1+ (1 +X)n

&y 10(10-1)

15,  Sol. Si= i FU=-1% o
10
8 CJ‘_2
= S1=9x10 -2
= S1=90. 2
10
i e
Sp= i J 1=10.2
10 . 10 10 . 10 10 10 108 109
G-+ C D -nTCc+> "¢ > PC,+10>.°C,
83: j=1 - j=1 j=1 :90 j=2 j=1

=90 x 28+ 10 x 29 = (45 + 10) . 20 = (45 + 10) . 20 = 55.2
so statement-1 is true and statement 2 is false.
Hence correct option is (2)

16.  Sol. (3
(1 —=X—Xz2 + Xa)e
(L —X)s (1 — x2)s
(6Co—6C1 X1+ 6C2X2 — 6C3Xs + 6CaXa — 6CsXs + 6CeXs) (6Co — 6C1X2 + 6CoXa— 6CaXe + 6CaXs +............ + 6CeX12)
Now coefficient of X7 = 6C16Cs— 6C3sC2 + 6Cs6C1
=6x20-20x 15+ 36

=120 - 300 + 36
=156 — 300
=-144 Ans.

17. Sol. Ans. (1)
(V3 + 1) — (V3 — 1)

=2[2nCa( ‘/§ )2n-1+ 2nCs ( ‘/g )2n-3+ 2nCs ( "/g Jans+ ... ]

= which is an irrational number

18.  Sol. (3)

[(Xm +1)_[\/\§/§-1D

(X1/3 - X—1/2)1o
Trea = 10Cr (Xll3)10—r (— X—1/2)r

10—r_L
3 220 > 20-2r—3r=0
=3 r=4
10x9x8x7

Ts=wCa= 4x3x2x1 -219
19. Ans. (1)
Sol. (1_2&)50 (2\&)2+
50 2 50
(1+2Vx) (2vx] .o (2¥%) . c (2Vx)

=Co+C

:Co—C12‘/; + C2
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MATHEMATICS Binomial Theorem

20.
Sol.

21.
Sol.

22.

Putx=1
1+3%

2 =Co+Ca2):+..

Ans. (3) or Bonus

Theortically the number of terms are 2N + 1 (i.e. odd) But As the number of terms being odd hence

considering that number clubbing of terms is done hence the solutions follwos :
Number of terms = n2C2 = 28 n==6

sum of cofficient=3, =3¢ =729

putx=1

Ans. (4)
(3C1+ 21C2+ 2C3 +....... 21C10) — (10C1+ 10C2 + 10C3 +....... 10C10) =S1-S2
S1=21C1+21Co+ 21C3 +....... 21C1o
1 1
Si1= 2(2C1+ACo+...... +21Cp0) = 2 (2Co + 21C1+ 21Ca +...... +21C0 + ?1C21— 2)
S1=2%20-1
S2= (10C1+ 10C2 + 10C3 +....... 10Cy) =201
Therefore, Si1—Sz= 220—210

Sol. (2
(x+m]5 +(x— x3 —1J5

=(Ti+T2o+T3+Ta+Ts+Te)+(Te—T2+T3—Ta+ Ts—Te)

=2(T1+ T3+ Ts)
(\/xa—1jz [\fx3—1]4
= 2( 5Co(X)5 + 5C2(x)° + 5Ca(x)t

= 2(x5 + 10x3 (x3 —1) + 5x (x® + 1 —2x3)]
= 2(x5 + 10x® — 10x3 + 5x” + 5x — 10x%)
= 2(5x7 + 10x5 + x5 — 10x* — 10x3 + 5x)
sum of odd degree terms =10+2 -20+10=2

PART -1l : JEE (ADVANCED) /IT-JEE PROBLEMS (PREVIOUS YEARYS)

. 5. 20) ()

= 10Co. 20Cm + 10C1. 20Cm-1 + ............
= S = coefficient of xm in (1+x)10 (1+x)20 = 30Cm
S is maximum when m = 15

Sol. (1 +t2)12 (1 + t12+ toa+ t3e) = (1 + t12 + t24) (1 + t2)12
coefficient of t24 =12C12 + 12C6 + 12Co = 12Ce + 2

Sol. (n—l)Cr = (k2 - 3) nCrs1
or (n—l)Cn—(r+1) = (kz . 3) nCn—(H—l)
12k -3>05 ke l2—V3) U (3, 2]

Sol. S = 30Co 30C20 — 30C1 30C19 + 30C2 30Cas................
S = Co-efficient of x20 in (1-X)a0 (1 + X)30
S = Co-efficient of X20 in (1—X2)30 = 30Cuo

10 10
Z ArBr - sz (Ar )2
r=1 r=1

Sol. B1o = 20C10 (30C2o - l) —30C10 (20C1o - l) = 30C10 — 20C10 = C10 — Buo
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MATHEMATICS Binomial Theorem

-Additional Problems For Self Practice (APSP)\

PART -1: PRACTICE TEST PAPER

1 j
2
1. Sol. Tra = 10Cr(2X2)10—r(3x

{ : 5
2 ]

~Tsa=Te = 10C5(2X2)5 3x
896 a

=27 b .a3+p=923

2. Sol. T2s = Tas = 44C2a(—X)22 = 44C25 (—X)25
“C,_ 25 25 5
yx—_ Chp  44-2541_ . __ 20 4
3. Sol. Given mCo + mCi+ mCo= 46
m(m—1)
>l+m+ 2 =46

>m:+m-90=0=>m=9
- T“.IQCI,(XZ )Q—r (1} :9 Crx18—3r
X
For constant term, 18-3r=0=6

987

constant term = ¢Cs = 3-2.1

3]
4. Sol. T = nCr( ) V3

84

6 n-6
n-6 1 1 3 6
() & @
& Tern = nCoe =T+ from begining, 7n term from the end is T~ = nCs
L _1
given T 6 =>6T=Tr
. ’ 6 1 n-6 5
(%), %)
3
= 6. nCs. % =nCs "/g
né6 6  n6 6
-6 23%.3%=3 323
n-6 n-6
52x3.2°3%°=3 32
E—1 —EH
23 =3°3
n-9 9-n

5. Sol. Here T = 15CrXr
S To1 =T 241 =15C2r-2 Xor2
& Tr1 =T(-2)+1 =15Cr-2 Xr-2
given 15Car-2 = 15Cr+2
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MATHEMATICS Binomial Theorem

= 2r+2=r—-2or 2r+2+r—-2 =15
=>r=4o0r3r=15=r=4o0r5

6. Sol. (ab + bc +ca)s = asbs Cs (a-1+ b-1+C-1)s
16(a™" ). (b~ Ye.(c7")
k,'k,! k,!

General term = asbesCs
~ki=3,k2=2,ks=1

6!

———— =60
~ Coefficient of asbecs is > 2 T
|
TR
» asbacs st 2t 1l
+ +
7. Sol.  Let s= Mn-N! 3K(n-3) 5(n-5)!,

1 n! n! 1
— + + +.....
_nll1 (n=1) 3! (n-3)! 5/(n-5)
a1
=n! (nC1+nC3+nC5 + ... )
1 2n 2n—1

:n!_2=> n!

8. Sol. sum of coefficient is zero
sa—2a2+1=0
Sas—a—at+ta—-a+1=0
= az(a-1) —a(a-1)-1(a-1) =0
= (a-1) (a=—a-1) =0

1+1+4
sa=1a= 2
9. Sol. nis even here

n

"C, (X2 )2.[1]2 — 924x°
= middle term = X

=nChi2 . Xn2 = 924Xs

"_s
. 2 =>n=12

10. Sol. Here (1-2+3). = 128
>2hn=27=>n=7

-~ greatest coefficient of (1+x)14 is 14C7

11. Sol. Let «Cr =165 y nCr1= 330 and nCr2= 462

nCr+1_@_2 1
'C. 165 L 3 (1)
"Cp n-r-1_231
n
and Cr T2 185 e 627=306r

~ 165n- 627 =132 (n-2) = n=11

12. Sol. 17256 = (172)128= (290—1)128
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MATHEMATICS Binomial Theorem

= 1000 m+ 128C2(290)2—128C1(290) +1
= 1000(m+683527) + 681
-~ last two digits = 81

13. Sol. Here 3200 = 9%32001 = 9 (28—1)es7
= 9[667Cos67— 667C128 666 +...... —667Ce67]
=9x 28k -9 +28-28
= (9x28k— 28) +19

32003 19
1)

2 7 3 5 7
————{"C,Vax+1+" C,(Vd4x+1] +" C,(v4x+1) +' C, (V4x+1 }
14. Sol. given = 2'J4x+1 k 3( ) 5( ) 7( )

1
=2° [7C1+7Cs(4x+1) + 7Cs(4x+1)2 +7C7(4x+1)3
~ degree =3

15. Sol. p(n) =49 + 16n-1
p(1) = 49 + 16— 1= 64 which is divisible by 16, 32, 64

16. Sol. (X + a)n = nCoXn+nCiXn-1 @ +....+ nCran
=To+T1+T2t+.... + Tn
Replace a by ai
(X + ai)n = (nCOXn— nCaXnz2 @z + ...... ) +i (nCan—l a— nCsXn-3 as+ ...... )
= (To—T2+Ta— Tet...) +i(T1 —Ta+Ts— T7+...)
taking mod both sides
(To =To+Ta— Te+...)2+ (T1 =Ts+Ts— T7+...)2= (Xe+az)n

n+1 :15+31:4:r
'|+5 1+?
17. Sol. Here y

~ T4 & Ts are numerically gratest terms
|T4| = |T5| = 15C4.311 = 455 X 312

"C, 1211
“n=12 L2 22

3

n n

n r.,n-r n-1 r-1 n-r
Er C.x'y Zn C_x""xy
r=0

= r=1

18. Sol.
n
nXZ n—1Cr71Xr—1 .yn—1—(r—1)
r=1

NnX . (X+y)n-1
nx

1+1

( JS
19. Sol. (1 — 2x3+ 3xs) XJ Co-efficient of x Vax ¥ = —2. sC2+ 3.5Ca= 154

n

20.  Sol. Given= o+ nuCi+ meCart......+2C
=nCn+ n+1Cn+ n2Cit...... +2nChn
= 2041Cn+1 (by pascal rule nCr+ nCra= n+1Cr)

71+ 13 135 n(n—1)
21. Sol. Let 8 816 81624 ., =@+ = 1+nx+ 2 X+ ...
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MATHEMATICS Binomial Theorem

1n(n—1)X2_ 3
T2 8.16

nX:—8

1 1 1Y2 (5Yz2 2
— — 1+— =| — = —
:x:4'n:_2:,sum: 4 4 \/g

22. Sol. (1 — 9% + 20x2)-1 = ((1 — 5%) (1 — 4X))-1
5 __4
— (1-5x)(1-4x) = 1-5x 1-4x
=5 (1 - 5X)—1 -4 (1 —4X)—1
-~ coefficient of Xn iS 5n+1 — 4n+1
o Xn Bt — 4na
1Y 1 100-r
oo 2]
23. Sol. Here
T 100-r
= 1OOCr56 28
For rational terms r must be multiple of 24
~ For rational terms possible values of r = 0, 24, 48, 72, 96
~ Number of irrational terms = 101 — 5 =96
24, Sol. Here (1+x)101 (1—X+X2)100 =(1+X) (1+X)100 (1—X+X2)100
= (1+X) (1+X3)100
= (1+X3)100 +X (1+X3)100
~ coefficient of xso=0+0=0
v Xso =0+0=0
11\0 n log, 8 5
(oSN P B RN i G0 A B 'S P &
2 2n12 35/3
25. Sol. Last term =
n
—=-5
1 10-4 1 4
t. =°C,|23 (_—J =210
26. Sol. 20Co— 20C1+ 20C2— 20C3+ ....+ 20C20=0
= 2(20Co— 20C1+ 20C2— 20C3+ ....— 20C9) + 20C10= 0
1 1
= 20Co— 20C1+ 20C2— 20C3+ ....— 20Co+ 20C10= 2 20C10+ 20C10= 2 20C10
69 690
27. Sol.  Here given ssCar-1+ 60Car = Cost 4 rt
= 70Cx=720Cr¢ =r=3rorr2+3r=70
=>r=03o0rr2+3r=70=0=>r=0,3,7,-10
28. Sol. Given = (7—1)ss +(7+1)ss =(7+1)ss — (1-7)ss
=2.7.83+491, lis integer
R
=491+ 23 x 49 + 35 . R=35 .2 =7
Z“: 3 x4 i"cks“-k.xk _(3+x)' 32
4 -k)! k! 4! - T
29. Sol.  Given k=0 ( ) == 4 4! 3
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MATHEMATICS Binomial Theorem

30.  Sol. R=(5V5+11)om = I4+f, O<f< 1
Let F=(5V5 —11)ms, 0<f <1
(55 Yors +201Ci(BVE ) A1+ = 141 0 —1<f-f <1
255 Janr = 20aCa(5VE Jon A1 4 .=
22 (aCo( VB B)on 11 +...) = +
=1

“Rf= Rf = (55 +11)2n.(5 V5 —11)ona
= (125-121)n1 = Az
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Practice Test (JEE-Main Pattern)
OBJECTIVE RESPONSE SHEET (ORS)

Que. 1 2 3 4 5 6 7 8 9 10
Ans.
Que. 1 12 13 14 15 16 17 18 19 20
Ans.
Que. 21 22 23 24 25 26 27 28 29 30
Ans.

PART -1l : PRACTICE QUESTIONS

1. Sol. 3n=6561 (putx=1)
=>n=28
Tor 8-r+1
T _ r >1
9

> 8-r+1>r =>r<2 = r=4 (5ntermis greatest)

6
2 (\/2x2+1 - \/2x271)
(2x°+1 — 2x*+1)

(\/2x2+1 + \/2x2—1)6
2. Sol. +
6
(J2x2+1 + \/2x2—1) (\/2x2+1 - \/2x2—1)6
= +
_ 2(°Co(2 17 +TC, (23 +1P(2¢° =) + °C, (27 +1)(2x° -1F +°C (2x* -1)°)

clearly ‘6’
- ; e *c, +*C, °C
3. Sol. Co-efficient of xsin (1 + X2)s (1+x)a = ~1 2 3 -1 =40+20=60
4. Sol.  Co-efficient of xis in (1 +X + X3 + Xa)n

= Co-efficient of xisin (1 + X3)n (1 + X)n =nConCis + nC1nCi2 + nC2nCo + nC3nCs + nCanCs + nCsnCo

<) 3)
— _
5. Sol. general term = (1 + X + 2x2) 4Ci(3X2)4-r [SX = (1 + X+ 2x2) 4Cr 34—« 3/ Xo-ur
—1 —1

r r _1}?'
=4Cr 3a-r { 3 J Xe-ar + 4Cr 3a—: [ 3 } Xo—ar + 4Ci 34—r2( 3 X10 - 4r
For independent term of x

8—-4r=0

=3 r=2

and 9-4r=0
9

r= 4 Not possible
and 10-4r=0

3
r= 2 Not possible
3? ><i2
term = 4Co> - 3 =6
6. Sol. y=(@Q-%x)-1(1+X)n

y=(1+X+Xet+... ) (1 + X)n

22|

L 4



MATHEMATICS Binomial Theorem

10.

11.

12.

13.

14.

Y=L +X)n+X(L+Xh+X2(1+ X+ ...
Co-efficient of xr =

nCr+nCr1+ .... nCo = 2n

r>n (AsaCn1) =0

Sol. 9=(0,9) (1, 8),(2,7),(3,6), (4,5) #5 cases
9=(1,2,6), (1,3,5), (2,3, 4) # 3 cases
total = 8

Sol. (2+3c+c2)12=0
c2+3c+2=0
c=-2,-1

Sol. Co-efficient of xn = 20+1Co + 2n+1C1 + ... + 20+1Cn = 22n

Sol. The expression
2+X)2@B+X)p@+X)=X+2)X+2) x+3)(X+3)(X+ )X+ 44X+ 44X +4)(x +4)
=X+ (2+2+3+3+3+4+4+4+4)Xe+F ceuurennnnnn
Co-efficient of xs = 29

Sol. Co-efficient of xis in expression = —(12+ 22 + 32+........ + 202) = - 2870

Sol. 50Co X 50C1 + 50C1 X 50C2 + ........... + 50Ca0 X 50Cs0
= 50Co X 50Ca9 + 50C1 X 50Cas + ........... + 50Ca9 X 50Co
= co-eff. of xas in (1 + X)100 = 100C49

Sol. (1+X)n:nC0+nC1X+nC2 X2+ + nChn Xn

Multiply it by x

X(l + X)n =nCo X + nC1 X2 + nC2X3 +............ nCnXn+1

Differentiate w.r. to x and put x = — 3
nX(1+X)n—1+(1+X)n=nC0+2nClX+3nC2X2+4nC3X3+ ........ + (n+ 1) nCn Xn
So answet, — 3N (=2)n-1 + (=2)n

_ (-2) [1+%] _ (1) 2" {3—2”+1]

SOI. nCm + n—lCm + n—ZCm F o + mCm
= Co-efficient of xm in (1+x)n + (1+X)n1 + ....... + (1+X)m
(1+x)"™ — 1}

= Co-efficient of Xm in (1+X)m [ X

= n41Cma1

S=Cn+2.n1Cn+3.02Cn+ ...

= S = Co-efficient of Xm in (1+X)n + 2.(1+X)n-1 + 3(L+X)n-2 +.......

Let S'= (A+X)n + 2.(1+X)n-1 + 3(A+X)n2+.......... + (n—m+1)(1+X)m ... (i

SI

N (1+x)

from (i) — (ii)
xS'

= T+ X = (14+x)n + (L+X)na +...+(1+X)m—(N—M+1)(1+X)m-1
XS' {(”X)"ﬂ—q

N T+X = (1+X)m X — ("—M+1)(1+X)ms

(1) (1) (n-m+1)(1+x)"
S'= x? X
S = Co-efficient of Xm In S' = n+2Cm+2

= (1+X)n-1 + 2.(1+X)n2 +....+ (n—-M+1)(1+X)m1 ... (i)

L/
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