Fundamental of Mathematics - I

MATHEMATICS

Bl Exercise-1

OBJECTIVE QUESTIONS

Section (A) : Representation of sets, Types of sets, subset and power set

A-1.

A-2.

A-3.

A-4.

A-5.

A-6.

A-7.

A-8.

A-9.

A-10.

Sol.  Since, intelligency is not defined for students in a class so set of intelligent students in a class is
not well defined collection.

Sol. () x2—=1=0 x=%1

([Jxe+1=0 Xx==%i XE @
(i) x2—9=0 x=%3

(iv) X2—x—-2=0, x=2,-1

Sol. X2=16 = X=+4
2Xx=6 X=3

No common value of x

Sol. A={2,-1,0,1,2}
No. of subsets = 2, =25 =32

Sol. Obvious

Sol.  P(A) ={e, {7}, {10}, {11}, {7, 10}, {7, 11}, {10, 11}, {7, 10, 11}}

Sol. Collection of all beautiful women in Jalandhar is not a set as it is not a well defined collection. It
is not possible to decide logically which woman is to be included in the collection and which is not to be
included.

Sol. 2,3,5 and 7 are the only positive primes less than 10.

Sol. Between any two real numbers there lie infinitely many real numbers.

Sol.  P(A) ={o, {o}. {{o}}. {0, {o}}} = {o. {0}, {{o}}, A}

Section (B) : Operations on sets, Law of Algebra of sets

B-1.

Sol.

B-2.

B-3.

1]

A B

Q.

n(AB) = n(A) + n(B) — n(AB) = minimum value of n(AUB)

=3+6-3 =6
Sol. A={1,2,3}

B ={3, 4}

C={4,5, 6}

BAC ={4}
Au(BﬁC):{L 2,3, 4}
Sol. Obvious

Sol. ANB={3,4,10}
ANC ={4}
(ANB)U (AN C)={3, 4,10}
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B-5. Sol. Obviously A- (B u C)

B-6.  Sol. B=U-B={1,2,3,4,5,8,9, 10}
ANB ={125}=A

B-7. Sol. A={5,913,17,21} andB={3,6,9, 12, 15, 18, 21, 24}
A-B=1{5,13,17}
A—-(A-B)={9, 21}

B-8.  Sol. LetAUB=ANB
Now,XxEA = XEAUB (*~ASAUB)
=>x€EANB (-AUB=ANB)
> XEB
Similarly, x € B implies x € A ~A=B
Conversly, letA=B
~AUB=AUA=A=ANA=ANB
~AUB=ANB

B-9. Sol. bNN.cN
(+ve integral multiple of b) N (+ve integral multiple of c)
since b & c are relatively primes :
=bcN d=bc

@
B-10. Sol. M = Mother; F = Female; D = Doctor

Section (C) : Cardinal number Problems

C-1.

C-2.

C-3.

C-4.

2|

Sol. ()AuB>AuUB (iIANB<AUB (i) AN B=AUB notalways

Sol. n (Ac N Be) = n[({A U B)] =n(U)—n (AU B)
=n(U) - [n(A) + n(B) —n (A N B)] =700 - [200 + 300 — 100] = 300.

Sol. Let number of newspapers is x.
As every newspaper is read by 60 students

Since, every students reads 5 newspapers
~ 60x = 300(5) > x = 25.

Sol. c©°

P =10+10+40=60%

Sol. n (A) = 40% of 10,000 = 4,000
n(B) = 20% of 10,000 = 2,000
n(C) = 10% of 10,000 = 1,000
n(A N B) = 5% of 10,000 = 500
n(B N C) = 3% of 10,000 = 300
n(C N A) = 4% of 10,000 = 400
n(A N BN C)=2% of 10,000 = 200
n(A N BcN Cc) = n[A N (B V) C)c]
=n(A)-n[ANBUC)]=nA)—n[(ANB)U(ANC)
=n(A)—-In(ANB)+n(ANC)-n(ANBNC)
= 4000 — [500 + 400 — 200] = 4000 — 700 = 3300.
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C-6.

M P

Sol. Number of students offered maths alone = 60
n (M) = 100
n(P) = 70
n (C) = 40
n(M N P) =30
n(MNP)=28
n(PNC)=23
n(MNPNC)=18

C-7. Sol. x+y=10 ; X+z=9 y+z=11 = x+y+z=15
x=4,y=6,z=5

C-10

Sol.
n(H v B) =n(H) + n(B) — n(H N B)
1000 = 750 + 400 — n(H N B) = 150
Now  n(only hindi) = n(H) — n(H N B) = 750 — 150 = 600
n(only bengali) = n(B) — n(H N B)
400 - 150 = 250

Section (D) : Standard formulae, Polynomials & Divisional Algorithm

D-1 Sol. sum=2+3+5+7+11+13+17+19=77

5+43V7 _ (5+43V7) 25+63+30J7 88+30J7 44 15
Do Sol. 5-3J7 —(6-3V7)6+3J7) _ ~ 25-63 _ -38 . 19 19
D-3. Sol. The sum of three non-negative numbers is zero only when they are all zero

butx— 1, x — 2 & x — 3 cannot be equal to zero simultaneously.

D-4. Sol. Obvious

2
— x+—J
D-5. Sol. X2+X2=[ X) _2=4-2 =2

1 (2222 +1DR* + )28 +1) 216 _1
p6.  Sol. (277 2° -1 = 221 — g1

3|
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= (44 +1) = n=4
D-7.  Sol. X2 +y2—-2xy=0 > (x-y)2=0 > x=ythenreA2=4
= A==%2
A>0,A=2
a+3d a+d
D-8. Sol. @a+9d a+dd -k o a +3d = ak + 9dk
= (3-9)d=ak-1) ... ()
and a +d=ak + 5dk

dl-5K) =ak—-1) ... (ii)
1

3-9k=1-5k = 4k=2 > k=2
D-9. Sol. X = a satisfies the given expression
~a3—azt+tat+t2=0=>a=-2.

D-10. Sol. P(4) =64k + 48 — 3

=64k + 45
Q(4)=128-20+k
=108 +k
P(4) = Q(4)
64k + 45=108 + k
63k =63 > k=1
D-11. Sol. 2x3—=5x2+x+2=axs—(a+hb)x2+ (2b—-1)x + 2
a=2
2a+b=5 and 2b-1=1
b=1

Section (E) : Rational Inequalities

E-1. Sol. —5<x<10 means x=-5,-4,-3,....... 9,10
and 0<x<15 means x=0,1, 2,....... 9, 10, 11, 12,....15
Required integers values of x are 0,1, 2, 3, 4,........ 9 = Number of integers values of x = 10
xZ -1 x*-1-6x-15 X —6x-16
- = <0 - <0
E-2. Sol. 2X+t5_3<0 = 2x+5 = 2x+5
x2_8x+2x—16<0 x(x—8)+2(X—8)<0 (x—8)(x—2)<O
5 5 5
(’“‘5] X+ — X+ —
= 2 = 2
- /5 ) - 8
/E \/
X € (=0, =5/2) U (-2, 8)
E-3. Sol. 2X—1<x+3<x-1
X2+3<x-1
= X2 — X + 4 < 0 which is not true for x € R.
= XEQP
E-4. Sol. 5x+2<3x+8 = 2x<6 = x<3 ..
X+ 2 X+2 -3x+6
x-1<4 = x-1_4<0 = x-1 <0

4|
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X—2
= Xx-1>0 = X € (=0, 1) U (2, ») .. (ii)

E-5.

E-7.

E-8.

E-9.

E-10.

E-11.

5|

Taking intersection of (i) and (ii)

Sol. X2+9<(Xx+3)2<8x+25
=> X+3)2>x2+9=> x>0 0]
and (x+3)2<8x+25 = X2—-2x—-16<0

= xe(l—\/ﬁ,1+\/ﬁ)
N G)=>xe© 1+ V17 )

Number of integers =5

Sol. (x-1)(x+3)(2x-7)(5-x)<0
x=-1)(x+3)(2x=-7) (x-5) >0

N /AN )

AN\ ™~_-/5

2

(x+2)(x* —2x +1)
Sol. 44+3x—x*
(x+2)(x=1)°
—(x+1)(x-4) -9

- + — —_
———O—e—O0—

2 4 1 4

>0

(x+2)(x = 1)
(x+N(x-4) -9
X € (—0, —2] U (=1,4)

x*(x* —3x+2) .
Sol. x*-x-30 =
X # -56
Xe(-mo, -5)Ull, 2] u(6, «) {0}

Do N s
7\/1 2'\-/5

Sol. Xa=5X2+4<0
(x2—1) (x2—4)<0
x+1)(x-1)(x+2)(x-2)<0

+ —_
—— o o o

-2 -1 1 2

(x+5)(x-6)

X € [-2,-1] U [1,2]
so number of integers = 4

Sol. X € (-, -9) U (-9,-3) U [-1, 0)(©0, 2) U [4, 6)
S0 +ve integral solutions are x =1,4,5

2 1 2x -1
- - >
—-x+1 x+1

5 0

Sol. X

2x+2—x2+x—17(2)(—‘l)>0
X+1 S

x3+1
3x+1-x% = 2x+1
>

0
x* +1

X2 +1

X € (—o, 1) U (2,

3)

x*(x = 1)(x—2) >0

X% X +2
AL A

3+1 =

X2 —x-2

- X x* +1
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(x+1)(x-2) (x-2) <0
- (x+'l)(x2—x+1)SO o (P ex+1)
- — +
12

X € (-0,—1) U (-1,2]
required value of x ={0, 1, 2}
Section (F) : Logarithm

1 1 1
1+log,a+log, c 1+log,a+log. b , 1+log,b+log,c

A
logba = X—1

F-1. Sol. +
1 1 1
- log,abc  log abc | log, abc
= |ogabe b + 10gancC + l0gasca = logancabc = 1
1 1 1
log _ abc log _abc log _abc
F_2_ SO | . g Joc + g Jea + g Jab
= logabc \/E + logabc \/a + logabc \/5
_ log,,. abc _ 1
F-3. Sol. a4bs=1
take log with base 'a’ both sides
_4
4 + 5logab = logal => logab = 5
43} 25-16 9
_ - 5/ 5 5
Now loga(asb4) =5 + 4logab =5 + 4 =
F-4. Sol. x=2°7Y*= 3% 22093 oy
F-5. Sol. loga(ab) = x = l1+logab=x = logab=x-1 =
1 X—1+1 X
Now logb(ab) =1 +logba=1+ X-1 = x-1 =x-1
F-6. Sol. log2(5 x 2).log2(24 x 5) — (log25)log2(25 x 5) = (I0g25 + 1)(4 + log25) — l0g25(5 + log25)
let log25 =t
(t+1)d+t)—t(5+t)=t2+5t+4 —-5t—t2=4=4log22 = log216
| | 2.4
2 0G4 3 09,7 (a®+1 _2a
F.7. Sol. y= 74|094ga —a-1 N 2|0921a43 L a
3l0gz; (2741 _ los(a*+1) w1 N 7ossa _ g2oga _
a'—(a®*+1+2a) a'-(a+1y
y= a®-a-1 - a’-a-1 —g+a+1
F-8. Sol. logp(logqg(logrx)) = 0 > loga(logrx) = b
=> logrx = q = X=1rq ...... 0]
and logq(logr(logpx)) = 0
> logr(logex) =1 = logpx =r => X=Pr e (i)

6|
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from (i) and (ii) pr = rq

= P = rar
F-9. Sol. log1oTt is quantity lie between 0 to 1.
F-10. Sol. log1o(log23 . log34 . log4s....... 10910231024) = log10(log21024) = log10(log2210) = log10(10) = 1
X
F-11. Sol.  2logiox —logio(2x—75)=2 = 2x =75 =102 =100
= X2—-200x+7500=0 = x =50, x = 150
sum = 200
Z423) | J18 ! 1]
+ —_ — _ .
F-12. Sol.  logx |Og].8( ) =3 = logx log1s ( ) =3 = logx 2 =3
1 1
= xi3= 2 = x=8 = 1000 x = 125.
F-13_. Sol. log2 (logs(x2—1)) =0
log3(x2—1) =1
X2—1=31
X2=4
X=%2
sum of solutions = 0
F-14. Sol. -2x-3=0 = X2—2Xx—-3=0
x-3)(x+1)=0 = x=3,x=-1 but x#-1
~ X=3.
3
F-15. Sol.  logz(logsx +2 + 8) = 3x
3
IOg9X + 2 + 8x = 23x
3
logex + 2 + 8« = 8«
3
logex +2 =0
_3
logex = 2
8
x= 9% =3,
A
x=27 = 27x=1
F-16. Sol. Clearly Domainisx >0 and x #1
Section (G) : Logarithmic inequalities
2
3
log 5(x* — 3x + 2) =22 {%}
G-1. Sol. 2 = X2—-3x+2< > 4x2—12x+8<3

7|
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23
= 4x2—12x+5<0 > (x-5)@x-1)<0 =  xelt??
But domain x2—-3x+2>0 > x-1)x-2)>0 > X € (-0, 1) U (2, )
EREH
Hence x € 2 2
log,; (x—1)

G-2.  Sol. logos (X — 1) < logo.os (x —1) : logo (x — 1) < 2
=> logo3 (x—1)< 0= X—=1>1 = X>2

G-3. Sol. 2-log2(x2+3x)>0 = logz (x2+ 3x) <2
X2+ 3x>0 = XE(—0,-3)U(0,o .. 0]
and vk§jx2 + 3x <4
= (x-1) (x+4)<0 = xe-4,1 . (i)

@) N (i) Is = x € [-4, =3) U (0, 1]

[1Jx2—2x 1 3

G-4. Sol. 2 <[2] >X2—2Xx>3 = X2—2X—3>0 = XE (—w,-1) U (3,)
5x+3

G-5. Sol. logs7—-2X>0

5x+3

7-2x > 3o

5x+3

7-2x -1>0

[SX—TJ
log,
G6  Sol. R )

x-7 [1]0
0< 2x <\3

3x-7 3x-7
2x >0 and 2x <1
(Z‘w] X—7
x € (00Ut /) 2x <0 x € (0,7] ...(ii)

now ve (i) N (ii)

7]
X E 3

so integer values of x =3, 4,5, 6, 7
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Section (H) : Determinants

1 -3 2
4 1 2
3 5 2|_ _ _
H-1.  Sol. =1(-2-10) + 3(8 — 6) + 2(20 + 3) = —12 + 6 + 46 = 40
1 2 3
-1 -3 2
H-2.  Sol. 2 -1 - =1(3+2)-2(1-4)+3(1+6)=5+6+21=32
1 3 -1
-1 -2 k
H-3.  Sol. T4 1, = k=3

Bl Exercise-2 |

Marked questions may have for revision questions.

PART -1: OBJECTIVE QUESTIONS

1. Sol. A=[x:XER,-1<x<1]
B=[x:xeR:x<0o0rx>2]
: AUB=R-D,whereD=[x:X€ER,1<x<2]

2. Sol. 1. (NuUB)NZ=(NNZ)u(BNzZ)=Nu(BN2

2. A={3,6,9, 12, 15, 18, 21, 24}
3. Sol. Ai1U Az U As is the smallest element containing subset of all we set A1, A2 and As
4, Sol. 1. (WNnB)uC)YnB

=(ANB)UC)UB
=(ANB)UBUC
=BUC#BNC

2, (A’NB)N(AUBUC)
=(AUB)N((AUB)UC
=oU((AUB)NC
=((AuB)uUC)
= (AU (BUC))

5. Sol. n(A U B) =280
n(A’ U B’) = 2009 — n(A U B)
=2009-280=1729=125+ 13=10s + 93
n(A—B) = 1681 — 1075 = 606
=4+2x301=4+2x7x43
=(2)2+2x7x%x43

6. Sol. n(M) = 23, n(P) =24, n(C) = 19
nMNP)=12,nMNC)=9,nPNC)=7
nMNPNC)=4
n(MNP' NC)=nMN ((PuUC)]

n(M)—n(M N (P U C))

nM)-n[(MNP)u MN C)]

nM)—-n(MNP)—n(MNC)+n(MNPNC)

9|
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Sol.

10.

11.

12.

10 |

=23-12-9+4=27-21=6

nPN MNC)y=nlPNMuUC)]
=n(P)-n[PN(MUC)=nP)-n[PNM)uU (PnNC)
=nP)-nPNM)—-nPNC)+nPNMNC)
=24-12-7+4=9
nCNMNP)=nlC)-nlCNP)-n(CNM)+n(CNPNM)
=19-7-9+4=23-16=7

70+72-t.=100

Iol

t1 = 42% = min. in P N C=42%
t2=85% —20% =65% = min. M N E = 65%

)

t=42-35=7%
min. in (P N C) N (M N E)) = 7%

Sol.  Formulalwk (a + b + c)s = as + bs + ¢cs + 3(a + b)(b + c)(c + a)
= (@+b)(b+c)c+a)=0
Sol. Letxs+axs+bx=Q(x—-1)(x+1)+px+(q
putx=1wegetl+a+b=p+q ... D
putx=-lweget-1-a—-b=-p+q ... 2)
onaddingqg=0
Now at x = -1, f(-1) = -3= -l-a-b=-3

a+b=2 = p=3 = remainder = 3x
Sol. f)=(x-1)gx) +5 ; fx) =(x+ 1) h(x) +3
f)=x+2)px)+2 ; f(X) = (Xs + 2x2 —x —2) p(X) + axa + bx + ¢
f(l)=0+a+b+c ; f-1)=0+a-b+c
f-—2)=4a-2b+c = a+tb+c=5a-b+c=3,4a-2b+c=2
= a=0,b=1,c=4 from equation (1) remainder is x + 4
Sol. P(1) =5 => 2-a+b=5 = b-a=3 ... 0]
Pl)=6+a+b=19 = b+a=13 ... (ii)

solving (i) and (ii)
b=8,a=5.=P(2)=10.

6x° —5x—3 2x? +3x—27
Sol. X*=2x+6 _4<0 o x*—2x+6 <
denominator Xx2—2x+6>0 V XER@ D <0)
then 2x2+3x—-27<0 = (2x+9)(x—3)<0
9 81
-2 <x<3 = O<x2< 4
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(4%2)max = 4 = 81 = (4X2)min = 4(0) = 0
14x  9x-30
13, Sol. x+l< x-4
14x  9x-30
m - x—4 <0
5x* —35x + 20

14.

15.

16.

17.

18.

19.

11|

(x+1)(x—4) <0
(x—=1)(x—16)
(x+1)(x-4) - o
to— o to —o*
-1 1 4 6
X € (-1, 1]u (4,6]
so integer values of x =0,1, 5, 6
sum of integer values =12

c

Sol. b=a2,c=b2, 8 =33=
= a=3,a>0
c=81,b=9

at+b+c=3+9+81=93

Sol.  9x-6.3x+8=0
=t = 2-6t+8=0 =
= x =log32, x = log34 =>

c=27a>

t=2,1

sum = log32 + log34 = log38

(x+1)+3x-xlog, 8 (x+1)+3x-3x

So|_ (xf‘])(‘]) = (X

a(\0g3 T)2 _ (a\og37 )'“937

Sol.

2 log; 11
plogr 17 _ (b‘°g711) _ 4Qour 1 _ q foer4e

I 25
C(\ogﬁ25)2 _ (C|091125 )'091125 ( 11 1)0911

= 27°%7 —

,1)

=121

25\0g11 N

=4

X+1

=Xx-1

=5

hence the sum is vr% :ksxQy 343 + 121 + 5 = 469 g{\

1

- log, (—}
Sol. logs logp Py = P/ = _logs pr = —n independent of p. (p Is Lora=k)

(x-8)(2-x)
log, ;5 [10(!092 92— 1)]
Sol. 7 >0
For (x=8)(2-x) to be defined
Q) (x—8)(2-x)>0
x-2)(x-8)<0 >

Now  Letsayy =logos

Let y<0 (assume) then |Ogo.3[

b2 =27a

7% = 7, = 343

=

a4 =27a
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5 5 7 5,
= 7 log: 2 >1 = logz 2 > 10 = 2 > 2 which is true
So y<0
so denominator is — ve and numerator is +ve, so inequality is not satisfied,
thus VX ~8)2-X) - ¢
x=2,8 .. i
Now  2x-3>31
=> (x=3)>log231=> X > 3 + 1092245 (approx)
= X>7.9 = X=8
20. Sol. logo.s logs (x2— 4) > logos 1 logo.s logs (x2—4) >0
= x2—4>0 > X € (=00, —2) U (2, ) 0!
,02 logs (x2—4) >0 = x2—-5>0
5 xe(wo—V5) U (V5 ) .. (i)
,08 logs (x2—4)< 1
> x2—-9<0 > x € (-3, 3) .. (i)
(i) N iy N i) Is = X € (-3, V5 ) U (\/5’ 3)
«[(3Y
4[(—}—1}Pn(x+2) ‘_T_T+?_
4 <0 =2[ -1 0 4
21.  Sol. (x=4) (x+1)
X -2x+3  Tx+2 X+4
2X+7 x*-x+2
— 2 —
20, Sol. 3 2x -1 X —4x+7
=axe + bxs + cx4 + dx3 + ex2 + fx + ¢ putx =0 (x=0)
3 2 4
7 2 0
3 1 7oy S 3(14)-2(49)+4 (-7 -6) = g
42 — 98 — 52 > —-108=¢
23 Sol. \/Iog4{log3{logz(x2 -2x+a)}}
for defined, logalogslog2(x2 — 2x + a) > 0
> log3log2(x2—2x +a) > 1= log2(x2 —2x +a) >3
> X2—-2x+a>8 => X2—-2x+(@-38)>0 > D<0
4-4(@-8)<0 => l1-a+8<0 = a>9
24. Sol. Letlog3x =t
t2-2t-5=0
t1+t2=2
log3x1 + log3x2 = 2
log3xix2 = 2
X1x2 =9

12 |
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PART -1l : MISCELLANEOUS QUESTIONS

Section (A) : ASSERTION/REASONING

A-1.  Ans.(1)
Sol. XNIuX)y=XNNxX)=XNxnyYs=e
= Statement — 1 true.
XAY=X~Y)U(Y~X)=(XUY)~(XNY)
= number of elementin X AY =m—n.
= Statement-2 is true but does explain statement-1

A-2.  Ans. (1)

Sol. Letp=q+2=r-2wherep, q, rare all prime numbers
>q=p—-2andr=p+2
g=3A+1or 31+ 2where A € N is not possible else p or r will not be prime

>0=3A=>09=3 “p=5

A-3. Ans. (1)
Sol. LetP(x) = (x—1) (x—2) Q(x) + (ax + b)

GivenP(1)=-1and P(2) =1

- atb=-land2a+b=1 = a=2,b=-3
A-4. Ans. (1)
Sol. Since 0 < V13 -12 <1 Ioglo(\/ﬁ*\/ﬁ)<0

Since 0< V14 -\13 <1 Iogo.l(\/ﬁ_\/ﬁ)>0
A-5.  Ans. (3)
Sol. (logio X)2 — logio Xs + 2 = 0 has two roots x = 10,100

A-6. Ans. (1)
Sol. Statement-1: vy =logus(Xz — 4X + 5) is max.
when x2 — 4x + 5 is min.
Letf(x) =x2—4x +5
= x—=2)2+1
f(X)min =1
ymax = Iogl/31 =0
Statement-1 is true

Statement-2: logax <0 forx>1,0<a<1
y

\y:logﬂx:0<a<1

‘ (1.0) "%
Statement-2 is true and
correct explanation for statement-1
Section (B) : MATCH THE COLUMN
B-1. Ans. (1)~ (a), 2) — O, (3) — (s), 4) — ()
Sol. (1) The set {32"—8n — 1 : n € N} contains 0 and every element of this set is a multiple of 64.

n — 1 is always divisible by 7.
2)2%n—1isal divisible by 7
n— 1 is always divisible by 8.
3)3n-1isal divisible by 8
(4) 22" — 7n — 1 is always divisible by 49 and 23" - 7n—-1=0for n = 1.
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B-2. Ans. (A)—r (B)—p, (C)—s,(D)—q

Sol. (A)  x=0.363636......
100x = 36.363636.......

99x = 36
36 _4
N x=99 1
sum of numerator and denominator is 4 + 11 = 15

(B) 22x—32y=55,x,yeEl = 4x — 9y =55
only x = 3, y = 1 satisfy
There fore number of solution is one set (X, y) g.e. (3, 1)

22x—32y=55x,yel = 4x — 9y =55
1 1 1

log,8  1og,8 log, 8.10g, 8
© 09, 9 9a ©.109p => logb8 + loga8 = 1 (given logab = 3)
> 4logp8 = 1 loge8 = 3logsa ....... (2)
= logn8 = 1/4 loga8 = 3logn8

8 = b4 = b=84

logs(84) = 3logsa

4
= logea = 3 = a=(843)=(23)=24=16
logs 2

o) 3 _ pked _ gdess? _ pflemd

_ 3log32»"m oogz3 2o 2 olgz3

_ 2\‘“092 3 2\."Iogz 3

B-3. Ans. (A)—r, (B)—s, (C)—p,(D)—q
2
Sol. (A)  Antilog27(0. 8) =x = 0. 8=logarx = 3
= X=(27)2i3=(33)23=9
(B) Since 210< 2008 <211 = log2(210) < 10922008 < logz(211)
= 10 < 10922008 < 11
(©) loge2.10gn625 = 10g1016.10gel0 = loge2.10gv265 = logel6 = logp625 = l0g216 = 4

= 625 = ba
(sto _[ 10 Jmo_[ 10 J100
- | 524
D) X = 6 2x6 23

logiox = 10(1 — 2log2 — log3) = 100(1 — 2(0.3010) — 0.4771) = 100(-0.0791) = 7.91

Section (C) : ONE OR MORE THAN ONE OPTIONS CORRECT

C-1. Sol. n(A U B) is minimum when n(A N B) is maximum i.e. 3.
~ minimum n(A U B) =6
n(A U B) is maximum when n(A N B) is minimum i.e. O
~maximumn(AuB)=9

C-2_  Sol. n(A) = 21, n(B) = 26, n(C) = 29
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NANB)=14, nANC)=12, m(BNC)=13, nANBNC)=8
nCNA NB)=nCN AUB)= nC)-n((CNA)UCNB))
n(C) —=[N(C N A)+n(CNB)-nANBNC)
29-[12+13-8]=12
N(ANBNCY=n(ANB)-nANBNC)=14-8=6

1

(L (d* + e + )k

a b c ] a_b_c
- - - — ¢ k k k - - - —
c3 sSol. d e f-)2 a=dib=er, c=fA = (@ +e +f) =2= d e f
C-4 Sol. a 2a a’
SO0, a-l+a—-2a—-1=18
a=5,-4 a=5

log,135 log, 5

C5  Sol. N= 1093 100,53 _ (109527 +10G;5) |00 e 100s 405

= (3+10955) _ 10025 loga(81 x 5) = (3 + loga 5) (1 + logz 5) — loga 5(4 + logz 5) = 3
C-6. Sol. (logsx)2 + logsx =1 = (logsx)2 + logs«5 — logsxx = 1
log:; 5 logs X
N (I0gs X)2 + log; 5 +log; x _ log; S+log; x _ 4
1 log, x
N (logsx)z + 1+logs x _ 1+logs x _ 1

Let logsx =t
1 t tP(1+t)+1-t

t+ 1+t 1+t =1 = 1+t -1 = ts+te+1—-t=1+t
ts+t2—-2t=0 ; tt+t-2)=0 ; tt-1)(t+2)=0
t=0,1,-2
logsx =0, 1, -2 x=1,5,
C-7. Sol. log,- 16 +log2x 64 = 3 = 4 I09><22+6I092x2:3
4 6 2 6
- log, x* | log,2x _ 5 _ log, x , 1+log, x _3
but logzx=t
2 6
t 41+t =3 = 2+2t+6t=3t+3t2
= t2—-5t-2=0 = 3t2—-5t-2=0
= @Bt+1)(t-2)=0
1
= t=— 3 | t=2
1
> Iogzx:—3 logz x =2
= X = 2-1/3 x=4
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2
C-8. Sol. logzx +logsy =2 + logs 2, logz7(x +y) = 3
> logs xy = 1093 9 + logs 2,= X+y=(27)23
= xy =18, = X+y=9
= X=60rx=3
y=3,y=6
asx>0,y>0. x>0,y>0)
1 1 1
— — < X £—=
C9  Sol. 2 <logiox<2 N 100 N
C-10. Sol. log23 >1, logi210< 1 > log23 > l0g:210
loge5 < 1, log8>1 logs5 < log-8

109326 < 3, 10929 > 3
001615 < 1, log01l > 1

109326 < l0og=9
001615 < logioll

AU

log,x

logax

C-11  Sol.

Bl Exercise-3 |

PART -1: JEE (MAIN)/ AIEEE PROBLEMS (PREVIOUS YEARS)

1. Sol. Wehave, AUB=AUC = (AuB)nC=(AucC)ncC
>(ANC)uBNC)=C [ (AuC)NnC=C]
>(ANB)u(BNC)=C (i) [-ANC=ANB]

Again, AUB=AUC
>(AuB)NB=(AUuC)NB = B=(ANB)uU(CnNB)
>(ANB)u(CNB)=B= (ANnB)yuBNC)=B ..(i)

From (i) and (ii), we getB=C

2. Sol. Every element has 3 options. Either set Y or set Z or none
so number of ordered pairs = 3s

3. Sol. X={0,9, ....... 4,-3n-1}
Y={0,9, ... ,9(n-1)}
Now4n—3n-1=(3+1)»—-3n-1

= 3n + n.3n—l + ...t nCZ 9

is a multiple of 9.
Also Y consists of all multiples of '9' from 0, 9,.......
Hence all values of X are subset of values of Y.
Thus XuyY=Y

4.* Sol. Number of subsets = 2m
also number of subsets = 2,
2m - 20 =56
m=6 n=3
(m, n) = (6, 3)
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5. Ans. (4)
(X2_5x+5)x2+4x-60 _ 1

X2—5x+5=1 X2+ 4x—-60=0 X2—5x+5=-1
X2—5x+4=0 x=-10,x=6 X2—5x+6=0
x=1,x=4 x=2,3
at x=2 xz2 + 4x — 60 = —48 (even)

~ X=2 is valid
at x=3 xz + 4x — 60 = -39 (odd)

~ X = 3is invalid

x=1,2,4,6,-10

Sol.

PART -1l : JEE (ADVANCED) / lIT-JEE PROBLEMS (PREVIOUS YEARS)

1

1. Sol. 2 logz(x — 1) = logz (x — 3) = Vx-=T=x_3
x—-1)=x2—-6x+9 = X2—7x+10=0
x=5)(x-2)=0 but x #2
x=5

2. Ans. (3)
Sol.  (2X)mz2 = (3y)ms

= /n2 (n(2x) = /n3 ¢n(3y) =¢(n3 (/N3 + /ny) ... Q)
also 3mx = 2/"ny
= /Mmx/m3=/(nymn2 L. (2)

{l’n?; +
n2

anPnB}
by (1) = ¢n2 (n(2x) = ¢n3 (/n3 + /ny) = /n2./n(2x)=/n3
1

(Pn22—£n23) 5

= n22 (N2x = /n23 (/N2 + (nx) = (fn2x) =0 =>/m2x=0 = x= 2
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Il dditional Problems For Self Practice (APSP)

1. Sol. Obvious
2. Sol. Obvious
3. Sol. Obvious
L
4. Sol. x+1 x-2 >0
(x=2)-(x+1) 4 -3 -0 3 <0
(x+1)(x-2) - (x+1)(x-2) N (x+1)(x-2)
5. sol. N = 650

logN = 50 [log6] = 50 [log2 + log3] = 50[0.3010 + 0.4771] = 50 (0.7781) = 38.09
characterstic = 38
No. of digits = 39

6. Sol. (x=3)2=4x-15 = X2—10x+24=0

Xx=6,4 X = 4 (reject)

2x-4 (2x—4)—(2x+1)
>
7. Sol. 2x+1 > 1 = 2x +1
L <0 = : s

2x +1 -t (—o0, =1/ 2)
8. Sol. X2—2X-3=0

x=-1,3 = x=-1(reject) x=3

il a1 il

9. Sol. X+ X =3 = o+ XX +2=9 = xe+ X' +2 =49
10.  Sol. s 0 o1 3 4

X€(=3, 0) U (0, 1)€u (1, 3) U (4, )

11. Sol. (%2 +6x+ 1)+ (y2—2y +1) =0
(Bx+1):2+(y—1)2=0
-1

( 928 g0 312 ] (2 3]7]
14 A15 75 /12 3 )
12. Sol. log- 512732t 5 = log- > = 1+ 7l0g2(3/5)

)
13.  Sol. let logsx =t, t=(9t—15)[1+t

t+t=9t-15
t2—8t+15=0
t=3,5 = X =27, 243
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14. N=3 €[81, 243)
N=5zup €[25, 125)

common : N€g[81, 125)
log,(3x)—-1>0

15. Sol.
loga(3x) > 1= (3x)>2 = °092(8%)<2 43
f(_zJ _2{@]”[_8]2[5]&2 -32-192-216-216-162+486
16. Sol. 3 243 81 27 9) 3 - 243
17. Sol. (2x—y) (x+2y)=7
9 13
- - _\5"5
case-| 2x-y=1 X+2y=7 = (X, y)=
case-ll 2Xx—-y =7 X+2y=1 = (X,¥)=(3,-1)
case-lll 2x—y=-1 X+2y=-7 = (X,y)=(-9/5,-13/5)
case-lV 2X—y =-7 X+2y=-1 = X,¥)=(3,1)
18. Sol. [0QosX > —6 > X < (0.3)-
3
x < \3
)
l0Qosx <—4 = X = 3
19. Sol. ex+1>0
(Always)
3x+4>0
-2 XE(—2, o)
0. Sol V3x+1=1+ [(x+4)
X+1=1+(x+4)+2 (x+4)
(x=2)2 = (x +4)
X2—4x—-x=0
X(x-5)=0
x=0 x=5
Crosscheck solutions = X = 0 (reject) Xx=5
1 -3 2
4 -1 2|=d
3 5 2

21. Sol. x=0
Expanding the determinant w.r.t. first row
1(-2-10) + 3(8-6)+2 (20+3)
—-12+6+46=40

2x X
3.5 B 25 _0.2
22.  Sol. o o
Let B5x=t:
3t—-2t=1

3t-3t+t-1=0
(3t+1) (t-1) =0
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-1

t= pt=1

23. Sol. *+—= 4+ * 4+ °
XE€(—0, —=1) U (3, 4)U (4, »)

24, Sol. M =logs 128 =7/2 =

25. sol. Let logsx =t
+1_10 1

26. Sol. X = 2log3 - logs
y= 3log4—logz
Z= 4I092—I0g3
2log3 3Iogd 4\092

Xyz _ 2Iog4 3!092 4\05;3 :1

27.  Sol. f14-645 =(3-15)
2+J€—\/6—3J§+ 14-65 =4

28. sol. rx)=ax+b
R(1)=2=a+b
R(-1)=-2=-a+b
(a,b) =(2,0)

29. Sol. let logx=t
(t+2)2+(t+1)2=14-t
2+ 7t—-9=0
t-1)(@2t+9)=0
t=1 t=-9/2

30.  Sol. logr (35. 14/10) = 2

6-3V5+14-645 =945 =(\5 -2

Practice Test (JEE-Main Pattern)

OBJECTIVE RESPONSE SHEET (ORS)
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Que. 1 2 3 4 5 6 7 8 9
Ans.
Que. 1 12 13 14 15 16 17 18 19
Ans.
Que. 21 22 23 24 25 26 27 28 29
Ans.
PART - Il : PRACTICE QUESTIONS

1.

Sol. logso 96 = logso 32 + l0gso0(3) = o— B = 5logse (2)

2. Sol. (i) 7% =8

3. sol. A o g7

4, Sol. Obvious

5. Sol. Obvious

6. Sol. n(A U B)= n(A)+n(B)-n(A N B)

0<n(ANB)<5
7<n(AUB)<12

7. Sol. A={235711,13,17, 19,23}
B =1{4,6,8,9,10,12,14,15,16,18}
nAUB)=19, n(ANB)=0
nANB)=9

8. Sol. A=¢
P(A)={g}=n(P (A) =1
n(P(P(¢))) = 2*
n(P(P(P(¢)))) =22=4
n(P(P(P(P(¢))))) = 2% =16

9. Sol. AU{(AuUB)N B}
A'U{(ANB)U (B NBY)}
AUMANB)=(AUANAUB) =A'UB' =(ANB)

10. Sol. a=18,a+d=23,c+d =8
c+f=8,a+b+c+d=26
c+d+f+g=48
atb+c+d+e+f+g=100-24=76
a=18,d=5,c=3,f=5,b=0
g=48-(3+5+5)=35
e=76-(18+0+3+5+5+35)=10
Now b+c+e+f=0+3+10+5=18
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E A%A H
N

S
[1000]
11.  Sol. n@=_L 2 J=500
[1000]
n@)=L 3 J=333

1000

ma:[ S ]:mm

n(2 N 3) = 166, n(3 N 5) = 66
n(5N2)=100n(2N3N5)=33,n(2U3U5) =734
n(2' N3 N5)=1000 — 734 = 266

12. Sol. 80=40+50+60-2(N(ANB)+n(BNC)+n(CNA)+30
=>nANB)+n(BNC)+n(CNA)=50
Required number of members T=n(ANB)+nB NC)+n(CNA)—-2n(ANBNC)
=50-2x10=30

13. Sol.  0<n (AN B)<min. {n(A), n(B)}
0<n(ANB)<12
n(A'N B) =n(B)—n (A N B)
3<n(\A'NB)<15
=>x=3,y=15

14.  Sol.  XNXUY)Y=XN(XNY)=XNX)NY

=eNY =9
15. Sol. N3 N Ns = Nais [ -~ 3 and 5 are relatively prime numbers)
16. Sol. W X2+ 4y2 = 45

We canseethat x=+3y=%3
(3,3) (3,—3), (—3,-3) (-3,3) are 4 elements

17. Sol. 2Mm+ 2" =144
2n {2m—n+1}:24x32
n=4, m-n=3
n=4, m=7

18. Sol. Every element of X have 3 options
either in Y or in Z or none
so number of ordered pairs = 34

19. Sol.  n(U) =100
n(MMCMT) =10;n(M M C) = 20;
n(CMT)=230; n(MMT) = 25;
n(M only) = 12; n(only C) =5; n(only T) = 8
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M ( U

oA
N,

T

n(MMCWT) = 12+10+5+15+10+20+8 = 80
n(MMC-T) =100-80=20

20. Sol. Subsets =2°-1-1
=510

(x-6°(x=1*(3-x)
21.  Sol. (x+3)x°

(x—6)*(x-1)*(x = 3)
(x+3)x°

>0

<0

+ - + + - +
—C * - *
-3 0 1 3 6
X€E(-3,0) U [3,6]uU{1}
positive integral solutions are x =1, 3,4, 5, 6

[kukRed iw.kkjd gy x = 1, 3, 4, 5, 6

22. Sol. (log108)x2 — (log105)x + X — 2log102 = 0

—lo E
(1-log;p5) __°(5) —loge2 -1
Q) sum of roots = log;o 8 logg8  _ 3logy2 3 =rational
—2log;p2 _ -2
2 Product of roots = logy 8 3 - rational
(8x10]
3) sum of cofficient = log108 — log105 + 1 — log104 = log10 Sx4

= log104 = irrational

\/(1]24_(2] 8 [B_s
4) Difference of roots = 3 3/_Vo 3 _Vo9 3 —rational

(2\/5 x)
23. Sol. 2 logz log2 x + logi2 log2 =1
242 x
> log2 (log2 x)2 — log2 log2 ( ) =1
2
(log, x )’ (log, x)"
— = 3
| 2.2 —+log, x
= log2 OQZ(J_ X):l = 2 z =2
let log2x =y
y2—2y—3=0 = y-3)(y+1)=0
y=3,-1 => log2 x = 3, -1,

23 |



Fundamental of Mathematics - I

MATHEMATICS
but log2x>0
logz2x=-1 is not possible
= Xx=8
NEW Type
24.  Sol. ~~a+b+cisalso divisible by 7

25,

26.

27.

28._

29._

30.

31.

32.

24 |

and for least,
a=1,b=2,c=4

Sol. fX) =K(x-1) (x—2) (x—3) + 2x
f(4)=K®)+8=2=K=-1

f0)=-6K=>6
(5 678 64} (64]
—— i — log,| —
Sol. log4 4567 63) - 4 =logs16 =2
4 2
x2 +x° +1 <0 1 <0
Sol. X°—4x-5 N (x=5)(x+1)
+ - +
-1 5 X € (-1, 5)
Sol. (X2 +x+1)+x(x—1)
=>2x2+1
2(¥3-1)
Sol. x= (V31)(3-1) 45 ~1
Sol. (a+b+c)?=a?+b?+c?+2(ab+bcandca)

a?2+b2+c2=1+16=17
a®+b®+cd-3abc=(a+b+c)(@a?+b2+c?2—ab-bc-ca)
ad+b3+c3=3(-12)+1(17+8)=-36+25=-11

Sol. logs(1 + logs(2x— 7)) = 1
1+logs(2x—7)=3

logs(2x—7) =2

2%—7=3

2«=16

X=4

only one solution is possible.

2X+2

>3x+1
Sol.

2X+2
X

-(3x+1)=0

2x +2-3x% —x
2re7er T2
X

0
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33.

34.

35.

36.

25 |

3x% —x-2
- <
X
(x—1)(3x+2)

0

<0

xe[—m, _g}u(o, 1

positive integral solutions x = 1
sum of solutions = 1

Sol.
3x = 4x = X =(x—1) logs4 = X(1 - 2logs2) = — 2logs2
2log, 2
X = 2log, 2-1
3 N 2
Sol. 5log, 1600 5logs 1600

3 2 1 1 1
g|091600 4+ gl‘)gmoo 5 _ g[3|091600 4 + 21091600 5] _ g(|091600(43 X 52)) _ g(logwoo 1600) =

Sol. logio(—2X) = 2logio(x + 1)
—2X = (x + 1)2

—2X=x2+2x+1
Xx2+4x+1=0

-4+16-4

X = 2 =—2¢‘E
whenx=—2—\/g x+1=—1—\/g <0
so.x=—2—‘6 is not possible

only solutionis x=-2 + V3
(x-1°*(x+2)°
Sol.  (X+T)(x=N(x-6)(x+4) -

(x=1?(x+2)*
(X+7)(x-6)(x+4) x#1

+ - + - - +

-7 -4 =2 1 6
X€E(-7,-4)uU[-2, 1)U (1 6)
Integral values of x = -6, -5,-2,0, 2, 3,4,5
sum=1

A=
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((_2)2 }
4 _
37 Sol. loga — 2logi(4(—2):) = 10941-2109,64 _ 5 _ 5 _4

38.  Sol. 3123, 3%>3 o 372 xx 30 N 72-x-x >0

Vx<72-x Let VX =t

> t<72-t
+t-72<0 = (t+9)(t-8)<0 > t-8<0
t<8 > \/;<8 > X € [0, 64)
1+ 2x
39. Sol. 0< T+x <3
1+ 2x 1+ 2x
1+X >0 and 1+x -3<0
SO
X € (—oo, =1) U 1+ X
X+2
x+‘l>0
%)
X € (=0, -2)U \ 2
a=-2
20 =-4
PRI VIR lg_ 1 A
40.  Sol. Let\/ W2\ a2 - ’ 3\/§t:t > 4-N2y=p s
1 A+ 1+ 4x3V2x1242  —1+17
t2+ﬁt_4:0:3ﬁ th +t— 12\520 = t= 2% 32 :2x3\/§
16 -18 8 =3 =3
t=6‘-/5 , 6v2 = t= 3\/5, 2 and V2 is rejected

BRI 6]
S0 6 + logae 32 32 = 6 + logae 9 =6 + logae 3 =6-2=4

2 9 ] 9
(logs )" —logs x+5 3 —_
41.  Sol. X{ S NE RN (1095 %) _2 jogs x + 5 = logx 3V3
9 3
log x)2 Py >
= (log; x) _2 logsx +5=2 logx 3
o 3
Let logsx =t = to— 2 t+5= 2t = 2t3—9t2+10t—3=0
t = 1 satisfies it
2ts— Otz + 10t — 3 = 2t2(t — 1) — 7t(t — 1) + 3(t — 1) =(t—1) = (t—1) (2t—1) (t-3)
1
= t=1 t= 2 t=3
1
= logsx = 1 logsx = 2 logs x =3
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= X=3 X = 3112 X =27.
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