6 TH FLOOR R. MALIK

I M TOWER WTO
& A

CLASSES

N
JEE (MAIN DV.), MEDICAL + BOARD

APPLICATIONS OF THE DEFINITE INTEGRAL 7

It is o&en necessary to compute the limit of a sum when the number of summands increases
unlimitedly. In some cases, such limits can be found with the aid of the definite integral if
it is possible to transform the given sum into an integral sum.

i (i1 n ’ T -
For instance, considering the points S B8 points of division of the interval [0, 1]

1
into n equal parts of length Ax = o= for each continuous function f (x), we have

S E e Dt fo
ExavieLcs S

v Tt Bl O .
7.1.1. Compute hm Sk —+ BIN — + weses + sin
—»on n n

(n—l)ﬂ]
n

Solution. The numbers in the brackets represent the values of the function f(x) =sinx at
the points

= 2n+ (n-1=n

n n n+l™ n

Subdividing the interval [0, n] into n equal parts of length Ax = L
.. If we add the summand sin % = 0 to our sum, the latter will be the integral sum for the
function f (x) = sin x on the interval [0, =].

By definition the limit of such an mtegra.l sum as n —» « is definite integral of the function
f(x) = sin x from 0 to =,

A . T "
lim = |sin = +sin == + ... + sin — =j sinxdx =2
n—wn n 0
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7.2 APPLICATIONS OF THE DEFINITE INTEGRAL

7.1.2. Compute the limit

1 1
() + PE b
,.‘i,”i[\/;n Jan® 2" J4n2—n2]'

lim 1 L + : + .
o e nown| 41/ |4-22/n 4-n?/n?
The obtained sum is the integral sum for the function
1

®) = ——
)

on the interval [0, 1] subdivided into n equal parts

lim : 1 + e HELSEN

“_’“’I:\/tln -1 \l4n2 =0 4n® —nz}
gl
4-x 6

n
7.1.3. Compute lim — [1 + 1] \’ """ n+3(n-1)|

Solution.

The obtained sum is the integral sum for the function f (x) = 1: ] on the interval

[0| 3].
1
oy % = [+ dx

]

=2

1+x

7.1.4. Using the definite integral, compute the following limits :
el ( S TR 1
(a)n roln+l n+2 v BE+n)

Soluti lim-l-[ L + 5 + e, e }
smgon, neria e Lin . e N n+nln

The obtained sum is the integral sum for the function

1
f@) 1+x

o

0l+x

f&) = [In@+x)];
=k 2

I
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(b) lim i(1’1+l+ 1+£+ ...... I+£}.
hn—so R n n

Solution. fx) =

7.3

1l
|
=
+
—
S

w

{ -]
L
[ =] —

(© h.m1+3v’2+@3+ ...... ¥n
c
n—»m ﬂu4

1 1 9 1/3 3 1/3 - 1/3
Solution. nh_.ﬂl); ;11_"3+(;1'J +[;) O, (;] }

The obtained sum is the integral sum for the function

o (%]—ua

limi[1+cosi+c082—n+ cos ———
(d) nao 2n 2n o) AL 2n

Solution. ﬁm}‘[g{1+cos%xl+cus%xg+ ...... cosﬁ(n—l]}]

n-»e n n 2

The obtained sum is the integral sum for the function

f(x) =cosx [0, /2]
‘ol
= J cos x dx
0
= sml:c]:;':2
=1
limn 4 - . + £ ]
(e) nowo | (n+1)°? mn+2)* (2n)*
=k 1 1 1
Solution £ e T e 2\
= d (1+—] (1+—) (1+—]
n n n
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7.4 APPLICATIONS OF THE DEFINITE INTEGRAL
The obtained sum is the integral sum for the function
1
(x) =
f (1+x)?
[
T+ x)?
1
coreb e 1
2 (1+x) |,
SR
= _§+ 5%
; npin
7.1.5. Compute the limit A= lim nl)
n-—w n

Solution. Taking log both sides of above equation

. (nI}la"n
log A = nhm log =

— X

lim 1 log (n!)—logn

n—o f1

i fu(2) (2 (2]

The expression in brackets is the integral sum for the integral

log A

1
Jﬂ lnxdx = [(xlnx_x)]; ==1
InA=-1

g

If a plane figure is bounded by the straight lines x = a and x = b (a < b) and the curves
y=y,(),y =y, ) providedy, (x) <y, (x) (a<x < b), then its area is computed by the formula

b
S = [ [n@-yw]d

In certain cases, the left boundary x = a (or the right boundary x = b) can degenerate into
a point of intersection of the curves y =y, (x) and y =y, (x). Then a and b are found as the
abscissas of the points of intersection of the indicated curves.

y
" c y=Yz(a)

po3

y=yi(x)

¥

7y I L -
e

(0.0 ~

{0,0) x—axis
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7.2.1. Compute the area of the figure bounded by the straight linesx=0,x=2 and
the curves y = 2%, y = 2x - x°.
(i) =90
(i1) x/=2
(iit) Yimi2F
(iv) y = 2x —x2
=—[(x-1)2-1]
(y —1)=—(x—2)* [parabola (inverted) vertex (1, 1)] ! '
b —3 X
s = [ [2*-(2x-2%)|ax P 8
2
In 2 5 3 A
et o8
2 3
7.2.2. Comput;g the area of the figure bounded by the parabolas x = -2y* and
x=1-3y-
Solution. x =—2y2 x=1-3y2
¥y == % [vertex (0, 0) symmetric about x-axis]
32 =1-2
o 1-2
2 =
g e
2 _ (%= 1)
ot w25
2 w— % (x-1) [vertex (1, 0) symmetric about x-axis]
Solving system of equations

. y

¥ u-z (i) :2%2; s
x-1 i L o \ X = axis

y2 == . (i) _E-ZQG] 1

5) -3
g
2
x==2;y,=+1,; y,=~1

3
2% —
Since, 1 - 3y2>—-2y2for-1<y<1

S J‘l1 [(1-3y”—)-(- 2y2)]dy
4]
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7.6 APPLICATIONS OF THE DEFINITE INTEGRAL
7.2.3. Find the area of the figure contained the parabola x° = 4y and the width of
Agnesiy =8/(x* + 4)
Solution. x? = 4y [Parabola vertex (0, 0) symmetric about y-axis].
y = (i)
x“+4
x2 i)
S A 4
Y 4
8 2
x2+4 o T
32 =x* + 4x° Letx?=t Bl
t2+4t-32=0
2+8t-4t-32=0 2 X2 dy
tt+8)-4(:+8)=0 A i oy
(t—4)(t+8)=0 I e
t=4,-8
x2 =4 x2=-8
x=%2 x =+ i V 8 [imaginary)
8 x?
> — -2,2
x2+4 T ¢4 =441

B 8 x?
o J"z[xz +4 _T]dx

2
=4 tan'ii—'—xf-
2 12,

4
= 2% ~—
8 s 3

7.2.4. Find the area of the figure bounded by the parabola y = x* + 1 and the
straight line x + y = 3.

Solution. y=x24+1
y=3-x
%241 =3-% (-2.5)

24+x-2=0 yu3-x

x+2)(x-1)=0
x=-2,1

y=1 =x

1 vertex (0, 1)
o j [(8-x)-(x + 1)l dx e
-2 i
1
= _2(2—x~x2}dx XA
2 at
= [2 -"——x—-|
2 8],
_ 27 it
= 6 Sq.u‘m iy
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7.2.5. Compudte the area of the figure which lies in the first quadrant inside the
circle x° + ¥ = 3a? and is bounded by the parabolas x° = 2ay, y* = 2ax (a > 0)

Solution.  x? + y? = 3a? (1)
» AY

x2 = 2ay ...(”Io) 3\:3

y2 = 2ax (1) <
Solving (i) and (ii), we get ¢

2ay +y? = 3a? '.
x2+2ax—-3a% =0 i i
(0.0) a a2 lavd

Hence, we get the only pc;sitive root x, = a.

Analogously, we find the abscissa of the point D of intersection of the circle x* + y* = 3a*
and the parabola x = 2ay, x, = aV2

av2
jotygcx) — y, ()] dx

xZ

%2a
V2ax forO0<x<a
¥y (x) =

Hence, y; () =

3a-x fora<x<aV2
By Additive property of integral

(8 x2 G'\'I2 2 2 xa
S L[J2ax——2—au]dx+.[ [3:: ot == |

a av2
3 3 3
[v"2a -%-xm -g-*] +[£‘\4‘3a2 it +3%sin'li—x—]
0 a

o A A ;|
—g—51n = |a
3 2 3

7.2.6. Compute the area of the figure lying in the first quadrant and bounded by
the curves y° = 4x, x* = dy and x* + y° = 5.

Solution.
gl x2=dy
2 y2 . 4x]x=1’_5 . yé=dx
ghpatis B
2 5
X = 4y : X2 ay?= (V)2
=2,—2 L 1
x2+y2 et 5:| * T B
1 2
I, = I{Jz& wx—de
0 4 |
1
= |2 3;23*3?
3 12
4.k
3 12
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_1
12
5
4
2 2 xz
12 = L( 5-1: ‘-‘Tde
1 J— 1 s
= |2 enlb=e? sonbain it
[2x 2 BBl
B .8 Bl
= — ——-——1-—sin" —=+—
e T 3 e
Il+12=I
[ 2
oBeint| L« 1-(1)2 L 1_[Q
J 5 5 5 J5 )
L
Bl 'in_ixi]_i
>3 2 V5 V5 5 5] 12
4 5 L8y
= —+—8 —r—
3 2 B8

7.2.7. Compute the area of the figure bounded by the linesy=x+ 1,y = cos x
and x-axis.

Solution.

if —1<x<0
if0<x<n/2

v i e {x+1

cos X

fix) is continuous on the interval [-1, n/2]. The area
of the curvilinear hapezoid is equal to

RANCHI CENTRE

: 606, 6th Floor,
Ph. :

S = J'_”:f“(x) dx

] n/2
m‘l-(x+l)dx+j cos x dx
1 0

rx+n2

0
- ]"1 +[sin 34:];'f2

8
2
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7.2.8. Find the area of the segment of the curve y* = x° - x2 if the line x = 2 is the
chord determining the segment.
Solution. y?=x%2(x-1)
2 (x-1y20
Soeitherx >0 orx = 1.

Domain of the above function [1, «]

S = jlz[xwfx-l—(—xe—l)]dx
= 2'[12:\:\/;(—1({:5

x—1=¢ Xt
1. 0
de =2tdt 2 1

2
B 4]‘1 2 + 1)¢2 dt

1

5 3
- 4|it—+t—J
9 i3 G

3%
T 15
7.2.9. Determine the area of the figure bounded by two branches of the
curve (y - x)? = x° and the straight line x = 1.

(0.01]

Solution.
It is implicit function of x xiz 0
y=x+xVx x20 x+xVx>x—xVx
1
S = Io(‘x+x~!x—x+x\fx)dx
1
= ZJ- xVx dx
0
4r sp1
=5 [x ]o
.
“B
7.2.10. Compute the area enclosed by the loop of the curve
V¥ =x(x-1)?

Solution. The domain of definition of the implicit function y the interval 0 <x <
y=y, @)=V lx-11
Vx(1-x), 0<x<1
Va(x-1), x>1

The loop is formed by the curvesy = Vx (1—x)andy =—Vx (1 —x),0<x < 1.

1
The area enclosed being S=29 L Vi (1-x)dx
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7.2.11. Find the area enclosed by the loop of the curve
Y¥=@x-1) (x-2)?
y=0atx=1,2

Solution. Curve is symmetric about x-axis forming a loop between x = 1 and x = 2.

g = 2jf(x-2)\/x~1dx

Let x—1=¢ x ¢
dx = 2t dt 1 0
x—-2=@2-1 2 1l

S =2J;(t2—1)-t-2tdt

e o s 2
4j0u 1)

I
1
TR |
0|
I
w| %
| SIS |
(=]

i s 8o
But area is always positive so S = 3 units.

7.2.12. Find the area of the figure bounded by the parabola
y =—x2 - 2x + 3 the line tangent to it at the point M (2, -5) and y-axis.

Solution. yo=—[(x+1)2-2]
y—2 =—(x+ 1)
Equation of a tangent M (2, — 5) \.
y+5=-6(x-2)
o 3 et 50 |G.0] 0.0
S = J-:[T—Gx—(v.r2—2x+3)]dx ]l
M(2.-5)

2
Iﬂ(x2—4x+4)d:c

8

3
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7.2.13. Find the area bounded by the parabola y = x° - 2x + 2 the line tangent to it
at the point M (3, 5) and the axis of the ordinates.

Solution. y=(x-12+1
y-1=@-17 e
3
S =] [x-1? +1-(x -7 dx e
1 : y=3=4(x=3)
3
= [(x—l} 4® o ] ————— R 8 SR
= 4T s
3 2 !
3

= -2—~*2.9+8.3+1—0
3 3
=3-18 + 124
=9
7.2.14. We take on the ellipse

a point M (x, y) lying in the first quadrant.
Solution. From figure, S0 =S,omp + Syannm b P i
(x.y

Ssomp = 'le . /TE%A r
b (0,0) ©.0
= —2x-va® - x? K_’/
2a

Syamp = J:y dx

= Jaivaz —tz dt
x 2a

b [ o
e [ az—tz +a23m 3=
a

2a \ v
b A
i o =1 X
s —|~x-vYa® -2% +a?| = —gin 12
2&_ 2 a
- T P e 7 11X
Since —— N = = o =
2 a a

2 Y X
S ava® —x° +a” cos

2a |

Somao = Saomn +Syasm
ab i} 26
= —C0S  —
a
Atx = 0, the sector becomes quarter of the ellipse

1

ab  _
Zselh'pse “ 3 ?COS 10

a_b
4
So, S = Aab at o = b it becomes circle

S = na2,

= %

circle
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7.9.15. Find the area bounded by the parabolas y = 4%, y = x°/9 and the straight

line y= 2.
Solution. Both curves are symmetric about y-axis. It is advisable to integrate about

y-axis,
x =+ —-JE

x=~z32:[§ . \ \ [J—xf-w

2 1 2
2 [3@_5@ dy =5 [Ny dy

20 _JE (0.0
3
7.2.16. From an arbitrary point M (x, y) of the curve y = x™ (m > 0) perpendiculars

MN and ML (x > 0) are dropped on to the co-ordinate axes. What part of the
area of the rectangle ONML does the area ONMO constitute ?

. xl m
Solution. 1= L} 2™ dx
*1
s
T lmd ¥
0 L M y=xM
Agano Iy = sl
MNO 1 T Ty
Apinar Sy = gxb e ghtss
' m+l
A DA =——1xm*]
oMNo * oNML= 77T s
z 1 [©0.0]0 N

m+1

7.2.17. Prove that the areas Sy S;, Sy Sy bounded by the x-axis and half-waves
of the curve y = ™ sin px, x 2 0 form a geometric progression with common
ratio q = e™",

Solution. The curve intersects the positive semi-axis OX at the points, where sin bx = 0.

nw

Hence, X, =—, n= 0,2 . y
1
The function y = ¢ sin Px is positive in the i < _Yeed
intervals (x,,, %, , ;) and negative in i R
(Xgp , 1) Xgg, 4 o)» the sign of the function in the interval So /5_?\ 3B 7T
(x,, %, , ,) coincides with that of the number (— 1) L y f"‘l}»é’-*—-
(n+1)x et
B _1f//
S,= | Inds
ﬂ
B

{n+1l)n*

1

& )
(=1 j e~ .ginfu dax
B
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~ But the indefinite integral 1s equal to
e—ﬂx
(osin Bx+ P cos Px)+c
o? 1 2 px + B cos fr)

Ie"“ -sinPx dx = —

%% (n+1)n/p
=1y [ - 52 (asinﬁx+ﬁcosﬁx}} +e

k=t nn/p

Consequently, S

n

('"1)n+1 ~aln+1)n/p n+l ot n/p n
m [e B(_l) —e (_1) ]

i 2‘3 28-u.nm'|3(1+eam‘ﬁ)
a”+p
S

n+l

Hence, q="g

n
e-—cx(n-d—l}n.fﬁ

e~ n/p

= g~onlp

7.2.18. Find the areas enclosed between the circle x*> + y° - 2x + 4y - 11 = 0 and the
parabolay=-x2+2x +1-23.

Solution. Y
We know that equation of circle may be written as /Tﬁ_x
(x— 1) + (y + 2)% = 16 with centre (1, — 2) and radius = 4 -1[0 S
Similarly, the equation of parabola may also be written as
 y==(x-12-v3+2 : %
The axis of parabola coincides with the straight line x = 1 /E
and its vertex lies at the point i (1, 2, — 2 ¥3). AN=—=1I"

xp
Area of ABDFA = _[ (Y par = Veircle ) 0%
xa
Where x, and x, are determined from the system of equations
[(x ~1? +(y+2)?% =16

y+2=—(x-1)%-2V3+4
Hence x, =—1,x,=3

Sappea = | 127 +20+1-23)+ 2+ 16~ (v~ 1) d

3
3 —
{-%HF +(3-2VD)x + {x;D 16 — (x - 1)? +lzqsin-1£’f__2

1

32 1
= +8V3 + 2V12 + 16 sin~! 3
32 8
=——4N3+—
3 i
7.2.19. Compute the area bounded by the curves y = (x - 4)% y = 16 — x° and the
x-axis.
Solution. The equation of curve are y= (x—4)7 and y =16 -2
== (x2-16)
x? =~ (y— 16)
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2T r [(16 —%2) — (x — 4)* 1 dx
0

3 a1
o220
- 3 3 0 y=(x-4)?
y--l‘l—w
g SR L “ xu=ly=18)
3 3 ;
=3 8 units
7.2.20. Compudie the area enclosed between the parabolas.
3
Solution. 2=y x= Zyg +1

x =y?— vertex (0, 0) symmetric about x-axis ‘

4
E{x -1) = y%— vertex (1, 0) symmetric about x-axis

LSS

Y

4.2

f

e

(0.0) l1

P
I
L OO [F S Y TN
®
[
|

=
I

(4.-2)

7

[

Il

o
| S—
§ e s |
<
-

I
S
|

®

I

=
e

2 TR,
4] 2 3/2 ""“""X_(x 1)34’2:|
[ 3 b3 8 5
16 4
I = 2x—=2}—=.8V8
[3J§ ]
i
3
Lo et
_Ssqums.

7.2.21. Compute the area of the portions cut off by the hyperbola 22 -3y =1 from
the ellipse x° + 4y’ =8.

Solution. The equation of hyperbola is

x2 y2

o I SR |

1. 143
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And the equation of ellipse
SRS ; '

X Y
+?=1 1 | |

8

x2 52 2 ©.0) 2,071 (2V2.0)
= | | 4
= (1\13)2 . , :

As curves are symmetric areas 1, 2, 3, 4 are equal.

LB e
o (L | (R
A *
S—xz e
a4 ¥
T | %2
p— | 2——
3 4
Sk - T
12 3
x%2 =4
x=+2

242
B \].i[ xVx —1+v-1n[x+x‘x - ]] +—[ V8-« +lx85m AL :l
2 2vV2],

1 T
= S| Y84 g r

o {3+ 1n[2+x!3]J 2[4 = 9 4x4]
| R O .

) 1+2\; In[2+V8]+n-1 5
et 2\} ——In[2+3]

I =41,

= 2n+ %In [2++3] sq. units.

7.2.22. Compute the area enclosed by the curve y° = (1 - x2)3.

Solution. Curve is symmetric about x-axis, y-axis
x==], +15y=0 x=0 y==1
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/2 /2
4‘[ cos® 0.cos0d 0 = 4j cos*0d0
o 0

/2 n-1 (n-3) 3 1L .= :
2 = — = — n is even
L""S E ST T i 2
I=4x§>ttl><E =§n =0.75=n

7.2.23. Compute the area enclosed by the loop of the curve 4 (2 -x%) +x*=0.
Solution. The given curve may be written as

4y2 =4x2_x3
4y? =% [4 —Xx]
2
2 X
s L
# =2 (a-2)

Aty=0 x=0,4

2 Jo
4-x =t x ¢
—dx =2t dt 4 0
0 2
b
L 20 _ 2\ 02 4 b
11=§L(4—z ) 2t dt..[ P TEL
_4,.g. 82 8¢
3 5] 1
64
= =2
=21 =
128
=16

7.2.24. Compute the area of the figure enclosed by the curve \x + \y = 1 and straight
linex+y=1.

I x>0 st
Solution. Jy =1-Jx [y> 0]1 quadrant
y=Q1-+x)
y =(1-x)

(1-22) =(1-Jx)(1+ Jx)
(A-x) [1-Vx-1-4x1=0
(1-x) [24x1=0

x=0 or x=1

I= J:: [(l—x)—(l—\fx]z]dx
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= {_ (1_2-”)2:' _JDI (1+x—2*.’x)dx

0

2 1
11 % 2 an
x4+ ——-2.Zg
2 = 3

0

1 Loal i 1 4
= = ml s R
e [ 2 3J e 1 2+3

1s units
A q. :

7.2.25. Compute the area enclosed by the curve y* = 22 (1 - x?) curve symmeiric both
x as well as y-axis.

1
Solution. I, = L x41—x% dx
I =4I,
Let 1-—x% =¢2 x ¢
—2xdx =20 dt 0 1
xdx =—tdt i 0
1
I, = J: R {f;_} =.§
o
I= 4x% = %sq.units.

7.2.26. Compute the area enclosed by the loop of the x° + ® - ¥ =0.
Selution. y2 = x3 4 x2

¥y =x2(x+1)

y=0zx =0,-1 symmetric about x-axis
0
Il = .[_._1 x.4fx+1 dx
x+1=¢2
Lo
= _[u (x -1):.2tdt x=t2-1
dx = 9t dt
1 5 a7
r =2 f -] - Q[L_t_]
0 B S
: 0
_2 L-EJ St
15 15
8
IzZIlz _E '
As area is always +ive, :
b i
= 15 54 units.
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7.2.27. Compute the area bounded by the axis of ordinates and the curve
x=y"(1-y). '
Solution. Given, the equation of curve isx =y (1 -y)
2:=0" =01

1 ;
I=_[0 y* (1-y)dy

3 4 12
0

7.2.28. Compute the area bounded by the curvey =x* -2x% + a2 + 3

Solution. The equation of curve is y = x* — 2x3 + &2 + 3, the axis of abscissas and two
ordinates corresponding to the points of minimum of the function y (x)

R e i
=|:_y___y_.:l :E_-‘I:—sq.units.

y=x*—-2x%+22+3

d
4 6x? 4 %
dx
d
< oo 2¢ (x*-3x+1)=0
dx
2% [2x% - 2x —x+ 11 =0
2x (2x-1)(x-1)=0
x=0 x=1/2and x=1
y=3 at x=0 [Minima]
y=3 at 1= Y
y=3+2-4 at x=1/2 [Maxima]
Lo 4 Gl
= )
1 L(x x° + % +3de
5 4 3 1
=[x 2L+~x3—+3r}
0
16 91
= +3 = —— = — B(Q.units.

5 B .80

x =x(t)
y=y(@)
then the area of the figure is evaluated by one of the three formulae

S

1]

- P y@x (0 de;
S

1l

Px@y @adt;

S = -;—If (xy - yx') dt

where a and f are the values of the parameter ¢ corresponding respectively to the beginning
and the end of the traversal of the contour in the positive direction (the figure remains on
the left).
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