606,6TH FLOOR . K. M
HARIOM TOWER NEWTON

BASIC CLASSES OF INTEGRABLE FUNCTIONS

|

can be represented in the

P(x)

X

If the denominator Q (x) of the proper rational fraction

following way :

Q(x) =(x—a) (x—b).. (2 +ox+P)@®+yx+pf..

where the binomials and trinomials are different and, furthermore, the trinomials have
no real roots, then

B | St e . ISR =
Qx) =x-a (x—-a)? (x —a)* x—b (x-b)? (x - b)
R M;x + N, s Myx + N, oA M,x+N, b
x% +ox + P (x2+wc+13)2 (x2+cu:+[5]r
Ryx+ Ly R,x + L, R.x+L,
. et ghba -
LS e (x +yx+;,1) (x +7x+|.t}

where A, A,, ..., B}, By, ... M|, N}, M,, N,, ..., R}, L, Ry, Ly, ... are some real constants to be
determined. They are determined by reducing both sides of the above identity to integral
form and then equating the coefficients at equal powers of x, which gives a system of
linear equations with respect to the coefficients. (This method is called the method of
comparison of coefficients.) A system of equations for the coefficients can also be obtained by
substituting suitably chosen numerical values of x into both sides of the identity. (This
method is called the method of particular values.) A successful combination of the indicated
methods, prompted by experience, often allows us to simplify the process of finding the
coefficients.

If the rational fraction P
X

}; is improper, the integral part should first be singled out.

e I—j 15x% — 4x - 81
e Tl -+ HD(x-1)
S ; 15x% — 4x — 81 A B e
olution. = + + X
(x-3(x+4)(x-1) (x-3) x+4) -1
A(x2—3x—4)+B(x2—4x+3)+C(x2+x—12]

(x-3N(x+4)(x-1)
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HARIOM TSO;NER JEE ( MAIN & ADV), MEDICAL + BOARD
; BASIC CLASSES OF INTEGRABLE FUNCTION:
A+B+C=15

3A -4B+C=-4
-4A +3B-12C=-81
A =8 Bieif, O
dx dx dx
! +5
x=3 Jx+4+7-[x—1 :
3In|x-3|+5In|x+4|+7In|x-1|+C

1nkx-m3@+5ﬁ(x-nﬂ+c

—
I

5.1.2. I=I___£i@1__
(2+x)(x2—1)
Solution. I=I_&:j:ﬂ—&
(2+xﬂxﬁ-n
=J‘ (xé'l) dx+_|' dx
@2-1y2+x) 2+2x)(x—1)(x+1)
(x4—1} dx
ZJ Box dx+I@+xMx~1Hx+D
I__J':c“—4+4+1 -[ dx
- 2+x) @+x)(x-D(x+1)
=J{x~2)dx+j(xi2)+11
2
=(%?—24+5hﬂx+m+h
e dx
H-Iu+2ﬂx—1ﬂx+n

J‘ A . B e C . 1

(x+2) (x-1) (x+1) x+2)(x-D(x+1)

AR®-1D+Bx2+3x+2)+C(ax2+x-2)=1
A+B+C=0

3B+C
-A+2B-2C

A+B+C
-A+2B-2C

3B-C
3B+ C
6B

mn

o
HIOlRF~R,O RO

3=

|
b | =

+

p

I

o

>

1l
> b | =
W=
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OFFICE AT ]
CRBIOM TOWER R. NPE<V\'/TI(\)/||\1'%LAA§ES
A, e JEE ( MAIN & ADV.), MEDICAL + BOARD
BASIC CLASSES OF INTEGRABLE FUNCTIONS 5.3
1
Bimi =
1
—+C =0
2
. 1
Ci= rs
i +__1_I de 1 dx
L=J3%+2 6lx-1 2)/G&x+D
1
= l1n|:!4:+2|+lln|3r:—1|--—1r1|::c:+1|+C
3 6 2
% -8x% -3x-2
o dx
5.1.3. I__[ S
x+2
Solution. = ! (x4 1) ~—————— | dx
x(x —x-—2)
+2 dx
=I(x+1)dx'.[ 2x _J- 2
(x —x~2) x(x —x—2]
x2+x_ dx _J‘ dx
@ x(x —-x—Z)

: i)
Lo i~ In|——2 2] X
2 zx.g x;%+g Ix(x -—x—2)
x? 1.012=2 dx
e x—ll_'[x(xz—x—Z)
g
L
dx
Il_Ix(xz—x—Z)
1 A Bx+C
x(xz—x—2)_ x (xz—x—z)
A+B=0
~-A+C=0
—2A =41
1 1 1
A:——EC C=—‘L; Bz—E
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HARIOM TOWER NEWTON CLASSES
JEE ( MAIN & ADV., MEDICAL + BOARD
5.4 BASIC CLASSES OF INTEGRABLE FUNCTION
1] 1 x-1
=i ==t
2] x x2-x-2
-1
j dx =1J——1-dx+ (x2 ) :
x(xz—x-Z) 27 x [ 1) (3]
DS S
2 2
(43
S ETT i 2 2
2 2 1 [3)
[" 2) "2 ,
1
- = ldx
= llnx+}~ (x 2) —l_[ e
= 2 9 1 2 3 2 4 x_l)z_[ﬁ 2
*72) "\2 2) 2
1 Ty 3]2 1 1 x-2
= —— — —=| ={=]|-= +C
3 WA (x 2] (2 4 2x3/2 |x+l
x* 1 1 2l
L - rul |l——In|——{+C
Tie 2+x 21nx+41n!(x 2)(x+1) 19 1
2x —3x+3)
i -[ -2x% v+ x
(2x2—3x+3)
Solution. =j-—————
x(x2—2x+1)
(2x?‘—3x+3)
B o e L
x(x-—l)
ij —3x+3
I 2x> +x
22 -3x+3 A B D
—_—_ —+ 5+
x3 - 2%% +x & (x—1)° (-1
9% —3x+3 =A(x-12+Bx(x-1)+Bx
=(A+D)x?+(-2A-D+B)x+ A
Equating the co-efficients
A+D =2
-2A-D+B=-3
A=3;B=2D=~1
RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412




FFICE AT '
e R. NEWTM'AC)‘LAégES
LR CNETOWER JEE ( MAIN & ADV), MEDICAL + BOARD
BASIC CLASSES OF INTEGRABLE FUNCTIONS 5.5
d
I1=38 J'E+2J - met i
x (x-1) (x-1)
=3Inlxl- -Inlx-11+C
x_
x%+1
518 I |—— 5
Solution. Brl=Ex+DE:-x+1)

a(x+15 fx (c—1)+11
W+l=x(x+1D)x-1D+(x+1)

I=Ix(x+1)(x—1)dx+ (x+1)

x(x-1)° x (x -1)3
(x+1) dx dx
dx +
(x —1)? +-[(x~ 1) x(x-1°
(x-1) 2 -1 dx
o dx + +
o (x—1)2+(x—1)2 2 (x —1)* jx{xwl)s
) 1 dx '
= Inl(x -1l 2 :
s AL 2(x—1)2+-[x(x—1)3
1 A B C D
—_— = — + +
t(x-1® x (-1} @x-1® (x-1)
On solving, A=-1B=11C=-1D=1
2 1 dx dx
w Inle=11- = Sd
> % (x-1) 2(x—1)2+v[ x+-[(x—1)3

j(x 1)? -[(x 1)
| 2 1 1 bt

=2 Inlx -11- - -Inx- +
g (x-1) 2(x-1) 2(x-1% (x-1)
‘ 1 1
= 2Inlx -11- L= —Inx+C
(x-1) (x-1)7°
I = 2lnix-11- —~Inx+C
(x-1)
5.1.6. I= j
2 +1
Bolation. L= J‘ ’“él =i
x” +1

Wrl=(x+1E2-x+1)
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ARIOM TOWER NEWTlg/Il\l%LAégE‘SS
HAR/ON TOWER JEE ( MAIN & ADV., MEDICAL + BOARD
5.6 * BASIC CLASSES OF INTEGRABLE FUNCTIONS
_‘[ dx _I dx
i (xz*x+1) {x+1)(x2—x+1]
_J‘ g ol _I dx
[ 1]2 3 (x+1)(x2~x+1)
x——| +—
2 4
= (3)
2 - 2
= —tan -1
J3 J§ v
2
1 A Bx+C
2 = i
{x+1}(x —x+1 (x+1) x*—x+1
1 1 2
A=~§,Bﬁ ,C_~3“
xl dx (2-2x) 5
3~ (x+1) x%-x+1
Vi —(x-2)
Il :ghln(x+1)+J.x2—_x—‘;de‘|
¥ (2% — 4)
el L] ek S
3rln(l+:c)+2 S ]
1] (2x—1-3)
= SRS 2
: In (1 + x) 2“ o Py x]
(=-3)
i 7 1 9 1 2 | 2
=— -=1 —x+1)+—=x—tan
31n(1+:rc) 6n(x x ) Zxﬁ §
2
=il 1 9 i 1 (2x-1)
L =~ InQ#x)+=In(x* -x+1)-—=tan ! T=—
L 311'1( #x) Gn(x x ] T T
BRI () | O | B
I=—tan ' — = " In(l+x)+=—In(x*-x+1)+C
5 g Lo g M )
dx
5.1.7. I= j -
x +1)(x +4)
v P e __dx
Solution. =N AT Pad

RANCHI CENTRE :
Ph. :

606, 6th Floor,
0651 - 2562523, 9835508812,

= lj]:tan_l x—»;—tan_lg}

1

—If
2

1
tan™! x—-tan

oa
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oM TOWER JEE ( MAIN & ADV.), MEDICAL + BOARD
BASIC CLASSES OF INTEGRABLE FUNCTIONS
1
5.1.8. I= _[ s
x +x+2)(x +4x+5)
Soluti e
O "3 (x2+x+2) 3 (xz+4x+5)
1 dx _l dx
8 2 () (x+2)% +1°
(”5) *[?
)
) e A 0T T SR
= — X —tan —Ztan " (x+2)+C
3 J7 i 3
2
2 1 2x+1 1 =
I= — g (4 2) 6
37 V7
5.1.9. I= x? 1 4x® + 1122 +12x+8
(x +2x+3) (x+1)
4 3 2
Solution.x +4x” +11x +12x+8= Ax+B Dx+E x F

(x? +22+3)" (x+1)

(x2 +2x + 3)2

(x2+2x+3) x+1

Finding the co-efficients A=1,B=-1,D=0,E=0,F=1

-

it

J

X

e |

It

(x-1)

dx
(x2+2x+3

Injx+1|+1;

(x—1)dx
(x2 +2x + 3)2

(x-1dx

(x+1%+2
( )

=1
+2) i
(tz +2)2

Jx+1

dt

J

- |

RANCHI CENTRE : 606, 6th Floor,

Ph.: 0651 - 2562523, 9835508812,

2(t2 +2)

tdt
-2
(t2+2)2 j
LB

dt

(£ + 2)2
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HARIOM TOWER JEE ( MAIN & ADV). MEDICAL + BOARD
5.8 . BASIC CLASSES OF INTEGRASLE FUNCTIONS
Applying Reducing formula
e LAl ey
> Sk il +_‘[ 2
4 t2+2) 47 ¢% 42
S e T
= +—x-—tan" "' —=+C
4 (t2+2) 4 2 v2
I, = .. 1 “y x+1 . tan'lx—“+C
2(x2+2x+3) 2(x2+2x+3) 242 V2
I = Inlx+11- LR 1 tan‘1x+1+C

2(x® +2x+3) 2V2 J2

5x° +9x% - 2x -8

5.1.10.1 = dx
J x3_4x
Ox° —2x -8
g Sdxs [2%
Solution I= I .[ x(x-2)(x+2)
=5I+Il

. _J- 9x% — 9% -8

17 Jx(x=2)(x+2)

Dyt 2.8 ATBY D

x(x-2)(x+2) T x x-2 x+2

A(:\:g—4)+B(J|:2+2:c)+D(:u:2 —2x)
x(x-2)(x+2)

x> (A+B+D)+x(2B-2D)-4A
x(x-2)(x+2)

i

Equating the co-efficients
A=2B=3,D=4

il

2 3 4
= —+ +
x x-2 x+2

2Inx+3In lx-21 +41n l1x + 21
Inx?. 1x-21% [x+2]4

I= 5x+ln|x2 lx - 2P 1z + 21| + C

b
]

5.1.11. I=J‘ dx
x+D(x+2)°@x+3)7°
2eE-1%¢-2)
1 At? +Bt+C D E F
5 § = o %+
£ =135 -2) g (:-1)2 -1 (-2

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412



Y6 6T EL 6 K. MALIK" S

06 6TH FLOOR
AQFLQ TON CLASSES
& EOAEEES OF INTEGRABLE FFEJMMPONS& ADV.), MEDICAL + BOARD 5.9

Solving for A, B,C, D, E, F,
t5A+E+F)+t*(-4A+B+D-3E-2F)
+t3{5A~4B+C—2D+F+2E)+t2(~2A+5B-—4C)+t(5C—2B)—2C

17 1
A ———8—~,B= -— E =2,D=<1,F=< 8
Substituting these values
5 1
di I e s
£ 4 9 dt 2dt 1 dt
=] ST S =
.[33(;*1)2(5_2) .[ 3 +.[ 1) +.[(t—1}+-[8(t—2}
2_ —_—
=J‘_17t 130:: 4dz-j dt +2J‘2dt dt
8t (¢~1)* F-1 8dr=2
8 8 ¢t 162 t-1

ln(x+3)“”"8+Ex 1 + i + L
8 x+3 16(x+3)? =x2+2

+2ln(x+2)+-;—ln(x+1)+c

2 16
9x“ +50x +68 +}—ln (x+1D(x+2) +C

T4(x+2)(x+3)? 8 (x+ 3"
J' dx
Sl fm (xz —dx + 4) (x” —dx + 5)
L dx dx
Solution. I= : -
T J‘(352—4.::+4) (x2—4x+5)
=J' dx = dx
(x-2)° (x-2)%+12
=_ . 1 - =) i
I T tan” " (x-2)+C
dx
5.1.13.1 = '[(1+x)(1 TR
: 1 A B Cx+D Ex+1
Solution. +—3

(1+x)? (1+x2)(x2—x+1) g 1+Jc+(1+a|c)2 T e my

1=AQ+x)A+x)(?-x+1D+BA+x?) x®-x+1) :
+(Cx+D)(1+x2 @ —x+ 1)+ (Ex+ F) (L 271
1t
Putx=-1, 1=6B or B=g,
A+E =0

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
] — 08812, 7488587412




N o .NEV\./Tlg/Il\IAC‘LAyS‘?E'SS
HAEIQN T OWER JEE ( MAIN & ADV., MEDICAL + BOARD
5,10 BASIC CLASSES OF INTEGRABLE FUNCTIONS
Putx =1, 1=(Ci+D)(1+D%*@E2+1-10)
1
C=0,D=7
Putx =0, '1=A_1-B+D+F
1%
= A+€+§+F
A+F :% ool (G
Patxa= 1, 1=4A+2B+4(C+D)+8(E+F)
1
A+2E+2F = ~3 .. (i)
T d 1
From (ii) — (i), F-E = 3
. 2
From (iii) - (ii), 2E +F = =3

3E z—l,E:—l,F:O,Am%

1t ides. 1 dx
I~—§J.1+x+g A+x)? _L-[l+x __-[x —x+1

Inil4ele—r — 4 Aan dx

i T e “x—lj s TARE dx
3 6 (1+x) 2 6 xg-—x+1 6 ( 1)2 (_JET
x-=| +|—

1t | S e A | 2 1 iaper2e-1
3 6(1+x)+2taam X 6Ilnl'.a: x+1] 3«/5 73

x°+3

5.1.14. I = Im

Solution. *Jll” x?+x-2 dx
(x+1)1: +1}

| _x~|:—_[ 4 (Zx 1) ]
= 1+ 22 i1

¥y -2 A Bx+C
= - o
(x+1)(x2+1) (x+1) x%+1

2+x-2=Ax2+1D)+Bx+C)(x+1)
Putx=-1, -2 =2A;
A=-1

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412




606.6TH FLOOR R. K. MALIK®
IO E JEE (MAIN & ' ABVIMEDIGAL + BOARD
BASIC CLASSES OF INTEGRABLE FUNCTIONS ' 5.11
Ptz =i P24+i-2=(0{+1(Bi+0C
i-3==-B+(B+C)i+C
B+C =1
C-B=-3
C==1B=2
= x+1n[1+xi-2_[ ey (R
1+ x? 14%°

I

x+1n11+xl—ln(l+x2)+tan_lx+c

Y INTEGRATION OF CERTAIN IRRATIONAL EXPRESSIONS] |
Certain type of integrals of algebraic irrational expressions can be reduced to integrals of

rational functions by an appropriate change of the variable. Such transformation of an
integral is called its rationalization.

I.  Iftheintegrand is a rational function of fractional powers of an independent variable

P P
x, i.e., the function R (.‘t. i TR }, then the integral can be rationalized by the

substitution x = ™, where m is the least common multiple of the numbersgq,,q,, .., g,.
II. Ifthe integrand is a rational function of x and fractional powers »f a linear fractional

ax +b

function of the form , then rationalization of the integral is effected by the

cx+d

substitution &~ +b

7 = ¢™ where m has the same sense as above.
cx +

x+{x? +Yx
5.2.1. hJ‘W

Solution. x =t8dx=65dt
(t‘* " t) £5

b e

di

ﬁj-r5+t3+1
1+¢2

"

sjzsdnejtfil

Zt*+6tan '+ C

I=g 2*3 y6tan ' xV® 4+ C

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412



6TH FLOOR R. K. MALIK' S

ElggIGM il NEWTON LAéSES
WER
Nt - JEE ( MAIN & ADV.), MEDICAL + BOARD
5.12 BASIC CLASSES OF INTEGRABLE FUNCTIONS

x+J_
7

Solution. x =112, dx = 12t1 dt

4
= ji—it— dt-12¢1
Dl X

5.2.2. I= j

¢ (t2 +1) =y
= Im dt -12¢

£3 (t2+1)
= -[:‘3 -1

e de;

=1

di =128

3
"_"J-"t_dt+ "“"E"'—dt
t-1 t-1

=jt —1+1d J‘ 1+1

—
]

I(t +t+1]dt+2 Idt

e
—+—+t4+2Inlt-11+¢
3 2

i
= 12 —+—+2t+2lnlt—-liJ+C
3 2
=43 + 624+ 24t +24In 1t =11 +C
= 4 - x4 £ 6xY6 4+ 242112 1 24 1n|ac”12 -1|+c

@2x - 3)"? dx

5-2-3- I = m

3 ;5 8 _a_46
=j‘t-3tdt=j3-*2dt 2 -3 =t
1%t 1+t 2dx =6t5dt

3 [(e -1t +e? S

Solution.

-
L}

7 5 3
= 3L-—-:lJ'!'L—+3L~3:!+3tan
7 5 3

'3 6]_3 5/6 1/2 _aqyl/8
= [ex-3"]-Z[@x-9 ]+ @x-3)"* -3(2x-3)

+3tan" ! (2x - /e Lo

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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606.6 TH FLOOR R.N}IE<V\-/T|¥|AC
HARIOM TOWER PEEY s el O
BASIC CLASSES OF INTEGRABLE FUNCTIONS

5.13
5.24. I= | ( ge '

x|2+3 "‘IJ
X

-1 1
Solution. Let = — 2

N
DV.), MEDICAL + BOARD

1
+x—2dx=3t2dtordx =3x2 2 dt

xt? dt
(t+2) fet gl
X
1
=3I tzdt 1-3=— =ox = 13
(1-2%)@+2) i 1-¢
t* L ki s B+

= + + :
A-0)(1+e+e2)(t+2) 42 1=t 1+¢+44°

=A(1-B)+B@+32+3t+2)+C (-3 -2+ 20) +

Dt2-t+2)
—A+B—C=0
1 1
A=B-C B=5,C=-3
4 I
3B-C-D =1 A= B
3B+2C-D =0

A+2B+2D =0

4 ¢ dt 1 dt 1 dt 1 2t+1
I=3 i - = P
l:g-[t+2+9 1-¢ 3x2-|'1+g+g2]

2J 142442
=4 W07 PO T A e, LA 2
I_3lnlt+2l 2 ni1- el x= g Sin|iee+e?|
et R
fes )i
= Shnfe+2|-Sinf1-¢|- L
(+3) <[5
t+—] +|—
2 2
fopin
=iln|t+2|—1ln|1—t ~l><ltan‘1 2 —llnll+t+tzl
3 3 2" /3 43 .2
2
4 2t+1) 1
==—Inlt+2|=— ln 1—1!———taaln’1 —Inll+t+t4
Sinfe-r2) - Jnf1-| -t 2212
1 _q D4 Y +2)* x-1
i — In +0 t =3
V3 V3 +t+1 i

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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5.14 BASIC CLASSES OF INTEGRABLE FUNCTIONS
I 32—x
5.286. I= G-ml2+x !
—-X
3 i
. . 2(1+t3]2c-12t'~’ RN
Solution. I= -I : dt
16¢° (1+¢°) dnd
Bty
dt 2l
=——=|—==x—+C s
2 t3 4 tf2 o 2 2t
z 1ei
b 3 '(2+x) Y " 2
(2 ~ x)2 B e 4f : B —12¢ zdt
1+¢ (1+t3}
dx
5.2.6. I=_[ -
x-1° x+2)
. dx
Solution. . o
(x— 1)(x+2)4Jx
x+2 .
x—-1 =k
t* g2
X = y
P |
1 3
B Ak
3¢t
+2 =
X 4_1
3
IR WS

IL= —'j dt
3-3t" ¢ 1]
JIBE ; dt 4
% 3 23
I= 7! i
3Vx+2
5.217; I= j__________ci‘x___
(1-2x)J1-x*
Solution. I= dx

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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R RIOM TOWER R. NEWTM'AC)‘LAéglE'S
PR JEE ( MAIN & ADV.), MEDICAL + BOARD
BASIC CLASSES OF INTEGRABLE FUNCTIONS
Let 1_4;5:_ =t2
1-x
24+1 = 2
1-x
i 21 L i=x
t“+1 2
2 1
= i =0
2
x=1-~
R |
o
L |
ot{t® +1)-2e{ -1
dx = { ) 2( )dt
(t2+1)
dx = "—""41—203
(¢ +1)
2 4t % dt
i 2
P e
(t2+1)
= [dt+C=t+C
1+x
= +C
¥ 1-x
5.2.8. I= | gs
Yw+1)? (x-1)*
. dx Lo |
Solution. 1= J‘(x+1}(xv1) o
x—1
ket = x+1
)
e
3% (1- %)+ 8¢% (1+£°)
dx = > dt
(1-2%)
/2
dx = g 5 dt
(1-#°)

1iait®

(1—;3

RANCHI CENTRE :

Ph. :

2
J &1 =gt

606, 6th Floor, Hariom Tower,
0651 - 2562523, 9835508812,

Circular Road, Ranchi -1
7488587412
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5.16 BASIC CLASSES OF INTEGRABLE FUNCTIONS
4¢°
— =a?-1
i)
: 6t2 di
|

3 Jx+1
= 2.[ R
5.29. I= [x-2) I s
L
1+x
Solution. X _[(x =1
ealeH

I(" v 1+xdx I 1+xdx

_jﬁdx_j\[fdx

: 1+x
x x =co820in {—,
1-x 1-x

dx =— 2 sin 204§

il
|
S
=
H
H
I
S
Z.
lj
"
|
e,
et
+
"
2

]

+2_[cot9-2sinzed9

4_[‘:?89 x 8in 0 cos O dO
sin 6 -
= 4ch032 0do

g 4ICO829+1d9

=_[2 cos 20 d + jzde

+20

& sze

1+x
\ll x% +cos T x+c
1
I =._Ex\f1—x2 —%si_n'l x+\f1~x2 +cos ' x

(1—%;]\}1—372 ~%sin“1 x+sin" ' x+cos lx+C
T = [1—%::)\}1*1:2 —gsin‘1 x+%+C

2sin 20
2

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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1 ]
(=]

Integrals of the form JR(-"C, yax® + bx + c] dx are calculated with the aid of one of the
three Euler substitutions :

I 1Jax2+bx+c =tix'JE ifa>0;
2. Jax? +bx+c =txtc ife>0;
3. Ja:r2+bx+c =(x—a)t

ifax?+bx+c=a (x — o) (x —a),

i.e., if o is a real root of the trinomial ax? + bx + c.

dx
503-10 I=I 2
1+Jx +2x+2
Solution. (x2 +2x+2) =f—-x
2% + 2x =122
122
e TR
Py oty
_—d
dx = 2(1+ 8>
Jx? T 2
1+ X +2x+2 s 2(1'{“)
t* v+ 4+ 4
Sl T T

: (r +2t+2 dt
-[(1+:){:+2)2

Pa2t42 A B D
= + + -
O A++E T+l 42 (142)
Equating the coefficients, we get A =1, B=0,D=-2

di d
5 -[t:l_g-[(“tz;?

= Inlt+11+ +C
+2)
I=1n(x+1+Jx2+2x+2)+ . +C

x+2+‘/x2+2x+2

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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5.3.2. I= dy
x+\/x2 —x+1
Solution. 1’1’;2 —x+1 =fx-1
(2t -Dax =(2-1)x2
= 2t -1
2=
-2(¢% —t+1)
ot =i L
(¢* -1)
t
x+yx? -x+1 = T
I= j dx
x+ 1/x2 —x+1
9% 1. 90

I

¥ 2t .28 -2
t(t-1)(t+1)>°
Equating the coefficients, we get

1
A=2B=-2,D

I

dx

533. I=
J(1+x)\/1+x~x2

Solution. (1 +x— xz)

Squaring both sides
1+x—x2

x

RANCHI CENTRE :

606, 6th Floor,

Hariom Tower,

CEHE-D@+1)?

A B D E

—+ + +

t -1 (@+1)72 t+1
_ 3

- E= 5
cily | Tt ot dt 3¢ dt
e e _3_[ WY 8
t 27¢-1 E+1% 27¢+1

1 3 3

2In|¢|-=In|t-1|+ ——-=In|t+1

n|#| 3 n| I+t+1 = n|t+1|+C

# \}xz-—x+1+1

x

tx—1

12x2 + 1 — 2tx
2t +1
941

Circular Road, Ranchi -1
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BASIC CLASSES OF INTEGRABLE FUNCTIONS 5.19
t2 1142041 2% 4 ¢
x+1—.T——— x = —
et " +1
t? + 2t +2 i
=% (gx_1)=2t++_l[t2+£_1]
t“+1 t“+1
(2 +1)-2 2+ 1)
dx = ( ) 5 dit
(52+1)
(-26% -2t +2)
=——-2—dt
(324»1)
-2(t?+t-1)  (2+1) i
I=I T - N 2

(¢ +12) (2 +2t+2) (2 +¢-1)

i 1249
=I 2 5 E ) dt

(¢ +1) (% +2¢t+2)
di
—JWE | | .
jt2+2t+2
dt
= "2‘[#

o = |
=—2tan"1——-—(£';1)+0
IS_Ztan_l[1f1+x—x2+l+x}+c

X
5.3.4. I= i
3
J(’?x—!ﬂ—x’]
1
Solution. Tx-10-x% =(x-2)(6-x)
=(x-2tB-x)=(x-2)¢2
5+ 2t2
*F 1422 ?
gp - —Btdt
(1+22)°
5242 3t
(x—2)t = -2]: -
{14»1:2 2

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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5.20 BASIC CLASSES OF INTEGRABLE FUNCTIONS
2
i -~—5+22‘ dt
27 t
= —E[~5—+2)dt
9\ 2
2(_5 ) V7x -10 - 2
o == =-—+28|4+C PO, S e R
= 9( ; where, ¢ 3
dx
535 I=] -
x—Jx +2x+4
Solution. : (x2+2x+4) =2x—1 /

2+ 2c+4 =22+ 12— 2xt

2x + 2xt =12 -4

1 -4
Rt T3 T )
_2AA+t) -t 44
T 201+t

2 +2t+4
2(1+12)?

L (£+1)2+3
2(1+1¢)?

1 1 (t+1)* 3
- — X d
3 ij—(x~t) Lnl)z +(:+1)2} t

dt
[ (r+1)2]

I
0o |
"—h

1 3 dt
T T (e U
=2 jt(t+1)2
1 A B 8
—_—_ —+ +
t@+1)? Tt (+1) (£+1)?
1=A@+12+Bt(t31)+Ct(t+1
A+B =0
2A+B+C =0

A=1B=-1C=-

1.8 (_dt ‘f dt
2 21J ¢ (t+1) J@+1)?

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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Yoo . B 1
=—Int+=(Int-In(t+1)+——
2 2[ o z+1J
1
=21nt——ln(t+l)+— +C
25— \/x +2x+4
I=2ln[x—1fx2+2x+4]—gln[x+1—\}x2+2x+4|
+Ex - +C
x-Jx2+2x+4

5.3.6 I-I &
=il he -— m_

Solution. x =sin 0, dx = cos @ do
cos 0 d6

: =J\/l—sin29—1

N J'cosede
cos0-1

(cos0-1+1)de
cosB-1

i jde+jcosd§—1

0
=0- I —cuseczgde 5 = ¢,d0 = 2d¢t
sin? 9/2 2

I =-2cosec?tdt+2cott+C

4] !
G+2cot§ =Csin~! x + 2 cot o

I =sin"! x+2tan! _21 +C
sin T ox
5.3.7. I = dx =
(2x—x3)
Solution. 2-x% =x(2-x)
2 —-x =xt?
e 2
. t2 +1

Hariom Tower, Circular Road, Ranchi -1

RANCHI CENTRE : 606, 6th Floor
cH Ph.: 0651 — 2562523, 9835508812, 7
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4t
dx = - 5 dt
(t"‘ + 1)
~ 43 dt
P

(£2+1)2 PEpE

1= — 4t dt
(£2+l2 8 5 t?

(t2+1)

1pe%+1

_“2-1 z: @

. 4 1(dt

__Ejldt_a t2

= _..l_‘jz_x _I_J - +C
2 x 2V2-x

—
1
e
ol
N
HH
o]
b T
+
(@)

(4 J;;?)”

538, I = dx
I J.Hx”
Solution. (1 + xz) =t—-x
1+x% =2+ x2 -2
2-1
=X
2t
7 1) |
dx = dt
2t?

Iu+:—ﬁ“_ﬁ+1

t
= |t"dt = —+C
1 @ dt = | 15

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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The Euler substitutions often lead to rather cumbersome calculations, therefore they should
be applied only when it is difficult to find another method for calculating a given integral.
For calculating many integrals of the form

4

jR(x,Juxz +bx+chx,

simpler methods are used.

Lk

II.

Integrals of the form
Mx + N
I= J

—_——dx
Wfa,xz +bx+c

b
are reduced by the substitution x + o = t to the form

tdi dt
[=M, [——+N, [——,
\jatg +K 1fat2 +K
where M,, N,, K are new coefficients.
The first integral is reduced to the integral of a power function, while the second,
being a tabular one, is reduced to a logarithm (for @ > 0) or to an arc sine (fora <0, K
> 0).
Integrals of the form

Jax® +bx +c
where P_ (x) is a polynomial of degree m, are calculated by the reduction formula :
P, (x)dx
I e m_l(x)wfax2+bx+c+KJ—dx——,
2
1fax +bx+c 1/:11:2 +bx+c

where P, _, (x)is a polynomial P, _, (x) and the constant number K are determined by
the method of undetermined coefficients. -

III. Integrals of the form

dx
(x—a;)" Jaxz +bx +c

are reduced to the preceding type by the substitution

X—a l
1 ¢’
54.1. I= ,/6x+4
2x+1=t
Solution. I= %j% | ::ﬂ
R S I el

2x+1+1f4x2+4x—3

+C

I= l\l4x2 +4x-3 +—5-1n
4 4

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1

Ph.: 0651 - 2562523, 9835508812, 7488587412
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 5.4.2. I=_[ Sid _ a JExid B D

-‘jx +2x+5

2+ 2x+5=(x+1)2+4

t x+1l=t

'[Jt2+4 dx = dt

Solution. I= 5I Jtd

2t dt
=2J-Jt2+4 Jth+4
= 5\/xT+2x+5—ln{x+1+\lx2+2x+5}+C

5.4.3. I=I x'—x-1

\jx +2x+2

x* 1) 124
Solution. I= o= X+
'[;](x+1)2+1 '[1f(x+1)2+1 dx =dt
I w J“‘mt 2}tdt—ln]:x+1+1fx2+2x+2]
Let t24+1=X2

2tdt =2XdX

—j 3£+2 de—ln[:x+1+1/x2+2x+2}
I{(X2—1]~3( x2-1)+2}dx

3
I %er alx X2—1+%1n|X+\/X2—ll

—ln|x+1+\]x2+2x+2|

I

9 /2
I= %——(x +2x+2) +(x2+2x+2

1/2
| 3 )

1 2 1/2 1 9 1/2
—3[5(;: +2x +2) (x+1}+§h(x +2x +2) +(x+1)]

2
_ (x2+2x+2)m a4 +1—§(x+1)
. 3 2 I
5 1/2
__1| 2 4242 lu
2n(x +2c+2)  +(x+1)
2
x 5 y 5 2 1/2
[_—§x+—g-—-2-ln|(x +2:c+2] +{x+1)i+C]

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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5.4.4. I=[[[4x” -4z +3) dx
Solution. I= j,/(zx ~1)" + 2 dx

2x-1=t
2dx =dt

I= %L[t%»(ﬁ)z dt
= -l—[lt-\}t2+2 +%-21n|t+1/t2+2”+0

212

1
I= Z(mel)\}tixz—4x+3+%ln!2x—1+\/4x2—4x+3

+C

3 _g.2
5.4.5. I = JQ_x__-M
1j3x2 -2x+1
Solution. I= J'Qx —3x7 42

1/ -2x+1

I= (Ax2+Bx+D)(3x ~2x+1

+k'[\/3x -2x+1

Differentiating this equality, we obtain

= (2Axv+B) |(3x% - 2x +1)

+(Ax2+Bx+D)- (Be-1) A

+
(3x* - 2x + )2 'J3x2 -2x+1

Reducing to common denominator
=(2Ax+B) (3x* - 2x + )2+ (Ax2+ Bx + D) Bx-1) + K
6A+3A =9 A=1

3B-5A+3B =-3 B=%
2A-3B+3D =0 D:—%
B-D+K =2 K=%
_ 1 1 5 1/2
I {x +3x~§J(3x ~2x+1)
4 dx 4 dx
+=| +=]
3 9 1/2 3 1/2
(3x2 - 22 +1) Jg[xz__x+l)
373
[-3)
dx £ 87 4\" 3§
+ # X —=tan
mf[ s (,5)2 ENE AR
Lreia| = a
3 3 3

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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5.26 BASIC CLASSES OF INTEGRABLE FUNCTIONS

24 5% 1) " vz 242, _13x-1
= +=x-—|[83x"-2x+1) + tan +C
; _("‘ i | i M 2

5.4.6. I=J x2+x+1dx

Soluti I—J(x++1-]2+ ig"Zd:c
olution. = z >
= %[x+-;»)1]x2+x+l+%x%1n x+-12-+\jx2+x+1 +6
4+x)dx
54.7. I=] { ner
(x—1)(x+2) Jx +x+1
Solution. I= (2 +4) =, gdx % (x+4) 5
x-Dx+2° Jxl+x+1 G-DE+2)
Gl B )
G-D ' aogf | @+D
Find the coefﬁcientsA:i, Bz ﬁ,D:'HE
9 3 9
Hence, I=j 5 = 2 - 5 : dx
Ax-1) 3x+2°* Hx+2) Jx2+x+1
zij dx _EI dx ‘EJ dx
99 e-Difuf +xel 3 e+ 22 Yx2+x+1 97 (@+2)yx +x+1
Il 12 13
5 dx '
I, ==
' 9I(x-1)Jx2+x+1
1
Izi‘[ _;i x—1=%
el 11jt2+t+1 1
et Rl dx=_t_2dt

_EJ‘__d‘_
9 \lt2+t+1

dt

4]
9 p 2 2
1 3
t+—| + £
2 2
RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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5 2 [“%)
"'——x—*tan_l +C1
A
)
2t +1
I, = C, - 10 tan“l( - }+C1
93 NE]
I 2 dx
27 3 (x+2 YxP e x+1
2 1
Rl
_.}_.dg

1 T o1 (2t+1)
12=%(t2+t+1) —§x-J-§—tan1-T3+Cz

9 (x+2)-Jx2+x+1

1
x+2‘—“?
5 dt 5 2. (2t+1)
Let b=t — = X — tan __+C3 1
9'[ ‘£2+t+1 9 Jé Jé =—t—2d£

x¥-6x? +11x-6

548. I=
Jx’ +4x+3

Solution

dx
1= (A.ac2 +Bx+D)\Ix2 +4x+3+kj————
\fxz +4x+3
Differentiating this equality, we obtain
x* —6x% +11x -6

Jx2+4x+3

Il'

b
i

(x+2) k
+

92Ax+B)(x? +4x+3)  +(Ax? +Bx+D
: g )(x ' x+) +( e ]Jx2+4x+3 Jx2+4x+3

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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Reduce to a common denominator and equate the numerators

:t3—6.::2-a-11.1n:~-6=(2Ax+B){:c2+4.1c~|~3)”'24-{4sz+]3:1:+D){:|c~1-2)+-}1i

2A+A =1
1
A=§
B+8A+2A+B =-6
B+5A =-3
14
B= 3
4B+6A+D+2B =11
111
D=5
3B+2D+k =-6
_,14.,_3?3_,_}2 =-——6
3
k =-66
I= (%xg —%x +-1~:]3£] (x2 +4x+ 3)”2
+ (= GB)J

(x +4x + 3)”2

o8 [

Jix+2)? -1
(1,2 14 111)(.! +4x+3}“2_661n|x+2+,/x +4x+3‘
\3 3

3 3 _
5.4.9. I< J3:: +5x 7x+9dr

V2x? 4 5x+7

Solution. I= (A.xg +Bx + D) [21: +5x + 7)”2 +k | g%

(2,«:2 +5x + 7)”2

Differentiating this equality, we obtain
3x? +5x% -Tx +9

P — = (2Ax +B) (2x% +5x +7)"”
+5x +
2x+§ k
+ (Ax? +Bx + D) “

V2x? +5x+7 sz +5x 47
Reduce to a common denominator and equate the numerators

3xd + 5x2 - Tx + 9 =(2Ax + B) (2x2 + 5x + 7) + (Ax2 + Bx + D) (2x + 5/2) + &

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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4A +2A =3 2B+10A+%A+ZB =5
5
BA =3 4B+5+Z =5
1 25
w B Bivs
B 2 4
=3
B=-T¢
5 b
14A+5B+§B+2D =17 7B+-§D+k =g
15 5 5 b 373
gl — = |2 o AR e -
2 [ 16) === A 10+2><( 64]+k 2
149 3297
W it
2D 32 128
373

1= é% (3247 - 20 - 378) (22? + 52 +7)"”

8297 11 |dx +6 424447 +10x+14‘+C
1284_
5.4.10. 1 _[ o=
oo (x+1)5Jx2+2x+0 r 5
Let x“+2x =t
tdt dt =
Solution. = I———‘—5 = J 3 (or e o=
(x+1)° (x+1)¢ (tz-i-l) (x+1dx=tdt
i J‘seczﬂdﬁ Let t=tan®
sec® 0 dt =sec’0do
|
|
| = j'::o.ss4 0do
2
_ j[l + CoS 29] do
2
Tiee I(i—+%c052 29+%c05 2e)de
= j do+[= [1+c°849)d9+_[~;—cos28d9
= l(§)+—1—{:\-1-l>'<lain4{-}+lsin29+(l
4 8 8 4 4
JJ RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
~ Ph.: 0651 - 2562523, 9835508812, 7488587412
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5.30 BASIC CLASSES OF INTEGRA_BLE FUNCTIONS
3 i ! 1
- —04— 20—
j 3 4><s1n [4 c0829+1}+0
=—tan_lt+l 2tan 0 1 1-tan® 0 wils.e
8 4 1+tan®0 1 1+tan® 6
3 =5 il T 1 ¢ 1 (1‘t2]
= —tan™ x4+ 2x += = +1|+C
8 2(1”2][4 1422
1( 1-x%-2x
I'= —tan dx +2x+—— - +22x ( )+1 +C
2 (x+1° |4 QQ+a?
5.4.11.1= J' x dx
3x+2\,fx —-4dx+ 3
B
Solution. P I x dx x=t"+1
(x-1)(x-2)(x-1)(x - 3) dx =2t dt

3 (¢% +1) 2t dt
jtz (£ -1) J(rz -2)¢?
2(£ +1)dt

H ‘[:2-(5%1)\/32—2

(t2 + 1) dit

Jrz-(tz—l)Jt2—2

It

1]
b
ey
S —
4"‘—
T
+
b
ey
L
| =]
—
—— a‘
4-'--
o~

| i
dt 1
L =2 |—————— £Fo= —
il J-(»:2—1}.Jﬂ 3
dt=—l2du
I w3 udu L
3 (1-u?)y1- 242
1-2u? =42
—4dudu =2t dt
—2udu_=tdt

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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2
Ie _j._f_df_ Lot
1"-'t2 2
-1t
2
2
I,= JLdZ=2tan‘1t 1-u? =q_| 22!
1+¢ 2
g +88 st
I, = 2tan~*41-2u° = 3 =
= 2tan’1 1—%
¢
2
-2
= 2tan~ ! :
¢
_1 [(x=3)
= 2tan”!
k= (x-1)
dt
I, =2
jtz (¢ 1)y -2
_ 2‘[ dt "2,[ dt
(62 -1)ye* -2 e
1/x—&l dt t—_l_
= 2tan 1 —ZJ'—Q'—“-z— u "
x— »
e o 2 d£=—2—du
175
L
= 9tan> -2
%=1 ule 1~ 25"
4

I, = 2tan™? "x_3+J' By
3 x-1

1,{1—2.1‘52

1-2u2 = X2
—4u du = 2X dx
—2udu =Xdx
Jx-3 X dx

I, = ST - |dx

g = 2tan P -[X J

= 2tan™ x_3—X+C

X —
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=2tan™" ;:13 -V1-2u? +C
B - [2
= 2tan™! x_d_ ¢ "2+C
L, = 2t _;Jx 3 J(x 3 . [ uzl}
-1 Ja-D t
I=1+I,
= 4tan”! \/x—3_J(x-3)+C o t=
x-1  Jx-1) x-1
5.4.12.1=J' d
(c+1)° 2 + 3x 4+ 2
Solution. x+1=¢
dx =
dt
I =|—F——— 1
j £ @)% 4 Let —=t
1
I J'_u___
ui41/u2+1
=J u? du
yu? +1
N J.(u +1—-1)du
%" #1
=~j u2+1du+j du s
[.2
u®+1
/ 1
I=-Zu. uz+1-51n1u+du2+1,+%1n|u+\du2+1'+C
I= —-;—u\/u2+1 +C
1. |3
= - 1 +C
2 V2"
=~—£§- 1+¢2 +C
- 2
¥ B el b
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(x2 +1)dx
5.4.13.1= |

x\lx“ +3x% +1
Solution. Let, x? =

2x dx =di
1 J (t-1)dt

\[ +3t+1
1_[ dt

lJ’ .
27 J? +3t+1 2 r‘/t2+3t+l

I=

%j d‘2 th t2 +3t+1
i e

2

- |

1. [ & iz } 1 dt
I==logt+—+yt* +3%+1}-= | ——
& =) 2 2".t'\}t2+3t+1

- Il
1 dit
L=
29442 +3t+1
1 1
t==,dt=——5du
U
1
o P
2 l-11f1+3u+u:2
u u
1 du
| e
e -0
2 4
i —%]n{u+%+1]1+3u+u2}+c
1 23\/7‘2—}1{131[74 z‘}
= =1 +—+ +3x* +1} —=log —+—+—+x" +3x° +1
1_20g{x 5 x x 2gx22x2
I RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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=

The integral _[x’” (a + bx™ )p dx , where m, n, p are rational numbers, is expressed through

elementary functions only in the following three cases :

Case L. p is an integer. Then, if p > 0, the integrand is expanded by the formula of the
Newton binomial; but if p < 0, then we put x = t%, where % is the common denominator of
the fractions m and n.

Case IL. 2 . is an integer. We put a + bx" = t%, where o is the denominator of the
fraction p.
Case II1. i + p is an integer. We put a + bx" = %", where a. is the denominator of the
fraction p.

5.5.1. I=[¥x (2+Vx)" dx

Solution. I [2*2 [4+4J§+x]dx
= j4x”3dx+j4-xm-x”2 dx+jx”3-x1dx -

448 4118 U8
- - -

4/3 11/6 7/3

24 3
i e e I T B

C

i

11 7
552 I= [« 0l (1 +x3”3)‘1 dx
Solution. 1+x28 =¢
x23 =1
%x‘”sdx il
I = E_[ dt
2 g Ji—1
t—1 = u?
dt = 2u du
I 3 du
LT
= Etan"‘lu+C
2
I= -g—tan":E "0

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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JI + 213
553. I= _[de
Solution. Let 1 +x18 =42 i
1 o
-3—-1: dx =2t dt
I=[6t°dt =2t3+C
I =2(l4at) w0
5.5.4. I= " (2+229)" ax
Solution. Let, (2 + x2f3)”4 =t = M h 9

2l
Ex lfﬂdx =4t3dt
dx =63 x1Bdt
I=[x*2.¢60°dt

= 6 [(¢* - 2)¢* dt

I = [6t°dt-[12¢* dt

|
l

I

2/
5.5.5. I= [2°(1+x%)" dx
Solution. Letl + x2 =3 =x2=f3-1
2 dx = 32 dt

1]

3](1&‘3+1~2¢3)r‘1 dt

|
—_—
-

+ xz)lm + E-(1 + x2]5f3 —g(l + xe)m +C

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 — 2562523, 9835508812, 7488587412
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~1/2
5.5.6. !=jx'“ (1+x4) dx
dx g
Solution. S e g/ 3 Let 1+—=t¢
1 x
xls[l'l'TJ 4
x - Sdx=2tdt
x
5 X9
I_,lj'“d‘ _ljﬂ dx=2—tdt
2 x'3¢ 2J %8 2
1 9 2
= —Ej(z — ) dt
5 3
= —-1— t—+!-—.g.t— +C
215 3
: I s o o 1)”2 2 1( 1)3‘2
[= —=x=|1+—=—| =-={l+—| +=x=|la3—]| +C
2“5(*}4) AT T
1 P 7l SO 4
I = —10x10 (1+I ) +§5' (1+x ) 2x2 1+x +C
5.7, I I+ﬂ;
Juded s = .J;
Solution. x =t
dx = 4t° di
o 4_[(1+r.)”3cdt
1+t =X3
dt = 3X2dX
=4]‘(}(3-1)3:&%{}{
XY 8ica
I=4|—-=(X*)|+C
Et)
I = }72(1+.1c”“)”3 _3(1+xm)4;3 +-C
558 I= ___.‘.’E"__)
x(1+x”"}
t* di 3 _
Solution. = j_ﬁ:}__z x
t° (1+1t) .
=3I-——-—dt > dx = 3t*dt
t(1+1t)

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412



6 6TH_FLOOR R. K. MALIK' S

60
HBA Pc!\"c[%&'l:s@ OF INTEGRABLEJM@MQN;WTQ VC)LAMSESDEICSAL + BOARD St
I=3 J‘ ﬁ (t +2)2
t {t +1)

3
t+1 j(g+1)2

Il
Ve]
—
=
L )
|
Qu
—
|

|
(%]
e
—
s
+1'H-
et
+
o~
+Lr—k
[u—y
Py
+

1/2
5.5.9. I=jx3 (1+2%)" dw
Solution. 1+x2 =¢2
2x dx = 2t dt
xdx =tdt

= j(tz'—l) 62 dt
= jc“ dt—jt"‘ dt

5
Iz—t——£+C
b .8
3/2
I=(1+x) _(1+x2) e
5 3
dx
5.5.10.1 =
jx (1+x2)1,=3
Solution. , J ““—dx“ﬁi
x5(1+~1—)
l %
- x3tdt - e
I—J_ T Let 1+x—2__;
2
=-J£=~J(£2—l)dt -x—de=2tdt
% .dx
_tﬂ _x—gztdt
= —+ {40

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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5.5.11.I= _[x‘” U1+ 23 dx

Solution. x =3
dx = 3t%dt

- It(l-l-t‘;)m .32 dt

- 3Jt3 (1+ t‘*]w dt

1+t =X
43 dt = TX5dX
= §j7x7dx
4
L T
32
8/7
=E(1+x‘”3) +6
32
dx
55.12.1= [ ———7
xs-[1+£]
X
1
Soluiion. Let 1+-; =1
1
-—dx =5ttde
b
I=-[5t%(¢°-1)dt
= 5t9+it4+0

|

I. Integrals of the form

1= J'sin"‘ xcos™ x dx
where m and n are rational numbers, are reduced to the integral of the binomial
differential
n-1
1= It’“ (l—tz) 2 dt,t=sinx

and are, therefore, integrated in elementary functions only in the following three
cases ;

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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[nvl : )
1. nisodd an integer |

m+1
2. misodd (T an mteger)

mrl =l . .
3. m+niseven 2 + ) an integer

If n is an odd number, the substitution sin x = ¢ is applied.

If m is an odd number, the substitution cos x = ¢ is applied.

If the sum m + n is an even number, use the substitution tan x = ¢ (or cot x = £).
In particular, this kind of substitution is convenient for integrals of the form

tan” x dx | or | cot” x dx
Jtant x s or feot” x)

where n is a positive integer. But the last substitution is inconvenient if both m and n
are positive numbers. If m and n are non-negative even numbers, then it appeais
more convenient to use the method of reducing the power with the aid of trigonomet-
ric transformations :

1 1 ) S
cos? x =§(1+cos2x), gin®x = 5(1—0082.\:) or sinxcosx = 551112:6.

i3
sin” x
5.6.1. 1= [
2
(cos x)
Solution. Let cosx =3
—sinxdx = 3t2dt
(1-¢%) 8¢ at 347
1= f—-—zz——u—- = —-3t+ T +C
= —3(cosx)? + -g (cosx)"® +C
cos® x
5.6.2. I= I dx
sin® x
Solution. Let Sinx =

cosxdx =dt

1% J'(l—tz)dt

tﬁ

I = I-f‘;‘—j% &= —$+-—}-+C

+ =
5 gin®x 3 sinx

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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5.6.3. I= Isin4 x-cos® xdx

il

Solution. 1 2 j(2 sin x cos x)* cos? x dx

B 3—12-_[sin4 2 (1 + cos 2x) dx
= S—lzj'sin4 2x dx +-31—2Jsin‘1 2x - cos 2x dx

= I(l COos 4x)2 dx + E;ra sin® 2x + C

128
1 T L 1 3 (S
B s — 1 (1 8x)dx + —sin” 2x +C
=158 (x 2s1n4x)+256 I( + cos 8x) dx 320
I—Lxuis 4x + sin8x+isin52x+c
~ 256 256 2048 320
sin® x dx
5.6.4. I= _[“———
CO8 X
Solution. Let tanx =¢, tan®x= (2
= sec?x—1=¢ or sec?x =1 +¢2
or 12 =1 +12
cos” x
dx
cont =
: 5 3 45
I= [¢2(1+2)dt = 5+ +C
3 5
o tan x+tan x+C
3 b
cos? x
5.6.5. I= I dx
szn X
P)
(1+sin2x)
Solution. I = -[ T R
sin® x
1 ] % 2
=J. ———2+sin” x |dx
sin® x
- —cotx-—2x+%j(l—c082x)dx
I= —(cotx+sm2x+3—x)+0
4 I

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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dx
5.66. I= [—
cos’ x
Solution. 1= Jsec4 x dx

Jsec2 X (1 +tan? x] dx

[
Il

tanx = ¢ = sec?xdx=dt

I J(1+32]d¢
3
12 t+£—+C
3
3
I:tan:u:+1;-mll x+C
5.6.7. I _[ e
i ‘Vsin”xcosx
Solution. Let tanx = ¢ = sec’xdx=dt
dx = dt and 1+tan®x=1+?% = sec®?x=1+1¢2
cos? x
1
— j dx 2 =]_'|-f2
cos“x-r";/tannx cos” x

(l+t2)dt

I= I (tll)ua

J[‘t—-llf:} +£-5f3)dt

& —g:’s"a—%t'm+0
3(1+4tan® x)

= +C

4 8(1:&112 x) s:,/tan2 *

I

5.6.8. (a) I= Itanxdx

Solution. Let |

jsmx dx ==In lcosx!| +C
cos X

®) I=[cotxds

I= Ic?sxdx =—In Isinx| +C
sin x

RANCHI CENTRE :,606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412



OFFICE AT MA
606,6TH FLOOR .
HARIOM TOWER NE\g/Tg c
5.42 BASIC CLASSES OF INTEGRABLE FUNCTIONS
5.6.9. I= jtan" e
Solution. Let t

=
nu
P
o
=}

I

-
T

dx

1 1 1
6 4 2 2
= gtan x—ztan x+§tan x—Eln(l-r-tan x)+C

5.6.10. (a) I = Icots wdy

Solution. Let cotx = ¢
x=cot1¢
e
1FES
tB
o= dt
L J1+t2
L 400 . o
B I({r ¢ - 1) 1+t2]dt
et
= —%—+%-t+tan‘1t+0
5 3
I =- (oot %) + (eot %) ~cot x +tan~! (cot x) +C
5 3
(b) I= J‘tmzsxdx

tan?x - tan x dx
= I(secz x —1) tan x dx

et

Solution.

Itanx-seczxdx—.l-tanxdx

+Inlcos x|+ C

_ r(tan x)z
2 IT

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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cos® x
5.6.11. I= [— dx
_ sin” x
Solution. cosx =t, —sin x dx = dt
4
1= —j el
(1-2%)
I £3 3J‘t2 dt
2(1-#%) 271-¢

¢ +§.j‘2‘1+1
2(1—:2) 27 142

3
£ —§t+iln(&)+0

dt

_2(1_32) RN T
-cos®x 8 3 1+cosx

= ——-—cosx+—In|————|+C
2sin? x 1-cosx

IL. Integral of the form JR(sin x, cos x)dx, where R is a rational function of sin x and cos x

are transformed into integrals of a rational function by the substitution:

tan[%) =7 (-r<x<m)
This is called universal subsitution. We can substitute
; t y T
sinx = ——; cosx
1+t 1+¢%
x =2tan' ¢
2dt
dx = =
1+¢

Sometimes, instead of tan % = {, it is more advantageous to substitute

cot% =t(0<x<2n)

The following cases are indicated as

(a) If the equality
R (- sinx, cosx)=- R (sin x, cos x)
R (sin x,— cos x) =— R (sin x, cos x)

is satified, then substituting cos x = ¢ to the former equality and sin x = to the
latter.

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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(b) If the equality

R (—sin x,— cos x) = - R (sin x, cos x) is fulfilled, then a better effect is gained by
substituting tanx =¢ or cot x = ¢.

. 4
sin® x
5.6.12. I = _[
cos x
Solution. Let sinx = ¢

cosxdx = di

dx
cos x

(t4—1+1]
=-J' . dt
i -1
I= —J(t2+1)dt—J o
t“ =1
3 —
=_t___t_lnt_1
3 t+1
8 .
I - x—smx—ln ~———~S}nx_1 +C
3 sinx+1

dx

sinx (2 +cosx - 2sinx)

5.6.13. I= _[

Solution. Let tan—z- =t

2 X 1
—.—=dx =
sec 59 dt

2dt

2 X
2

2dt

(1+¢2)

dxi=

sec

2dt

154%

I=I ot +1—t2h 4
L4 ¢% | E IR )
(1+t2)dt

—I}(t2—4t+3]

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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Expanding into simple fractions

L A B D
e s T Sl i i
t(t-3)(-1) t -3 t-1

Finding the coefficients, we get

PR . A

3 N8
1¢edt 5¢ dt dt
—— -_—--+— ————

3 8yr=5 141
1

= —1nft|+ilnlt—3Ivln|t—1|+C
3 3 i

+%[ln(tan%—3):|——ln]:

.«:-1-111‘#;::111i
3 2
J dx
5.6.14. I= 5+sinx+3cosx
Solution. Let tan% =1 '—;- =tan-1¢
2
x=2tan"1t;dx= = dt
1+¢
2kt
I=j‘ 1+¢
Zt 3(1—t2)
5) e g
14 4* - “TECE
J' 2 di
= J 5452 + 2t +3-3t*
__[ 2dt _J‘ dt
T 8422 42 2 vt+ 4
J dt
= 2
[ 1)2 (\/ﬁ}
t+—| | —
<9 2
1
o 2 tanl[”a)
2
[2tan£+l)
I = & tan~! 2 +C
V15 J15

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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| dx
5.6.15. I= .
sinx(.?cos x*I)
Solution. Let cosx = ¢
—sinxdx = dt
T I —dt
sin? x (2 cos? x - 1)
e _J' dt
(1-:2) (2:3 —1)
a J' di
¥ (1-:2)(1—2t2)
f dt
1= 2
J1 22 J1_¢2
o = 1+tJ_ 11 1+¢ e
J_ 1-t42 1-¢
1 1+~/§cosx 1 1+cosx
s —=luf-T s SRS gl RO0GT
\E l—ﬁcosx 2 1-cosx
81 (117
snnx+cosx
Solution. Let tanx = ¢
dx
dt = —
COs™ x
" tanzx-cosx_ dx

(1+tan x) 0052 x

£2
2
(1+12) (t + 1)
Expand into partial fractions

t2 dt A Bt+D Et+F

= + i
(1+.*.‘}(152+1)2 t+1 241 (t2+1)2

Solving for co-efficients, we get

As l,B=_l,D=l,E=l F=_1
4 4 4 2 2 -
di v Tpi-l T ped

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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1+¢ 1] 1+¢
I=—=-In - = =|+C
JL4 e | Lt
sin x

1+

1 cos x

1 '
= —Iln|————=—|-—cosx(sinx+cosx)+C
4 1}1+tan2x 4

%ln]sinx+cosxl—%cosx(sinx+cosx)+0

Il

2t 3
5.6.17. I=| A s
sin® x + 2 cos® x
Solution. Let tanx = ¢
d': = dt
cos” x
2t+3
= dt
jtz +2
I= ]n(t2 +2]+itan'1i+0
V27 2
3 tan x
= In(tan® x + 2 +——tan“1( J+C
i e
5.6.18. I = J’&dx
I1+sinx
Soluti sin x (1 - sin x)
olution. L= I i senoti-ane
; . 9
sin x sin® x
- |———dx - | ———dx
L& Il-sinzx -[1~sin2x
s Ismxdx jsm X v
cos” x cos” x
I= 1 —tanx+x+C
cos x
J' dx
5.6.19. I= cos? x sin® x
Solution. Let tanx = £, but simpler method can be applied.
(sin2 x + cos? x)2
I.-:-.. J 1 T 2 dx

Cos x-S X

4 x + 2sin® x cos® x)

cos? x-sin? x

J (s:in4 X + CcoS

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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;. 20
sin“ x dx
= +2 +
_Jcosx Jcosx -[sinzx
1. %
= Etan x+2tanx~-cotx+C
5.6.20. I=_[ g
23
J(5+2x+x )
Solution. 5+2c+x2 =4+ (x+1)?2
Let x+1=¢
I IL
' 3
(4 +t2)
Let t = 2tanz
dt = 2sec?zdz
i 2sec’zdz
3
J(4+4tan2 z)
1
I= choszdz
Y %j[ginzhc
i tan z
Bk o et A
4 1,!1+tan2 z
05 e

1
4 144274
x+1

‘}5+2J::-Hc2

III. Integration of hyperbolic functions : Functions rationally depending on hyper-
bolic functions are integrated in the same way as trigonometric functions.
Keep in mind the following basic formulae :

cosh? x — sinh?x = 1;

+C

|

sinh?x = %(mshzx—l);

cosh? x

—;*(cosh2x+1);

sinh x cosh x = %Sinh 2x .
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X
If tanhg =t, then
gl 2t
sinhz = T3
! 1+¢2
coshx = _1—t2 :
1+¢
x =2tanh~1¢=In T3] Glerely
2dt
dx = =
J 1-¢
' |5.621. I= J cosh? x dx
| . 1
Solution. I= jE(cosh 2x +1)dx

L sinhde s tewo
1 2

5.6.22. I= jcosh3 x dx

Solution. Since cosh x is raised to an odd power, we put sinh x = ¢;

cosh x dx = dt.
We obtain I= Icoshz x cosh x dx
= _’.(1+t2)dt
3
= t+t—+C
3

= sinhx+%sinh_3 x+C

finding integrals of one of the following forms :

I. jR(s,\fpzr2+q2)dt;
1. _[R(t,\’pztg = qﬂ)dt;
III. jR(t, vg© - pztz)dt;

b
wheret = x + e ax? + bx + ¢ = = p%? + g (singling out a perfect square).
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Integrals of the forms I to III can be reduced to integrals of expressions rational with
respect to sine or cosine (ordinary or hyperbolic) by means of the following substitutions :

L ¢ = ~tanz
p
or £ = Es-;inhz:
b
II t = g—secz
P
or t = E"COShZ
p
III. fo 9 sinz
P
or f i 9 tanh 2
p
57.1. I=| &
3
\/(5+2x+x2‘)
Solution. 5+2x+x2 =4+ (x+1)2
Let x+1 =t
I dx 8| dt

\/(5 + 2%+ xz)a J' J(4 + t2)3

We have obtained an integral of the form I. Let us introduce the substitution :
t = 2tanz;

2dz

2

dt = ;
Cos™ 2

241 +tan? z
=2secz

2
cos 2

4512

i

We get, o) -‘]ij'coszdz

I

1
—si C
4 inz +
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L
= Lrucig +C
4 $2
1+—
4
x+1
= -—-—-—+C
4J5+2x+x2
5.7.2. I=| -
B T |
Solution. 2+2+2=(x+172+1
Let, x+1l =t
dx =dt

I = I dt
N
Again we have an integral of the form I. Make the substitution
t = sinhz,
Then dt = cosh z dz;
V2 +1 = J1+sinh? z =coshz

j cosh z dz
= J sinh? z cosh z

_I dz

sinh? z

I =—cothz+C
1+sinh?® z

S L EET

sinh z

I=- 1:‘{2 +C
_ N+

x+1

Hence,

]

5I 7'3"

,4._\11’:;1,&

Solution. Let x =tan O dx=sec’0d0

b .[se:t:-3 0do
" tan” 0

J‘ d0
~ J cos®.sin?0
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594, I= JJ dx

Solution. Let,

Hence,

Let us return to x :

Hence,
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dx
I

sinh 2¢

sinh 4¢

dx

I

BASIC CLASSES OF INTEGRABLE FUNCTIONS
_[ (sin2 0 + cos® B)dB
- cos 0 -sin? 0

i IsechB+J 88 7o

sin?0

In (sec 8 + tan 0) — cosec 0

In (x +? 1) { . +1JU2

Il

tan“ 6
z)uz

e i

X

+C

cosh ¢;
sinh ¢ dt

jw/(cashz t— 1)3 sinhtdt = [sinh? ¢ dt
2
I(cosh;t - 1) i

lJcosh2 2t dt——l—jcosh 2t dt +—1—Jdt
4 a2 4

%j'(cosh4t+1)dt~%sinh2t+%t

isinhﬂh*‘.—lsinl*12t+§a:+0
32 4 8

cosh™lx

1n(x+m);

2 sinh ¢ cosh ¢

2x\’x2 -1;

2 sinh 2¢ cosh 2¢

4x yx* ~1(2x2 —1).
lx(Exz—1)\/x2-1—%x\/x2—1+%1n(x+\}xz—1)+C

3

5.7.5. I = '[(1+J;)(Jx——x?)

Solution. Let,

RANCHI CENTRE :

Ph. :

x =sin?¢
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: dx =2sintfcost
2sint-cost di

I= dt
(1+sint) »Jsin2 t—sin*¢
* 2dt
1+sint
(1-sin t)
1 sin? t
= 2tant - +C
cost
o By ey
J1=x 1}
2(x 1)

+C

e

5.7.6. I=[V3-2x-x® dx

Solution. gk J' [ <{am 1P de
Let x4+ li=1t
dx = dt
I = Hzg—t"’ dt
=%t 4—t2+%x41n|t+1/4-32|+c
= ';j(x+1) 3~2x—x* -+-2ln[::wr1+-;,l3—2x—x2 +C
dx
5.2.7. I = j b
x? —2x +5)
Solution. T dx 5
(- 1% + 2%)
Let x—-1=t

dx =dt
dt

t =4tan 0
dt =4 sec? 0dd
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do

J4secz 0
= Jg8sec’o

—
1]

I Lk
i = —=8inB+C
2IcosBd9 2

i}
b=
s | o
+
a

1
8 (x-1%+16

e s TR

]1f2

1/2
4 [(x = 16]

5.8.1.1 = J"'"”’
dx
Solution. I =lnx. I% - j(gx— In x. I?J dx
In x dx
= — —2
X P
< o 1)
x x
In x dx
582.1= IJ—
Solution. Ix]nx.j :Ix —J.[?j;(lnx)._‘- fxx)dx
J -.—x ‘f -—
=—2lnx.,!1~x+2! l1-xdx
=—21nxﬂ+2"['lxxdx
Let l-x =¢2

=+4t+41n gd
t+

l1-x-1
Jl-x+1

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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*dx
5.8.3.1= J'_'_"—g'
(1+e )
Solution. Let et =1
e“dx =dt
dt
(1+t )
Applying Reduction formula
i 1 dt
s P
2(e% +1) 2J‘1+t2
Y% _ﬁ—zi— +tanl$+C
2(: +1]
X
I=—0 + = tanler 4+ C
2(e $ +1)
5.84.1= [e*In (e*+ 1) dx
o -
Solution. Let I =In(e*+ 1) _[e‘“ c_fx— I{a{ln (eJr + 1)}.Je xdx)dx
ex e-x
¥t bt e [ 5——ds
e +1
e x &
= —¢F ln(e‘+1)+Ie—+e—+—1dx
1+¢*
= e *In(e* + D+ |dx— dx
it -[ -[1+e
I=—c*In(e+1D+x-In(1+e)+C
l‘.ltcn x
5.8.5.1= j o
1+x )

Solution. Let x =tan 0
dx =sec?0do

eGB
I =J sec? 0.d0
sec® 0
= je“a. cos 0dO

b . of
—sin0.e
=c089.e #J‘ d6
a

afl

af » af
wsh. e it .md;,e _fcwﬁ.f 5

o

o
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I(1+—12') = (0. cos © +sin 6) o0
oL qz
s 0 +si
I = b +2sm 0) ed where, 0 =tan™!
1+a
xtan™ x
5.8.6.1= j——w
(1+x2)
Solution. I =tanlx .j-—xd—x1-1,12—--j[g—(tan'1 x))_‘[_’fif%
2 dx 2
(1+x ] (1+x ]
dx
i= 2 tan-! -J e ,
1+x .tanx Y
1= 1+x .tantx —In (x + x? +1)+C

[List of Basic Forms of Integrals|

Integral Method of Integration

1. JF[‘P {x}] o' (x) dx 1. Substitution ¢ (x) =¢

9. J'f (x) o' (x) dx 2. Integration by parts
[f@re @ d

= f@o@-[o@ f @ dx.
This method is applied, for example, to integrals

of the formjp(x)f(x)dx, where p (x) is a

polynomial, and f (x) is one of the following
functions :

e™; cos ox, sin ax; In x;
tan~! x, sin™!

and also to integrals of products of an exponen-
tial function by cosine or sine.

e _[ £ (x) o™ (x) dx 3. Reduced to integration of the product f (x) ¢ (x)
by the formula for multiple integration by parts

[f o™ (x)de=f(x) " "
@) —F @ " 2 @)+ ()" (x)-...
+ DY (e () + (- 1),
[ @owa
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Ieu p, (x)dx 4. Applying the formula for multiple integration by
1 parts, we get
where p (x) = polynomial of '
degree n. Je P, (x) dx
C o™ [pn &) _px) px)
o a® o’
(n)
’ ’ . e “,.p,._twlg_)
5. I_Mm dx, p?—-4¢g<0| 5. Substitution x + AR
x2 +px+q 2
& - J dx 6. Reduction formula is used
* TR n -
(x2+1) o & x u_l+2n. 3Irr—l
@n=g){a® +1)*7" =2
7. P(x) 7. Integrand is expressed in the form of a sum of
Qx) partial fractions
P A A A
whereﬁlis a proper Pl _ L4 L bt ——
Qx) Q) (x-x) (x-=x) (x - 2x)
rational fraction. B B B
Q(I) (x—2x ) (x xg}m ! 2 9 Hiais = m
. (% + px + @), (x 12) (x — x9) (x - xg)

i) M1x+N1 + M21+N2
2 2
x“+px+gq (x2+px+q}

_Mx+Ny

. -
(2 + px + q)
8. J R[ 7y 5) ey 8. Reduced to the integral of a rational fraction by

A LR - -
i the substitution x = #*, where k is a common de-

where R is a rational function nominator of the fractions

of its arguments. m »
1 P o
9. JR x, ( 4 b}n dx 9. Reduced to the integral of a rational fraction by
cx +d the substitution
ax+b

where R is a rational function ccid °F

of its arguments.

I iudeid 10. By the substitution x + 2%‘- = t the integral is re-

\)ax +bx+c

duced to a sum of two integrals :
j Mx+ N

an +bx+c
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11.

11. jR(xﬂlaxz +bx+c)dx,

where R is a rational function

of x and \/ax? + bx +¢

12. _[ F, () 12.

\Iax +bx+e
where P, (x) =
degree n.

polynomial of]

tdt dt
N
JJat2+m+ ]‘[Ja32+m

The first integral is reduced to the integral of a
power function and the second one is a tabular
integral.

Reduced to an integral of rational fraction by the
Euler substitutions :

\}ax2+bx+c =t+a (@>0),
Jax? +bx+c = txt e (c>0),
Jax? +bx +¢ =t (x—x,) (4ac - b2 < 0).

where x, is the root of the trinomial ax? + bx + c.

The indicated integral can also be evaluated by
the trlgonometnc substitutions :

o
[~
|
B
=
=

b sint
CUALCER) S (@ < 0, 4ac — b2 < 0)
2a b% - 4ac
cost
a
b% —dac
b sect
x+— =4 _2a (a>0, dac —b2<0)
i b? - 4ac
—cosec i
k 2a
( [ 2
b 2—b ik
a
2 i (a>0,4ac—-b%>0)
x+2a r—--———bz
—cott
L 2a
Write the equality
P, (x)dx
.[ = Q,_; ®)Jax® +bx+c +k

\/ax +bx+c
dx
J-1fax2+bx+c 2

where Q, _; (x) is a polynomial of degree n — 1.
Differentiating both parts of this equality and

mliltiplying by Jaxz + bx + ¢ , we get the identity
P, @) = QL 5 (2) (ax2 +bx + c)
+%Qn_1 (%) (2ax + b) + k|,

which gives a system of n + 1 linear equations for
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determining the coefficients of the polynomial
Q, _, (x) and factor k.

And the integral J‘E—%

is taken by the method considered in the form

M, +N
[-—==—axm=0;N=D.
\}ax +bx+c
13. J ds 13. This integral is reduced to the above-considered
(x —x)" Jaxz +bx+c integral by the substitution
1
x—xl = ?
i
14. J a + bx " dx 14. This integral is expressed through elementary
where m, n, p are rational functions only if one of the following conditions
numbers (an integral of a bi- is fulfilled :
nomial differential). L. if p is an integer,
o m+1l ’
2. if is an integer,

o m+1 CreE
3.if + p is an integer.

1st Case :

(a) Ifp is a positive integer, remove the brackets
(a + bx"y according to the Newton binomial
and calculate the integrals of powers;

(b) If p is a negative integer, then the substitu-
tion x = t*, where % is the common denomina-
tor of the fractions m and n, leads to the inte-
gral of a rational fraction;

2nd Case :

a2

is an integer, then the substitution a +

bx" = t* is applied, where & is the denominator of
the fraction p;

3rd Case :

m+1
if + p is an integer, then the substitutiona

+ bx™ = x"t* is applied, where k is the denomina-
tor of the fraction p.

15. IR (sin x, cos x) dx 15. Universal substitution tan L;- =t.

If R (- sin x, cos x) = — R (sin x, cos x), then the
substitution cos x = ¢ is applied.
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If R (sin x, — cos x) = — R (sin x, cos x), then the
substitution sin x = ¢ is applied.

If R (- sin x, — cos x) = R (sin x, cos x), then the
substitution tan x = ¢ is applied.

16. jR (sinh x, cosh x) dx 16. The substitution tanh % =l is used. In this case,

sinh x

cosh x

]

17. J-sin ax sin bx dx 17. Transform the product of trigonometric function
into a sum or difference, using one of the follow-
. Isin ax cos bx dx ing formulas :

1
'ICOSaxcosbxdx sin ax sin bx = E[cos(a—b]x~cos(a+b)xl
€os ax cos bx = %[cos (a—b)x+cos(a+b)x]

sin ax cos bx = %[sin (a ~ b) x +sin (a + b) x]

18. Isin’" x cos" x dx 18. If m is an odd positive number, then apply the

where m and n are integers. substitution cos x = £.
If n is an odd positive number, then apply the
substitution sin x = £.

If m + n is an even negative number, then apply
the substitution tan x = ¢.

If m and n are even non-negative numbers, then
use the formulae

) 5 1-cos2x
BIn“x = ——-2—;

2 1+ cos 2x
BT e

2
19. Isinpx cos? x dx (0 <x< %J 19. Reduce to the integral of the binomial differen-

' ] tial by the substitution sinx = ¢
whore p and ¢ are rational

. -1
numbers. jsm*” xcos? x dx =J-t'" (1 - tz)q dt

20. JR [e"") dx 20. Transform into an integral of a rational function
by the substitution e** = ¢,
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