MATHEMATICS

Limits, Continuity & Derivability

OBJECTIVE QUESTIONS

Section (A) : Definition of limit, LHL & RHL, Indeterminate forms

A-1.

A-3.

A-5.

A-6.

A-7.

lim
Sol. L.H.L. =0 f(x)
lim
=h00 4(0-h)=0
lim
R.H.L. =h>0" f(0 + h)

lim
=h0 3(0+h)2=0
> RHL=RHL=0

m 3]
Sol. gﬂ 2

TN
fim {&} fim {1+E} fim {E} fim
RHL. = h—0 2 - h—0 2 - h—0 2 — h0
fim {Z'h} fim {1-“} fim (1—hj
LHL = h—0 2 - h—0 2 :h4>0 2 -1
L.H.L. # R.H.L.
fim {—}
so % 12} does not exist.
lim
Sol. 2 sinx=1

Sol. (1)LHL =RHL.=0
(2)LHL =RHL.=0
(3)LHL =RHL.=0

so all are exist.

fim
Sol. x-z sgn [tan X]

2im
L.H.L. = x»>= sgn [tan X]
{:im

= h»0 sgn [tan (TT— h)]
£im
= h:0 sgn(—ve)=-1

£im &im
R.H.L. = x> sgn[tan x] = h >0 sgn [tan(Tt + h)]
&m
= n>0 sgn (+ve)=0
LHL. #R.H.L.
o] limit does not exist

lim sec x
Sol. x—0" >1

So Limit not exist

—h
lim ———
Sol. LH.L. =m0 +h+h?

1
|
=

|_‘0

L 4



MATHEMATICS  Ljimits, Continuity & Derivability

h
lim ——
RHL =ho heh’ =1

A-8.  Sol. Nris exactly0Oasx —» 0
so not an indeterminate form

A-9. Sol. Indeterminate form of type o — «
£im

A-10. Sol. A -x+[x—1]+[1—X)
2im

LHL=*"T 1—-x+[x—1]+[1—X])

f&im
0 (1= (1=h)+[L—h=1]+[1—1+h])

£im
= % (h+ [-h] + [h])
=0-1+0=-1
fim
RHL =*>" (1-x+[x—1]+[1—X])
S Q- @ eh -1y
fim
= 2% (Che+[h] + [-h)
—0+0-1=-1
LHL =RHL.=-1
fim
o) Ll =-x+[x—1]+[1-x]) =-1

A-11. Sol. LHL = (-1p-hn=-1

lim (—1)/2*"
RH.L. =m0 =1

|x + m|

A-12. Sol. fp)= Sinx
|-t+h+m|
fCr) = W sin (-m+h)

fim [hl

M0 —sin h__,

. |-t—h+m|
ferr) = o sin(-r—h)

fim ﬁ
_h>0 sin h

f(—ts) # f(—1)
SO f(x) does not exist

=1

Section (B) : Factorisation, Rationalisation, Use of standard limits, use of substitution

| (x-1)
B-L  Sol im 25 (x —1)—5(x - 1)
1 1

lim (2)(_5) __ 3

= x—=1

L 2
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MATHEMATICS  Limits, Continuity & Derivability

)
lim
B-2. Sol. b (xa—9) \X -9
lim
x=0 2x =0
im NIX+2-3
B-3.  Sol. “st 1-6x -
(7x+2) 9 Vbx—-1++6X%—
:“1\f7x+2+3 (5x-1)—(6x - 2)
. 7(x=1) B5x—-1+/6x-2
lim .
= IJTX+2+3 (-x+1)

2+2}_14
__7 (3+3) 3

Var2x-3x  as2x-3x VBarx+2Jx
B4 sol. S Bartx-2Jx -5 3arx-4x Ja+2x++3x
. (a—x) J3a+x+2Vx
Lim 3(a—x) Ja+2x++/3x
1 2Ja+2Ja 2
-3  J3a+3a - 343

lim 5
B-5. Sol. ' 2x"+x-3
(Bx—-4)(x-1)
=’H1(2x+3(x—1)\/_+1)
(3X 4) _1

“1(2x+3 (x - 1)J_+1) _10

(Vx) }_“m{(&—z)(x+2\/§+4)] "m[WJ
x—4 Xt 3

B-6.  Sol. H"(M (x-2)Vx+2) ) _ x+2 ) _

\/5(10032}

X X
lim 4sin® Ecos2 2

B-7. Sol. x>0
zﬁsinz[:]
m 165 X cos? Xcos? X Y2
_ L|_r2165|n 4‘cos 4cos _ 3
(x-b)-(a-b)
B-8.  Sol. Ll_r:r; (x* —a?) (Vx-b++a-b)
(x a)
_lim (x+a) (x-a) [Vx-b++a-b]

L 4



MATHEMATICS  Limits, Continuity & Derivability

1
- 4ava-b
. sin3x 5« 3 3
lim z_=
B-9. Sol. Given=*"* 3x  tandx 5 5
i _enmx_. tanmx 5 m_ m
B-10. Sol.  *0®(1-5x) _ x>0 mx n(1-5x) 5 5
) XS/S_aSIS
lim
B-11. Sol. x2a  X-a
5 2
§a§_1:§a§
=3 3
Jx
FEAE
. (e ‘1J tanx
fim ”
B-12. Sol. x0 xVx =1

B-13. Sol. %0 X = x0 _

. [xj [ XZJ p X
fmsin|=| |1 + &im
B-14. Sol. x>0 P 3) _ x50 P

X 2
fim p n {1+J
=3p *° =3p(/n4)
X x _
|imL im2 1_ X
B-15. Sol  0(1+x)"E—1 0 x (14 x) -1
im2 1 __ X
o0 x (14x)-1 (V1+x+1)
=2/n2=/n4
sin4x(1+ {1-x)
lim
B-16. Sol. %0 1-1+x
sin4dx

lim

xs0  4X (1 +V1—X )4

L 4



MATHEMATICS

Limits, Continuity & Derivability

B-17.

B-18.

B-19.

B-20.

B-21.

B-22.

B-23

B-24.

B-25.

1

1 N\2
tim (1+X%) (1441-x7) [S'” "J |
Sol. x—=0 X =121 = 2
"m\/1+sinx—\/1—sinx7
Sol. x>0 X
lim 231X ! S L
x50 X [1+sinx +/1—sinx 1+1
oxX fx
o [e 1]_[e 1} B
X Bx
sinax sinpx
. o - _ﬁ R
Sol. lim ( oX ) ( px J
a-p
= (I*B =1
#im (cos2x — cos4x).cos x.cos 3x
Sol. x50 (COSX—c053x).co52x.cos4X
i 2sin3x.sinx.cos x.cos 3x
— x50 28iN2x.sinX.cos2x.cos4x
Pims sin (3x) 2x COSXC0S3X
- x0 2  3x  sin2x cos2x.cos4x
3
=2
gim n(1+tanx) oim n(1+tanx)  tanx
Sol. *~° X = x>0 tanx - x =1.1=1
%im Ih-(2+x)+8n-0.5
Sol. *—=0 X
Pn£1+x}
on[(2 0.5 3”{”;} 2 1
fim ni(2+x) (05)] fim fim X 2 1
— x=0 X —x—>0 X — x>0 2 -2
In(1-¥2nx &n(1-2nx
o A=) g, 200200 1
Sol.  x=1  fnx - x>0 2fnx - _2
elanx _ ex ex (elanx—x _1)
m - fim _
Sol. x-o fanx—x _ 5o (lanx-x)_ oy
p (x+6)s -2
im —————
Sol. *~% 2-X put x = 2 + h j[kus jj

010
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MATHEMATICS Limits, Continuity & Derivability

C-1.

C-2.

C-3.

C-4.

C-5.

C-6.

C-7.

Section (C) : Infinite limits

FEE

x(4+3/x)

{’im
Sol. Ky

2
n? [1+ 1}
. nJ

fim  n*(4) [14_1] 1
= Nz = n 4

1 (1-5")

Sol. mE=5) (1+5) (1-5) o
(n+2) ! (n+4)
Sol. flﬂ (n+4) (n+3) (n+2) ! _,
oim \/_(x+c X)
Sol.  nw VxtCHVX
cVx

im = — C
_im WAreix+n _ 3
{’irg( (x+a) (x+b) ~x}

Sol. no
~ (x+a) (x+b)-x
_ oo JJix+a) (x+b) + x

CD"
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MATHEMATICS Limits, Continuity & Derivability

(a+b)x+ab

(a+b) ab
im X 1+ +— +1
£im h X 2 }

= no=

. 5nA1 + 3n _ 22n
'_'?Lnl 5n + 2n +32n+3
55 43 4"
_Am s o7

(5] (3) (&)
(557

C-8. Sol.

0+0-0
- 0+0+27 =0
Xs(sin (1/x)+1}
1/x X
. 3 1
£im X [3—1}
C-9. Sol. x> X (-~ |X]3 =—x3)
=-1

C-10. Sol.

Zim
— y -0

fim
— ¥y =0

10
im x1°[1+{?J }
C-11. Sol. o

=1+1+.... + 100 terms

=100

Section (D) : Use of expansion, L-Hospital rule

L 2

7|
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MATHEMATICS  Ljimits, Continuity & Derivability

D-1.

D-2.

D-3.

D-4.

D-5.

2 4 2 4 6
2(1+X+X+ _____ jz @j
21 4 ) 21 41 |

3
£im X(XB'* ----- J £im

= x>0

x3 X5 x2 x4 2 3
T+ X——+ ... 11—+ = X+ +
¢ 3! ! 21 4 2 3
im
Sol. 20 x°
-3x3 1 4
|+ X"+
0 3 4 1 4]
im
—  x—=0 X3
31
-_6-_2

Sol. By L.H. Rule

1

fim X
- x1 —2 +2X
again by L.H. rule

. 1
fim —
= x1 _2x%?

=_1/2
A
g [0
fim — 8

Sol.  nw 2h

R 24 21 \8 1
fim — _
— hs0 2h —_ 48
2 XZ X3 X2 X3
ax(1+x+ RIS Jb(x2+3— ........ ]+cx {1x+2’3' ....... ]
2{ NI ]
2im X | X——+—
Sol.  x 3t 5l o
£im
$x40
2 b sfa b ¢ 4 _ .
x(a—-b+c)+x a+§—c +X 5—§+§ +x* and term containing higher power
s X0 X
X = =
3! 5l

m0

L 4



MATHEMATICS  Ljimits, Continuity & Derivability

then a-b+c=0 ... Q)
2a+b-2c=0 ... (2)
3a—-2b+3c=12 ... (©))

On solving (1), (2), (3)
weget a=3, b=12,¢c=9

. #nsinx
&im
D_6. So' xoui2 COtX
By L.H. rule
cotx

nx
fim cos {n}
D-7.  Sol. 2x
By L.H. rule
1
. Y

x.sin | — |.—
= EIT 1 [2 J 2x?

2X

. . b 2

Ssin — —

— {;I:? " (2Xj - T
n-1

14 2x+3x% ... +nx"" -0
Bim
D-8. Sol. d 1-0 By L.H. rule

fim ——
D-9. Sol. xoa X —a =_g
a*fna-ax®"’

fim
- xoa  X'¥nex =_1 By L.H. rule
a*fha-aa®"’
L athea -y
= (n(a/e) = —(n ea
a 1

> € =638 53=1

(a+x)*sin(a+x)—a’sin a [gformj (g

&im 0

D-10. Sol. %0 X

using L' Hospital rule
L' Hospital fuse ds iz:ksx Is

2(a+x)sin(a+x) +(a+x)*cos(a+x)

= x>0 1
=2asina+az2cos a

L 2
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MATHEMATICS Limits, Continuity & Derivability

Section (E) : Limits of form o —e 00 0° ]« 6 =€ = x  Sandwitch theorem

. { 1 3 }
lim| —— .
E-1.  sSol. oNI=x 1-x

1+ x+x2-3 x2+x-2
lim 3 =lim .
_ x>t (1*)( ) X_H*(X*'])(x +X+1)
(x—1)(x+2)

= =X =)0 +x+1)

X
atan— —x
X lim a
)I(in:n][;—cotg} 0l s tanX
—
E-2. Sol. _ a
2X 2 X X
sec” ——1 2sec” —tan—
lim Xa “m2 23 5
x—0 an " « < .
tan” + “sec® = sec” X + X sec? tan
= a a a - a a a a .
X
tan*—
Iing ” a o
X—>
1+ —tan= Z-0
_ a 7

(x*5x+6)-x°
Iim(\/m_x)z lim

E-3. Sol. > X2 —B5x +6 + X

: -5x+6
ime—="
X x4 6+ x
6
i _5+; -5+0 5
——x B0
L \/1__+_2+1
= X X
Pl ax
E-4. Sol. XEE \/a2X2 +3X+1+\/a2x2 +1
ax
2 4a 1 ) 1
B Elm X H\/a +X+XZJ+\/3 +x2} _%
Lim I;IQ ta:x
E-5. Sol. x—=0 (1+tanx)1,X: e =e
< 1/
. [HXJ e e
E-6. Sol. l;'l? 1-x) _— &Lng (‘I_X)Vx _ .

2 X
Lim [1 1w ] Lin %
E7 sol.  amUTE) et

L 2
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MATHEMATICS  Ljimits, Continuity & Derivability

5
fim (1 + taan;) x
E-8.  Sol. x>0
5 5
fim (1 + tanZ\/O+h) 0 Pim (1 + tanzxm) h )
=h0 = h>o (1~ form :1)
#im 5tan? vh ET:) 5[%]2
- eno h A - e
1+1
) el ()
Lim Lim o 5
E-9. Sol. e 2X+1) oS0 x) =\2) -
x 1
Lim L) -
E-10. Sol. 1 (1 +logexX) 11« = © —e.=©
E-11. Sol. a, B are the roots of the equation ax2 + bx +c =0

axz + bx + ¢ =3X =) (X=P)

lim (1 +ax® +bx + c)ﬁ

= x-u

lim ax? +bx+c
e x-a

Lim 2(x=2) (x=5)
X = a (x—a)

e

€a(a-B)

{xz— 2x + 1]X
dim | L2 _
E-12. Sol. xow X T X+ 2

i [x2—2x+1—x2+4x—2\
im| === RS x
x| x“—4x+2 J

4
= € . =e2
lim (sinx)*
E-13. Sol. Let A= x>0
lim x€nsin x
INA = %0
i fnsinx cotx
x—0 /X _x—>0 71
— X
2
lim| — X =0
x=>0|  tanx
>A=1
£im
E-14. Sol. y= x»0" (cosec X)u/mx

L 2

11 |
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MATHEMATICS Limits, Continuity & Derivability

fim i
my = 0 . X yn(cosec(x))
gim In_(sinx)
= _ x-0' 'an

? im .1 cos X
= — x>0 S|nX_ 1/ x
1

fim sinx
=— %0 cosx. X
=-1 y=1le
fnh

E15 Sol.  am _ coth
n (1/h) {tanhj
h

Ly
-0

5[3} 5[3_{3}} 2 x{g} 2
E-18 Sol. fi_m 51x = fi_)n(] + oL X X =5 _ ﬂng 5 1X/=5

[1.2x]+[2.3x] +.....+[n.(n+ 1)x]
E-19. Sol. U n
(1.2)x—1<[1.2x] (1. 2)x
(2.3)x —1<[2.3X] £(2.3)x
nn+1)x—1<[n(n+21)x]<n(n+1)x
sovrh% (L2)x+(2.3)x+..n(n+1)x—n
<[12x]+[2.3X]+....[n(n +1)X]
<(1.2)x+(2.3) X+ ... n(n +1)x
X . (Zn2+ Zn) —n <[1. 2x] +[2. 3X] +......[n(n+1)x] £ X (Zn2+ Zn)

nn+1) (2n+1) n (n +1)}_

6 2 [1.2x] + [2.3X]+.....+[n(n+1)X]

! im
- ‘EIT n3 < n—w n3
){n(n+1)(2n+1)+n(n +1)}
&m .
< nox n
1(1+1] [2+1J (1+12)
n n nth ’

6 T2 n? - ’a 1
fim < gm 024+ [2 x]: ..... +In(h+1)x]
' >xx n—w n

o) (o) ()
n n ntn
+
6 2
fim

< nox X
X gy (12 X+[23 M+rlninein
3 N—ow n3 3

L 2

12 |
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MATHEMATICS  Ljimits, Continuity & Derivability

M2 x] + [23 x]+....+[n(n+1x] X
£im 3 3
SO now n =

Section (F) : Continuity at a point
. . 1
lim lim —
F-1. Sol. x>0 f(x) = x>0 xcos X=0
k=0

x*-(a+2)x+a
X-2
F-2.  Sol. f(x)= 2 ;X
. o x(x=2)—a(x-1)
lim lim
x—2 f(X) = x=2 X—-2 =2
if function is continuous thena =0

* 2
2

1
—logcos x
X

lim
F-3.  Sol. 0 f(x)= ©
cosx—1]
X

|. log(cos x—1+1) {
xILT']J e (cosx-1)

eo=1so a=1

1-cos7(x—mn)
F-4. Sol.  f(x) = X—n
| | 25in2%(x—n)
!Lrgf(x): !Lrg (x-m)
sinz(x—n)
2 |2 7
lim To-m) | 1
2 .2 sin

= Xx—on

N~

(x =)

1/x
%)
5 X#0

4/5
F-5.  Forfunctionf(x)= ' € x=0 the correct statement is -
(1) f(0+) and f(0-) do not exist (2) f(0+) = 1(0-)

(3*) f(x) is continuous at x = 0 (4) !‘I—T’ f(x) # f(0)

%
%)
5 X#0

Quuicg L& X=0 gsty, diSulk dFku IR; ¢§ &

(1) f(0-) rfkk f(0-) fo|eku ugha g§ (2) f(0:) # (0-)
(3 f(x), x = 0 jj larr ¢§ (4) i f(x) # f(0)
[1+ﬂjjx , x#0
5
sol. fw=l €7 . x=0

L 2

13 |
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MATHEMATICS  Ljimits, Continuity & Derivability

G

= e4/5
hence function is continuous at x =0

1
F-6. Sol. f(x)= (tanx cota)

“m ;Iog(lan x cota)

X0 f(x) = e(x—u)

log [(tanx cota—1)+1] (tanx cota—1)
(tanx cota—1) (x—a)

- €

1X(sinxcosw—cosxsirmz)
(x—a)cosxsina

e

€2 cosec 2a

1 [sinx]

log ——
e(x—u) sina
F-7. Sol. f(x) =

[ sinx

1 log |:\5inu71]+1}‘fw4“
(x-o) ‘{ﬂ,f \sina )
\sina )

lim

x—a f(x) = e
sinx-sina

_e (x-a)sina

X—a X+a
2sin | = | . cos| |
2 J 2 )

(x—a)sina

—-€

= €cota

x*—4x+3
5 , X=#1
X -1
F-8.  Sol. f(x) = 2 » x=1
i x> —4x+3
xlm X2—1 =-1

f(1) = 2 hence discontinuous
f(-1) is not defined hence discontinuous.

ax’-b , 0<x<1

2 o o x=1
1 1 <2
F9. Sol. fex)= L 705X
atx=1,LHL.=a-b
f(1)=2
a-b=2
F-10. Sol. f (X) is continous at x = 0 therefore

lim lim
0 f(x) =1(0) = v f(x)
{(a+1 ) sin (a+1)x+sinx}
(a+1)x X —a+?2

lim lim
x>0 f(X) = x>0

L 2

14 |
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MATHEMATICS  Ljimits, Continuity & Derivability

F-11.

F-12.

1
. o (1+bx)? -1 1
lim lim ————

and x50 f (X) = x>0 bx = 2 here b should not be equal to zero.
SO a+2=c=12andb#0

Sol. f(0+) = 0, f(0-) = 1, f(0) is not defined so discontinuous.
Sol. f(x) = [X] + [-X]
lim
LHL =~mh f(xX)=m-1-m=-1
lim
RH.L = xmh f(x)=m-m-1=-1

Section (G) : Continuity in an interval, Theorems on continuity, Continuity of composite

G-1.

G-2.

G-3.

functions, intermediate mean value theorem

Sol. f(x) = 3 —[sin x| is continuous everywhere
flnx g
ISIHX
Sol. f=t 1 . x=0
tanx

lim —; )
x>0 SINX =1 continuous Irr~ g\

Sol. f(x) not defined atx =1
hence discontinuous at x = 1

{[g(x)]2+2 . x> 2

Sol.  flg=' 1m9x) ., x <2
2x)*+2 ; 2x =22 and x>1
(B3-x*+2; 3-x22 and x <1
1-2x ; 2x < 2 and x > 1

1-(3-x) ; 3-x<2 and x <1

4%% +2 : x=21 and x>1
x?=6x+11;: x<1 and x <1
1-2x i x <1 and x > 1
- X—2 ;o x>1 and x <1
{ 42 +2 , x>1
x*—6x+11 , x<1
flo(x)] =

im
so 1 flg(]

im
RH.L =7 (4x2+2)=6

£im
LHL =T (xe—6x+11)=6
L.H.L. =R.H.L.

fim
S0 1 flg(x)] = 6

L 4

L 2
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MATHEMATICS

Limits, Continuity & Derivability

G-6.

G-7.

G-8.

G-9.

G-10.

G-11.

G-12.

G-13.

L 2

sinl , x#0
X

Sol. foy= L O . x=0
L.H.L. & R.H.L. are not defined

Sol. LH.L.atx=2is 10
continuous at x = 2
discontinuous atx =0

1

lim -
Sol. x->1 f(x) = 8
1
a=q
a=z=1
2b* —4b
a= 2
b2—2b=a
2+12
ata=1,b= 2
ata=-1,b=1

Sol. Obviously

Sol. f(x) = 4x3 + 3X2 + ecosx + log(ax — 1) + xw3
atx =0, log(ax — 1) is not defined
hence f(x) is discontinuous at x =0

x2—5x+6

Sol.  f(x)=|x-2]+ X-1 +tanx
continuous in domain of f(x).

—(2x + 1) s —2<x<-1
| x+1/2| ) -1<x<0

Jl ) 0=<x<1
1,2

[ [x] X + 1/2 s 1<x<2
Sol.  f(x)= = x=2
f(x) is discontinous at x = -1, O,
A
Sol.  f(x) = 1-X discontinuous at x = 1
1-x
f(f(x)) = —X discontinuous atx =0

9(x) =f(f(x)) = x
g(x) is discontinuous atx=0&x =1

1 (1 ~(x—1) ~(x—1)
y:[x-J {)(-1}_2 _2x =17 —(x=N-1 _ 2x=-1)+1)((x-1)-1)

16 |
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MATHEMATICS  Ljimits, Continuity & Derivability

1
:>x—1:tE 1
1
>x#2,2
1
So discontinuous atx = 2 , 1,2

tan? x +1
G-14. Sol. fog(x) = tan” x —1
discontinuous whentanx =+ 1
T T

= x=nm+4 nelandx=nm+ 2 ,nel

G-15. Sol. Letf(x):ztanx+5x_2
oo o
f(0)=-2 f(m/4d)=2tan 4 + 4 —2= 4

L, 5n

Now x € [ 4 } and f(x) is continuous on [0, /4]

By intermediate value theorem c € [0, 1/4] for which f(c) =0
(b) is correct.

Section (H) : Derivability at a point, Derivability in intervals, Relation between continuity
and differentiability
X x20

f(x) ={
H-1_. Sol. —x  x<0

Iimf(0+h)7f(0) _ imth 4
RHD = "° h h—=0 h
lim 0= =f(0) _ ;,0-0 =0
H-2_. Sol. LHD=h>0 -h h-0 -h
lim 20X _ 4
H-3_. Sol. 0 X =f(0) hence f(x) is continuous at x =0
. tanx
lim =1 .
=0 X =f(0) vr % f(x), x =0 ij lrr~ g&§
tanh 1
lim 1O=M=10) _ ;, _h
Now ve LHD = "0 -h h-0  —h
Iimtanh2—h _0
— h=0 —h
tanh 1
lim f(0+h)-f(0) _ lim __h
RHD = h—0 h h—0 h

L 2
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jim 2nh=h _
- ho0 K2
~ —h+|-h|-0
lim ————
H-4. Sol. LH.D.= x»0 -h =0
~ h+(h)-0
lim ———
R.H.D. = x>0 h =2

Hence not differentiable at x = 0

limf(x)=0 limf(x)="f(1)

H-5 . Sol. x>t = xof Hence f(x) is continuous at x = 1
lim f(1-h)-f(1) _ lim (1-h-1)-0 1
LHD = h—0 -h h—-0 —h
3 2
lim f1+h)—f(1) _ im (1+h)y -1 _ im h(3+3h+h°)
RHD = "0 h h>0  h h—0 h -3
LHD # RHD
H-6 Sol.  f(x) is continuous atx =0 vr % f(x), x =0 ij lrr~ g
lim f(x)=f(0)= I|m f(x)
= x>0
=e°+0=Db (0-1):
=>b=1
f(x) is differentiable at x = 0 vr % f(x), x = 0 ij vodyuh; g§
= LHD = RHD
lim lim
= x30 (ex+a) = x>0 2p (X—l)
=>1+a=-2b
=a=-3

—h2

£im
H'7. SOI f(0+) = h-=0 1—e - 0
f(0-)=0
Hence continuous at x =0 vr% Ire~ g§ x = 0 jj

1
f(0.) f_lfpz h = f_l)l’p V Ve 1

dim 71_6# dim 1 f1
f(0) h—l>0 -h = h—l>0 e

Hence not differentiable at x = 0

_\

1]

]

|
=

lim
H-8.  Sol. =0 f(x) =0

lim
x>0 f(X) =1
Discontinuous at x =0
11
lim —
atx=1,LHD.=x>r -h =0
11
1+h 1
lim
R.H.D. = x>t =1

L 2
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H-9.

H-10.

H-11.

H-12.

H-13.

H-14.

H-15.

H-16.

L 2

x(3e"* + 4)

P x#0
x=0
Sol.  f(x)= 0
-n(3e " +4) _,
-1/n
lim—2-¢€ =2
LHD (x=0) = "*° -n
e +4
"2-e" )7
lim =-3
RHD (x = 0) ="? n not differentiable

limf(x)=0= lim f(x) = f(0) ]
x>0 n—0" continuous

h(~+h—vh+1)-0
im
Sol.  f(0.)= h>o h =—1
& for x < 0, f(x) is not defined
Hence f(x) is differentiable at x = 0

Lim(fmx)j"
sol. U M) 1. form) (2- )

(et )
-0 X ) el

- e

=€z =€2.

Sol. All are differentiable for x € R

Sol. Not differentiable at x = 0

Sol. fx)=|x—-1] + [x=2]
Not differentiable atx =1 & x =2

eh’x_e—‘llx
Sol.  f(x)= 0 » x=0

LHL =RH.L.=0
e Vh _glh
(=h) [_w -0

_ e te
lim
L.H.D. = x>0 -h =1
h (ewh _egh ) o
1/h -1/h
lim e"+e
R.H.D. = x>0 h =1
not differentiable at x =0
1
x"sin— , x=0
X
0 , Xx=0

Sol. f(x) =

19 |
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H-17.

H-18.

H-19.

1)
atx =0, L.H.L. = (=h)n sin ( h

7]
LH.D. = -h = (~h)n-1 sin [ h

)
R.H.D. = hn1sin AP
LHD.=RHD.ifn-1>0

so f(x) is continuous but not differentiable
forn € (0, 1]

—X X € (—mw,-1N)u (-1 o)
x=-1 0, 1

Sol. f(x) = [x sgn (1 — x2)| = xe(0, NHu(l, o)

function is discontinous at x = -1, 1
and non differentiable at x = -1, 0,1

Sol. Exceptx =0

[1, x=0
F(x) = -1, x<0
Sol.  f(X) = cos-1 (cosx)
1
frg= VI-C0S'X (giny)
,1 sinx
— 4 |sinx]|
= sgn (sinx)

Section () : Theorems in derivability, functional equations

I-1.

[-2.

L 2

Sol. [f(x)| may not be differentiable at f(x) = 0
[f|2 is differentiable everywhere

Sol. [x — 0.5] is not differentiable at x = 0.5
[x — 1] is not differentiable at x =1

T

tanx is not differentiable at x = 2
= in (0, 2) f(x) is not differentiable at x = 0.5, 1,

20 |
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2aclxl
I-3. Sol.  f(x) = k=0
= a0+ au |X| + az|x|z + as|X|s + ............ + an|X|n
lim|x|=0
f(0) = ao we know that x-0

Iirrcl)f(0)=aO

f(x) is continous for x = 0

[x|~ is differentiable if n # 1, neN

f(x) is not differentiable at x = 0, due to presence of |x|
If all az+1 = 0, f(x) does not contains |X|

f(x) is differentiable at x = 0

I-4. Sol.
im sinh—-h-0 im sin(|-h|)-|h|-0
RHD="° h LHD = "0 —h
lim sinh 1 Iim_(SInh _DJ
— h0 h — h=0 h h
=0 =0
= LHD =RHD

I-5 . Sol. f(x+y) = f(x) +f(y) = f(x) =kx
asf(l)=2=k=2
= f(x) = 2x
=>f(x)=2

1-6_.  Sol.  f(x+y) = f(x).f(y) = f(X) = a
Now f(1) =2 = a=2= f(x) = 2

10
Zf(r) — 1(2 — 1)
r=0 1421422 +....42s= 2-1 =2,-1= 1023

I-7_.  Sol.  f(x.y) = f(x) +f(y) VXY <R and differentiable vkSj vodyuh;
= f(X) = logax
also f(e)=1=a=e
= f(X) = logex
im fix+1) _ im in(1+x) 1
= x>0 2x x=0  2x =2

I-8. Sol. f(x +y) = f(x).f(y)
f(h) - f(0)
f(0) = h =11
lim f(3+h)—f(3)
f(3) = x> h
f(3).f(h)—f(3) f(0)
= h=0 h
[f(h)f(O))
lim h
=n0 {(3)
=f(3).f'(0)
=3x11
=33

L 2
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New Typed

Sol. ~fx)=x"+1or
fx)=—x"+1

and f(3) = - 80

~ n =4in second equation
fx)=—x*+1

L 4

L 2
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