Indefinite Integration

MATHEMATICS

PART -1: JEE (MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)
J- ann_1 dx
1. Sol. 1= "X {(x'+7) Let xn=t N. Xn-1 dx = dt
1 1 1¢(1 1
I:EJ.t(tH)dt :HI(TtHJdt
1 Tonl X
_ lnft]-tn|t-10+C I
2. Sol. Put x—-a=t = dx = dt

sinx sin(a + 1)
. ——dt cott dt dt
= J- sin(x + o) gy = I sint = sin a-[ + cos a-[

=sina./n|sintj+tcosa+C

=sina ./nljsin x—a)|+(x—-a)cosa+C

= A=cos aé&B=sina.
J‘ dx
S e T G W b

—— — COS| X+ ~_ |sec|x+—|dx _ [|tan| -+

3. Sol. J.COSX*S"‘X:\/E 4 :\/E'[ 4 = V2 4p 2 8Jl,¢
2
'H({’m(—'])} J"I+(an)2—29nx
2 2\2

4, Sol. 1= U@L A @n?? g (1)

1+ (Inx)? — x(m]
X X

_ 1+ (@xPP gy = [1+(PnX)2}+C

OR
Put ¢nx =tin (1), we have

1412 -2t 1 2t
) J(1+t2)2 etdt _ J'et{th _(1”2)2}& o! X

_1+t? +C=1+(2nx)2 +C

1 dx
dX E T 1 [ ﬂ:}
_ cos| x=L| —=|sec/ x——|dx
5 Sol. v[cosx+\/§sinx _ [X 3} _ 2-‘- 3

)
=2 mtan'? 12/4¢
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Indefinite Integration

MATHEMATICS
n
6. Sol.  Putx-4 =t
dx = dt
sin[t+%] b 1 1
2 T dt 2 [JrcottJ dt
I \/_I sint _ J. 2 2 :J(1+cott)dt
n sin[x—%] sin[x—%]
=t+/n]|sint|+C =x—-4 +/n +C =x+/In +C
J- 5tanx dx J- _ 5sinx dx (sinx—2095x)+2(cosx+23inx)d
7. Sol. tanx -2 sinx —2cos x (sinx—2cosx)
Idx 2J-cosx+25;|nx "
SiNX—2C0SX =y + 2In |(sin x — 2 cos x)| + k = a=2
8. Sol. (3)
f(x)dx
I -V (x)
ijf(xs)dx
dt
putxs =t = xodx = 3
1 1 _ AT 3 003y alo2,/.3 ] 1 3 3y [y2.0.3
_ 3J.tf(t)dt _ 3[t\y(t) Iw(t)dt}zs[x y(x?) 3J.x y(x”)dx +c: 3x y(x”) Ix y(x*)dx +c
9. Sol. Ans. (4)

I [1 +X— %j e[H%de

1 xat
J‘ e“%dx . J [x—;J e *dx

Applying integration by parts in (I)

We get,
x+1 1 1 x+1
je xdx _ e .[ X 1_x_2 e dx
1
il I[le e *dx
=x €& *_ X
Xy j[x 1J eH%dx 1
e *dx -y x4
Thus I + X =x € " +C.

10. Ans. (4)

.[ dx
SOl. x2(x4 +4|)3/4
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Indefinite Integration

MATHEMATICS

11.

Sol.

12.

A

1+ x* =1a
1
5

4 X dx =4t dt
X

Ans. (2)
n _ n-2 2,
- Jtan xdx = Itan (sec” x —1)dx

n—1
I(tan X" 2dx = % ~1I, 5

I (tanx)*2 sec?xdx —

(tanx)""
In+In2= n-1

putn==6

1 1
I, + Is = O tanSx = atan®x + bx5 + ¢ = a=5% b=0 c=0

5
(a,b)=\°

Sol. (4

tan? x.sec? x tan? xsec® x « tan? xsec? x
[= (tan® x + tan® x + tan® x + 1) dx = (tan? x + 1)*(tan® x + 1)? _ (1+tan’x)?

let1+tan3x =t

1 _[ldt _;4“
Stan2x secx dx =dt = 3 " t© = 3(1+tan® x)

PART - Il : JEE (ADVANCED) / IT-JEE PROBLEMS (PREVIOUS YEARYS)

Solution :

(0= Je (x—1)(x—2)dx

> f(X)=ex(x—1)(x—-2)<0 => 1<x<2
> X € [1, 2]
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Indefinite Integration

MATHEMATICS
(-3
J‘ x> x°
2—£+i 2 1 (i_iJ
L2 LA 3 5
2 Sol. 1I= xx gy put2—Xx +XxX =z = X X Jgx=dz
1pdz
>1=14 vz
2 1 4 2
1\/2 1 2-S+— 2x 22)( +1
= +c = 2 X X +C= 2x +C
x/(1+xM)'/n B X
f(x) { Xn ]1/" (1+2Xn )‘h‘n
A 1+
3. sol.  fpgy = A+ 2 L X
x/(1+2x")!"
1+ ] o i X
Also, f(f(f(x))) = T+2x" :(1+3X ) N g = (1+nx" y/n

. X .[ Xn—1
X
Hence 1= -[ (1+nx")"'" dx = (1+nx" ) dx

1

Letl+nxn=t X dx = n’ dt
-1

+1
tn
1 Ig 1.1 1
= I= n2 t”n = n2 n = n(n_1) (1+an)1—1/n+K
4, Solution

. 2 1-cos2x X sin2x
I(sm x)dx _[7 =-
Statement-1 F(x) = = 2 dx=2 4 +c

Which is aperiodic function. Hence statement is false.
Statement - 2 sinxx is periodic with the period 11, hence statement is true.

J-(ea" —e*)dx

5. Sol. J—1="6&"%+e®+1
Let ex=t = exdx =dt
=
t
t2 -1 .[
I4 3 t2+i2+1 1 [1—
= J-1 U+t +1 g = t dt put t+t =u >
J. du 1 u—1 1 S 1
— i — 2 —
N Jo1= =1 22 U oo 2 (T s 2y
6. Sol. (C)
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MATHEMATICS

Indefinite Integration

Put

secx +tanx =t

(secx tanx + secax) dx = dt

secx . tdx =dt
1
secx —tanx = 1t
1

t+-
t

secx = 2

J sec x.dt J’ 1 [t

2t .

t9.’2.t —

L 4

+:J 1.1 1 12 2
o2 dt: zj[th"’ tsz dt: _2{7’[7’2 +11t11f2}+k:_

1

1172
t

|

t2

7

1
+7
11

K

20 |

L 4



Indefinite Integration

MATHEMATICS

Il Additional Problems For Self Practice (APSP)

PART -1: PRACTICE TEST PAPER

1. Sol. Differentiate both sides w.r.t. x
1 20 B 1
(X420 +1) 214 x® 4 14x? 4 x+2y
(20X + B)(X + 2) + y(1+ x?)
(1+x2)(2+x)

(X+2)(x? +1) _

=

1
(
1 (200 +7)x? + (4oL + )X+ 2B+
(x+2)(x% +1) (1+x%)(x +2)

= 2a+y=0and 4a+B3=0 and 2B+y=1
= p-2y=0and 2p+y=1
1 2 1

= y= 9%and B=° and a=-10

11 1 16
Ie".fn(4x+1)dx+fe".

dx
2. Sol. I= (4x+1

4 X e*
e’dx+16) ——dx
_ e"{’n(4x+1)_-[4x+1 -|.(4>(+1)2

4e* 5 1 N J' e*

_— —.e°dx+16 dx
_e’n(4x+1) _ 4x+1 I(4x+1)2 (4x +1)?

e* {Pn(4x+1)—i]+0
_ 4x +1

{4 204

x2

3. sol. =
00+ xi () ax

(=)
| = xet ¥

=xf(x) +C

so, +C

4, Sol. Let, sin2x =t
2sinx cosx dx = dt
10t
SJetr-tat

= I=

1 2J.et dt —1jt.et dt e‘—l(te‘—e‘)+C St Le e X(3-sin? x)+ C
-2 2 = 2 2
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Indefinite Integration

MATHEMATICS
_[ sec” x
5, Sol. 2‘“""”"
put tanx =t
seczx dx = dt
TN )
1[0 g 2|15 " 1
o 1= 2 Jt 1= L2 2 = I=(tanx)we + O (tanx)sz + K
1 1 5 5+2+25 16
— o= 22T 2
SO,A+B+C:2 5 2 10 :5

sec? (5]
2

I dx
(1+tan —]+4(1 tan? }
6. Sol. 2 2
sec( )
9+tan [ )
_ 2
)
put tan 2 t
MO
2 42
2sec: 2/ dx = dt > 1=2" ) +t
1 tan(gj
—tan™ +C
3 3
=2
2 1
so,a=3 ,b= 3
5/2
2 ¢ 1 1 2, X
_4cr S n +C
2 5
so,a=% and B= 2
8 Sol. Let tan-ix =t
2
12dx J‘X3 12dx IX(X +1 1)d
1+x =dt = [= 1+ X = 1+ x
2
X 1
xdx — dx — =M1+ x°)+C
—j -‘.1+x2 2 ( )

L 4
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Indefinite Integration

MATHEMATICS
1
X .ex _e—X dx
Sol. I=—e, (e +1) _ ,l'ex+1 ( )
e*X
X dx

——e, n(e* +1) | J.1+e*"

put 1+ex=t

=—exdx =dt

o 1= —e, NE"+1) _(1+e*) | tne*+C

10.

11.

12.

13.

14.

L 4

=x—(ex+1) ME N 4

[QTX)_f'(X)

n(g(x))— AN(f(x) =t g(x)  f(x) } dx = dt

Sol. put
tz

1 2
L j tdt _5+C _ - (&n(gx)) - &n(f(x)))" +C

(1+x2)= (1=sin® x)
Sol.  f(x)= 1+ x?

_ J.sec2 xdx—j1+1x2 dx

f(x) = tanx — tan-1x + C
£ f0)=0 = c=0
T

.sec? x dx

so,f(1)=tanl - 4

Sol. Let cosx =t

J-1+1t2dt

= tan-i(cosx) + C
= [ =-cotu(cosx) + C

so,I=

Sol. put cotax =t
1

~ 1+%x% gx = dt

J.etanw"(1+x+x2).(— 12dx} je""'”_1(")[1+ xz}dx
- 1+ X I= 1+x

tan™'x

-1 e
I[e'a" *4x 5 }dx
-1
T+x ——xe® *1C

(&nx)™"
Sol. Inh= X(an)”_ Jn X xax

" nx)"'d
 (nx)_ .[( nx)™ " dx
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Indefinite Integration

MATHEMATICS

= Lh+nlh-1= X(‘PHX)n

putn=5
=n=5

dx

COSs X .[ COos X

sin® x(1+ sin™ x)*/5

15. Sol. | :j Sin2 X(1+Sin5 X)4"5

put 1+sinsx=ts = —5sin-ex cosx dx = 5ta dt
LY
Ji.t dt
o= (t5 )4/5

1

= -SinxX (sinsx + 1)us + C

=—(1+sinsx)us + C

I13 1-41/2dx
16.  Sol. 1="Xx (1+x7)

l+Xxu=t
—4x-sdx = 2tdt
2

1 t
[t LI R
:|:_4J.x8t IGEDE

1 t
| Ej(t4—2t2+1)dt ———— - +k
= | == =

so, c—-b-a=2-(-3)-(-10)=15

VX2 +1+x

2 2
17.  Sol. f'= X +N=x
integrating both sides w.r.t. x
2

Jf’(x)dx z.[( Ix* +1+X)dx LISV +1Pn(x+\/x2 +1)+C
= f(x) = 2 2 2
\/§+1

fo)=- 2

1. 42 1 V2 +1 1
Now (1):E+T+§{’n (132) - 2 _ 22 +1)

i (Y2 +1)

(&Y

b=0

Q=

18. Sol.
= f(x). f'(x) — (f'(x))2 = 0=
Integrating both sides w.r.t.
An(f'(x)) = An(f(x))+4nC
f'(x) = Cf(x)
f0)=1,f'(0)=2

n(f'(x)) _ n(f(x))+4nC
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Indefinite Integration

MATHEMATICS
0 [0 [
- C=2 - fx)=» = 7 f(x)
(X)) - oy 4

19.

20.

21.

22.

put x=0 =>C:=0 = f(X) = ex

J'3x+2

Sol. g(x) = Vx-9 dx
Let m:tﬁx—gztz
= dx = 2tdt

J'S(t2 +9)+2

= g(x) = t 2tdt

29 +3t%)d
g(x):Z-[( +3t2)dt
=2[29t + t:] + C
3/2
g(x):2[29\/x—9+(x—9) }+C

~g(13) =132

= 132=2(58+8) + C
= C=0

so, g(10) =60

J. Jsinz 5+cos2 5+25inlcosl + Jsinzxﬂ;osz 5—25in5(:os5 dx
2 2 2 2 2 2 2 2

Sol. I =

J- X X X X

sin—+cos— |+|sin——cos— dx
M veoe g e |
mT T
X [8’4} IZcosidx X
. 2€ =1= 2 =4sin2+C
1 1T
_[(cos x)™2°"7 cosec®xdx — 201 Tf(cos x)™20" dx

Sol. I=

2017 j(—201 7).(cos x) "% (= sinx)(—cot x) dx - j(cos X217 i

_ (—cotx).(cosx)

—cotx

2017 2017 2017
| (oo, o | C0SXI N dx~ [ (2017)(cosx)* ax

cosecx

- (cos x)206

Sol. f(x) + xf '(x) = 6f(x).f '(x) = f(x) = (6f(x) — x) f'(X)
I 2x(x — 6f(x)) + f(x) dx _j'2x(6f(x)—x)—(6f(x)—x).f’(x) dx
(6f(x) = x)(x* = f(x))* (6(x) = x)(x* = f(x))?

+C

Now I =
[ 2x—=f(x)
J ot

put x2 —f(x) =t
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MATHEMATICS

(2x —f'(x) dx = dt
1

T
_ X —f(x)

so, I

Jcos4 X.sin3xdx
23. Sol. la,s =

1 I4C083 x(—sinx)M
= -3 Cos3x.cos:x — 3 dx
1

4
3 3 jcosa Xsinxcos3x dx
= — Y C0S3X.COS4X —

cos3x.cos*x 4

3 3 cos® x.sin x(4 cos® x— 3cos x)dx

cos3x.cos’x 4

4, .2
cos” x.sinx(4(1-sin“ x)—3)dx
) : ; (4( )-3)

cos3x.cos’*x 4

cos? x.sinx (1-4 sin? x) dx
- 3 3

4
cos3x.cos” x 4 . .
- —— cos4x.(3|n3x—23|nx)dx

= 3 3
—1c053x.cos4x—i143+ijcos3x.sin2x)dx
= 3 3 ™ 3
4
1143_i]32 _ _cos3x.cos X.c
so 3 7 37 3

I 1 d .4
- [ 1.7 6ax J 700y xax

24. Sol. = xf -1(x) —
[d(f'1(x))de =dt
Let fa(x)=t = x=ft)> I

j f(t)dt
[=xf-(x)— =xfa(x)—gt) +C =xfa(x) —g(f 2(x)) + C

jsin(zm 6x + X).(sin x)2°'® dx
25,  Sol. I=

J((sinx)zms .cos x).sin(2016x) dx + j(sin x)*°"% cos(2016x) dx

(sinx)*°"® (sinx)?01®
—_— 2016).cos(2016x).———dx . 12016
_sin2016x) 2016 _I( )-cos( ) 2016 +j(slnx) .(cos(2016x))dx
sin(2016x)(sinx )"
|: 2016 +C
2
[l e 2x gy, j(H 2 de
26.  Sol. I1=° X(x*+1) = WX xS+

L 4
L 4
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MATHEMATICS

[= n|x|+2tan"'x+C

j(6x5 +5x +4x3)(x* + x° +x°8)% dx
27. Sol. I=

Let X6+ Xs+ Xa =1

(6Xs + 5xa + 4x2) dx = dt

6)7 X28(1+X+X2)7

4 5
6 (X" +x7 +x +C e
I:-I‘t dt = 7 = 7
dex
2017
28, sol. 1= ¥x(1+¥X)
1+/x =t
1 t—1
ﬁdx_20It . 1—2-[t2°17dt— ZJ‘(t’Zma—t*m”)dt

2 ! - ! +C 2 1 - 1 +C
_ (-2015)(1+/x )%™ (=2016)(1+ V/x)?°1® _ L2016(1+/x)*°"® 2015(1+/x )%™

so,a-B=1

i,[ (cosx —sinx)
29. Sol. I= V2 1+ (sinx + cos x)? dx

put sinx + cosx =t
(cosx — sinx) dx = dt

LIL
1= V27148 4

1
V2 tan-1(sinx + cosx) + C
A
so, Af(x) = V2 (sinx + cosx) + C
Range €[-1, 1]

J' e*(x-2) dx

x3 {1+ ez]
X
30. Sol. I=

X

put X" =t
x%e* — ”2x X

x* dx=dt o=

><|m

° (x=2)dx = dt
X
det Pn[1+ ]
so,I= t = +C

Practice Test (JEE-Main Pattern)

><|f|:
N

L 4

27 |

L 4



Indefinite Integration

MATHEMATICS

OBJECTIVE RESPONSE SHEET (ORS)
Que. 1 2 3 4 5 6 7 8 9 10
Ans.
Que. 11 12 13 14 15 16 17 18 19 20
Ans.
Que. 21 22 23 24 25 26 27 28 29 30
Ans.
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Indefinite Integration

MATHEMATICS

PART - Il : PRACTICE QUESTIONS

J' n|x| 1
1. Sol. X1+ x| g, Put 1+ fnjx| = t then X dx = 2t dit

t3

t? -1 {_t} 2
J t odt =2L° L oac=3VEIMIXE ooy ec

SE

1-cosx
[T
2. Sol. 1I= CoSa —CoSX 0<a<x<Tm

X X
ol sin—=dx
\Esmzdx 2

\/20032 Z‘ —-1-2cos? ;+1 \/cosz ; cos? X

cos ~
.[ —2dt 2
cos? & _ 2 cos &
=>I= = -2 sina 2) +c
3 a2
J- ' ;;os x. dx Jco§x.(1 s-ln X)dx
3. Sol. I="SIn"Xx+sinx sinx(1+ sinx) Put sin x = t, then cosx dx = dt

(A1-t)(1+1) dt
t(1+1)

> I =/(n|t]-t+ C=/¢n|sin x| —sinx + C
) 4 sinx dx
4. Sol. Izzjsmx.cosec X dx =2 4sinxcosxcos2x
1 .[ dt
- 2 2
=27 (1-t9)(1-2t%) Put sinx = t, then cos x dx = dt

1 I t
(=27 (1-t*)1-2t%)

%[_11—19 dl+-[1—22t2 dt]

=

[By partial fraction]

1 ‘1+t| 1+\/_t
_ 3l M 2\/_ 1-42t
1 [1+\/§sinx] 1 (1+sinx}
Z\Em 1—\/55|nx Z N 1-sinx +C
2 2 142
sec” x +tan® x + 2tanxsec x sec X +tanx
s oso ! P2 el o

= /n |(sec x + tan x)|+ ¢n |sec x|+ C= /n |sec x (sec x +tan x)| + C

L 4

L 4
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MATHEMATICS

sin® x — cos® x » A
j— j(sm X—C0s” X) dx

6. Sol. sin® x +cos® x gy =

1.
J(sinzx—coszx) g ES|n2x+C
= X = —

3
JX3_1dx .[(1_ 12_1+ 2x }dx 1
7. Sol. X“+X = T+x® x x%+1 =x—tanax —/nlx| + 2 /n (x2 + 1) + C

_[ ‘1_&dx
8. Sol. 1+x put VX=cos2t o dx=—4sin2tcos 2t dt

| [1-cos2t sint
= < V1+00S2t (_ gin2tcos 2t)dt  =-4° COSt 2sintcos t cos 2t .dit

J(1 —cos2t) JcosZt dt J‘cos2 2t dt
=— cos 2t dt =-4 +4

4 sin4t

— cos4t+1) dt
:—Qsin2t+2j( ) =2sin2t+2x 4 +2t+C

:—2m+\&m+cos_l\/;+c

1
9. Sol. I[(X 0 (x+2°T"* gy
1
J 134
[ } (x+2)
X+2 dx
X —1 (x+2)—(x-1)
-t —
Let X+2 N (X+2)°  gx =t
174
3 . J‘ 3/ 44t _7& 4(" 1}
- (X+2)" 4y = gt - 3 3(M4),c=3\%+2) ¢
x2 -1
2
J 1 . X dx
(4+2] x® + x8 + x*
10. Sol. =« X = secaf(x) + ¢

I % dx
1 1
[x+—J \}x +1+—
- x° X = sec- (f(x)) + C
1
[ [1_><2]dx

(<o hs]
X+— | x+—1] =1
> X X =sec1f(x)+C

> | =

L 4
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Indefinite Integration

MATHEMATICS

11. Sol.

d
i

S5
sec-1 XJ) +C=seca (f(x)) + C

)
sec-1 X)ycC= sec(f(x)) + C
(x+1)(x-1)

f'(x) = X2 =0
x=z1
Maximum occur at x = =1 and minimum occur at x = 1
J' 3x* -1 jx(4x3+1)—(x4 +x+1)
4 2 4 2
T Hx+1)7 4 = (x* +x+1) dx

X ___x
(x4+x+1) dx = X+ x+1

, 2 1 2 1 (i_i
2 _4 2 2 3 5
12. Sol. 1I= X dx put2-x*+x* =z =
1
1= 47z
1 1, 2, 1 Vaxt —2x% 1 2x +1
-2z 4¢ 52 S +C
1+ X
I(1 )3/2d
—X
13. Sol. Let I=
X4
T+ x x3
J- 372 9 j 373 X 2
2] ) b el
2 2 —
= X = \X Put X’ —xo=t =X
1
1 .2
——X
3/2 2
= I= J.t =twe+C=1VX +C

L 4
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