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260 Mechanics-|

| IEXY Introduction to Work

In our daily life ‘work’ has many different meanings. For example, Ram is working in a factory. The
machine is in working order. Let us work out a plan for the next year, etc. In physics however, the term ‘work’
has a special meaning. In physics, work is always associated with a force and a displacement. We note that for
work to be done, the force must act through a distance. Consider a person holding a weight a distance *A’ off
the floor as shown in figure. In everyday usage, we might say that the man is doing a work, but in our scientific
definition, no work is done by a force acting on a stationary object. We could eliminate the effort of holding
the weight by merely tying the string to some object and the weight could be supported with no help from us.

No work is done by the man holding the weight at a fixed position. The same task
could be accomplished by tying the rope to a fixed point.

Fig. 6.1

Let us now see what does ‘work’ mean in the language of physics.

| IEE3 Work Done

There are mainly three methods of finding work done.
(i) Work done by a constant force (W = F +§ = FS cos 8).
(ii) Work done by a variable force (# = [ F +d3).
(iii) Work done by area under F-S graph.
(i) Work done by a constant force

Let us first consider the simple case of a constant force F ¥ )
acting on a body. Further, let us also assume that the body moves in .
a straight line; in the direction of force. In this case we define the 5
work done by the force on the body as the product of the magnitude B

of the foroe?andd:edistanceSduough which the body moves.
That is, the work W is given by

W =F-S

On the other hand, in a situation when the constant force does
not act along the same direction as the displacement of the body,

_)
the component of force F along the displacement _§ is effective in I —s’ l
doing work. Fig. 6.3
minmjsme,workdoncbyaconsmntfome?isgivenby
W =(component of force along the displacement) x (displacement)
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or W =(Fcos9)(S)

or w =-I-; -§ (from the definition of dot product)

> -
So, work done is a scalar or dot product of F and S.
Regarding work it is worthnoting that :

1. Work can be positive, negative or even zero also, depending on the angle (8 )between the force vector

Fand displacement vector —§ Work done by a force is zero when 0 =90°, it is positive when 6 <90°

and negative when 6 > 90°. For example, when a person lifts a body, the work done by the lifting force
is positive (as 8 = 0° ) but work done by the force of gravity is negative (as © = 180° ). Similarly work
done by centripetal force is always zero (as 0 = 90° )

2. Work depends on frame of reference. With change of frame of reference inertial force does not change
while displacement may change. So, the work done by a force will be different in different frames. For
example, if a person is pushing a box inside a moving train, then work done as seen from the frame of

> 2 - o5 o - .
reference of train is F «S while as seen from the ground it is F «(S +8S,). Here Sy, is the
displacement of train relative to ground.

3. Suppose a body is displaced from point 4 to point B, then

§S=7; -1,

=(xp —x, )i+ (yp —y)i+(zp -2,k

Sample Example 6.1 A body is displaced from A =(2m,4 m,~6m)to ¥y =(6i —4j+ 4k )m under a
constant force F= (2 + 3) - k) N. Find the work done.

Solution r,=Qi+4j-6k)m
S=r, -1,

=(6i —4j+2k)— (21 +4j-6k)
=4i - 8j+ 8k

- A ~ A a ~ ~
W=FeS=(2+3j-k)+ (4l -8j+ 8k)=8-24-8=-24]  Ans.

Sample Example 6.2 A block of mass m=2kg is pulled by a force F =40 N upwards through a height
h=2m Find the work done on the block by the applied force F and its weight mg. (g =10 my/s*)

F

&

Solution Weight mg =(2)(10)=20N
Work done by the applied force W, =Fhcos 0°
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As the angle between force and displacement is 0°
or Wp =(40)(2)(1)=80)
Similarly, work done by its weight
W =(mg) (h)cos 180°
or Wong =(20)(2)(-1)=-40)

Sample Example 6.3 Two unequal masses of | kg and 2 kg are attached at the two ends of a
light inextensible string passing over a smooth pulley as shown in figure. If the system ls
released from rest, find the work done by string on both the blocks in 1 s.

(Take g =10mA?).

Solution Net pulling force on the system is
F,, =2g-1g=20-10=10N
Total mass being pulled m=(1+2)=3kg

i i
T
19 @ * |-

29 20N
Fig. 6.6 (a) Fig. 6.6 (b)
Therefore, acceleration of the system will be
a= Fne' = 5) rn/s 2
m 3

Displacement of both the blocks in 1 s is

S =la;2 =l(ﬂ](1)2 =§m
2 203 3

Free body diagram of 2 kg block is shown in Fig. 6.6 (b).
Using ZIF =ma, we get

20—T=2a=2(%0)

Ans,

Ans,




or T=20—-—=—

. Work done by string (tension) on | kg block in 1 s is
W, =(T)(S)cos 0°

40\( S 200
=| =— || — ==
SR

Similarly, work done by string on 2 kg block in 1's will be

W, =(T)(S ) (cos 180°)
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=(i‘?)(§) (-1)=--2_091 Ans.
3 )3

(i) Work done by a variable force

So far we have considered the work done by a force which is constant both in magnitude and direction.
Let us now consider a force which acts always in one direction but whose magnitude may keep on varying. We
can choose the direction of the force as x-axis. Further, let us assume that the magnitude of the force is also a
function of x or say F(x)is known to us. Now, we are interested in finding the work done by this force in \

moving a body from x; tox,.
= F

X

) et

Fig. 6.7

Work done in a small displacement from x to x + dx will be
dW =F.dx

Now, the total work can be obtained by integration of the above elemental work from x; to x, or

W=E’dW=E’F-dx

It is important to note that fz F dx s also the area under F-x graph between x =x; to x =x,.
1

Spring Force

An important example of the above idea is a spring that
obeys Hooke’s law. Consider the situation shown in figure. One
end of a spring is attached to a fixed vertical support and the
other end to a block which can move on a horizontal table. Let
x=0denote the position of the block when the spring is in its
natural length. When the block is displaced by an amount x
(either compressed or elongated) a restoring force (F) is applied
by the spring on the block. The direction of this force F'is always
towards its mean position (x =0) and the magnitude is directly
proportional to x or
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Focx (Hooke’s law)
o F=-kx -.(i)
Here, k is a constant called force constant of spring and F

depends on the nature of spring. From Eq. (i) we see that F'is a
variable force and F-x graph is a straight line passing through
origin with slope = — k. Negative sign in Eq. (i) implies that the
spring force F is directed in a direction opposite to the

displacement x of the block.
Let us now find the work done by this force F when the

>
I
x

X

S

block is displaced from x = 0to x = x. This can be obtained either Fig. 6.9
by integration or the area under F-x graph.
I
Thus, W=[aw=[Fix=[ -kede=-7hkx

Here, work done is negative because force is in opposite direction of displacement.
Similarly, if the block moves from x =x, to x =x,. The limits of integration are x; and x, and the work

done is

W= :—kxdx=%k(x12 -x3)

Sample Example 6.4 A force F =(2+ x)acts on a particle in x-direction where F is in newton and x in
metre. Find the work done by this force during a displacement from x=1.0mtox=2.0m

Solution As the force is variable, we shall find the work done in a small displacement from x to x + dx and
then integrate it to find the total work. The work done in this small displacement is

dW =F dx=(2+x)dx

2.0 2.0
Thus, w=[ aw= jm (2+x)dx
2 2.0
x W
=[2x+—| =35 Ans.
2 1.0

k
Sample Example 6.5 A force F =—-— (x# 0)acts on a particle in x-direction. Find the work done by this
2

JSorce in displacing the particle from. x =+ ato x =+2a. Here, k is a positive constant.
. 2 - +2a
Solution W=[Fde=["" (—f)dx =[£] - ) ok
+a x x)ia 2a
Note It is important to note that work comes out to be negative which is quite obvious as the force acting on
the particle is in negative x-direction (F =- % while displacement is alo ng positive x-direction.

(from x = ato x = 2aq)
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(iii) Work done by area under F-S or F-x graph

This is applicable in one dimensional motion. When force and displacement are either parallel or
antiparallel. Care hasto be taken in the signs of F and x (force and displacement). If both have same signs work
done will be + (Area) and if both have opposite signs, work done is — (Area). Let us take the following

example.

Sample Example 8.6 A force F acting on a particle F(N)
varies with the position x as shown in figure. Find the work

done by this force in displacing the particle from 10f-=-===-2
(@ x=-2mtox=0 H

() x=0tox=2m

Solution (a) From x =—2mto x =, displacement of the particle is along positive x-direction while force
acting on the particle is along negative x-direction. Therefore, work done is negative and given by the area
under F-x graph.

W=—%(2) (10)=—107 Ans.

(b) From x = 0to x =2 m,displacement of particle and force acting on the particle both are along positive
-direction. Therefore, work done is positive and given by the area under F-x graph, or

W=%(2) 10)=107 Ans.

| IEE] Conservative & Non-Conservative Force Field

In the above article we considered the forces which were although variable but always directed in one
direction. However, the most general expression for work done is

dW=Fedr and W= 'de=L"fi~’.‘;
i i
Here, dr —dd +dj+dk
F: = initial position vector and 1y = final position vector
Conservative and non-conservative forces can be better understood after going through the following two

examples.
Sample Example 6.7 An object is displaced from point A(2m, 3m, 4 m)to a point B (1m, 2 m, 3 m)under
a constant force F= (2’]‘ + 3] + 4k ) N. Find the work done by this force in this process.

7 > I'm, 2m, 3m) 2i+3A+4|2)0(dXi+ A+dZ|A()
Solution W= jﬂ Fodr=[r ymim @3 b
(Im,2m,3m) __9Q Ans.
=[ZX+ 3y+4z] (2m,3m, 4m) . "
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Alternate Solution

o
Since, F = constant, we can also use.

W=F.S
Here, §=r_}—F;=(3+2j+3|2)—(2i+3]+4k)
=(-i-i-k)
W=(2i +3j+4k)e(-i - j—k)
=—2-3-4=-9] Ans.

Sample Example 6.8 A object is displaced from position vector Fy = (2 + 3§) mto ¥y = (41 + 6}) munder

aforce ¥ = (3x21 + 2)}) N. Find the work done by this force.

B =

Solution W= [TFe dr= [P 36+ 2)0) (i + b+ dek)
L1 L1

L1
- L, (3x? dr+ 2pdy)=[x" +y*1G'3)
=83] Ans.

In the above two examples, we saw that while calculating the work done we did 1 B
not mention the path through which the object was displaced. Only initial and final
coordinates were required. It shows that in both the examples, the work done is path
independent or work done will be equal on whichever path we follow. Such forces in A
which work is path independent are known as conservative forces.

Thus, if a particle or an object is displaced from position 4 to position B through
three different paths under a conservative force field. Then

W, =W, =W,

Further, it can be shown that work done in a closed path is zero under a conservative force field.
(W, =—Wpgy or W45 + W, =0).Gravitational force, Coulomb’s force are few examples of conservative
forces. On the other hand, if the work is path dependent or W, # W, # W,, the force is called 2
non-conservative. Frictional forces, viscous forces are non-conservative in nature. Work done in a closed
path is not zero in a non-conservative force field.

3
Fig. 6.11

Introductory Exercise I

1. Ablock is pulled a distance x along a rough horizontal table by a horizontal string. If the tension in the
string is T, the weight of the block is W, the normal reaction is N and frictional force is F. Write down
expressions for the work done by each of these forces.

2. A particle is pulled a distance [ up a rough plane inclined at an angle a to the horizontal by a string
inclined at an angle B to the plane (o + < 90°). If the tension in the string is T, the normal reaction
between the particle and the plane is N, the frictional force is F and the weight of the particle is W. Write
down expressions for the work done by each of these forces.
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3. Abucket tied to a string is lowered at a constant acceleration of g/4. If the mass of the bucket is m and is
lowered by a distance [ then find the work done by the string on the bucket.

4. A 1.8 kg block is moved at constant speed over a surface for which
coefficient of friction p = %. It is pulled by a force F acting at 45° with

horizontal as shown in figure. The block is displaced by 2 m. Find the work
done on the block by (a) the force F (b) friction (c) gravity.

Fig. 6.12

5. A small block of mass 1 kg is kept on a rough inclined wedge of inclination 45° fixed in an elevator. The

elevator goes up with a uniform velocity v = 2m/s and the block does not slide on the wedge. Find the
“work done by the force of friction on the block in 1 5. (§ =10 m/ %)

6. Two equal masses are attached to the two ends of a spring of force constant k. The masses are pulled out
symmetrically to stretch the spring by a length 2x, over its natural length. Find the work done by the
spring on each mass.

7. Force acting on a particle varies with displaéement as shown in figure. Find the work done by this force on
the particle from x=-4mtox =+ 4m.

F(N)

10
-4 -2/ LN ()

| X Kinetic Energy

Kinetic energy (KE) is the capacity of a body to do work by virtue of its motion. If a body of mass m has a
velocity v its kinetic energy is equivalent to the work which an external force would have to do to bring the
body from rest upto its velocity v- The numerical value of the kinetic energy can be calculated from the

formula. - % - /?5/ m ,UUL .

This can be derived as follows: ——— .
Consider a constant force F which acting on a mass m initially at rest, gives the mass a velocity v. If in

reaching this velocity, the particle has been moving with an acceleration a and has been given a displacement
s, then
F=ma : (Newton’s law)

v? =2as

Work done by the constant force = Fs

V2 1 2
or W =(ma) e =§mv
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But the kinetic energy of the body is equivalent to the work done in giving the body this velocity,

Hence, KE =—; mv?

Regarding the kinetic energy the following two points are important to note.
1. Since, both  and v? are always positive. KE is always positive and does not depend on the direction

of motion of the body.
2. Kinetic energy depends on the frame of reference. For example, the kmctlc ener, 8)’ of a person of mags

m sitting in a train moving with speed v is zero in the frame of train but mv? in the frame of earth,

I Work Energy Theorem

This theorem is a very important tool that relates the works to kinetic energy. According to this theorem:
Work done by all the forces (conservative or nonconservative, external or internal) acting on a particle or
an object is equal to the change in kinetic energy of it.

W.« =AKE= K, - K,
=2 S . "
Let, F, ,itz be the individual forces acting on a particle. The resultant force is izﬁ + l_;z +...and the

work done by the resultant force is

pry

- - —
W=J’ F.dr:j (F, +F, +...)edr
=I 1—7:-6:’+I l_‘:ZO(i:'+...

where I l-"‘: . d—;' is the work done on the particle by i‘: and so on. Thus, work energy theorem can also be

written as: work done by the resultant force which is also equal to the sum of the work done by the individual
forces is equal to change in kinetic energy.

Regarding the work-energy theorem it is worthnoting that:

(1) If W, is positive then K , — K, = positive,

N

ie,K,> K, or kinetic energy will increase and vice-versa.

(2) This theorem can be applied to non-inertial frames also. In a non-inertial frame it can be written as:
work done by all the forces (including the pseudo forces) = change in kinetic energy in non-inertial frame. Let
us take an example.

P

,p= [ P — f=ma
(©)

(b)
Fig. 6.14

Refer figure (a)

A block of mass m is kept on a rough plank moving with an acceleration a. There is no relative motio?
between block and plank. Hence, force of friction on block is f = ma in forward direction.
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Refer figure (b)

Horizontal forces on the block has been shown from ground (inertial) frame of reference. .

If the plank moves a distance s on the ground the block will also move the same fllstance s as there is no
slipping between the two. Hence, work done by friction on the block (w.r.t. ground) is

W, = fs=mas
From work-energy principle if v is the speed of block (w.r.t. ground).
KE = Wf ) )
or L mv* =mas  or
2

Thus velocity of block relative to ground is v 2as.

Refer figure ()
Free body diagram of the block has been shown from accelerating frame (plank). -
Here, f, =pseudo force =ma ’
Work done by all the forces,
W=W;+Wg =mas—mas=0
From work-energy theorem, — '( .o <
Luntum=0 o w=0
2
Thus velocity of block relative to plank is zero.

Sample Example 6.9 An object of mass m is tied to a string of length | and a variable force F is applied on
it which brings the string gradually at angle O with the vertical. Find the work done by the force F .

]
o\
]
1
\ A
. ]
N | F
See 1 _o"m
Fig. 6.15
Solution In this case three forces are acting on the object:
1. tension (T')
2. weight (mg)and
3. applied force (F)
Using work-energy theorem
W, =AKE
or WT +WMS+WF =0 ...(i)
as AKE =0
Fig. 6.16
because K, = Kf =0 &

Further, W, =0, as tension is always perpendicular to displacement.
Wg = -mgh or W,. = -mgl (1-cos 0)
Substituting these values in Eq. (i), we get

Wi =mgl (1-cos 0) Ans.
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Note Here, the applied force Fis variable. So, if we do not apply the work enargy thoorom we will first find thy
magnitude of F at different locations and then integrate dW (= Fedr) with proper limits,

Sample Example 6.10 4 body of mass m was slowly hauled up the hill as
shown in the figure by a Jorce F which at each point was directed along a
tangent to the trajectory. Find the work performed by this force, if the height of
the hill is h, the length of its bdse is | and the coefficient of friction is L.

f—_— —}

Solution  Four forces are acting on the body:
1. weight (mg)
2. normal reaction (N )
3. friction (/) and
4. the applied force (F)
Using work-energy theorem

W =AKE
or Wg +Wy + W, +Wp =0 (1)
Here, AKE = (, because K; =0=K !
Wng =—mgh
Wy =0
(as normal reaction is perpendicular to displacement

at all points)
W, can be calculated as under:

f=pmgcosO
(dW 45 )f =-fds
=—(u mg cos 0)ds
=—p mg (al) (as dscos 0 =dl)
r=—nmgZdl
=—u mgl
Substituting these values in Eq. (i), we get

Fig. 6.18
Wr =mgh + umgl g Ans.

Note Here again, if we want to solve this problem without using work-energy theorem we will firslﬁﬂd

magnitude of applied force F at different locations and then integrate dW (=Fe dr) with proper
limits.
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Introductory Exercise (¥}

1. Velocity-time graph of a particle of mass 2 kg moving in a straight v (m/s)
line is as shown in figure. Find the work done by all the forces
acting on the particle. 20

I 2 t(s)
Fig. 6.19

2. Is work-energy theorem valid in a non-inertial frame?

3. A particle of mass m moves on a straight line with its velocity varying with the distance travelled according
to the equation v = a/x, where o is a constant. Find the total work done by all the forces during a
displacement from x = 0to x = b.

4. A5 kg mass is raised a distance of 4 m by a vertical force of 80 N. Find the final kinetic energy of the mass if
it was originally at rest. g =10 m/s2.
5. A smooth sphere of radius R is made to translate in a straight line with a constant acceleration a=g.

A particle kept on the top of the sphere is released from there at zero velocity with respect to the sphere.
Find the speed of the particle with respect to the sphere as a function of angle 0 as it slides down.

6. An object of mass m has a speed v, as it passes through the origin on its way out along the +x axis. It is
subjected to a retarding force given by F, = — Ax. Here, A is a positive constant. Find its x-coordinate when
it stops.

7. A block of mass M is hanging over a smooth and light pulley through a light string. The other end of the

string is pulled by a constant force F. The kinetic energy of the block increases by 40J in 1s. State whether
the following statements are true or false:

(a) The tension in the string is Mg

(b) The work done by the tension on the block is 40J

(c) The tension in the string is F

(d) The work done by the force of gravity is 40J in the above 1s

|EX] Potential Energy

The energy possessed by a body or system by virtue of its position or configuration is known as the
potential energy. For example, a block attached to a compressed or elongated spring possesses some energy
called elastic potential energy. This block has a capacity to do work. Similarly, a stone when released from a
certain height also has energy in the form of gravitational potential energy. Two charged particles kept at
certain distance has electric potential energy.

Regarding the potential energy it is important to note that it is defined for a conservative force field only.
For non-conservative forces it has no meaning. The change in potential energy (dU) of a system
corresponding to a conservative internal force is given by

dU =-Fedr =—dW (p=_d_Uj



or I’d(j:-ﬁf-d'r
?i

or U/—U‘z-ﬁFOd—;
7

chmaznychooseﬂrrcfmpohnamﬁnhyandasampmmﬁdmgywbewodmc,i.e., ifwe
take 7, = (infinite) and U, = 0 then we can write

U=—fiv’.¢i'r=-w

or potential energy of a body or system is the negative of work done by the comservative forces in bringing i
from infinity to the present position.

Regarding the potential energy it is worth noting that:

L Poteuialmagymbcdcﬁmdmlyfaomsavaﬁveforccsmdhshmﬂdbecmuideredmbea
property of the entire system rather than assigning it to any specific particle.

2. Potential energy depends on frame of reference.

Now, let us discuss three types of potential energies which we usually come across.
(a) Elastic Potential Energy

In Article 6.2, we have discussed the spring forces. We have seen there that the work done by the spring
fou:e(ofoct.seconsewzivet'oraniclmlspring)is—%kx2 when the spring is stretched or compressed by an
amount x from its unstretched position. Thus,

oo {42

or U=%b’2 (k = spring constant)

Note that elastic potential energy is always positive.
(b) Gravitational Potential Energy .
The gravitational potential energy of two particles of masses m, and m, separated by a distance r is given
by
Us=H™
r
Here, G = universal gravitation constant
2
=667x10™" N-m
ng
If a body of mass m is raised to a height & from the surface of earth, the change i tial energy of the
system (carth + body) comes out to be: o1 potentisl ene

AU = "'g: (R =radius of earth)
(+3)

or AU =mgh if h<<R
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Thus, the potential energy of a bedy at height /i, i.e., mgh is really the change in potential energy of the
system for & << R. So, be careful while using U = mgh, that h should not be too large. This we will discuss in

detail in the chapter of Gravitation.

(c) Electric Potential Energy

The electric potential energy of two point charges ¢, and ¢, separated by a distance r in vacuum is given

by
4neg, 1
2
Here, L _9.0x10° N-m" _ constant
41‘80 C2

| Law of Conservation of Mechanical Energy

Suppose, only conservative forces operate on a system of particles and potential energy U is defined

corresponding to these forces. There are either no other forces or the work done by them is zero. We have

U -U, =W
and W=K,;-K; (from work energy theorem)
then Uf 'Ui="(Kf -K;)
or Ur+K; =U; +K; ...(1)

The sum of the potential energy and the kinetic energy is called the/total mechanical energy. We see from
Eq. (i), that the total mechanical energy of a system remains constant, if only conservative forces are
acting on a system of particles and the work done by all other forces is zero. This is called the conservation
of mechanical energy.

The total mechanical energy is not constant, if non-conservative forces such as friction is acting between

the parts of a system. However, the work energy theorem, is still valid. Thus, we can apply
W, + W, +Wey =K —-K;

W, =-(U; -U)

Here,
So, we get Wnc+Wext =(Kf+Uf)_(K,-+U,~)
or W, +Weo =E; —E;
Here, E =K +U is the total mechanical energy.
@ Problem Solving Technique

= If only conservative forces are acting on a system of particles and work done by any other
cal energy of the system will remain conserved. In this

external force is zero, then mechani
case some fraction of the mechanical energy will be decreasing while the other will be
increasing. Problems can be solved by equating the magnitudes of the decrease and the

increase. Let us see an example of this.

In the arrangement shown in figure string is light and inextensible and friction is absent

everywhere. Find the speed of both the blocks afler the block A has ascended a height of 1 m.

Given that m, = 1kg and mp = 2kg. (g = 10 m/s*)

Fig. 6.20
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Solution Friction is absent. Therefore, mechanical energy of the system will l.‘el_nain conserved. Fropy
constraint relations we see that speed of both the blocks will be same. Suppose it is v. Here 8ravitationa]
potential energy of 2 kg block is decreasing while gravitational potential energy of 1 kg block is increasing,
Similarly, kinetic energy of both the blocks is also increasing. So we can write: _

Decrease in gravitational potential energy of 2 kg block = increase in gravitational potential energy of 1 kg
block + increase in kinetic energy of 1 kg block + increase in kinetic energy of 2 kg block.

1 1
mggh=mAgh+§mAv2+Em,,v2

1
or (2)(10) ()= () (10) (1) + 3 () ¥+ (D) V*
or: 20=10+ 0.5V* + v*
or. 1.5v% =10
e V2 = 6.67m?/s?
ar v =2.58 m/s Wi

If some non-conservative forces such as friction are also acting on some parts of the system and work done
by any other forces (excluding the conservative forces) is zero. Then we can apply

W, =E i E;

or W, =(U; - U)+ (K; - K;)= AU + AK

i.e., work done by non-conservative forces is equal to the change in mechanical (potential + kinetic)
energy. But note that here all quantities are to be substituted with sign. Let us see an example of this.

Fig. 6.21
In the arrangement shown in figure, m, =1 kg, my =4 kg. String is light and inextensible while pulley is

smooth. Coefficient of friction between block A and the table is p = 0.2, Find the speed of both the blocks
when block B has descended a height h = 1 m Take g = 10 m/s*.

Solution From constraint relation, we see that
V4 = Vg =V (say)

Force of friction between block A and table will be
f=pum,g=(02)(1)(10=2N
W, =AU + AK

~fs=-mygh+ %(ma + mg)v?

or (2)1)= - @A) W)+ 5 (4 + 1)v?
-2=-40+ 252

or 25v? =38
V2= 15.2 m?/s?

or v=39m/s Ans.
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Sample Example 6.11 Consider the situation shown in figure. Mass of
block A is m and that of block B is 2 m. The force constant of spring is K.
Friction is absent everywhere. System is released from rest with the
spring unstretched. Find :
(a) the maximum extension of the spring x,, ‘

(b) the speed of block A when the extension in the spring is

xm
x=— :
) Fig. 6.22

. X
(c) net acceleration of block B when extension in the spring is x = —:—

Solution (a) At maximum extension in the spring
vy =vg =0 (momentarily)

Therefore, applying conservation of mechanical energy:
decrease in gravitational potential energy of block B =increase in elastic potential energy of spring.

or mggx,, =3Kx,f,
)
or 2mgx,, =5 Kx;,
X =4ﬂ Ans.
K
X 2mg
b At x=—m=_
(b) 2 K
Let v, =vg =v(say)

Then, decrease in gravitational potential energy of block B =increase in elastic potential energy of spring
+ increase in kmetlctncrgy of both the blocks.

mggx = ;sz +=(my +mg W

2
o6 2m) (g )(2’"3) ;K[ "'g] +2 (m+ 2mp?
v= Zg‘lv Ans.
(c) At =T’"=7g
or Kx=mg

¥
Kx=mg<——g——T @la

2mg
_ Net pulling force _ 2mg —mg
Total mass 3m

= % (downwards)‘ Ans.
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Sample Example 6.12 In the arrangement shown in figure my =4.0kg
and mg =1.0kg. The system is released from rest and block B is found to
have a speed 0.3 m/s afier it has descended through a distance of lm..F t.nd
the coefficient of friction between the block and the table. Neglect friction
elsewhere. (Take g =10 m/s>).

Fig. 6.23
Solution From constraint relations, we can see that
Vg4 = 2 Vg
Therefore, v, =2(03)=0.6m/s
a3 vy =03 m/s (given)
Applying W, =AU+ AK
1 1
we get -um,gs, =—mBgSB+-imAvi+§va§
Here, §,=25;=2m as Sy =Im(given)

-n1(4.0)(10) (2)=—(1)(10)(1)+—;(4)(06)2 - % (1)(0.3)

or -80p =—10+0.72+ 0.045
or 80p=9.235 or p=0.115

Introductory Exercise I

1. In the figure blockA is released from rest when the spring is in its natural length. For the block B of massm
to leave contact with the ground at some stage what should be the minimum mass of block A?
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3. Asmownlnﬁgunumoothrodunmmedjmtabovearablcwp, 20 an 40 om
A 10 kg, collar, which is able to slide on the rod with negligitle friction is :
fastened to a spring whose other end is attached to a pivot 2t O. The
spring has negligible mass, a relaxed length of 10 cm and a spring
constant of 500 N/m. The collar is released from rest at pomt A.
(a) What is its velocity as it passes point B 7 (b) Repeat for point C.

4. Aman pulls a bucket of water from awell of depth h. lfmassoftheropeandmaxofdlebuck&fnﬂdm
are m and M respectively. Find the work done by the man.

8. Ablock of mass m is attached with a massless spring of force constant \
K. The block is placed over a rough inclined surface for which the

coefficient of friction isp = % . Pind the minimum value of M required ‘ m !
¥

1o move the block up the plane. (Neglect mass of string and pulley.
Ignore friction in pulley). a7
3

| EX] Three Types of Equilibrium

A body is said to be in translatory equilibrium, if net force acting on the body is zero, ie.

F. =0
If the forces are conservative
F=-9U
dr
and for equilibrium F =0.
du du
So, ——=0, or —=

i.e., at equilibrium position slope of U-r graph is zero or the potential energy is optimum (maximum of

minimum or constant). Equilibrium are of three types, ie., the situation where F=0and —Dcan be

r

obtained under three conditions. These are stable equilibrium, unstable equilibrium and nelm-al equbibrmam.
These three types of equilibrium can be better understood from the given three figures: ‘

Q0O

Fig. 6.27
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Three identical balls are placed in equilibrium in positions as shown in figures (a), (b) and (c)

respectively. . v ey 3
In Fig. (a) ball is placed inside a smooth spherical shell. This ball is in stable equilibrium position, I

Fig. (b) the ball is placed over a smooth sphere. This is in unstable equilibrium position. In Fig. (c) the ball is

placed on a smooth horizontal ground. This ball is in neutral equilibrium posifiop. N
The table given below explains what is the difference and what are the similarities between these three

equilibrium positions in the language of physics.

Table 6.1
. No. Stable Equilibrium Unstable Equilibrium Neutral Equilibrivm

1. |Net force is zero. Net force is zero. Net force is zero.

. au 2

2. ‘Z—U = O or slope of U-r graph is ‘Z—U = 0 or slope of U-r graph is prot 0or slope of U-r graph is

r r
zero. zero. zero.

3. | When displaced from its When displaced from its When dfsp]aced' f.rom its
equilibrium position a net restoring | equilibrium position, a net force equilibrium position the body has
force starts acting on the body starts acting on the body which neither the tendency to come back
which has a tendency to bring the moves the body in the direction of | nor to move away from the
body back to its equilibrium displacement or away from the original position.
position. equilibrium position.

4. | Potential energy in equilibrium Potential energy in equilibrium Potential energy remains constant
position is minimum as compared to | position is maximum as compared | even if the body is displaced from
its neighbouring points. to its neighbouring points. its equilibrium position.
or —- = positive or gt - negative or dy =0

dr? dr? dar

5. | When displaced from equilibrium | When displaced from equilibrium | When displaced from equilibrium
position the centre of gravity of the | position the centre of gravity of position the centre of gravity of
body goes up. the body comes down. the body remains at the same

level.

® /mportant Points Regarding Equilibrium

= If we plot graphs between F and r or U and r, F will be zero at e
minimum or constant depending on the type of equilibrium. This

U

quilibrium while U will be maximum,
all is shown in Fig. 6.28

Fig. 6.28

y du
At point A, F = 0, ool but U is constant. Hence, A is neutral equilibrium position. At points B and D,

dUu
F=0,—=
dr

Obut U is maximum, Thus,

these are the points of unstable equilibrium.
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At pointC, F =0, L 0, but U is minimum. Hence, point C is in stable equilibrium position.
. Tk

N
N
~

< s

'

'

1

]

'
R
(a) (b)
Fig. 6.29

= Oscillations of a body take place about stable equilibrium position. For example, bob of a pendulum
oscillates about its lowest point which is also the stable equilibrium position of bob. Similarly, in Fig. 6.27
(b), the ball will oscillate about its stable equilibrium position.

= If a graph between F and r is as shown in figure, then F = 0,atr =1, r =1n and r = r;. Therefore, at these
three points, body is in equilibrium. But these three positions are three different type of equilibriums. For
example : F
atr = r;,body is in unstable equilibrium. This is because, if we 1
displace the body slightly rightwards (positive direction),

force acting on the body is also positive, i.e., away fromr =r,
position. rn r

at r = r,, body is in stable equilibrium. Becaue if we displace /,1 V r
the body rightwards (positive direction) force acting on the

body is negative (or leftwards) or the force acting is restoring
in nature.

at r = r;, equilibrium is neutral in nature. Because if we
displace the body rightwards or leftwards force is again zero. Fig. 6.30

Sample Example 6.13 The potential energy of a conservative system is given by

U=ax® —bx

where a and b are positive constants. Find the equilibrium position and discuss whether the equilibrium is

stable, unstable or neutral.

Solution In a conservative field

-2
dx
d 2
F =——(ax” —bx)=b—-2ax
For equilibrium F =0
b
b-2ax=0 .. x=—
or 5

. d*u . ,
From the given equation we can see that ;;2— =2a (positive), i.e., U is minimum.

Therefore, x = -2% is the stable equilibrium position. Ans.
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IIEX) power

Power is the rate at which a force does work. If a force does 20 Jofworkin10s,
it is working is 2 J/s or the average power is 2 W.

the average rate at whicy,

2. ; 3 is dW = F e dr . Thus, the instantaneous
The work done by a force F in a small displacement dr is = . > power

delivered by the force is
aw

dt
25
=i.~'.ﬂ —Fev=Fvcos O
d’ . . .
Thus, power is equal to the scalar product of force with velocity. It is zero if force is perpendicular to
velocity. For example, power of a centripetal force in a circular motion is zero.

Sample Example 6.14 A train has a constant speed of 40 m/s on a level road against resistive force of
magnitude 3x 10* N. Find the power of the engine.

Solution At constant speed, there is no acceleration, so the forces acting on the train are in equilibrium.
Therefore, F=R

F=3x10*N
or P=Fv
We have, power =3x10% x 40=1.2x 10° W Ans.

Sample Example 6.15 A4 train of mass 2.0x 10° kg has a constant speed of 20 m/s up a hill inclined at

0 =sin" (5—]0) to the horizontal when the engine is working at 8.0x 10° W. Find the resistance to motion of

the train. (g =9.8 m's® )

Solution Since, P=Fy
P 8.0x10°
F=—="""-_" _ 4
. 5 4.0x10* N

At constant speed, the forces acting on the train are in equilibrium, Resolving the forces parallel to the hill
F=R+(2.0x10% )g x -
50

4.0x10' =R+39200 or R=800N
Therefore, the resistance is 800 N, ADS.

Sample Example Instance 8.16 4 block of mass m s

i ; pulled by a constant power P placed on a rough
horizontal plane. The friction co-efficient b " " p P g
; :‘: P P S fficient between the block and surface is w. Find the maximum velocity of
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Solution Power P = F.v =constant

1
F=£ or Fo—
v v

as vincreases, F' decreases.

when F =pmg, net force on block becomes zero, i.e., it has maximum or terminal velocity
z P = (pmg) vl‘“BX

P
or Viax = Ans.
pmg

Introductory Exercise (XY

Aball of mass 1 kg is dropped from a tower. Find power of gravitational force at timet = 25.(g =10 m/ %)

A particle of mass m is lying on smooth horizontal table. A constant force F tangential to the surface is
applied on it. Find :

(a) average power over a time interval fromt =0 tot =t,
(b) instantaneous power as function of time t. i

A constant power P is applied on a particle of mass m. Find kinetic energy, velocity and displacement of
particle as function of time t.

A time varying power P = 2t is applied on a particle of mass m. Find :

(a) kinetic energy and velocity of particle as function of time,

(b) average power over a time interval fromt =0tot =t.

Potential energy of a particle along x-axis, varies as, U = - 20 + (x - 2)%, where U is in joule and x in
meter. Find the equilibrium position and state whether it is stable or unstable equilibrium.

Force acting on a particle constrained to move along x-axis is F = (x — 4). Here, F is in newton and x in
meter. Find the equilibrium position and state whether it is stable or unstable equilibrium.

Extra Points [}

» Work is a scalar quantity. It can be positive, negative or zero. The angle between Fand s decides whether

the work done is positive, negative or zero.

I 0°<06<90° W = positive
If 6 = 90°, W=0 and
I 90°<6 <180°,

W = negative

= The CGS unit of work is erg.

1]=10 erg

® Power is also measured in horse power (HP).

1 HP = 746 watt

= If only conservative forces are acting on a system, the mechanical energy of the system remains constant.

Mechanical energy comprises of kinetic and potential. In potential usually gravitational and elastic comes
in the question (as far as problems of work, power and energy are concerned). Now it may happen that some
part of the energy might be decreasing while other part might be increasing. Energy conservation equation
now can be written in two ways.

First method : Magnitude of decrease of energy = magnitude of increase of energy.
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Second method : K, = B (i - initial and f - final)

i.e., write down total initial mechanical energy on one side and total final mechanical energy on the othey
side. While writing gravitational potential energy we choose some reference point (where h = g, hy,
throughout the question this reference point should not change. Let us lake a simple example.

eu=0

_h=0
v

Fig. 6.31

A ball of mass*m'is released from a height h as shown in figure. The velocity of particle at the instant when
it strikes the ground can be found using energy conservation principle by following two methods.
Method 1: Decrease in gravitational PE = increase in KE

or mgh = % mv?

or V:J—Zg—h—

Method 2: (PE + KE); = (PE + KE),
For gravitational PE we take ground as the reference point.

mgh + 0=0+ 2 mv?
2

or v =,/2gh
= If the system consists of frictional forces as well. Then, some mechanical energy will be lost in doing work
against friction or

E;<E;
o i
Now, suppose work done by friction is asked in the question, then find E s — E; and if work done against
friction is asked then write down E; - E .

= Change in potential energy is equal to the negative of work done by the conservative force (AU = - AW) If
work done by the conservative force is negative change in potential energy will be positive or potential
energy of the system will increase and vice-versa.

(0]
Ground FETETERTTERE———"

Fig. 6.32

This can be understood by a simple example. Suppose a ball is taken from the ground to some height, work

done by gravity is negative, i.e., change in potential energy should increase or potential energy of the ball
will increase. Which happens so,

AWy =— Ve
AU = +ve (AU = - AW)
or U;-U;=+ve

du . : . - ;
s F=- o i.e., conservative forces always act in a direction where potential energy of the system 13

decreased. This can also be shown as in Fig 6.33.

-
F

—————
Fig. 6.33
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If a ball is dropped from a certain height. The force on it (its weight) acts in a direction in which its potential
energy decreases.

Suppose a particle is released from point A withu = 0.
u=0

Fig. 6.34
Friction is absent everywhere. Then velocity at B will be
v =./2gh
(irrespective of the track it follows from A to B)
Here, h=h, - hg
In circular motion, centripetal force acts towards centre. This force is perpendicular to small displacement
d_§ and velocity V. Hence, work done by it is zero and power of this force is also zero.

For increase or decrease in gravitational potential energy of a particle (for small heights) we write,

AU = mgh
Here, h is the change in height of particle. In case of a rigid body, h of centre of mass of the rigid body is
seen.

W
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Solved Examples

Level 1

Example 1 Anobject of mass 5 kg falls from rest through a vertical distance of20m an;iattaches avelocity of
10 m/s. How much work is done by the resistance of the air on the object ? (g = 10m/s7)

Solution  Applying work-energy theorem,
work done by all the forces = change in kinetic energy

1
or W ¥ Wi =§ mv?
T Wair =_lmv2 —ng
= mv? —mgh
2

=—;x 5x (10)2 —(5) (10)x (20)
=-7507J Ans.

Example 2 4 rod of length 1.0 m and mass 0.5 kg fixed at one end is initially hanging, vertical. The other
end is now raised until it makes an angle 60° with the vertical. How much work is required ?

Solution  For increase in gravitational potential energy of a rod we see the centre of the rod.

W =change in potential energy g
/ i
=mg — (1—cos O i
g5 ( ) ic =
Substituting the values, we have i
1.0 ‘ )
W =(0.5) (9.8)(—;) (1-cos 60°) Fig. 6.35
=1.225] Ans.

Example 3 A4 smooth narrow tube in the form of an arc AB of a circle of
centre O and radius r is fixed so that A is vertically above O and OB is
horizontal. Particles P of mass m and Q of mass 2 m with a light inextensible
string of length (m r/ 2) connecting them are placed inside the tube with P at
A and Q at B and released from rest. Assuming the String remains taut
during motion, find the speed of particles when P reaches B.

Fig. 6.36

Solution All surfaces are smooth. Therefore, mechanical energy of the system will remain conserved.
. Decrease in PE of both the blocks = increase in KE of both the blocks
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(mgr)+ (Mg)(%’] -

or v:J% (1+m)gr Ans.

Example 4 A4 small body of mass m is located on a horizontal plane at the point O. The body acquires a
horizontal velocity v, due to friction. Find, the mean power developed by the friction force during the motion of
the body, if the frictional coefficient p = 0.27,m=1.0kg and vy =1.5m/s.

Solution The body gains velocity due to friction. The acceleration due to friction.
a= force of friction _pmg _

Hg
mass
Further, vy =at
Therefore, t= Y% Yo ...(1)
a pg
From work energy theorem,
work done by force of friction = change in kinetic energy
or W=%mvg ...(i1)
Mean power = L4
t
From Egs. (i) and (ii)
1
P = E Hmgv,
Substituting the values, we have
P i =%x 0.27x1.0x9.8x 1.5
=20W Ans.

Example 5 A small mass mstarts from rest and slides down the smooth spherical surface of R. Assume zero
potential energy at the top. Find :
(a) the change in potential energy,
(b) the kinetic energy,
(c) - the speed of the mass as a function of the angle © made by the radius through the mass with the
- vertical. A
I

Solution In the figure h=R (1—cos 0)
(a) As the mass comes down, potential energy will decrease. Hence,
AU =—mgh =-mgR (1-cos 0)
(b) Magnitude of decrease in potential energy = increase in kinetic energy
Kinetic energy =mgh Fig. 6.37

=mgR (1 —cos 0) Ans.
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(c) . %mvl =mgR (1—cos 0)

V=,/2gR (1-cos 6) Ans,

Example 6  The displacement x of a particle moving in one dimension, under the action of a constant force is
related to time t by the equation
t= J; + 3

where x is in meire and t in second. Calculate:  (a) the displacement of the particle when its velocity is zero,
(b) the work done by the force in the first 6 s.

Solution As t=Jx+3 ie, x=(-3) (i)

So, v=(dxdt)=2(t -3) ... (i)
(@) vwill be zero when 2(r-3)=0 e, t=3

Substituting this value of in Eq. (i), ~ x=(3-3)? =0

i.e., when velocity is zero, displacement is also zero. Ans,
(b) From Eq. (i),

(V)r0=20-3)=-6 m/s
and (V) =2A6-3)=6 ms

So, from work-energy theorem
W=AKE=%m[v} —vf]:%m[62 -(-6)*1=0

i.e., work done by the force in the first 6 s is zero. Ans.

vel 2 |
Example 1 A smooth track in the form of a quarter-circle of radius 6 m lies in the vertical plane. A ring of
weight 4 N moves from P, and P, under the action of forces F\, F, and F,. Force F\ is always towards. P,

and is always 20 N in magnitude; force i‘; always acts horizontally and is always 30 N in magnitude; force i";

always acts tangentially to the track and is of magnitude (15—10s) N, where s is in metre. If the particle has
speed 4 m/s at P, ,what will its speed be at P,?

Solution The work done by i"l is

)
W, =J':F, cosedf ( S ad
T
From figure; $= R{xz.__\zg)
or ds=(6m)d(-20)=-12d @
and F, =207
Hence, W, =-240 Lo“cos 0do
- ¢0d @ =z40sin’z‘=lzoﬁ1
_Gol ~2) Fig. 6.38

- _—@dd’
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The work done by 1?3 is

Wy = [Fy ds= [

(15-10s)ds
i) __:;.7“'
=[15s-5s%13* =-302.8)

0

To calculate the work done by i"z and by W, it is convenient to take the projection of the path in the
direction of the force, instead of vice versa. Thus,
W, =F,(OP,) =30(6)=180J
W =(-W)(P,0)=(-4)(6)=-24]
The total work done is
Wy +Ws +W, + W =23]
Then, by the work-energy principle.

Kp, -Kp =231
1(4), 14 5
=2l g2 o T a2 5
2(9.8)v2 2(9.8)( )
v, =11.3m/s Ans.

Example 2 One end of a light spring of natural length;&_and spring constant

which can slide without friction on a vertical rod fixed at a distance d from the
wall, Initially the spring makes an angle of 37° with the horizontal as shown in
Fig. 6.39. When the system is released from rest, find the speed of the ring
when the spring becomes horizontal. [sin 37° =¥/ '

Fig. 6.39
Solution If! is the stretched length of the spring, then from figure
ﬁ =CoSs 37°=i, ie., 1=§ d

/ 5 4
5 d
=l- d=—d-d=—
So, the stretch y T =
5 3 3

h=Isin37°==dx===d
and 4 4

Now, taking point B as reference level and applying law of conservation of mechanical energy between 4
and B,

E/‘ =EB
or mgh+.'2.72y2 =%mv2 [as for B, h=0and y=0)
2
> 3 1,(d 1 3 1
o k2] == asford,h==dand y=—d
or ¢ 4mgd+2k(4) S ( 3 y=2dl
3g &k
=d [= + — Ans.
or v 2d 16m
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Example 3 4 single conservative force F(x)acts on a 1.0 kg particle that moves along the x-axis. Tp,
potential energy U(x)is given by: 5
U(x)=20+(x-2)
where x is in meters. At x = 5.0 mthe particle has a kinetic energy of20J.
(a) What is the mechanical energy of the system? .
(b) Make a plot ofU(x)as a function of x for ~10m < x < 10m, and on the same graph draw the line thq;
represents the mechanical energy of the system.
Use part (b) to determine.
(c) The least value of x and
(d) The greatest value of x between which the particle can move.
(e) The maximum kinetic energy of the particle and
() The value of x at which it occurs.
(&) Determine the equation for F(x)as a function of x.
(h) For what (finite) value of x does F(x)=0?

Solution (a) Potential energy at x =5.0 mis
U=20+(5-2)*=29] /

Mechanical energy
E=K +U=20+29=49]

uQ)
------------- 164

PP S -

Fig. 6.40

(b) Atx=10m, U=84J] at x=-10m, U=164]

and at x=2m, U=minimum=20J

(c)and(d): Particle will move between the points where its kinetic energy becomes zero or its potential
energy is equal to its mechanical energy.

Thus, 49=20+ (x-2)?
or (x—2)2=29
or x-2=+429=%538m

o x=738m and -3.38m
or the particle will move between x=—3.38 mand x=7.38 m N .
(e) and (f) : Maximum kinetic energy is at x =2 m, where the potential energy is minimum and this
maximum kinetic energy is,
Ky =E-Upy, =49-20
=29]
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dUu
F -_——— -— 2 3 2 —-X
(® 2x-2)=( )

(h) F(x)=0 at x=20m
where potential energy is minimum (the position of stable equilibrium).
Example 4 4 small disc A slides down with initial velocity equal to zero from the top of a smooth hill of
height H having a horizontal portion (Fig. 6.41). What must be the height of the horizontal portion h to
ensure the maximum distance s covered by the disc? What is it equal to?

Solution In order to obtain the velocity at point B, we apply the law of conservation of energy. So,
Loss in PE = Gain in KE

mg(H—h):%mv2

v=y[2g (H -h)]
Further h= ?1)_ gt®
T g
t=\/(2nlg)
Now, s=vxt=4J[2g(H-h)]x[(2h/g) o
or s=[4h(H —h)] | Y ...(0)
For maximum value of s dsldh =0 :
R B—r 2n)=0 © %
X — = &
2[4 h(H - h)] L b+l O\f
0
H
or h =, Ans.
| Substituting A =H/2 , in Eq. (i), we get
s=\AH2) (H-H)] =VH? =H Auns.

Example 5 A particle slides along a track with elevated ends and a flat central part as shown in Fig. 6.42.
The flat portion BC has a length | =3.0 m The curved portions of the track are frictionless. For the flat part
the coefficient of kinetic friction is ., =0.20,the particle is released at point A which is at height h=1.5 m
above the flat part of the track. Where does the particle finally comes to rest?

Solution As initial mechanical energy of the particle is mgh and final is zero, so loss in mechanical
energy =mgh. This mechanical energy is lost in doing work against friction in the flat part,

So, loss in mechanical energy = work done against friction

or mgh =pumgs ie., s=—=——=7.5m
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After starting from B the particle will reach C and then will rifse
up till the remaining KE at C is converted into potential energy. It will
then again descend and at C will have the same value as it had when
ascending, but now it will move from C to B. The same will be J

¥

repeated and finally the particle will come to rest at £ such that
BC+CB+BE=1.5

or 3+3+BE=17.5
ie., BE=15
So, the particle comes to rest at the centre of the flat part. A,

Fig. 6.42

Example6 405 kg block slides from the point A on a horizontal track with an initial speed 3 m/s towards a
weightless horizontal spring of length 1 m and force constant 2 N/m. The part AB of the track is frictionless
and the part BC has the coefficient of static and kinetic friction as 0.22and 0.20 respectively. If the distance
ABandBD are2mand2.14 m respectively, find the total distance through which the block moves before it
comes 1o rest completely. (g =10 m/s*]

Solution As the track 4B is frictionless, the block moves this distance without loss in its initial

KE =51 my* = % x0.5x 32 =2.25J. In the path BD as friction is present, so work done against friction

=pymgs=0.2x0.5x10x 2.14=2.14]
So, at D the KE of the block is =2.25—2.14=0.111].

Now, if the spring is compressed by x
0.ll=%x k x x? +p,mgx
ie., 0.ll='5x 2xx? +0.2x 0.5x 10x
or x> +x-0.11=0
which on solving gives positive value of x =0.1m
After moving the distance x = 0.1m the block comes to rest. Now the compressed spring exerts a force:
F=kx=2x0.1=0.2N

on the block while limiting frictional force between block and track is f; =p ,mg =0.22x 0.5x 10=1.1N
Since, F < f; . The block will not move back. So, the total distance moved by the block

=AB + BD + 0.1

=2+2.14+0.1

=4.24m Ans.
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Example 7 A small disc of mass m slides down a smooth hill of
height h without initial velocity and gets onto a plank of mass M
lying on a smooth horizontal plane at the base of hill Fig. 6.44.
Due to friction between the disc and the plank, disc slows down
and finally moves as one piece with the plank. (a) Find out total
work performed by the friction forces in this process. (b) canit be
stated that the result obtained does not depend on the choice of
the reference frame.

Solution (a) When the disc slides down and comes onto the plank, then

mgh=-l2-mv2

v=4,(2gh) ...(1)
Let v, be the common velocity of both the disc and plank when they move together. From law of
conservation of linear momentum,
my=(M+m)v,
my o
= ...(11)
(M + m)

Vi

Now, change in KE = (K ) ; = (K ); =(workdone) cion

1 (M + m)v} —-% mv? = (workdone) giciion

2
1 my )
We =—=(M+m)|——| ——m
x W=7 )[M * mil 3
L P
2 M+m
| M
—mv” =mgh s Wg=-mgh :
as 2 & fr g [ M+ m] Ans
(b) In part (a) we have calculated work done from the ground frame ~ f=pmg<«—23m
of reference. Now, let us take plank as the reference frame. m———’ f=umg
Acceleration of plank a, =x{!— = % FBD with respect to ground.
—Vi=Vv= ‘JZgh

Free body diagram of disc with respect to plank is shown in figure.

Here, ma, = pseudo force.
. Retardation of disc w.r.t. plank.

f+ mag
Fig. 6.45

2
pm-g
mg +
_f+"'“o_ug M__ pmg
= = =i+
m m M

_(M + m)
M Hg

a,
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The disc will stop after travelling a distance S, relative to plank, where

v; (0=v} ~2,8,)
2a,

_ Mgh
(M + m)pug

. Work done by friction in this frame of reference

; Mgh }
Ws==fS, =—(umg W+ m)iE

8

_ M mgh which is same as part (a)
(M +m) '

Note Work done by friction in this problem does not depend upon the frame of reference, otherwise in
general work depends upon reference frame.

Example 8 Two blocks A and B are connected to each other bya
string and a spring. The string passes over a frictionless pulley as
shown in Fig. 6.46. Block B slides over the horizontal top surface of a
stationary block C and the block A slides along the vertical side of C,
both with the same uniform speed. The coefficient of friction between o
the surfaces of the blocks is 0.2. The force constant of the spring is
1960 Nm™" . If the mass of block A is 2 kg, calculate the mass of block B

and the energy stored in the spring. (g =9.8 m/ s%)

Solution  Let m be the mass of B. From its free-body diagram
T—puN =mx 0=0
where T' =tension of the string and N = mg
; T =pumg

T

TI
(a) (b)
Fig. 6.47

From the free-body diagram of the spring
T-T'=0
where 7" is the force exerted by 4 on the spring
or T=T"=pmg
From the free-body diagram of 4
2= (T" +uN" )=2x 0=0
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where N’ is the normal reaction of the vertical wall of C on 4 and N' =2x 0 (as there is no horizontal
acceleration of 4)

2g=T"=pmg or m=§=—2-=10kg Ans.
n
Tensile force on the spring =T or " =pumg =0.2x 10x 9.8=19.6 N
Now, in a spring tensile force = force constant x extension

19.6=1960x or x=—1— m
100

or U (energy of a spring =% kx?

2

=% 1960x(L) =0.098J Ans.
2 100

Example 9 4 particle of mass m is moving in a circular path of constant radius r, such that its centripetal

acceleration a, is varying with time t as a,, = k*rt* where kis a constant. What is the power delivered to the

particle by the forces acting on it? LT : (IIT JEE 1994])
Solution As a,=(v*Ir) so (VYr)=k’ri?
Kinetic energy K =% mv? =% mk2r*t?
Now, from work-energy theorem W =AK =% mk*r*t? -0 [asat?=0,K =0]
So, P=ﬂ=i(l mk2r2t2]=mk2r2t Ans.
dr  dt\2

- Alternate solution : Given thata, = k*rt?,so that

2.2
F.=ma, =mk“rt

Now, as a, =(v2/r), S0 (vz/r)=k2rt2 or v=krt
So, that a, =(av/dt)=kr
ie, F, =ma, =mkr
> - -
Now, as F=F: +F,
SO, P=%V’K=-F-l)._v,=(i"c +_”)'_V)

Now, in circular motion Feis perpendicular to v while i“’, parallel, so

P=F,y las Feev=0]

P=mk 2r2t Ans.



E XERCISES

AIEEE Corner

Subjective Questions (Level 1)
Work Done

(a) By a constant force

1. A block of mass 2 kg is pulled upwards by a force F =40N as shown in figure. Block is
displaced by 2 m. Find work done by the applied force and also due to the force of gravity on
the block. (Take g =10m/s?)

F=40N

2. A block is displaced from (1m, 4m, 6m) to (Zi +3}—4ﬁ)m under a constant force

_) -~ -~ ~
F =(6i —2j + k )N. Find the work done by this force.

3. The system shown in figure is released from rest. String is massless and pulley is
smooth. Find :
(a) the work done by gravity on 4 kg block in 2 s,
(b) the work done by string on 1 kg block in the same interval of time.

(Take g =10m/s?)

4. A block of mass 2.5 kg is pushed 2.20 m along a frictionless horizontal table by a
constant 16 N force directed 45° above the horizontal. Determine the work done by :
(a) the applied force,
(b) the normal force exerted by the table,
(c) the force of gravity and
(d) determine the total work done on the block.

5. A block of mass 2 kg is released from rest on a rough inclined ground as
shown in figure. Find the work done on the block by :
(a) gravity,
(b) force of friction.
when the block is displaced downwards along the plane by 2 m. .
(Take g =10m/s?) = —

b
"
ro|—
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(b) By a variable force
6. A block is constrained to move along x-axis under a force F =—2x. Here, F is in newton and x in metre.
Find the work done by this force when the block is displaced from x=2m tox=—4m.

. 4 . .
7. A block is constrained to move along x-axis under a force F = — (x #0). Here, F is in newton and x
x

in metre. Find the work done by this force when the block is displaced from x =4m tox =2 m.

(c) By area under F-x graph
8. A particle is subjected to a force F, that varies with position Fx (N)
as shown in figure. Find the work done by the force on the

body as it moves :
(a) fromx=10.0mtox=5.0m,

(b) fromx=5.0mtox =10.0m,
(c) fromx =10.0m tox=15.0m,

(d) what is the total work done by the force over the distance
x=0tox=150m?

0 br———r——————>x(m)
2 4 6 8 10121416

—>
9. A child applies a force F parallel to the x-axis to a block
moving on a horizontal surface. As the child controls the
speed of the block, the x-component of the force varies with f
the x-coordinate of the block as shown in figure. Calculate the s M  (m)
- A S
work done by the force F when the block moves :
(a) fromx=0tox=3.0m
(b) fromx=3.0mtox=4.0m
(c) fromx=4.0mtox=7.0m
(d) fromx=0tox=7.0m

Conservative Force Field and Potential Energy

10. The potential energy of atwo particle system separated by a distance r is given by U(r) = 4 where 4 isa
r

constant. Find the radial force F,, that each particle exerts on the other.
11. A single conservative force F, acts ona2 kg particle that moves along the x-axis. The potential energy is
given by : . .
U=@x-4)7-16
Here, x is in metre and U in joule. At x =60 m kinetic energy of particle is 8 J. Find :

(a) total mechanical energy
(b) maximum kinetic energy

(c) values of x between which particle moves
(d) the equation of F, as a function of x.
(e) the value of x at which F, is zero.
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Kinetic Energy and Work-Energy Theorem

12.

13.

14.

15.

16.

17.

18.

Momentum of a particle is increased by 50%. By how much percentage kinetic energy of Particle
will increase ?

Kinetic energy of a particle is increased by 1%. By how much percentage momentum of the Particle
will increase ?

Displacement of a particle of mass 2 kg varies with time as : s= (2t* -2t +10) m. Find total work
done on the particle in a time interval from # =0to f =2s.

A block of mass 30 kg is being brought down by a chain. If the block acquires a speed of 4() cm/s in
dropping down 2 m. Find the work done by the chain during the process. (g =10 m/s?)

An object of mass 5 kg falls from rest through a vertical distance of 20 m and reaches a velocity of
10 m/s. How much work is done by the push of the air on the object ? (g = 10m/sz)

A 1.5 kg block is initially at rest on a horizontal frictionless surface when a horizontal force in the

_)
positive direction of x-axis is applied to the block. The force is given by F(x)=(2.5-x2)jN,

where x is in metre and the initial position of the block is x =0.

(a) What is the kinetic energy of the block as it passes through x =2.0m ?

(b) What is the maximum kinetic energy of the block between x =0and x =2.0m ?

A helicopter lifts a 72 kg astronaut 15 m vertically from the ocean by means of a cable. The
acceleration of the astronaut is g/10. How much work is done on the astronaut by (g=9.8m/s?)
(a) the force from the helicopter and

(b) the gravitational force on her ?

(c) What are the kinetic energy and

(d) the speed of the astronaut just before she reaches the helicopter ?

Mechanical Energy

(a) Without friction (when mechanical energy is conserved)

19.

20.

A 4 kg block is on a smooth horizontal table. The block is
connected to a second block of mass 1 kg by a massless flexible
taut cord that passes over a frictionless pulley. The 1 kg block is 1
m above the floor. The two blocks are released from rest. With
what speed does the 1 kg block hit the ground ?

Block 4 has a weight of 300 N and block B has a weight of 50 N. Determine the distance that A must
descend from rest before it obtains a speed of 2.5 m/s. Neglect the mass of the cord and pulleys
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21. A sphere of mass mheldata height 2R between a wedge of same mass m and a rigid wall, is released
from rest. Assuming that all the surfaces are frictionless. Find the speed of both the bodies when the
sphere hits the ground.

22. The system is released from rest with the spring initially stretched 75 mm. Calculate the velocity v
of the block after it has dropped 12 mm. The spring has a stiffness of 1050 N/m. Neglect the mass of

the small pulley.

@745 kg

(b) With friction (when mechanical energy does not remain conserved)

23. Consider the situation shown in figure. The system is released from rest and the block of mass 1 kg is
found to have a speed 0.3 m/s after it has descended through a distance of 1 m. Find the coefficient of
kinetic friction between the block and the table.

4.0kg

24. A disc of mass 50 g slides with zero initial velocity down an inclined plane set at an angle 30° to the
horizontal. Having traversed a distance of 50 cm along the horizontal plane, the disc stops. Find the work
performed by the friction forces over the whole distance, assuming the friction coefficient 0.15 for both
inclined and horizontal planes. (g = 10m/s?)

25. Block A has a weight of 300N and block B has a weight of 50 N. If the
coefficient of kinetic friction between the incline and block 4 is
u, =0.2. Determine the speed of block 4 after it moves | m down the
plane, starting from rest. Neglect the mass of the cord and pulleys.
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26. Figure shows, a 3.5 kg block accelerated by a compressed spring whose spring constant is 640 N/,
After leaving the spring at the spring’s relaxed length, the block travels over a horizontal surface, wit, 3
coefficient of kinetic friction of 0.25, for a distance of 7.8 m before stopping. (g =9.8m/s 2 )

fe—— No friction —>f«— 7.8 m—>|

(a) What is the increase in the thermal energy of the block-floor system ?
(b) What is the maximum kinetic energy of the block ?
(¢) Through what distance is the spring compressed before the block begins to move ?

27. Two masses m; =10 kg and m, =5 kg are connected by an ideal string as shown in the figure. The
coefficient of friction between m, and the surface is p =0.2. Assuming that the system is released from
rest. Calculate the velocity of blocks when m, has descended by 4 m. (g =10m/ s?)

5 m

Three Types of Equilibrium
28. For the potential energy curve shown in figure.
U
B
c 6 8
A - T X (m)
2 4\ |
b e

(a) Determine whether the force F is positive, negative or zero at the five points 4, B, C, D and E.
(b) Indicate points of stable, unstable and neutral equilibrium.

29. Potential energy of a particle moving along x-axis is given by :
3
U =(L —4x+ 6]
3

Here, U is in joule and x in metre. Find position of stable and unstable equilibrium.

30. Force acting on a particle moving along x-axis is as shown in figure. Find points of stable and unstable
equilibrium.
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31. Two point charges + gand + gare fixed at (4, 0, 0) and (~a,0, 0). A third point charge —¢ is at origin.
State whether its equilibrium is stable, unstable or neutral if it is slightly displaced :

E

(a) along x-axis. (b) along y-axis.

Power
32. A block of mass 1 kg starts moving with constant acceleration a =4 m/ s2.Find :

(a) average power of the net force in a time interval from ¢ =0to ¢t = 2s,
(b) instantaneous power of the net force at t =4s.

33. An engine working at a constant power P draws a load of m
maximum speed of the load and the time taken to attain half this speed.

Objective Questions (Level 1)
Single Correct Option

1. Identify, which of the following energies can be positive only

(a) kinetic energy (b) potential energy
(c) mechanical energy (d) both kinetic and mechanical energies

2. The total work done on a particle is equal to the change in its kinetic energy

ass m against a resistance 7. Find the

(a) always
(b) only if the force acting on the body are conservative
(c) only in the inertial frame
(d) only ifno external force is acting
3. Work done by force of static friction
(a) can be positive (b) can be negative (c) can be zero (d) All of these

4. Work done when a force i:(-i)+2_j)+3_ﬁ) N acting on a partricle takes it from the point

T =(+]+K)0 the point 1, =(1 — § +2K)is
(a)-3J (b)-1J (c) zero (d)27
5. A particle moves along the x-axis from x=0 to x=5 m under the influence of a force given by

F =7 2x + 3x2 The work done in the process is
(a) 360 (b)851J (c)1851) (d)135)
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6. A particle moves with a velocity v=(5i —3] +6k) ms™' under the influence of a constan force

10.

11.

12.

13.

14.

F= (101 + 10j+20k ) N. The instantaneous power applied to the particle is
(a) 200 W (b) 320 W (c) 140 W (d 170 W

The relationship between the force F and position x of a body is as shown in figure. The work done in
displacing the body from x = 1m to x = 5m will be

T 10f

F(N) 5

0

S —--—

|

-5F

-10f

(2)30J] (b) 1573 (€)257 (@20

A pump is required to lift 800 kg of water per minute from a 10 m deep well and eject it with speed of
20 m/s. The required power in watts of the pump will be

(a) 6000 (b) 4000 (c) 5000 (d) 8000

Under the action of a force, a 2 kg body moves such that its position x as a function of time is given by
3

x =%, where x is in metre and ¢ in second. The work done by the force in the first two seconds is

(a) 1600 J (b) 160 J (c) 167 d)1.67

The kinetic energy of a projectile at its highest position is K. If the range of the projectile is four times the
height of the projectile, then the initial kinetic energy of the projectile is

(@) V2K (b) 2K (©)4K ) W3IK

Power applied to a particle varies with time as P =(3¢2 -7 4 1) watt, where ¢ is in second. Find the
change in its kinetic energy between time t=2sand ¢ =4

(a)327 (b)467J (c)61) (d) 1027

A block of mass 10 kg is moving in x-direction with a constant speed of 10 m/s. It is subjected to a
retarding force 7 =~ 0.1xJ/m during its travel from x = 20m to x = 30m_ ts final kinetic energy will be
(a)4751] (b)45017 (€)2751] (d) 2507

A ball of mass 12 kg and another of mass 6 kg are dropped from a 60 feet tall building. After a fall of
30 feet each, towards earth, their kinetic energies will be in the ratio of

@+2:1 (b)1:4 (©1:2 @1:42

A spring of spring constant 5x 10> N/m is stretched initially by 5 cm from the unstretched position. The
work required to further stretch the spring by another 5 cm is

(a) 6.25 N-m (b) 12.50 N-m () 18.75 N-m (d) 25.00 N-m
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a force which is described by the

15. A body with mass 1 kg moves in one direction in the presence of
n it crosses x = Smis

potential energy graph. If the body is released from rest at x = 2m, than its speed whe
(Neglect dissipative forces)

10
8
°
36
S 4
2
0 4 5
x (metre)
(a)2V2ms™ (b) 1 ms™’ (c)2ms™" (d3ms™

16. A body has kinetic energy E when projected at angle of projection for maximum range. Its kinetic energy

at the highest point of its path will be

@) E (b) % © % (d) zero

17. A person pulls a bucket of water from a well of depth /. If the mass of uniform rope is mand that o
bucket full of water is M, then work done by the person is

(a) (M # %)gh (b) % (M + m)gh () (M +m)gh (@ (% + m) gh

18. The minimum stopping distance of a car moving with velocity vis x. If the car is moving with velocity 2v,
then the minimum stopping distance will be
(a) 2x (b) 4x (c) 3x (d) 8

19. A projectile is fired from the origin with a velocity v, at an angle

projectile at an altitude A is
(b)yvo —28h (c) y/vg sin® 6 —2gh (d) None of these

f the

@ with the x-axis. The speed of the

(a) vocos O
20. A particle of mass m moves from rest under the action of a constant force F which acts for two seconds.

The maximum power attained ig
F
(a) 2Fm (b)—
m

es under the action of a constant force along a straight line. The instantaneous power
this force with time ¢ is correctly represented by

i @ ¥
m m

21. A body mov

developed by
’ Pl/ PU P‘/
) ==t &l —t ol =t 3] —f
(a) (b) (c) (d)

22. A ball is dropped at ¢ = 0 from a height on a smooth elastic surface. Identify the graph which correctly
represents the variation of kinetic energy K with time
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Kl/\ K|/\ ]Q, M
ol =t &l “t o ‘o '

(a)

23. A block of mass S kg is raised from the bottom of the lake to a height of 3 m without change in kinetic
energy. If the density of the block is 3000 kg m™, then the work done is equal to
(2) 100 J (b) 150 ) ()507 e

24. A body of mass m is projected at an angle 6 with the horizontal with an initial velocity v,. The average
power of gravitational force over the whole time of flight is

(a) mg cos © (b) % mg \Jucos O
1 .
() 5 mgu sin 0 (d) zero

25. A spring of force constant k is cut in two parts at its one-third length. When both the parts are stretched by
same amount. The work done in the two parts will be :

Note Spring constant of a spring is inversely proportional to length of spring
(a) equal in both (b) greater for the longer part
(c) greater for the shorter part (d) data insufficient

26. A particle moves under the action of a force F=20i+ 15} along a straight line 3y + ax =5where aisa
constant. If the work done by the force F is zero, then the value of a is

(a) % (b) g ©)3 (d)4

27. A system of wedge and block as shown in figure, is released with the spring in its natural length. All
surfaces are frictionless. Maximum elongation in the spring will be
2mgsin O
K K
mg sin 6

) Sl

= ¥
4 mg sin 0

(©) X

mg sin O

D—¢

28. A force F= (3ti+5 })Nacts on a body due to which its displacement varies as § = @ f-5 j)m Work
done by this force in 2 second is
@23 (b)32] (c)46) () 201

29. An open knife of mass mis dropped from a height 4 on a wooden floor. If the blade penetrates up 1© the
depth d into the wood, the average resistance offered by the wood to the knife edge is

| i h’ d
i (@) ”'g(l“'z) (b)”'g(“'g) (C)mg(l—S) (d) mg[HT')
|



30.

31.

32.

33.

35.

36.

37.
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Two springs have force constants k , and k, such that kp =2k ,. The four ends of the springs are
stretched by the same force. If energy stored in spring A is E, then energy stored in spring B is

(a)% (b) 2E ©E (d) 4E

A mass of 0.5 kg moving with a speed of 1.5 m/s on a horizontal smooth surface, collides with a nearly
weightless spring of force constant k = 50 N/m. The maximum compression of the spring would be
(@)0.15m (b)0.12m (c)0.5m (d)0.25m

A bullet moving with a speed of 100ms ™' can just penetrate into two planks of equal thickness. Then the
number of such planks, if speed is doubled will be

@6 (®) 10 (c)4 8

A b.ody of mass 100 g is attached to a hanging spring whose force constant is 10 N/m. The body is lifted
until the spring is in its unstretched state and then released. Calculate the speed of the body when it
strikes the table 15 cm below the release point

(a) 1 m/s (b) 0.866 m/s (c) 0.225 m/s (d) 1.5 m/s

{\n ideal massless spring S can be compressed 1.0 m in equilibrium by a force of 100 N. This same spring
is placed at the bottom of a friction less inclined plane which makes an angle 8 = 30° with the horizontal.
A 10 kg mass mis released from the rest at the top of the inclined plane and is brought to rest momentarily
after compressing the spring by 2.0 m. The distance through which the mass moved before coming to rest
is

(a)8m (b)6m (c)4m (d)5Sm

A body of mass m is released from a height /4 on a smooth inclined plane that is shown in the figure. The
following can be true about the velocity of the block knowing that the wedge is fixed

(a) vis highest when it just touches the spring

(b) vis highest when it compresses the spring by some amount

(c) vis highest when the spring comes back to natural position

(d) data insufficient

A block of mass m is directly pulled up slowly on a smooth inclined plane of
height 4 and inclination © with the help of a string parallel to the incline.
Which of the following statement is incorrect for the block when it moves up
from the bottom to the top of the incline?

(a) Work done by the normal reaction force is zero.

(b) Work done by the string is mgh

(c) Work done by gravity is mgh

(d) Net work done on the block is zero

A spring of natural length /is compressed vertically downward against the floor so that its compressed

length becomes é On releasing, the spring attains its natural length. If & is the stiffness constant of

spring, then the work done by the spring on the floor is
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38.

39.

2
1, lk(l) (d) ki
(a) zero (b)ikl (c) >K 2

The velocity of a particle decreases uniformly from 20 ms~" to zero in 10 s as shown in figure. If the

mass of the particle is 2 kg, then identify the correct statement.

(ms™)pv

20

) 10 K(s)

(a) The net force acting on the particle is opposite to the direction of . motion

(b) The work done by friction force is —400J

(c) The magnitude of friction force acting on the particle is 4 N

(d) All of the above

A ball is dropped onto a floor from a height of 10 m. If20% ofits initial energy is lost, then the height of

bounce is
(@2m (b)4m (c)8m (d)6.4m

JEE Corner

Assertion and Reason

Directions : Choose the correct option.
(a) If both Assertion and Reason are frue and the Reason is correct explanation of the Assertion.
(b) If both Assertion and Reason are frue but Reason is not the correct explanation of Assertion.
(c) If Assertion is true, but the Reason is false.
(d) If Assertion is false but the Reason is true.
Assertion : Power of a constant force is also constant.
Reason : Net constant force will always produce a constant acceleration.
Assertion : A body is moved from x=2to x =1, under a force F = 4x, the work done by this force is
negative. :
Reason : Force and displacement are in opposite directions.

Assertion : If work done by conservative forces is positive, kinetic energy will increase
Reason : Because potential energy will decrease.

Assertion : In circular motion work done by all the forces acting on the body is zero
Reason : Centripetal froce and velocity are mutually perpendicular Y i

Assertion : Corresponding to displacement- time graph of a particle moving in a
straight line we can say that total work done by all the for i

ce i
positive. s acting on the body is
Reason : Speed of particle is increasing.

S
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Assertion :  Work done by a constant force is path independent.
Reason : All constant forces are conservative in nature.

Assertion : Work-energy theorem can be applied for non-inertial frames also.
Reason : Earth is a non-inertial frame.

Assertion : A wooden block is floating in a liquid as shown in figure. In vertical direction equilibrium
of block is stable.

Reason : When depressed in downward direction is starts oscillating.

Assertion : Displacement-time graph of a particle moving in a straight line is shown in figure. Work
done by all the forces between time interval 1, and ¢, is definitely zero.

t
Reason: Work done by all the forces is equal to change in kinetic energy.

Assertion : All surfaces shown in figure are smooth. Block 4 comes down
along the wedge B. Work done by normal reaction (between 4 and B) on Bis
positive while on 4 it is negative.

Reason : Angle between normal reaction and neu displacement of 4 is
greater than 90° while between normal reaction and net displacement of B is
less than 90°.

Assertion : A plank 4 is placed on a rough surface over which a block

B is placed. In the shown situation, elastic cord is unstretched. Now a
gradually increasing force F° is applied slowly on 4 until the moment

relative motion between the block and plank starts. Friction f;
At this moment cord is making an angle 8 with the vertical. Work doneby  Friction f .

force F is equal to energy lost against friction f;, plus potential energy : t
stored in the cord.

Reason: Work done by static friction f; on the system as a whole is

zero.

Assertion : A block of mass m starts moving on a rough horizontal surface with a velocity v. It stops
due to friction between the block and the surface after moving through a ceratin distance. The surface is
now tilted to an angle of 30° with the horizontal and the same block is made to go up on the surface with
the same initial velocity v. The decrease in the mechanical energy in the second situation is smaller than
that in the first situation.

Reason : The coefficient of friction between the block and the surface decreases with the increase in
the angle of inclination.
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Objective Questions (Level 2) Y.

Single Correct Option
1.

. horizontal part of the surface is

A bead of mass —; kg starts from rest from A to move ina vertical plane along a

under the action of a constant

smooth fixed quarter ring of radius 5 m, .
aches the point B

horizontal force F = SN as shown. The speed of bead as it re
is [Take g =10ms ]

(a) 14.14ms™

(b)7.07 ms™

(c)4ms™

(d)25ms™

A car of mass mis accelerating on a level smooth road under the action of a
single force F. The power delivered to the car is constant and equal to P. If
the velocity of the car at an instant is v, then after travelling how much
distance it becomes double?

Tmyv? 4mv
a b
(a) 3P (b) 3P
N 18mv?
c) — d
(c) P d =P

An ideal massless spring S can be compressed 1 m by a force of 100N
in equilibrium. The same spring is placed at the bottom of a frictionless
inclined plane inclined at 30° to the horizontal. A 10 kg block M is
released from rest at the top of the incline and is brought to rest

momentarily after compressing the spring by 2m. If g =10 ms -2 what
is the speed of mass just before it touches the spring?

(a) V20 ms™ (b)V30ms™
(c)«/'l-Oms‘l (d) V40 ms™!

A smooth-chain AB of mass m rests against a surface in the
form of a quarter of a circle of radius R. If it is released from
rest, the velocity of the chain after it comes over the

(a) V28R (b) 2R

© ,ZgR(l—%J (d)y2eR 2-7)

Initially the system shown in figure is in equilibrium. At the moment, the string is cut the T

downward acceleration of blocks 4 and B are respectively a,and a,. The magnitudes of
a, and a, are A
(a) zero and zero g“
(b) 2g and zero
BEm

(c) g and zero
(d) None of the above
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In the diagram shown, the blocks 4 and B are of the same mass Mand the
mass of the block Cis M, . Friction is present only under the block 4. The
whole system is suddenly released from the state of rest. The minimum
coefficient of friction to keep the block 4 in the state of rest is equal to-

M
@=L M,
- o2

M,
(©) M (d) None of these

S)’St.em shown in figure is in equilibrium. Find the magnitude of net change in the string
tension between two masses just after, when one of the springs is cut. Mass of both the

blocks is same and equal to mand spring constant of both the springs is k K X
@ () Z&
- 4
mg 3 :
(©)— b
3 @= m
A body is moying down an inclined plane of slope 37°. The coefficient of friction between the body and
the plane varies as p = 0.3 x, where x is the distance traveled down the plane by the body. The body will
have maximum speed. (sin 37° =%
(a)atx=1.16m (b)atx=2m
(c) at bottommost point of the plane (d)atx=2.5m
The given plot shows-the variation of U, the potential energy of interaction between two particles with
the distance separating them 7.
U
E
B F
\e/o
1. Band D are equilibrium points
2. C s a point of stable equilibrium

3. The force of interaction between the two particles is attractive between points C and D and repulsive
between Dand E

4. The force of interaction between particles is repulsive between points E and F. Which of the above
statements are correct?

(a)l1and 2 (b) 1 and 4 (c)2and 4 (d)2and3

A particle is projected at ¢ =0 from a point on the ground with certain velocity at an angle with the
horizontal. The power of gravitation force is plotted against time. Which of the following is the best
representation? '

,tk ,twi e
NPT T
(a (®)

(c) (d)
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11.

13.

14.

15.

16.

17.

A block of mass m s attached to one end of a mass less spring of spring COI;:“‘ k-ﬂ:'l{e Olhef end of
spring is fixed to a wall. The block can move on a horizontal rough surface. The coethicient of frictioy
between the block and the surface is p. Then the compression of the spning for which MaXimup,
extension of the spring becomes half of maximum compression 1S

4mgp 3
@ me Ty ®) mi K (© ___k__ (d) None of these

A block of mass m slides along the track with kinetic frictit_)n p. A man pulls the blosk through a Tope
which makes an angle 0 with the horizontal as shown in the figure. The block moves with constant speeg
V. Power delivered by man is

@71V (b) TV cos 6 (c)(Tcos 8 —pumg)V  (d) zero
The potential energy ¢in joule of a particle of mass 1 kg moving in x-y plane obeys the law, ¢ =3r + 4y,
Here x and y are in metres. If the particle is at rest at (6m, 8m) at time 0, then the work done by
conservative force on the particle from the initial position to the instant when it crosses the x-axis is
(@257 (b)-25] (c)50] (d)-50J
The force acting on a body moving along x-axis varies with the position of the particle shown in the
figure. The body is in stable equilibirum at

F

N
ZEIEERN

(@)x=x, (b)x=x, (c) both x, and x, (d) neither x, norx,
A small mass slides down an inclined plane of inclination 8 with the horizontal. The co-efficient of

friction isp =p gx where xis the distance through which the mass slides down and M o a positive constant.
Then the distance covered by the mass before it stops is

4
(a)—z—tane (b)—tan 6 (c)$tane (d)ltane
Ho Ho 2n, Ho

Two light vertical springs with spring constants k, and k, are separated by a ;
distance /. Their upper ends are fixed to the ceiling and their lower ends to the E 3
ends A4 and B of a light horizontal rod 4B. A vertical downward force Fis ki =R
applied at point C on the rod. 4B will remain horizontal in equilibrium if the c g
distance AC is TESESRS

Ik, Tk A F
(@a— )t}

% o k,

lk; Ik,
(©— d)—2_

ki : ky +ks

A block of mass 1 kg slides down a curved track which forms one quadrant of a circle of radius | m*
shown in figure. The speed of block at the bottom of the track is v = 2ms . The work done by the for
of friction is

e
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19.

20.
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(a)+4J (b) —4] (c)-8] (d) +8J

. a B -

The potential energy function for a diatomic molecule is U(x)=— — —- In stable equilibrium, the
%0 ¥

distance between the particles is

2 176 . 1/6 i /6 (_b_)“é
o) o(;) olz) e

A rod of mass M hinged at O is kept in equilibrium with a spring of stiffness k as shown in figure. The
potential energy stored in the spring is

[0)

2 2
(mg)’ (mg)’ o (me) @ m8)
(a) ok (v) % ( T '
In the figure m, and m, (<m, )are joined together by a pulley. When the mass m is released from the
height 4 above the floor, it strikes the floor with a speed

my —m
(a),|2gh [——‘ml m sz
(b) V28

2m,gh
(c) 28 .
m + mZ

h

g = !
@ [ e
my +my

A particle free to move along x- axis is acted upon by a force F =—ax + bx? where a and b are positive
constants. For x 20, the correct variation of potential energy function U(x) is best represented by

u] u] / ] Ul
o \\/. % ol\/ —x 0O x © K’
(a) (b)

(c) (d)
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22,

23.

24,

25.

26.

Equal net forces act on two different blocks A and B of masses m and 4m respectively. For same

displacement, identify the correct statement.

(a) Their kinetic energies are in the ratio e =

Kg 4
(b) Their speeds are in the ratio -4 =%
VB

(c) Work done on the blocks are in the ratio L3 =

B
(d) All of the above

The potential energy function of a particle in the x-y plane is given by U = k(x + y), where k is a constant.
The work done by the conservative force in moving a particle from (1, 1) to (2, 3) is

(a) -3k (b) + 3k (©k (d) None of these

A vertical spring is fixed to one of its end and a massless plank fitted to the other end. A
block is released from a height 4 as shown. Spring is in relaxed position. Then choose the
correct statement.

(a) The maximum compression of the spring does not depend on 4.

(b) The maximum kinetic energy of the block does not depend on A.

(c) The compression of the spring at maximum KE of the block does not depend on /.
(d) The maximum compression of the spring does not depend on k.

=

S
<
>
<
-
<
‘P
<k
>
P
>
<
>
<
>
S
<

b

A uniform chain of length nr lies inside a smooth
semicircular tube 4B of radius r. Assuming a slight
disturbance to start the chain in motion, the velocity with
which it will emerge from the end B of the tube will be

@ m

(b)‘fzgr(zﬂ—‘)
n 2
(c) ,/gr (n+2)
() yngr

A block of mass m is connected to a spring of force constant . Initially the
block is at rest and the spring has natural length. A constant force F is applied

horizontally towards right. The maximum speed of the block will be (there is K F
no friction between block and the surface)
(@) -

v 2mk Fonk

J2F
@-2£
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27. Two blocks are connected to an ideal spring of stiffness 200N/m.At a certain moment, the two blocks are
! and the instantaneous elongation of the

moving in opposite directions with speeds 4 ms~' and 6 ms”~

oot ). -
spring is 10 cm. The rate at which the spring energy —2—]15 increasing 1S

(a) 500 J/s (b) 400 J/s (c) 200 /s (d) 100 J/s

28. A mass less spring of stiffness k connects two blocks of masses m and 3m. The system is lying on a
frictionless horizontal surface. A constant horizontal force F starts acting on the block of mass m,
directed towards the other block. Then the maximum compression of the spring will be

3F 9F 3F
@ B = ©2 @5
> p=0.2
29. A block 4 of mass 45 kg is placed on another block B of mass 123 194 cm /
kg. Now block B is displaced by external agent by 50 cm
horizontally towards right. During the same time block A4 just g 40cm f""F
reaches to the left end of block B. Initial and final positions are W
shown in figures. The work done on block 4 in ground frame is Intia) Rosttion
(a)—18J A
(b) 18]
()36 L.—B—-t:-
(d) —-36J Final Position
30. A block of mass 10 kg is released on a fixed wedge inside a cart which
is moved with constant velocity 10 ms~' towards right. Take initial W
velocity of block with respect to cart zero. Then work done by normal e —>=10 m/s
reaction on block in two seconds from ground frame will be
(g =10ms K )
(a) 1320J
(b) 960 J il
(c) 12007
(d) 24017

31. A block tied between two springs is in equilibrium. If upper spring is cut, then the acceleration
of the block just after cut is 5 ms -2 Now if instead of upper string lower spring is cut, then the

acceleration of the block just after the cut will be : (Take g =10m/s ’y

(a) 1.25 ms (b) 5 ms™2
(c) 10ms 2 (d)2.5 ms 2
Passage (0. No. 32 to 33)

The figure shows the variation of potential energy of a
particle as a function of X, the x-coordinate of the region. It
has been assumed that potential energy depends only on x.
For all other values of x, U is zero, ie., for x <— 10 and
x>15U=0.

Based on above information answer the following -0 -5 6 10, 15
questions. . S— :
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32,

33.

If total mechanical energy of the particle is 25 J, then it can be found in the region

(a)—10<x<—5and6<x<15 (b)-10<x<0and 6<x <10
(©)-5<x<6 (d)-10<x<10

[f total mechanical energy of the particle is —401J, then it can be found in region
(@)x<-10and x> 15 (b)-10<x<-5and 6<x <15
(©)10<x <15 (d) It is not possible

More than One Correct Options

1.

The potential energy of a particle of mass 5 kg moving in xy plane is given asU = Tx + _24 Yjoules, X ang
Y being in metre. Initially at r =0 the particle is at the origin (0, 0) moving with a velocity of

(861 +2323)ms™". Then
(a) The velocity of the particle at # =45, is S5ms™!

(b) The acceleration of the particle is 5 ms

(c) The direction of motion of the particle initially (at #=0) is at right angles to the direction of
acceleration

(d) The path of the particle is circle

The potential energy of a particle is given by formula U = 100 - 5x + 100x2, U and x are in SI units. If
mass of the particle is 0.1 kg then magnitude of it’s acceleration

(a) At 0.05 m from the origin is 50 ms 2

(b) At 0.05 m from the mean position is 100 ms 2

2

(¢) At 0.05 m from the origin is 150 ms
(d) At 0.05 m from the mean position is 200 ms 2

One end of a light spring of spring constant & is fixed to a wall and the other end is tied to a block placed

on a smooth horizontal surface. In a displacement, the work done by the spring is + (%) koc® . The possible

cases are

(a) The spring was initially compressed by a distance x and was finally in its natural length

(b) It was initially stretched by a distance x and finally was in its natural length

(c) It was initially in its natural length and finally in a compressed position

(d) It was initially in its natural length and finally in a stretched position

Identify the correct statement about work energy theorem

(a) work done by all the conservative forces is equal to the decrease in potential energy.

(b) work done by all the forces except the conservative forces is equal to the change in mechanical
energy.

(c) work done by all the forces is equal to the change in kinetic energy.

(d) work done by all the forces is equal to the change in potential energy.

A disc of mass 3m and a disc of mass m are connected by a mass less spring of stiffness k. The hea\fief
disc is placed on the ground with the spring vertical and lighter disc on top. From its equilibrium position
the upper disc is pushed down by a distance § and released. Then

(a)if 6> -3—:'—3— the lower disc will bounce up

(b)if 6= 2mg ;ng » maximum normal reaction from ground on lower disc = 6 mg.
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(c) if & =2%, maximum normal reaction from ground on lower disc = 4 mg.

4 mg

d)ifd> , the lower disc will bounce up
In the adjoining figure block A is of mass mand block B is of mass 2 m. The
spring has force constant k. All the surfaces are smooth and the system is ﬁ—
released from rest with spring unstretched.
4mg ﬂ
k

(a) The maximum extension of the spring is
(b) The speed of block A when extension in spring is ﬂkg— , is2g ‘,i—%
(c) Net acceleration of block B when the extension in the spring is maximum, is %g.

(d) Tension in the thread for extension of % in spring is mg

Mark out the correct statement (s).

(a) Total work done by internal forces on a system is always zero

(b) Total work done by internal forces on a system may sometimes be zero

(c) Total work done by internal forces acting between the particles of a rigid body is always zero

(d) Total work done by internal forces acting between the particles of a rigid body may sometimes be
zero

If kinetic energy of a body is increasing then :

(a) work done by conservative forces must be positive

(b) work done by conservative forces may be positive

(c) work done by conservative forces may be zero

(d) work done by non conservative forces may be zero

At two positions kinetic energy and potential energy of a particle are

K, =10J:U, =-20},K, =20J,U, =-10]

In moving from 1 to 2

(a) work done by conservative forces is positive

(b) work done by conservative forces is negative

(c) work done by all the forces is positive

(d) work done by all the forces is negative

Block A has no relative motion with respect to wedge fixed to the lift as shown Tz
in figure during motion-1 or motion-2

(a) work done by gravity on block 4 in motion-2 is less than in motion-1

(b) work done by normal reaction on block 4 in both the motions will be
positive e

(c) work done by force of friction in motion-1 may be positive

(d) work done by force of friction in motion-1 may be negative
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Match the Columns

L. Abody is displaced from x =4m tox =2m along the x-axis. For the forces mentioned in column , match

the corresponding work done is column II.

Column I
(@F =4i
bF=@di-4j)
(©F=-4f
OF = (-4i -4j)

: Column I
' (p) positive

l (q) negative

! (r) zero

(s)|W | = 8 units

2. Ablock is placed on a rough wedge fixed on a lift as shown in figure. A string is
also attached with the block. The whole system moves upwards. Block does not t
lose contact with wedge on the block. Match the following two columns
regarding the work done.

Column I X Column II
(a) Work done by normal | (p) positive
reaction
(b) Work done by gravity (q) negative
(c) Work done by friction | (r)zero
(d) Work done by tension (s) Can’t say anything
3.

Two positive charges + g each are fixed at
Corresponding to small displacement o
corresponding equilibrium of column II.

points (-a, 0)and (a, 0). A third charge + Qs placed at origin.
f +Q in the direction mentioned in column I, match the

Column I
(a) Along positive x-axis
(b) Along positive y-axis
(c) Along positive z-axis

(d) A|0ng the line x = y
4.

Column I

(a) From 4 to B decrease in gravitational

potential energy is........
spring potential energy.

(b) From 4 to B increase in kineti
of block is.........

gravitational potential energy.

(c) From B to C decrease in kinetic

of block is
potential energy.

(d) From B to C decrease in gravitational

potential energy is .........
3pring potential energy.

A block attached with a spring is released from 4.
the block moves to point C. Match the following two col

the increase in
C energy

the decrease in

the increase in spring

the increase in

Column II
(p) stable equilibrium
(9) unstable equilibrium
(r) neutral equilibrium
(s) no equilibrium

Position-B is the mean position and

umns.
—_—
Column II

(p) less than

(9) more than

?A
-

energy| (r) equal to
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5. System shown in figure is released from rest. Friction is absent and string is massless. In time 1 =035,

Take g =10ms
Column 1 Column 1I

(a) Work done by gravity on2 kg | (p)-1.5J

block
(b) Work done by gravity on 1 kg [(q)2)

block 4
(c) Work done by stringon2 kg | (r)3J ko

block -
(d) Work done by string on | kg | ()= 2J :‘“JZkg
_.block . . S-S

6. 11.1 colump 1 some statements are given related to work done by a force on an object while in column Il the
sign and information about value of work done is given. Match the entries of Column | with the entries of

Column II.

Column I

(a) Work done by friction force on the block as
it slides down a rigid fixed incline with
respect to ground.

(b) In above case work done by friction force
on incline with respect to ground.

(c) Work done by a man in lifting a bucket out
of a well by means of a rope tied to the
bucket with respect to ground.

(d) Total work done by friction force in (a)
with respect to ground.

Subjective Questions (Level 2)

Column II

(p) Positive

(q) Negative

(r) Zero

(s) may be positive,

negative or zero,

1. Two blocks of masses m, and m, connected by a light spring rest on a horizontal plane. The coefticient of
friction between the blocks and the surface is equal to p. What minimum constant force has to be applied

in the horizonta

in t
velocity v of the chain as the last link leaves the slot.

| direction to the block of mass m, in order to shift the other block?
P nr . i
The flexible bicycle type chain of length o5 and mass per unit length p is released from rest with 0 = 0°

he smooth circular channel and falls through the hole in the supporting surface. Determine the
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3. A baseball having a mass of 0.4 kg is thrown such that the force acting on it varies with time as shown i
the first graph. The corresponding velocty time graph is shown in the second graph. Determine the power
applied as a function of time and the work done till 7 = 0.3 s.

FIN) v(m/s)

800

a4

0.2 03 '® 0.3 e

4. A chain 4B of length / is loaded in a smooth horizontal table so that its fraction of length / hangs freely
aqd touches the surface of the table with its end B. At a certain moment, the end 4 of the chain is set free,
with what velocity will this end of the chain slip out of the table?

S. The block shown in the figure is acted on by a spring with spring constant k and a weak frictional force of
constant magnitude /. The block is pulled a distance x,, from equilibrium position and then released. It
oscillates many times and ultimately comes to rest.

(a) Show that the decrease of amplitude is the same for each cycle of oscillation.
(b) Find the number of cycles the mass oscillates before coming to rest.

6. A spring mass system is held at rest with the spring relaxed at a height H above the ground. Determine the
minimum value of H so that the system has a tendency to rebound after hitting the ground. Given that the
coefficient of restitution between m, and ground is zero.

k
7
H
7. A block of mass m moving at a speed v compresses a spring through a distance x before its speed is
halved. Find the spring constant of the spring.
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8. In the figure shown masses of the blocks 4, B and C are 6 kg, 2 kg and 1 kg respectively. Mass of the

10.

11

12

13.

spring is negligibly small and its stiffness is 1000 N/m. The coefficient of friction between the block 4
and the table is p =0.8 Initially block C is held such that spring is in relaxed position. The block is
released from rest. Find : (g =10m/s?)

k

(a) the maximum distance moved by the block C.
(b) the acceleration of each block, when elongation in the spring is maximum.

. A body of mass m slides down a plane inclined at an angle .. The coefficient of friction is .. Find the rate

at which kinetic plus gravitational potential energy is dissipated at any time 1.
A particle moving in a straight line is acted upon by a force which works at a constant rate and changesits
velocity from » and v over a distance x. Prove that the time taken in it is
g (u+v)x
24 +v +uv
A chain of length / and mass m lies on the surface of a smooth sphere of radius R >/ with one end tied to

the top of the sphere. (a) Find the gravitational potential energy of the chain with reference level at the
centre of the sphere. (b) Suppose the chain is released and slides down the sphere. Find the kinetic energy

of the chain, when it has slid through an angle 6. (c) Find the tangential acceleration ? of'the chain when

the chain starts sliding down.

Find the speed of both the blocks arrangement at the moment the block m;, hits the wall AB, after the
blocks are released from rest. Given that m; =0.5kg and m, =2kg, (g =10 m/s?)

B om st
. § )
im —
- Ii !
.

A block of mass M slides along a horizontal table with speed v,. At x=0it hits a spring with spring
constant k and begins to experience a friction force. The coefficient of friction is variable and is given by
p =bxwherebisa positive constant. Find the loss in mechanical energy when the block has first come
momentarily to rest.

—_—tX

—

x=0
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14,

15.

A small block of ice with mass 0.120 kg is placed against a horizontal wmprestﬁ ipfnﬁ(r,?,(;,"fm oo
horizontal table top that is 1.90 m above the floor. The spring has a forcecon ; - 4.  and is
initially compressed 0.045 m. The mass of the spring is negligible. ThC_SP““l& ‘?;f ‘;;_Se' » anbe the block
slides along the table, goes off the edge, and travels to the ﬂoqr. If there is negligible friction theen the
ice and the table, what is the speed of the block of ice when it reaches the floor. (g =9.8m/s?)

A 0.500 kg block is attached to a spring with length 0.60 m and force constant ¥ = 40.0N/m. The mass of
the spring is negligible. You pull the block to the right along the surface with a constant horizontal force
F =20.0 N. (a) What is the block’s speed when the block reaches point B, which is 0.25 m to the right of
point 4? (b) When the block reaches point B, you let go off the block. In the subsequent motion, how

close does the block get to the wall where the left end of the spring is attached? Neglect size of block and
friction.

|

|
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Answers Il

Introductory Exercise 6.1

1
5.

7%,0,0,- Fx 2. Tlcosp, O, - Fl,-W sina 3. - % mgl 4 (a)7.2) (0) -7.2) (c)zero
10J 6. -K¢& 7.30J

Introductory Exercise 6.2

1
7.

m
-400J) 2.Yes 3. -;— ma?b 4.120) 5. [2Rg (1 + sin® - cos 0) 6.vo \l;
(a) False (b) False (c) True (d) False

Introductory Exercise 6.3

1

3
2 2@ 3.(245m/s () 215m/s 4.(M+%'—)gh 5.5 m

Introductory Exercise 6.4

1.

2 2
200 W 2.(a)%(b)% 3.K=m,v="%,3=,}%t3’2

4. (a)K=t?, V=J§t (b) Py =t 5. x=2m,stable 6. x = 4m, unstable

AIEEE Corner

Subjective Questions (Level 1)

1
5.

11.
12
18.
21.
25.
28.

29.
30.

31.

80J,-40J 2.-2) 3.(a)480J (b) 192J) 4. (a) 24.9J (b) zero (c) zero (d) 249
(a) 3¢.6J (b)-10J 6. -12J 7.-1J 8.(a)-15J (b)+15J (c) 3J (d) 27

A
(a) 4.0J (b) zero (¢) -1.0J (d)3.0J 10.F = r

(@ -4J (b) 12J (¢) x=(4-2J3)mtox=(4+ 2y3)m (d)F,=8-2x (e)x=4m
125% 13. 0.5% 14 32J) 15.-597.6J 16.-750J 17.(a)2.33J (b)2.635J
(a) 11642 ) (b) 10584 J (c)1058J) (d)5.42 ms?  19.2ms™?  20. 0.796 m
v, = J28R cos a , Vs = J2gR sina  22.v=0371ms?  23.p,=012 24.-0.051)
112 ms-! 26. (a) 66.88J (b) 66.88) () 45.7cm  27.4m/s
(a) F, and g are negative, Fc and Fp are positive and F¢ is zero
(b) x=2mis unstable equilibrium position
x = 6 mis stable equilibrium position
There is no point of neutral equilibrium.
x = 2 mis position of stable equilibrium. x = =2 mis position of unstable equilibrium.
Points A and E are unstable equilibrium positions. Point C is stable equilibrium position.

(a) unstable (b) stable 32. (a) 16 W (b) 64 W 33. ;'gﬂ,‘f

Objective Questions (Level 1)

1. (a) 2. (a) 3. (d) 4. (b) 5. (d) 6. () 7. (b) 8. (b) 9.(c) 10. (b)

1. 0) 12.(a) 13.(© 14 () 15.(a 16.(b) 17.(a) 18 (b)) 19.(b) 20.(d)
21 () 22.(b) 23.(a) 24.(d) 25.(c) 26.(d) 27.(a) 28.(b) 29.(a) 30.(a)
31.a 32.(d) 33.(0) 34() 35.(b) 36.(c) 37.(a) 38.(a) 39. (c)
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Assertion and Reason
L@ 2@ 3@ 4@ 5@ 6@ 70O 8@ %@ 10
11. (a) 12. (¢)

Objective Questions (Level 2) 8@ 9 (0
. : ¥ . 10. (c)
l.@ 2@ 3@ 4@ 5@® 6® 7. X
L. 120) 13.() 140 15@ 16@ 17.() 18@ 19.() 20 g
2. () 22.(c) 23.(a) 24.(c) 25.(b) 26.(b) 27.(c) 28.() 29.(b) 30,
31.(b) 32.(a) 33.(d)

More than One Correct Options

1. (ab) 2.(abc)  3.(ab) 4. (bc) 5. (b.d) 6. () 7. (bc)
8.(bcd)  9.(bc)  10.(all)
Match the Columns

L @-@s) 0)->@s) (©-@®s) (@ -@s)
@-=>@® ®-@ ©@->0 (d-E)
@->/® ®->@ ©->@ (d)-(s)
@-@ ®->/ ©@->@E (@-@p)
@->( ®->P ©->6) -
@->@ -0 ©->0) (@) ->()

Subjective Questions (Level 2)

(e B 2 |or(5:3)

3. Forts0.2s,P=(53.30)kW, fort>0.25,P = (160t - 533t%)kW, 1.69 k).  a, 2ghin (i)
1 [ kx, myg | m +2m 3mv?
R o 6. Hpjp = —22 | 21| 7,
s 0[] k [ 2m a2
8. (a)2x10%m (b) ay=a= 02. & =10 m/s* 9. umg? cos a(sin o - n cos a)t
mR%g . (1 mRg| . (1 . . 1 R
11. (a) T Sin (_R_) (b) 7 [sm (E] + 8in 6 - sin (0 + E]] (c) Tg [1 - cos (%J]
bgV¢m?
“2ke b 1 872msT 15, (2) 387 ms ! (v) 0.00m

o ¢ oA w N

-

12, v,=3.03ms? v,=339ms" 13
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| EXY Kinematics of Circular Motion

Angular Variables

Circular motion is a two dimensional motion or motion in a plane.

Suppose a particle P is moving in a circle of radius r and centre O.

The position of the particle P at a given instant may be described by the
angle 0 between OP and OX. This angle @ is called the angular position of
the particle. As the particle moves on the circle its angular position 0 changes.
Suppose the point rotates an angle A in time Ar. The rate of change of
angular position is known as the angular velocity (w). Thus,

Mo dr Fig. 7.1
The rate of change of angular velocity is called the angular acceleration (o). Thus,
do _d*0

dt  dr?
If angular acceleration is constant, we have

B=mot+la12
2

2

0=0y+ar and © =(of,+20.0

Here, ®, and ware the angular velocities at time = 0and 7 and 6 the angular position at time . The linear
distance PP travelled by the particle in time At is

As =rADO
. As . A6
or lim —=r lim —
At— 0 At At— 0 At
ds _db
i dt dt
or V=ro

Here, v is the linear speed of the particle.
Differentiating again with respect to time, we have

a=—=r— o a =ra
Here, a, =% is the rate of change of speed (not the rate of change of velocity). This is called the

tangential acceleration of the particle. Later, we will see that a, is the component of net acceleration 2 of the
particle moving in a circle along the tangent.

Unit vectors along the radius and the tangent
Consider a particle P moving in a circle of radius r and centre at origin O. The angular position of th'e
particle at some instant is say 6. Let us here define two unit vectors, one is , (called radial unit vector) which is
along OP and the other is &, (called the tangential unit vector) which is perpendicular to OP. Now, since
&, |= & |=1
We can write these two vectors as €, =cos 0i +sin 9]
and & =-sinBi+cos0j



CHAPTER 7  Circular Motion 323

. Yelocity and acceleration of particle in circular motion: The Y}
position vector of particle P at the instant shown in figure can be written as
—)

T =OP=ré,

¥

or r =r(cos 0 i +sin 6j)

The velocity of the particle can be obtained by differentiating ¥ with
respect to time 7. Thus,

=5 (T d Fig. 7.2
r o,
v=—=—[r(cos 0i+sin O
e [ 1))
=r (-sin 9£]i+[cos Gie-)]}
dt ar
< | do .
or \ —\5=rco[—sin9i+cosej] ( E=m) ...(1)
- ]
V=rog,

Thus, we see that velocity of the particle is roalong €, or in tangent direction. Acceleration of the particle
can be obtained by differentiating Eq. (i) with respect to time ¢. Thus,

- (K' d
a=—=—[ro(—sin 01 +cos 0 j
- dt[ o )|

=r[m-g;(-—sin 01 +cos 6})+%(13 (—sin 81 +cos 93)]

9. . do- do .
=wr{-cos 0 —i-sin®—j|+r—g,
dt dt dt

=—a’r[cos 01 +sin 93]+r‘2—m ¢,
t

- 2 A dv.
a=—-0re +—¢
dt

Thus, acceleration of a particle moving in a circle has two components one is along €, (along tangent) and
the other along —&, (or towards centre). Of these the first one is called the tangential acceleration. (a, )and the
other is called radial or centripetal acceleration (a, ). Thus,

a, =% = rate of change of speed
o =rot=r(2) 2
and " r r

Here, the two components are mutually perpendicular. Therefore, net acceleration of the particle will be:

’ v\ ’ 2Y ()
a=yal +a] = ("0)2)2*"(;) = {7) +(;,7)
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Following three points are important regarding the above discussion: J
g v
1. In uniform circular motion, speed (v) of the particle is constant, i.e., E =0. Thus,

2
a, =0 and a=a, =re
. . av il ; & . : L
2. Inaccelerated circular motion, —d— =positive, i.e., a, is along &, or tangential acceleration of particle is
t
s SR > A - %
parallel to velocity v because v =ro ¢ and a, =—@,.

3. In decelerated circular motion, @ = negative and hence, tangential acceleration is anti-paralle] to
dt

velocity .
Sample Example 7.1 4 particle moves in a circle of radius 0.5 m with a linear speed of 2 m/s. Find its
angular speed.
Solution  The angular speed is

Sample Example 7.2 4 particle moves in a circle of radius 0.5 m at a speed that uniformly increases. Find
the angular acceleration of particle if its speed changes from 2.0 m/s to 4.0 m/s in 4.0-s.

Solution The tangential acceleration of the particle is

_dv_4.0-20
"Tdr 40
=0.5m/s?
The angular acceleration is :
=—'=g§=lrad/s2
r 05

Sample Example 7.3  The speed of a particle moving in a circle of radius r = 2 mvaries with time tas v =1
where t is in second and v in m/s. Find the radial, tangential and net acceleration at t =2s

Solution Linear speed of particle at # =25 is

v=(2)" =4 ms
2 2
. 4
Radial acceleration a, = L (T) =8m/s?
r
, . dv
The tangential acceleration is a, = 7’ =2

.. Tangential acceleration at ¢ =2s is
a;=(2) (2)=4m/s?
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.. Net acceleration of particle at t =2s is
a=q(a, ) +(a,)? =\(8)" + (4)’
or a=+/80 nvs>

Note On any curved path (not necessarily a circular one) the acceleration of the, pam'cl_q has two
components a, and a, in two mutually perpendicular directions. Component of a along v is a, and

. =y .
perpendicular to v is a,. Thus,
>
|8 |=Va +a;

Introductory Exercise [EE}|

1. Is the acceleration of a particle in uniform circular motion constant or variable?

2. Is it necessary to express all angles in radian while using the equation ® = w, + at?

3. Which of the following quantities may remain constant during the motion of an object along a curved
path?
(i) Velocity (ii) Speed (iiii) Acceleration (iv) Magnitude of acceleration

4. A particle moves in a circle of radius 1.0 cm with a speed given by v = 2t where v is in cm/s and t in
seconds.

(a) Find the radial acceleration of the particle att =1 s.
(b) Find the tangential acceleration att =1s.
(¢) Find the magnitude of net acceleration att =1 s.
5. A particle is moving with a constant speed in a circular path. Find the ratio of average velocity to its
instantaneous velocity when the particle describes an angle 6 = (%) 3

6. A particle is moving with a constant angular acceleration of 4 rad/s? in a circular path. At time t = 0,
particle was at rest. Find the time at which the magnitudes of centripetal acceleration and tangential
acceleration are equal.

i [EEY Dynamics of Circular Motion

If a particle moves with constant speed in a circle, motion is called uniform circular. In uniform circular
motion a resultant non-zero force acts on the particle. This is because a particle moving in a circle is
accelerated even if speed of the particle is constant. This acceleration is due to the change in direction of the
velocity vector. As we have seen in Article 7.1 that in uniform circular motion tangential acceleration (a,)is

2

zero. The acceleration of the particle is towards the centre and its magnitude is ~—. Here, v is the speed of the
r

particle and r the radius of the circle. The direction of the resultant force Fis, therefore, towards centre and its
magnitude is mv?
F=ma or =—

)
o F =mro (asv=rw)

Here, o is the angular speed 2of the particle. This force F is called the centripetal force. Thus, a

: myv” . : T
centripetal force of magnitude = is needed to keep the particle moving in a circle with constant speed.

This force is provided by some external source such as friction, magnetic force, Coulomb force
gravitation, tension, etc.
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Note 1 have found students often confused over the centripetal force. They think that this force Oy
acts on a particle moving in a circle. This force does not act but requz'red for moving in a
circle which is being provided by the other forces acting on the pgmcle..Let, us take an
example. Suppose a particle of mass ‘m’ is moving in a vertical circle with the help of a
string of length I fixed at point O. Let v be the speed of the particle at lowest pogtzon. Men
I ask the students what forces are acting on the particle in this position? Theyzmmedz‘ately r
say, three forces are acting on the particle (1) tension T (2) weight mg and (3) centripetal

force Elﬁ (r = 1). However, they are wrong. Only first two forces T and mg are acting on

the particle. Third force ¢ is required for circular motion which is being provided by T mg

Fig.7.3
and mg. Thus, the resultant of these two forces is Elﬁ towards O. Or we can write
T-mg= #

Circular Turning of Roads

When vehicles go through turnings, they travel along a nearly circular arc. There must be some force
which will produce the required centripetal acceleration. If the vehicles travel in a horizontal circular path,
this resultant force is also horizontal. The necessary centripetal force is being provided to the vehicles by
following three ways:

1. By friction only.

2. By banking of roads only.

3. By friction and banking of roads both.

In real life the necessary centripetal force is provided by friction and banking of roads both. Now, let us
write equations of motion in each of the three cases separately and see what are the constraints in each case.

1. By Friction Only

" Suppose a car of mass m is moving at a speed v in a horizontal circular arc of radius r. In this case, the

necessary centripetal force to the car will be provided by force of friction JSfacting towards centre.
2

Thus, i
r
Further, limiting value of fis uV.
o JL=nN=pmg (N =mg)
Therefore, for a safe turn without sliding 3
2 2
my my
T Sfp or i Sumg
52
or St S
K rg or v< urg

Here, two situations may arise. Ifs and r are known to us, the speed of the vehicle should not exceed w[“’/g
and if v and  are known to us, the coefficient of friction should be greater than ﬁ
rg :
Note You might have seen that ifthe speed of the car is too high, car starts skidding outwards. With this radits
of the circle increases or the necessary centripetal force js reduced (centripetal force « 1
)
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2. By Banking of Roads Only

Frict_ion is not always reliable at circular turns if high speeds and sharp
turns are involved. To avoid dependence on friction, the roads are banked at the
turn so that the outer part of the road is some what lifted compared to the inner
part.

Applying Newton's second law along the radius and the first law in the
vertical direction.

2
Nsin0=""_ and Ncos0@=mg Fig. 7.4
i R 7
From these two equations, we get
tan 0="" ...(i)
rg

or v=,/rg tan 6 ...(ii)

Note This is the speed at which car does not slide down even if track is smooth. If track is smooth and speed
is less than ,[rg tan 6, vehicle will move down so that r gets decreased and if speed is more than this
vehicle will move up.

3. By Friction and Banking of Road Both

If a vehicle is moving on a circular road which is rough and banked also, then three forces may act on the
vehicle, of these the first force, i.e., weight (mg)is fixed both in magnitude and direction. The direction of

(@) (b)
Fig. 7.5

second force, i.e., normal reaction N is also fixed (perpendicular to road) while the direction of the third force,
Le., friction f can be either inwards or outwards while its magnitude can be varied upto a maximum limit
(f =uN) So, the magnitude of normal reaction N and dlrectxon plus magnitude of friction f are so adjusted

that the resultant of the three forces mentioned above is T towards the centre. Of these m and r are also
/

constant. Therefore, magnitude of N and direction plus magnitude of friction mainly depends on the speed of
the vehicle v. Thus, situation varies from problem to problem. Even though we can see that:
(i) Friction f is outwards if the vehicle is at rest or v=0. Because in that case the component of

weight mg sin 0 is balanced by £
(ii) Friction f is inwards if v>,[rg tan 6
(iii) Friction f is outwards if v <Jrg tan 0
(iv) Friction f is zero if v =,/rg tan 0
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Let us now see how the force of [riction and normal renction change as speed is gradually increased,
'

(a) (b)
Fig. 7.6

In figure (a):  When the car is at rest force of friction is upwards. We can resolve the forces in any two
mutually perpendicular directions. Let us resolve them in horizontal and vertical directions.

LF, =0 . NsinO- fcos0=0 (i)
LFy =0 . NcosO-+ fsin 0=mg )

5
o ; somv 5
In figure (b):  Now, the car is given a small speed v, so that a centripetal force ——— is now required in
,

horizontal direction towards centre. So, Eq. (i) will now become,

5

X . mv*

N sin 0~ fcos 0 =—
»

or we can say, in case (a) N sin 0and fcos 0 were cqual while in case (b) their difYerence is '—"l:. This
»
can occur in following three ways:
(i) N increases while f remains same.
(ii) N remains same while f'decreases or
(iii) N increases and fdecreases.
But only third case is possible, i.e., N will increase and f'will decrease. This is b
(ii), N cos B+ f'sin O =mg is still has to be valid.
So, to keep Ncos @+ fsin0 to be constant (=mg) N should increase and /' should decrease
(as 6 = constant) '
Now, as speed goes on increasing, force of friction first decrenses. Becomes zero at v = \/:E tan 0 and
then reverses it direction. '
Let us take an example which illustrates the theory,

cCause equation number

Sample Example 7.4 A rurn of radius 20 m is banked Jfor the vehicle of mass 2 ; needof
, mass 200 kg going at a speat ¢
10 m/s. Find the direction and magnitude of frictional force acting on a vehicle if it ,5'::“; ::\\:,;, p ; _\,{ml
(@) 5m/s

(b) 15 m/s. Assume that friction is sufficient to prevent slipping. (g = 10 m/s?)

Solution (a) The turn is banked for speed v =10m/s

2
Therefore, an 9= o _(10)? 2l
rg  (20)(10) 2

Now, as the speed is decreased, force of friction f'acts upwards,

X

Flg. 7.7
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Using the equations
2
F O sl
r
and ZFy =0, we get
2
N'sin 0 fcos 0=""— ...()
r
Ncos@+ fsin 0=mg -.-(i1)

Substituting, 6 = tan ' (%),V=5m/s,m=200kg and r =20 m, in the above equations, we get

£=300J5N  (outwards)

(b) In the second case force of friction f will act downwards.

2

Using 2p =2
r
and LF, =0, weget
N sin 9+fccvs()=m—:2 ...(1i1)
N cos 8- fsin 0=mg ...(iv) Fig.7.8

Substituting 6 =tan ™' (%),v: 15m/s, m=200kg and r =20 m in the above equations, we get
f=500 J5N (downwards)

Conical Pendulum

If a small particle of mass m tied to a string is whirled in a horizontal
circle, as shown in Fig. 7.9 The arrangement is called the ‘conical
pendulum’. In case of conical pendulum the vertical component of tension
balances the weight while its horizontal component provides the necessary
centripetal force. Thus,

Tsin0=ﬂ )
r
and T cos 0 =mg )
From these two equations, we can find
v=,/rgtan O
o=l = gtan O
.. Angular speed = =
So, the time period of pendulum is
T=E=2n r
® gtan 6
—n Lcos ©
g
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Lcos 6
g

or T=2n

Note This is similar to the case, when necessary centripetal force to vehicles_ is provided by banking. The
only difference is that the normal reaction is being replaced by the tension.

‘Death Well’ or Rotor © W
In case of ‘death well’ a person drives a bicycle on a vertical ~

surface of a large wooden well while in case of a rotor at a certain |

angular speed of rotor a person hangs resting against the wall without |

any support from the bottom. In death well walls are at rest and person

revolves while in case of rotor person is at rest and the walls rotate. e e

In both cases friction balances the weight of person while reaction

provides the centripetal force for circular motion, i.c., * ()
Death well Rotor
f=mg Fig. 7.10
2
and V=" —re? (v=ro)

r
A cyclist on the bend of a road
In figure,

F=|N?+f?

When the cyclist is inclined to the centre of the
rounding of its path, the resultant of N, fand mg is
directed horizontally to the centre of the circular
path of the cycle. This resultant force imparts a '

centripetal acceleration to the cyclist. =
Resultant of N and f, ie., F should pass
through G, the centre of gravity of cyclist (for
complete equilibrium, rotational as well as
translational). Hence, Fig. 7.11
tan =i
N
mv?
where f=T and N =mg
2
tan 9=2_
rg

Centrifugal Force
Newton’s laws are valid only in inertial frames. In non-inertial frames a pseudo force —ma has t0 be

applied on a particle of mass m (@ =acceleration of frame of reference). After applying the pseudo force one

can apply Newton’s laws in their usual form. Now, suppose a frame of reference is rotating with constant
angular velocity @in a circle of radius ‘»*. Then it will become a non-inertial frame of acceleration ro’ towards
the centre. Now, if we see an object of mass ‘m’ from this frame then obviously a pseudo force of magnitude
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mro? will have to be applied to this object in a direction away from the centre. This pseudo force is called the
centrifugal force. After applying this force we can now apply Newton’s laws in their usual form. Following
example will illustrate the concept more clearly.

Sample Example 7.5 4 particle of mass m is placed over a horizontal circular table rotating with an
angular velocity ®about a vertical axis passing through its centre. The distance of the object from the axis is
r. Find the force of friction f between the particle and the table.

Solution Let us solve this problem from both frames. The one is a frame fixed on ground and the other is a
frame fixed on table itself.

o N

N = normal reaction

f

f = force of friction

mg
Fig. 7.12

From frame of reference fixed on ground (inertial)
Here, N will balance its weight and the force of friction f will provide the necessary centripetal force.
Thus, f=mre’ Ans.

From frame of reference fixed on table itself (non-inertial)

In the free body diagram of particle with-respect to-table, in
addition to above three forces (N, mg and f) a pseudo force of
magnitude mro? will have to be applied in a direction away from
the centre. But one thing should be clear that in this frame the
particle is in equilibrium, ie, N will balance its weight in
vertical\ direction while f will balance the pseudo force in
horizontal direction.

or f = mrmz Ans.

f Pseudo force = mn»?

mg
Fig. 7.13

Thus, we see that * f* comes out to be mra’ from both the frames.

Now, let us take few more examples of circular motion.

Sample Example 7.6 4 simple pendulum is constructed by attaching a bob of mass m to a string of length L
fixed at its upper end. The bob oscillates in a vertical circle. It is found that the speed of the bob is v when the
string makes an angleo. with the vertical. Find the tension in the string and the magnitude of net force on the
bob at that instant.

Solution (i) The forces acting on the bob are :
(a) the tension T
(b) the weight mg
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As the bob moves in a circle of radius L with centre at O. A centripetal force
2 . '
of magnitude mTv is.required towards O. This force will be provided by the

resultant of 7 and mg cos o. Thus,
2

or T—mgcosa=Tv

mg sin a
V2 mg MIC0Sa
T=m| g cos G+T

Fig. 7.14
z - mv2 3 2 .2 V4
(i) | Foer |=.[(mg sin @)? + (T =m.|g°sin° o+ L—2

Sample Example 7.7 4 hemispherical bowl of radius R is rotating about its axis of symmetry which is kept
vertical. A small ball kept in the bowl rotates with the bowl without slipping on its surface. If the surface of the
bowl is smooth and the angle made by the radius through the ball with the vertical is a. Find the angular
speed at which the bowl is rotating. '

Solution Let wbe the angular speed of rotation of the bowl.Two forces are
acting on the ball.

1. normal reaction N

2. weight mg

The ball is rotating in a circle of radius r (= R sin o ) with centre at 4 at
an angular speed @ Thus,

N sin a = mro?

N 2o .
=mRw* sin o ...(0)
and N cos a.=mg ...(ii)
Dividing Eq. (i) by (ii), we get
1 _o’R
cosa g
W= g
Rcos a.

Introductory Exercise I

1. Is a body in uniform circular motion in equilibrium?

2. Find the maximum speed at which a truck can safely travel without toppling over, on a curve of radius
250 m. The height of the centre of gravity of the truck above the ground is 1.5 m and the distance between
the wheels is 1.5 m, the truck being horizontal.

3. (a) How many revolutions per minute must the apparatus shown in figure make about a vertical axis so

_ that the cord makes an angle of 45° with the vertical?
- (b) What is the tension in the cord then. Given, [= v2 m, a =20 cmand m = 5.0 kg?
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l——— g ]

w

Fig. 7.16

4. A car moves at a constant speed on a straight but hilly road. One section has a crest and dip of the same
250 m radius.

(a) Asthe car passes over the crest the normal force on the car is one half the 16 kN weight of the car.
What will be the normal force on the car as its passes through the bottom of the dip?

(b) What is the greatest speed at which the car can move without leaving the road at the top of the hill?

(c) Moving at a speed found in part (b) what will be the normal force on the car as it moves through the
bottom of the dip? (Take g =10 m/ s?)

§. A car driver going at speed v suddenly finds a wide wall at a distance r. Should he apply brakes or turn the
car in a circle of radius r to avoid hitting the wall.

6. Show that the angle made by the string with the vertical in a conical pendulum is given by cos 6 = Zg—i
)

where L is the length of the string and o is the angular speed.

| IEEY Motion in a Vertical Circle

Suppose a particle of mass m is attached to an inextensible light string of length R. The particle is moving
in a vertical circle of radius R about a fixed point O. It is imparted a velocity  in horizontal direction at lowest
point A. Let v be its velocity at point B of the circle as shown in figure. Here,

h=R(1-cos 0) @)
From conservation of mechanical energy

1 2 .2
= m(u* —v~)=mgh
> n

or v:=u?-2gh i)
The necessary centripetal force is provided by the resultant of tension . v
T and mg cos 6 v Ih e
i ] i . ‘ gsino
Fig. 7.17

Now, following three conditions arise depending on the value of .

Condition of Looping the Loop (u2 J5 gR?
The particle will complete the circle if the string does not slack even at the highest point (0 = nt) Thus,
tension in the string should be greater than or equal to zero (7" 2 0)at 6 = . In critical case substituting 7 =0

and 0 = rin Eq. (iii), we get

2
MV in

R
=gR

mg =

V2 i
min

or
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or Vin =VER (at higheg; Point)
Substituting 0 = rin Eq. (i), h=2R
Therefore, from Eq. (ii)

"tznln = vlz\‘i" +2gh

or ui]m =gR+2g(2R)=5gR

or : Unin =V gR
Thus, if u 2 /SgR, the particle will complete the circle. At u =/5gR, velocity at highest point is y = ek
and tension in the string is zero.
Substituting 6 =0° and v = \/?gﬁ in Eq. (iii), we get T = 6 mg or in the critical condition tension in the
string at lowest position is 6 mg. This is shown in figure.
P

Vin = \/g_R T=0
A U Umin =+5gR
T=6mg
Fig. 7.18

Ifu< ,/SgR , following two cases are possible.

Condition of Leaving the Circle (V28R < u< ,/SgR)

Ifu< \/SgR. the tension in the string will become zero before reachin

g the highest point. From Eq. (iii),
tension in the string becomes zero (T = 0)

where, cosO=—_
2
or cos 0= 2gh\—u
Rg
Substituting, this value of cos 8 in Eq. (i), we get
h-u*
Rg R
2
u® + ’
or h= 3gRg =h, (say) (V)

or we can say that at height A,

tension in the string becomes zero. Further, if u </5gR, velocity of the particl®
becomes zero when

0=u? —2gp
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u2

or h=—= h2 (say) . .(V)
2g

i.e., at height A, velocity of particle becomes zero.
Now, the particle will leave the circle if tension in the string becomes zero but velocity is not zero. or T=0
but v # 0. This is possible only when :

hy <h,
or u® +Rg <ﬁ
¥ X
or 2u® + 2Rg <3u?
or u’ >2Rg

or u>\2Rg

Therefore, if JZg_R <u <+/5gR, the particle leaves the circle.

From Eq. (iv), we can see that # > R if u? > 2gR. Thus, the particle, will leave the circle when A > R or
90° <0 < 180°. This situation is shown in the figure.

‘ . h>R

u

Fig. 7.19

A

J2gR <u <4/5gR or 90°<6<180°

Note That after leaving the circle, the particle will follow a parabolic path.
Condition of Oscillation (0< u< J2gR)

The particle will oscillate, if velocity of the particle becomes zero but tension in the string is not zero. or

v=0@ but T = 0. This is possible when
hy <hy

2

2
u u“+R
or —< £
2g

3g
or u? <2Rg or u<y2Rg.
Moreover, if by =hy,u =J2_R_g and tension and velocity both
becomes zero simultaneously.

or 3u® <2u® +2Rg

Further, from Eq. (iv), we can see that 4 < Rifu <,[2Rg. Thus,
for 0<u </2gR, particle oscillates in lower half of the circle il
(0°<9590°).Thissituationisshownintheﬁgure. N=0 Ihsn

0< s,/ R or 0°<0£90°
o % Fig. 7.20
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Note  The above three conditions have been derived for a particle moving in a Veftical circle altaf:hed toqg
string. The same conditions apply, if a particle moves inside a smooth spherical shell of radjus g The

only difference is that the tension is replaced by the normal reaction N.

Condition of looping the loop is u> /5 gR
V= ‘lg—R. N=0

u=5gR, N=6mg
Fig. 7.21

Condition of leaving the circle J28R < u< 5gR
N=0
. vz0

H>FI

Fig. 7.22
Condition of oscillation is 0< u< J2 &R

]

Fig. 7.23

Sample Example 7.8 A heavy particle hanging from a fixed point by alight inextensible string of length lis
projected horizontally with speed ,/Q Find the speed of the particle and the inclination of the string to the

vertical at the instant of the motion when the tension in the string is equal to the weight of the particle.

Solution Let 7" = mg at angle 6 as shown in figure.

h=1I(1-cos 8) ‘ ...(1)
Applying conservation of mechanical energy between points 4 and B
B, we get mg cos 6
%m(u2 -v? )=mgh [h mgsin 0
Here, u® =gl ...(i1) A~ u=Vgl

Fig. 7.24
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and v =speed of particle in position B

v=u®-2gh ...(iii)
Further, T -mgcos 0 = -'%’—
or mg —mg cos 0= 5";—’ (T=mg)
or \:1 = gl(l -COS 9) ae .(iv)

Substituting values of v¥, #* and h from Eqgs. (iv), (i) and (i) in Eq. (iii), we get
gl(1=cos 0) =gl - 2gl(1-cos 0)

or cos 9-_—.—2
3

o 3)
or 0 =cos (3

Substituting cos 6 =% in Eq. (iv), we get

Introductory Exercise [[E}]|

1. A stone tied to a string of length L is whirled in a vertical circle with the other end of the string at the
centre. At a certain instant of time the stone is at it lowest position and has a speed u. Find the magnitude
of the change in its velocity as it reaches a position, where the string is horizontal.

2. With what minimum speed v must a small ball should be pushed in§ide a smooth vertical tube from a
height h so that it may reach the top of the tube? Radius of the tube is R.

]
d<<R
Fig. 7.25
3. Abob is suspended from a crane by a cable of length [ = 5 m. The crane and load are moving at a constant
speed v,. The crane is stopped’ by a bumper and the bob on the cable swings out an angle of 60°. Find the
initial speed vo. (g = 98 m/s%)

&
e

Fig. 7.28
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Extra Points -|

® If a particle of mass m is connected to a light rod and wiliped % £ Veﬂtcal_ct";: - °:j%dﬂl ol
complete the circle, the minimum velocity of the particle at the bot::l)mmlj) SLROMIA S0 a ng Because iy
this case, velocity of the particle at the topmost point can be zero aiso. Lsing conservation of mechancy)
energy between points A and B as shown in Fig. 7.27, we get

d
u>2+gR
d<<R
Fig. 7.27 Fig. 7.28
3 m* - v*)= mgh
or % mu® = mg (2R) (asv=0)

Therefore, the minimum value of u in this case is 2,/gR.
Same is the case when a particle is compelled to move inside a smooth vertical tube as shown in Fig. 7.28.

In uniform circular motion although the speed of the particle remains constant yet the particle is
accelerated due to change in direction of velocity. Therefore, the forces acting on the particle in uniform
circular motion can be resolved in two directions one along the radius (parallel to acceleration) and another

perpendicular to radius (perpendicular to acceleration). Along the radius net force should be equal to z_nﬁﬁ
and perpendicular to it net force should be zero.

= Oscillation of a pendulum is part of a circular motion. At point A and C since velocity is zero, net centripetal

force will be zero. Only tangential force is present. From A and B or C to B speed of the bob increases.
Therefore, tangential force is parallel to velocity. From B to A or B to C speed of the bob decreases. Hence,
tangential force is antiparallel to velocity.

Fig. 7.29
s In circular motion a particle has two speeds:

(i) angular speed v = ‘;—‘ and
(if) linear speed v = ‘g

They are related to each other by the relation v = Ro. Here, R is the radius of the circle.
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® In circular motion acceleration of the particle has two components :
(i) tangential acceleration q = Z_V = Ro,
t

(ii) normal or radial acceleration o= % = Ro*

@, and a, are two perpendicular components of & Hence, we can write a = Jaf +d,
Since, circular motion, is a 2-D motion we can write

5 (2]

Here, V='Vi+vzy or vz=vi+vi'

= Condition of toppling of a vehicle on circular tracks : While moving in a circular track normal reaction on
the outer wheels (N, ) is more than the normal reaction on inner wkeels (N, ).
or N, >N,
This can be shown as:
Distance between two wheels = 2a
Height of centre of gravity of car from road = h
For translational equilibrium of car:

N, + N, =mg (i)
mv? .
and f= - (i)
and for rotational equilibrium of car, net torque about centre of F—a8—s—a—
gravity should be zero. Fig. 7.30
or N;(a)= Ny(a)+ f(h) ....(ii)
From Eq. (iii), we can see that
h mv? ) (h .
Nz=N1'(E f=N;- | ..(iv)
or N, <N,
From Eq. (iv), we see that N, decreases as v is increased.
In critical case, N, =0 .
or N, =mg [From Eq. (i)]
Ny(a)= f(h) [From Eq. (iii)]
) my?
or (mg)(a)= [_r—] (h)
-
or V= h

Now, if v >Ji? ,N, = 0,and the car topples outwards.

Therefore, for a safe turn without toppling v < -

® From the above discussion we can conclude that while taking a turn on a level road there are two critical
s;eeds one is the maximum speed for sliding (= Jwrg) and another is maximum speed for toppling

( fng One should keep his car’s speed less than both of them for neither to slide nor to overturn.
- T .
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®= Motion of a ball over a smooth solid sphere .
Suppose a small ball of mass m is given a velocity v over the top of a smooth sphere of radius R, Th
equation of motion for the ball at the topmost point will be.

(a)

or

or Vipax = J}Tg‘
From here we can conclude that ball will lose contact with the sphere right from the beginning if velocity of
ball at topmost point v > /Rg. If v < /Rg it will definitely lose contact but after moving certain distance over

the sphere. Now let us find the angle 8 where the ball loses contact with the sphere if velocity at topmost
point is just zero. Fig. 7.31 (b)

h=R{1 - cos 6) i)
Vv =2gh ...(ii)
mgoose=% (asN =0) ... (i)

Solving Egs. (i), (ii) and (iii), we get
oo (-

Thus the ball can move on the sphere maximum upto 6 = cos™! (g) .

Exercise : Find angle 6 where the ball will lose contact with the sphere, if velocity at topmost point is

= Tmax @
£ 0= cos™ (%)=41.4° Ans.
Hint: Only equation (ii) will change as,
V=i +2h (u=0)
* Relation between angular velocity vector @, velocity vector V and position vector of the particle with respect
to centre, 7 is given by:

V=ax7
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Solved Examples

Example 1 Ifapoint moves along a circle with constant speed, prove that its angular speed about any point
on the circle is half of that about the centre.

Solution Let, O be a point on a circle and P be the position of the particle at any time #, such that
ZPOA=6. Then, ZPCA =20 P
Here, C is the centre of the circle.

Angular velocity of P about O is /
do 20
Wy =— 9 A
O dr g c
and angular velocity of P about C is,
d do
o =—(20)=2—
s <y
or 0 =20, Proved. Fig. 7.32

Example 2 A car is travelling along a circular curve that has a radius of S0 m. If its speed is 16 m/s and is
increasing uniformly at 8 m/s®, determine the magnitude of its acceleration at this instant.

2 5 2 2
Solution a=ya,’ +a,} = (%) +[%J = (8)2+(%J =9.5m/s’

Example 3 A particlemovesina circle of radius 2.0 cm at a speed given by v = 4t ,where vis in cm/s and t in

seconds.
(a) Find the tangential accelerationat t =1s.

(b) Find total acceleration att = ls

Solution (a) Tangential acceleration
dv

a, =—

"odr

i.e.,a, is constant or tangential acceleration at ¢ = 15 is 4 cm/s .
(b) Normal acceleration

or a, =%(4t)=4cm/s2

2 2
B =_v__=(4t)
R R
1612 5
a, =——=8.0t
or n 20
Att=1s, a, =8.0cm/s’

: [ + a2
Total acceleration a=q/a; +a,

o a=+(4)* +(8)* =80 =45 cnv/s?
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Example 4 4 boy whirls a stone in a horizontal circle of radius 1.5 m and at height 2.0 m above 'level
ground. The string breaks, and the stone flies off horizontally and strikes the ar ound after travell{ng a
horizontal distance of 10 m. What is the magnitude of the centripetal acceleration of the stone while in

circular motion?

Solution (= |22 /Zx 2 _0.64s
g 9.8
10

v=—=15.63m/s
t

2
a=Y— =163 m/s?
R

Example 5 Two particles A and B start at the origin O and travel in
opposite directions along the circular path at constant speeds v 4 =0.7 m/s
and vg =1.5m/s, respectively. Determine the time when they collide and the
magnitude of the acceleration of B just before this happens.

Solution 1.5+ 0.77 =2nR =10~n

=T s
22
v 2
=22 -0.45m/s?
R

Y
59
B,
= X
o
vg=15m/s [Tv4=0.7m/s
Fig. 7.33

Example 6 A particle is projected with a speed u at an angle © with the horizontal. What is the radius of

curvature of the parabola traced out by the projectile at a point where the particle velocity makes an angle 3
2

with the horizontal.

Solution Let v be the velocity at the desired point. Horizontal component of velocity

remains unchanged. Hence,

vcos—e=ucos 0
2

ucos 6
yv=

0
cos —
2

(i)

Fig. 7.34

Radial acceleration is the component of acceleration perpendicular to velocity or

0
a, =gcos|—
. (2)
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Vi 0 7
= =§cos (5) ... (i)

Substituting value of v from Eq. (i) in Eq. (ii), we have radius of curvature

2
ucos 0

cos (9)
2 _ u® cos? @

g cos (9) ) (:053 (-e')
2) ¢ 2

Example 7 A point moves along a circle with a velocity v=kt, where k=0.5 m/s*. Find the total
acceleration of the point at the moment when it has covered the n™ fraction of the circle after the beginning of

motion, where n =— .
10

i ds s r
Solution V—E_kt or Iods=kjotdt

s= - kt?
2
For completion of nth fraction of circle, s=2mnrn
or 1?2 = (4nnr)/ k ..(i)
Tangential acceleration =ar = 3—: =k ...(i1)
2 2,2
Normal acceleration =ay = Y= i ...(iii)
r r
or ay =4nnk
a=y(a? +a})=[k* +16n’n%k*]"
=k[1+16n°n*]"?
=0.50[1+16x (3.14)2 x (0.10)*1"2
=0.8 ms’

Example 8 In a two dimensional motion of a body prove that tangential acceleration is nothing but

component of acceleration along velocity.

Solution Let velocity of the particle be,
Vv d+v,j
dv,

Acceleration dt dt
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Component of a along v will be,

;‘_V) de ¢ pd
=V, - ” +vy-——t
|V|

Further, tangential acceleration of particle is rate of change of speed.

dv d
or Lo a’=z=z(1lvf +v§)

dv dv
or a, =_1__|:2vx-—dl+2vy -d_ty
2 2 1
2 ‘,vx +v,
dv dv
Vv, X 4 vy WLl 4!
or a, = at dt
2+
x TV
From Egs. (i) and (ii), we can see that
- >
asv
a,=
oy
vl
or Tangential acceleration = component of acceleration along velocity.

(i)

... (i)

Hence proved.



E XERCISES

AIEEE Corner

Subjective Questions (Level 1)
Kinematics of Circular Motion

1.

A particle rotates in a circular path of radius 54 m with varying speed v = 4t Here vis inm/s and ¢ in
second. Find angle between velocity and acceleration at # = 3.

A car is travelling a_}ong a circular curve that has a radius of 50 m. Ifits speed is 16 m/s and is increasing
uniformly at 8 m/s . Determine the magnitude of its acceleration at this instant.

A particle is projected with a speed u at an angle 6 with the horizontal. Consider a small part of its path
near the highest position and take it approximately to be a circular arc. What is the radius of this circle?
This radius is called the radius of curvature of the curve at the point.
Figure shows the total acceleration and velocity of a particle moving
clockwise in a circle of radius 2.5 m at a given instant of time. At this
instant, find :

(a) the radial acceleration,

(b) the speed of the particle and

(c) its tangential acceleration.

A particle moves in a circle of radius 1.0 cm at a speed given by v=2.07, where v is in cm/s and 7 in

seconds.
(a) Find the radial acceleration of the particle at 7 =1s.

(b) Find the tangential acceleration at f =1s.

(c) Find the magnitude of the total acceleration at # =1s.

A boy whirls a stone of small mass in a horizontal circle of radius 1.5 m and at height 2.9 m above level
ground. The string breaks and the stone flies off horizontally and strikes the ground after traveling a
horizontal distance of 10 m. What is the magnitude of the centripetal acceleration of the stone while in

circular motion ?

Dynamics of Circular Motion

7.

8.

A turn has a radius of 10 m. If a vehicle goes round it at an average speed of 18 km/h, what should be the
proper angle of banking?

If the road of the previous problem is horizontal (no banking), what should be the minimum friction
coefficient so that a scooter going at 18 km/h does not skid?

A circular road of radius 50 m has the angle of banking equal to 30°. At what speed should a vehicle g0
on this road so that the friction is not used?
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10.

11.

12.

13.

14.

15.

A 70 kg man stands in contact against the inner wall of a hollow cylindrical drum of radius 3 m rotating
about its vertical axis. The coefficient of friction between the wall and his clothing is 0.1 5 What is the
minimum rotational speed of the cylinder to enable the man to remain stuck to the wall (without falling)
when the floor is suddenly removed?

A4 kg block is attached to a vertical rod by means of two strings of equal length. When the system rotates
about the axis of the rod, the strings are extended as shown in figure.

(a) How many revolutions per minute must the system make in order for the tension in the upper string
to be 200 N?

(b) What is the tension in the lower string then ?

A block of mass m is kept on a horizontal ruler. The friction coefficient between the ruler and the block is
u. The ruler is fixed at one end and the block is at a distance L from the fixed end. The ruler is rotated
about the fixed end in the horizontal plane through the fixed end.

(a) What can the maximum angular speed be for which the block does not slip ?

(b) Ifthe angular speed of the ruler is uniformly increased from zero at an angular acceleration o, at what

angular speed will the block slip ?

Three particles, each of mass m are situated at the vertices of an equilateral triangle of side a. The only
forces acting on the particles are their mutual gravitational forces. It is desired that each particle moves in
a circle while maintaining the original mutual separation a. Find the initial velocity that should be given

to each particle and also the time period of the circular motion. | F = L"‘zmz

i
A thin circular wire of radius R rotates about its vertical diameter with an angular frequency @ Show that
a small bead on the wire remains at its lowermost point for o < m .What is angle made by the radius
vector joining the centre to the bead with the vertical downward direction for ®=,/2g/R ? Neglect
friction.
Two blocks tied with a massless string of length 3 m are placed on a rotating table as shown. The axis of

rotation is 1 m from 1 kg mass and 2 m from 2 kg mass. The angular speed ® = 4rad/s. Ground below 2 kg
block is smooth and below 1 kg block is rough. (g =10m/s )

(a) Find tension in the string, force of friction on | kg block and its direction.
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(b) If coefficient of friction between 1 kg block and ground is p = 0.8. Find maximum angular speed so
that neither of the blocks slips.

(c) If maximum tension in the string can be 100 N, then find maximum angular speed so that neither of
the blocks slips.

Note Assume that in part (b) tension can take any value and in parts (a) and (c) friction can take any value.
16. What is the maximum speed at which a railway carriage can move without toppling over along a curve qf
radius R =200 m if the distance from the centre of gravity of the carriage to the level of the rails is

h =1.5m, the distance between the rails is / = 1.5m and the rails are laid horizontally ?
(Takeg =10m/s?)

Motion in Vertical Circle
17. A small block slides with velocity 0.5,/gr on the horizontal frictionless surface as shown in the figure.

The block leaves the surface at point C. Calculate angle 0 in the figure.
A o B

0

........

18. The bob of the pendulum shown in figure describes an arc of circle in a vertical plane. If the tension.in the
cord is 2.5 times the weight of the bob for the position shown. Find the velocity and the acceleration of
the bob in that position.

19. The sphere at4 is givena downward velocity v, of magnitude 5 m/s and swings in a vertical plane at the

end of a rope of length /=2m attached to a support at O. Determine the angle 6 at which the rope will
break, knowing that it can withstand a maximum tension equal to twice the weight of the sphere.

<
B "~
N
Y
\
\

=)
S —m——

‘‘‘‘‘‘

20. A particle is suspended from 2 fixed point by a string of length 5 m. It is projected from the equilibrium
position with such a velocity that the string slackens after the p?mcle has reached a height 8 m above the
lowest point. Find the velocity of the particle, just before the string slackens. Find also, to what height the
particle can rise further ?
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21. A small block of mass m slides along a smooth circular track of radius R as shown in the figure,
T M Pat rest

(a) If it starts from rest at P, what is the resultant force acting on it at Q ?

(b) At what height above the bottom of the loop should the block be released so that the force it exerts

against the track at the top of the loop equals its weight ?
Objective Questions (Level 1)

Single Correct Option
1. A particle is revolving in a circle with increasing its speed uniformly. Which of the following is
constant ?
(a) Centripetal acceleration (b) Tangential acceleration
(c) Angular acceleration (d) None of these

- A particle is moving in a circular path with a constant speed. If O is the angular displacement, then
starting from 0 = 0, the maximum and minimum change in the linear momentum will occur when value
of 0 is respectively

(a) 45° and 90° (b) 90° and 180° (c) 180° and 360° (d) 90° and 270°
- Asimple pendulum of length /has maximum angular displacement 6. Then maximum kinetic energy ofa
bob of mass mis

@ zi,,,gl (b) % mglcos@ () mgl(l-cos8)  (d) % mglsin®

. A particle of mass m is fixed to one end of a light rigid rod of length /and rotated in a vertical circular path
about its other end. The minimum speed of the particle at its highest point must be

(a) zero (b) Vel ©\15gl (d)\2gl
. A simple pendulum of length / and mass m is initially at its lowest position. It is given the minimum

horizontal speed necessary to move in a circular path about the point of suspension. The tension in the
string at the lowest position of the bob is

(a) 3 mg (b) 4 mg (©)5mg (d) 6 mg

. A point moves along a circle having a radius 20 cm with a constant tangential acceleration 5cms 2. How
much time is needed after motion begins for the normal acceleration of the point to be equal to tangential
acceleration?

(a)ls (b)2s (c)3s (d)4s

. Aring of mass 27kg and of radius 0.25 m is making 300 rpm about an axis through its perpendicular to
its plane. The tension in newton developed in ring is approximately

(a) 50 (b) 100 (c) 175 (d) 250
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A car is moving on a circular level road of curvature 300 m. If the coefficient of friction is 0.3 and
acceleration due to gravity is 10 m/s?, the maximum speed of the car can be
(2) 90 km/h (b) 81 km/h (c) 108 km/h (d) 162 km/h

i : 2 ”
A string of length 1 m is fixed at one end with a bob of mass 100 g and the string makes - revs™ around

a vertical axis through a fixed point, The angle of inclination of the string with vertical is

N e I (|

In thse previous question, the tension in the string is 20

8 50
a)>N b)SN e d—N
()8 ()5. (0)8N ()5

A small particle of mass 0.36 g rests on a horizontal turntable at a distance 25 cm from the axis of spindle.
The turntable is accelerated at a rate of o =-:l; rads~2. The frictional force that the table exerts on the

particle 2 s after the startup is
(a) 40 uN (b)30puN (c)SOpuN (d) 60 uN
A simple pendulum of length / and bob of mass m is displaced from its equilibrium position O to a
position P so that height of P above Ois A. It is then released. What is the tension in the string when the
bob passes through the equilibrium position O ? Neglect friction. v is the velocity of the bob at O.

2
(a)m[g+v7) (b)Z_”;g_h (c)mg(l+%) (d)mg(l+¥)
Two particles revolve concentrically in a horizontal plane in the samé direction. The time required to
complete one revolution for particle 4 is 3 min, while for particle B is 1 min. The time required for 4 to
complete one revolution relative to B is
(a) 2 min (b) 1 min (¢) 1.5 min (d) 1.25 min
Three particles 4, B and C move in a circle in anticlockwise direction with B

speeds 1 ms™', 2.5 ms~! and 2 ms™' respectively. The initial positions of

A, Band C are as shownin figure. The ratio of distance travelled by B and C by

the instant 4, B and C meet for the first time is

(a)3:2 (b)5:4 A C
(©)3:5 (d) data insufficient

s

i

JEE Corner

Assertion and Reason

Directions : Choose the correct option.

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion.
(b) Ifboth Assertion and Reason are true but Reason is not the correct explanation of Assertion
(c) If Assertion is true, but the Reason is false.

(d) If Assertion is false but the Reason is true.
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1. Assertion: A car moving on a horizontal rough road with velocity v can be stopped in a minimum
distance d. If the same car, moving with same speed vtakes a circular turn, then minimum safe radius cap
be 24.
V2 v2
Reason: d=—and minimum safe radius =—
2ug 24
2. Assertion: A particle is rotating in a circle with constant speed as shown.Between points 4 and B ratio
of average acceleration and average velocity is angular velocity of particle about point O.

B

Reason :  Since speed is constant, angular velocity is also constant.
3. Assertion: A frame moving in a circle with constant speed can never be an inertial frame.
Reason : It has a constant acceleration.

- . il .
4. Assertion : In circular motion, dot product of velocity vector ( v)and acceleration vector (:) may be
positive, negative or zero.
Reason : Dot product of angular velocity vector and linear velocity vector is always zero.
S. Assertion : Velocity and acceleration of a particle in circular motion at some instant are:
T (23‘) ms~ and 8 = (—f +2j)ms ™2, then radius of circle is 2 m.
Reason : Speed of particle is decreasing at a rate of | ms 2,

6. Assertion : In vertical circular motion, acceleration of bob at position 4 is greater than 4

Reason : Net acceleration at 4 is resultant of tangential and radial components of acceleration.

7. Assertion : A pendulum is oscillating between points 4, B and C - Acceleration of bob at points 4 orC
is zero.

Reason : Velocity at these points is zero.
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8. Assertion: Speed of a particle moving in a circle varies with time as, v= (41 - 12). Such type of
circular motion is not possible.
Reason : Speed cannot be change linearly with time.

9. Assertion : Circular and projectile both are two dimensional motion. But in circular motion we cannot

i d = 2 . . . .
apply v =u + a ¢ directly, whereas in projectile motion we can.
Reason : Projectile motion takes place under gravity, while in circular motion gravity has no role.

10. Assertion: A particle of mass m takes uniform horizontal circular motion inside a smooth funnel as
shown. Normal reaction in this case is not mg cos 6.

6
Reason : Acceleration of particle is not along the surface of funnel.
11. Assertion: When water in a bucket is whirled fast overhead, the water does not fall out at the top of the

circular path.
Reason : The centripetal force in this position on water is more than the weight of water.

Objective Questions (Level 2)
Single Correct Option

1. A collar B of mass 2 kg is constrained to move along a horizontal smooth
and fixed circular track of radius 5 m. The spring lying in the plane of the
circular track and having spring constant 200 Nm™' is undeformed when the
collar is at 4. If the collar starts from rest at B, the normal reaction exerted by
the track on the collar when it passes through 4 is
(a) 360 N (b) 720N
(c) 1440 N (d) 2880 N

2. A particle is at rest with respect to the wall of an inverted cone rotating with
uniform angular velocity @about its central axis. The surface between the particle
and the wall is smooth. Regarding the displacement of particle along the surface up
or down, the equilibrium of particle is

(a) stable (b) unstable
(c) neutral (d) None of these

3. A rough horizontal plate rotates with angular velocity @ about a fixed vertical axis. A particle of mass m
. 5 - . o
lies on the plate at a distance —f from this axis. The coefficient of friction between the plate and the

particle is l The largest value of @* for which the particle will continue to be at rest on the revolving
3

plate is

£ b) =2 © 5> 9L

@3- Ly 9a e 7
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4. A ball attached to one end of a string swings in a meical plane. such that its
acceleration at point A (extreme position) is equal to its acceleration at point B
(mean position). The angle 0 is

(a)cos"(%) (b)cos"[%)

(c)cos™ (%] (d) None of these

5. A skier plans to ski a smooth fixed hemisphere of radius R. He starts from
rest from a curved smooth surface of height [5—} The angle 6 at which he

leaves the hemisphere is

(a) cos"'(%) (b)cos™ —%

e 4[5
(c)cos (6] (d) cos [26]

6. A section of fixed smooth circular track of radius R in vertical plane is shown in
the figure. A block is released from position 4 and leaves the track at B. The
radius of curvature of its trajectory just after it leaves the track at B is ?

R
(@R (b 5

(c) % (d) None of these

7. A particle is projected with velocity » horizontally from the top of a smooth sphere of radius @ so that it
slides down the outside of the sphere. If the particle leaves the sphere when it has fallen a height 5, the
4

value of u is

(a) ag (b)i:_g (c)@ @ @

8. A particle of mass mdescribes a circle of radius r. The centripetal acceleration of the particle is -4— What

will be the momentum of the particle ?
m m m
a)2 — (b) 2— c)4 —

(a) . T (© T (d) None of these
9. A 10 kg ball attached at the end of a rigid massless rod of length 1 m
rotates at constant speed in a horizontal circle of radius 0.5 m and
period of 1.58 s, as shown in the figure. The force exerted by the rod on

the ball is (g =10ms ™2 )

(a) 158 N (b) 128 N
(¢)110N (d)98 N
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11.

12.

13.

14.

15.
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A ];article is moving in a circle of radius R with initial speed . It starts retarding with constant retardation

m. The number of revolutions it makes in time Enk is
v v
@3 , (b) 4 ()5 (d)2

A disc is rotating in a room. A boy standing near the rim of the disc of radius R finds the water droplet
fallh.ng from the ceiling is always falling on his head. As one drop hits his head, other one starts from the
ceiling. If height of the roof above his head is H, then angular velocity of the disc is

@n /25—5 b)n ’zlf_lj (©n ‘/% (d) None of these

In a clock, what is the time period of meeting of the minute hand and the second hand?

60 59 3600
(@) 59 s b) — ] d)——"5s
()595 (C)6OS @ 59

When a driver of car 4 sees a car B moving towards his car and at distance 30 m, driver of car 4, takes a
left turn of 30°. At the same instant the driver of the car B takes a turn to his right at an angle 60°. The two
cars collide after two seconds, then the velocity (in ms ™' ) of the car A and B respectively will be (assume
both cars are moving along same line with constant speed)

(a) 75,753 (b)7.5,7.5 (c) 7513, 75 (d) None of these

A particle of mass m starts to slide down from the top of the fixed smooth sphere. What is the
acceleration when it breaks off the sphere ?

2g vsg g
(a) o (b) 3 ©g ()] 3

An automobile enters a turn of radius ». If the road is banked at an angle of 45° and the coefficient of
friction is 1, the minimum and maximum speed with which the automobile can negotiate the turn without

skidding is?

(a) ‘F?g& and w./E
(b) J—Z’—‘E and \frg
© —‘/Z’E and2rg

(d) zero and infinite provided plane does not break

A particle is given an initial speed u inside a smooth spherical shell of radius R so that it is just able to
complete the circle. Acceleration of the particle, when its velocity is vertical, is

(a) g V10 (b)g (©) g2 @ g6
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17.

18.

19.

20.

21.

22.

An insect of mass m = 3kg is inside a vertical drum of radius 2 m that is rotating with an
angular velocity of Srad s . The insect doesn’t fall off. Then the minimum coefficient of
friction required is

(@) 0.5

(b) 0.4

(c)0.2

(d) None of the above NP

A rod is given an angular acceleration o from rest so that it rotates in horizontal plane about a vertica]
axis. It has a ring at a distance r from the axis of rotation. The friction coefficient between the ring and the
rod is . Neglecting gravity find the time after witch the ring will start to slip on the rod is.
(Take o =3 rads 2 and p =13) :

1 1
@@ls ()—s (€) ——s (d)3+3s

3 343
A simple pendulum is released from rest with the string in horizontal position. The vertical component of

the velocity of the bob becomes maximum, when the string makes an angle 0 with the vertical. The angle
0 is equal to

0 emfl)  ow(y)

A particle is moving in a circle of radius R in such a way that at any instant the normal and tangential
component of its acceleration are equal. If its speed at 7 = 0is v,. The time taken to complete the first
revolution is

)
@R OE OT-e) @ Ry
1o Yo Vo Vo
A particle is moving in a circular path in the vertical plane. It is attached at one end of a string of length /
whose other end is fixed. The velocity at lowest point is ». The tension in the string is ’_I" and acceleration
of the particle is ; at any position. Then ’_I" : is zero at highest point if ?
@ u>5al @) u= 1551
(c)'Both (a) and (b) are correct (d) Both (a) and (b) are wrong

2 . .. a
In the above question, T. a is positive at the lowest point for

(@us ‘/2—81 ®)u= \/2_81 (c) u< ,/Z_gI (d) any value of u

Passage-1 (Q.No. 23 to 24)

23.

A ball with mass mis attached to the end of a rod of mass M and length /. The other - ’?
end of the rod is pivoted so that the ball can move in a vertical circle. The rod is !
}

helg in the horizontal position as shown in the figure and then given just enough a " /
downward push so that the ball swings down and just reaches the vertical upward L o /]
pos&tion having zero speed there. Now answer the following questions. N )
The change in potential energy of the system (ball + rod) is S’

(a) mgl (b) (M +m) gl (c)(%m)g, @ (M2+m) i
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24. The initial speed iven to the ball is l
Mgl +2mgl
@EE o (c) 22278 (g) None of these
m

— {
Note Attempt the above question after studying chapter of rotational motion. (
Passage-2 (0.No 25 to 27) :
A sn.'lall particle of mass m attached with a light inextensible thread of length L is ;
moving in a vertical circle. In the given case particle is moving in complete vertical J’ L
circle and ratio of its maximum to minimum velocity is 2 : 1. . 9 .-
25. Minimum velocity of the particle s ya
L L L gL :
(a 4‘/g— b ng_ g d 3‘/—
)443 ®)2 /S ©V5 343 ‘
26. The ‘ltcinetic energy of particle at the lower most position is )
mgL 8 mgL 2mgl - i
(a) 2& (b) 2mgL (c) 3meL == '
3 3 3
27. Velocity of particle when it is moving vertically downward is '
10gL gL 8gL 13gL
a) [—— b)2 . [== c),[—=— d) . [—=
()\’3 ()"3 ()\’3 (d) 3
More than One Correct Options ~ )

1. A ball tied to the end of the string swings in a vertical circle under the influence of gravity. ,
(a) When the string makes an angle 90° with the vertical, the tangential acceleration is zero and radial
acceleration is somewhere between minimum and maximum.
(b) When the string makes an angle 90° with the Yertxcal, the t.ar?gentlal acceleration is maximum and
radial acceleration is somewhere between maximum ar.1d minimum. ]
(c) At no place in circular motion, tangeptial acceleration is equa'l to radial ac.:cel-eration,
(d) When radial acceleration has its maximum value, the tangential acceleration is zero. 0

2. A small spherical ball is suspended through a string of length /. The whole arrangement is Biskasd i
4 vehicle which is moving with velocity v. Now, suddenly the vehicle stops and ball starts m oving along a

circular path. If tension in the string at the highest point is twice the weight of the ball then (Assume that
the ball completes the vertical circle)
(a) v=+/5g! ;
(b) v=47gl o
(c) velocity of the ball at highest point is \/Q
(d) velocity of the ball at the highest point is /3 g/

T ion in a horizontal plane in contact with the smooth surface of a
icle is describing circular motionina ¥ ice 0
3. ?p:m-cmt‘scgf:ulaf cone with its axis vertical and vertex down. The height of the plane of?motlon
al:oevertl}gl: vertex is # and the semi-vertical angle of the cone is a. The o !

period of revolution of the particle
(a) increases as h increases

(b) decreases as # fiecreascs

(c) increases as & lpcreases

(d) decreases as o increases

-
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4. In circular motion of a particle,
(a) particle cannot have uniform motion .
(b) particle cannot have uniformly accelerated motion
(c) particle cannot have net force equal to zro
(d) particle cannot have any force in tangential direction .
S. A smooth cone is rotated with an angular velocity ® as shown. A block A is
placed at height A. A block has no motion relative to cone. Choose the correct
options, when o is increased.
(a) net force acting on block will increase
(b) normal reaction acting on block will increase
(c) hwill increase
(d) normal reaction will remain unchanged
Match the Columns
1. Abob of mass mis suspended from point O by a massless string of length / as sho_wn. At the bottommost
point it is given a velocity u =,/12g1 for /=1m and m=1kg, match the following two columns when
stfing becomes horizontal (g =10ms ) o
Column I Column I (S units)
(a) Speed of bob (p) 10 r
(b) Acceleration of bob (q9) 20
(c) Tension in string (r) 100
(d) Tangential '(s) None &
acceleration of bob
2. Speed of a particle moving in a circle of radius 2 m varies with time as v =27 (SI units). At ¢ = 1s match
the following two columns.
Columnl = Column I (SI units)
) @ 23 ®2 V2
® 3 xg) @2
© 3.5 ™ 4
3
Here, symbols have their usual meanings.
3.

A car is taking turn on a rough horizontal road without shy
force : f the force of friction, N, and N
match the following two columns.

L]

pping as shown in figure. Let F is centripeta!
2 are two normal reactions. As the speed of car is increased.

Tum «— Ny N,
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Column I Column II
(@) N, (p) will increase
() N, (q) will decrease (
() FIf (r) will remain unchanged (
W f (s) cannot say anything (

4. Position vector (with respect to centre) velocity vector and acceleration vector of a particle ir circular

. - A A A A I A .
motionare r = (31 -4j)m, v=(4i-a j)ms™" and a =(-6i+bj)ms™. Speed of particle s {:‘onstant.
Match the following two columns.

A particle is rotating in a circle of radius R =

(

Column I Column II (SI units) (

(

(a) Value of a (p) 8 (
(b) Value of b (@3

(c) Radius of circle )5 1

(d) g (_\" x:) (s) None i

T

columns for the time interval when it completes i—th of the circle.

Column I
(a) Average speed
(b) Average velocity

(c) Average acceleration
(d) Displacement

Column II (SI units)

o L2

(@ 2 ﬁ

T
®) V2
(s) 1

Subjective Questions (Level 2)
1. Bob B of the pendulum 4B is given an initial velocity m in horizontal direction. Find

the maximum height of the bob from the starting point : ;

(a) if4Bisa massless rod,

(b) ifABisa massless string.

A small sphere B of mass m is released from rest in the position shown
and swings freely in a vertical plane, first about O and then about the

pe .
tension in the cord :

g A after the cord comes in contact with the peg. Determine the

(a) just before the sphere comes in contact with the peg.
(b) just after it comes in contact with the peg.

i

-2- m, with constant speed 1 ms -1 Match the folloyying two

4
-
-

Sy
>/

\
4
7’

mass m is suspended by a string of length / from a fixed rigid support. A sufficient
3gl is imparted to it suddenly. Calculate the angle made by the string with the

on of the particle is inclined to the string by 45°.

A particle of
horizontal velocity vo =

vertical when the accelerati
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4.

10.

11.

A tum of radius 20 m is banked for the vehicles going at a speed of 36 km/h. If the coefficient of staic
friction between the road and the tyre is 0.4. What are the possible speeds of a vehicle so that it neither
slips down nor skids up ? (g =9.8m/s?)

- A particle is projected with a speed u at an angle 6 with the horizontal. Find the radius of curvature of the

parabola traced out by the projectile at a point, where the particle velocity makes an angle 8/ 2 with the
horizontal.

- A particle is projected with velocity 20v/2 m/s at 45° with horizontal. After 1 s find tangential and normal

aceeleration of the particle. Also, find radius of curvature of the trajectory at that point.
(Take g =10m/s2)

If the system shown in the figure is rotated in a horizontal circle with QP“’
angular velocity ©. Find : (g=10m/s?)

(@) the minimum value of wto start relative motion between the two _E%
blocks. 2z

(b) tension in the string connecting m, and m, when slipping just
starts between the blocks.

The coefficient of friction between the two masses is 0.5 and there is no friction between , and ground.
The dimensions of the masses can be neglected. (Take R = 0.5m, my =2kg, m, =1kg)

The simple 2 kg pendulum is released from rest in the horizontal position. As it reaches the bottom
position, the cord wraps around the smooth fixed pin at B and continues in the smaller arc in the vertical

plane. Calculate the magnitude of the force R supported by the pin at B when the pendulum passes the
position 8 =30° (g =98m/s?)

[

A circular tube of mass M is placed vertically on a horizontal
surface as shown in the figure. Two small spheres, each of mass m,
just fit in the tube, are released from the top. If § gives the angle
between radius vector of either ball with the vertical, obtain the
value of the ratio M/m if the tube breaks its contact with ground
when 0 = 60°. Neglect any friction.

A table with smooth horizontal surface is turnin
on the surface along a radius and a particle is
centre. Find the speed of the particle with respe

& at an angular speed wabout its axis. A groove is made
gently placed inside the groove at a distance a from the
ctto the table as its distance from the centre becomes L.

A block of mass m slides on a frictionless table. It is constrained to move inside a ring of radius R. Attime
t =4, block is moving along the inside of the ring (i.e., in the tangential direction) with velocity v,. The
coefficient of friction between the block and the ring is p. Find the speed of the block at time .




12.

13.

14,

15.
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A ring of mass M hangs from a thread and two beads of mass m slides on it withoqt friction. The beads are
released simultaneously from the top of the ring and slides down in opposite sides. Show that the ring

will start to rise, ifm>3TM.

T

A smooth circular tube of radius R is fixed in a vertical plane. A particle is projected from its lowest point
with a velocity just sufficient to carry it to the highest point. Show that the time taken by the particle to

reach the end of the horizontal diameter is JE In (1+ V2 )-
g
Hint : Isec 6-d0 =In (sec 6 + tan 0)

A heavy particle slides under gravity down the inside of a smooth vertical tube held in vertical plane. It
starts from the highest point with velocity /2ag where a is the radius of the circle. Find the angular
position 8 (as shown in figure) at which the vertical acceleration of the particle is maximum.

p Vo= ‘I2Tg

A vertical frictionless semicircular track of radius 1 m is fixed on the
edge of a movable trolley (figure). Initially the system is rest and a mass
m is kept at the top of the track. The trolley starts moving to the right with
a uniform horizontal accelertion @ =2g/9. The mass slides down the
track, eventually losing contact with it and dropping to the floor 1.3 m
below the trolley. This 1.3 m is from the point where mass loses contact. -
(g=10m/s?)

(a) Calculate the angle 0 at which it loses contact with the trolley and

(b) the time taken by the mass to drop on the floor, after losing contact,
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Answers IR

Introductory Exercise 7.1
1. Variable 2. No 3. speed, acceleration, magnitude of acceleration
|
4. (a) 4.0cms? (b) 2.0cms? (c) 2/5cms? 5. -2-? 6. 3%
Introductory Exercise 7.2

1. No 2.35ms? 3.(a)27.6 (b) 69.3N 4. (a) 24kN (b) 50ms™ () 32 kN
5. He should apply the brakes

Introductory Exercise 7.3
1. J2®-gl) 2. f2g@R-h) 3.7 ms™

AIEEE Corner

Subjective Questions (Level 1)
g u? cos? 9 2 a1 -2
1. 45° 2.95ms? 3. — 4. (a) 21.65ms™ (b) 7.35ms™ (c) 12.5ms
5. (@) 40cms? (b) 20cms? (c) 4.47cms? 6. 113ms?  7.tan)(1/4) 8.0.25

2 va
9. 17ms? 10.4.7rads? 11.(a) 39.6rpm (b)150N  12. (a) yug/L (b) [(%) —az]

’Gm , & "
=, |—,T= o 14. 60
13. v= = T=2x G

15. (a) T=64 N, f=48 N (outwards) (b) 1.63rad/s (c) 5rad/s  16. 31.6 ms?  17.0= cos"(3]

18. 5.66 ms™} 16.75ms?  19. sin"(%) 20.5.42ms™,096m  21.(a) F=v65mg (b) h= 3R

Objective Questions (Level 1)

1 2@ 3@ 4@ 5@ 60 7@ 8@ 9@ 100
11 @ 12 13.(© 14 (b)

IEE Corner

Assertion and Reason

L@ 20 3@ 40 50 6@ 7@ 8@ 9@ 1100
11. (a)

Objective Questions (Level 2)

1. (c) 2. (b 3.(d) 4 (0 5. (¢) 6. (c) 7. (c) 8. (b) 9. (b) 10.(d)
1. 2@ 18.© 4.0 15 16 17.() 18.(®) 19.(0) 200
21 (o) 22.(d) 23.(c) 24.(d) 25.(b) 26.(c) 27.(a)

More than One Correct Options
1. (b,d) 2. (b,d) 3. (a,c) 4, (all) 5. (a,b,c)
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Match the Columns

1L @->@® ®->6) ©->(C0 @/
@-> @M G- ©@-206) @0
@-@ ®-=>0m ©-20 @@
@-(6s) M=) ©->(M (-6
@-(6) ®->@ ©-0 @@

o Bow N

Subjective Questions (Level 2)

3L 40L 3mg , 5me - 4. 42ms'svs15Sms’

2 cos2 _
5, _u-cos 0 6. at=—2J§ms‘2,a,,=4x/§mS'z.R=25~/§m 7. (a) o, = 6.32rad/s (b) T = 30N

gcos>(8/2)
2
M_1 = /2_ 2 Yo l4.9=cos"(—)
-,;—E lO.v—u)L a’ 11.1+“v0t 3
R

8. 45N 9.

15. (a) 37° (b) 0.38 s

Chapter 8 — Center of Mass Conservation of Linear Momentum Impulse and Collision
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IIEEY Centre of Mass

When we consider the motion of a system of particles, there is one point in it “_’hi‘:h behavesasthoagh t?xe
entire mass of the system (i.e., the sum of the masses of all the individual particles) is concenfrated there and.ns
motion is the same as would ensue if the resultant of all the forces acting on all the particles WIS applied
directly to it. This point is called the centre of mass (COM) of the system. The concept of COM is very useful
in solving many problems, in particular, those concerned with collision of particles.

Position of centre of mass

First ofall we find the position of COM of a system of particles. Just to make the subject easy we classify a
system of particles in three groups:

1. System of two particles.

2. System of a large number of particles and

3. Continuous bodies.

Now, let us take them separately.

Position of COM of Two Particles

Centre of mass of two particles of mass my and m, separated by a 3 C,oi M 2
distance of d lies in between the two particles. The distance of centre of

ma
mass from any of the particle (r)is inversely proportional to the mass of e ] — o
the particle (m). Fig. 8.1
1
Le; yoc—
m
ho_m
or =
n o m
or mn =mn
m m
or B = 2_1d and n= L d
m, +m m +m,

Here, r =distance of COM from m
and r, =distance of COM from m,
From the above discussion, we see that

n=n =% if m =m,, i.e., COM lies midway between the two particles of equal masses.
Similarly, 5 >r, ifm <m,andn <r, ifm, > my, i.e., COM is nearer to the particle having larger mass.
Sample Example 8.1 Two particles of mass | kg and?2

kg are located atx = 0and x = 3 m. Find the position
of their centre of mass.

Solution  Since, both the particles lie on x-axis the COM will also lie on
’ =1 =2k
x-axis. Let the COM is located at x = x, then m‘) k9 CO’ v m—z ) .

r =distance of COM from the particle of mass lkg =x
and r, =distance of COM from the particle of mass 2kg
=(3-x)

x=0 X=X x=3
=N =X —ste—r; = (3 = X)—+

Fig. 8.2
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. K m
Using 1_72
nom
x 2
or —== or x=2m
-x 1

Thus, the COM of the two particles is located at x =2 m.
Position of COM of a Large Number of Particles

If we have a system consisting of n particles, of mass m, , m, ..., m, With T} , T3 ..., T, as their position
vectors at a given instant of time. The position vector Trgy, of the COM of the system at that instant is given
by:

— -
2 mT my Ty +...Am, T,
Tcom =
mo+m+...+m,
n
ZmT,
_i=1
- n
zm
i=1
n
Zmr,
?_ i=1
or o=
¢ M
Here, M=m +my+...+m, andZm; T, is called the first moment of the mass.
> __3 4 k
Further, r=xj1+yl+z
Teom =Xcomi + j+ zcomk
and Tcom =Xcoml + Yeoml + Zcom

So, the cartesian co-ordinates of the COM will be

n

Z mx;
mXx; +myX, +...+mx, _i=1
ook = m +my +..+m, Zm;
n
i§1 ek
or XcoM M
n
',‘_Y'l myi
Similarly, Yeom =T
n
£
Z, =
and coM M

Sample Example 8.2 The position vector of three particles of mass my =1kg.my =2 kg andmy =3 kg are
F,' =i+ 43 +k)m, ,-.; =(i+ 'j +k)mand F; =(2i - ] -2k) mrespectively. Find the position vector of their

centre of mass.

L\"Y
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Solution The position vector of COM of the three particles will be given by -

> - -
m +m2 r +M3 r;

¢ =
CcoM
m +my +my

Substituting the values, we get
2 (D) +4j+k)+ ()G +j+k)+32i -j-2k)
Tcom = -
1+2+3

_Si+3j-3k
6

;EOM =%(3§+]—IA()m

‘Sample Example 8.3 Four particles of mass 1 kg, 2 kg, 3 kg and 4 kg are placed at the four vertices A, B, C
and D of a square of side 1 m. Find the position of centre of mass of the particles.

Solution  Assuming D as the origin, DC as x-axis and DA as y-axis, we have {
m =1kg, (x;, y)=(0,1m) A B
m, =2kg,(x;, y,)=(1m,1m)
my =3Kkg,(x3, y;)=(1m,0)
and my =4Kkg, (x4, y4)=(0,0) g =X

D
Coordinates of their COM are . £
Fig. 8.3

=m,xI +myxy + myxy + myx,
m, +m2 +m3 +m4
=0X®+XU+XD+«®
1+2+3+4

Xcom

o m=0.5m

2
Similarly,
_mytmy, +tmyy; +myy,
Yeom =

m +my +my +m,
_ (1)) + 2(1)+ 3(0) + 4(0)
1+2+3+4

=im =03m
10

EA (xCOM » Yeom )= (05 m, 0.3 m)
Thus, position of COM of the four particles is as shown in figure.
Position of COM of Continuous Bodies

If we consider the body to have continuous distribution of matter the summation in the formula of COM is

replaced by integration. Suppose x, y and z are the co-ordinates of a small element of mass dm, we write the
co-ordinates of COM as
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_dem_jxdm
Xcom = Idm Y}
_Iydm_fydm
Ycom = Idm -T
jzdm_jzdm

and

Zcom = j P M

Let us take an example.

Centre of Mass of a Uniform Rod

Suppose a rod of mass M and length L is lying along the x-axis with its one end at x = 0 and the other at
x=L

P Q
s o “I I I” }- —————— .x
x=0 T x=L
Fig. 8.5

Mass per unit length of the rod = %

Hence, the mass of the element PQ of length dx situated at x = x is dm = % dx

The coordinates of the element PQ are (x, 0, 0). Therefore, x-coordinate of COM of the rod will be

frean L (74

XcoMm = Idm = I, =71J I:xdx=%
The y-coordinate of COM is
Ycom = ijdim =0 (as y=0)
Similarly, Zoom =0

Le., the coordinates of COM of the rod are (g , 0, 0). Or it lies at the centre of the rod.

Proceeding in the similar manner, we can find the COM of certain rigid bodies. Centre of mass of some

well known rigid bodies are given below: . o
1. Centre of mass of a uniform rectangular, square or circular plate lies at its centre.
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2 ; : . 2R ; .
- Centre of mass of a uniform semicircular ring lies at a distance of # =— from its centre, on the axis
n

of symmetry where R is the radius of the ring.

4R
3n

o

Fig. 8.8

4R
3. Centre of mass of a uniform semicircular disc of radius R lies at a distance of = o from the centre

n
on the axis of symmetry as shown in Fig. 8.8.
4. Centre of mass of a hemispherical shell of radius R lies at a distance
R . . R
of h= 5 from its centre on the axis of symmetry as shown in figure. 17
(o]
Fig. 8.9
5. Centre of mass of a solid hemisphere of radius R lies at a distance of
3R ;
h= £ from its centre on the axis of symmetry. I :%q
(o]
Fig. 8.10

Sample Example 8.4 A4 rod of length L is placed along the x-axis between x = 0and x = L. The linear density
(mass/length) p of the rod varies with the distance x from the origin as p =a+ bx. Here, a and b are
constants. Find the position of centre of mass of this rod.

Solution Mass of element PQ of length dx situated at x =x s

dm=p dx=(a+ bx)dx e ]
% = —— x=L
The COM of the element has co-ordinates (x,0,0). Therefore, dx
Fig. 8.11

x-coordinate of COM of the rod will be

jo‘ xdm jOL (x)a + bx) dx

o [Lam  [fa+bx)de

[ax2 bx? ]L
— + A —_—
2 3

X, TPl S el
or oM e ¥ 3L
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The y-coordinate of COM of the rod is

I ydm
Y COM = —W =0 (5 ¥= Q
Similarly, Zcom =0
2
Hence, the centre of mass of the rod lies at JaLF L ,0,0 Ams.
6a + 3bL

Important Points Regarding Position of Centre of Mass
= For a laminar type (2-dimensional) body the formulae for finding the position of centre of mass are as

follows:
@) Too = AT+ AL +. . + AT,
A+ A+ .+ A,
3 A+ Ax + .+ Apx,
) Xcom A+ A+ ...+ A,
ooy = V1 Aty bt Ary,
coM A+A+..+A,
Az Az .+ Az,
andl Zoom = A+ A+ .+ A,

Here, A stands for the area.
= If some mass or area is removed from a rigid body, then the position of centre of mass of the remaining
portion is obtained from the following formulae:

: b mT - m¥
i fcom=——————
@ s m, —m,
or _':oou= ——Al?;_ A%
A -4
mx —mhx
= [P .o 3
(i) ‘COM m, - m,
_Ax - Ax
o oM T T~ 4
Yoom = my, -my,
m-m
- Yeom = A - Ay,
A - A
mz, - M2z,
z =—
and "o my, - m,
0 o Az - Az
r COM Al _Az

Here, m,, A, %, x,, y, and 2, are the values for the whole mass while my, A,.8, X,. v, and 2, are the values for
the mass which has been removed. Let us see two examples in support of the above theary.
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Sample Example 8.5 Find the position of centre of mass of the uniform lamina shown in figure.

Solution Here, A, =area of complete circle = na’

1.
2
3

>

5.

A, =area of small circle

[a)z na*
=T| — = ——
2 4

(x,, ¥ ) =coordinates of centre of mass of large circle
=(0,0) e
(x,, ¥, ) =coordinates of centre of mass of small circle

I

. Ax; —A,x
Usin Xoom = ————22
g COM A=A,
=4
we get Xoowh = 0y N8

and ycopm =0as y; and y, both are zero.

Therefore, coordinates of COM of the lamina shown in figure are (— ad 0)
6 )

Introductory Exercise l

What is the difference between centre of mass and centre of gravity?

The centre of mass of a rigid body always lies inside the body. Is this statement true or false ?

The centre of mass always lies on the axis of symmetry if it exists. Is this statement true or false?

If all the particles of a system lie in y-z plane, the x-coordinate of th i i
shesg seped e e centre of mass will be zero. Is this
What can be said about the centre of mass of a solid hemis

here i i ;
calculation. Will its distance from the centre be more than r/2 4 of radius r without making any

or less than r/2?

All the particles of a body are situated at a distance R from the origin. The d s of
the body from the origin is also R. Is this statement true or falseg AT ey a2
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7. Three particles of mass 1 kg, 2 kg and 3 kg are placed at the corners A, B and C respectively of an
equilateral triangle ABC of edge 1 m. Find the distance of their centre of mass from A.
8. Find the distance of centre of mass of a uniform

plate having semicircular inner and outer boundaries of
radii a and b from the centre 0.

Hint : Distance of COM of semicircular plate from centre is ﬂ

7
Fig. 8.13
y

9. Find the position of centre of mass of the section shown in figure,

Note Solve the problem by using both the formulae: -—--

3 Axy + Ayx, ]

i =—1 22 gpd i

() Xcom A+ A sl !

.. _Aix - Ax 1
(i) Xcom = 4, -4, l ! i
: Op—2a—
Fig. 8.14

Motion of the Centre of Mass

Let us consider the motion of a system of n particles of individual masses m, , m, ..., m,, and total mass
M_ It is assumed that no mass enters or leaves the system during its motion, so that M remains constant. Then,
as we have seen, we have the relation

- - -
- _ml r]+er2 +...+m,,r"
Tcom =

mo+my+...+m,

— - -
_mr+mr+..4+m,r,
M

=5 - - -
or MrCOM=mI rl+er2 +...+m"l‘"

Differentiating this expression with respect to time 7, we have

= = -
r
Mdrcom —-m dr, o dr2+ "d,,
dt dt dt dt
=
dr .
i — =velocity
Since, g
- - -
Therefore MVeom =M V) +myVy +...4+m,V,

0



372 Mechanics-I

or velocity of the COM is
e -
> m V|+m2V2+"+m”v"
VYcoM = M
n
-5
T mV;
> i=1
or Yeom =7 s

Further, m V = momentum of a particle B Therefore, Eq. (i) can be writer 69

e =
Pcom = Pi +p1+...+p,,

n
OF Poom = X P;

= = Fid
dv, dv dv dv
MM =L ey, —2+ , —
dt dt dt dar
—
or M;COM =m|i'l +m2§’2 +...4+ m’,an
- = =
=5 ma, +ma, +... +m,a,
or a =
CoOM
M
2 -
Z ma;
or 3 =&
CcoM =
M

...(ii)

Further, in accordance with Newton’s second law of motion i‘z =ma. Hence, Eq. (ii) can be written as

= 2 =2 =2
FCOM =F| +F2 +...+Fn

= no 5
or Feom =L F
i=

Thus, as pointed out earlier also, the centre of mass of a system of particles moves as though it were 8

particle of mass equal to that of the whole system with all the external forces acting directly on it.
Important Points Regarding Motion of Centre of Mass

s Students are often confused over the problems of centre

of mass. They cannot answer even the basic

problems of COM. For example, let us take a simple problem: two particles one of mass 1 kg and the other of

2 kg are projected simultaneously with the sa
vertically upwards and the other vertically do
two particles? When I ask this question in m

among the students g, £ and zero. The correct answe
3 ris g. Because

Boow -m 31 + ﬂi’l
m; + m,
Here, 31-‘..8

me speed from the roof of a tower, the one of mass 1 kg
wgwar ds. What is the acceleration of centre of mass of thes®
v first class of centre of mass, three answers normally come

(downwards)
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Y YO 1)(g)+ 2)g) _
CoM 1+2

The idea behind this is that apply the basic equations when asked anything about centre of mass. Just as a
revision I am writing below all the basic equations of COM at one place.

g (downwards)

- - -
=5 mE+mb+..+mf,
focom =

m + my + ...+ m,

myx; + MyX, + ...+ MyX,

Xcom =
m +m, +..+m,
o= my, + myy, + ...+ My,
my + m, + ...+ m,
Zoom = mz, + myz, + ...+ Mz,
my+my+ ...+ m,
- - v
3 _myVy + MV, + ..+ mpV,
com =

my + my +.+m,

- - = -
Peom =P +P, +..+P,

3 _m3, + M8, + ...+ m,a,
coM my + my + ...+ m,
and Foom=Fi +Fy+.+Fy
Sample Example 8.6 Two particles A and B of mass 1 kg and 2 kg respectively are B
projected in the directions shown in figure with speeds u, = 200 m/s and T
ug =50m/s. Initially they were 90 mapart. Find the maximum height attained by the Ug
centre of mass of the particles. Assume acceleration due to grqity to be constant. : 9‘?’"
(g=10m/s*) Eomle IR L i ; l Ua
L A
Fig. 8.15,
Solution Using myry =Mpglp
or ()(rg )=(2)rz)
or ry =2p (i)
and ry +1p =90m (")
Solving these two equations, we get
ry, =60m and rz =30m
ie, COM is at height 60 m from the ground at time £ = 0.
- -
- _ m A a A + mpg a B
Further, acom m, +mg
=g =10m/s ? (downwards)
8, =4p=¢ (downwards)
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—p o d
" _myu, +myuy
coM B

my +my

o)~ @500,

1+2
Let, & be the height attained by COM beyond 60 m. Using,

2 _ .2
Veom =Ucom *+ 2acomh

2
” o=(%’) ~@)(10)h
or - (100)?
180
Therefore, maximum height attained by the centre of mass is
H =60+ 55.55
=115.55m

Sample Example 8.7 In the arrangement shown in figure, m, =2 kg and my =1kg.
String is light and inextensible. Find the acceleration of centre of mass of both the blocks.

Neglect friction everywhere.

Solution Net pulling force on the system is (m, —mj )g

or (2 - l)g =g
Total mass being pulled is m, + my or 3 kg

a= Net pulling force ¢
Total mass 3
— —
m,a,+m,a
Now, _a)COM =44 s
my +mg
_(2Xa) ~()a)_a
1+2 3
=% downwards
Alternate Method
Free body diagram of block 4 is shown in figure.
22 -T=my(a)
or T=2-mya

=2g —m(%) -2

(upwards)

mag =29
Fig. 8.18
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Free body diagrams of 4 and B both are as shown in Fig. 8.19.

ey Net force on both the blocks
Acom =

m, +mB
_(my +mg)g-2T
2+1

3g -2
3 mag

ig. 8.19
=% downwar_ds Fig- 8

Introductory Exercise m i

1. Two particles of mass 1 kg and 2 kg respectively are initially 10 m apart. At time t = 0, they start moving
towards each other with uniform speeds 2 m/s and 1 m/s respectively. Find the displacement of their
centre of mass att =1,

2. Two blocks A and B of equal masses are attached to a string passing over a smooth pulley fixed to a wedge

as shown in figure. Find the magnitude of acceleration of centre of mass of the two blocks when they are
released from rest. Neglect friction.

Fig. 8.20

|EXY Law of Conservation of Linear Momentum

The product of mass and the velocity of a particle is defined as its linear momentum (;). So,
T -
p=mv

The magnitude of linear momentum may be written as

p=my

or p2 =m*v? =2m(% mv2)=2mK
p?

Thus, peN2in, & K=o

Here, K is the kinetic energy of the particle. In accordance with Newton’s second law,
dv _ d(mV) _ i)
dt dt dr

= -
F=ma=m
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> d
p
F=—
Thus, &
In case the external force applied to a particle (or a body) be zero, we have
B _dp_

== or p=constant
dt : ;
showing that in the absence of an external force, the linear momentum of a particle (or tgedbody) remains
constant. This is called the law of conservation of linear momentum. The law may be exten edtoa syitem of
particles or to the centre of mass of a system of particles. For example, for a system of particles it takes the
form.
If net force (or the vector sum of all the forces) on a system of particles is zero, the vector sum of linear

momentum of all the particles remain conserved, or

If f:ﬁ +f‘>2+f"3 +..+F,=0
T -
Then, P, + P, +p; +...+ p, =constant

The same is the case for the centre of mass of a system of particles, i.e., if
- -
FCOM =0, ROM =constant.

Thus, the law of conservation of linear momentum can be applied to a single particle, to a system of
particles or even to the centre of mass of the particles.
The law of conservation of linear moementum enables us to solve a number of problems which can not be

solved by a straight application of the relation F=m 3,
For example, suppose a particle of mass m intially at rest, suddenly explodes into two fragments of masses

my, and m, which fly apart with velocities V, and v, respectively. Obviously, the forces resulting in the

explosion of the particle must be internal forces, since no external force has been applied. In the absence of the
external forces, therefore, the momentum must remain conserved and we should have

mv=m¥, +m,¥,
Since, the particle was initially at rest, V=0and therefore,

2 -
mv, +myv, =0

m =
Vi=-—2 v, or L‘ |_m
I
12 ™

Showing at once .that the velocities of 'the two fragments must be inversely proportional to their masses
and in opposite directions along the same line. This result could not possibly be arrived at from the relation

- . .
F=m 13, since we know nothing about the forces that were acting during the explosion. Nor, could we derive it
from the law of conservation of energy.
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Important Points Regarding Net Force Equal to Zero on Centre of Mass

= Ifaprojectile explodes in air in different parts, the path 4 Explosion
of the centre of mass remains unchanged. This is /
because during explosion no external force (except

-2 e
gravity) acts on the centre of mass. The situation is as ‘i \\ Path of COM
shown in figure. 4 \
Path of COM is ABC, even though the different parts '
travel in different directions after explosion. !

.‘-',w A B T T e A T A o
Fig. 8.21

® Suppose a system consists of more than one particle (or bodies). Net external force on the system in a
particular direction is zero. Initially the centre of mass of the system is at rest, then obviously the centre of
mass will not move along that particular direction even though some particles (or bodies) of the system may
move along that direction. The following example will illustrate the above theory.

Sample Example 8.8 4 projectile of mass 3 m is projected from ground with velocity 202 m/s at 45°. At
highest point it explodes into two pieces. One of mass 2 m and the other of mass m. Both the pieces fly off
horizontally in opposite directions. Mass 2 m falls at a distance of 100 m from point of projection. Find the
distance of second mass from point of projection where it strikes the ground. (g =10m/ s%)

Solution Range of the projectile in the absence of explosion
_ u* sin 20
g
_ (20v2)? sin 90°
- 10
=80m ol \ .
The path of centre of mass of projectile will not change, i.e., xoqy is still H—mu
80 m. Now, from the definition of centre of mass

R

i+ m, Fig. 8.22
Ao = m+my.
80= (m)(x, ) + (2m)(100)
or m+2m
i is equation, we get
Solving this eq .
Therefore. the mass m will fall at a distance x; = 40cm from point of projection. Ans.
Sample Example 8.9 A4 wooden plank of mass 20 kg is resting
on a smooth horizontal floor. A man of mass 60 kg staris moving

from one end of the plank to the other end. The length of the plank is :

10 m. Find the displacement of the plank over the floor when the

man reaches the other end of the plank. e ;" o
Fig. 8.23
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Solution Here, the system is man + plank. Net force on this system in horizontal directlon_ is zero and
initially the centre of mass of the system is at rest. Therefore, the centre of mass does not move in horizontal
direction.

le— X —»«—10—-x——>f Final position
Fig. 8.24

Let x be the displacement of the Plank. Assuming the origin, i.e., x = O at the position shown in figure.
As we said earlier also, the centre of mass will not move in horizontal direction (x-axis). Therefore, for
centre of mass to remain stationary,

X; =Xy
(60)(0)+ 20[%)) (60)(10-x)+ 20(%’ —x)
60+20 60+ 20
6(10—x)+ 2(5) -x)
o - 2 ") _60-6x+10-2
4 8 8
or 5=30-3x+5-x or 4x =30
30
or szm or x=75m

Note The centre of mass of the plank lies at its centre.

Sample Example 8.10 4 man of mass m, is standing on a platform of mass m, kept on a smooth horizontal
surface. The man starts moving on the platform with a velocity v, relative to the platform. Find the recoil
velocity of platform.

Solution Absolute velocity of man=v, —v where v =recoil

velocity of platform. Taking the platform and the man as a system,
net external force on the system in horizontal direction is zero. The

linear momentum of the system remains constant. Initially both the Vi—V
man and the platform were at rest. " _ il
Hence, 0=m (v, =v)=myv _
ml vr »
: Aia— Fig. 8.25

m + m,
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Sample Example 8.11 4 gun (mass = M) fires a bullet (mass = m) with speed v, relative to barrel of the

gun which is inclined at an angle of 60° with horizontal. The gun is placed over a smooth horizontal surface.
Find the recoil speed of gun.

Solution Let the recoil speed of gun is v. Taking gun + bullet as the system. Net external force on the system
in horizontal direction is zero. Initially the system was at rest. Therefore, applying the principle of
conservation of linear momentum in horizontal direction, we get

6.

Vr

' %O“ v,sin 60°
1—~ v, cos 60°- v

Components of velocity
of bullet relative to ground

Fig. 8.26

Mv —m(v, cos 60°-v)=0
p= Y, C08 60°
M+m

mv,

or Vo
2AM + m)

Introductory Exercise [EX}|

A man of mass 60 kg jumps from a trolley of mass 20 kg standing on smooth surface with absolute velocity
3 m/s. Find velocity of trolley and total energy produced by man.

Two blocks A and B of mass m, and my are connected together by means of a spring and are resting on a
horizontal frictionless table. The blocks are then pulled apart so as to stretch the spring and then released.
Show that the kinetic energies of the blocks are, at any instant inversely proportional to their masses.
Three particles of mass 20 g, 30 g and 40 g are initially moving along the positive direction of the three
coordinate axes respectively with the same velocity of 20 cm/s. Wh;n due to their mutual interaction, the
first particle comes to rest, the second acquires a velocity 10i + 20k. What is then the velocity of the third
particle?

A projectile is fired from a gun at an angle of 45° with the horizontal and with a speed of 20 m/s relative to
ground. At the highest point in its flight the projectile explodes into two fragments of equal mass. One
fragment, whose initial speed is zero falls »;ertically. How far from the gun does the other fragment land,
assuming a level terrain? Take g =10 m/s™?

A particle of mass 2 m is projected at an angle of 45° with horizontal with a velocity of 20v/2 my/s. After1 s
explosion takes place and the particle is broken into two equal pieces. As a result of explosion one part
comes to rest. Find the maximum height attained by the other part. Take g =10 m/s2,

A boy of mass 60 kg is standing over a platform of mass 40 kg placed over a smooth horizontal surface, He
throws a stone of mass 1 kg with velocity v = 10m/s at an angle of 45° with respect to the ground. Find the
displacement of the platform (with boy) on the horizontal surface when the stone lands on the ground.

Take g =10 m/s.
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7. A gun fires a bullet. The barrel of the gun is inclined at an angle t:f 4:5" with hor_izon?ll.::la:;lllellel:
leaves the barrel it will be travelling at an angle greater than 45° with the horizontal.
true or false?

{IEE)Y variable Mass

- . i who!
In our discussion of the conservation of linear momentum, we have so far dealt with S)}l:::ehm;ass ;,::saf,:
remains constant. We now consider those systems whose mass is variable, i.e., those in w.

leaves the system. A typical case is that of the rocket from which hot gases keep on escaping, thereby
continuously decreasing its mass.

5 . . .
In such problems you have nothing to do but apply a thrust force (F, ) to the main mass in addition to the
all other forces acting on it. This thrust force is given by,

=2 - dm
F, =V (Tt)

Here, V., is the velocity of the mass gained or mass ejected relative to the main mass. In case of rocket
dm . y e ;
this is sometimes called the exhaust velocity of the gases. = is the rate at which mass is increasing or

decreasing.

system

Fig. 8.27

The expression for the thrust force can be derived from the conservation of linear momentum in the
absence of any external forces on a system as follows:

Suppose at some moment f = mass of a body is m and its velocity is V. After some time at £ = ¢ + df its
mass becomes (m—dm) and velocity becomes v+dv The mass dm is ejected with relative velocnty v,

Absolute velocity of mass ‘dn7 is therefore (V, + v+dv). If no external forces are acting on the system, the
linear momentum of the system will remain conserved, or

2> o
Pi =Pf
- mV=(m-dm)(V+ &)+dm(V, + v + dv)
or mV=mV+md ¥ —-dm - (dm)(@)+dm~ +¥, dm+ (dm)(dv)

o
mdv=-¥, dm

t‘i'v - dm
m| — |= —_——
B (drj v’( dt)

Here, ( :v] thrust force (l—“: )

dm ; T
and e rate at which mass is ejecting
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Problems Related to Variable Mass can be Solved in F ollowing Three Steps
1. Make a list of all the forces acting on the main mass and apply them on it.
v, ( + i”_')
"\ ar

. . . e
is given by the direction of ¥, in case the mass is increasing and otherwise the direction of - v, ifitis
decreasing.

3. Find net force on the mass and apply

2. Apply an additional thrust force I—«‘), on the mass, the magnitude of which is and direction

iy
ﬁn,, =m E‘-, (m=mass at that particular instant)
dt

Rocket Propulsion

Let m, be the mass of the rocket at time ¢ = 0. its mass at any time 7 and v its velocity at that moment.
Initially let us suppose that the velocity of the rocket is u.

Y v

At At

S<~

nonon

Jco
<3~
nonon
<3"‘

M

Exhaust velocity = v,
Fig. 8.28

Further, let (__d'f) be the mass of the gas ejected per unit time and v, the exhaust velocity of the gases.
T ar

Usually (i’f) and v, are kept constant throughout the journey of the rocket. Now, let us write few equations
dt

which can be used in the problems of rocket propulsion. At time ¢ =¢,
1. Thrust force on the rocket

ol
A U , (upwards)
2. Weight of the rocket
W= mg (downwards)
3. Net force on the rocket
F, net =Ft -W (UPW&l‘dS)
_ —dm
or Fnet_vr 7 —-mg

F
4. Net acceleration of the rocket @ =;

dv_"_r(ﬂ)_g
o dt m\ dt
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or dv=v, ('_:E)—gdt

. e I, e b

or V-u=v, ln[%’-)—g’

Thus, v=u-gt+v,In (—':‘—oj ()

dm . 2
Note 1. F =v, [- ZL:'] is upwards, as v, is downwards and X is negative.

; m,
2. If gravity is ignored and initial velocity of the rocket u =0, Eq. (i) reduces tov = v, In (F)

Sample Example 8.12 (a) A rocket set for vertical firing weighs 50 kg and contains 450 kg of fuel. It can
have a maximum exhaust velocity of 2 km/s. What should be its minimum rate of fuel consumption
(i) to just lift it off the launching pad?
(1) to give it an acceleration of 20 m/s*?
(b) What will be the speed of the rocket when the rate of consumption offuel is 10 kg/s after whole of the fuel
is consumed? (Take g = 9.8 m/s?)

Solution (a) (i) To just lift it off the launching pad

weight = thrust force

or mg=y (ﬂ)
"dr
or [ﬂJ =ﬂ
dt v

N
Substituting the values, we get

( ;d_n_:] _ (450 + 50)(9.8)

dt 2x 10°
=2.45 kg/s
(ii) Net acceleration g = 20 m/s?
ma=F, —mg
F
or a= _’ -
m .
v, im
i a=-r| M)
m ( dt ) .

This gives (— ﬂ') Mg +a)
dt vr.h“




CHAPTER 8  Centre of Mass, Conservation of Linear Momentum, Impulse and Collision 383
Substituting the values, we get

(_ @)_ (450 + 50)(9.8+ 20)
di 2x10°

=745 ke/s
(b) The rate of fuel consumption is 10 kg/s. So, the time for the consumption of entire fuel is

t=——=45s

Using Eq. (i), ie, v=u -gt+v, In (EJ
m

Here, u=0, v, =2x10° m/s,my =500kg and m=50kg
Substituting the values. we get

v=0-(9.8X45)+ (2x10°) ln(%())

or v=—441+ 4605.17
or v=4164.17 m/s
or v=4.164 km/s

Introductory Exercise [EXY|

1. A rocket of mass 20 kg has 180 kg fuel. The exhaust velocity of the fuel is 1.6 km/s. Calculate the
minimum rate of consumption of fuel so that the rocket may rise from the ground. Also, calculate the
ultimate vertical speed gained by the rocket when the rate of consumption of fuel is (g =9.8 m/s?)

@ 2kg/s (ii) 20 kg/s

2. Arocket is moving vertically upward against gravity. Its mass at time t is m = m, - and it expels burnt
fuel at a speed u vertically downward relative to the rocket. Derive the equation of motion of the rocket
but do not solve it. Here, p is constant.

3. A rocket of initial mass m,, has a mass my(1 —t/3) at time t. The rocket is launched from rest vertically
upwards under gravity and expels burnt fuel at a speed u relative to the rocket vertically downward. Find
the speed of rocket att =1.

| IEX] Impulse

Consider a constant force F which acts foratime ona budy of mass m, thus, changing its velocity from u
to v. Because the force is constant, the body will travel with constant acceleration 3 where

= -

F=ma
- e
- ar=v-u
i?’r—"\7-i|’
hence, m
il:m—\’-mﬁ'

or
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-
. o . h f
The product of constant force F and the time f for which it acts 1S called the impulse (J ) of the force and

this is equal to the change in linear momentum which it produces.
2> 2 - > 2
Thus, Impulse (J)=Fr=Ap=p;~P,

Instantaneous Impulse : There are many occasions when a force acts for §uc(lil a i”htﬁn tElme tha(; g:\e
effect is instantaneous, e.g., a bat striking a ball. In such cases, al.though the magnitu f of the bor(I?n an, be
time for which it acts may each be unknown but the valug of their product (i.e., impulse) can be known by
measuring the initial and final momenta. Thus, we can write

- >
3=jfm=Ap=Bf—q

Regarding the impulse it is important to note that impulse applied to an object in a given time interval can
also be calculated from the area under force-time (F-f) graph in the same time interval.

Sample Example 8.13 A truck of mass 2x 10° kg travelling at 4 m/s is brought fo rest in 2 s when it strikes
a wall. What force (assume constant) is exerted by the wall?

Solution  Using impulse = change in linear momentum
We have, F-t=mv, —mv;=m(v, —v;)

or F(2)=2x10° [0-(-4)]
or 2F =8x 10°
or F=4x10°N

Sample Example 8.14 A ball of mass m, travelling with velocity 2

+ 3} receives an impulse —3mi. What is
the velocity of the ball immediately afterwards?

Solution Using

=

s > =
=M(Vp—V;)

—3'"i=m[_v’f—(2§+3‘j)]

% vV =-3i+ (2 +3))
i —V./ =-i+3]

Note The velocity component in the direction of § i )
component in this direction. ) is unchanged. This is because there is no impulse
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s?mP!Q Example 8.15 4 bullet of mass 10 kg strikes an obstacle and moves at 60° to its original
direction. If its speed also changes from 20 m/s to 10 m/s. Find the magnitude of impulse acting on the bullet.

Solution Mass of the bullet m=10" kg

Consider components parallel to J 1
Jy =107 [-10cos 60° - (-20)]

or J; =15x 107 Ns
Ji 10 cos 60°
—]Jz '—_
10 sin 60°

Fig. 8.30
Similarly, prarallel to J,, we have
J, =107[10sin 60° - 0]=5v3 x 107> Ns
The magnitude of resultant impulse is given by

J=yJ2 +J2 =107 J(15)2 + (5V3)?

or J=3x10"N-s

Sample Exampl/e 8.16 4 particle of mass 2 kg is initially at rest. A force starts acting on it in one direction
whose magnitide changes with time. The force time graph is shown in figure.
Find the velocity of the particle at the end 0of 10 s.

- F(N)
|
\ 1] E ,
\\ :
% 10}---~3 '
o 2 4 & Yo" He)
Fig. 8.31

Solution Using impulse = Change in linear momentum (or area under F- graph)

We have, m(Vf —V,')=Area
1 1 1
or z(vf_0)=5x2x10+2x10+2x2X(10+20)+§x4x20
=10+20+30+40
or 2"[ =100

yf =50 m/s Ans.
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Introductory Exercise [EJ}

1. A particle of mass 1 kg is projected from the ground at an angle of 60° with horizontal at a velocity of
20 m/s. Find the magnitude of change in its velocity in 1 5. (g =10 m/s”)

- 3 e .
2. Velocity of a particle of mass 2 kg varies with time t according to the equation v = (2t + 4) m/s. Here, tis
in seconds. Find the impulse imparted to the particle in the time interval fromt =0tot =2s.

3. Aball of mass 1kg is attached to an inextensible string. Th'e ball is releas.ed fror.n the
position shown in figure. Find the impulse imparted by the string to the ball immediately ~
after the string becomes taut. (Take g = 10 m/s?) T

im

l

Fig. 8.32

1IEX] Coliision

Contrary to the meaning of the term ‘collision’ in our everyday life, in physics it does not necessarily
mean one particle ‘striking’ against other. Indeed two particles may not even touch each other and may still be
said to collide. All that is implied is that as the particles approach each other,

(1) an impulse (a large force for a relatively short time) acts on each colliding particles.

(i) the total momentum of the particles remain conserved.

The collision is in fact a redistribution of total momentum of the particles. Thus, law of conservation
of linear momentum is indispensible in dealing with the phenomenon of collision between particles. Consider
a situation shown in figure.

Two blocks of masses m; and m, are moving with velocities v, and v, (< v; )along the same straight line
in a smooth horizontal surface. A spring is attached to the block of mass m,. Now, let us see what happens
during the collision between two particles.

(d)

Fig. 8.33

Figure (a) Block of mass m, is behind m, . Since, v, > v, , the blocks will collide after some time.
Figure (b) The spring is compressed. The spring force F (= kx)acts on the two blocks in the directions
shown in figure. This force decreases the velocity of m, and increases the velocity of m,.
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Figure (¢) The spring will compress till velocity of both the blocks become equal. So, at maximum
compression (say x,,) velocities of both the blocks are equal (say V).

Figure (d) Spring force is still in the directions shown in figure, i.e., velocity of block m is further
decreased and that of m, is increased. The spring now starts relaxing.

Figure (¢) The two blocks are separated from one another. Velocity of block m, becomes more than the
velocity of block m, i.e., vj > v/ .

Equations Which can be Used in the Above Situation

Assuming spring to be perfectly elastic following two equations can be applied in the above situation.'
(i) In the absence of any external force on the system the linear momentum of the system will remain

conserved before, during and after collision, i.e.,
; .
mv, +myv, =(m +my v=mv' +nmV, ...(0)

(ii) In the absence of any dissipative forces, the mechanical energy of the system will also remain
conserved, i.e.,
T W 2, 1,2
—mVv +=myvs == (m +my)v° +— kx
2 v F S MY, (my +my) 5 m

(38

N =

1 o
m,v,’2+5m2v2’2 ...(10)

Note In the above situation we have assumed spring to be perfectly elastic, i.e., it regains its original shape
and size after the two blocks are separated. In actual practice there is no such spring between the two
blocks. During collision both the blocks (or bodies) are a little bit deformed. This situation is similar to
the compression of the spring. Due to deformation two equal and opposite forces act on both the blocks.
These two forces redistribute their linear momentum in such a manner that both the blocks are
separated from one another. The collision is said to be elastic if both the blocks regain their original
shape and size completely after they are separated. On the other hand if the blocks do not return to
their original form the collision is said to be inelastic. If the deformation is permanent and the blocks
move together with same velocity after the collision, the collision is said to be perfectly inelastic.

—

Sample Example 8.17 Two blocks A and B of equal mass m=1.0 kg are 2.0 m/s

lying on a smooth horizontal surface as shown in figure. A spring of force

constant k =200 N/m is fixed at one end of block A. Block B collides with
block A with velocity vy =2.0 m/s. Find the maximum compression of the

Jpring. - Fig. 8.34

Solution At maximum compression (x,, ) velocity of both the blocks is same, say it is . Applying
we have
(my +mp v=myv,
(1.0+1.0)v=(1.0) vy

conservation of linear momentum,

or

or

Using conservation of mechanical energy, we have

l 2:.1_ +m v2+lloc2
—Z-MBVO z(mA B) 2 M
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Substituting the values, we get

1
—;x (1)x (2.0)% =%x (1.0+1.0)x (1.0) +§x (200)x x2

or 2=1.0+100x2
or 8 ;\ ~,  X,=0.1m=10.0cm
Types of Collision

Collision between two bodies may be classified in two ways:

1. Elastic collision and inelastic collision.

2. Head on collision or oblique collision.

As discussed earlier also collision between two bodies is said to be elastic if both the bodies come to their
original shape and size after the collision, i.e., no fraction of mechanical energy remains stored as deformation
potential energy in the bodies. Thus in addition to the linear momentum, Kinetic energy also remains
conserved before and after collision. On the other hand, in an inelastic collision, the colliding bodies do not
return to their original shape and size completely after collision and some part of the mechanical energy of the
system goes to the deformation potential energy. Thus, only linear momentum remains conserved in case of an
inelastic collision.

Further, a collision is said to be head on (or direct) if the directions of the velocity of colliding objects are
along the line of action of the impulses, acting at the instant of collision. If just before collision, at least one of
the colliding objects was moving in a direction different from the line of action of the impulses, the collision is
called oblique or indirect.

Problems related to oblique collision are usually not asked in any medical entrance test. Hence, only head
on collision is discussed below.

(i) Head on Elastic Collision

Let the two balls of mass m, and m, collide each other elastically with velocities v, and v, in the directions
shown in Fig. 8.35(a). Their velocities become v, and v, after the collision along the same line. Applying
conservation of linear momentum, we get

m
!mg V2 é vy amz Vo' mi vy’
(a) Before collision (b) After collision
Fig. 8.35
myy +myv, =mv,' +m,v,’ ...(0)
In an elastic collision kinetic energy before and after collision is also conserved. Hence,
1 2.1 5 1 2, 1
—mv +=mv; =—mv,'? + - m,v,'? (i
R M TS M2 =S my, 2 M2V2 (if)
Solving Eqs. (i) and (ii) for v, " and v,’, we get

m, —m
v’ =['—2- y e v, ... (iii)

m] + m2 ml + m2

and v2’=(’"2_m‘)v2+[ 2m1 )Vl ...(iV)

"l| +’”2 ml +m2
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Special Cases
L. If m =m,,then from Egs. (iii) and (iv), we can see that
4m/s

i 4mis  3ms 3mis I i

Before collision After collision

VD 2m/s

2ms val
L N .
Before collision After collision
Fig. 8.36
) . ) vi'=v, and v,' =,
::i,o:i,ti::,t:; ’pamcles of equal mass collide elastically and the collision is head on, they exchange their
2. Ifmy >>m, and v, =0,

vi=0 , V:,' ~0
Vo y. v Vom— Vo I i
Before collision After collision
Fig. 8.37
~ m
Then 2=
m

g e m
with these two substitutions [vl =0and —2= OJ
m

we get the following two results:
=0 and v,'=-v,

i.e., the particle of mass m remains at rest while the particle of mass m, bounces back with same speed v,.

3. If my >>m and v =
Vé ~ V. .
Vo v=0 i 2 Vi~ 2y,
£ ! i
Before collision After collision
Fig. 8.38

with the substitution —- ~0and v, =0 we get the results
i ’ '
v'=2v, and v,'mv,
ie., the mass m; moves with velocity 2v, while the velocity of mass m, remains unchanged.
nt to note that Egs. (iii) and (iv) and their three special cases can be used only in case ofa
head on elastic collision between two particles. I have found that many students apply these two
equations even if the collision is inelastic and do not apply these relations where clearly a head on

elastic collision is given in the problem.

Note It is importa
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Sample Example 8.18 Two particles of mass m and 2
with velocities v and 2v. Find their velocities after collision.

mmoving in opposite directions collide elastically

Solution Here, v, =—v,v, =2v,m, =mand m, =2m.
2v

Substituting these values in Eqs. (iii) and (iv), we get

, [(m=2m) 4m 2
2 =(m+2m)( V)+(m+2mJ( V)

, v 8
or v ==+—=3
3 3
2m-m 2m
and "= W)+ -v)
“ (m+2m](v) (m+2m](
or v,'=2v—2v=0
-3 3

i.e., the second particle (of mass 2m) comes to a rest while the first (of mass m) moves with-veélocity 3vin the

direction shown in Fig. 8.40.
:' i! i 3v

Fig. 8.40

Sample Example 8.19  7wo pendulum bobs of mass m and 2mcollide elastically at the lowest point in their

motion. If both the balls are released from a height H above the lowest point, to what heights do they rise for
the first time after collision?

Solution  Given, m, =m,m, =2m,v; == \[2gH and v, = V2gH
Since, the collision is elastic. Using Egs. (iii) and (iv) discussed in the theory the velocities after collision

are
| m=2m (-22H)+ ) o
: m+2m m+2m gH
1/2 H 4./2¢H
= ch + ch =§ 2gH ve
3 3 3 2. 1 — +
" 2m—m 2m — A
and 12} —(m+2rn)(\/2gH)+[m+2mj(_ /2gH) Vo Vi
Fig. 8.41
_VBH %H  JogH
3 3 3

i.e., the velocities of the balls after the collision are as shown i

» : n figure,
Therefore, the heights to which the balls rise after the o

collision are:
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(VI, 2

(using v =u? —2gh)

= or hy=—H
% ) A
2
[ 2gHJ e V2;7H v SvagH
r\2 3 )
A h, =(v2‘) or hy=-—+ 2 Fig. 8.42
2 2g
or » E
— 9
Note Since the collision is elastic, mechanical energy of both the balls will remain conserved, or
E,=E;
= (m +2m) gH = mgh, + 2mgh,
25 H
= 3mgH = (mg) (? H) + (2mg) (?)
= 3mgH =3mgH

1.

Introductory Exercise MI

Two blocks of mass 3 kg and 6 kg respectively are placed on a smooth horizontal surface. They are
connected by a light spring of force constant k = 200 N/m. Initially the spring is unstretched. The
indicated velocities are imparted to the blocks. Find the maximum extension of the spring.

1.0m/s 2.0m/s
— —

Fig. 8.43

A particle moving with kinetic energy K makes a head on elastic collision with an identical particle at rest.
Find the maximum elastic potential energy of the system during collision.

Show that in a head on elastic collision between two particles, the transference of energy is maximum
when their mass ratio is unity.

What is the fractional decrease in kinetic energy of a particle of mass m; when it makes a head on elastic
collision with a particle of mass m, kept at rest?

A moving particle of mass m makes a head on elastic collision with a particle of mass 2m which is initially
at rest, Find the fraction of kinetic energy lost by the colliding particle after collision.

th horizontal

Three balls A, B and C are placed on a smoo

surface. Given that m, = m¢ = 4mg. Ball B colllde?s wi(t;x ball C —_— .
i initial velocity v as shown in figure. Find the total

mﬁﬁ l(l)‘fmcz:)lll‘i,sionslybet\aleen the balls. All collisions are

elastic. Fig. 8.44
In one dimensional elastic collision of equal masses, the velocities are interchan

ged. Can velocitjes
one dimensional collision be interchanged if the masses are not equal. es in a
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8. Two balls shown in figure are identical. Ball A is moving towards right with a speed v and the second ball is
at rest. Assume all collisions to be elastic. Show that the speeds of the balls remain unchanged\after all the
collisions have taken place. )

Fig. 8.45

(ii) Head on Inelastic Collision
As we have discussed earlier also, in an inelastic collision, the particles do not regain their shape and size
completely after collision. Some fraction of mechanical energy is retained by the colliding particles in the
form of deformation potential energy. Thus, the kinetic energy of the particles no longer remains conserved.
However, in the absence of external forces, law of conservation of linear momentum still holds good.
73 vy v +URd

— +Vve

Before collision After collision

Fig. 8.46
v’
Suppose the velocities of two particles of mass m, and m, before s

collision be v, and v, in the directions shown in figure. Let v;" and v," be !ﬁ ii’
their velocities after collision. The law of conservation of linear
momentum gives Fig. 8.47

m;v, + myv, =mv{ + myv; (V)

Collision is said to be perfectly inelastic if both the particles stick together after collision and move with
same velocity, say v as shown in figure. In this case, Eq. (v) can be written as
myv, +myv, =(m +my )V

_myy, + myv,

L.(vi)
m; + m,

or v
Newton's Law of Restitution

When two objects are in direct (head on) impact, the speed with which they separate after impact is
usually less than or equal to their speed of approach before impact,
Experimental evidence suggests that the ratio of these relative speeds is constant for two given set of
objects. This property formulated by Newton, is known as the law of restitution and can be written in the form
separation speed _

= ..(vii)
approach speed

The ratio e is called the coefficient of restitution and is constant for two particular objects.
In general 0sesl
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e =0, for completely inelastic collision, as both the objects stick together. So, their separation speed.is
zero or e =0 from Eq. (vii).
e =1, for an elastic collision, as we can show from Eq. (iii) and (iv), that
V' =, =v, -y

or separation speed =approach speed
or e=1
my Vo m . v vy
P — N . — e -~
Before collision After collision
Fig. 8.48

Let us now find the velocities of two particles after collision if they collide directly and the coefficient of
restitution between them is given as e.
Applying conservation of linear momentum

mvy +myv, =mv," +myv,’ --(viii)
Further, separation speed = e (approach speed)
or nw-v'=e(,-v) ---(1x)
Solving Egs. (viii) and (ix), we get
v rz(,’nl»_e”h]vl +(m2+€”l2.] vz ...(X)
my + m, my + m,
m, — em, my + em, . P
fes v, + v (xd =
and ¢ (’"1*"”2)2 [m|+szl (xi) 7
Special Cases

1. If collision is elastic, i.e., ¢=1,then
m —m 2m
v ’— 1 2 v + ’] v,
m +m, m +m,
f_| M —my Vo & 2m, 5
YV, = 2
and 2 m +m, re—

which are same as Egs. (iii) and (iv).‘ .
2. If collision is perfectly inelastic, i.e., e =0, then
_my, +myv,

'

w'=v, =V’ (say)

m +m,

which is same as Eq. (vi).
3. lfm, =my and V= 0) then

m : 3
= V2 vy=0 tvz ! Vi

Before collision After collision

Fig. 8.49
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1-e
oot w5

Note (i) If mass of one body is very-very greater than that of the other, th‘:}’; aftfr
collision velocity of heavy body does not change appreciably. (Whether the
collision is elastic or inelastic). o -

(ii) In the situation shown in figure if e is the coefficient of restitution between
the ball and the ground, than after nth collision with the floor the speed of
ball will remain e"v, and it will go upto a heighte*"hor,

b
Vo =V2gh
Fig. 8.50

v, = ey =e"y2gh and h,= e?h

EXERCISE Derive the above two relations.

Sample Example 8.20 4 ball of mass m moving at a speed v makes a head on collision with an identical

ball at rest. The kinetic energy of the balls after the collision is 3/4th of the original. Find the coefficient of
restitution.

m §
i v mi i Vo' /i 2]
Before collision After collision

Fig. 8.51

Solution  As we have seen in the above discussion, that under the given conditions:

1+ -

Given that ) & 3 K,
or %mvl'2+%mv2'2=%(lmv2)
2
Substituting the value, we get
(2)2 +[1;e "3

or (1+e)2+(l—e)2=3
or 2+2?% =3
or e2 =l

2
or e:l

V2

Sample Example 8.21 A4 ball is moving with velocity 2 m/s 1
wall moving towards the ball with speed | m/s as sh S lowards a heavy .

; A own in fi . Assumi
collision to be elastic, find the velocity of ball immediately q/{f,fl ::e ':;;;:A"":):g ’_.

Fig. 8.52
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Solt.lt'ion. The speed of wall will not change after the collision. So, let v be the velocity of the ball after
collision in the direction shown in figure. Since, collision is elastic (e = 1).

) 2m/s  1ms g v o ms g

Before collision After collision
Fig. 8.53
separation speed =approach speed
or v—1=2+1
or v=4 m/s

Sample Example 8.22 4fer perfectly inelastic collision between two identical particles moving with
same speed in different directions, the speed of the particles becomes half the initial speed. Find the angle
between the two before collision.

Solution Let 6 be the desired angle. Linear momentum of the system will v 2m

< |4
remain conserved. Hence m g °—> =

P?*=P? + P} +2P,P, cos 0 m!
Nk y
or {2"1(5)} =(mv)* + (mv)? + 2(mv)(mv)cos 0 Fig. 8.54
or I=1+1+2cos ®
1
or cos 0=— 3
6=120°

Introductory Exercise |

1. Ball 1 collides directly with another identical ball 2 at rest. Velocity of second ball becomes two times that
of 1 after collision. Find the coefficient of restitution between the two balls?

X . initial speed v collides with another icle of
2. A particle of mass 0.1 kg moving at an initia Wi particle of same mass kept
ini':ially at rest. If the total energy becomes 0.2 J after the collision, what would be the minimum and

maximum values of v ? ) ) )
3. A particle of mass m moving with a speed v hits elastically another Stationary particle of mass 2m on a

smooth horizontal circular tube or radius r. Find the time when the next collision will take place?
) . = identical particles A and B, B is statio
4. In a one-dimensional collision bem{een e i ind e ud ABas
momentum p before impact, During impact B gives an impulse J to A. Find the coefficient of restitution

between A and B ?

Oblique Collision - i
During collision between two objects a pair of equal and opposite impulses act at the moment of impact, If

just before impact at least one of the objects was moving ina direction different from the line of action of these
impulses the collision is said to be oblique.
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. X
In the figure, two balls collide obliquely. During collision |mpulz';es a‘ct in the )
direction xx. Henceforth, we will call this direction as common noml dxrectlo.n anda
direction perpendicular to it (i.e., yy) as common tangent. Following four points are
important regarding an oblique collision. o
1. A pa%r of eﬁual andqopposite impulses act along common normal direction.
Hence, linear momentum of individual particles do change alpng common normal
direction. If mass of the colliding particles remain constant during collision, then we

can say that linear velocity of the individual particles change during collision in this ——_— X
direction. N

2. No component of impulse act along common tangent direction. Hence, 'lme‘ar momentum or linear
velocity of individual particles (if mass is constant) remain unchanged along this direction.
3. Net impulse on both the particles is zero during collision. Hence, net momentum of both the particles
remain conserved before and after collision in any direction.
4. Definition of coefficient of restitution can be applied along common normal direction, i, along
common normal direction we can apply
Relative speed of separation = e (relative speed of approach)

Here, e is the coefficient of restitution between the particles. Here, are few examples in support of the
above theory.

Sample Example 8.23 4 pail of mass m hits a floor with a speed Vo making an angle of incidence a. with

the normal. The coefficient of restitution is e. Find the speed of the reflected ball and the angle of reflection of
the ball.

Solution The component of velocity v, along common tangent direction v, sin a will remain unchanged.
Let v be the component along common normal direction after collision. A

pplying
E v
N.a 5
Vo Sina Vo sina
a
Yo
Vo Cos a
Fig. 8.56
Relative speed of separation = ¢ (relative speed of approach)

along common normal direction, we get

Fig. 8.57

V=l sin @) + (evg con )t




and

or
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Vo Sin o
tanp=—0"——
ev, cos a
tan a
tanB:
e

Note For elastic collision, e = 1

1.

2,

5.

= During collisio!

= If two many particl

® Coefficient of restitution is the mutu
ce or ; ‘
» Centre of mass frame of referen f an isolated system of particles (i.e., a system not subjected to any

= In the situation discussed a

“ v'=vy and B=o.

Introductory Exercise [} |

A ball falls vertically on an inclined plane of inclination o with speed v, and makes a perfectly elastic
collision. What is angle of velocity vector with horizontal after collision.

Aball falls on the ground from a height h. The coefficient of restitution between the ball and the ground is
e. Find the speed and height upto which it rebounds after nth impact of the ball with the ground?

A sphere A of mass m, travelling with speed v, collides directly with a stationary sphere B. If A is brought to
rest and B is given a speed V, find (a) the mass of B (b) the coefficient of restitution between A and B?

Two billiard balls of same size and mass are in contact on a billiard table. A third ball of same mass and
size strikes them symmetrically and remains at rest after the impact. Find the coefficient of restitution
between the balls?

A smooth sphere is moving on a horizontal surface with velocity vector 2i + 2} immediately before it hits
a vertical wall. The wall is parallel to j and the coefficient of restitution of the sphere and the wall is e =% i

Find the velocity of the sphere after it hits the wall?

A ball is projected from the ground at some angle with 1
horizontal. Coefficient of restitution between the ball and the
ground is e. Let a, b and c be the ratio of times of flight,
horizontal range and maximum height in two successive paths.

Find q, b and c in terms of ?

Extra Points [Jjj|

n if mass of one body is very much greater than the mass of the other body then the velocity
of heavy body remains almost unchanged after collision, whether the collision is elastic or inelastic.

Net force on a system is zero, it does not mean that centre of mass is at rest. It might be moving with

constant velocity. ; ; ..
Centre of mass of a rigid body is not necessarily the geometric centre of the rigid body.

es are in air, then relative acceleration between any two is zero but acceleration of their

i wnwards.
centre of mass is’g do al intrinsic properties of two bodies. Its value varies from 0 to 1.

C-frame of reference or zero momentum frame: A frame of

i sS Of
;iiim‘}gfg;ﬁbgﬁ:ﬁff se(:;ftrrzzf mass or C-frame of reference. In this frame of ref
(i) Position vector of centre of mass is zerﬁ'e i lso 20
(ii) Velocity and hence momentum of cen
4 bove we can also apply

ImgXg = Imx
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Hore, ¥my, ¥y, is the summation of product of x and il
vight and £m, x, is the summation of product of x and m of the particles (o b
towands left, But remombaor the following three conditions while using the above'equa ion.
(1) This equation can be applied when centre of mass does not move in x-direction.
(i) I the above equation x is the displacoment of particlo relative to ground. bt o
(iti) Apply the above equation while solving the objective problems only. Solve the subjective problems by
the method discussed earlier.
Let us solve example 5.10 using the above method.
Here, x,, = displacement of plank towards left= x

m,, = mass of plank = 20 kg
Xy = displacement of man relative to ground towards right= 10— x

m of the particles (or bodies) which are moving towards
bodies) which are moving

and my =mass of man = 60 kg
Applying Xpmp = X, m;, we get
(10 - x)(60) = 20x
or x=30-3x
or 4x =30
X= Q =7.5m
4

= A liquid of density p is filled in a container as shown in figure.
The liquid comes out from the container through a orifice of area
‘a’ at a depth ‘A’ below the free surface of the liquid with a
velocity v. This exerts a thrust force in the container in the
backward direction. This thrust force is given by

dm
F=v, |-
e ( o ) Fig. 8.59
Here, v, =v (inforward direction) i
d (— d—mj = pav
an at )"
dv o g
as (E) = Volume of liquid flowing per second
=av
%)~ (F)-
)= \ar |=P
Fy, = v (pav)
or F, =pav* (in backward direction)

Further, we will see in the chapter of fluid mechanics that v = J2gh.

= Suppose, a chain of mass per unit length Abegins to fall through a hole in the ceiling as shown in Fig. 8.60(a)
or the end of the chain piled on the platform is lifted vertically as in Fig. 8.60(b). In both the cases, due to

f

(a) )

Fig. 8.60
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increase of mass in the portion of the chain which is moving with a velocity v at certain moment of time a
thrust force acts on this part of the chain which is given by

dm
Fl =V, (E)

dm

Here, v,=v and e Av

Here, v, is upwards in case (a) and downwards in case (b). Thus,
F, =nv?

The direction of F, is upwards in case (a) and downwards in case (b).

= Suppose a ball is a projected with speed u at an angle 6 with horizontal. It collides at some 'dislance with a
wall parallel to y-axis as shown in figure. Let v, and v, be the components of its velocity along x .and
y-directions at the time of impact with wall. Coefficient of restitution between the ball and' the wall is e.
Component of its velocity along y-direction (common tangent) v,, will remain unchanged while component
of its velocity along x-direction (common normal) v, will become ev, is opposite direction.

Fig. 8.61

Further, since v, does not change due to collision, the time of flight (time taken by the ball to return to the
same level) and maximum height attained by the ball will remain same as it would had been in the absence

of collision with the wall. Thus,

2usin 6
toas =tcp *tper =T = g
u?* sin” @
and hy=hg = 28
CO + OF < Range or OB
Further, 2 sin3d

It collision is elastic, then CO + OF =Range =

R
and if it is inelastic, CO + OF <Range




Solved Examples

Level 1

Example 1 The friction coefficient between the horizomtal — 1.0mis
swiface and each of the block shown in the figure is 0.2. The v
collision between the blocks is perfectly elastic. Find the
separation between them when they come to rest.
(Take g =10m/s>).

Solution Velocity of first block before collision,
vi=1-2(2)x0.16=1-0.64
v, =0.6m/s
By conservation of momentum, 2x 0.6 =2v| + 4v}
also v —v; =, for elastic collision

It gives v, =0.4m/s
v =—0.2m/s
Now distance moved after collision
2 2
. 0.9 md 5= 0.2) S
2x2 2x2

s=5, +5,=0.05m=5cm

Example 2 A pendulum bob of mass 107 kg is raised to a height 5x 102 m and then released. At the
bottom of its swing, it picks up a mass 107 kg. To what height will the combined mass rise ?

Solution Velocity of pendulum bob in mean position
v, =28k =‘/2x 10x 5% 1072 =1m/s

When the bob picks up a mass 10~ kg at the bottom, then by conservation of linear momentum the
velocity of coalesced mass is given by
mv, + myv, =(m, +my)v
107 +107 x 0= (102 + 107 )y
102 10

or V=
L.1x1072 11

po Vi _(ony? -

4. -2
% 2x10 1x10™ m

Now,
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Example 3 Three identical balls, ball I, ball II and ball IlI are
Pplaced on a smooth floor on a straight line at the separation of 10 m
between balls as shown in figure. Initially balls are stationary. Ball
Lis given velocity of 10 m/s towards ball I, collision between ball 1
and 11 is inelastic with coefficient of restitution 0.5 but collision
between ball Il and 111 is perfectly elastic. What is the time interval
between two consecutive collisions between ball I and I ?

Solution  Let velocity of I ball and II ball after collision be v, and v,

v, —v; =05x10 (1)
mv, +mv; =mx 10 .. (ii)
= v, +v =10

Solving Egs. (i) and (ii)
v =25m/s, v, =7.5m/s
Ball II after moving 10 m collides with ball III elastically and stops. But ball I moves towards ball II.
Time taken between two consecutive collisions

10 10-10x 2
_— _LS. =4 s
7.5 2.5
Example 4 A plankofmass 5 kg is placed on a frictionless horizontal s
plane. Further a block of mass 1 kg is placed over the plank. A massless g
spring of natural length !:WM—
2 m is fixed to the plank by its one end. The other end of spring is .. 5kg

compressed by the block by half of spring’s natural length. They systemis =~ Te—— i = =
now released from the rest. What is the velocity of the plank when block § Fig. e
leaves the plank ? (The stiffness constant of spring is 100 N/m) b

Solution Let the velocity of the block and the plank, when the block leaves the spring be  and v
respectively.

- it =Lt s L
By conservation of energy 3 = mu >

[M =mass of the plank, m =mass of the block]

— 2 2 '
= 100=u“ + 5v 0
By conservation of momentum
mu+ Mv=0
N e ... (i)

Solving Egs (i) and (ii)

10
302 =100 = v=J;m/s

From this moment until block falls, both plank and block keep their velocity constant.

f 10
i =, [— m/s.
Thus, when block falls, velocity of plank 5 s
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Example 5 Two identical blocks each of mass M =9 kg are placed-on a

rough horizontal surface of frictional coefficient p =0.1 Thf two blocks are
Joined by a light spring and block B is in contact with a vertical fixed wall as

Vo A B
shown in figure. A bullet of mass m=1kg and vy =10m/s hits block A and ?
gets embedded in it. : ;
Find the maximum compression of spring. (Spring constant =240 N/m, ~ Fig. 8.66
g=10mss?)

Solution  For the collision
1x10=10xv = v=Ilm/s
If x be the maximum compression

éxle 12 =u(m+M)gx+%kx2

5=10x+ 120x* = x=—;m

Example 8 A particle of mass 2 kg moving with a velocity 51 m/s collides head-on with another particle of

~_mass 3 kg moving with a velocity - 20 m/s. After the collision the first particle has speed of 1.6 m/s in negative
x direction. Find :

- (a) velocity of the centre of mass after the collision,
' (b) velocity of the second particle after the collision,
(c) coefficient of restitution.

— —
° m u, +m, u 2
Solution (a) v, =—— "2 "2 _08im/s
ml + mZ

®) v, =-16im/s

- - 2
From COM, ml “l +m2 Uz =m| Vl +m2 ?2
= v, =241im/s
v, -y, 4
() e=—2—L=C
uy —uy 1

Exa e/ 7T Two blocks A and B of equal mass are released on two sides of a fixed wedge C as shown in
figure. Find the acceleration of centre of mass of blocks A and B. Neglect friction.

&y

Fig. 8.67
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Solution  Acceleration of both the blocks will be g sin 45%or % at right angles to each other. Now,
2

Here,

(downwards)

Example 8 A bIock of mass m is reIeased ﬁom the top of a wedge of mass M as shown in figure. Find the
dxsplacement of wedge on the horizontal ground when the block reaches the bottom of the wedge. Neglect
ﬁ'tcnon\everywhere :

Fig 8.69

Solutlon Here the system is wedge + block. Net force on the system in horizontal direction (x-direction) is
zero, therefore, the centre of mass of the system will not move in x-direction so we can apply,
L @
Let x be the displacement of wedge. Then,
» -x, =displacement of wedge towards left = x
m, =mass of wedge =M

= displacement of block with respect to ground towards right = cot 6 — x
P 5

sod my =mass of block =m

Substituting in Eq. (i), we get ,
m(hcot @ —x)=xM
_mhcot O
T M+m




404 Mechanics-1

Example 9 4 uniform chain of mass m and length | hangs on a thread and
touches the surface of a table by its lower end. Find the force exerted by the
table on the chain when half of its length has fallen on the table. The fallen

part does not form heap.
Fig. 8.70
Solution Force exerted by the chain on the table. It consists of two parts:
1. Weight of the portion BC of the chain lying on the table, A l Vi ,29( 'é‘) -Vgi

= m_zg (downwards)

2. Thrust force F, = Av?

: .o_m
Here, A =mass per unit length of chain = ; Fig. 8.71
v =(/gl) =gl
F, =(?) (gh=mg (downwards)
Net force exerted by the chain on the table is
F=W+F, =m_2g +mg =% mg (downwards)

So, from Newton’s third law the force exerted by the table on the chain will be % mg (vertically upwards).

Note Here, the thrust force (F,) applied by the chain on the table will be vertically downwards, as

F, =v, (‘fi—m) and in this expression v, is downwards plus (Z—T is positive. So, F, will be downwards.
"\at

Eumple 10 4 ball of mass m makes an elastic collision with another identical ball at rest. Show that if the
«collision is oblique, the bodies go at right angles to each other after collision.

Solution In head on elastic collision between two particles, they exchange their velocities. In this case, the
component of ball 1 along common normal direction, vcos 6 becomes zero after collision, while that of 2
becomes vcos 6. While the components along common tangent direction of both the particles remain

@ ’
) veoso
vcos 6

Before collision After collision
Fig. 8.72

vsin®
vsin@
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unchanged. Thus, the components along common tangent and common normal direction of both the balls in
tabular form are given a head :

Ball | Componentalong common tangent | o\ onont along common normal direction
direction |
Before collision | After collision l Before collision | After collision
vsin 0 vsin 0 ‘ v cos O ‘ 0
2 0 0 0 i v cos O

From the above table and figure, we see that both the balls move at right angles after collision with
velocities vsin 0 and vcos 0.

Example 11 4 rocket, with an initial mass of 1000 kg, is launched vertically upwards from rest wrder
gravity. The rocket burns fuel at the rate of 10 kg per second. The burnt matter is ejected vertically
downwards with a speed of 2000 ms™" relative to the rocket. If burning ceases after one mimute, ﬁ’y %

maximum velocity of the rocket. (Take g as constant at 10 ms™*)

Solution  Using the velocity equation as derived in theory. o
(”’o J o1fsl02
v=u-gt+v, In| —

m
Here,u=0, 71=60s, g=10m/is%, v, =2000 ms, m, =1000kg

and m=1000-10x 60=400 kg

1000
we get, v=0-600+ 2000 In [4—00)

or v= 2000 ln 25 = 600
The maximum velocity of the rocket is 200 (101n 2.5 -3) = 1232.6 ms ™.

Level 2
Example 1 A ball is projectedfrom the ground with speed u at an angle o with horizontal. It collides with a
wall at a distance a from the point of projection and returns to its original position. Find the coefficient of
restitution between the ball and the wall. i
s . . horizontal component of the velocity of ball during the
have discussed in the theory, thc. . po : ty o uring
‘s):tl:g% is,zs c::l:a while in its return journey BCOit s eu cos a.The time of flight 7" also remains unchanged.

Hence
’ T =toss *15co

usinao a4 . a
or 2 g UCOS 0L  eucos o
a 2usin o a
= -
or eu coS o g ucos a
a 24 sin o cos a - ag

or ou COS O gUCos a
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ag
2u? sin o.cos o. —ag
1

u? sin 2a. -1
ag

Note The concept which we have discussed in the oblique collision can also be a[;Plied when a ball collides
with a wedge. This can be understood with the help of an Problem given below.

‘Example 2 4 ball of mass m = 1 kg falling vertically with avelocity

Vo =2 m/s strikes a wedge of mass M =2 kg kept on a smooth,
horizontal surface as shown in figure. The coefficient of restitution

between the ball and the wedge is e =%. Find the velocity of the
%t?édg‘e and the ball immediately after collision.

e=

or e=

Solution Given M =2kg and m=1lkg

Fig. 8.75

Let, J be the impulse between ball and wedge during collision and V|, Vv, and v, be the components of
velocity of the wedge and the ball in horizontal and vertical directions respectively.

Applying impulse =change in momentum
we get Jsin 30°=MV| =mv,

J .
or 2 2y =v, )

J cos 30°=m(v3 +vg)
3 ;
or iz_-J =(v; +2) (i)

Applying, relative speed of separation =e (relative speed of
approach) in common normal direction, we get

(v, +v,)sin30° + v; cos 30°=% (vo cos 30°)

or v +v, +43v; =43 ...(i)

Fig. 8.76
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Solving Egs. (i), (ii) and (ii), we get

Vi=—

i =7_1:—;' m/s
V=—=ms and v, =0

Thus, velocities of wedge and ball are v = % m/s and v, = 2 sisinhorizontsl direction as shown in
3

V3
figure.

Note If a particle (or a body) can move in a straight line and we want to find its velocity from the given
conditions we take only one unknown v. If the particle can move in a plane we take two unknowns v,
and v, (with x 1 y). Similarly if it can move in space we take three unknowns Vo Vy and v,.
For instance in the above Problem, the wedge can move only in horizontal line, so we took only one
unknown v,. The ball can move in a plane, so we took two unknowns v, and vy. Further, note that x and
¥ axds should be perpendicular to each other. They may be along horizontal and vertical or along
common tangent (along the plane in this case) and common normal (perpendicular to plane).

le 3 Two blocks of equal mass m are connected by an unstretched k

and the system is kept at rest on a frictionless horizontal surface. 4 = 4
% t force F is applied on one of the blocks pulling it away from the other ’ ;
; wn in figure. (a) Find the displacement of the centre of mass at time t. (b)
If the extension of the spring is x, at time 1, find the displacement of the two Fig. 8.78

blocks at this instant.

Solution (a) The acceleration of the centre of mass is

F

acol =;

The displacement of the centre of mass at time 7 will be
Ft?

¥=g feom T

(b) Suppose the displacement of the first block is x; and that of the second is x,. Then,
_mx; +mx,
2m
Ft* x +x,
or am B 2

b o

3
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Fr* ,
or Rl Rl -(i)

Further, the extension of the spring is x, - x,. Therefore,

X) —Xy) =X ..(ii)
Fr
From Eq. (1) and (ii), X =%(-—2; +x‘,J
and X —_l. .,i_x
2751 2, TR

Example 4 A block of mass m I connected to another block of mass M by a massless spring of spring
constant k. The blocks are kept on a smooth horizontal plane. Initially, the blocks are at rest and the spring is
unstretched when a consiant force F starts acting on the block of mass M to pull it. Find the maximum
extension of the spring.

& F Fi k F2
I L SO i

Fig. 8.79

Solution The centre of mass of the system (two blocks + spring) moves with an acceleration a = .Let

m+ M
us solve the problem in a frame of reference fixed to the centre of mass of the system. As this frame is
accelerated with respect to the ground, we have to apply a pseudo force ma towards left on the block of mass m
and Ma towards left on the block of mass M. The net external force on m is

mF
Fy =ma=
! m+ M (towards left)
and the net external force on M is
MF mF
F = F - Ma =F - = :
# m+M m+M (towards right)

As the centre of mass is at rest in this frame, the blocks move in opposite directions and come to
instantancous rest at some instant. The extension of the spring will be maximum at this instant. Suppose, the
left block is displaced through a distance x; and the right block through a distance x, from the initial positions.
The total work done by the external forces 7, and F, in this period are

W=Fx +Fx, =m’"F (5 +3,)

+M

This should be equal to the increase in the potential energy of the spring as there is no change in the kinetic
energy. Thus,

1
m+M(x' +xz)=5k(x, +x;)?
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or 2mF

xl + x2 e
k(m+ M)
This is the maximum extension of the spring.
Example 5 The coefficient of restitution between a snooker ball and the side cushion is % If the ball hits the
cushion and then rebounds at right angles to its original direction, show that the angles made with the side
cushion by the direction of motion before and after impact are 60° and 30° respectively.

Solution  Let the original speed be u, in a direction making an angle 8 with the side cushion.
Using the law of restitution

6:'

using

ucos 6

Fig. 8.80

V=%(usin 0)
ucos® 3cos 6
v sin 6

After impact, tan 0 =

= tan’ 0=3

= tan =43

= 0=60°

Therefore, the directions of motion before and after impact are at 60° and 30° to the cushion.

[Example 6 Two blocks A and B of masses m and 2mrespectively
are placed on a smooth floor. They are com.tected bya spring. A
third block C of mass m moves with a ve{oc:ty v, along.the line
Jjoining A and B and collides elastically W'lf.h 4, as .shown in figure.
At-a certain instant of time 1 after collision, it is found that lh_e
instantaneous velocities of A and B are the same. Fi urth;r, at ﬂ.,,s
instant the compression of the spring i ).’ound to b: Xo. hetermxlne
@) the common velocity of A and B at ime to,and (i) the spring

constan.

Solution [n;ﬁall the blocks 4 and B are at rest and C'is moving with velocity v, to the right.
f lg and A are same and the collision is elas.tic thf: body C transfers its whole momentum mv,
to boI:s l::snsssa: a result the body C stops and A starts moving with velocity v, to the right. At this instant the
y

B is still at rest.
spring i compressed and the body ‘
5o stem at this instant =mv,

The momentum of the syresse d and the body B comes in motion. After time #,, the compression of the

ring is compress !
sPﬁnI;oi:;toh::g co:gnmon velocity of A and Bis v (say).
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As external force on the system is zero, the law of conservation of linear momentum gives
mvy =mv+ (2m)v

or p=2
The law of conservation of energy gives
1 2 1 2 1 2 1 2
—mvy =—mv° +—=2mv° +—-kx
2’"0 2 2( ) 2 0
or A mvg =E mv? + o kxg ...(1i)
2 2 2
1 3 (v) 1
—mvé:—m—o +—kx§
2 2 3 2
1,5, 1 | )
—kxy ==mv; —=mvy
2 X0 =5 MV 0
1., 1
—kxg == mv,
or 5 o 3’"0
k=2-'"_v3
3 x



E XERCISES

AIEEE Corner

Subjective Questions (Level 1)
Centre of Mass

1.

2.

Four particles of mass 1 kg, 2 kg, 3 kg and 4 kg are placed at the four vertices 4, B, C and D of a square of
side 1 m. Find square of distance of their centre of mass from A.

A square lamina of side a and a circular lamina of diameter a are placed touching each other as shown in
figure. Find distance of their centre of mass from point O, the centre of square.

«O

Consider a rectangular plate of dimensions ax b. If this plate is
. . a_b ]
considered to be made up of four rectangles of dimensions 5 X = and we b

now remove one out of four rectangles. Find the position where the
centre of mass of the remaining system will be.

The uniform solid sphere shown in the figure has a spherical hole in it.
Find the position of its centre of mass.
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5.

10.

11.

12.

13.

There are two masses m, and m, placed at a distance / apart. Let the centre of mass of this system js
at a point named C. If m, is displaced by / towards C and m, is displaced by /, away from C. Fing

the distance, from C where new centre of mass will be located.
2

; x°
The density of a thin rod of length / varies with the distance x from one end asp =p, 1—2 Find the

position of centre of mass of rod.

A block of mass 1 kg is at x =10 m and moving towards negative x-axis with velocity 6 m/s,
Another block of mass 2 kg is at x =12 m and moving towards positive x-axis with velocity 4 m/s at
the same instant. Find position of their centre of mass after 2 s.

Two particles of mass 1 kg and 2 kg respectively are initially 10 m apart. At time 7 = 0, they start moving
towards each other with uniform speeds 2 m/s and 1 m/s respectively. Find the displacement of their
centre of mass at f =1s. .

x-y is the vertical plane as shown in figure. A particle of mass 1 kg is at (10 m, 20 m) at time ¢ =,

It is released from rest. Another particle of mass 2 kg is at (20 m, 40 m) at the same instant. It is projected
with velocity (10i + 10j)m/s. After 1 s. Find :

y
}g=10ms?
o
X
(a) acceleration, (b) velocity and (c) position of their centre of mass.

At one instant, the centre of mass of a system of two particles is located on the x-axis at x = 3.0m and has
avelocity of (6.0 m/s)j . One of the particles is at the origin, the other particle has a mass of 0.10 kg and s
at rest on the x-axis at x=12.0m.
(a) What is the mass of the particle at the origin ?
(b) Calculate the total momentum of this system.
(c) What is the velocity of the particle at the origin ?
A stone is dropped at = 0. A second stone, with twice the mass of the first, is dropped from the same
point at f =100 ms.
(a) How far below the release point is the centre of mass of the two stones at 7 = 300ms ?

(Neither stone has yet reached the ground).
(b) How fast is the centre of mass of the two-stone system moving at that time ?
A system consists of two particles. At ¢ =0, one particle is at the origin; the other, which has a mass of
0.60 kg, is on the y-axis at y =80m. At ¢ = Othe centre of mass of the system is on the y-axis at y = 24m
and has a velocity given by (6.0m/s )2j.
(a) Find the total mass of the system.
(b) Find the acceleration of the centre of mass at any time .
(c) Find the net external force acting on the system at ¢ =3.0s.
A straight rod of length L has one of its end at the origin and the other at x = L If the mass per unit length
of the rod is given by Ax where 4 is a constant, where is its centre of mass?
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Block 4 has a mass of 5 kg and is placed on top of a smooth triangular block, B having a mass of 30 kg. If
the system is released from rest, determine the distance, B moves when A reaches the bottom. Neglect
the size of block 4.

05 m—"

Conservation of Linear Momentum

15.

16.

17.

18.

19.

20,

Two blocks 4 and B of mass 1 kg and 2 kg are connected together by means of a spring and are resting on
a horizontal frictionless table. The blocks are then pulled apart so as to stretch the spring and then
released. Find the ratio of their :

(a) speed (b) momentum and (c) kinetic energy at any instant.

A trolley was moving horizontally on a smooth ground with velocity v with respect to the earth.

Suddenly a man starts running from rear end of the trolley with a velocity % v with respect to the trolley.

After reaching the other end, the man turns back and continues running with a velocity % vwithrespect to

trolley in opposite direction. If the length of the trolley is L, find the displacement of the man with respect

to earth when he reaches the starting point on the trolley. Mass of the trolley is equal to the mass of the

man.

A man of mass m climbs to a rope ladder suspended below a balloon of mass M. The balloon is stationary

with respect to the ground. .

(a) Ifthe man begins to climb the ladder at speed v (with respect to the ladder), in what direction and with
what speed (with respect to the ground) will the balloon move ?

(b) What is the state of the motion after the man stops climbing ?

A 4.00 g bullet travelling horizontally with a velocity of magnitude 500 m/s is fired into a wooden block

with a mass of 1.00 kg, initially at rest on a level surface. The bullet passes through the block and

emerges with speed 100 m/s. The block slides a distance of 0.30 m along the surface from its initial

position.

(a) What is the coefficient of kinetic friction between block and surface ?

(b) What i the decrease in kinetic energy of the bullet ?
(c) What i the kinetic energy of the block at the instant after the bullet has passed through it ?

Neglect friction during collision of bullet with the block.
A bullet of mass 0.25 kg is fired with velocity 302 m/s into a block of wood of mass my =37.5kg. It
gets embedded into it. The block m is resting on a long block m, and the horizontal surface on

which it is placed is smooth. The coefficient <_>f friction between m, and m, is 0.5. Find the
displacement of m, on m, and the common velocity of m and m,. Mass m, =1.25kg,

A wagon of mass M can move without friction along horizontal rails. A simple pendulum consisti

1 : in
of a sphere of mass m is suspended from the ceiling of the wagon by a string of length /. At the initiagl
moment the wagon and the pendulum are at rest and the string is deflected through an angle o from
the vertical. Find the velocity of the wagon when the pendulum passes through its mean position
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21.

22,

A block of mass M with a semicircular track of radips R rests. ona »
horizontal frictionless surface shown in figure. A umforrfl cylinder /R
of radius r and mass m is released from rest at the point 4. The

cylinder slips on the semicircular frictionless track. How far has the

block moved when the cylinder reaches the bottom of the track ?

How fast is the block moving when the cylinder reaches the bottom

of the track ?

A ball of mass 50 g moving with a speed 2 m/s strikes a plane surface at an angle of incidence 45°, The
ball is reflected by the plane at equal angle of reflection with the same speed. Calculate :
(a) The magnitude of the change in momentum of the ball.

(b) The change in the magnitude of the momentum of the wall.

Variable Mass

23.

24.

25.

26.

A rocket of mass 40 kg has 160 kg fuel. The exhaust velocity of the fuel is 2.0 km/s. The rate of
consumption of fuel is 4 kg/s. Calculate the ultimate vertical speed gained by the rocket. (g =10my/s? )

A uniform rope of mass m per unit length, hangs vertically from a

support so that the lower end just touches the tabletop shown in figure.

If it is released, show that at the time a length y of the rope has fallen,

the force on the table is equivalent to the weight of a length 3y of the

rope.

Sand drops from a stationary hopper at the rate of 5 kg/s on to a conveyor belt moving with a constant

speed of 2 m/s. What is the force required to keep the belt moving and what is the power delivered by the
motor, moving the belt ?

Find the mass of the rocket as a function of time, if it moves with a constant acceleration a, in absence of

external forces. The gas escapes with a constant velocity u relative to the rocket and its mass initially was
mo -

Impulse

27.

28.

29.

30.

A 5.0 g bullet moving at 100 m/s strikes a log. Assume that the bullet undergoes uniform deceleration

and stops in 6.0 cm. Find (a) the time taken for the bullet to stop, (b) the impulse on the log and (c) the
average force experienced by the log.

A3.0kg blpck slides on a frictionless horizontal surface, first moving to the left at 50 m/s. It collides with
aspring as it moves leﬁ, compresses the spring and is brought to rest momentarily. The body continues {0
be accelerated to the right by the force of the compressed spring. Finally, the body moves to the right at

40 m/s. The block remain?s in contact with the spring for 0.020 s, What were the magnitude and direction
of the impulse of the spring on the block? What was the spring’s average force on the block?

Velocity of a particle of mass 2 kg varies with time taccording to the equation V= (21 - 4 jym/s. Here,!
is in seconds. Find the impulse imparted to the particle in the time interval from 1 = 0to ¢ =2s.

F (kN)
The net force versus time graph of a rocket is shown in fi
; e. The
mass of the rocket is 1200 kg. Calculate velocity of rocket 1§usreconds
after starting from rest. Neglect gravity ' 20}-----
: : ts)
2 10 16
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Collision

31.

al ::em ision between two balls of equal masses. one i observed w0 bzve 2 spesd of 3 ms
ong e x-axis and the other has 2 the peezEnve T-Zus. WhE werT @
original velocities of the balls ? a spead of 2 m's zloms = x

32. Aball of mass | kg moving with 4 ms ~* along +x-uxis collides clastically with an amother bl of mass =
kg moving with 6 m/s is opposite dircction. Find their velocitics aficr collision.
33. Ball I collides directly with an another identical ball 2 at rest. Vielocity of seoomd ball beoomes T Smes
that of 1 after collision. Find the coefficient of restitation betweea the rwo balls ?
34. Aball of mass m moving at a speed v makes a head on collision wish 2@ alcssscal ball 2 rest. The s
energy of the balls after the collision is 34 of the arisimal KE. Calcakue the cocffacazs of ressmmon
35. Block 4 has a mass 3 kg and is sliding on 2 roush horizontal serface with a velocey 7, =2mswhm ¥
makes a direct collision with block B. which has 2 mass of 2 kg aad is origmaliy = rost. The colisa
perfectly elastic. Determine the velocity of each block jest afier collsssoa i the GgEnes herwesn T
blocks when they stop sliding. The coefficicns of kinctic friction berwera e blocks aad & plme X
p; =03.(Take g =10m/s™)
Objective Questions (Level 1)
Single Correct Option
1. A ball is dropped from a height of 10 m. Ball is embedded in s Sroush | = amd ssops.
(a) only momentum remains conserved
(b) only kinetic energy remains conserved
(c) both momentum and kinetic energy are conserved
(d) neither kinetic energy nor momentum is conserved
2. If no external force acts on a system
(a) velocity of centre of mass remains coastant
(b)positionofcmueofmssmmimm
(c)accelaaﬁonofcmueofmrmnkb‘madm
(d) All of the above
3. When two blocks connected by a spring move towards each other under mutsl mncracs
(a) their velocities are equal
(b)meiraccelﬂadasueeqml
(C)thefmwxxingonthanm:cqmlnd@wsit
(d) All of the above
4. lfmohallscolﬁdeinairwhﬂcmovhg\uﬁally.lba-m—ofkw-sm ;
(a) gmritydosnolaﬁectthtm(mmnmufdxs)stc- docaase
(b)fomeofgm\ityisxuylcscunpuﬁdmthtim-ﬁ\eﬁm
(c) impulsive force is very less than the gravity
(d) gravity is not acting duning collision
5. Whenawmonshdlcxplodcsinmidair.thmiknﬁ!}"kh\mam
(a) the momentum of the system is conserved at the time of explosion
(b) the kinetic energy of the system alWaYS InCreases
(C)theuajecmol‘mueofmmhsw
(d) None of the above
6. In an inelastic collision

(a) momentum of the system is always conserved.
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10.

11.

12,

13.

14.

15.

16.

(b) velocity of separation is less than the velocity of approach

(c) the coefficient of restitution can be zero .

(d) All of the above.

The momentum of a system is defined

(a) as the product of mass of the system and the velocity of centre of mass .

(b) as the vector sum of the momentum of individual particles . '

() for bodies undergoing translational, rotational and oscillatory motion .

(d) All of the above

The momentum of a system with respect to centre of mass

(a) is zero only if the system is moving uniformly.

(b) is zero only if no external force acts on the system.

(c) is always zero

(d) can be zero in certain conditions

Three identical particles are located at the vertices of an equilateral triangle. Each particle moves along a
meridian with equal speed towards the centroid and collides inelastically.

(a) all the three particles will bounce back along the meridians with lesser speed.

(b) all the three particles will become stationary

(c) all the particles will continue to move in their original directions but with lesser speed
(d) nothing can be said

The average resisting force that must act on a 5 kg mass to reduce its speed from 65 to 1 Sms “in2sis

(@) 125N (b) 125N (c) 1250 N (d) None of these

In a carbon monoxide molecule, the carbon and the oxygen atoms are separated by a distance 12 x 15
m. The distance of the centre of mass from the carbon atom is

(a) 048x 107 m () 051x 107" m (€)074x107 m (d) 064x 107" m

A bomb of mass 9 kg explodes into two pieces of masses 3 kg and 6 kg. The velocity of mass 3 kg is
16 ms ™. The kinetic energy of mass 6 kg is

(a)96J (b) 3841 (c)1921) (d)7681J
A heavy ball moving with speed vcollides with a tiny ball. The collision is elastic, then immediately after
the impact, the second ball will move with a speed approximately equal to

b) 2 B y
(@)v (b)2v (c) 3 () =

A loaded 20, 000 kg coal wagon is moving on a level track at 6 ms™'. Suddenly 5000 kg of coal is
dropped out of the wagon. The final speed of the wagon is

(a) 6ms™ (b) 8 ms™' (c)4.8ms™ (d)4.5ms™

A machine gun shoots a 40 g bullet at a speed of 1200 ms ™. The man operating the gun can bear 3
maximum force of 144 N. The maximum number of bullets shot per second is

(@3 (®)5 (c) 6 @9

A projcf:tile f’f mass m is fired with a velocity v from point P at an angle 45°.

Neglecting air resistance, the magnitude of the change in momentum leaving the

point P and arriving at Q'is Q
(a) r;\;«/i (b) 2mv ?
©= 1) e

V2
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17. A ball after freely falling from a height of 4.9 m strikes a horizontal plane. If the coefficient of restitution

18.

19.

20.

21.

22.

23.

24,

is 3/?, the ball will strike second time with the plane after
3 3
a)—s n
OF (b)1s ©3s (&8
2

ki where

The centre of mass of a non uniform rod of length Z, whose mass per unit length varies asp =

kisa 3::onstant and x is the distance of any point from one end is (from the same end)
1 1 2

(a)(—}L b (—)L 1 NE

4 ®)3 ©| @3
A boat of length 10 m and mass 450 kg is floating without motion in still water. A man of mass 50 kg
standing at one end of it walks to the other end of it and stops. The magnitude of the displacement of the
boat in metres relative to ground is
(a) zero (b) 1 m (c)2m (d)5m
A man of mass M stands at one end of a stationary plank of length , lying on a smooth surface. The man
walks to the other end of the plank. If the mass of the plank is g the distance that the man moves relative

to the ground is
3L L 4L L
(@ vy (b) T (© 3 @) 3

A ball of mass m moving at a speed v collides with another ball of mass 3m at rest. The lighter block
comes to rest after collision. The coefficient of restitution is

1
OF ®2 © (d) None of these

A vparticle of mass m moving with velocity # makes an elastic F
one-dimensional collision with a stationary particle of mass m. They
come in contact for a very small time 7,. Their force of interaction
increases from zero to F, linearly in time 0.57,, and decreases linearly to
further time 0.5 7, as shown in figure. The magnitude of F is

[ SE—

() e e e,
~

zero in
@ 02
. to Iy
mu (d) None of these 0.5t to
(c)—
2

mass m joined together with a massless spring as shown in figure are

Two identical blocks 4 and B of _ s
block A moves with an acceleration a,, then the acceleration of the

placed on a smooth surface. If the
block B is

ul F
(a) ao (b) “ao (C) ;1- - ao (d) ;
A ball of mass m moving with velocity Vo collide:
The impulse acting on ball during impact is

s a wall as shown in figure. After impact it rebounds

with a velocity % Vo-
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25.

26.

27.

28.

Mechanics-1
X
Y
@-Zv, (b) _3 mvy i (c) = mvy i (d) None of these
2 4

A steel ball is dropped on a hard surface from a height of 1 m and rebounds to a height of 64 cm. The
maximum height attained by the ball after n™ bounce is (in m)

(a) (0.64)" (b) (0.8)>" (c) (0.5)*" (d) (0.8)"
A car of mass 500 kg (including the mass of a block) is moving i y
on a smooth road with velocity 1.0 ms ™ along positive x-axis.
Now a block of mass 25 kg is thrown outside with absolute 7
velocity of 20 ms™' along positive z-axis. The new velocity of 4
the car is (ms™') Ea Sa

(a)10i + 20k (b)10i—20k

20 20, s 20,
c)—i—-—k d)10i ——k
© 19 19 @ 19

The net force acting on a particle moving along a straight line varies with time as shown in the diagram.
Force is parallel to velocity. Which of the following graph is best representative of its speed with time ?

(Initial velocity of the particle is zero)
F

(a) (b) (c) (d)

t t :

In the figure shown, find out centre of mass of a system of a uniform circular
plate of radius 3R from O in which a hole of radius R is cut whose centre is at

) [

2R d,izstance from the centre of large circular plate ()
@= X ' .
2 5
(c) g
(d) None of these

4
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30.

31.

32.

33.

35,
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From the circular disc of radjys 4R tw i i
0
centre of mass of the new structure meltl,l: l;tdlSCS oiredius Rarecutoft The fy

+R 2R
a)i—+ j—
® 5 J5
~R AR
b)-i—+ j—
®) ) J5
~R 2R
c_l_—_
© 5 J5
(d) None of the above

A block of mass m rests on a stationary wedge of mass M. The wedge can

slide freely on a smooth horizontal surface as shown in figure. If the block

starts from rest

(a) the position of the centre of mass of the system will change

(b) the position of the centre of mass of the system will change along the
vertical but not along the horizontal

(c) the total energy of the system will remain constant.

(d) All of the above

A bullet of mass mhits a target of mass M hanging by a string and gets embedded in it. If the block rises to
a height 4 as a result of this collision, the velocity of the bullet before collision is

(a) v=/2gh O v=Jah |1+ 2] @ v=am 1+2] (d)v=@[l—£—]

A loaded spring gun of mass M fires a bullet of mass m with a velocity v at an angle of elevation 6. The
gun is initially at rest on a horizontal smooth surface. After firing, the centre of mass of the gun and

bullet system
(a) moves with velocity X‘;— m

V™M _ in the horizontal direction
Mcos 0
(c) remains atrest Ly m)
(d) moves with velocity

(b) moves with velocity

in the horizontal direction

+m

Two bodies with masses m and my (m; >m; )are joined by a string passing over fixed pulley. Assume

masses of the pulley and thread negligible. Then the acceleration of the centre of mass of the system

(m +m,)is ;
= mg m,g
= m my C) s d 5]
(3)(:' + :2 Jg (b)[’"l * "’ZJ ¢ ( "+ my W my +my
] 2

A vockesof masem: 18 attained a speed equal to its exhaust speed and at that time the mass of the rocket is
of mass m .

m Then the ratio Mo is ( neglect gravity )
m

N 7 endic::l:: ::its motion. The Je:der ts 500g of

; . ionary plate perp g - cts 500g of water per

o :f V}’:‘wf :le:dao??tms: t'm:S;yUmi"B that after striking, the water flows parallel to the plate, then the

second withas .

force exerted on the plate(ﬁ) LON ©0SN _—_

(a) SOON .
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36.

37.

38.

39.

41.

Two identical vehicles are moving with same velocity V_‘OV:’h"ds an intersection
as shown in figure. If the collision is completely inelastic, then
() the velocity of separation is zero

T

. 0
(b) the velocity of approach is 2vsin 3

. 0
(c) the common velocity after collision is vcos 3

(d) All of the above

A ball of mass m = 1 kg strikes smooth horizontal floor as shown in figure. The impulse exerted on the
floor is
@\5 S
53°‘c ,i’gr
(a) 6.25 Ns (b) 1.76 Ns (c) 7.8 Ns (d)2.2Ns

A small block of mass mis placed at rest on the top of a smooth wedge of
mass M, which in tumn is placed at rest on a smooth horizontal surface as
shown in figure. It /1 be the height of wedge and 8 is the inclination, then the
distance moved by the wedge as the block reaches the foot of the wedge is

@) Mhcot 6 ) mhcot ©
M+m M+m

© Mh cosecO @ mh cosecO

M+m M+m
A square of side 4 cm and uniform thickness is divided into four d )
squares. The square portion 4’ AB' D is removed and the removed ¢ = 3
portion is placed over the portion DB’ BC'. The new position of centre
of mass is
(a)(2cm, 2 cm) D' D B
(b)(2cm, 3 cm)
(¢)(2cm, 2.5 cm)
(d)(3cm, 3 cm) X

A boy having a mass of 40 kg stands at one end 4 of boat of

o A A
length 2 m at rest. The boy walks to the other end B of the boat
and stops. What is the distance moved by the boat? Friction exists
between the feet of the boy and the surface of the boat. But the A
friction between the boat and the water s B - 2m it

urface may be neg| )
Mass of the boat is 15 kg. Y be neglected
(3)0.49m (b)2.46 m

(c) 1.46 m (d32m
Three identical particle with velocities v, i, -
such a way that they form a single particle, Th
@Li+jerk) (b)";"(i—i*ﬁ)

v, 3and Svg k collide successively with each other in
e velocity vector of resultant particle is
(c)%"(i-aini) (d)"—;(f-33+5")
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42. A mortar fires a shell of mass M which explodes into two pieces of mass %{' and i:_l at the top of the

tr'ajectory. The smaller mass falls very close to the mortar. In the same time the bigger piece lands 2
distance D from the mortar. The shell would have fallen at a distance R from the mortar if there was no
explosion. The value of D is (neglect air resistance)

3R 4R
@ () 5 (©) % (d) None of these

43. A moving particle of mass m makes a head on elastic collision with a particle of mass 2 m which is
initially at rest. The fraction of the kinetic energy lost by the colliding particle is

1 1 2 8
@y by ©3 @3

JEE Corner

Assertion and Reason
Directions : Choose the correct option.
(@) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion.
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion.
(¢) If Assertion is true, but the Reason is false.
(d) If Assertion is false but the Reason is true.

1. Assertion: Centre of mass of a rigid body always lies inside the body.
Reason: Centre of mass and centre of gravity coincide if gravity is unifrom.
2. Assertion: A constant force F is applied on two blocks and one spring system as shown in figure.

Velocity of centre of mass increases linearly with time.

Smooth

Reason: Acceleration of centre of mass is constant.
3. Assertion: To conserve linear momentum of a system, no force should act on the system.
Reason: Ifnet force on a system is zero, its linear momentum should remain constant.

] i ding air backwards
4. Assertion: A rocket moves forward by pushing the surrouncing %o
Riien -n It derives the necessary thrust to move forward according to Newton’s third law of motion.

5. Assertion: Internal forces cannot changc.lingar momentum.
Reason : Internal forces can change the kinetic encrgy Of? % stem
6. Assertion: In case of bullet fired from gun, the ratio of kinetic energy of gun and bullet is i

ratio of mass of bullet and gun-

Reason : ineti oc —— ; if mo

n : Kinetic energy s -

7. Asserti hown in figure are smooth. System is released
on: All surfaces sho - S e e

from rest, Momentum of system in horizontal direction is constant but overall

momentum i onstant. y s

Reuo: . :::: senically upward force is acting on the system.

mentum is constant.
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8.

10.

11.

12,

13.

14.

15.

Assertion : During head on collision between two bodies let Ap, is change in momentum of first body

and Ap, the change in momentum of the other body, then Ap; = Ap;-
Reason : Total momentum of the system should remain constant.

Assertion : In the system shown in figure spring is first stretched then left to oscillate. At some instant

Kinetic energy of mass mis K. At the same instant kinetic energy of mass 2m should be 5

4 B

Smooth
2

Reason : Their linear momenta are equal and opposite and K = pa orK o« =

Assertion : Energy can not be given to a system without giving it momentum.

Reason : If kinetic energy is given to a body it means it has acquired momentum.

Assertion : The centre mass of an electron and proton, when released moves faster towards proton.
Reason : Proton is heavier than electron.

Assertion : The relative velocity of the two particles in head-on elastic collision is unchanged both in
magnitude and direction.

Reason : The relative velocity is unchanged in magnitude but gets reversed in direction.

Assertion :  An object of mass m, and another of mass m, (m, >m, )are released from certain distance.
The objects move towards each other under the gravitational force between them. In this motion, centre
of mass of their system will continuously move towards the heavier mass m,.

Reason : In a system of a heavier and a lighter mass, centre of mass lies closer to the heavier mass.

Assertion : A given force applied in turn to a number of different masses may cause the same rate of
change in momentum in each but not the same acceleration to all.
-
=2 d - F
Reason: F =Pada==
dt m
Assertion : In an elastic collision between two bodies, the relative speed of the bodies after collision is
equal to the relative speed before the collision.

Reason : In an elastic collision, the linear momentum of the system is conserved.

Objective Questions (Level 2)
Single Correct Option

1.

A pendulum consists of a wooden bob of mass m and length /. A bullet of mass m, is
fired towards the pendulum with a speed v; and it emerges from the bob with speed
v?,' The bob just completes motion along a vertical circle. Then v, is
Vi

m

m, 2””[ my Vi

2(m
o3z @[5 Ve
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A bob of mass m attached with a string of length / tied to a point on ceiling is released from a
position when its string is horizontal. At the bottom most point of its motion, an identical mass m
gently stuck to it. Find the maximum angle from the vertical to which it rotates

i
(a) cos"'[§) (b)cos™ (%] (c) cos”! (le (d) 60°

A train of mass M is moving on a circular track of radius R with constant speed v. The length of the train
is halt of the perimeter of the track. The linear momentum of the train will be

(a) zero (b& (c) MvR (d) Mv
n

Two blocks 4 and B of mass m and 2 m are connected together by a light
spring of stiffness k. The system is lying on a smooth horizontal surface
with the block 4 in contact with a fixed vertical wall as shown in the
figure. The block B is pressed towards the wall by a distance x, and then
released. There is no friction anywhere. If spring takes time Af to
acquire its natural length then average force on the block 4 by the wall is

ok x (c) Jmk x (d)
ar° A’ DY,
A striker is shot from a square carom board from a point 4 exactlyat 4y
midpoint of one of the walls with a speed of 2 ms™" at an angle of 45°
with the x-axis as shown in the figure. The collisions of the striker with
the walls of the fixed carom are perfectly elastic. The coefficient of
kinetic friction between the striker and board is 0.2. The coordinate of
the striker when it stops (taking point Oto be the origin) is (in SI units) /

45°

11 |
R (60, ——
(@) W22 22 e A RE:
el - '
22 V2 242

A ball of mass | kg is suspended by an inextensible string | m long m=4kg
attached to a point O of a smooth horizontal bar resting on fixed o

smooth supports A and B. The ball is released from rest from the A L
position when the string makes an angle 30° with the vertical. The 0

mass of the bar is 4 kg. The displacement of' bar when ball reaches

the other extreme position (in m ) is

(a) 0.4 (b) 0.2 M= 1kg

(c) 0.25 (do0.5

A ball falls vertically onto a floor with momentum p and then bounces repeatedly. If coefficient of
restitution is ¢, then the total momentum imparted by the ball to the floor is

3mk

(a) zero (b)

l-e
P =€ 1+
@) pl +¢) (b= ©r i (d)”(lTZJ

A bullet of mass m penetrates a thickness A of a fixed plate of mass M. If the plate was free to move, then
the thickness penetrated will be
M+m M+m 2(M +m) 2AM +m)
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10.

11.

12.

13.

14.

Mechanics-|

Two identical balls of equal masses 4 and B, are lying on a :
smooth surface as shown in the figure. Blall A hits the ball B tV_._—‘/:Sm
(which is at rest) with a velocity v=16ms ™. What should be the () B !

minimum value of coefficient of restitution e between 4 and B so >
that B just reaches the highest point of inclined plane. (g =10ms™)

1
2 1 ol )=
@3 ®) @3 3
The figure shows a metallic plate of uniform thickness and density. The value of [
/in terms of L so that the centre of mass of the system lies at the interface of the L
triangular and rectangular portion is 7
L
l = — b l ——
(a) 3 (b) ) ,
L ' 2
() I1=2 (d)I=J:L ——
V3 3 b

Particle 4 makes a head on elastic collision with another stationary particle B. They fly apart in opposite
directions with equal velocities. The mass ratio will be

1 1 1 2
@) M5 @ @3

A particle of mass 4m which is at rest explodes into four equal fragments. All four
fragments scattered in the same horizontal plane. Three fragments are found to

move with velocity v as shown in the figure. The total energy released in the 90°
process is v

(@) M2 (3 -+2) (b)%mvz(B—w/f) Tase
() 2m? @3 m? (1++2)

In figures (a), (b) and (c) shown, the objects 4, B and C are of same mass. String,

spring and pulley are
massless. C strikes B with velocity » in each case and sticks it. The ra

tio of velocity of Bin case (a) to (b)

to (c) is
P 5 lc lc
C
ARE mms A B
(@) (b) (c)
(a)1:1:1 (b)3:3:2 (©)3:2:2 (d1:2:3

A ladder of length L is slipping with its ends against a vertical wall and a horizontal floor. At a certaif

moment, the speed of the end in contact with the horizontal floor is v and the ladder makes an angl®
6 =30° with horizontal. Then the speed of the ladder’s centre of mass must be
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16.

17.

18.
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V3

@ - (b)% ©v (d)2v

A body of mass 2 g, moving along the positive x-axis in gravity free space with velocity 20cms™

explodes at x =1m, £ = 0into two pieces of masses 2/3 g and 4/3 g. After 5s, the lighter piece is at the
point (3m, 2m, — 4 m). Then the position of the heavier piece at this moment, in metres is

(a) (15,-1,-2) (®) (15,-2,-2) (c) (15, -1, -1) (d) None of these

A body of mass m is dropped from a height of . Simultaneously another body of mass 2 is thrown up

vertically with such a velocity v that they collide at height 2 1f the collision is perfectly inelastic, the
2

velocity of combined mass at the time of collision with the ground will be
Sgh
@ i (b) Vgh (c) gh (d) None of these
\’ 4

A manis standir‘lg on a cart of mass double the mass of man. Initially cart is at
rest. Now, man jumps horizontally with velocity u relative to cart. Then work
done by man during the process of jumping will be

mu
o)

3mu®

" 4 Smooth

(c) mu®

(d) None of the above

Two balls of equal mass are projected upwards simultaneously, one from the ground with initial velocity
50 ms~! and the other from a 40m tower with initial velocity of 30 ms . The maximum height attained

by their COM will be
(=yi) 80 m (b) 60 m () 100 m (d) 120 m

A particle of mass m and momentum pmoves on a smooth horizontal table and collides directly and
. -p
elastically with a similar particle (of mass m) having momentum -2 p. The loss (-) or gain (+) in the
" article in the collision is
kinetic e;wrgy of the first p ? - 3p? -
_pP_ —— Zero
(a) + p—m (b) am 2m
; ; late of mass 4m of side a is kept as shown. y
én eg:nlateral ;;1::-glzliz;rapp0i" t mass 4m is placed at the vertex P of the P
lons: ler twO_Ct mas-s mis placed at the vertex R of the plate. In both cases
fh:t: ‘S:)lg :i ri’:al?c of centre of mass remains the same. Then x coordinate of
centre of mass of the plate is )
i =
(@2 6 %00 R
: @%
©% 3

£ mass 40 & 20 g, 10 g and 20 g are arranged in XY plane as shown in the

Four cubes of side a each 0 OM of the combination with respect to point O is

figure. The coordinates of C
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di
20|
20[10]20] .
0
17a 13a 13a 17a
(a &’I_Z‘l (b)ﬁ,ﬁ ) —,— (d)ﬁﬁ
18° 18 18718 18 18 J

22. A particle of mass m,, travelling at speed v,, strikes a stationary particle of mass 2my. As a result, the

23.

24,

V .
particle of mass m, is deflected through 45°and has a final speed of -J-%. Then the speed of the particle of

mass 2m, after this collision is
v v
(a) =2 (b) ==
2 22

Two bars of masses m, and m,, connected by a weightless spring of stiffness
k, rest on a smooth horizontal plane. Bar 2 is shifted by a small distance x, to
the left and released. The velocity of the centre of mass of the system when
bar 1 breaks off the wall is

km X
(@) xo J 2 (b) —— \Jkm,

my +m, my +m,

L ] I, L U VA,

0
my (ml oz mZ)

(©) v2v, (d) %

(¢) xok

n elastic balls are placed at rest on a smooth horizontal
plane which is circular at the ends with radius  as shown in
the figure. The masses of the balls are m,

L. N Trespectlvely. What is the minimum
-

_™OQO O

velocity which should be imparted to the first ball of mass
m such that ™" ball completes the vertical circle

e o
(c)@)"—l e (d)(%]"_l e

Passage-1 (Q. No. 25 to 26)

25.

A block of mass 2 kg is attached with a spring of spring constant 4000 Nm™" and the system is kept o1
smooth horizontal table. The other end of the spring is attached with a wall. Initially spring is stretched
by 5 cm from its natural position and the block is at rest. Now suddenly an impulse of 4 kg-ms ! is given
to the block towards the wall.

Find the velocity of the block when spring acquires its natural length

@@)5 ms™! (b)3ms™! (c) 6 ms™ (d) None of these
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26. Approximate distance travelled by the block when it comes to rest for a second time (not including the

initial one) will be (Take /45 = 6.70)
(a) 30 cm (b) 25 cm (c) 40 cm (d)20 cm

Passage-2 (Q. No. 27 to 31)

27.

28.

29.

30.

31.

A uniform bar of length 12 and mass 48 m s supported horizontally on two smooth tables as shown in
figure. A small moth (an insect) of mass 8mis sitting on end A of the rod and a spider (an insect) of mass

16m is sitting on the other end B. Both the insects moving towards each 8
other along the rod with moth moving at speed 2vand the spider at half this A B
speed (absolute). They meet at a point P on the rod and the spider eats the
moth. After this the spider moves with a velocity ; relative to the rod <5 AL

towards the end A. The spider takes negligible time in eating on the other

: L 3
insect. Also, let v= F where T is a constant having value 4 s.

Displacement of the rod by the time the insect meet the moth is

L 3L
a)— b) L = d) zero
(@) 5 (b) (© 3 (d)
The point P is at
(a) the centre of the rod (b) the edge of the table supporting the end B

(c) the edge of the table supporting end 4 (d) None of these
The speed of the bar after the spider eats up the moth and moves towards 4 is

OF (b) v ©¢ (d)2v
After starting from end B of the rod the spider reaches the end 4 at a time
(a)40s (b)30s (c)80s (d)10s
By what distance the centre of mass of the rod shifts during this time?
8L 4L L
= b) — ()L d)=
@ )= @%

More than One Correct Options

1.

A particle of mass m, moving with velocity v collides a stationary particle of mass 2m. As a result of

P o v o
collision, the particle of mass m deviates by 45° and has final speed OfE‘ For this situation mark out the
correct statement (s)- -
(a) The angle of divergence between particles after collision is 3

. 3.3 § n
(b) The angle of divergence between particles after collision is less than 5

(c) Collision is elastic

(d) Collision is inelastic

A pendulum bob of mass mcon
horizontal position as shown in
stationary block of mass 5m, whi
the instant just after the impact.

nected to the end of an ideal string of length /is released from rest from
the figure. At tht? l(?west point the bob makes an elastic collision with a
ch is kept on a frictionless surface. Mark out the correct statement(s) for
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17 m /
(a) tension in the string is B mg

(b) tension in the string is 3 mg.. \
; . A28l \
(c) the velocity of the block is ' \

I

]

]

I

)

I

I

I

. . |

(d) the maximum height attained by the pendulum bob after impact is N, :

(measured from the lowest position) —6 'ﬁ

3. A particle of mass m strikes a horizontal smooth floor with a velocity u mgking an an'gle'(-) with the flogr
and rebound with velocity vmaking an angle ¢ with the floor. The coefficient of restitution between the

particle and the floor is e. Then .
(a) the impulse delivered by the floor to the body is mv (1+ €)sin 6
(b) tan ¢ =e tan O

(©) v=u1-(1-¢*)sin? 0

(d) the ratio of the final kinetic energy to the initial kinetic energy is cos?0+e?sin?0

! collides with another body of mass M and

4. A particle of mass m moving with a velocity (33 + 23)ms -
finally moves with velocity (-2i + i)ms"l . Then during the collision
(a) impulse received by mis m (5 i+ 3) (b) impulse received by m is m(—S’i\ - _Ai)
(c) impulse received M is m (-5 - j) (d) impulse received by M is m (5 i+ })

5. All surfaces shown in figure are smooth. System is released from rest. X and ¥ components of
acceleration of COM are

mym
(@) (@cm )x = i -8
my +m,
mm,g
(®) (@em )x = #2
(m +m,)
2
=] T
@@mb(m+%Jg
s
d)(a =
R A
6. A block of mass mis placed at rest on a smooth wedge of mass M placed at é

rest on a smooth horizontal surface.As the system is released
(a) the COM of the system remains stationary
(b) the COM of the system has an acceleration g vertically downward

(c) momentum of the system is conserved along the horizontal direction
(d) acceleration of COM is vertically downward (a<g)

7. In the figure shown, coefficient of restitution between Aand Bise _—.l, then
A B

HO=SNG)

Smooth
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(a) velocity of B after collision is ~
2

(b) impulse between two during collision is L my
4

(c) loss of kinetic energy during the collision is —:%mv2
1

(d) loss of kinetic energy during the collision is 71 mv?

8. In case of rocket propulsion choose the correct options.
(a) Momentum of system always remains constant
(b) Newton’s third law is applied
(c) If exhaust velocity and rate of burning of mass is kept constant, then acceleration of rocket will go on
increasing
(d) Newton’s second law can be applied

Match the Columns

1. Two identical blocks 4 and B are connected by a spring as shownin ¥

figure. Block 4 is not connected to the wall parallel to y-axis. B is
compressed from the natural length of spring and then left. Neglect
friction. Match the following two columns.

Column I Column II

(a) Acceleration of centre of (p) remains constant
mass of two blocks
(b) Velocity of centre of mass of {(q) first increases then becomes

two blocks constant
(c) x-coordinate of centre of (r) first decreases then becomes
mass of two blocks zero

(d) y-coordinate of centre of (s) continuously increases

mass of two blocks _

from ground upwards with velocity 20 ms™'. At the same time another

d from a height of 180 m but not along the same vertical line. Assume that
ground is perfectly inelastic. Match the following two columns for centre

2. One particle is projected
indentical particle is droppe
collision of first particle with

; -2
of mass of the two particles (g = 10ms _)
¥ Column I Column II
(a) Initial acceleration  [(p) 5 Sl units
(q) 10 SI units

(b) Initial velocity

(<) Acceleration at / =5s |(r) 20 SI units

(d) Velocity at 1= 5s (s) 25 SI units -

Note Only magnitudes are given in column-IL. .
3. Two identical blocks of mass 0.5 kg each are shown in figure. A massless elastic spring is connected with

A. B is moving towards 4 with kinetic energy of 4 J. Match following two columns. Neglect friction.
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Column I Column II

() Initial momentum of B (p) zero

(b) Momentum of centre of mass of 1(q) 1 kg-ms™'
two blocks

(¢) Momentum of A at maximum () 2 kg-ms™
compression

(d) Momentum of B when springis | (s) 4 kg-ms™
relaxed after compression

4. Two identical balls 4 and B are kept on a smooth table as shown. B collides : v @

with 4 with speed v. For different conditions mentioned in column I, match
with speed of 4 after collision given in column IL.

Column I Column II
(a) Elastic collision (p) %v
(b) Perfectly inelastic collision  |(q) %v
(c) Inelastic collision with e = % Eé(r) v
(d) Inelastic collision with e =% (s) ;

5. Two boys 4 and B of masses 30 kg and 60 kg are standing over a plank C of mass 30 kg as shown.
Ground is smooth. Match the displacement of plank of column II with the conditions given in column .

Smooth
Column I Column II
(a) A moves x towards right (p) x towards right
(b) B moves x towards left (q) 2xtowards left

(c) 4 moves x towards right and B moves x |(r) = towards left
towards left 3

(d) 4 and B both move x towards right (s) None

Note All displacements mentioned in two columns are with respect to ground.

; . f
6. A man of mass M is standing on a platform of mass m, and holding a string passing over a system ©
ideal pulleys. Another mass m, is hanging as shown.

(my =20kg, m, =10kg, g =10ms?)
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Column I Column II
(a) Weight of man for equilibrium |(p) 100 N

(b) Force exerted by man on string ((q) 150 N
to accelerate the COM of
system upwards

(c) Force exerted by man on string |(r) 500N
to accelerate the COM of
system downwards

(d) Normal reaction of platform on|(s) 600 N
man in equilibrium

7. Two blocks of masses 3 kg and 6 kg are connected by an ideal spring and are placed on a frictionless

horizontal surface. The 3 kg block is imparted a speed of 2 ms~' towards left. (consider left as positive
direction)

2m/s

Column I " Column II

(a) When the velocity of 3kg  {(p) velocity of centre of mass is
2

-1
block is 2 ms™! 3 ms
5 !
. . |
(b) When the velocity of 6 kg |(q) deformation of the spring is |
block is 3 ms”™! Zero 4
(c) When the speed of 3 kg block ‘(r) deformation of the spring is
is minimum maximum
(d) When the speed of 6 kg block (s) both the blocks are at rest ,
is maximum | with respect to each other i

8. In a two block system shown in figure match the following
. Rough

Column I Column II

-+ of centre of mass  |(p) Keep on changing all the
(a) Velocity o fia

of centre of mass |(q) First decreases then become
(b) Momentum piie

(c) Momentum of 1 kg block (r) Zero
(d) Kinetic energy of 2 kg block {(s) Constant
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Subjective Questions (Level 2) | o |
1. Aladder AP of length S m inclined to a vertical wall is slipping overa lfonzontal sqrtace with qwlocu_\v of
2 nv/s, when 4 is at distance 3 m from ground. What is the velocity of COM at this moment?

P

2nvs

[o) A

—

2. A ball of negligible size and mass m is given a velocity v, on the B w .
centre of the cart which has a mass M and is originally at rest. If the ——
coefficient of restitution between the ball and walls 4 and B is e.
Determine the velocity of the ball and the cart just after the ball @\O AR O
strikes 4. Also, determine the total time needed for the ball to strike

A, rebound, then strike B, and rebound and then return to the centre g .
of the cart. Neglect friction.

Two point masses m, and m, are connected by a spring of natural length /,. The spring is compressad
such that the two point masses touch each other and then they are fastened by a string. Then the system s
moved with a velocity v, along positive x-axis. When the system reached the ongin the string breaks

(#=0). The position of the point mass m, is given by X =vof = A(l-cos or) where 4 and © ar
constants.

Find the position of the second block as a function of time. Also, find the relation between 4 and /.
y

4. A small sphere of radius R is held against the inner surface of
larger sphere of radius 6R (as shown in figure). The masses of’
large and small spheres are 4M and M respectively. This
arrangement is placed on a horizontal table. There is no friction
between any surfaces of contact. The small sphere is now
released. Find the coordinates of the centre of the large sphere,
when the smaller sphere reaches the other extreme position,

5. A c‘.'ai" of length / and mass m lies in g pile on the floor. If its end 4 is raised
vertically at a constant speed vy, express in terms of the length v of chain which is g
off the floor at any given instant. ) )
(a) The magnitude of the force p

applied to end 4.
(b) Energy lost during the lifting nad

of the chain,

s

6. A is a fixed point ' : |
string of | en::nl‘(a; ;,';::h:)” above a perfectly inelastic smooth horizontal plane. A light inextensitle
ne end attached to 4 and other to a heavy particle. The particle is held at e




10.

11.

12,
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level of 4 with string just taut anq release

g : d fr .Fi i i the pl h
it is next instantancously at ret om rest. Find the height of the particle above the plane when

A particle.of mass 2 m is projected at an angle of 45° with horizontal with a velocity of 2032 m/s. After
I's explosion takes place and the particle is broken into two equal pieces.

As a result of explosion one part comes to rest. Find the maximum height attained by the other part.
(Take g =10m/s?)

. A sphere of mass m, impinges obliquely on a sphere, of mass M, which is at rest. Show that, if m=eM,

the directions of motion of the spheres after impact are at right angles.

A gun of mass M (including the carriage) fires a shot of mass m. The gun along with the carriage is kept

on a smooth horizontal surface. The muzzle speed of the bullet v, is constant. Find :

(a) The elevation of the gun with horizontal at which maximum range of bullet with respect to the ground
is obtained.

(b) The maximum range of the bullet.

A ball is released from rest relative to the elevator at a distance 4, above the floor. The speed of the

elevator at the time of ball release is v,. Determine the bounce height 4, relative to elevator of the ball (a)
if v, is constant and (b) if an upward elevator acceleration a=g/4 begins at the instant the ball is
released. The coefficient of restitution for the impact is e.

"
e

i

r\"“ fT 1P
|

Yo

kg is placed on a frictionless horizontal

plane. Further a block of mass 1 kgis P! aced therttl:l: pll:rl:ll(( .bA
massless spring of natural length 2 m 18 fxe 0essez b ch
its one end. The other end of spring 15 ?mer stem isynow
block by half of spring’s natural length.. ;t;)' (aelevifien
released from the rest. What is the velocity °t fgf i
block leaves the plank? (The stiffness constan pring

100 N/m).

To test the manufactured pr
strikes a 45° inclined surface. e
where the ball must strike the horizo

A plank of mass 5

operties of 10 N steel balls, each ball is released from rest as shown and
If the coefl ficient of restitution is to be ¢ = 0.8, determine the distance s to
al plancat 4. Atwhat speed does the ball strike at A? (g =98nmy/s? )
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13.

14,

15.

16.

17.

Two particles 4 and B of equal masses lie close together on a horizontal table and are conqected by alight
inextensible string of length /. A is projected vertically upwards with a velocity /10g/. Find the velocity

with which it reaches the table again.

A small cube of mass m slides down a circular path of radius R cut into a large block of mass M, as shown
in figure. M rests on a table, and both blocks move without friction. The blocks are initially at rest, fmd m
starts from the top of the path. Find the horizontal distance from the bottom of block when cube hits the
table.

at the moment when the washer is at a certain point A of the hoop, whose
radius vector forms an angle ¢ with the vertical (figure). The friction between
the hoop and the plane should be neglected.

A thin hoop of mass M and radius r is placed on a horizontal plane. At the
initial instant, the hoop is at rest. A small washer of mass m with zero initial
velocity slides from the upper point of the hoop along a smooth groove in the
inner surface of the hoop. Determine the velocity u of the centre of the hoop
A

A shell of mass 1 kg is projected with velocity 20 m/s
at an angle 60° with horizontal. It collides I im
inelastically with a ball of mass 1 kg which is
suspended through a thread of length 1 m. The other
end of the thread is attached to the ceiling of a trolley

4 : .. L
of mass = kg as shown in figure. Initially the trolley is 20 m/s
stationary and it is free to move along horizontal rails 60°
without any friction. What is the maximum deflection =
of the thread with vertical? String does not slack.
Take g =10 m/s>.

A small ball is projected at an‘angle o between two vertical walls such that in the absence of the wall its
range would have been 5d. Given that all the collisions are perfectly elastic, find




18.

19.

20.

21,
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(a) maximum height attained by the ball.

(b) total number of collisions with the walls before the ball comes back to the ground, and
(c) point at which the ball finally falls. The walls are supposed to be very tall. |
Two large rigid vertical walls 4 and B are parallel to each other and
separated by 10 metres. A particle of mass 10 g is projected with an
initial velocity of 20 m/s at 45° to the horizontal from point P on the
ground, such that AP =5m. The plane of motion of the particle is
vertical and perpendicular to the walls. Assuming that all the
collisions are perfectly elastic , find the maximum height attained by

the particle and the total number of collisions suffered by the particle with the walls before it hits ground.
Take g =10m/s>.

Two blocks of mass 2 kg and M are at rest on an inclined plane and
are separated by a distance of 6.0 m as shown. The coefficient of
friction between each block and the inclined plane is 0.25. The 2 kg
block is given a velocity of 10.0 m/s up the inclined plane. It collides
with M, comes back and has a velocity of 1.0 m/s when it reaches its
initial position. The other block M after the collision moves 0.5mup
and comes to rest. Calculate the coefficient of restitution between
the blocks and the mass of the block M.

2
[Take sin 6 ~tan 6 =0.05and g =10m/s”]

: i Iso of mass m which is placed on a
laced on top of a smooth hemisphere a f1 : p

:ms:::}lll: IO'CR O;Tauii‘;:elslgthe block begins to slide down due toa negligible small impulse, show that

it will 100222?:%; with t}'xe hemisphere when the radial line through vertical makes an angle 0 given by

the equation cos® 6 - 6cos 6 +4=0.

i ; le with the horizontal and after hitti
L : nt with velocity « at some ang : itting a
.3::!1 lls pr(l)iwcted fﬂ:omt :eg;:;?;’(:’lim' Show that the distance of the point from the wall must be less than
1Cal wall returns
eu®

(1+e

, where e is the coefficient of restitution.
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Answirs Il

Introductory Exercise 8.1

n n
Tm Iwt
1. Toom=2— whilefyg = ZL—— Here, w = weight (mg). Toow=Teg When E=constant 2. False

n n
zm Zw

i=1 i=1
Ji9 4 [a% + ab+ b? 5a 5a)
3. True 4. True 5. less than% 6. False 7. 6 m 8 3r a+b % 6 '?)

Introductory Exercise 8.2

3-
1. zero 2. [—%] g
Introductory Exercise 8.3

1. 9ms 1.08kJ) 3.25i+15j+5k 4.60m 5.35m 6.10cm 7. True

Introductory Exercise 8.4
2
1. 1.225kgs™ (i) 2.8kms™ (i) 3.6kms™ 2. (m - pf)% =pu-(my-ut)g 3. uln [%) -g

Introductory Exercise 8.5

1. 10 m/s (downwards) 2. (8 i)N-s 3. 2/I0N-s
Introductory Exercise 8.6

K 4mm, 8

1. 30cm 2. E 4. W 5. 6 6. Two 7. No
Introductory Exercise 8.7
Ll 2omst2@mst 3.2 4%,

3 v P

Introductory Exercise 8.8

1 90°-2a 2e"2ghe’h 3@ mL 42 5.2 61l

v v 3 e'e'e
AIEEE Corner

Subjective Questions (Level 1)

1. 0.74m? 2.[ 2 }a 3.(-1,-3) 8. xegy = - =22 i+ el
3/ e e 1 Yom=-pr_ % m -+ my

-da
- = a A 70 ; Nm
6. Xcom = —&- 7. Xem = 12.67 m 8. Zero 9. (a) (_10])ms-1 (b)% (2| . ])ms—l (C)L—g i+ 35) n j

10. (2)0.30kg (B)@4kgms™)] (©)(BOmsH] 11, () 28 cm (b) 23 ms™

12. @)20kg (©)120ms )t} (@) (72.0 N) 13.~§L 14.714mm 15, @2 ® 1 @2

4L mv )
16. 3 17. (a) T (b) balloon will also stop moving 18, (a) 0.435 (b)480J () 1.28

19. 0.013,1.94m/s  20. 2msin (2) ol m@R -r) 28R - 1)
2/\MM + m) 2l. M+ m R M+ m)
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22. (a) 0.14 kg-ms™ (b) zero  23. 2.82 kms-! 25. 10N, 20W  26. m~- e~/
-3 " : -
27. @ 1.2 x 1?1 s 3(:) 2-5 N-S_l(c) 417N 28. 270 N-s (to the right), 13.5 kN (to the right)
29. (81i)kg-ms . 200 ms 31. 2 ms-lin negative x-axis, 3 m/s in positive x-axis.

28 oy . o
32. w=3 ms™" (in negative x-direction) and v, = % ms~(in positive x.direction) ~ 33. e =

Wl

35. 0.4ms™, 24ms™ 0933 m
Objective Questions (Level 1)

1. (a) 1: (a; 1:- ©  4® 5@k 6@ 7@ 8@ 9@ 10. (b
11. (d) 2. (; 2 ®) 14.@ 15() 16.() 17.() 18. (2 19.(b) 20.(b)
2L. () (0 23.(c)  24.(c) 25.(b) 26.(c) 27.(a) 28.(c) 29.(d) 30.(d)

3L.() 32.(0) 33.() 34.(a) 35() 36.(d) 37 39 40
a@ 2 8@ ) (d) . (@) 38.(b) . (c) . (¢)

JEE Corner

Assertion and Reason

1. (d) 2. (a) 3. (d) 4. (d) 5. (b) 6. (a) 7. (c) 8. (d) 9.(a) 10. (d)
11. (d) 12.(d) 13.(d) 14.(a) 15. (d)

Objective Questions (Level 2)

L®b) 2(®) 3.() 4@® 5@ 6.0 7.() 8@ 9(@®) 10.(
11.(a) 12.(a) 13.(b) 14.(c) 15.(d) 16.(d) 17.(d) 18.(c) 19.(c) 20. (b)
21.(a) 22.(b) 23.(b) 24.(a) 25.(b) 26.(b) 27.(d) 28.(b) 29.(c) 30. (c)
31. (a)

More than One Correct Options

1. (b,d) 2.(a,c,d) 3. (all) 4. (b,d) 5. (b,c) 6. (c,d) 7. (b,0) 8. (b,c,d)
Match the Columns

L @o(Mn @®->@ ©->6 >0 2. (@-> @ bB->@ ©@->0E (d)->(s)
3. @0 m-o@ @©-@ @D->C 4. @->0 O-06) ©->(0E (d-(@
5. @0 ®-o@ ©->@ @206 6. @->0 O ©-=Ca @@

7. @~ (prs)(b) > (P.r,S) (©) > (P) (D> PA) 8. @-> @O @@ @-(

Subjective Questions (Level 2) el il 2 1
L 125ms?! 2 T (eM & m] vo (leftwards), Veag = (M 73 ] mv, (rightwards); t = Y [1 =% ?)

m
M+m 0

m myv2
2R,0) 5.(a)— 3) (o)
3. "z=V°l+%A(l—cosmt),lo=(%+1JA 4. (L+ ) (a)l(8Y+vo) (b) 21

2 10
H5 M_ Y% 10.(a)e?h (b)e3m 11, "— ms™!
6. T 7.3m 9.0 45° (b) (—M g% m] g h 3

2(M + m) - 2gr(1 + cos ¢)
12. 093m,66ms? 13.2Ja 4R \[—T 13. v=mcos J(M + mXM + msin? ¢)

18. 10 m, Four  19. 0.84, 15.12 kg

-y ;
6. 60 17, (g L3 Szlz @ (o) nine () POINtO

Hints & Solutions ( Subjective Questions Level 2 )
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Chapter 3 Motion in One Dimensigy,
I evel 2
l' alv=ﬂ=vf-v‘-=lzghf+ Zgh. =%
At At At
=J2x9.8x2+J2x9.8x4:126“03"1/52 Ans. e
12x107
Note : v, is upwards (+ve) and v; is downwards (- ve).
2. vdv= ads
; [vav=[""ads
2
v? = area under @ graph from s = 0to s =12 m.
=2+12+6+4
=24 m%s’
or v =48 m/s = 444 m/s Ans.
3. Let AB=BC =d )
BD =x 4
and BB’ = s = displacement of point B.
From similar triangles we can write, vt B
1
vt i B Eafz s 2
d+x x d-=x A B D 1P
From first two equations we have, 2
d w c
1+ —=—
X s
d >
or Lal i )
x s
From last two equations we have,
1 2
—at
4_,-2
x s
d ~a? ;
or —=2—+ 1 ..(i)
x s
Equating (i) and (ii) we have,
1.5
—at
vt
——1=2__ 1
s s
P ar*
or 2 _
s




Comparing with s = ¢ + %at2 we have,

Initial velocity of B is + ; and acceleration — f_
2

4. L.et us draw v+ graph of the given situation, area of which will give the
displacement and slope the acceleration,
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<

cesalugs

S-s=xd+lya (D) E
2 O e ettt ]
s,—s2=xd+yd+%yd ...(ii) Ex ix :'x
Subtracting Eq. (i) from Eq. (ii), we have § E ; t
S3+ 8 -2, = yd 4 f2 fs

or. §3+ 8= 2\s83 = yd (52 = /5183)

Dividing by d” both sides we have,

Wi =) _

dZ

e

= slope of v+ graph = a.
5. v (m/s)

(11T S

: 5 t(s)

Area of v — ¢ graph = displacement
%(3:)(0.2 H=14

Solving this equation we get 3¢ = 20.5 sec.
Note Maximum speed 0.2t is less than 2.5 m/s.
6. Let t, be the breaking time and a the magnitude of deceleration.
80.5 km/h = 22.36 m/s, 48.3 km/h = 13.42 s,

In the first case, 2
567= (2236 x ) + 22
a

24.4 = (1342 1) +

(13.42)
and 2a

_ 2
Solving these two equation we get 1 =0.74 sanda= 6.2 mis

7. Absolute velocity of ball = 30 m/s -
(a) Maximum height of ball from ground =28 + 2 + TR 76 m

(b) Ball will return to the elevator floor when,
5= 5 +2

=(30r-491)+2
» 10t = (30t —4.91%)

Solving we get t = 4.2s Ans.

Hence proved.

Ans.
()
(i)
Ans.
10 m/s I
aotmls
L
2 Iz m
1
28m
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2
—t1)at
displacement _ f vt - -C Ge-1)

= 5 5
time
e — 0833 mls

8. (a) Average velocity.=

(b) Velocity of pmicle =0atr=3s -
ie. icle changes its direction of motion. _
i pamdioctaﬂ%:ta:nce (distance from 0 to 3 s) + (distance from 3 st0 5 s)

total time , time
dys= L(3r -A)dt=45m

dys= [ -30dt=86Tm

Average speed =

4.5+ 867
Average speed = — 2.63 m/s A,
9. (a) a=2t-2 (from the graph)
Now Kdv:l:adt=£(2f-2)d'
v=£> -2t
®) s= J:v dt = j:(xz ~2)dt=66Tm
10. (a) '
Wik 120m = T R
0!
\< . —» (4-3sin6)
4m/s
Time to cross the river f; = 1y e 40 secO
3cos® cos®
' : . 40
Drift along the river x = (4 - 3 sin 9)( )
) cos 6
= (160 sec 8 - 120 tan 6)
To reach directly opposite, this drift will be covered by walking speed. Time taken in this,
160 sec © — 120 t,
IZ=H=I60sec9—l20m9 //
Total time taken 7 = £, + #, = (200 sec 6 — 120 tan 0)
For  to be minimum, L =0 > ¥
" i
or 200 sec 6 tan 6 - 120 sec? 6 = ( ‘
- 8 —_—
or 8 =sin™' (3/5) 4
(b) Imin =200 sec © - 120 tan § (where sin 8 = 2‘
=200x§ ~120%3
=250-90=160s=2min40s Ans.

. - dy
11. Given that [Vl =v, = = (i)

=

v,
2., _dx 2y |
|V,|- Yy _E = [_CO_) y -(li)




12.

From Egs. (i) and (ii) we have, & e _HC
dx  2vyy
) uc
or Kydyz*fdx or =l‘£~
Vo Vo
At =& SN0, L ]
y 2,x P of X =2x 2
dav
a=v-£=v(slopeofwsgraph)
Ats=50m: v=20m/sandﬂ=ﬂ=0-4 per sec
ds 100
a=20x04 =8 m/s’
Ats=150m: = = L.
s m: v = (40 + 5) = 45 m/sand — = — = 0.1 per sec
ds 100
a=45x01=4.5m/s>
a-sgraph :
From s=0to s =100 m : v=0.4sand‘;ﬂ=0.4
s

a= v.g—v— =0l16s
ds

i.e., as graph is a straight line passing though origin of slope 0.16 per (sec)™.
Ats=100m,a=016x100=16 ms’
From s =100 m to s =200 m:

v=01s+ 30

L

ds

dv
A (015 + 30)(0.1) = (0.01s + 3)

/s

i.e., asgraph is straight line of slope 0.01 (sec)'2 and intercept 3 m/s’.

=4 m/ 2
Ats =100 m, a=4 52

=5m/
and at s =200 m, a=5m/s
Corresponding @ graph is as shown in figure

a(m/s?)

s (m)
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13. () Let vy, be the velocity of bostman relative to tiver, v; the velocity of river and v}, is the absolute velocity of
> ;

boatman. Then
Y
N l——‘
—
K
o Rl "+E I
Voo
S
'._—.-—.‘
\—; = \T;' + -:
Given, IVal=v and |V|=u
d\‘ v .
Now =y . =—=xa-x)—= (i)
W=V @ (. * (
av =
and v:\}:;:\‘ ‘~'(“)
Dividing Eq. (i) by Eq. (ii), we get
Ld_!:x(a?x) o q\‘:.\'(a:x)d‘
ax a a
or E dv= E'ﬂa 5 . dx
2 3
& y =§a ’; <..(ii)
This is the desired equation of trajectory.
(b) Time taken to cross the river is

)

_a

=

<

x v

(¢) When the boatman reaches the opposite side, x = aor v, = 0 [from Eq. (i)]
Hence, resultant velocity of boatman is v along positive x-axis or due east.

(d) From Eq. (iii)

_V:a—z—a_i=g
2a 3 6
At x = a(at opposite bank)
Hence, displacement of boatman will be R
T=xityi o T=qislj
6 ! g0
14. (a) Since the resultant velocity is always perpendicular to the line ioin i IS
g o B SWaY ine joining boat ! ~
de.theboutsmovmgmacucleofrediusZo)andcenueaI;l. ¢ E S
(b) Drifting = 0S = 40’ - o = V3o, o

'v PR ———
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(c) Suppose at any arbitrary time, the boat is at point B.
Vot =2v cos O
a8 _ Vier _ vcos®
d 2 o

or 2sechB:,j’
v

Edt = % fmsecede

t= % [In (sec 6 + tan 0))5”°

- ju 13170 Ans.
v
15. ForO0<s<60m v=2s+3=3+i
6 S
dv 1l ds 1 1 sy 3 s .
st S Pt R ==|34+=|==+— (1)
dt (5) 25" 5(+s) 5725 (
3 s
or A
5 25

i.e., a-s graph is a straight line.
3

At s=0, a= E m/s® = 0.6 m/s?
and at s=60m, a=30m/s’
For s>60m

v = constant

& a=0
Therefore the corresponding a-s graph is shown in figure.
dv v dv 1
= —==[a
or [ =2 [

From Eq. (i), —_— —5‘
v t
In (‘5) = 5

dt
v=3¢" or Ewds=3_£| B ar

60=15(" -1 or  1=80s 0 o™
. 60
Time taken to travel next 60 m with speed 15m/s will be It 4s
. Total time=12.0's 22,5 Ans.
225 e _2s
16. From the graph' a= 22.5 - 1—53 s or ﬂ v-dv EO (225 150 X S) ds
2 2
L:ZZ,SxGO—E « (60
2 150 2
v=4647 m/s kna.
u, =3m/s
17, ¥
(@) a,=-10 m/s’
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Maximum x coordinate is attained after time ¢ = .i- ’ =3s
Atthis instant v, =0 and v, =u, + a=0-05x3=-15m/s
v=(-15 :i) m/s Ans,
1
®) r=ut+2af=3x3+ 7 10)@F =45m
12 !
y= uyf + —2- ayf =0- 5 (05) (3) =-225m
T=(@45i-225j)m Ans.
18. (b) V=v,i+v,j and ¥=qi+a,j
—V’og= v,a, + V_‘,a_‘.
Further v= \/ v+ "_v2
;:'_.'._"_vxax+v",ay -ﬂ—a
v ,/vxz +v} dt ?
or component of 8’ parallel to v= tangential acceleration.
19. (8)v,, =4 m/s, v, =2 m/s
a3
tan e = B—(; = M = % = %
Vol
D
1
2
:9\\\75
N\
T Br ----- >C 200m
4
100 m 7 A
I
A
AW 2
In this case v, should be along CD D
O
v, cos 0=v, sina R
2 l| : o 7;
2 =4 si z = -3 ¢
(ﬁ] Ina or sina % bV %
1 :- -------- /C v
=0= -1 1
a= 6— tan (E) ! ’l
200 20
(b) h= e el TO =50s
|vbr|

DC=DBsec6=(IOO)§.50J'§m
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Vs
D
t =-'+—C=25+ 50'/§=29—0s
TARE
5
or h_ _‘1 Ans.
o3
= .
V) = velocity of boatman = Vb, + 7, Child ~ 0.8 km A

And V. = velocity of child =7,

Vbc = ?b - ;’c < ;’br I0.6 km

> i

V,. should be along BC

B Boat
ie., w_"b, should be along BC, where tan o = 052
08 4
or a=137° Ans.
Further t=£=lh=3min Ans.
—r
lvbrl
- In order that the moving launch is always on B

the straight line 4B, the components of
velocity of the current and of the launch in
the direction perpendicular to 4B should be
equal, i.e.,

usinB=vsin o (D)
S=AB=(ucosB+vcosa), ..(i) A
Further BA = (ucosP-vcosa), .. (iii)
h+h=t ..(iv)
Solving these equations after proper substitution, we get
u=8m/s and P=12° Ans

. Here, absolute velocity of hail stones v before colli_ding with wind screens is
vertically downwards and velocity of hail stones with respect to cars after

collision v/, . is vertically upwards. Collision is elastic, hence, velocity of hail

HC e

P L < . 5 n
stones with respect to cars before collnsnonvﬂc and after collision v}, will
make equal angles with the normal to the wind screen.

(%c)= velocity of hail stones — velocity of car 1
=v- '\;
From the figure, we can see that
B+90°—23+a.=90°
or a,=p
or 2B =2a,
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23

24.

Mechanics-|
v .
lnAABC, tan2B=tan 2al=—v— --.(l)
v -
Similarly, we can show that tan 2a., = 72 )
' v _tan20, tan60° 3 _
F i M = = =3
rom Eq. (i) and (ii), we get v, tan2a, tan 30° 13
ﬂ = An!.
V2
dv kv cos 0 k Y
a=—H=z-——— = — Ve
T dt m m
dv k .
—X = dt ’ —Z=—— | at
v, m = fo cosBy m
or V,=Vycos 0y e ™ (i) Ky az
mg
— X
Similarly a =ﬁ=—"”i"e—g=—(£v +g)
Y dr m y
dv ke
or f’sin% kﬁ”:—ﬁdt or ﬂl:ln(ivy+g)] =-t
0 —v,+g k m vo sin 6y
m
X
- v, t+g _k,
or TR = —=x=e"
(—m- Vo sin 6, + g)
m|(k =
or vy=; [; Vo sin 9, +g)e m -—g} ...(ii)
, . dx -5,
(b) Eq. (i) can be written as: 2 = Vo cos Bpem
K k
- de:vocoseo_ge ' gt Of g D0 SO80) cosBO[l_e‘;']
k
my, co
X, = %Seo at t=oo, Ans.
In the first case BC=v, and w-= ut,
In the second case usin o =y and w= (u cos at) t
Solving these four equations with proper substitution, we get
w3= 200m, =20 m/min, v=12m/min and a = 36°50' A
1 7
I ’ .
/ |
i |
L A |
u ,/ u !

|
’ o
A [%
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Chapter 4 Projectile Motion
| evel 2
1. u =vycos O, u,=v;sin6,a, =—gsin9,q. =
AtQ:v. =0 y.'. u +at=0 G ke

X

O p=tooos? i)
gsin 6
S, =hcos 6

| B
ut+ 3 a,t”=hcos 6

2

1 2

(v, sin 6) vo_c‘o_sg + = (g cos 0) VLC_OLB =hcos B
gsin0 2 gsin 6

Solving this equation we get,

e 2gh
©"y2+cot’® ARs.
2. Letv, and v, be the compounts of vg along x and ydirections.
v )2)=2
v, =1m/s
y,@=10 Or v,=5ms
Vo =1’V: + Vf, =J2€m/s
tan 0 = v)/vx =M
9=tan™ () Ams.

Note We have seen relative motion between two particles.

Relative acceleration between them is Z€rO-
¥, = (ucos @) i + (usin & —g0) j

Vz=(vcosﬂ)3+(vsinﬂ—gr)}

These two velocity vectors will be parallcl when, the ratio of coefficients of i and :iare equal.
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ucosa _ usina — gl
veosp vsinp-gt

_ oW sin (o —P) An
Solving we get, - g(v cosP — ucos a) 5
4. Atheight 2 m, projectile will be at two times, which are obtained from the equation,
1
+2=(10sin 45°) + (- 10)7
or 2= 52t - 5¢
or 52 -5J2t+2=0
5v2 - [50-40 _5J2-410
or 'I = =
10 10
and '2 = M
10
Now d = (10 cos 45°)(t, — )
0 (2410}
V2L 10
Distance of point of projection from first hurdle = (10 cos 45°),
_ 10 (52410
V2 10
=5-5
=275m Ans,
i 7
5 2h=-2L
2g
or u, = 2\/8_” E
- 4 R b
Now (2 — pu. =1y, orx = # -(i) ! 3 '
l“x 2 uy Eh E. 2h E h
Further h=uyt- —gt? H H : X
2 Uy
or gtz—Zu,}+h=0
or g’ -4ght+2m=0
4,[gh - [i6gh - 8gh
h= =(2-~/5)£ and r=(2+ﬁ)£
2g 2
g g
Substituting in Eq. (i) we have,
L W Ans.
u 241

6. (a) Time of descent t = ’3£= M=&945
4 10
N

ow "x=ay=~/§y
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dx
i (%sfz) =557

fac=svs [Pa

. o 55
or horizontal drift x = T(8.94)J =2663 m ~ 2.67 km.

or

(b) When particle strikes the ground :
v, =5y = (/5)(400) = 400y5 mis
v, =gt=894 m/s
Speed = J v+ vf, =899 m/s = 0.9 km/s Ans,

7. At 1=0, Vr=(0j)m/s Vg =10cos 37°k ~ 10 sin 37°] = (8k - 6i) m/s
‘_'.;‘:VST+V =(—6E+10}+ SIA()m/s

(a) Athighest point vertical component (k) of ¥} will become zero. Hence, velocity of particle at highest point will
become (~6i + 10j) m/s .

(b) Time of flight, T="£=""—=16s

=-l£-6><l.6=—4.5m
T
y=(10)(L6)=16m and z=0

Therefore coordinates of particle where it finally lands on the ground are (— 4.5 m, 16 m , 0).

e O
At highest point 1-5- .8's
=18 _(6)(08)=03m
T
y=(10)(08)=80m
2
2. 3o
o 5% 20
03m,8.0m,32m) Ams.

Therefore, coordinates at highest pointare,
8 |vyl=(v + v,) cos 60° =12 m/s
[Va1y] = (v, = »,) sin 60° = 43 m/s

vy = 1[(12)2 + (@43) =192 m/s

BC =(v,)t=240m
AC=70m (Given)

Hence, AB = |[(240)? + (70 =250 ™ Ans.
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9. (a) Let, (x, ) be the coordinates of point C.
x=0D =04+ AD

10 10+4y .
x=?+ ycot37°=——3—— (1) B :
As point C lies on the trajectory of a parabola, we have £ > .
2
y=xtana - % (1+tan? ) ...(ii)
P

Given that, tan o = 0.5= %
Solving Eqgs. (i) and (ii), we get x = Smand y=1.25m.
Hence, the coordinates of point C are (5 m, 1.25 m). Ans,
(b) Let v, be the vertical component of velocity of the particle just before collision at C.
Usiné vy = u, + a,t, we have
vy, =usin o — g (x/u cos ) (s t=x/ucosa)
_S5__ doxs
C V5 Vs x2W5)

Thus, at C, the particle has only horizontal component of velocity
v, =ucos o = 5J5 x (2/4/5) =10m/s

Given, that the particle does not rebound after collision. So, the normal component of velocity (normal to the
plane 4B) becomes zero. Now, the particle slides up the plane due to tangential component

v, cos 37° = (10)(%) =8mJ/s
Let 4 be the further height raised by the particle. Then
mgh=%m(s)2 or h=32m

Height of the particle from the ground = y+ 4
H=125+32=445m Ans.
10. For shell u, =20 sin 60° =17.32 m/s

o 1 2
"R 50kg 40 kg

v 10kg (20cos60°+Y)
L—-—

=(17.32 x2)-(% x9.8 x4)

or z=15m

‘ ‘ u,=0 . y=0
For u, : conservation of linear momentum gives,

S0x4 = (40)(v) + 1020 c0s 60°+ v)  or  v=2m/s
% =(20 cos 60°) + 2 =12 m/s
X=ut=(12)2)=24m

7= (241 + 15k)m b
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r5 )
Chapte Laws of Motion
[[Meve! 2
1. Itis just like a projectile motion with & to be replaced by g sin 45°
=10m/s Ans.

2. E;PPOSC T be the tension in the string attached to block B. Then tension in the string connected to block 4 would be

Similarly, if a be the acceleration of block 4 (downwards), then acceleration of block B towards right will be 4a.

Equations of motion are: aT

For block 4, m,g — 4T =mya I
----=4a '

or 50-4T = 5a (1) 'a

For block B, T - f=104a) ,._. L *'

or T - (0.1)(10)(10) = 40a

or T —10 = 40a (i) mag

Solving Egs. (i) and (ii), we get a= 323 m/s Ans.

3. (a) When the truck accelerates eastward force of friction on mass is eastwards.
f fequired = MAss X acceleration = (30 x 1.8)
=54 N
s f=54N (eastwards)

Since it is less than p, mg
force of friction is westwards.

(b) When the truck accelerates westwards,
— mass x acceleration = 30 x 3.8

fmquircd
=114N
Since it is greater than p jmg. Hence
o ' f=fi=mmg= 60 N (westwards) o

4. Block B will fall vertically downwards and 4 along the plane.

Writing the equations of motion.
mgg — N =mgdp

For block B,
& 60 - N =6ap ()
(N + myg) sin 30° = "%
o (N +150)=30a, (i)
ag = 4y sin 30°
Further
o a, =2ag ...(iii)
Solvin uations, we get
. g these three eq _— 6 m/s? Aisse
a
% 2
g = cos 30°=5.5m/s Ans,

(b)
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5.

7.

Let acceleration of m be a, (absolute) and that of M be a, (absolute).
Writing equations of motion.
For m: mg cos o = N =maq

i)
For M: N sin a = Ma, )
Constraint equation can be written as,
a = a, sin o (@, # a $in o, think why)
Solving above three equations, we get
. mg cos o sin a
acceleration of rod, aq= Ans,
msin o + —
sin o
cos o
and acceleration of wedge o= —e e Ans.
msin o + —
sin a

(a) N, and mg pass through G. N, has clockwise moment about G, so the ladder has a

tendency to slip by rotating clockwise and the force of friction ( f)at B is then up the A
plane.

(b) IM,=0
N=mg (é sin 45°) )

ZF, =0
it mg =N,cos 45° + fsin 45°  ...(ii)
From Egs. (i) and (ii), N,=—=mg and f= T8,

3
22 22
or. H min = NLZ = 5 Ans.
N N' N'
L f fy l hL+F f+5 F
or
s |
FBD of man N+mg N+mg
FBD of plank
Here £, = force of friction between man and plank and J, = force of friction between plank and surface.
For the plank not to move
F~(£nax S LSF + (fum
or F-puM+mg<masF +p M+ mg
or a should lie between £ - F(M + m)&
m m
s
and F oM+ mg A

m m
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8. Writing equations of motion:

For M: ST - Mg = Mg, 0) 5T T
Form: mg —T = ma, ..(ii)
From constraint equation, & = 5q ...(iii)
Solving these equations, we get a4 T azl
acceleration of M, Ca= A M g '
25m+ M
Mg mg
Sm—-M
and of m, GQ=5|—"TI|g FBD of M FBD of m
25m+ M
9. 2as =2ay, .
or 4_s_n . gsna _m
a § m pgcosa —gsina n
Solving it, we get p:(””")tana Ans.
m
10. Limiting friction between 4 and B Jr=pN =04 x100=40N

(a) Both the blocks will have a tendency to move together with same
acceleration (say a). So, the force diagram is as shown.

30- f=10xa (i)

f=25xa (i) f

-2,
F=30N
Equations of motion are, ) f— m—’

Solving these two equations, we get
a=0857 m/s and f=2142N
As this force is less than f;, both the blocks will move together with same acceleration,

a, = ag = 0857 m/s?
a

g

250 - f=10a
...(iii)
f=25a -
(v
Solving Egqs. (iii) and (iv), we get f=1786N
As f > f, slipping will take place betwee; thef two4l:)lo}:ks and doN -___‘ F=250N
) = L =

250-40 _ 2 40N
=" =21.0m/s r'

40 2
ap =— =1.6 m/: S
2725 Ans.
11. Normal reaction between A and B would be N = mg cos 6. Its horizontal
tension in cord CD is equal to this horizontal component.
Hence, T =N sin 8 = (mg cos6) (sin 0)

mg .
=—=5sin20
> in

component is N sip, g, Therefore,

Ans.
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12. Assuming that mass of truck >> mass of crate.
2

Retardation of truck @ = (0.9) g =9 m/s®, {

of relative acceleration of crate @, = 2m/s” .

= I—S- = 1.67 secand crate will strike the wall at

Truck will stop after time # = 9
. f“” =178s
’2 - ar 2

As t, > 1, , crate will come to rest after travelling a distance

2
1 1 B
s=5a,rf=§x2.0x(; =277m

13. pymg=02x10x10=20N
For t< 0.2 sec:

20+ 20
Retardation a= F+ugmg = 4 m/s?

At the end of 0.2 sec,
v=u-at=12-4x02=04 m/s

For t > 0.2 sec:

Retardation a= =3 m/s?

Block will come to rest after time #, = al = % =0I13s
2

*. Total time=0.2+ 0.13=033s

14. Block will start moving at, F = p mg

or 25t=(0.5) (10) (9.8) =49 N

t=19s

Velocity is maximum at the end of 4 second.
dv _25t-49
10

[“a=[ esi-49a

=25t-49

. Vmax = 5.2 m/s
Ford4 s<t<7s

49 - 40
10
V=V — 4 =52-09%x3=25m/s

Net retardation a= =09 m/s?

Fort>7s

Retardation a= ‘:_z =49 m/s?

N
W

t=

I

=0.51s

KNS
F S
o

Total time = (4 - 1.96) 4 (7-4)+ (0.51)
=555

retardation of crate @, = (0.7) g =7 m/s’

Ans,

Ans.

Ans.



15. Let B and C both move upwards

move downward with speed, 2v,, + 2vc. So, with sign we can write,

V4
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il
(alongwith their pulleys) with speeds v5 and v then we can see that, A4 will

Vg =S Ve
2
Substituting the values we have, v =0 Ans)
16. FBD of 4 with respect to frame is shown in figure.. N
A is in equilibrium under three concurrent forces shown in figure, so
applying Lami's theorem 30° A
ma o Pseudo force
—_— \g =ma 60°
sin (90 + 60)  sin (90 + 30)
cos 60° 9 30°
w2 i
cos 30°
17. FBD of M, and M; in accelerated frame of reference is shown M

in figure.
Note: Only the necessary forces have been shown.

Mass M; will neither rise nor fall if net pulling force is zero.

ie, Mya= Mg
M,

or a=—22g
M,

M
F=(M,+M2+M,)a:(Ml+M2+M3)73g
2

18. Retardationa=p, g = 0.15 x 9.8 = 1.47 m/s?
2

) i N S )5
Distance travelled before sliding stops is, s= % Zxl, 47

~85m
19. 2N = mg cos 0
mg cos 0

V2
=gsin6—«/§u,{gcose

N =

_ mgsin0-2u, N
4= m
=g (sin 8- V2 cos §)

20, y.& _Netforce F-p;p(L-X)g
dc  mass pL

_ﬁvdv=f F_ukgiL_X)gd"

AW

F
—-ugl+
p

fzp
v=—-p, 8L
p

Ky gL
2

Ans,

Ans,
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21. () v=aqf=2.6m/s
1 2_1 2 -
51=Eal’l _§x2x(1.3) 1.69m

5,=(22-169)=05Im

v
Now, 5= _2;2_
2 2
s £6)— = 6.63 m/s*
25 2x0.51
and ty= LA 04s
)
(b) Acceleration of package will be 2m/s> while retardation will be 1, g or 2.5 m/s*> not 6.63 m/s>.
For the package,
v=at=2.6m/s

s,=%altlz=l.69m

sz=vtz-%a§ tf=2.6x0.4—%x2.5x(0.4)2

=0.84 m
.. Displacement of package w.r.t. belt = (0.84 — 0.51) m

=033m Ans.
Alternate Sol : For last 0.4 seconds

la,| = 6.63 - 2.5 = 4.13 m/s?
5, = -%|a,|t2 = —; x4.13 x(04) =033 m

22. Free body diagram of crate 4 w.r.t ground is shown in figure.

Equation of motion is: 100 - N =10a, «i(1)
a,=asin30°= (2)(—‘-)
2
or a, = 1m/s?

Substituting in Eq. (i), we get N = 90 newton,

23. (a) Force of friction at different contacts are shown in figure.

Here, fi=namg and f,=p, (11 mg) 11—.
Given that Hy> “ul -—‘ﬁ

Retardation of upper block a= A =p,g
m
Acceleration of lower block a = Si=f_ W=l Vg
m 10

Relative retardation of upper block a=ag+a
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or

11
G To BT KR
Now,
0= v:llll - 2a4,l
22(pu, — 18/
Vinin ™ \)2(4,/ - (2 0 Ko Ans.
b
w 0= Vinin = @t
or fm l’"‘m = L Alll.
a (s, -p)g
4, v = ,/v,z +vy
Retardation a = pg
; 5 L J—
-~ Time when slipping will stop is r = %= o - iv, + v
a He
.
" 2a 2pg
2, 2
x,=—s,cose=_[MJ 12) =
2ug ‘/“z s v22
i v+ v v VYVl + vt
Y, =8.8n0=| 1—2 g = | =
Zug J Yo+, 2ug
In time ¢, belt will move a distance
[, 2
S=vt or Lo LB W x-direction. Hence, coordinate of particle,
24
Vz\l Vlz + sz
xX=x,+5= T
_ _ V“/ V|2 + sz
and i 2ug Ans.
25. FBD of m, (showing only the horizontal forces)
) . %
Equation of motion for m, is N T
T -N=mg -..(i) T
Equations of motion for m, are N =ma .. (i) y )
and mg —-T =ma, ...(iii) l’" h
i mg a,

FBD of m,

|2

myg
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Equation of motion for 1, are

myg =T = mya w(iv)
Further from constraint equation we can find the relation,
a,=02+al ()
We have five unknowns a,, a,, a;, T and N solving, we get
a= 2mymy & Ans,
(my + my) (my + my) + mymy
26. T
N T &
N T l" SRS
-—
\&mgsm 30°
ay & =g
2mg T2
FBD of 3m FBD of 2m FBD of m
Writing equations of motion,
T - N =3maq ...(i)
N =2ma ..(ii)
2mg - T =2ma, ... (iii)
m
T -8 = ma, (V)
2
From constraint equation,
=0 -a ..(v)

We have five unknowns. Solving the above five equations, we get

-3 _19 13
al l7g) a2-34g and a3—§g

i B : { V397
= = = 2
Acceleration of m = a, 3 8 acceleration of 2m = a + az2 = T g

. 3
and accelerationof 3m=gq = = g Ans.

mE
27. a=——FF——
a my+M+m

For the equilibrium of B,
mg =pN = (ma)= —P""E
mi+M+m
m, = (M + m)m
M -m
my = M + m)
-1

Ans.

Note m;>0 .. p>L
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Chapter 6 Work, Energy & Power

(F - pmg)x,, = %kxf.

or
ke, = 2(F —pm
Second block will shift if kx,, > um,g e

2(F - pumg) > wmyg

or F> (m, + %) ug Ans.
2.
h=0 __ W W
Initial
[
0=n/2
Initial PE, Ui=L_o (r ) () (g) (r cos 6)
= (pg ) [sin 0]} = pgr’
Final PE
nr nr/2) g
ool )2
2
sw=rva(1+3]
AU =KE
2 1 (nr 2
n - — -—
or r‘pg[‘*'z;')‘z(z)(p)v
- z)
= v= rg = 8
B3
vEYEE T Ans.

or
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3. Fort <02 second 2
20

F:WN and v=(6)'
P=Fv=(5330kW Ans.

For > 02 second
800
= -|—] (@-02
Fsn (O.I)( )

and V=‘2£'
03
P=Fv=(1601-5337r)kW
w=[" 330d+ (S asor-s33ryar

=169k Ans.
4 Atlheins(amshowninﬁgmt.napullhlgfum=%gh
Total mass being pulled =$(x+h)
Acceleration a = — o I ing foece
total mass being pulled
__&h
x+h
v(-ﬂ%i
dx) x+h
Y dx
-dv=- —
or !' o e
v I-h
?—Shﬂﬂ(ﬂ*h)]o
vz_ ]
. s =enin ()
- v=[2ghin(i/h) Ans.
5. (a) From energy conservation principle:
Work done against friction = decrease in elastic P.E.
- f(rg+q)=%t(x§—q2)
or ()
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From Eq. (i), we see that decrease of amplitude (xp —a) is ﬂ, which is constant and same for each cycle of
k

oscillation
(b) The block will come to rest when ka= f
or azk .(A)
S
In the similar manner we can write
a|—a2=% ..(ii)
az-a3=% ...(iii)
an—l—an=2T (n)
Adding Egs. (), (i),... etc., we get £ SR (Zk_f)
ot R (i_f) ..(B)
Equating Eq. (A) and (B), we get % =xg-n Zk_f)
X k
i
R .
or n= 7 22
k
n_ kg 1 1(kg
et e —=— | — -]
Number of cycles, m 2 45 4 4 [ G J Ans.
. Conservation of mechanical energy gives,
E,=Ep
1
or —;m|v2=5b-‘2+'"|87‘
or 2m gH = ho” + 2mygx -..(i)
The lower block will rebounce when
5 L"ké (kx = myg)

Substituting, x = -'"723— in Eq. (i), we get

&\ 2m
_mg (Mt 2% 2’"‘)
Thll’. H min ~ k 2,"' Au



464 Mechanics-|
- 1 (v,
5"’"’7”’(5) i
ot k.—_':v;'; Ans,

10.

M‘g=Q8X6X|0=48N
("'B *"k.)g=(l+ 2)X10=30N
Since (mg + mc)g > Wm, g, ay = ap = 0. ‘
From conservation of energy principle we can prove that maximum distance moved by C or maximum extension

in the spring would be :

x, =28 _2x1x10_q0p

k 1000
At maximum extension :
I kXm
I ac - kX, —mcg
me
mcg

Substituting the values we have, g- = 10 ms’. Ans.

Rate at which kinetic plus gravitational potential energy is dissipated at time ¢ is actually the magnitude of power
of frictional force at time ¢.
|Pfl= f.v = (unmg cos a)ar)
= (wmg cos a)[(g sin a — pg cos a)t]

=pmgzcosa(sinu — | cos a)t Ans.
From work-energy principle, W =AKE
Pt=%m(v2—u2) (P = power)
or t=%(v2—u2) )
Further
F-v=P
m.ﬂ.vz—P
i
or [Vzdv=— Ed‘-
o u’)=3_P %
m
or ﬂ= 3x
P V-/
Substituting in Eq. (i)
f=—XW+V) Hence proved-
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11. (a) Mass per unit length = ?

dm:%Rda

h=RCOS(l
. dU = (dm)gh="

! cos a - do.
IR 2
= E du = mg,R sin (é)

KE =Ul _Uf

2
U/=MgR sin (-[—)
1 R
+ 2
uy= " av - 28 [sin (i + e) ~ sin e]
! R
2
KE = mgR sm[l)+sin6—sin(e+i)
/ R R
2
1 2= meR Sin(l)+sin9—sin( 1)
2 / R =
2
or y= 2gR sin(’)+sm9—sm( + )
/ R R
2
2= 28R sn(’)+5|ne_5|n 9+ 1]
! R R

)| d®

0- 04|22

Cos cos( + R)] &
0 - cos (9 + i)

cos = ( )

dt 2v at

(
H dt
ere

0
) o

v
28 -]
Substituting in Eq. (i) —= [cos 0 - cos -
At

iv_ =§£ [l—cos (i)]
Howee, e R

Ans.
12.  From conservation of energy,

(b)

Here

and

(©)

Ans.

N

%

L)
e Il mee |

l 2 l 2
mygh = mgh + 5 mv; + 5 myv3

v = v, cos O
Here,
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13.

14.

S

2
1 2 2) 1
= “D+—-%x05%xv;, x| —=| +=%x2x
2x10x1=(0.5) (10) (V5 )+ 5 x05xy] (Jg 5

20=6.18+ 02 v} + v3

v, =3.39m/s : Am
and V=V, coso=%x3.39
or v =3.03m/s Am

Net retarding force = kx + bMgx

Net retardation = (M) -x
M
So, we can write v-ﬂ=—(w)-x
dx M
0 x
or v-dv:—(“ﬂ) IXdI
) M 0
or x= M Vo
k + bMg
Loss in mechanical energy AE = % Mvoz - lkxz
or AE=1 M2 - k(_M ve?
2 2\k+ bMg
2 b }
or AE=Y| pp | M| _vidtM’g Ans
2 k+bMg)| 20k + bMg)
From conservation of mechanical energy,
Ei = E P
or

1 2 1 )
Eb"i + mgh, = Emv}

= eh+ L
m



15.

Substituting the values we have,

2300

22 (0.045)
012 (0043)

vf=\/2x9.8x1.9+

=872 m/s
(a) From work energy theorem,
Work done by all forces = change in kinetic energy

Substituting the values we have,
e Jz x 20 x 0.25 — 40 x 0.25 x 0.25
05
=15 m/s =387 m/s

(b) From conservation of mechanical energy,

E =K
1 1 1
or Emv,z+5kx,2=5kt}
or f e i
I CEETER
40

= 0.5 m (compression)
Distance of block from the wall = (0.6 — 0.5) m = 0.1 m

Hints & Solutions 467

Ans.

Ans.
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Chapter 7

I evel 2
1. (a) Applying conservation of energy

1
mgh = " (3Lg)

n=2
2

Circular Motion

Ans,

(b) Since \[3Lg lies between \/2Lg and \/SLg, the string will slack in upper half of the circle. Assuming that string

slacks when it makes an angle 8 with horizontal. We have
2
mv
mg sin 0 =—
o L

vi= \’3gL 2 —2gL (1+ sin 6)

Solving Eq. (i) and (ii), we get

=~

sin 9=l and v2=g—
3 3

Maximum height of the bob from starting point,

2 52 facs
ek fdinse X2 OF =0)

(i)

..(ii)

28 h=L(1 +sinq)

=il—'+ & cosze=4—L+4—L-
3 6g 327
o

27

Note Maximum height in part (b) is less than that in part (a), think why?
2. h=0.8sin 30°=04 m
: v2=2gh
(a) Just before,

2
T, — mg sin 300= 22
R
T|=E+ m (2g) (0.4) ___ﬂ
2 0.8 2
(b) Just after,

2
T, - mg sin 30° = "}'?_‘:(R2 =04 m)

7,= M8, m(8) 04)
2 04
or T,= Smg

—

Ans.

(R, =08m)

Ans.

Ans.
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3, h=I(1-cos )
v = v} - 2gh=3gl - 2gI(1 - cos 0) = gi(1 + 2 cos 6)

At 45° means radial and tangential components of acceleration are equal.

v
—=gsin 0
i 4
or I1+2cos®=sin6
Solving the equation we get, 6 = 90° org Ans.
52
4. Banking angle, 6 = tan™! | —
Rg
36 % =10 m/s

100
e = a —— = 270
= [20 x 9.8)

Angle of repose, 6, = tan™' (1) = tan™' (0.4) = 21.8°

Since 6 > 6,, vehicle can not remain in the given position with v = 0. At rest it will slide down. To find minimum
speed, so that vehicle does not slip down, maximum friction will act up the plane. To find maximum speed, so that
the vehicle does not skid up, maximum friction will act down the plane.
Minimum Speed :

Equation of motion are,

N cos 8+ pN sin 6 =mg ()
N sin 8- pN cos 9=%v§ﬁ,, (i)
Solving these two equations we get
Vinin = 4.2 m/s Ans.
Maximum speed :
Equations of motion are,
N cos 0 — N sin 6=mg ... (iii)
m
N sin 6 +pN 0059=;V§..x .(iv)
Solving these two equations, we have,
Voax = 15 m/s Ans.
5. Let v be the velocity at that instant. Then, horizontal component of velocity remains unchanged
v cos g =ucos v
u cos 0
or V=
cos —
2

Tangential component of acceleration of this instant will be,

a,=gcos(n/2+ 62)=- g sin gn

a"="az—a’2=‘{g2—gzsinzg=gcosg
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Since, a"=_R—
ucos 0
t:os0 2
2 2 u® cos” 0
or R=v = 2

a=-10]

av -100 2

= 0=—"-=——=-2/Smss
Grace 10J5

a,=ya - @ = J10) - 2/5)' = V80 m/s? = 445 mis?
R=V_z=(‘°‘/§=25~/§m.

a, 45
7. (a) Force diagrams of my and m, are as shown below:
T “ T wm 8

wm 8

(Only horizontal forces have been shown)
Equations of motion are :

T +umg = mRa?
T - pmg = myRw*
Solving Egs. (i) and (ii), we have
i f 2my ug
(m — my)R
Substituting the values, we have
Opin =632 rad/s

(b) T = mRo® + pm g

=(1) (05) (632)* + (0.5) (2) (10)

=30N
8. Speed of bob in the given position,
v=,2gh
Here, h= (400 + 400 cos 30°) mm
=746 mm = 0.746 m
V=y2x98x0.746 = 382 m/s
Now

2
T -mgcosg=""_
r

Ans,

Ans,
Ans,

Ans,

...(i)
... (i)

Tsin30°

'O,

Tcos 30°
T '




Hints & Solutions 471

2 % (3.82)°
T=2x9. o ——
x 9.8 x cos 30 04
or T=90N
R=Tsin30°=45N
T'=T cos 30° A
9. Speed of each particle at angle 6 is,
o m (from energy conservation)
where 2= R(1- cos 0) s
; v= ,IZgR(l - cos 0)
2
N + mgcos 0= ia
or N + mg cos 6 = 2mg(l - cos 6)
or N =2mg - 3mg cos 0 ...(i)
The tube breaks its contact with ground when 2N cos 6 > Mg
Substituting, 2N cos 6= Mg
or 4mg cos 6 — 6mg cos> 6 = Mg
Substituting, 0 =60°
2mg - s 4 =Mg
2
M 1
or ™ = 3 Ans.

Note Initially normal reaction on each ball will be radially outward and later it will be radially inward, so

that normal reactions on tube is radially outward to break it off from the ground.

10. At distance x from centre,

11.

Centrifugal force = mx @
. 2
.. accelerationa=x ®

av_
or V.;—xo)
or KVdV=0)2 Ede
2 2
VO e
or 2 2(L )
w12 _
or e ahe Ans
N-l"Lz
R
= v ; Retardation a= Sows _ W
fmnx=”N' R = ‘T
2
dv _].I—V_ or ﬂ:—&
(—717)— R [ 7 7 b
¥
o |+ B Ans,

R
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12.

13.

Let R be the radius of the ring
h=R(l1- cos 6)
v? = 2gh = 2gR(1 - cos 6)
m_"z =N + mg cos 6
R
or N =2mg(1 - cos 6) — mg cos 6

N =2mg - 3mg cos 0 .
In the critical condition, tension in the string is zero and net upward force on the ring :

F = 2N cos 6 = 2mg(2 cos 0 - 3 cos® 0) (i)

F is maximum when %: 0

or —2sin®+ 6sinBcosB=0
or cosf=1
3
s w5 : 1 1 2
Substituting in Eq. (i) Foax =2mg | 2 x 5 3 x = = 5 mg
F.>Mg
or . -§- mg > Mg
3 .
or m> ) M Proved.

Minimum velocity of particle at the lowest position to complete the circle should be 4gR inside a tube.

soy u= 4gR

h=R(l - cos 6)

V=it - 2gh
or vi= 4gR - 2gR(1 - cos 0)
=2gR(1 + cos 0)
or vi= 2gR (2 cos? g)
0

or v=2,/gR cos 5
From ds=v- gt
Wegct RaB:ng?cosg.dt

0

o t= E In(1+42) Proved.

1 |[R 2 0 »/2
o £dt=5£f sec(i)de or r=\/§|:ln(sec—g~+tang)]
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14 At position 6,

vi=v,? + 2gh
where h=a(l - cos 0)
: v = (2ag)* + 2ag(1 - cos 6)
or v? = 2ag(2 - cos 6) ()

2

mv

N + mg cos 9= —
a

or N + mg cos 0 =2mg(2 - cos 6)
or N =mg(4 - 3 cos 6)
Net vertical force, F =N cos 0+ mg=mg(4 cos 0 -3 cos’ 0+ 1)

This force (or acceleration) will be maximum when % =0

or —4 sinB+ 6sinBcos6=0
So, either sinf=0, 06=0°
or cosB=2, 0=cos™ (Z)
3 3
6 = 0° is unacceptable
— .12
Therefore, the desired position is at 6 = cos (5) Ans

15. (a) Let v, be the velocity of mass relative to track at angular position 6.

From work energy theorem, KE of particle relative to track:
— Work done by force of gravity + work done by pseudo force

sin 6
fo—

-;-mv,z =mg(l-cos 0)+ m (z_qg) §iii0
2 l—cos9)+4_gsine |
or v? =28( 5 P
: -0
Particle leaves contact with the track where N
23) . 5
= —=|sinf=
or mg cos@-m ( 3 mv?

Zg 1 = - 4_8.
o gme__;sme 2g(1 - cos ) + 9 sin 6
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3cosO—gsin6=2

or
Solving this, we get 6~37° Ans,
(b) From Eq. (i), v, =,(2g(1—cos 6) + 47g sin 6
or v, =2.58 m/s at§ =37°

. y 3
Vertical component of its velocity is v, = v, sin 8=2.58 x 3

=1.55m/s
Now, 13=1.55¢t+ 5t [s Sair %g;)
or 5 +1.55(-13=0

or t=038s Ans.
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Chapter 8 Centre of Mass, Conservation of Linear Momentum,
Impulse and Collision

l evel 2
1. y= Lz_xl
= dy____x &
dt [Lz _2 dt
323
4 = Em S
1) (1 ay)
Ve =+l — | +|=—=
™ (2 t) 2 r]
3\2
= (l)2+(74') =125m/s Ans.
2. Applying conservation of linear momentum and
v2
A Y1
=

———tVe

. relative speed of separation . S
relative speed of approach

mvy = My, —mv, . 0
W=l ..
Solving these two equations, W get,
eM —-m Vo, Vy=m e+1 "
W\ gam) M+m) ' Ans.
d 2d d
. " f=—+—+%
The desired time 1s: Vo eV v,
d 2 l)
i | li=bs
or VO( e ez Ans.
3 (i x=vt—Al—coso)r)
(i) x = vot - A( x = Ty
m + my

m,
=vol + 7"—' A(1 - cos o)

X2
2

5 d*x 2
ii ze—=-0 A cos 0/
(ii) a 7
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The separation x, — x; between the two blocks will be equal to /[, when g, = O or cos ot =0

x:—x,=£l,4(l—c080)r)+ A(l - cos o)

or Io=(i"—'+1JA (cos ot = 0)
m
Thus, the relation between [, and 4 is,
b= (ﬂ + IJA Ans.
my

4. Since, all the surfaces are smooth, no external force is acting on the system in horizontal direction. Therefore, the
centre of mass of the system in horizontal direction remains stationary.
x-coordinate of COM initially will given by

y . y
A c)c2 = 5R(in both cases) A
C)
2 —> X oA > X
L0 1 +5r, 0) * 0
c2=(x-5R, 0)
Initial Final
x; = Tt mx
1
m + m,
_@M)(L)+ M(L + 5R) . .
M+ M =(L+R) ...(0)

:‘::l(; 0) be the coordinates of the centre of large sphere in final position. Then, x-coordinate of COM finally

- BM)x) + M(x - SR
= 4M+A; )~ R) ()

Equating Egqs. (i) and (ii), we have
x=L+2R

Theref« rdinal
refore, coordinates of large sphere, when the smaller sphere reaches the other extreme position are (L + 2R, 0).

- Ans.
5. (a) Chain has a constant speed. Therefore, net force on it should be zero. Thus,
P = Weight of length y of chain + thrust force
_m . 2 .
=g+ pv; (he'ep:T)
m
=2 @) -

(b) Energy lost during the lifting =
8 the lifting = work done by applied force — increase in mechanical energy of chain

= Pagy-|? Y 1(m
{ra Ly)g(i)‘a(ﬂ)”@
L
21 Ans.




6. In perfectly inelastic collision with i
the ho
surfa.ce the component parallel to the surf;::z: ?v‘:: ‘
remain unchanged. Similarly when the string becomes

taut again, the component perpendi to its len
L : cular gth
will remain unchanged, ! v, cos?
c

cos()=ﬁ
L

v, =2gH
- -

2 P Smvaam
v, cos’0 = ([2gH) % =v (say)

2g 2g r
7. Applying conservation of linear momentum at the time of collision, orat 7 =1s,
mv + m (0) = 2m (20i + 10j)
¥ = 40i + 20j
At | sec, masses will be at height :

h=uy,+_;_v}/z=(20)(1)+%(—10)(l)2=15m

After explosion other mass will further rise to a height :

2
_% =20 _ 50 m: u, =20 mis just after collisiion.
2g 2x10

.. Total height h=h + h,=35m AR
8. Let CT stands for common tangent direction and CN for common normal directions.
g o3 I T 7 PR S e RN T I
Mass m=eM Mass M
CT CN cr CN
*Befor collision v (let) v, (le) Zero (given) |  Zero (given)
Afer collision v v; (suppose) Zero o —
i i hanged.
. ions velocity components remam unchang )
In the common mnlgjinr;gt‘ifﬁt;:plying conservation of linear momentum and definition of e
In common norma! Bl =l M, "
e e Vo=V ~
From the definition of coefficient of restitution : _Vz (i)
Solving these two equations We L vy =0 but vy # 0

ity of m is along CT while that of M along CN or they are moving at right angles.
i
tant <
to b:n ‘::‘":“n in horizontal direction we have,
mol

So, after collision veloc

9. Muzzle velocity v, i given

From conservation of linear N oy
mv, cos 8

VE"M+m ()
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v, sin 6 v, sin @

léw
0
m ¥riCO3 o 9. LV, cosf-v

VTG R AR L W R R
Components of velocity Componentg of velocity
of bullet with respect of bullet with respect
to gun to ground

Further, range of bullet on horizontal ground
v 200 0
g
_ 2y, sin 0 [Vr cos § — MYz €08 9]
g M+m
_ 2Mv} sin 6 cos ©
M+ m)g

2 ..
or R= [L) Y, sin 26 ...{ii)

R= (v, cos 0 -v)

M+m g

(a) From Eq. (ii) we see that maximum range is at 6 = 45° Ans.

M v?
At B =45°, = -~ Ans.
® o =) s

10. (a) 4,=0, a =g
" v, = \2gh
After collision relative velocity v,’ = e,/2gh and relative retardation is still g (downwards). Hence,

"2

hy = o) = ezhl Ans.

(b) 4=0, a =g+ %:
Just before collision v, = _[2 (S_g) h

Just after collision v,’ = ev,.

Relative retardation is still 54_g

Hence, hz - (Vrr)z - ezh Ans.
. (Sg)
p) =2
4
11. Let the velocity of the block and the plank, when the block leaves the spring be u and v respestively.
By conservation of energy % e? = -; mi + L a2
2

[M = mass of the plank, m = mass of the block]

. 0
100 = 1 + §y2
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By conservation of momentum

mu+ Mv=0
= . ' : u=-"5v ...(ii)
Solving Eqs. (i) and (ii)
30v? =100

V=Jl——0m/s
3

From this moment until block falls, both plank and block keep their velocity constant.

Thus, when block falls velocity of plank = J'I—B m/s. .
3

Vo = ,fZgh =,J2%x9.8x%x1.5=542m/s

Component of velocity parallel and perpendicular to plane at the time of collision.

v=v,=-L =383 m/s

V2

X

)remains unchanged, while component perpendicular to plane becomes ev,, where
ev,=08x3.83=3.0 m/s
Componer;i of velocity in horizontal direction after collision
3.83+ 3.0
Ve =(—vl§—-£v-2-)=—(—-—)=4.83 m/s
2

While component of velocity in vertical direction after collision.

v, —€vy _ 3.83-3.0 _ —

s from point C t0 4, then

Component parallel to plane W

Let 1 be the time, the particle take: ]
1.0 = 0.591 + 3 x9.8 x 2
t=04s .
Solving thi et, (Positive value)
. ving this we g DA=vt= (4.83)(0.4)= 193 m
S =DA-DE
=1.93-1.0
$=093m
Ans.
_v,. + 8= 059+ OBOH =451 mis

Vid
! vyg = Vic = 483 m/s

v, = J(v,‘,.)z + (";:4)2 =6.6 m/s Ans.
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13, String becomes tight when 4 moves upwards by a distance 1. Let v, be the velocity of 4 at this moment, then
v = (/10g/)* - 2g! = 8gl
A @ |w Al v d B

8 l B ﬁ I"z B Y2
or v =8¢l

Let v, be the common velocities of both 4 and B just after string becomes tight. Then from conservation of linear

momentum.
_n_y8el
2 2
Both particles return to their original height with same speed v,. String becomes loose after B strikes the ground
and the speed v with which 4 strikes the ground is,

v2=V§+2gI=%g—1+2g/

or V= 4gl
- v= 2@ Ans.
14, =My -0

I 5 1.,
mgR = — + = Mv;
g zmvl 7 M2

...(ii)

(= fM=J§ .. (i)
g g

S= (v + vyt ——
and v, and substituting in Eq. (iv), we get

s=r 20 m Aus.
M

€ (o centre of hoop and v the velocity of centre of hoop. Applying
mechanical energy we have,

m(v, cos ¢ - v) = My sl

l o
mgr(l + cos §) = 3 M 4 —; m@v,? + v? - 2w, cos ¢) -

The desired distance is
Solving Eqgs. (i) and (ii) for v

15. Let v, be the velocity of washer relatjy
conservation of linear momentum and

Solving Egs. (i) and (ii), we have, vV=mcos ¢ 2gr(1 + cos ¢) S

(M + m)(M + m sin® ¢)
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2 3
W sin2g (0 x>
16 H==——= =15m
2g 2x10
i.e., the shell strikes the ball at highest point of its trajectory. Velocity of (ball + shell) just after collision,
v= 19%62 (from conservation of linear momentum)
= a8 =5m/s
2x2
. . . . '
At hlghest point combined mass is at rest relative to the trolley. Let v be the 9
;eloclty of trolley at this instant. From conservation of linear momentum we ! v
ave, ]
1
2x5=(2+%)v or v=3mis =0
From conservation of energy, we have
Lyaxp-L (2+i](3)2 =2 x10(1 - cos)
2 2 3
* 0=60° Ans.

solving we get cosf = —;
W0
17. While collidiﬁg with the wall its vertical component (v, ) of velocity will remain unchanged (component along
common tangent direction remains unchanged) while horizontal component (v, ) is reversed remaining same in
magnitude. Thus, path of the particle will be as shown in figure.

W sin’ a
2g
(b) Total number of collisions with the walls before the ball comes back to the ground are nine.

(c) Ball will return to point O (the starting point)
18. As the collisions are perfectly elastic, collision of the ball will not affect the vertical component of its velocity

ntal component will be simply reversed.

(@ H=

while the horizo a )
vy [20 xsin 45°)
=Lt =10
Hence, o =5 2x10 o
Total time of flight y ( i )
2x20x| —=
r-. ) o
g 10
. fore striking the ground x = v,T =40 m
: istance travelled be
Ko hortzoutel d PB+ BA+ AB+ BA+ AB=45m
collision suffered by the particle with the walls before it hits ground = 4. Ans.

Hence, total number of g
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19. Let v, = velocity of block 2 kg just before collision
v, = velocity of block 2 kg just after collision
and v, = velocity of block M just after collision.
Applying work energy theorem

(change in kinetic energy = work done by all the forces) at different stages as shown in figure.

v
Figure 1. N ‘ 1
AKE = Wicion + W gravity
B m{v,2 - (10)2}] = — 6. mg cos 6 — mgh (m=2kg)
or vi =100 = 2[6pg cos 6 + gh]

cos 0= /1 - sin? 8 = /1 - (0.05)* = 0.99
v2 =100 - 2[(6)(0.25)(10)(0.99) + (10)(0.3)]

= v ~8m/s

Figure 2. Fig.1

AKE = Wiicion + W, gravity
% m{(1)> - (v3)] = — 6p mg cos 6 + mgh

or 1- v} =2[-6p g cos O+ ghl
S
= 2[(—6)(0.25)(10)(0.99) + (10)(0.3)] x@\
=-23.7
v;=247 or v,~5m/s 7/
Figure 3.
AKE = Wﬁ'icliun + ngvily
1
2 MI0-vi]= - (05))(M) g cos 0 - Mgh,
or —v§=—pgcose—2ghz
or v} = (0.25)(10)(0.99) + 2(10)(0.025)
or V2 =2975
vy = 1.72 m/s
Now
) Coefficient of restitution = Relative velocity of separation Fig. 3
Relative velocity of approach
- V, + V3
Vi
_S5+112_67
8 8

o e= (.84




20.

21.

(ii) Applying conservation of linear momentum before and afier collision

25 =My; - 2y,
M_Z(!pvz)zza+5)=_26;
v 1.72 1.72
M=1512kg Ans.

Let v, be the relative velocity of block as it leaves contact with the sphere (V = 0)and  the horizontal velocity

of sphere at this instant.
T——l,cusb-l

v, 56
Aosciute components of
welocity of Tlock
Awlyingwmuvaﬁmoflhmmmhmm-cg
my = m(v, cos 6 - v) -
or 2v=v,a50 ---(D
Conservation of mechanical energy gives,
mer(l—cos 6) = v + o7 + 5~ 2o, cos )

-

or gr(l—msg;a;+'7'-_"'m;9 @
Equation of laws of motion gives,
. mg cos 6=—=
r
%
* =T (i)
Solving Eqs. (i), (ii) and (i), we get
c0s’0-6c0s0+4=0 Am
Note Wehavendwmﬁdaedpsembﬁnmnhikmiﬁnglbemdmﬂﬁnk-hyg
= + d =r=2-;-‘1
MCcOsa eucos a g
Lo’ sn2a
or G o
ar’
Xom = ) A h:”



