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INTRODUCTION

A triangle has three angles and three
sides. There are many relations
among these six quantities which help
in studying the various properties of
a triangle. For example, if any three
guantities out of three angles and
three sides (at least one of which is
a side), are given then using some of
these relations, the remaining three
can be found, which is termed as the
solution of the triangle.
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PROPERTIES OF TRIANGLE

1. ELEMENTS OF A TRIANGLE

In a triangle ABC, the angles are denoted by capital letters A, B and C and the length of the sides
opposite to these angles are denoted by small letters a, b and c. Semi perimeter of the triangle is

atb+c
2
Note: (DA+B+C=Tm
(ila+b>c,b+c>a,c+a>b

given by s = and its area is denoted by A.

2. SINE RULE

In a triangle ABC, the sides are proportional to the sines of the angles opposite to them

) a _ b _c
"€ SinA ~sinB _ sinC
Illustration 1: In any triangle ABC, prove that a cosA + b cosB + ¢ cosC = 2a sinB sinC
) a b c ) . .
Solution : Let = =k, Then, a = sinA, b =k sinB, ¢ = k sinC

sinA sinB  sinC
L.H.S. =a cosA + b cosB + c cosC
= k sinA cosA + k sinB cosB + k sinC cosC

k k
= > [SIN2A + sin2B + sin2C] = > (4sinA sinB sinC)
= 2k sinA sinB sinC = 2a sinB sinC = R.H.S.  [-- ksinA =3g]
3. COSINE RULE

b®+c* -a’ N
1) cosA=—(1_—— or a?=b?+c?-2bc.cosA
@ 2bc
cc+a’-b’
2 cosB= ————— or b?=c?+a%?-2ac.cosB
2ca
a+b’-c?
3) cosC=——F—— or c?=a?+b?-2ab.cosC
©) b
Illustration 2: If the lengths of the sides of a triangle are x2 + x + 1, x2— 1, and 2x + 1 then find the greatest
angle?
Solution : Giventhesides x*+x+1,x*-1,2x+1

putting x 1, we get the values of sides a, b, ¢ as 3, 0, 3 respectively
Similarly putting x = 2, we get 7, 3, 5 respectively
O Greatest side opposite angle is greatest angle

b’+c’-a® _9+25-49 _ -5 _ -4
2bc 23)(5) 215 2 U 0OA 120

[] COSA =

2
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4. PROJECTION FORMULAE
In any AABC,
(1) a=bcosC+ccosB
(20 b=ccosA+acosC
(3 c=acosB+bcosA

lllustration 3: If A =45° B =75° provethata+c /2 =2b.
Solution : As A =45° B = 75° we have C =60°
0 RHS.=2b=2(acosC+ccosA) =2(acos 60°+ c cos 45°)
=a+c ,/2 =LHS.

5. NAPIER’S ANALOGY (TANGENT RULE)

In any AABC,
Db—d]c té
@ E H Ho+ 2
(C-AQ _Oc-d] B
(2 tan B_Z H_HC n COIE
Da—bjc c
(©) B—H Hm >

-C C-A B A-B
Illustration 4: In AABC,ifx:tan( > )tanz y:tan(—z)tan— z:tanu

tan—
2
then find x + y + z (in terms of x, y, z) ?

b-c c-a a-b
= = Z=

Solution : bic' ) cra’ ‘T atb

thenputa=1,b=2,¢c=3

gl =

1
h X=- =— Z=-
then y 5

[SVN IS

pvp,o L1y 1 _-6+15-10 1
O Xx+y+z="95"5"3

30 30
1
0 xwz="3
6. HALF ANGLE FORMULAE
In any AABC,
0 sin%= —S_bb:_c (i) sin§= —(S_Cza(ls_a)
_C_ |ls—a)s—b
(i) sin 5 —ab

3 —
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) _ A fsls—a B sis—b
2 (@ cos 3 - b (i) cos )" ca
C S{s—c
(i) cos —= ( )
2 ab

3 (@@ tan

) B (s—c) S —a) _ A

(i) tan EZ S(S _b) s(s _b)

C_[(s-a)(s-b) _ A a+b+c '

(i) tan 5 s(s—c) s(s —c)’ where s = T and A = area of triangle.

Note: A =./s(s —a)(s —b)(s —¢c)

4 @ sinA= %\/S(S_a)(s—b)(s—c) :%
(i) sinB= é\/s(s—a)(s—b)(s o) :%

(ii) sinC= i\/S(S‘a)(S ~b)(s ) =%'

Illustration 5: In a AABC if cotA/2 cotB/2 = ¢, cotB/2 cotC/2 = a and cotC/2 cotA/2 = b then

1 1 1
+ + =
s-a s-b s-c
s(s-a) s(s-b)
H . = D :C
Solution : COtA/2 cotB/2 \/(s—b)(s—c) (s —c)(s -a)
S 1 C
——=C 0 - —
. s-c s
Simiay L =P 1 .2
imilarly s-b s's-a s

1 1 1 a+b+c 2s
+ + =

- =2
s-a s-b s-c S S

O

7. m-n THEOREM
Let D be a point on the side BC of a A ABC such that BD : DC = m : n and [JADC = g,

O0BAD = a and []DAC = 3 (as shown in figure). Then

(1) (m+n)cot =mcot a—ncot 3

4
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(20 (m+n)cot® =ncotB—-mcotC

B

8. AREA OF TRIANGLE

The area of a triangle ABC is given by

b
A= %absinc = %bc sinA :%casinB =% =\/s(s —a)(s =b)(s —¢) (Hero's formula)

4
Illustration 6:  Ifin atriangle ABC,a=6,b=3and cos (A-B) = g find the area of the triangle.

Solution : a=6,b=3

cos(A—B)=% O tanBTE %

1
Area of AABC = EX6X3 =9 sq.units

9. CENTROID AND MEDIANS OF A TRIANGLE A

The line joining any vertex of a triangle to the mid point of the
opposite side of the triangle is called the median of the triangle.
The three medians of a triangle are concurrent and the point
of concurrency of the medians of any triangle is called the
centroid of the triangle. The centroid divides the median in
the ratio 2 : 1.

B

The lengths of the medians through A, B and C respectively are given by

1 1 1 - 77 2
m, = E\/2b2 +2c*-a’ , m, :E\/Za2 +2¢? -b* and m, =3 2a” +2b® —c’

3
=™ Note : m?+m2+m?2= Z(a2+b2 +c?%)

5 —
FNS House, 63, Kalu Sarai Market, Sarvapriya Vihar, New Delhi-110016 e Ph.: (011) 32001131/32 Fax : (011) 41828320



| NA RAYA NA Mathematics : Solution of Triangle & Heights and Distances

I INSTITUTE OF CORRESPONDENCE COURSES

10. BISECTORS OF THE ANGLES

If AD bisects the angle A and divide the base into portions x and y, we have, by Geometry,

X_AB _c X_Y_x+ty __a
y AC b U ¢7b b+c b+c A
0 _ac dv= ab
XZb+c 9T hie ¢ 5 b
Also let & be the length of AD
we have AABD + AACD =AABC
B C
X D y
0 1césinA +1b2'>siné :lbcsinA, < a >
2 2 2 2 2
i.e., AD=9= be smﬁ = 2be Cos—
b+c A b+tc 2
Illustration 7: If the bisector of angle A of the triangle ABC makes an angle 8 with BC, then sing =7
A
Solution : We have BD = C m,DC:L@
b+c b+c A
: : 2
no nA/2
FromtriangleADC,L=SI c /A b
b ba 2
b+c
0 sing=2%Cginasp =SNBHSING i nr2 B D c
a sin A a
Zsin(B+C)cos(B_C) B-C)
= - 2 2 [@inA/2=cos> !
2sinA/2cosA/2 2

11. CIRCUM CIRCLE
The circle which passes through the angular points of a A ABC, is
called its circumcircle. The centre of this circle i.e., the point of

concurrency of the perpendicular bisectors of the sides of the A ABC,
is called the circumcentre.

Radius (R) of the circumcircle is given by the following formulae

R = a  _ b __cC :abc
~ 2sinA  2sinB  2sinC  4A

Illustration 8 : If the distances of the sides of a A ABC from its circumcentre be X, y and z respectively, then

a b c _abc
provethat —+—+—= .
X Yy z A4xyz
a
Solution : Let M be the circumcentre. MD ] BC. SoBD =DC = Eand [0 BMD = A.
a
BD = . a
In ABDM, ——=tan A or 2=tanA, i.e., —=tanA,
MD X 2X

6
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b c A
Similarly, 2_y: tan B, Z: tan C
a b c ) £
0 tanA+tanB+tanC:5+2—y+£
abc A x
and tan A.tan B.tan C = 2% 2y 27 5 I; .

Butin atriangle ABC, tanA+tanB+tanC=tanA.tanB.tanC
a b c _ abc

4+ 4+_— =

X y z 4dxyz°

O

12. INCIRCLE

The circle which can be inscribed within the triangle so as to touch each of the sides of the triangle is
called its incircle. The centre of this circle i.e., the point of concurrency of angle bisectors of the triangle

is called the incentre of the A ABC.
Radius of the Incircle is given by the following formulae
A B C A

=—= té— th— tg—4R'—'—'—
r= S—(s—a) an 2—(5— ) tan 2—(3—0) an 3" sin 2sm 2sm2

. B . C . A . C . A . B
asin—sin— bsin—sin— csin—sin—
2 2 2 2 2 2

A B C
CoS— cos— CosS—
2 2 2

lllustration 9: Find the distance between the circumcentre and the incentre.

Solution : Let O be the circumcentre and | be the incentre of A ABC.
Let OF be perpendicular to AB and IE be perpendicular to AC.
JOAF=90° -C.
O OOAI = OIAF - OOAF
- 5—(900 —c):é +c-A¥BrC _C-B
2 2 2 2
IE . B.C
Also, Al= 7= .rA =4Rs1nEs1n5
Sin— Sin—
2 2
i OI° = 0A% + AI> = 20A. Alcos OAI
R2+16R2'2B'2C8R2'B'C C-B
= sin? —sin? —— sin —sin — cos
sty n oSNy 2
OJ? . ,B . ,C B . CO B C . B . CO
= = = _ —Ssin—fco0s — C€o0S — +sin—sin—
O 7 %+ 16sin 2:;ln > 85|n2 253 5 5 5 ZH
= i EsinEDos B cos E—sinEsinED— ir BsinCein® i
= 1-8sin 5 ZB: 5 5 5 2H—l—Ssm ESInESInE (i)
ad Ol= R\/} SsinEsinEsiné_
2 2 2

7 —
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13. ESCRIBED CIRCLES

The circle which touches the side BC and the two sides AB and AC produced is called the escribed
circle opposite the angle A. Its centre and radius will be denoted by |, and r, respectively.

Radii of the excircles are given by the following formuale

B C

acos—cos—

@ r,= 2 —stan? =arsin2cosBcosE :%
Lo 2 2 2 2 CoSs —
2

bcosécosg

@ r= A :stanE:4RcosAsinEcos_ :#
2o eh 2 2 2 2 cos—
2

ccosécosE

@ r,= A_:Stan%=4Rcos%cos%sin% :%
3— S—C COSE

lllustration 10:  If d;, d,, d, are the diameters of the three escribed circles of a triangle ABC, then
dd,+dd, +dd =7

Solution : dd,+dd, +dd =4(rr,+rr +rr)=4s>=(2s)*>=(a+b+c)

8
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SOLUTION OF TRIANGLES

When any three of the six elements (except all the three angles) of a triangle are given, the triangle is
known completely. This process is called the solution of triangles.

0]

(if)

(i)

2,2 _52

If the sides a, b and c are given, then cos A = Ta. B and C can be obtained in the
similar way.
If two sides b and ¢ and the included angle A are given, then using

(B-CO_Ob-cd A (B-CO

tan 0 [ Hp+ COtE ,we get 0 —[.

Al B—D3+CD 00°~ 2 50 that B and C can be evaluated
SO 2 H— - 2 ,Sothat B an can be evaluated.
The third side is given by 8 = e
e third side is given by a =~~~

c
If two sides b and c and the angle B (opposite to side b) are given, then sin C =7~ sin B,

b

A=180°-(B+C)anda= bsinA
B ~ )anda= sinB
possible (fig 1). If b = c sin B and B is an acute angle, then there is only one triangle possible
(fig 2). If c sin B <b <cand B is an acute angle, then there are two values of angle C (fig 3). If c <
b and B is an acute angle, then there is only one triangle (fig 4).

give the remaining elements. If b < ¢ sin B, there is no triangle

. sinB
sinB

B (Fig 1)

This case is, sometimes, called an ambiguous case.

9 —
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Illustration 11: In any triangle ABC, the sides are 6 cm, 10 cm and 14 cm. Show that the triangle is
obtuse-angled with the obtuse angle equal to 120°.

Solution: Leta=14,b=10,c=6
O] The largest angle is opposite the largest side.

2,2 .2 _
b +c” -a” _100+36-196 _ 1 \ 1,00
2bc 120 2

O COS A=

14. ORTHOCENTRE AND PEDAL TRIANGLE OF A TRIANGLE

In a triangle the altitudes drawn from the three vertices to the opposite sides are concurrent and the
point of cuncurrency of the altitudes of the triangle is called the orthocentre of the triangle. The triangle
formed by joining the feet of these perpendiculars is called the pedal triangle i.e.

A DEF is the pedal triangle of A ABC.

The triangle DEF which is formed by joining the feet of the altitudes is called the pedal triangle.

() Thedistances of the orthocentre from the angular points of the AABC are
2RcosA,2RcosBand2RcosC

(2 The distances of P from sides are 2 R cos B cos C, 2 R cos C cos A and
2R cosAcosB

(3) The sides of the pedal triangle are acos A (=R sin2 A), b cos B (=R sin 2 B)

and c cos C (=R sin 2 C) and its angles are T1— 2A, 11— 2B and 11— 2C.
(4)  Circumradii of the triangles PBC, PCA, PAB and ABC are all equal.

lllustration 12 :  Find the distance of the orthocentre from the sides and angular points of a triangle ABC.

Solution : PD = DB tan [J PBD = DB tan (90° — C)

c
=AB cos B cot C = —; cosBcosC=2RcosBcosC
sinC

Similarly,

PE = 2R cosA cosC and PF = 2R cosA cosB A
Again,

AP = AE sec DAC =ccosAcosecC E

E
C
= coOSA=2RcosA
sinC
B 90" - C =

So, BP=2R cos B and CP = 2R cos C D C

10
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15. EXCENTRAL TRIANGLE

The triangle formed by joining the three excentres |, |, and I, of AABC is called the excentral or
excentric triangle.

Note that :
(1) Incentre | of AABC is the orthocenter of the excentral Al L.
() AABC s the pedal triangle of the ALL..

A B
(3) the sides of the excentral triangle are 4 R cos Px 4 R cos Py and

4 R cos 9 and its angles are I é
2 9 272

¢

2
_ L B e

4 II1—4RsmE.II2—4RS|nE.II3—4RsmE

16. THE DISTANCES BETWEEN THE SPECIAL POINTS

(1) The distance between circumcenter and orthocenter is =R. /1-8cosAcosBcosC

(2) The distance between circumcenter and incentre is = \|R2 _ 2Ry -

(3) The distance between incentre and orthocenter is \/2r2 —4R2 cos AcosBcosC -

17. RESULTS RELATED WITH POLYGONS

Some geometrical results related with polygons are as follows:
(1) Inaregular polygon, all sides are equal.

(2) Number of vertices of a polygon = number of sides of the polygon. i.e. if a polygon is of n sides,
number of its vertices will be n.

(3) LetAAA..A bearegularpolygon of nsides and let O be the centre of this polygon.
Clearly, this O will also be the centre of the circumscribing circle to this polygon.

Now, JA/OA=0 A,0A40 A0A, =10 A 64, (suppose).

11 —
FNS House, 63, Kalu Sarai Market, Sarvapriya Vihar, New Delhi-110016 e Ph.: (011) 32001131/32 Fax : (011) 41828320




| NA RAYA NA Mathematics : Solution of Triangle & Heights and Distances

I INSTITUTE OF CORRESPONDENCE COURSES

Then,n® =271 [B= 2?11

2mn
i.e., angle subtended by each side of a regular polygon of n sides at its centre = -

(4) Sum of interior angles of the polygon +2TT =n Tt
O sum of Interior angles of the polygon of n sides

= (n-2)m =(2n —4)2

(5) Perimeter (P) and area (A) of a regular polygon of n sides inscribed in a circle of radius r are given
by

LT
P =2nrsin—
n

A :lnr2 sinz—n
2 n

Perimeter and area of a regular polygen of n sides circumscribed about a given circle of radius r
is given by

P :2nrtanE
n

A =nr?tan®
n
(6) Ifa,b,c,dbe the sides and s the semiperimeter of a cyclic quadrilateral, then its area

= /(s —a)(s =b)(s —c)(s —d)

B\ Note : If we have any quadrilateral, not necessarily inscribable in a circle, we can express its area in
terms of its sides and the sum of any two opposite angles.
A
d
D

C

C

B b
For let the sum of the two angles B and D be denoted by 2¢q , then the area of the quadrilateral

= /(s —a)(s =b)(s —c)(s =d) —abedcos’ a
18. TIPS AND TRICKS

(1) Inanequilateral triangle

a=b=c=1land gA-0 BO =C 60°

i S= Ltz”c =g (i) A=s(s-a)s-b)s-c) =

V3
4

12
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19.

@

V3
A a4 1 , abc 111 1
iii r=—=—-=- ="~ Vv R=—=—"—-=—+
@ =T 5 ® R TR

2 "4

V3
(V) r:i:l:ﬁ ar=r=r :ﬁ

' s-a 12 2 trt 2
V3

5 (~+ p,» P, P, are the lengths of the attitudes of a triangle)

M) r:R:r,=1:2:3

In a right angled triangle, right angled at A, and a=5, b =4, ¢ = 3 then

5+4+3 1
() s=———=6 (i) A==(3)(4)=6
2 2
A abc _(5)(4)(3) _5
=== . R=—=2"2 227 =
(i) r=- ) 4an - 46) 2
A 6 A 6
[ =——=—=6 N L =—=—=3
W TSR M =577
A 6 A 6
iy L=——===2 iy tanA/2 = =——=1
M) L=5TCT3 (vii s(s-a) 6(1)
(ix) tanB/Z:L:i:UZ X) tanC/Z:L:i:UB
s(s—-b) 6(2) s(s—-c) 6(3)
oo1_1.1.1 o
0] F—E E E @) A% =rnr,
a
If + =l thenC=60°whena=b=c=1
b+c c+a

OTHER IMPORTANT RESULTS :

@

@

©)

@)

If 1 + . 3 th
a+b a+c a+b+c en A= 60

b c
+

_CZ a2 _b2

If =0 then A=60°

a2

If(a+b+c)(b+c—a)=3bcthen OA= 60

(In the right hand side missing letter is ‘a’ and the corresponding side is 60°)

() Ifrr, =rr,then OA= 90

13 —
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g ntd r0O
i fA-—0-—0=2 then o=
(i 0 LM DA= 90

@iy If(r,—r)(r,—r)=2r,r,then OA= 90

(v r,+r,+r—r =0then OA= 90

v IfR+r=r then A=90°

(vi) Ifr:R:r,=2:5:12then OA= 90

(@ The above all missing OR repeated letter that corresponding side is 90°
(b) IfcotA/2:cotB/2:cotC/2=x:y:zthena:b:c=y+z:z+X:X+Yy
(© Ilfxr=yr,=zr,thena:b:c=y+z:z+x:xX+y

@ @,-n@,+r)=a

e r+r,+r,—r=4R

® r(,+r,+r,)=ab+bc+ca-s’

HEIGHTS AND DISTANCES

(1) Let 'O'bethe observer's eye and OX be the horizontal line through O.
(2) Ifthe object P is at a higher level than O, then angle POX (= @ ) is called the angle of elevation

RS
OK g\g‘\
e
9 >
Horizontal line

(3) Ifthe object P is at a lower level than O, then angle POX is called the angle of depression.

Horizontal line

] Z 5 > X
"
eo,es@)f
P
20. SOME USEFUL RESULTS :
Inatriangle ABC,
() If ADis median, then AB?+ AC?=2 (AD?+ BD?)
A
B D Cc
14
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(2) If AD s the angle bisector of JBAC, or if AD is the external angle bisector of A then

BD AB c
DC AC b
A
A2\ A2 b
0
B D C
(3) Ifaline is perpendicularto a plane, then itis perpendicular to every A
line lying in that plane .
E
@) [IAB, then 5 = 5c “Ec
C
D B

(5) The angle subtended by any chord at the centre is twice the
angle subtended by the same on any point on the circumference
of the circle.

P
@
A\/B
P Q ¢
(6) Angles inthe same segment of a circle are equal
i,e. OAPB-0 AQ8B80 ARB

A\/B

B

/A@

T

(7) PAB s asecant of a circle and PT is tangent then PA.PB = PT?

P

15 —
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SOLVED EXAMPLES

Example - 1 Ina AABC, if cOtA/2 : cotB/2 : cotC/l2=3:5:7thena:b:c=
1) 4:5:6 2 5:6:4
3 6:5:4 4 6:4:5
Solution : Ans. (3)
s(sA—a):s(sA—b):s(sA—c):3:5:7
O s-a:s—-b:s-c=3:5:7
O s—-a=3k,s—-b=5k,s—c=7k
O s—a+s—-b=8k O c=8k
O s-b+s-c=12k O a=12k
O s-c+s—-a=10k O b=10k
0 a:b:c=12k:10k:8k=6:5:4
(OR)
If cotA/2 : cotB/2 :cotC/2 =x:y:zthena:b:c=y+z:z+Xx:X+Yy
=12:10:8=6:5:4
Example - 2 Ina AABC, If O 60°, then a4 b =
b+c c+a
@ 2 @ 1
@ 4 4 3
Solution : Ans. (2)
In an equilateral trianglea=b=c=1and OA=0 80 =C 60
. a . b :1+1:1
b+c c+a 2 2
(OR)
a . b _ac+a’+b”®+bc _ac +bc +c* +ab -1
b+c c+a bc+ab+c®+ac bc +ab +c* +ac
If 0 60 then c? =a?+ b?—-2ab cos c = a? + b? — 2ab cos60°
c2=za’+b?-ab
O c+ab=a’+pb’
Example - 3 Ifn, n+ 1, n+ 2, where n is any natural number, represents the sides of a triangle ABC in
which the largest angle is twice the smallest, then n =
o 1 2 2
@ 3 @) 4
16
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Solution : Ans. (4)
On verification if n = 4, the sides are 4, 5, 6
0O C=2A

25 +36 —-160 1

9
O cosC = cos2A =2 cos?A—-1= ZWB -1= B]E%_l :g

16+25-36 1
0 cosC=———— ==
2(4)(5) 8
0
Example - 4 If in a triangle ABC, 5 cosC + 6 cosB = 4 and 6 cosA + 4 cosC =5 then tanA/2 tanB/2 =
@ 23 @ 312
® 15 4 5

Solution : Ans. (3)
Adding the given relations we get
9 =9 cosC + 6 (cosA + cosB)

(A+B) ., (A~B)

O 9(1-cosC)=6.2cos

2 2
COS(A+B)
O 9.2sin’ C/2 =12sinC/2cos A —B) g 2 -2
2 (A-B) 3
cos
2
cosA/2cosB/2-sinA/2sinB/2 _ 2 1-tanA/2tanB/2 _ 2

O cosA/2cosB/2 +sinA/2sinB/2 3

0 3-3tanA/2tanB/2 =2 + 2 tanA/2 tanB/2
O 1=5tanA/2tanB/2 [O tanA/2tanB/2=1/5

1+tanA/2tanB/2 3

Example - 5 The perimeter of a triangle right angled at ‘C’ is 70 and the in radius ‘6’ then |a—b| =

@ 1 2 2
@ 8 @ 9
Solution : Ans. (1)

70
We know that A =sr =?><6 =210

0 %ab =210 (- sinC = sin90° = 1, C = 90%)
O ab=420

Nowa+b+c=70

O a+b=70-c O (a+b)*=(70-c)?

O a?+b?+2ab=4900 - 140c + c? (- a2+b?=c?

O  140c =4900 - 2(420) = 4060

c=29
O (@a-b)P2=a2+b*-2ab=c>-2ab=841-840=1
O l[a-b]=1

17 —
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Example - 6 If the area of AABC is @2 — (b — ¢)? then its circumradius R =
a . 2 a 2
—sin“A/2 —cosec’A/2
» 3 @ 15
3 £sinzB/Z 4 L sinecr2
® 16 @ 15
Solution : Ans. (2)
A=a’-(b-c)’=a?-b?-c?+ 2bc
b?+c* -a®> _2bc -A
O ¢ a = ¢ O COs A :1—A :1_a—bC :1—1
2bc 2bc 2bc 8Rbc 8R
O = a = a
1-cosA 2sin’A/2
0 R=2cosec’Al2
16
Example - 7 If in atriangle ABC, r, = 2r, = 3r, ; D is the midpoint of BC then cos OADCG=
@) 7/25 @ -7/25
(3) 24725 (4) -24/25
Solution : Ans. (2)
rr=2r,=3r, 0 a:b:c=5:4:3
O a =5k, b =4k, c=3k
O a?=b?+c?=25k?
O ABC is a right angled triangle with JaA= 90 since D is the midpoint of BC, the
hypotenuse, AD =DC
O ODAC= O C and cosJADC =c0s(180 — 2C) = —c0s2C =1 — 2 cos?C
b? 60
=1-2—=1-2 =-7/25
a’ 25H
Example - 8 In a triangle ABC, the sides a, b, c are respectively 13, 14, 15. If r is the radius of the
escribed circle touching BC and the sides AB and AC produced thenr, is equal to
@ 2172 2 12
3 14 @ 4
Solution : Ans. (1)
1
= 5(13 +14 +15) =21
A? =s(s —a)(s —b)(s -¢)
=21 x8x7x6=212%x42=21x%x4
A =84
Lo b 84 21
O ""s-a" 8 2
18
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Example - 9 If the median of the triangle ABC through A is perpendicular to AB, then tanA + 2tanB =

(1) tanc (2) sinc
(3) cosc 4 o
Solution : Ans. (4)

Let CE be perpendicular to BA produced, then from similar triangles BAD and BEC, we find
EC = 2AD and EA=AB=C

C
a
2
D
a
2
180 -A(\|
E A B
AD .
tanB e (from triangle ABD)
0 tan(m-A) =CE =2AP 1 anas — 2AP 5o that tanA + 2tanB = 0
EA C C
Example - 10 Ifr=1,R=4, A=8 thenab+bc +ca=
@ 73 2 81
3 84 4 78
Solution : Ans. (2)
We know thatr, +r,+r,—r=4R
O rn+r+r,=4R+r=17
A A 8
Weknowthatr=— O & = = 8
S r 1

We know that r(r, +r,+r,) =ab + bc + ca—s?
O 17=ab+bc+ca-64 0O ab+bc+ca=81

Example - 11 If 4r = 3R then cosA + cosB + cosC =

1 3
@ 2 @ 2
5 7
— 4 —
3 2 @) 2
Solution : Ans. (4)
COSA + cosB + cosC = Zcos(A;B) cos(A;B) +1—23in2%
=23inC/Zcos(A—;B)+1—Zsin2C/2
. 0 A-B A +B)O
=1+2sinC/2 HIOS( ) ‘COS( ) =1 + 4 sinA/2 sinB/2 sinC/2
2 2 H
_1+4RsinA/23inB/23inC/2 —14+0 _1+§ _7 0. r_30
R R "2 2 H R 4af
19 —
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Example - 12 Anobserver on the top of a cliff 200 m above the sea level observes the angle of depression
of two ships on opposite sides of the cliff to be 45° and 30° respectively. The line joining the
ships points to the base of the cliff. The distance between the ships is
() 200m (2) 546.4m
(3) 346.4m (4) 946.4m

Solution : Ans. (2)

Let AB be the cliff and C, D be the positions of the ships, then AB =200 m
B
45° 30°
45° - 30°
C A D

OACB= 45° and JADB= 30°

AC o

—B=COt45 O AC=200m

AD o
Also — =cot30 0 AD=200y3 =346.4m
Distance between the ships = CD = AC + AD =546.4 m

Example - 13 Anaeroplane when 600 m high passes vertically above another aeroplane at an instant when
their angles of elevation at the same observing point are 60° and 45° respectively. The difference
of the heights of the two planes is
(1) 346.4m (20 600m
(3 100m (4) 253.6m

Solution : Ans. (4)

Let A be the position of the aeroplane moving 600 m high from the horizontal line CD and let
B be the position of another plane at that instant.
A
B
c D
Let C be the observing point
Then ODCB= 45° and ODCA= 60°
@:CQtGOO :i 0 CD:@
AD J3 J3
CD
—— =cot45° =
Also BD O CD=BD
600
BD =—
. V3
0 AB=AD-BD=600-2346.4=253.6m
20
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Example - 14 A spherical balloon whose radius is 4 cm, subtends an angle a at the observer’'s eye when
the angular elevation of the centre is 3. The height of the centre of the balloon is

(1) rsinB (2) rcos ec%
@ r @ rcosec%sinﬁ
Solution : Ans. (4)

Let C be the centre of the balloon and O be the position of the observer at the horizontal line
OX. Let OA and OB be the tangents to the balloon

Then, JAOB=a and OXOG 3 and CA=CB=r

JAOC: O BOE %

CN OOX

ocC a
—— =cosec—
CA 2

0 OC=rcoseca/2

m=sin[3 CN = OC si -rcosecasinB
ocC O = sinp = 5
Example - 15 Sides of a triangle ABC are in A.P. If a <min.{b, c} then cosA is equal to
L 3c—4b ) 3c—4b
@5 @5,
. 4c-3b . 4c-3b
©®) 5 @5,
Solution : Ans. (4)
Since sides of a triangle ABC are in A.P. and a < min.{b, c}middle term of the A.P. is either b
orc

Case()when2c=a+b
b’ +¢’—a’ _b’+c’—(2c-b)’ 4bc-3c¢® 4b-3c

2bc 2bc 2bc 2b
Case (i)2b=a+c

b>+c¢’-a’ _b’+c’—(2b—c)®  4bc-3b°>  4c-3b
2be 2be © 2bc 20

COSA =

COSA =

21 —
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Example - 16 Ifa, b, c be the side lengths of triangle ABC then the value of the expression

Eb;c 1§D0+a ﬁha+bﬁ is always

1 <1 @21
() <2 (4) 22
Solution : Ans. (1)

Eb+c OOc +a %ham%

“HH D

_ [b+c-afdOc+a-mbia+b -g°
“Ha HE b BH ¢ H

Using weighted A.M. and G.M. inequality we get.

a|:b+c al bl]c+a—hj 0a+b —¢€
Ha 7 v 'Y ¢ A

a+b+c

la+b+c
%m ~afoc +a-tob a +b g °0

=

aHHbEHCHQ

0 [b+c 1§§C+a %haﬁb %a <1
b

Example - 17 Ifthe Iength of medians AA,, BB, and CC, of triangle ABC are m_, m_,m_respectively, then

¥ >ym, >gs 2) Im, >3s
(3 ym. > s @ sm, >2s
a 2 a
where s is the semi-perimeter of triangle ABC.
Solution : Ans. (1)

If ‘G’ is the centroid then we have the following

2 2
BG+CG>a [ gmb+§mc>a

2
Similarly, —m, +—-my>¢, -m, +—-m.>p

33 3 3
4
O g(ma+mb+mc)>a+b+c
H ma+mb+mc>z(a+b+c) 0 m +m+m > s

Example - 18 Ina AABC, a®cos(B — C) + b® cos(C— A) + c® cos(A-B) =

(1) 3abc (2)3(atb+c)
3)0 (4) abc(a+b+c)
Solution: Ans. (1)

ascos(B — C) = 8R®sin® A cos(B - C)

22
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Example - 19

Solution :

Example - 20

Solution :

Example 21

= 8R®¥sin?A sin(B + C) cos(B — C) = 4R? sin?A(sin2B + sin2C)
= 4R3sin?A (2sin B cos B + 2 cos C sin C)

[J the given expression = ) 4R®sin* A(2 sin B cos B + 2 sin C cos C)

= Y 8R®sinAsinB (sin Acos B +cosAsinB)= ) 8R*®sin AsinBsin(A +B)

= 28R3sinAsinBsinC= > abc = 3 abc.

If an angle o is divided into two parts A and B such that A - B = @, and

tan A:tanB=m:n, thensin@=

m+n . m .
(1) sina @) sina
m-n m+n
3 m_nsina 4 n sina
()m+n ()m+n
Ans. (3)
a+6 a-06
A+B=0gandA-B=0 0 A= ,B= ——
2 2
a+0 . a+06 a-06
tan——  sin cos
m_ tanA 2_ 2 2 sina+sin®
n_ tanB "~ tanO[_e - Cosa+esina—e ~ sina-sin®
Dm—n_ sm@g Sire

m+n sina

On —-nd in
B;+nH$‘ :

In triangle ABC where A, B, C are acute, the distances of the orthocentre from the sides are in

the proportion
(1) cosA:cosB:cosC (2)sinA:sinB:sinC
(3)sec A:secB:secC 4 tan A:tanB:tan C

Ans. (3)

0 B 2RsinCcosBcosC
H_ sinC

0t
HD =BD tan I EBC=ccothan§‘C

2RcosAcosBcosC
COSA

=2RcosBcosC =

o 2RcosAcosBcosC
Similarly, HE = and
cosB

_2RcosAcosBcosC 1 1 _ 1

F= osC 0 HD:HE:HF =

If A, B, C are the angles of a triangle, then sin A + sin B — cosC <
1 3

1) - 2) -

D)5 @ 3

5
@1 @ 5

cosA  cosB " cosC*

23
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Solution: Ans. (2)
Let sin A + sin B — cosC =k
i DA + BD DA - BD _ _ -C
or, ZsmE > HcosE > H+cos(A+B)—k [‘(A+B=m1-C]
DA +B[O OA+B[
or, 2sin E > HCOSE > H+ 1-2sin? B—H—
) ,ZDA+BD2 OA-BO . OA+BQO ‘ _
or, sin BTH— cos B > Hsm B 5 H+ (k-1)=0
. . . . DA+BO
Since this is quadratic equation in sin BTH which is real
Applying cosine rule in triangle AOC, [J discriminant >0
OA-BO
0 4 cos? B—H— 8 (k—1)>0 or cos? B—H >2(k-1)
or, 1>2(k — 1) [} €os <Ih or k€S—U sinA+sinB-cosC<—
22(k-1) 5 B H=Y 2 2
Example - 22 Prove that the distance between the circum-centre and the orthocentre of a triangle ABC is
R y1-8cosAcosBcosC.
(1) RV1+8cosAcosBcosC (2) RV1-8cosAcosBcosC
(3) RV1+8sinAsinBsinC (4) RV1-8sinAsinBsinC
Solution : Ans. (2)
Let O and P be the circumcentre and the orthocentre respectively.
If OF is perpendicular to AB, we have
LIOAF =90°-LJAOF =90°-C
Also = JOAP=A-UOAF-UOPAL =A-2(90°-C) =A +2C -180°
=A+2C—-(A+B+C)=C-B
Also OA=R
and PA = 2R cosA
Nowin SAAQP, OP2=0A%+ PA? — 20A.PA. cos (JOAP
= R? + 4R? cos? A — 4R? cos A cos(C— B) = R? + 4R? cos A { cos A- cos(C- B)}
=R?-4R?cos A{cos (B +C) + cos(C-B)}=R?-8R?cos AcosBcosC
Hence, OP =R \/1-8cos A cos BcosC.
Example - 23 The two adjacent sides of a cyclic quadritateral are 2 and 5 and the angle between them is 60°
if the third side is 3. The remaining fourth side is
12 ()3
(3)4 (4)5
Solution : Ans. (1)
Let ABCD be a cyclic quadrilateral
AB=2,BC=5,CD=3, A& 60° OO BH 120°
24
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Example - 24

Solution :

Example - 25

Solution :

Ina AABC , and ACD we have

AC? = AB? + BC? — 2AB BC co0s60°

or AC?=29-10=19

and AC2=AD?+ CD?-2AD . CD cos120°

or AC2=d?+9+3d 0 d2+3d-10=0

O d?+3d-10=0 O (d+5)(d-2)=0 O d=2or-5

The area of the circle and the area of the regular polygon of n-sides and of perimeter equal to
that of the A are in the ratio of

(1) tan %‘ﬁ:ﬁ" (2) cos Eﬁﬁ:f
(3) sin Sﬁnﬁﬁn (4) cot %ﬁg
Ans. (1)

Letr be the ratio of the A and A, be its area, then A, = m’
Since the perimeter of the A is same is the perimeter of a regular polygon of n sides.

0 21w =na , where ‘a’ is the length of one side if the regular polygon [0 = 2_Trr
n

Let A, be the area of the polygon.

Then A = lnazcot[“-[D :lzco[| Il
enfTy RH 0 5
or’  Org ong, m
cot 0 tan =
n EFE EEH n
InaAABC, OB=1 /3 and [(JG 1t /4 and AD-divides BC internally in the ratio 1 : 3 then
sin0OBAD _
sin0OCAD

2 1
(1) % (2) N

O A :A=TUI?:

kS 1

®) 5 ) 3

Ans. (3)

In AABD, applying sine law we get
AD _ X 0 AR J3x

Th - -
smg sina 2sina

In AACD, applying sine law, we get
AD _ 3x 0 AR 3x

T sinp T2sing (i)
4

\/§x_ 3x . sina 1

From (i) and (ii), O sing \/EsinB sinp %
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EXERCISES

LEVEL — |
Ifin AABC, r,=2r, =3r, thena:b:c=
1) 3:4:5 2 5:4:3
3 5:3:4 4 3:5:4
In an equilateral triangler: R :r, =
@ 1:1:1 @2 1:2:3
® 1:3:2 @ 2:3:
If in a triangle ABC, [] B =60°, then
1) (@a—-b)=c?-ab @ (b-c)>=a?-hbc
(3 (c—a)@=b*+ac (4) a*+b?+c?=2b?+ac
If the angles of a triangle ABC are in A.P. then B =
1 75° (2 90
3 60° 4 45°
In a triangle ABC, ifa=3, b =4 and sinA =3/4,then B =
(1) 60° @ 90°
@) 45° @) 30°

Ifa:b:c=7:8:9then cosA :cosB: cosC =

1 2:11:2 @2 3:7:11

® 14:11:6 4 16:11:14

Ina AABC, ofa=7, b =8, c =9 then the length of the line joining B to the midpoint of AC is
(1) 6 @ 7

@ 5 @4 6

Ina AABC, ifr =36, r,= 18, r, = 12 then the area of the triangle is

(1) 216 (2) 316
3 326 (4) 256
The sines of two angles of a triangle are equal to 5/13 and 99/101. The cosine of the third angle is
1 255 5 251
@) 1315 @ 1313
3 255 4 199
® 1313 @ 513

26
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10. Givenb=2,c=,/3, [JA=30° then inradius of A ABC is

J3-1 J3+1
@) — @ >
@ B w L
4 22
11.  Inaright angled triangle ABC, sin?A + sin?B + sin?C =
@ o @ 1
@ -1 @ 2

12.  Ifthe angles A,B and C of a triangle ABC are in AP and the sides a,b and c opposite to these angles are
in G.P. ; then a?, b?and c? are in

1 G.P 2 AP
(3) H.P. (4) allthe above

sinA _ sin(A-B)

13. f sinC Sin(B-C)’ then the sides of AABC arein
1 AP @2 G.P
(3) H.P. (4) none of these

14.  Ifthe sum of the squares of the sides of a triangle is equal to twice the square of its circum diameter then
sin?A + sin?B + sin?C =
@ 4 @ 3
@ 1 @ 2

15. Thebase of atriangle is 80 cm and one of the base angle is 60°. If the sum of the lengths of the other two
sides is 90 cm then the shortest side is
(1) 15cm (2 19cm
(3) 21cm 4 17cm

16. Ina AABC,ifr,=36,r,=18 andr, = 12, then the perimeter of the triangle is

1 36 @ 18
@ 72 @) 54
17. IfacosA =b cosB, then AABC is
(1) isosceles (2) rightangled
(3) equilateral (4) rightangled isosceles

18. If A=75°,B=45", then p+cy2 =

1 a 2 a+b+c
1
() 2a @) E(a+ b+c)
19. If A stands for the area of triangle ABC, then a2?sin2B + b? sin2A =
1 34 @ 24
@ 4A 4) —-4n
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20.

21.

22.

23.

24.

25.

If cotA = bte then the AABC is
2 a
(1) isosceles (2) equilateral
(3) rightangled (4) none ofthese
Ina A ABC, the tangent of half the difference of two angles is one-third the tangent of half the sum of the
angles. Then the ratio of the sides opposite to the angles is
@ 1:2 (@ 3:4
® 1:3 4 4:5
a b c
Ina AABC, sin®A + sin®B + sin®C = 3 sin Asin B sin Cthenthevalueof b ¢ a|=
c ab
@ o 2 (atb+c)’
(3) (atb+c) (ab+bc+ca) (4) (atb+c) (a?+ b2+ c?-ab -bc - ca)

Inatriangle ABC O s apointinside the triangle such that [] OBC = [J OCA = [J OAB =15°, then value
of cot A+ cotB +cotCis

@ 2-43 @ V2-1

@ V2+1 @ 2+3

On the level ground the angle of elevation of the top of a tower is 30°. On moving 20 mt. nearer the tower,
the angle of elevation is found to be 60°. The height of the tower is

(1) 10mt (2) 20mt
(3) 10\/§ mt (4) none ofthese

A flag staff of 5 mt high stands on a building of 25 mt high. At an observer at a height of 30 mt, the flag
staff and the building subtend equal angles. The distance of the observer from the top of the flag staff is

5/3 3
= 5 =
M = @ 1/ 5

2
3 5\/; (4) none of these
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sides is 11/ 3 the perimeter of the triangle is
@D 6++3
3 24/3+410

LEVEL - I

If the angles A, B, C of AABC are in A.P., then

(1) c?=a?+b*-ab 2 b*’za?+c?-ac

(3 ct=az+b? (4) none of these
2 In a triangle ABC PR 0 then A=

. a2 -p? a?-c?

1) 30° @ 45

(3) 60° 4 90

In a triangle ABC, if the median AD makes an angle g with AC and AB = 2AD then sjn@ =

(1) sinA (2) sinB

(3) sinC (4) sinAsinB

B C
4. rcot—cot— =
2 2
@ r @ r,
Q) @ A
C 7 .

InaAABC,a=5b=4and tanE = \g . Then measure of C is

1 12 @ 7

@) 6 @) 5

b* -c?

2aR -

(1) cos(B-C) (2 sin(B-C)

(3) cosB-cosC (4) sinB-sinC
7. If b2 + ¢? = 3a?, then cotB + cotC — cotA =

1) 1 2 a_b

@) @

3 0 2 2

®) @ oz

T

Ina AABC,a=2band | A —B|=§ the measure of []C is

1 I 2 I

o 5 @ 3

g T o T

® 5 @ 5

Two sides of a A are given by the roots of the equation x? — 2\/§x +2 =0, the angle between the

@ 2J3++/6
@ 23 ++9
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10. Adccircleisinscribed in an equilateral triangle of side a. The area of any square inscribed in the circle is
1) a*/4 (2 a6
® a¥9 4 2a%3
, 1° 1° _ : :
11.  Ifthe base angles of a triangle are 225 and 1125 then the altitude of the triangle is equal to
1
(1) base 2 3 rd of base
1 1
(3) > of base 4 Zth of base
. . 1 1 1 ,
12. Ifthe sides a, b, c of AABC are in A.P., then cosAcotEA, cosBcotEB, cochotEC arein
1 AP 2 G.P
(3) H.P. (4) none of these
_ Csin® A +sinA +10
13. Inany triangle ABC, E SinA E is always greater than
@ 9 @ 3
@ 27 4 10
_ _ a’-b’> _sin(A-B) _ _
14. Ifinatriangle ABC, a2 +b’  sin(A+B) , then the triangle is
(1) rightangled orisosceles (2) rightangled and isosceles
(3) equilateral (4) none ofthese
15. Ifin a AABC, cosA + 2 cosB + cosC = 2, then a, b, c are in
(1) AP (2) H.P.
3) G.P. (4) none ofthese
16. Inatriangle, a® + b?> + c?> = ca + ab,/3 . Then the triangle is
(1) equilateral (2) right-angled and isosceles
(3) right-angled with A =90°,B =60°,C =30° (4) none ofthese
17. Ina AABC,A:B:C=3:5:4,thena+b+c.f2 is
L b @ 2c
® 3B 4 2a
_9V3 |
18. InaAABC,A=213,b-c= 33cmand ar(AABC) = Tcm then a is
1) 64/3cm (2 9cm
(3) 18cm (4 81cm
30
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19.

20.

21.

22.

23.

24,

25.

1
Ifsin(A+B+C)=1,tan(A—-B) = ﬁ and sec(A + C) = 2 then
() A=90° B=60°C=230° (20 A=120°B=60°C=0°
3 A=60°B=30°C=0° 4 A=B=C=60°

The sides of a triangle inscribed in a given circle subtend angle ,[3 and Y atthe centre. The minimum

value of the arithmetic mean of cos (o + T1/2), cos (3 + T1/2) and cos (Y +Tt/2) is equal to
1 o @ 1,2
@ -1 @ -4/372

If the sides of a right angled triangle are in A.P. then the tangents of the acute angled triangled are

6) \/ﬁ““% \/ﬁ—l ) \/\E+%, \/\E—l

2 2

N 34
©) 3 @ 73

7

If a,b, A are given in a AABC, and C, C, are the possible values of the third side, then

CZ +C5 - 2C1Cp c0S2A =

(1) 4azsin?A (2) 4a2cos?A

3 4sin?A (4) 4cos?A

The sides of a triangle are 3x+4y , 4x+3y and 5x+5y units, where X, y > 0. The triangle is
(1) rightangled (2) equilateral

(3) obtuse angled (4) isosceles

An aeroplane flying at a height of 300 m above the ground passes vertically above another plane at an
instant when the angles of elevation of the two planes from the same point on the ground are 60° and 45°
respectively. The height of the lower plane from the ground is

(1) 10043 m (@ 100/+/3 m
@) 50m @ 150(x/3+1) m
Two sides of a triangle are 2\/§cm and zﬁcm and the angle opposite to the shorter side of the two

T
is 2 the largest possible length of the third side is

1) V2(3 £+2)cm (2 (6x+2)cm
@B) (6 +2)cm @ Jex+3
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LEVEL - 1l

In a AABC, cosA = 3/5 and cosB = 5/13 then cosC =

7 , 12
, , 18
O o @ 3

The length of the sides of a triangle are x, y and /x? + y2 +xy the measure of the greatest angle is

2n sm
® 3 @ &
El 5m
® 5 @ 3
In a AABC, the sides are in the ratio 4 : 5 : 6 the ratio of the circumradius and inradius is
@ 8:7 2 3:2
@ 7:3 4) 16:7
If cosA + cosB + 2cosC = 2 then the sides of AABC are in
1 AP @2 GP
3) H.P 4 AGP

In a AABC, the sides a, b and c are such that they are the roots of x® — 11x? + 38x — 40 = 0 then
cosA  cosB  cosC
+ + =

a b c
1 E 2) 1
o 3 @
] y 2
® Ig @ 3
The sides of a triangle are in the ratio 2:/6 : +/3 +1, then its angles are
(1) 45°,45°,90° (2) 60°,30°,90°
(38 45°,60°,75° (4) none of these
Ifin a AABC, 3a =b + ¢ then tanB/2 tanC/2 =
(1) tanA/2 @ 1
® 2 @ 12

1+cos(A -B)cosC _

Inany AABC, =
1+cos(A —-C)cosB
b2 + C2 a2 + b2
O 7y @ ra
a2 +C2
€)) peaY (4) none of these
32
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10.

11.

12.

13.

14.

15.

- c _ b
If A= 90° in the triangle ABC, then tan s D+ tan 14 -
th+bH Hh+cH

1 I ) I
@ 3 @ 7

g T g I
® 5 @ 5
The area of AABC is a? — (b — ¢)?, then tanA is equal to

y * 2

o 5 @ 3

, 3 .y &

® 3 @ I

, cosA cosB cosC a b )
Ifin a AABC 2 + +2 = — +— then the value of the angle A is
b c bc ca

@ 3 @ 2

3 = n =

® @ 3

If the sides of a triangle ABC are in A.P. and ‘a’ is the smallest side then cos A in terms of b,c is
L a+2b ) 4c-3b

m — @ —

. c-b ” c+b

© c+b ) c-b

In a triangle ABC (a + b +c) (a + b —c) = 3ab the measure of angle [JC is

y » I
® 3 @ 3

2 n
® 3 @

The equation ax2 + bx + ¢ =0, where a, b, ¢ are the sides ofa A ABC and the equation x2 + \/2x +1 =0

have a common root, the measure of (I C is

1) 90° 2 4

@) 60 @) 30

If the radius of the circumcircle of an isosceles APQR is equal to PQ(= PR) then Jp =
1) 16 @ 13

@) w2 @) 2m3

I INSTITUTE OF CORRESPONDENCE COURSES
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16. InaAABC, a =1 and the perimeter is six times the A.M of the sines of the angles the measure of A

IS

1 I 2 I

® 3 @ 4
n n

® 5 @ 5

1 1 1
; P : + + =
17.  IfA, A, A, A, are areas of excircles and incircles of a triangle, then A A, ’_A3

1

2 3
(1) \/K (2) \/K
1
3 N (4) none

18.  The area of the triangle whose sides are \/b2 + 02 ’ \/02 + a2 ’\/aZ + b2 where a,b,c>0is

1 1
W 5 \/bzcz +c?a? +a%p? @) E\/ at+pt+c?
3 3
€) %\/ a’b? +b2c? +c2a’ ) % (bc+ca+ab)
19. If a,B, y are the lengths of the altitudes of AABC ,then a2+ B2 +y? =
@ A (2) CcotA + cotB + cotC
3 COtA +cotB +cotC 4 A
® A “) COtA +cotB +cotC

: 3
20. Inatriangle ABC,a=5,b=7and SinA = 7 how many such triangles are possible

@1 @ 0
® 2 (4) infinite
21. Ifintriangle ABC, (a+ b +c) (a + b —c) = A ab then exhaustive range of ‘)’ is
® @4 @ (0,4)
@ (0.2 @ 1.4
22.  Intriangle ABC the value of the expressionr,r, +r,r, +1,r, is always equal to
1 2
@ Slarb+c) @ (a+b+c)
1 2 1 2
—(a+b+c =(a+b+c
@ c@rb+c) @ larb+c)
34
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23.

24,

25.

If A denotes the area of any triangle and S its semiperimeter, then

s’ s’
1) A<— 2) A>—
m b< @ 8>~
2
3 A< SI (4) none ofthese

A man in a boat rowing away from a cliff 150 metres high observes that it takes 2 minutes to change the
anlge of elevation of the top of the cliff from 60° to 45°. The speed of the boat is

1) (@/2)(9-33)km/h @ (1/2) (9+3V3)km/h

(B) (1/2) (9v3) km/h (4) none of these

If p,, p,, p, are the lengths of the altitudes of a triangle from the vertices A, B, C, then
cosA cosB  cosC
+ + =
P: P2 Ps

2abcos®C/2 1
A@+b +c) @ 7

CcotA +cotB +cotC
A

©) @ 2R

35 —

FNS House, 63, Kalu Sarai Market, Sarvapriya Vihar, New Delhi-110016 e Ph.: (011) 32001131/32 Fax : (011) 41828320



| NA RAYA NA Mathematics : Solution of Triangle & Heights and Distances

I INSTITUTE OF CORRESPONDENCE COURSES

QUESTIONS ASKED IN AIEEE & OTHER ENGINEERING EXAMS

A tower stands at the centre of a circular park. A and B are two points on the boundary of the park such
that AB (= a) subtends an angle 60° at the foot of the tower, and the angle of elevation of the top of the
tower from A or B is 30°. THe height of the tower is

D) a/V3 2 a3

(3) 2a/4/3 @ 2ay3 [AIEEE - 2007]

I
In a triangle ABC, let OG- 5 If ris the inradius and R is the circumradius of the triangle ABC, then

2(r+R) equals

1) b+c 2 a+b

® a+tb+c 4 c+a [AIEEE - 2005]
Ifin a AABC, the altitudes from the vertices A, B, C on opposite sides are in H.P., then sinA, sinB, sinC
arein

1 G.PR 2 AP

® AG.P 4 H.P. [AIEEE - 2005]

The sides of a triangle are sina, cosa and /1 +sinacosa for some 0 < a < 7i/2. Then the greatest
angle of the triangle is

1) 90 @) 60°

@B) 120° @) 150° [AIEEE - 2004]

A person standing on the bank of a river observes that the angle of elevation of the top of a tree on the
opposite bank of the river is 60° and when he retires 40 metres away from the tree, the angle of elevation
becomes 30°. The breadth of the river is

(1) 40m (2) 30m

(3) 20m 4 60m [AIEEE - 2004]
th 4 3

The upper " portion of a vertical pole subtends an angle tan 5 at a point in the horizontal plane

through its foot and at a distance 40m from the foot. A possible height of the vertical pole is

1) 20m (2) 40m

(3 60m (4) 80m [AIEEE - 2003]

In atriangle ABC, medians AD are BE are drawn. If AD =4, ODAB=1t /6 and OABE= 1 /3, thenthe

area of the AABC is

@ 16/33 @ 32/343
©?) 323 @) 64/3 [AIEEE - 2003]

If in a triangle ABC, acos® eo, ccos’lDAD _3b then the sides, a, b and ¢
HeH HAH ™2

(1) areinA.PR. (2) areinG.P.
4 areinH.P. (4) satisfya+b=c [AIEEE - 2003]
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

The sum of the radii of inscribed and circumscribed circles for an n sided regular polygon of side 'a’ is

a cot e 2 ot
@) HhH @ 2 °°'%eH

acotDTTD EcotDTTD
3) %H 4 2 %H [AIEEE - 2003]
In atriangle ABC,a=4,b=3, OA 60°, then cis the root of the equation
1) c2-=3c-7=0 @2 c2+3c+7=0
3 c2=3c+7=0 4 c2+3c-7=0 [AIEEE - 2002]
Ina AABC, tanA = E, tanE =E, then

2 6 2 5

(1) a,c,bareinA.P. (2 a,b,careinA.P.
(3) b,a,carein AP (4) none of these [AIEEE - 2002]

Let T_denote the number of triangles which can be formed using the vertices of a regular polygon of n
sides. If T —T =21thenn=
@ 5 @ 7
@) 6 @ 4 [AIEEE - 2002]
) . A-B+C .
In a triangle ABC, 2ca Sln—2 is equal to
1) a?+b?>-c? 2 c*+a?-b?
3 b*-c?-a? 4 ct-—az-b? [AIEEE - 2002]
The sides of a triangle are 4, 5 and 6 cm. The area of the triangle is equal to
) em? @ 27
4 4
4 2
&) Eﬁcm 4) none of these [UPSEAT - 2004]
In a triangle ABC if b = 2, B = 30° then the area of the circumcircle of triangle ABC in square units is
1 m 2 2m
(3) 4m 4) em [CET (Karnataka) - 2004]
If R is the radius of the circumcircle of the AABC, and A is its area then
atb+c atb+c
R=—— — R=——
M i @ m
abc abc
® R=—— 4 R=—— [CET (Karnataka) - 2000]
4A A
Let the angles A, B, C of AABC be in A.P.and letb:c= /3 : \/2.Thenangle Ais
(1) 75° (2 45°
(3) 60° (4) noneofthese [CEET (Haryana)-2000]
In a AABC, if a cosA = b cosB then triangle is
(1) rightangled (2) isosceles
(3) equilateral (4) noneofthese [CEET (Haryana)-2000]
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19. Ifinatriangle ABC, AD, BE and CF are the altitudes and R is the circum radius, then the radius of the

circle DEF is
R
QO < @ 2R
2
3 R (4) noneofthese [CEET (Haryana)-2000]
20. If Disthe mid point of the side BC of a triangle ABC and AD is perpendicular to AC, then
1) b?=a?-c? (2) a?+ b?=>5c?
(3) 3b2=a?-c? (4) 3a2=b%?2-3c? [CEET (Haryana)-1999]

» A , B ,C
21. COS"—+cCos”—+cos”— =
2 2 2

r r
2-— 2-—
W 2-% @ 2 5
r
@ 2+ R (4) noneofthese [CEET (Haryana)-1999]

22.  The perimeter of a AABC is 6 times the arithmetic mean of the sines of its angles. If the side a is 1, then
the angle Ais

1 L 2 I
W 3 @ 3
n
(3) > 4 m [CEET (Haryana) - 1998]
23.  Ifr,r, r,inatriangle be in H.P., then the sides are in
(1) H.P. 2 AP
3) G.P. (4) none of these [CEET (Delhi) - 2000]
2\bc . A
24, Ifa=(b- h sin— =
a = (b —c) sech, then b—c >
(1) cosb (2) cotB
(3 tan6 (4) sin@ [CEET (Delhi) - 2000]

cosA _cosB _cosC

25. InaAABC, and a = 2. Area of the triangle is

b
@ 1 2 2
®3) % @ 3 [PET (MP) - 2000]
38
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EXERCISES
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8. (1)
13. (1)
18. (3)
23. (4)

LEVEL — Il
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8. (2)
13. (3)
18. (2)
23. (3)

LEVEL - 1l
3. (4)
8. (2)
13. (1)
18. (1)
23. (3)

14.
19.
24,

3)
3
D)
3
3)
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14.
19.
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2
3
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2
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1. (2) 12. (2) 13. (2) 14. (2) 15. (3)
16. (3) 17. (1) 18. (1) 19. (1) 20. (3)
21. (4) 22. (1) 23. (2) 24. (3) 25. (4)

39 —

FNS House, 63, Kalu Sarai Market, Sarvapriya Vihar, New Delhi-110016 e Ph.: (011) 32001131/32 Fax : (011) 41828320





