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THE DEFINITE INTEGRAL

Let a function f (x) be defined in the closed interval [a, b]. The following is called the
integral sum :

where @ = X, <X, <X, <..<%,_;<%,=b,

Axl. =X 1%

g elx,x,, 4] =0, 1,..,n-1)
. n-1 n-1
Thesum S, = Y M; Ax; is called the upper (integral) sum, and s, = Y m;Ax; is called
i=0 i=0

the lower (integral) sum, where M, = sup f (x) [m; = inff(x)] forx € [x,, x, ]

o o

The definite integral of the function f (x) on the interval [, b] is the limit of the integral
sums

b n-1

[fx)dx = lim Y f(§;) Ax; when max |Ax;| — 0.

a i=0
If this limit exists, the function is called integrable on the interval [a, b]. Any continuous
function is integrable.

The Newton-Leibniz formula :

b
| f@dx = [F)] =F®)-F@
where F (x) is one of the antiderivatives of the function f (x), i.e.

F'(x) =f(x) (@<xsb)
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6.2 THE DEFINITE INTEGRAL

6.2.1. Evaluate the integral
J-JE dx
T 1442

Solution. Since the function F (x) = tan~ ! x is one of the anti-derivatives of the function

fx)=

Te o using Newton-Leibniz formula, we get
+ X

V3
a Jl 1i2

]JE

[tan_ 1y
1

tan" '3 —tan"'1

el e
Lt 4 AP
6.2.2. Compute the integrals
(a) I= J;”zsin‘?xdx
/2
Solution. } = [— M]
2 1y
1
= ——[cos nt —cos 0]
2
1
[=-=[-1-1]=1
3 [ ]
n/2 cos x
= dx
®) ’ -Lfb‘ sin’ x
Solution.
4 s
Let sinx =1 SlnE=l=t2
dx = dt sin = = & t
cos x = Nl s
1 dt
I = R
1/2 48
1 I 1 1
T .[1;2 To| T ﬂﬁ2~+ 1
2t g g
% B
= 2_E =3

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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THE DEFINITE INTEGRAL

2 dx

1o i L 16 - x*
2 dx

Solution. I= Jo oo

il
147]
w,
=
]
ot -
PSS
VAT |
(=] =]

= sin"!=-sin"?0
il ol
"6 6
6.2.3. Given the function
2
x 0<x<1
S {J; I1<x<2
1
Solution. 1= j x% dx
’ 0
|

| |
|
| b2
——
b
)
|
-
[ S

6.2.4. Evaluate the integral

Solution. ] =

I=If|1—xldx

—
i}

b | =
+
b | =
1
—

RANCHI CENTRE : 606, 6th Floor, Hariom Tower,
i Ph.: 0651 - 2562523, 9835508812,
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6.4 THE DEFINITE INTEGRAL
6.2.5. Evaluate the integral '
I= Iﬁ—ldx wherea<b
i
Solution. If0<a <b, then f(x) = i =
X
b
= I'= J dx =b-a
Ifa <b <0, then flx) =—1
i b
= 1= fwds
a
% b B b

Finally if a < 0 < &, then divide the integral

I = _Lb f (x) dx

0 b
" j f(x)dx+ju f (x)dx
=b-(—a)=b+a
b
I = J f(x)dx =16l - lal
6.2.6. Find a mistake in the following evaluation

_r’gdx

0 I+x°

&
Solution. I =k gyt 2%
: 2 1454

1]

1l

%[tan“l(~\/§)—tan“10] = —g—

where d(lta F sz = : o 38|
dx 1+x 1+ 4%
The result is a priory wrong
1
El tan~! 5 has a discontinuity of the first kind at the point x = 1.
1+ x
lim L tan~! C =i
e 2 1+ x2 4
lim 4 tan™! 4% .
x> 1" 1+ x? 4

X JJ_ dx = [tan_l ]J§

RANCHI CENTRE : 606 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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THE DEFINITE INTEGRAL 6.5

I=tan"'v3-tan"!0 =

wila

tan~! x is continuous in the interval [0, g—] :

6.2.7. Find a mistake in the following evaluation of the integral
= dx
I= I 5

0 ]+2sin°x

n dx
Solution. = _[ 3 <z - sin®x + cos® x =1
0 cos“x+3sin” x

j" dx
= J0 coszx
1+3tan’x

I= J‘; [tan_1 (-Jg tan x)] =0

The Newton-Leibniz formula is not applicable as the antiderivative

L %
F(x)= —E tan™! (\E tan x) has a discontinuity of the point x = -g— . Obviously,

T
lim F(x) = lim mtan J3tanx) = —
x> 12 X1 a’21[_ ( ) 2‘\f'§
i
lim F(x) = —tan JY3tanx) = - ——
x_,ln-',rg ) X T !2‘\[7 ( ] 2‘\’5
The correct result can be obtained in the following way
Iﬂ dx i -rf i | ! dx
0 cos®x +3sin’x 0 cot?x+3 sin’x
o T
& tan™ 3 cot x ] = —
48 [ ) o 3
Formula is applicable if we break
[ o2 [Fade+ [ Foar =7
= X% a =i
0 cos®x+3sin’x 0 /2 \E
6.2.8. Compute the integral
£ 1/1 +cos 2x L
I=j A o dy = I lcos x| dx
0 J2 0
cosx 0<x< i
Solution. I 2
—cosx —<x<mw
L RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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6.6
J'“ ’M i - rcosxdx + r(—cosx)dx
9 2 0 0

= [sin x];'rz + (- sin .1:)]2‘,2 =2

THE DEFINITE INTEGR/

6.2.9. Evaluate the integral
100=
I= J' 1-cos 2x dx
0

y 100 =
Solution. I= J§ L Isin x| dx

Since |sin x| has a period =, then
100=
Jg J1-cos2x dx = ﬁj‘:!sinxldx
100 x
- 100J§J‘U lsin xldx = 2002

6.2.10. Evaluate the integrals :

=
e pin i
-2 (11 + 5%)°
Solution. Let 114+ 56x =t¢ t=6atx=~1
t=latx=-2
6
1=1f%dt _ |1,2
5h ¢3 10 1
P Sy
® s (6 e
0t
.-.L[ _i]=3_5-=l
10 36 360 72
-2
() Pul it
=3 g~ =1
{ -2
Solution. = -2-|:ln =
x+1 4
1 -2-1 -3-1
I==]1 -
2[“ ] i -3+1]
=%|:ln 'EE ~In :—4”
1 4
=—|In8=In—
2[11 lnz]
1
=-§(ln3-ln4+ln2)
Iasang-lgey=Ltind
2 2 2

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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* sin’ x
(e) I=
-n 2
5 T 1-cosx
I = =
Solution. = J._“ 3 dx
LA | T CcOSX
= —dx —
J.—n 2 - 2 dx
9
n/2
=n-2| cosxdx
0
nl2
=n—2[sinx] =n-2
0
14 2
(d) T r X e
0 I+x?
n/ 2 s
Solution. T I (L9 el 2R
0 1422
n/4 /4
- -2
0 0 T+x"
Mr4 =3 n/d
= [x]o 4, [tan x]ﬂ
I= E—i:an_llt-
4 4
se? dx
(e) I= Je xilnx
Solution. Let Inx =¢
ldx :dl
x
e dt e?
= ki i 5
[(%=ng
2
=1In [In t]:
=In(Ine?) -In(lne)
=ln2~ln il
I=ln2-0
Ly
(ﬂ s pn szn;
5 Jm 7 dx
x
: 2
Solution. Let — =t
e o
1
——dx =

RANCHI CENTRE :

606, 6th Floor, Hariom Tower,
Ph.: 0651 - 2562523, 9835508812,

6.7

1 4 pn/2
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(g)

Solution. Let

(h)

Solution.

(V)

Solution.

RANCHI CENTRE :

606, 6th Floor,

Ph.: 0651 - 2562523, 9835508812,

oot t ==
2/n 1 %0
t2=7|:

n/2 LS
I=—_j singdt:] sin ¢ dt
i n/2

b9
= [c(-,Sg]L2 = cosnwcosE ==1
_jf e dx
Lo Foy o™
eti=1
gt =
=t = =1
e*dx =di
e dt
= tan~ 't
J11+t2 [-an ]
=tan le—tan"11
3
I= 1 d.‘!;
01+x
1 dt 1 &
i el
I .[01+12X4 [—tan {L
1 L T
e R
4 16
I=j
J1+x+J75x+1
I xdx 1}5x+ \j1+x

ju J1+x+5x+1 J5x+1 Jl+x
3
jﬂéx(,/5x+l—,fl+x)dx

1 ¢3 1 3
IJﬂ,H5x+ldx—ZL x4+ 1 dx

1 3!223 12 3/2 4
— 1) =] ==|=(5x+1
20[(5“) 3]0 4[3( ) ]0
_E]

3
63 14

30 4 5[ U=3%"12

e 12 3/2
o P [ BV o |
30 68 1] 4[3X( )

63 1

Hariom Tower,
7488587412

THE DEFINITE INTEGRAL
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THE DEFINITE INTEGRAL

/2
nf2

Solution.

() I= I ,/cosx c?s x dx
=

Jcosx 1- cos x)dx
2

/2
I= I Jeos x Isin xl dx
- nl2
0
I 1}r:oa x (—sin x) dx
- nf2
0 _ n/2 4
I=-j \jcosxsmxdx+_[ Jcos x sin x dx
~n/2 0

Let cosx=t¢

—sinxdx=dt
1 0
I = I ‘\[t-dt'i'J- -"\/;dt
0 1
i
- ZI Jt dt
0
1
2 4
9 (5)%2. ] o B
[ 3P 3o 3
[
(k) Is= 372
3 (1+x2)
Solution. Let x =tan® /3 =tan6;
dx = sec® 0 do,
T
91 = E
T
1=tan®; 6, =7
/3 sec® 0 dO n/3
I= e
LM o LM cos 0 dO

6.9

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412



6.10

If a function x = ¢ (¢) satisfies the following conditions :

THE DEFINITE INTEGRAL

|

1. ¢ (¢)is a continuous single-valued function defined in [, p] and has in this interval a
continuous derivative ¢' (¢);

. With ¢ varying on [a, B] the values of the function x = ¢ (¢) do not leave the limits of [a, b];
3. ¢ (o) =a and @ (B) = b,

then the formula for changing the variable (or substitution) in the definite integral is
valid for any function f (x) which is continuous on the interval [a, b] :

b p
[f@)de = [flo@e (t)dt

Instead of the substitution x = ¢ () the inverse substitution ¢ = y (x) is frequently used. In
this case, the limits of integration o and p are determined directly from the equalities a. =
v (a) and B = y (b). In practice, the substitution is usually performed with the aid of
monotonic, continuously differentiable functions. The change in the limits of integration
is conveniently expressed in the tabular form :

t
a.
’Bl

o8 R

W

6.3.1. I = j J4- 2% dx
Solution. x=2sint
J3 =2sint
; 3 :
= =sin¢, and = = sin £,

I_I J4 - 4sint (2 cos t) dt

'.I'C
. 2J cost (2cost)di
-n/3

o3
2 J (1 + cos 2t) dt
—n/3

n/3 41
I=2[t+lsin2£] & =2 433
2 *us O
4 Jx? 4
6-3.2- I=J- —x'—;—dx
2 x
Solution. Let x =2sect
dx =2secttantdt
4 =2sect, 2 =sect; t1=3E

2 =2 sect,; £, =0

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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j’“’?’ 2tant-2secttantdt

0 2% .sect t
/3
2 ij’ tan® 5dt
4Jo sec’t
n/3
= 1_[ sin® ¢ -cost dt
4 Jo
. 3.3 _ ig_
= —[sm t] = 39
6.3.3. (@) I=J’“ x?Ja? —x? dx
0
Solution. x =a sin 0 a =a sin 0,
T
dx =a cos 8dO 91=E
0 =@ sin 0,; 0,=0

I

1

rnl2 )
j a® sin®6.acosB.acos0do
0

Tz
I = a“j sin2 0. cos®0d6
0

:%L sin® 20 O
4 /2
=E__r 1- cos49d
4 Jo
4 n/2
=%—[%Bw~sm49]
0
= a4 [E_lsin‘l_ﬂil = ;r[a‘l
Tgle 4 21" 16
®) I= _[r——dx—~
3
(1+x2)
: T
Solution. Let x =tan 0 J§=tan91;91=-§
T
dx = sec? 0 dO 1 =tan 0,6, = it
2
TEl o A —"
=L”,4 _—sec29 —[SmB]RM
_¥B_ 1 V3-v2
R e

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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6.12 THE DEFINITE INTEGRAL
, /2 cos x dx
6.3.4. (a) I= : —
0 6-5sinx+s8inx
4 T
Solution. Let sinx =1 SIBE =1
cos x dx =dit sin0=0
I Jl dt
~Jo 6-5t+1¢2

1
o {lni-——:;] i lni

=2}, =3
1 dx
) I=] ———
0 2+cosx
X o
Solution. Let li= tan-é», £y = tanz
PR T
. DR
g - 4
i e 2
92+1 t2 1+1¢
1+1¢
-y J'l di
T Jo34g?
2 gy }‘1
= —|tan " —
3[ Ji 0
2 v 1w A ]
I=—|tan"——tan™ "0
3[ v3
" T
3v3
6.3.5. Compute the integral
INM dx
0 a’cos®x+b’sin’x (a>0,b>?)
T
Solution. Let tanx =t tanz =1,
secx dx =dt
dx
i =dt 1=¢t; tan0 =¢, or 0=¢,

/4 dx(sec2 x)
e -[0 a® +b® tan® x

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circula.i' Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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6.13
THE DEFINITE INTEGRAL
N _[1 dt
0 a? +b% t?
L ox jl dt
o P
) %2— +1*
1 bt]'
I=-|Ztan™! ]
bl b a
I = —1- ‘IP_
ab a
Ifa =b=1, then
1 b T
s e S Co—
ab g a 4
6.3.6. Compute the integrals
v3 J1+x°
a X dx
(@) L —
: &
Solution. Let x =tan 06 J3 =tan By; 0, = 3
'
dx = sec?0d0 1=tan 0,;8, = 7
I
|
/3
| to J-E 1H1+tan 0 el de
' tan20
| r*’a sec” 0.secOdo
“Jws tan®0
jm’& de
| ~ Ja/a gin%0-cos O
( v TB i i
| Let ; sin® =t smgxtl;smz=zz
LN
cos 0dO =dt —2—=¢1,E_2
dt
de =
cos 0

B dt B2 dt dt
= J'UJE /2 (1_,32) = J-I,Jg [1—1‘2 +g_2

‘I RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
| Ph.: 0651 - 2562523, 9835508812, 7488587412
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THE DEFINITE INTEGRAL
( (1+:{]‘E& []Jifz
1-t{], 5 Ltlus
' 3
1+—2— WF 1
I=1n i —
pitad L 25398
J2
et dx
b S o
@) L x1/1+lna:
Solution. Let 1+4In=¢
\
(}—de =dt
X
1+lne? =¢, and 3=¢,;¢,=1
3 dt 3
1= | 7 =[],
=2J3-2=2(3-1)
2 = 2/3
(e} = s _JE,EL_T
8 3+ix—-2)""
Solution. Let (x—2) = (3-2)=1¢3
dx =3t3dt 1=£; 0=1¢2
J‘03t2-12dt

Tl 842

i SJ.{; (¢'-9+9)

o S 1
1 3+t

- 3]10 (¢ -8)dt+27 J’:" 3f‘32

LY 1 1 T
=8| —-3t| +27x-—|tan™! —
[3 ], J§{ «’3’]

1

1| 27 e |
3|3-=|-—=tan" | —=
2% (&
24 21 5o
8§ J3s 8

_ 9
2v3
RANCHI CENTRE

606, 6th Floor,
Ph. :
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THE DEFINITE INTEGRAL 6.15
T xsinx .
- | ——————dx
8870 I=), T 5
T (g—x)sin(m - x) n n
Solution. = fx)dx=| f(a—x)dx
0 1+[eos(n-x)1? [IU L] ]
e (n:—x}s;nxdx
0 1+cos“x
9] = Iﬂ %dx
0 1+cos”x
I EJ‘“ smxé e
20 1+cos®x
cosx = cos =1t t,=-1
—sinxdx =dt cos 0 =1, ty=1
o ik dt 5 'n:jl dt
24 1+82 211442
=9 J‘ L_dt [curve is symmetric]
- gl T
2
= S I L, W LS
= r:[tan t]u - 4 4
6.3.8. Evaluate the integral
1
1= j‘ ln(1+2x)dr
I 0 I+x
| Solution. x = tant
b9
1 = tan £y t, = Z
0 = tant, t,=0
I - L;I:.I"-i 1n(1+t3.2n t) secztdt
1+tan® ¢
n/4
I= _[0 In(l+tant)dit
' ﬁsin(t+£]
' 4
T+ tamf & ————=
cos t
i T(Ml in ¢ n)dt ”i;ncostdt
I = -[o —1n2dt+_[0 n| sin +E ”

RANCHI CENTRE :
Ph. :

It

T nid - T n/4
2% — ldt - Incos t dt
8]1’12+J-0 lnsm(t+4)d L ne

606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1

0651 - 2562523, 9
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Il 12

Now let us show that I

|
[
o~

df v | =
z 0 2
= 0
4
n/4
I, = 01nr:(:)e,td.i:
n/4
| i
2 I@ lncos(4 szz

e [n (n
Ju In sml:-g—(z-zﬂdz

n/4 ) T
L In sin (-4: - z) de = I

I

]

g—ln2

b 1
Note : Lf(x)dx (b—a)J.nf[(bma)t+a]dt

6.3.9. Compute the sum of two integrals
2/3
I = J‘ @+ go . 3 I 2G-219" 4.
13
I, 4 I,

Solution. : L=0G-a Jol fl(-5+4)t-4]dt

I

1 2
_J‘D e(—£—4+5} dt

1
- J’D gy Soal g ted S o e LTSS e ()

|
=
—
-
|
i
S
15
N
L
o=
N

From (i) and (ii), we get I +1,=0

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
h.: 0651 — 2562523, 9835508812, 7488587412 =
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THE DEFINITE INTEGRAL 6.17

6.3.10. Prove that the integral

r sm: 2k x doc
0 sinx
Equals to zero if k is an integer
Solution. Let x=n—t
dx =~dt
e r sin 2k x b
0 sinx
iy ‘J'“ sml2k(nh t) di
o sin(n—t)
h _r Sn:%Zkf. dt
0 sinté
[2 J'“ sin 2k x o1
"D sinx
21 =0
1=
6.3.11. Compute the integral
I.a NET dx
vz (——_1 T .
Solution. x =sint (The given function is non-monotonic)
T T
dx = cos t dt . ti=gih=7g
Let us consider, the other values are
5n 2n
by = —6' ybg = ‘E"

1 43
In both the cases, the variable x = sin ¢ runs throughout the entire interval \:—2-, ?-| , the

function sin ¢ being non-monotonic on [g", %:l and [%E, %:l
J-Jgﬂ dx J-nfs cost dt

8 ,1—1:2

/6 gint-cost

J:U’S di
/6 gin ¢

¢ /3
In [tan —]
2 n/6

1n[2+«/§)

[t

NE]

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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6.18 THE DEFINITE INTEGRAL

2
Similarly, taking into consideration that cos ¢ is negative on the interval [ 2 Sn] we

a8 6
" I'r"z Jz"m cos ¢ dt
g 1/2 xﬁ 5x/6 sint-(—cost)
J-ﬁ.-rh'.i dt
~ J2ws sint
¢ Sr/6 2+J§
= In|tan — = In =
2xn/3 3
bn n 5m

Note : Do not take ¢, = 5’ ty= 3 a8 with ¢ varying on the interval .3 B the values of

lf]

the function x = sin ¢ lie beyond the limits of the interval [2 2
6.3.12. Prove that the function L (x) defined on the interval (0, ©) by the integral

L(x)= Lx i'.:—t possesses the following properties.

Solution. As we know that L (x) x5) = L (x,) + L (x,)

*1
L [Z) =L (x,)- L (x,)

L(xlxz} ol Jlx;xg %
X dt % dit
[xlxz) = J'l T+‘£;I T

t =X,2 XXy =22,
dt =xdz Z1=2%5; 2,=1

L (x, x,) = 2 %£+J1‘2 ézi
=L (x,) + L (x,)
Putting xx, = x,, X, = & 1
X

L (xy) = L(x1)+L(x—3J
5!

=
e~
e
j S
L}

ie., L(xs)—~L(xl)

Similarly, L(z™") = % L (%) = mL (x'n)

L (x)

nL {xlfn) .

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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3
6.3.13. Transform the integral _L (x - 2)® dx by the substitution (x -2)> = #¢.

3 2 3
Solution. | (x-27dx = | (x-2Pdx+ [ (x-27dx
0 0 )
Integral is broken into parts because
x} =2- ‘\{_ y X9 = 2+ JE

x, <2 Xy > 2
2 3
g _[(x-zyzdx +I(x—2)2dx
So, [-2tdr m® B
0 I, I,
I =r’(x-2)2dx
4 0
[
4 2t
1 ¢4 8
=5 Jtdt=3
3
I = [ (c-2)dx
Jltdt
= 02\’;
1! 1
Ig—EL Jt_dt_B
8 1
Hence, =§+-§=3

This can be verified by directly computing the initial integral as

3 3
3 x-9%dx = |E=2"| _3
I
3 0

6.3.14. Compute the integrals

I oL
i 'S 01+J;
Solution. Let x =t2
dx = 2t dt
12¢dt
I = -L 1+¢
1 =
3 2j t+1 ldt
o 1+¢
1 L
I = 2_[0 dt—zjo[m)dr

2], -2 [log 1+ 0)];
=2-21In2

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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. 5 e
(b) I =
0 2x+,3x+1
Solution. Let 3x+1 =¢2 3dx=2tdt
3x=2-1: x= ik
(o2 ta
34 2
2[i 1}-&-;‘
L 2[¢_ Stae
T 89 9° —94.8¢
_2t Btdt
80 212 4+3:-2
=§J4 (4t +3-3)dt
4|4 (2t2+3t—2)
I _[ (4t+3)dt J- - 3dt
2 2t2+3t "2 2: 48t~ 2
dt
. T et AL A
2[n 2] 4_[1 [2 3 J
Pl s
2
1 3 4 dt
R
FEe
4 16
3 5\t
1 "
D= [hpdR) =] n
2 4 ( 3 5)
L=+
4 4]
4
(++3)
t++
=l[ln42]_§ ]_n_..__i
4 (t+2)
1
1 3 T 1
I= =g ha it
2[111 ] 4|:1n12 lnﬁ]
=l]_n42—§1n1
2 4 2
1 42
I = Sflne—t
2[ (m)”]

RANCHI CENTRE :
Ph. :

606, 6th Floor, Hariom Tower,
0651 - 2562523, 9835508812,
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(c)

Solution.

(d)

Solution.

RANCHI CENTRE :

606, 6th Floor,
Ph. :

6.21

J-mf:s dx
/4 1—-sinx

il

dx

2 x X
—CO8 —
2

n/4 2 X
s~ — 4+ cos
2 2

X _2sin
2

dx .+ gin®

X 2.'!'.
Z4cos“—==1
] 2

J Sain ™ sans
sinx = 2sin—cos—
2 2

X
tan—-1 =¢
2

A sec? X dx = dt
2 2

sec? % dx = 2dt

I= J: \f2x—.1r:2 dx
| (:,/1-&—1)2 dx

1

: i 7
I=[-;—(x—1) x—x2 +§sm 1(:’t:--ll'](}

{Lﬂ Ja* - x? dx =-;-x ‘jaz -x° +%a2 sin™}

d

[ ==sin"(~1) = +

i
4

b | =

Hariom Tower,
0651 - 2562523, 9835508812,

Circular Road, Ranchi -1
7488587412
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© I _J"'” sinx +cosx
0 3+ sin 2x
Salution: s _J"‘“ (sin x + cos x) dx
0 (sinx-cosx)® -4
I—~IU dt Let, sinx—cosx=t{
1,2 o2 (cosx + sinx) dx =dt
0
P . In t-2
2x2 t+2 2
0
o 1
o _]'.ln f_% =—In3
4 " |t+2]), 4
(ﬂ 1':-'.“ x2 a-—-x de
0 a+x .
Solution. Let X =qcost

dx =—a sin { dt

a 1-cost) ;
Ty a® cos? t a(1-cont),,
-sz 2011 cos ”( asint)dt

=/2
5 t
L a’cos®t-sint -tan-é-dt

TN
51N —

f dt
COs —
2

n/2 4
= aSI cos®¢-sint-
0

/ Zsin : cos .
7 = =
= aaj coszt-sint'—z——z—dt

2 cos” —

/2 3 :
sint-sint-
aaj oost P e T2
0 l+cost

3 n/2 g
=a I cos“t-(1—cost)dt

]
=]

/2 /2
3 n
J‘ cos’t —a’ I cos® ¢ dt
0

I
(=}
(]

e
]

|
w | bo
| WHE |

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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6.23

[ f (x) is an even function)

2a
(g) I= j 2ax - x? dx
S - 1 (x —a) =a
olution. = | =(x—a) +2ax — x? +50 gin~! ]
0
1
4
1 dx
(h) I's 3
{1+x2)
Solution. 2J'
1+x
Applying Reduction formula
. dx
v (x2 +a2)n
I .z 1 x 2n 1 1 1
n+1_2na (x e )ﬂ'. 2n 2 n
1 T 1
l,= . 4 N |
27 242 xl4q 22 !
Here,a=1,n=2
1
= _}_. x l -1
{2 i +2tan x]ﬂ

6.3.15. Applying a suitable change of the variables, find the followmg definite

mtegml

(a)

Solution. Let

RANCHI CENTRE :

e Ph. :

X J2 dx
< 4 1/:::«Hl‘ +1l(x+1)3

606, 6th Floor,

Hariom Tower,
0651 - 2562523, 9835508812,

=1

x+1=¢ X=

dx =2t dt x=
V3 9t dt
I=J1 tat®
_J-JE ot dt

~ t(1+t2)

2 tm.Jg

Circular Road, Ranchi -1
7488587412
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2 [taurr1 :]‘E

|
ey ol
nofa

[
| 3
s

I
o3

®) -] —=

Bl (az_,xz

12
Solution. I= r M
0 asinB+acosb

J-}'I:.f2 de
L= ) 1+tan®

yi I _cosBdd
51119 +cos 0

% I sdeB
sin 8 + cos 6

From (i) and (ii), we get, 21 = J e e
0 cos 0 +sin

/2
= | do
0
n
I=—
4
(e) I's I’L
2 1 x+(1 +x4)
Solution. Let xt =t
4:r3dx =dt
3
4x
1 (16 1
e t(d+1)

: 606, 6th Floor,

©/2 (cos B+sinB) dB

Hariom Tower,

RANCHI CENTRE : A
e B A e L 2 B A2 B2 2 022800020270 74922274712
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Let x=asin6
dx =a cos 0d6
x=0; t=0

[ F ) da=f5 f @) ds]

Circular Road, Ranchi -1

|
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- l 16 ﬁ_ dt
49 | ¢t Q+p
i i " ¢ 16
4 t+1
lI:In}E—ln 1] = lIniz—
4 17 = SR s

V@® +b%)/2 x dx

@ I= JBa® 672 (a2 - 5% (62 _xz)

Let x2 =a2cos?¢ + b2sin2¢
a® + b% tan?¢
sin tccst(bz —xzj = 1+tan’¢

sin £ cos ¢ (62 - xz) dt

Solution. I =

2 o0 ) 2 qin2
x“—a® =b*sin®t—q?gin?¢
(a? +b2)a'2

I'= m = (bz b 02) sin2 t

b%—x? = b2 -q? cos? ¢t — b2 sin? ¢

J Vi v —1i2i2_ = b2 cos? t - a% cos? ¢
Ji8a? + 5%z b2~ 2 (B2 = 4% st s

sz_ 2 dx = (-2a%cos t sin ¢ + b2 2 sin ¢ cos ¢) dt
12 . 2x dx = 2 sin ¢ cos ¢ [b% — a2

T
. It is easy to conclude that it is equal R

2 dx
6.3.16. Consider the integral I W
~24+x

2: . o 1 %7 T
S i 1 = —-tﬂn_l— == =
olution Sowe [2. ; 2]“2 7!
dt
Substituting x = 1/, and dx = 72 » We get
2 dy "*Im dx __J-UZ __h.di__,_ﬁ
“2 44wt -2 46241 4

et (4 5 .lz]ﬁ
t

' 1 . ;
This result is obviously wrong as the integrand (?*—2)- > 0 the definite integral of this
+x

function can not be equal to a negative number —n/4,
: 1
Substitution of x = i is not valid because at ¢ = 0,

1 ;
5 does not exist or
-2<0<2

i i lar Road, Ranchi -1
NTRE : 606, 6th Floor, Hariom Tower, Circu ;
i %3 h.: 0651 — 2562523, 9835508812, 7488587412
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dx

21
6.3.17. Consider the integral I = L gy

S
) =
2n dx e JO 2dt

0 5. —Jo 42
s o)
+

The result is obviously wrong as the integrand is positive and consequently, the integral of
this function can not be equal to zero.

Solution. Making the substitution tan {, we have

=0

Ast= tan% will not do that the function is discontinuous at ¢ = 0.

2
6.3.18. Make sure that a formal change of the variable t = 55— leads to the wrong

result in the integral r Y x? dx. Find the mistake and explain it.
—2

Solution. Since x = + Jt_ﬁ is double-valued to obtain the correct result. It is necessary to
divide the initial interval of integration into two parts

fzvx—zdx = fﬁ/x_zdx+jj qx_zdx

x _Jg_5_ in-2<x<0

x =44 in0<x<2

6.3.19. I's it possible to make the substitution x = sec t in the integral

I= j:\}xz +1dx

Solution. It is impossible as sec ¢ > 1 and interval of integration is [0, 1].
1
6.3.20. Given the integral _L 1-x? dx. Make the substitution x = sin t . Is it

T
possible to make the numbers n and 5 8 the limits for t.
Solution. Let us consider with '

x =s8int l1=sint ¢

ki
2
dx =costdt O=sint ¢=0o0rn

2
- I 1fl—sin2t -cos t dt
n

n/2
= I cos? t dt

b

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
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n/2
zj‘ 1+cos2tdt
= 2
/2 /2
3 J'“ 1 +J‘ cos 2¢ e
x 2 n
3 [l]m'z-" [Sinzt]nfz
2 ” g 3
= %—n+%[3inn—sin2n] = ._125
6.3.21. Prove the equality ;
L3 a
[ fwae = [1f@+f-olds
Solution. for any continuous function f (x)
P 0 a
[* reax =J_af(x)dx+_[0f(x)dx
L I,
b= % d
I_a f(x)dx
Let x=—t —a=-t, t=a
dx =—dt 0=t,

6.27

= j:f(t)dt - _[:f{x)dx

faf(x)dx - j:f(x)dx+j:f(—x}dx

2“ » 3
6.3.22. Transform the definite integral Lf{x) cos x dx by the substituiion
sinx =1t
Solution. Let sinx =t

cosxdx =dt :
n/2 3n/2 2n
s L F (x) cos x dx + Lm £ (x) cos x dx + LM f (= x) cos x dx

sinx =t
x =sin" ¢
0<xs= 0<t<1
2
g . wieEsd
2 2
3r
5 <x<2n 0<t<1l
1 1 e 0 o
1=j f(sin-lx)duj f (m ~sin :)ds+_[ f (2n +sin™'¢)dt
0 5y % _
: L d !
x=sin-1{ x=m—sin-1¢ x=2mn+sin" 12

RANCHI CENTRE : 606, 6th Floor,

Ph. :

Hariom Tower,

Circular Road, Ranchi -1
0651 - 2562523, 9835508812,
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1. Ifthe function f(x) is even on [~ a, a], then

Tf(x)dx = Zjif(x-)dx
;) o

2. Ifthe function f (x) is odd on [~ a, a], then

J.f(x) dx =0
3. If the function f (x) is periodic with period T, then
b b+nT
[f@de = [fadx
a a+nT

where n is an integer.

1
6.4.1. Compute the integralj ; lx| dx

Solution. f (x) is an even function

fllxldx

Il
b2
s
&
&

]
]
®
.
=

It

gy o |
®
o

Il

f—

6.4.2. Compute the integral
¥ x sinx A
-7 x%42

Solution. Since the integrand is odd, we conclude at once that the integral equals to zero.
T
6.4.3. (a) _[ [ (x) cos nx dx

(b) r () sinnxdx,
Solution. ¥
(@) Iff(x)isan even function, then
f (x) cos nx will also be even function.

f f(x)cosnxdx = 2J:f(x}cosnxdx

Hence, _[_: f(x)sinnxdx -9

(b) Iff(x)isan odd function, then
f (x) cos nx will be odd function.
f (x) sin nx will be even function.

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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Jn f(x)cosnxdx =0

Hence, j fx)sinnxdx = 2_[0”f(x)sinnxdx

5 8 a8
6.4.4. Compute the integral I iﬁmg—x
-5 x?+2x% +1

5

%% sin? x

Solution. fl)'s dr—=—a——i84 odd function
x® +2x° +1
5
Hence, .J_s flx)dx =0
6.4.5. Compute the integral | —p e dx
.4.5. pute the integral | el

Solution. This integrand is a periodic function with periodic =, as

sin 2 (x + 1)

flx+mn) =

cos? (x + m) +sin® (x + nr)

3 sin2:c4 = flx)

cos® x +sin® x
Therefore it is possible to subtract the number = from the upper and lower limits.

r“ﬂ sin 2 x dx _r“ sin 2 x dx
kL

4 4

cos? x +sin* x 0o cos*x+sin?x

_2‘[1:."4 tan x dx
_— coszx(1+tan4x]
tanx =1 & t
di = dﬂ; 0 0
cos” x
7T
'Z 1
2J‘“f4 tan x dx L Jl 2t dt
0 1.+¢

0 cos?x (1 +tan® x)

o] -5

6.4.6. Prove the equality

j: cosx-f(xg)dx 2_[: cosx-f(xs)dx

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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Selution. It is sufficient to show that the integrand is even
cos (—x) f(—x)? =cosx - f(x2)

fa cosx-f(x2)dx = fa cosx-f(xﬂdx«rj: cosx-f(xz)dx
Let x=-1¢
dx =—di

. f“c(‘.Gx f(xz]dx = Ecost-f{ )dt+j cos x - f( 2)dx
= 2.’.: cosx-f(xz)dx
6.4.7. Compute the integral
dx

' Iz 2x7 +3x% —10x° - 7x% —12x% 4+ x + 1
x2+2
3 3x2 (x4~—4)+1

Solution.
2 +2

JJ_ 2x7 —10x% - 7% +x

dx +
x% +2 ‘[

0+2J'f |:3(x"‘ n2x2)++}dx

x“+1
J2
6 5 3 2 =3 xJ
= —x" —4x" +——=tan  —
5 JE V2 1o
= J"
2f

Hence, we expanded the given mtegra] into the sum of two integrals so as to obtain an odd
integrand in the first integral and an even integrand in the second.

6.4.8. Compute the integral

1/2
j cosx-ln-{-tf-dx
-1/2 I1-x

Solution. f(x) = cos x is an even function.

it 7

In [i 2 x) is a odd function.

Product of even and odd function is a odd function. Hence,

1/2
I cosx-ln1+xdx =0
-1/2 1-x

6.4.9. Prove the validity of the following equalities.
Solution.
/8
(a) r x%sinxdx =0
-n/8
As sin? x is an odd function.

x8 is an even function.

So, x8 sin? x is a odd function.

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, RanchJ. -1
Ph.: 0651 - 2562523, 9835508812, 7488587412
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e

——

1/2 1/2
(b) j e dx =2 e % gy
-1/2 0

cos x is even function.
So, €5 i3 also even function.

(e) r sin mx - cos nx dx = 0 (m and n are natural numbers)

sin mx is an odd function
cos nx is an even function.
So, product sin mx - cos nx is an odd function.

(d) fﬁ sinx f (cosx)dx =¢

sin x is an odd function

f (cos x) is an even function.

So, product sin x - f(cos x) is an odd function.
6.4.10. Prove the equality

_[:f(x)dx 2 j':f(mb_x)dx

Solution. Let t=a+b-x b1=a+b-6=a
x=a+b-t; t,=a+b-a=b
dx =—dt
b b
[fo = -[rea

i

b b
[rwae=[fa+b-xde
a a

6.4.11. Prove the equality

F 4
[f@ea-nax - J;g(x)-f(t~x)dx
Solution. Applying the substitution ¢ - x = z in the right hand integral
] ¢
[[f@gt-nds =-[gt-2)-f@a

It

j;f(z)-g(t—z)dz
" I;f(x)-g(t~x)dx

/ x /2
6.4.12. Prove the equality r-s gin™xdx= J cos™ xdx and applying the
0 0 !
obtained result in computing the following integrals.
x/2 .
L cos” x dx cmdj: gin® x dx

Solution. 1= rm sin™ x

0

RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi --1
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n/2
I =J sm’“(%—x)dx
_L f(x)dx = J'af(a~x)dx
0
n/2
L= J. cos™ x dx
0
n/2
o g|m
I_J-U cos (2 x)dx
/2 i
=J. cos? [E—x]dx
0 2
n/2 i
= .[n sin“ x dx
n/2 2 2
I41 ==I (cos X 4 sin x)dx
0
/2
BT« r1.a’.x i
0 2
Hence, I= g
6.4.13. Prove the equality
T n/2
Lf{sinx)dx = 2| fGinx dx

Solution. Since  [Ff Ginz)dx = [ f (sinx)dx + [*, £ (sin x) dx

It is sufficient to prove that

[oa F Ginx)dx = [ £ (sin x) dx
In the left integral make the substitution

X =n-{ x t
/2 /2
dx =—dt T 0

_[:2 f(sinx)dx = _.[:rz fsin(x —t)] dx

/2

h n/2 y
[ Gintydt = _[D f (sin x) dx

)

6.4.14. Prove the equality

T m
J'ﬂxf(sinx)dx o %Lf{sinx)dx
Solution. Let x=n-t x ¢
0 n
- dx =—dt n 0
Then, we get
,fo(sinx)dx = —E(n—t)f[sin(x—t)]dt

RAN( . i i d, Ranchi -1
CHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road,
Ph.: 0651 — 2562523, 9835508812, 7488587412
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rn f (sint) dt - rt f (sint)dt
0 0

I

2rx f (sin x) dx
0

ftrf(sin:c)dx
0

L xf(sinx)dx = %j:f{sinx}dx
6.4.15. Using the equality
n(n+3)
sinln+—|x 1
———2— = —+CO8X +CO82%X +..... + CcOos nx
2 sin x 2
2
Prove that
x
sin (n + ‘—)
" S o
0 .- 1
2 o
sin =
in(n+3)
sin|n+~=|x 1
S prremay x ___3 de = o [E + €08 X + €08 2% + ....... +cos nx] dx
" 2s8in —
2
: 1 L
sm ["‘ i ”") x 1 : sin 2x sinnx
o 2 dx = 2| mx+sinx+ T 4
2 n 0
©  9sin¥
2
=T

6.4.16. Prove that if

1 ' : .
d(x)= (E a, + a; cosx + b, sin x + ay cos 2x + by sin 2x+..+a,cos nx + b,sin nx

then,

2x
(a) o¢(x)dx=nao

2n 2x
Solution. I b(x)dx = J [%ae + @y oS X + b sin x + @y c0s 2x + by 8in 2x + ] dx
0 0

3 2x
1 . sin 2x cos 2x
=|—apx +a, sinx —b; cosx +a, + by S T

2 2 E 0
;ﬂ = [ra,)
|
1
Il RANCHI CENTRE : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -1

Ph.: 0651 - 2562523, 9835508812, 7488587412
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2n
(b) ¢ (x)coskxdx =na
L k

2n )
_J B—a{, €os kx + a; cos x cos kx + b; sin x cos kx + ... @, cos 2kx cos kx + b, sinkx+...]dx

5 i s 2 . 2n
| g, HORE 0 famlk p Ux ainle-Re 1T - slda®] om. .
8° kB Bwd k-1 |, gl 2 | 2 s

2r
(c) 0¢(x)-sinkxdx=1tbk (=12 n)

] dx

If u and v are functions of x and have continuous derivatives, then

¥ § b
[u@v @ adx u@o@], - [ v@w (x)dzx

or _Lbudu = uu|2~j:vdu

6.5.1. Compute the integral J: xe* dx

Solution. = xj:e”dx Hj:['gx* (x)I e’dx)dx
] -[[ea
“fur-e] -

6.5.2. Compute the integral J. 4 In’ xdx
1

Solution. I [1;13 x[1dx- | (gx_ (In°z) [1. de J:dx
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j I:x-lnsx—3

I o i 3[111 x [1-dx - j[ (10 %) [ 1- dx]:led.x

e21nx

= ee—13r¢2+3_|.1

jln2 x dx]:

cx dx

I= —2e+6f1nxdx

= —29+6[xlnx—x:\

I=—-2e+6

e

1

=?l4
6.5.3. Compute the integral L sinJx dx .

1

Solution. Jx =t x t
x =12 0 0
n? n
dx =2t dt '-4— D)
x2/4 /2
Hence, j sin J; dx = 2 . tsintdt
0
/2 n/2

= 2[-tcost dt]u + U" cost dt}

=9 :
6.5.4." Compute the integral

= j‘l sin 1x
0 ,jl + X
dx
. = ! L

Solution. I= sm x] I JTH I [ j JE)

= [2\}1+x-sin‘1x+4 x f

I=2n-4
6.5.5. Compute the mtegral ;”'2 x? sinx dx.
. nl/2 n/2 d

Solution. I= [x (- cos x)] dx( )( cos x) dx
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]
(=]
+

2x cos x dx
0

/2 m’2d(x)
0 Jo dx

2 [xsinxcos x]gm

2[%—1]:{_7cm2)

I

2 [xsin :c] Icosx dx

6.5.6. Compufe the integral I = J: (02 - xz]n dx where n is a natural number.

Soludion. I

2 Ja (a2 - xz)’hl(az - xz) dx

0

a n-1
azlﬂ_lm‘[ x(az-—xz) dx
0

I

Integrating I, by parts; we get ;
P 1 2_ay]" 1 3,5 gyn
L= a'l, [ oo _1)]0 o [ o -x)" ax
1

2
= a“'l,_;-—1I
n=1 2?1. n
I = a2 L2 hizs
o 2n+1
; ; : . 1 : .
This formula is valid at any real n other than 0 and - 7 In particular, at natural n, taking

into account that

bt
[}

0 J:dx e

2n+1
We get [ = 9 2n(2n-2)(2n-4)......

n Cn+1)(2n-1)2n-3)...... 5.3
2n+1 (2?1)'
(2n + 1)

Using the result of the preceding problem, we get the formula
-

3 5 2n+1 ~ (2n+1)!

where C* are binomial coefficients.

1

6.5.7. Consider the integral

1 n (2n)!
b2 s
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sorution. Expanding the integrand by the formula of the Newton binomial and integrating
within the limits from O to 1, we get

I, = J;(l—xz)ndx
= i (1-Chx? + Clx* + ... )" Cjx*™" ) dx
1
Cixa Cﬁxs (=1)" x2n+1
= e + T
3 5 on +1
1 2 3 a5
I,= I‘C—“+9“'."“~C—”+ ...... +(-’1)
R | 2n+1

6.5.8. Compute the integral

n/2 x/2

H, = jsin”' xdx = Icos"'xdx, where m a natural number.
0 0
Solution. Let sinx = ¢,
cosxdx = dt £
The integral reduces the second integral to the integral 2 (1)
x/2 m-1
H = J (l—sinzx)T cos x dx "

0
m-1

j;(l -£%) 2 at

considered a =1andn = m-1 . Therefore, the reduction formula

I

2
H ="y ., mz0,m=1)
- is valid here as &
m-1
R = e
2 5 +1 "z ~
o Bty =£;3;1Hm—-2

3
|ﬁ’
3

If m is an odd number, the obtained reduction formula becomes into H

o J-n'/2 d 1
L= b Cosx =
therefore, o (m-1!
= m!!
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If m is an even number then the reduction formula transforms H  into

 oal2 T

H, = _L) dx = 3

therefore, H, = (—nlll—)ﬁf.
mll 2

6.5.9. Compute the integral

. |
I= j xsin™ x dx, where m a natural number
0

Solution. We know from earlier examples that

I Jnxsin’"xdx
: 0

%Lﬁ sin™ x dx

n/2
= -[0 sin™ x dx ,

Taking consideration from previous example, we get

2 m-1DN . :
- < s Ty if m is even,
I= fnxsinmxdx= 2 .
(m -1 : :
T if m is odd.
ml!!
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