MATHEMATICS Limits, Continuity & Derivability

Bl Exercise-3

* Marked Questions may have more than one correct option.

PART -1: JEE (MAIN) / AIEEE PROBLEMS (PREVIOUS YEARYS)

1. Sol. axz+bx+c=0
ax-a) x-p)=0
. Zibx+c a
23|n2 ax+} 2si 2 a _ _
_ 1-cos(ax® +bx+¢c) . ( 2 sin 15 (x—a) (x=PB)
2im &im oim

X (x_a_)2 :xaa (X—a)2 —xoa (X—(l)

(ax—a) x=p)\Y
s ( 2 ) 223 (x—p)?

2

, a(x—a) (x—p) 4 2a’(a—B)*  a’(a—p)
fim 2 =
= x—a =(1) 4 2
2. Sol.  Since [f(x) = f(y)] £ (X —Y)2

Xy | X—y | X—y
= [ f'(y)l <0
= f'(y) =0
= f(y) = constant
= fly)=0 [ f(0) =0 given]
= f)=0

im f(1+h)—1f(1)

3. Sol. f'(1)=""° h
— h-0 h h—0 |
im f(+h) im f
Since, "™° h =5,s0 "° h mustbe
lim m
finite as f'(1) existand "*° h can be finite
lim @

only, iff(1)=0and "° h =0

. f(1+h)

lim

f="° h =5

X

4. Sol. Since, f(x) = x|
9(x) X

Let  f(x)= Nx) = x|
Itis clear that g(x) = x and h(x) = 1 + |x| are differentiable on (—«, «) and (-, 0) U (0, «) respectively.
Thus, f(x) is differentiable on (— , 0) U (0, ).
Now we have to check the differentiability at x = 0
X
im X =FQ) x|
x—0 X — — x-0 X
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MATHEMATICS Limits, Continuity & Derivability

. 1
lim
_ o0 x|

1
Hence, f (x) is differentiable on (-, «).

2x
lim [1— 2 J lim & 172X

5. Sol. Now, *° \x -1/ xEe¥-1)
. 26 -2
I oxe™
= (87 —1)+2xe (using L'Hospital's rule)
. 4%
Ilm 2x 2%
= 0 4e7 +4xe™ - (using L'Hospital's rule)
f(x) is continuous at x = 0, then
lim
=0 f(x) =f(0) = 1=1(0)
6. Sol. f(x) = min {x + 1, |x| + 1}
fx)=x+1, ¥V xeR.
¥4
y=—x+1 y=x+1
©.7) -
x' <+ 3 » X
y-‘
It is clear from the figure that
fx)>1, V¥ xeR.
f(1—h—1)sin( ! }—O
_ fA-h)—f(1) . 1-h-1 im sin [t
lim ———~  |lim m - $ h
7. Sol.  Now,f (1)= "** ~h =0 —h = =-
. o
lim sin —
h—0 h
(1+h—1)sin[ ! )-0
. f(1+h)=f(1) . 1+h—-1 . .
im ———= lim lim sin —
and fl (1+): h—0 h - h—0 h h—0
f'(1-) = f'(1+)
fis not differentiable at x = 1.
Again, now
(O +h+1)sin 1 —sin1
. 0+h+1
lim
f| (0) - h—0 _h
1 1
—<(h+1)cos X 2 sin
) h+1 (h+1) h+1
lim
= h=0 =1 (using L' hospital's rule)
=cosl-sinl
(0+h—=1) sin { 1 )—sin 1
. 0+h-1
lim
and  f(0.)="° h
= (using L'Hospital's rule)
=cosl-sinl = f' (0-) =1 (0+)
f is differentiable at x = 0.
8. Sol. gof (x) = sin (x [x|)
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MATHEMATICS Limits, Continuity & Derivability

X

cos(x [ x (I x|+x . ﬁ) , x=0
X

gof (x) = | x| cos(x|x]|) , Xx=0

: gof is differentiable at x = 0 and the derivatives is continuous

statement-1 is true

Statement-2

cos(h|h |){| h|+h hJ )
. (gof)'(0+h)—(gof)(0) . |h| cos(h”)(h+h)
lim lim

h0" h = h>0 h = h =2
h2
, : cos(h|h |)[| h +—] ,
. (gof)'(0 —h) - (gof)'(0) , [l cos(-h?)(-h—h)
lim lim m —
h0 h = hoo h = hso h =_2

not differentiable
statement-2 is false

9. Ans. (4)

o f(3%)
Sol. MM 00 =4

f(x) < f(2x) < f(3x) Divide by f(x)
f(2x)  f(3x)

1< <
f(x)  f(x)
f(2x)
) ) lim f(X)
using sandwitch theorem = X =1
Hence correct option is (4)
10.
Ans. (4)
Sol. ex+29—x22‘/§ (AM = GM)
1 1
e’ +2e 7 . 22
1
2y2 >f(x) >0 SO statement- 2 is correct

1

; &
As f(x) is continuous and 3 belongs to range 22 of f(x),
1

> f(c) = 3 for some C.
Hence correction option is (4).

11. Sol. (1)
| sin (x-2) |
im V2 T2
~ does not exist

12.  Sol. (4)

- (f(07) -9
fm————=0 : 2 = i
iy oy A - 9] =0 ; I =3

13.  Sol. (3)
f(0) =q
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MATHEMATICS Limits, Continuity & Derivability

1+1x+ 1
1/2 —AT..... -
gmx) " -1 27 1
f0) =0 X = 0’ X _2
%im sin (p+1)x+sinx
f(O_) = x—=0" X
%im (cos(p + 1)x)(p + 1)+ (cosx)
f0)= * 1 =(p+1)+1 =p+2

1 3 1
p+2:q:2 = p:—2 ,q:2AnS.

{xsin(ﬂx) , x#0
14.  sol. fpg=Lt 0O + X=0 aix=0jj
o oo ()
! h . .
LHL = h-0 = 0 x a finite quantity between — 1 and 1
1
lim -
RHL=r>0 hsin h=0

f0)=0
~ f(x) is continuous on R.
f2(x) is not continuous at x = 0

15, Sol. (3)

f@)-al) - 2xi(a)-a*f(x)

£im f
. X—a = oa 1 = 2af(a) - a:A' (a)
gim x*f(a)—a’f(x) oim x*f(a)— a*f(a)+a*f(a)— a*f(x)
Alter ™7 X—a = x~a X—a
pn (2= a0)f(a) — 2 (f(x) — f(a)) f(x)-f(a)
_ X—a _ym (x-a)
= =x»a (x+a)f(a)-a

2af(a) — a-f' (a)

16. Sol. Ans. (1)
Doubtful points are x=n, n € |
2x -1

2n-1
lim 2 2
L.H.L =x»n" [x] cos T =(n—-1) cos m=0

2n-1 2n-1
lim 2 2
R.H.L. = ¥»" [X] cos T =ncos nm=0

fln)=0
Hence continuous

17. Sol.  Ans. (3)

f(x) =3 2<x<5
f(x)=0 2<x<5
f(4)=0

2 5
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MATHEMATICS Limits, Continuity & Derivability

18.  Sol. (4)

- (1—cos2x)(3+cosx) X ~ 2sin®x 3+cosx X 1
|:x'r,9 x2 1 ‘tandx — f'[‘g X 1 tandx-94 4 =->

19. Sol. Ans. (2)

. 2 0

_ sin(ncos® x) Y form
Lim ——= 0
x—0 X

. . .2 .
L sin(ncos®x) sin(nsin®x)  msin®x
im — =2 T 2.

= x=0 X2 = E5|n2x X X2 = TI.

20. Ans. (3)

(3+cosx)
lim (1- cos2x)(3 + cosx) im 2sin®x  sin4x  cos4x
Sol. x—0 xtan4x = x=0 X2 4x 4 =2
21. Ans. (1)
g(x) = kvx+1 0<x<3
mx+2 3<x<5b
Sol.
- X+1-4
i X1 =2 ) (xe1-4) )
x>3 Xx-3 X3 (X—S)('/X+1+2) 2
L(g'3) = =4
. o mx+2-2K
lim —————
R(g'(3)) = x—>3" x-3
Since this limit exists 3m+2-2k=0 = 2k=3m+2 (i)
So R(g'(3)) = m by L-Hospital rule
Since g(x) is differentiable k = 4m (i)
Solving (i) & (ii)
2 8
m=9% k=9 = k+m=2 ...(ii)
22. Ans. (2)
1
lim 2 o
Sol. P= x>0 (1+tan J})n then log p =
2
lim (1+tan2\/;—1)% B lim 21?3%)@2] 1

P - ex—m‘ ex >0 — eZ
11

logP = log&? = 2

23 Ans. (1)

Sol.  f(x) = |n2 — sinx|

f(f(x)) =
In the vicinity of x = 0

g(x) = ¢n2 — sin(¢n2— sinx)

Hence g(x) is differentiable at x = 0 as it is sum and composite of differentiable function

vrbg(x), x = 0 ij vodyuh; ¢§ tSlk fd ;¢ vodyuh; Qyuksa dk sksx rfkk la:kstu g§A

g'(x) = cos(¢n2 — sinx). cosx

|8n2 —sin | 8n2 —sinx ||
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MATHEMATICS

Limits, Continuity & Derivability

0'(0) = cos(/n2)
24, Ans. (2)

T
—+t
Sol. xo 2
—tant +sint
lim — .3

t—=0 (2t)3

lim
B _8t%cost

—sint(1—cost)

1

16

L 4
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MATHEMATICS Limits, Continuity & Derivability

25. Sol. (1)
S HEHE
limx||—|+|=|+...... +| —
x—0* X X X
CHEER)
lim| x| —|+x|=|+..... +X|—
x—0" X X X
=1+2+3+......... +15
1—5(15+1)= 120
= 2
26. Sol. (3)
f(x) = |x — 1t|. (e¥-1) sin|x|
According to given options we have to check only at x = 0 and Tt
at x=0,f0)=0
f(0O—h)—f(0
i fO=h)-f(0)
LHD = h—o —h
h).(e" —1)sinh
lim (r+h).(e )sin
= hs0 -h
—h)(e" —1)sinh
im (m—h)(e )sin
= RHD = h»0 h
=0=>diff. atx=0
Now at x = Tt
f) =0
f(t—h)—f k.(e™™" —1).sinh
jim e =fm) k(€T ~1).sinh
LHD = h-0 -h = h-0 h =0
. f(m+h)—f(n) _ —h(e™" —1)sinh
im ——  Im ———
RHD = h»0 h = h»0 h =0
differential at x = 11 also, hence answer is (3)
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MATHEMATICS Limits, Continuity & Derivability

PART -1: JEE (ADVANCED)/IIT-JEE PROBLEMS (PREVIOUS YEARS)

(cosx —1) (cosx-—e*)

fim .
1. Sol. x>0 X
2 4 2 4 2 3
{[1— X X ]—1} [(1— X X ]—[1+x+ + X ﬂ
. 21 4 21 4 21 3!
fim z
2
X2 |- 1 X —1-x 1 + L I
i 2 ! | 2 1 |
im
X —0 x"
[T [ (g )
- + — e, -1-x + — e,
21 ! 2 1 ]
'PII'T(]) n-3
X — X

is finite and non-zeroifn=3

2. Solution
—1(x+1), x<-—1
tan'x , -1<x<1
1(,(,1) , X >1
fx)= L 2
at x=-—1LHL=0

n

RHL =— 4 so LHL # RHL
therefore function is discontinuous at x = — 1
therefore function is not differentiable at x = -1

s

Atx=1, LHL= 4
RHL=0
therefore LHL # RHL so function is discontinuous at x = 1
therefore function is not differentiable at x = 1
f(x) is discontinuous at x = -1 and x = 1.

m[f(@r X)}wx L‘m1[f(1+x)*f(1)] 1)
3. Solution *°L (N (1- form) (1-:i) = e s Mgz,
%im ((a =n)nx —tanx)sinnx
4, ISol.  *® x? =0
fLmo [a::xJ ) {(a—n) . ta;nx} 0
=
= @B M [@-n®m-1=0
= n@a-n)-1=0 [~ n=0]
1
= a-n="n

L 4
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MATHEMATICS Limits, Continuity & Derivability

1
= a=n+n
5. Solution
f(x*)—f(x) 0

i f)-f(0) Put x = 0 and we get 0 ‘f is strictly i i i i
. = get Y form. Also because ‘f’ is strictly increasing and differentiable.
Apply L-Hospital rule, weget
2xf'(x*)—f'(x)

lim ’ . .
x=0 F(x) = —1. Since ‘f is strictly increasing f'(x) #0 in an internal
6. Sol. forx>0 x >0 ds fy,
) 1 1 sin x
gim (sinx)<+| —
x >0 X
1 1 sinx 1 sinx o0
fim(sinx)* +&m | — im | — M (sinx). In [l] am )~ form
x—0 x—0 X — 0 + x—0 X :e"”‘l L x - ex -0 — COSEC X |
1
fim X fim  sin®x
X t x—0
— e (cosecxcotx) — e XCOSX = eo=1

mf(1—h)—f(1) [h]- O

Li
7. Sol.  Clearly ‘p’ = h>0’ -h = -h =-_
I Gl S
Now Lim jogcos™(x-1) _ _ 1
(x-1)"
log [1+cos(x—1)-1]
im m cos(x—1)-1
';'TP cos(x—1)-1 x[cos(x=1)~1] -1
1
Lim (x=1) ~2sin? (x=1)
or, x 1 m 2 =_1

Hence n=2, m=2. (C) is correct answer.
Aliter: LHD of [x—1|atlis—1=p

. . t" 1 cost—1 t2
l”ﬂ g(x) = tlll:p logcos™t _ m tll,rp tho . logcost _cost-1
2 1-cost 1
— lim lim 2 Y
= Mt t,, (0 0 t =2)
2
— lim
— Mt =1 > n=2,m=2
8. Sol. Ans (B)

2
Aim w—ax—b
xon| X +1 _4

[x2(1—a)+x(1—a—b)+(1—b)J

2im

<m X+1 —4
Limit is finite

Itexistswhen 1-a=0 s>a=1

L 4
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MATHEMATICS Limits, Continuity & Derivability

9. Sol. Ans (B)
() for derivability at x = 0
f(0-h)~f(0) foos( -7 ‘_O
fm ———— fim fim cos -~ ‘
L.H.D. = f'(0)= n-o -h = ho -h = hs0 —h. =0
£(0+h)—f(0) h*. COS[E} 0
im ————~  fim ——2 1
RHD f'(0:) = n=o h = ho h =0
So f(x) is derivable at x = 0
(i) check for derivability at x = 2
2+hy. T j -0 2+hy. “J
feen)—f) . @*h Cos(zm ‘ (2+h) Cos[zm
| - £im £im
RHD :f'(2+) = h—=0 h = h—=0 h = h—=0 h
h
2+h).sin| -
s . (m T (n) sm(z(z"‘h)) U
| (2+h) .sun(§—2+h) | ( - Jh S+ N
_ h _Ame (2@ ~ (2. 22) =
2—hy. “] -0
Cf2-h-fzy . @7 Cos{z—h ’
fim £im
LHD —  hoo -h = ho0 —h
2-hy.| —cos| - ||-0 —h)cos| -~
] ( ) [ COS(Z—hD ] (2-h) cos[z_hj
= er(P —h = hLI;Jn h
(2—hY.sin| -
» (M 0w 2(2-h)) -m
_am h _Jm 2(2-h)

=—T
So f(x) is not derivable at x = 2

L 4
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