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9  Textbook of Integral Calculus

tegration was

o the process of in
It was in this aspect that P regarded as the

treated by Leibnitz, the symbol of I being

i ame way as the
initi tter of the word sum, 1n the s _
ey tiation d is the initial letter n the word

| Example 1f dx
J'x" dx.

d
—[x
Sol. As, Ix

—

n¢1+c]=(n+1) x"

| of differen e .
n+l
o eyt _X __+C
Definition fxmdx ="
If f and g are functions of x such that g (%) =lf (x). then
the function g is called a anti-derivative (or Prim v 2 If d_(sinx+¢) =cos X, then find
function or simply integral) of fwrl ;.,}it 1s written H Example dx
symbolically, jf(x) dx = g (x), where. & (x) = f(x) jCOS xdx.

Remarks
1. In other words, J'f(x\ gy =g (N g () =/x)

2, jf(ﬂ dx = g (x) + c,wherecisconstant,
[ (o(x) + O'= 9" =/ yYand Cis called constant ofintegration.

Session 1

Sol. As, —d—(sin x+C)=cosXx
dx

x + C is anti-derivative or integral of cos x.

Icosxdx =(sinx)+C

= sin

Fundamental of Indefinite Integral

Fundamental of Indefinite Integral
d
g =f ()

e [f)ax=gx)+C

Therefore, based upon this definition and various standard
differentiation formulas, we obtain the following
integration formulae

(@) £ x™ " n#-1 J m oy =2
—x — —
dx\n+1 " =) x ax n+1

Since,

n+l

+Cn#-1

. d 1 1
(i) E(lgg“]):;—:_[;dx=log|x|+C.Whenx¢0

od
(i) ——(e")=e* = fexdx=e* +c

x

T LI
dx \log, a =67,a>0,a#1

X

= _[a" dx = +C
0g. a

ebooks.cybernog.com

(v) —(~cos x)=sinx = jsinxdx=-—cosx+
dx
N
(vi) d—(sm x)=cos x = Icosxdx =sin x +(
x
(vii 4 2 2
)dx(tanx)=sec x = jsec x dx =tanxt
o d
(“u) 'd_x'(_ cot X) =cosec2x :.‘- COSEsz dx =—cotX
(IX) E(SCC X):sec x tan x
= jsecxtﬂﬂXdX:secx+C
(x) E(—cosec x) =cosec x cot x
= .[cOsec X cot x dx =—cosec x +C
. d
(xi) ?x(l°g|sinx|)=cotx

= Jeotx dr =tog sinx |+
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Textoook of Integral Cslculus

I—Jgn/xcos —dx - f3dx
L (sn’ x> <0 X) gy 33 C
]=fsec‘xd.r+jcoscc xdx-3x+C

I=tanx-~cotr—3x+C
(iv) I= Imsx ~ €S 2X jr [using cos2x = 2¢cos’ x—1]
1_
I= J«cos.vr—(:.’cos‘J(~l)d,_t
1—cos x

I_I-(Zcos x + 1) (cos x—nd‘
N —(cos x — 1)

cos X

2cos! x+cosx +1
dx
1—-cos X

[as -2cos® x +cosx — 1= —{2cosx + 1)-(cos x —1)]

= I=I(2cos.r+1)dx
[=2sinx+x+C

Remark

~ rationa’ algebrac functions if the degree of numerator is
greater than or equal to degree of denominator, then always
givide the numerator by denominater and use the result of

integration.

| Example 5 Evaluate

- x?
(i) I x2 45 o

x +8— 8
x+2

[(x +23) -—S‘]dx
x+2 x+2

Sol (i) I=

= I= J((ﬁz)(x -2x+4) 8 ]dx
x+2 x+2
I=I( —21+4—L)dx
x+2
=%

x* +4x - -8log|x+2|+C

@ 1= :‘2 _Jx 245— =5 4 = I(x‘+5_ 5 ]dx

X *3 x*+5 x%45

x* 45
1=[l1--2 _ dx
1 r‘+s]“""‘sfm

I=x-im-l(i)+c

0\
ex- Bt (). c

6 Evaluate
IExample . log s X
0 J'SL"g‘ X dx (i) JZ dx
i
_ [ o8 3 dx [Using P I
loge * dx = _[" =b"
sol. @ 1=]5 9
log. s+1
_ X _scC
- (log' 5+ 1)
xlog, 5+1 c
x -+
ISbgc dx = log, 541
log 2 X — /2 logy x
(u)t=I2“’“"d*=Jzos’ dx = [ 2710

using log,, =1 '
| !

IzhmJ; dx:j\[;dx [using,h.i:ﬂ
/2
=X _+cC
3/2
Izhg.xdx 3/2 +C

1)
| Example 7 Evaluate I(J-}; +(’; - J{— )

Jx +1)x(x*? =
Jx(x +x +1)
_ (Wx + D) - 1)
1=] (x+x +1) =
=I(J§+1)(J_~1)(x+f+1)
(x+J_+l)
[Using, a’ —b3=(a——b)(az+ab+ﬂ

2
=j(x‘1)dx=x7—x+c

Sol. Here, I = j(

| Example 8 Evaluate

j-1+2x2 J X6 1
— 7 i .
X1 +x?) (l)j(xzﬂ)
Sol. (i) Here, I = Iﬂx_ =Il+x2+xzdx
x*(1+x%) x*(1+ x?)
1+ x? 2
= x
.[x(1+ lez—_(1+x2) dx
‘I—dx+j de=-L 4 anx+C
1+x x
(ll) Here[ x -1 x +1-2
dx = —
fx T | el
= (& )’+13
T dx -
I xt+1 '[x +1dJr

—ebooks.cybernog.com



(_\:"+1)(x - X +l) S dx
! I (v 1) "I,\-“a-l

[Using, @' + b* = (a + b)(a®
ot Ddy -2 dx
I( ‘f x'+ l

5 i
N
‘]— A= 2tan

~ab + b%)]

'x+C

¥
w | =

] Example 9 Evaluate
2

1-x 2 x 1 ox
(i) f[ \/1 +'\ /2 7’)\' ‘/3‘](1)(
ax?Rx +1
— -—-(2, ,! dx
1-2x

- 64 x?
(”)I(zuzx Lix? aoan Ty

_ 2 e B
Sol. (i) Hcre.l=j _l ". - : P * ]dx

/3 vea _ -2

S e RAC e

=J-_l—.\' _L

YT
=J‘(_ J; -21‘_3/:)dx

32 -1/2
x x 2 32, 4
=|=- -2 +C=--x + +C
( iz - 1/2) 3 Jx
(ii) Here
"I x-64 x? _4x’(2x+1) "
g+2x +x7? d-ax'ex? 1-2x
( l—“x" 2 2
=J- x¢ _ x _4x(2x+l) dx
4x?+2x+1 4x*-4ax+1  (1-2x)
\ x? x?
_I’ 1-(4x?) x® _ax’ex+1)),
(x®-(4x? +2x +1) (4x* —4x+1)  (1-2x)
- (1-4x’)(1+4x" +16x") _4ax’@x+1)|
(4x® +2x +1)(4x* —4x+1) (1-2x)

_ J’((l—4x"')-(4x’+2x+1)(4x’-2x+1)_

4x‘(2x+1)] e
(4x? + 2x + 1)(2x = 1)?

(1-2x)
[using, 16x* + 4x? +1=16x" +8x? + 1 — 4x*
=(4x? + 1) - (2x)' =(4x* +1+2x)]

) I((x —2x)(1+ 2x)(4x —2x +1) _ dx?(2x + 1)] i
(1-2x)? (1-2x)

Chap 01 Indefinite Integral 9

=I (1+2x) (4x* —2x+1)
(1-2x)
___J-(2x+ {dx? —2x+1—4x’}dx
1-2x
_ I(Zx + 1)(1 - 2x) dx
(1-2x)
=j(2x+l)dx=x’ +x+C

4x%(2x +1) dx
(1-2x)

| Example 10 Evaluate
1

g -[sln (x —a)cos (x —b) o

. 1
() Icos (x —a)cos (x —b) o

_ 1
- ) I—jsin(x—a)cos(:«:—b)d,r
_cos(a-b) dx
" cos (a—b) ?sin(x —a)cos(x—b)
_ 1 .jcos{(x—b)—(x—a)}dx
cos(a—b) ¥ sin(x — a)cos(x —b)
_ 1 J- cos (x — b)- cos(x —a)
cos(a—b) sin (x — a) cos (x — b)
+sin(x—b)-sin (x —a) dx
sin (x — a) cos (x — b)
mj{cot(x-a)+tan(x b)} dx
= ————(log|sin (x — a) | —log| cos(x - b) |} +C
cos (a—b)
_ sin (x — a)
" cos (a-b) +C
ST = 1
(W 1 J‘cos(x—a) cos (x — b)

- 1 I sin (a — b)
sin (@ — b) ¥ cos (x — a) cos (x — b)

_ 1 J-sin[(xub)—~(x—a)}dx
sin (a—b)“ cos(x — a) cos(x —b)

1 l’-{sin(x—b)cos(x—a)

=sin(a—b) cos (x —a) cos (x — b)

_ cos(x— b)sin(x-a)}dJ
cos (x —a) cos (x = b)

mj{m(x b) — tan (x — a)} dx

= 1 )[—loglcos(x—b)]+log|cos(x—a)|]+C

sin(a-b
]+c

cos (x — a)
cos (x — b)

1
ﬁsin(a—b)[Og

ebooks.cybernog.com
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sin (x+a) dx
| Example 11 Evaluate fs-—-————in xib) ™

sin(x+4) 4 putx+b=t = dx=dl
Sol. Let!=fm

[=J‘fl_n_(,t____bﬂdf

sint
=j- sintcos(a—b)+ cos t sin (a—b) dt
sin ¢ sin ¢

= cos (a - b) [1dt +sin (a - b) [eot (1) dt

=t cos (a — b) +sin (a — b)log|sint |+ C
=(x + b) cos (a = b) +sin (a - b) log| sin (x + b)|+C

| Example 12
(i) Iff’(x)=§ +% and f(1) =—2-, then find f(x)
(i) The gradient of the curve is given by d_y =2X - i.
dx x?2

The curve passes through (1, 2) find its equation.
Sol. (i) Given, f'(x)= % +2
e
On integrating both sides w.r.t. x,
2
we get ")de=[| X+ £
get [f'(x)ax=] (2 x) dx

12

= f(x)= ~-—;—+210g|x|+c ..

DD | ==

5
Now, as f(1)= " (called as initial value problem
ie. whenx=1y= 2 or f(1)= —5—)
4 4
Putting, x =1in Eq. (i),

f(1)=i+zlog|1|+ C, but f(1)=2
4

+C = C=1

K]
Y

xa
= flx)= ~ +2log|x|+1

|
i) G _y = - ._.3 —-._3
(ii) Given, 2x = or dy= (Zx - xz)dx,
On integrating both sides w.r.t. x, we get
dy = - .i
J ly I(Zx " 2)dx

2

2x
= y=——-+—3—+C
2 x
Since, curve passes through (1, 1).
= I=14+3+C=C=-3
f(x)=x* +1—-3
x

Important Points Related
to Integration
1. [k f (x) dx

=k _[ f (x) dx, where k is constant. i.e. the

oduct of a constant and a

integral of the pr .
¥ nstant X integral of the function

function = the co

2 [Lfi0)tfi ()E. Efr (x)} dx

:J'fl(x)dxijfz(x)dx:t...ijf,.(x)dx.

i.e. the integral of the sum or difference of a finite
number of functions is equal to the sum or difference
of the integrals of the various functions.

3. Geometrical interpretation of constant of

integration By adding C means the graph of

function would shift in upward or downward

direction along y-axis as C is +ve or — ve respectively.
2

x
e.L. =|lxdx=—+C
g y=] 7

NP
=2

0 (x,0)
Figure. 1.1

x2+Cy

y=J'f(x) dx = F(x) +C
= F'(x) = f(x); F'(x,) = f(x,)

Hence, y = j f(x)dx denotes a family of curves such

that tgle slope of the tangent at x = X; on every

member is same i.e. F’(x,) = ies i

the domain of 7o} 1) = f(x) [when x, lies in

Hence, anti-derivative of a function is not unique. If

i’t ( 9;) and g,(x) are two anti-derivatives of a function
x) on[a, b], then they differ only by a constant.

ie. gl(x)—gz(x)=c

Anti-derivative of i
; a continuous f ion i
differentiable. unction is

4.If f(x) is continuous, then

If(x) dx = F(x)+ C

= F'(x)= f(x)
= always exists and is continuous,
= F'(x)

ebooks.cybernog.com



Chap 01 Indefinite Integral 7

5. If integral is discontinuous at x = x|, then its anti-derivative at x = x, need not be discontinuous

-1/3 —-1/3. - .
epg. | x '“dx. Here, x is disco = -1/3 3 _ .
g f ntinuous at x O‘ButJ'x dx=5x“+C1sconnnuousatx=0.

6. Anti-derivative of a periodic function need not be a periodi i i i
periodic function. e.g. f(x)= r+1 i
J'(cosx+1)dx=sinx+x+Cisaperiodjc. & Jiz)Scomx 41 ioperindie bt

Daily Life Applications
The Derivative — — nvegral
Functios Its derivative function  In symbols Function  It's Anti- In symbols
- _ derivative Function
Distance (s) Velocity (v) ds Vel FEa— e
o v= I clocity Distance i I "y
Velocity (v) Acceleration (a) . d_\ Accclu;n;t_l_ — - Velocity — j o
dt
Population (P) lnstanraneous gm\nh dpP o ;;mae;@ Growth Population @ .
dt p—j E t
Cost (C) Marginal cost (MC) Mc=9C  Marginal Cost Cost e
dq C(‘I)=J- (E) dq
Revenue (R) Marginal Revenue (MR) _ dR Marginal Revenue Revenue 9 )_I R )
dg q9)= d q9

Here, q is quantity of products.

Exercise for Session 1

s Evaluate the following integration

dx x?+3
o e 2 [y ™
(1+ x)? x*
3 Ix(1+x2) 4. J1+x2dx
X+ x2+1 (x2 + sin? x)seczx
7. J'(a+:x)5dx 8. [2¢.e*.ax
9. J’ea:—w;-dx 10. [(e®9* +e*'*9%)ax
e* +e
11. jﬂﬂx—dx 12. J tan x tan 2x tan 3x dx
cot x — tan x
13 [3n4X g 14. | cos® xdx
sin x

15. I sin® x cos® x dx

ebooks.cybernog.com
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(viii) J-ccvsec2 (ax +b) dx = - 5 cot(ax +b)+C
1
(ix) jsec(ax +b) tan (ax + b) dx =;sec(ax +b)+C
(x) fcosec (ax+ b) cot (ax +b) dx =—%Cosec (ax + b)+C
1

(xi) ftan(ax+b) dx =—;log|cos(ax +b)|+C
1 .
2 log |sin(ax +b)|+C

(xii) J.cot (ax + b)dx =

1
(xiii) jsec(ax+ b)d = log | sec (ax + b) + tan (ax+ b)|+C

| Example 14 Evaluate

) 1 8x +13
0 i ™ O m
(lii) JVX -2) ‘Bx +2dx. () J‘,2+,3x2 dx.
x? (1 +x?)

Sol. (i) Here, [ = I\/i\ . ‘d_\l‘ﬁx —
=.‘ (V3x+4+ 3x+1)
(V3% + 4 —V3x +1) (V3x + 4 +48x+1)

=J(‘/§x+4+\/3x+l)dx

(Bx+4)-(3x+1)

,/3x+ 4 dx +- _[3x+1dx

(3::4-4)1”2 (3x+1)m +C
3/2%x3 3 3/2x3

L
3
1
3

Using, j(ax+b) dx = D3

=%[(3;.:+4):”2 +(3x+1)°?]+C

(ii) Here, I = J' 8'_____1'::.'; I Sx,__::i
jz(4x +7)-1
4x +7
4x +7

=2I — _J._dx_
Jax +7 Jax+7
=2 [(Jax +7)dx - [(4x +7)"2dx

o (4x +7)*? _ (4x +7)"? .
3/2%x4 1/2x 4

1
5(4:: +7)% 4+ C

- %(4:: +7y2 -

1
(xiv) _[ cosec(ax +b)dx = a log | cosec(ax + b) = cot(ax+ b)|+C

n+1
(ax + b) +C

Chap 01 Indefinite Integral 9

(iid) Here,l=j(7x-2),/3x+2dx=7](z—§) 3x + 2 dx
=ZJ-(3x—£) 3x +2dx
3 7
=7§j(3x+z—2—g),/3x+zdx
=?VI(31'+2) Ax +2 dx—?—j 3x +2dx
3 3

:%J(:§x+2)‘“dx—%gj,f3x +2 dx

C7{ex+2)" | 20| Bx +2)"*
3 2 3 %xa

+C

= %(3:: +2)%% - %(Sx +2Y*+C

(2+3x")dx _
(1 + x?)

_j Z(H'XZ) x* dx
2(1+x) x2(1+ x?)

-j(—+1+x ]dx ij'zdx+jl+x dx

x! -2
=2-—T+tan"x+C=——+tan"x+C
- x

JZ +2x? + x?
x2(1 + x?)

(iv) Here, I =

I Example 15 Evaluate
in(l
0 J.sm(ogx) o

(iii) J

Sol. () I= jwdx
x

4sin x —3Cos X

i J-( 3sin X + 4eos x )dx

mtan X
(iv) jx sin (4x2 +7) dx

We know that, 4 (log x) = 1
dx x

Thus, let log x =t
= Lac=ar 0]
x
I= jsin(t)dt=— cos(t)+C

=—cos(log x)+C [using Eq. (1)]
3sin x +4cos x dx

4sin x —3cos x

(i) I= j
Weknow,-dixﬂsin x — 3 cos x) = (4 cos x +3sin x)

Thus, let 4 sin x =3 cos x =¢ (1)
= (4 cos x +3sin x)dx =dt

ebooks.cybernog.com
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Chap 01 Indefinite Integral 11

= dx 2oy —
I(sm x cos? x) Sol. Here, I = _[(mztz*:zl — cos 8x - cot 4x) dx
cot 2x
=j(cosec x —sec’ x)dx = — cot x — tan x + C I= I(cot 4x — cos Bx - cot 4x) dx
_ [sec2x 1— cos 2x
(v) Here, I = fz—] Jl . cot’ A —1
sec 2x + 1+ cos 2x using cot24 = ——
2cot A
= 2sin® x dx
We get, I = sz032 P = chot 4x(1 — cos 8x) dx
: _ 2 A
[using, 1 — cos 2x = 2sin® x and 1 + cos 2x = 2cos? x] 2 [using 1 - cos 24 = 2sin"A
2 = Icot 4x-2sin“(4x) dx
=J'tan x-dx
cos 4x _ .
As, tan? x = sec’x — 1 =jsin P -2sin? dx dx

1= *x-1)dx = -
I(scc )dx =tan x - x + C = j2sin 4x . cos 4xdx,

| Example 18 Evaluate using  sin 24 = 2sin A cos A
cot?2x -1 , — cos 8x
—I ——— —cos 8x -cot4x | dx. =Jsm8xdx= 2 +C
2cot 2x

Exercise for Session 2

® Solve the following integration

cos X —sin X .
1. j 2. [—=——".(2+2sin2x)dx
1+smx €os X + sin x
3. f(3sin x cos? x —sin® x)dx 4. Icos x° dx
i . cos 2X —Cos 20
Iw-dx, here (sin x + cos x)>0 [ -dx
J1+sin2x COS X — COS O
sin® x + cos® x 2 2
7. [——=—odx 8. [sec? x-cosec’x dx
sin? x -cos? x

10 Ism X+COS de

% j s ax sin? x -cos? x
cof 9 X\ L oof7Tm X 12. cos 4x + 1 d
_[(sm (?+Z sin? 8 +4 dx '[cotx—tanx »
in 2x + sin 5x —sin 3x
J (sina-sin(x-a)+sin2(§-a))dx 14, [Sn2xtendx-gndx

cos x + 1-2sin®2x
4 .4
x +sin* x
15. J-COS Sin

,/1+ cos 4x

-
=

13

dx, herecos 2x >0
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Session 3
Some Special Integrals

Some Special Integrals
(i) _f zdx 7 =%tan_1 (§J+C

x* +a
i) =2~ =Liog| X% 4
x‘—a 2a x+a
dx 1 a+x

=—log|—|+C
(m)J‘a2 7 24 %8,

v) I_dx_

m=log{x+\/xz+a2{+C
(vi) J'\/—;i%z—=log|x+\/xz -a* |+C

(vii)j a’ - x? dx=51x\/a2 -x? +%¢:&2 sin”* (§)+C
(viii) “‘\/az+xz dx
=%x\/a2+x2 +-21-a2 log| x ++/a® +x* |+C
(i) [yx* -a® dx
=-1-Jc\/:r2—a2 —él-az log|x+\/x2—az |+C

2

Some Important Substitutions

Expression Substitution
a + x? x=atan® or acot®
a® - x? x=asin® or acosh
x? - gt x=asecB or acosech
a-x |atx
T i x xX=acos20
x-o = 2 in2
s or J(x=a) (x=P) x=0cos"0+Psin®H

Application of these Formulae

The above standard integrals are very important. Given
below are integrals which are applications of these.

Type | " o | dx
@M jm (i) m
iy [ +bx

x? + bx +c can be factorised, then the integration js

Ifa method of partial fractions (explaineg

: by the :
18:5;:3, ?fo Sfe d);nominator cannot be factorised, then

express it as the sum or difference of two squares by the
method of completing the square

2 2, b +& |=a x+—b—2+.c_ b’
ax‘+bx+c=a|x +Zx p g .
. b
make the substitution x +§;=t.

| Example 19 Evaluate

. 1
() '[xz - X +1 dx

(i) [
Xt =2x+3

Sol. () 1=[—% -
x* - x+

. 1
0 J o &

(iv) I 2x?% —3x +1dx

completing x? - x +1 into perfect square.
dx

== Ny
X -x+1l/4-1/4+1 “(x-1/2) 43
.‘.I:I dx
(x-1/2)% + (3 /22
1
=-___tan—1(X'—1/2 +C
3/2 ,\/5/2
2
I=-._tan-1(zx—1
+
3 5 c
1 1. X
usig dx = - tan ("]
[ J‘Jr +a? a a
ﬁi)r:.[“r!*—dx-gl 1 .
2"+ x -1 27 x4 x/2-1/2
=1 1
2 dx

2
Y Ax241/16-1/16-1/2

ebooks.cybernog.com



.y i =2 dt
2 (x+1/4)-9/16 (x+1/4)* = (3/4)
I U S 12 VA 3/4|,
T2'2(3/4) | x+1/4+3/4]
. dx -a
usin ——lo +C
[ g'[xz—az 2a & x+a ]
=110g x—llz +C
3 x+1
r=toe| 2X- 1
3 2(x+1)

T dx _ dx
(i) I_IJIT—ZX+3 ijz—2x+1—1+3

- [—2
J(x =17 +(+2)?
=log|(x — 1)+ y(x —1)* +(¥2)* |
[usingj’%;—?= log | x + 4/ x* +a? | +C]

=log|(x-—l)+"xz—2x+3[+c
(iv) 1= [(2x —3x +1)dx =2 [(x* =3x/2+1/2) dx

= V2 [(x* -3x/2+9/16-9/16 +1/2) dx
=J§I(J(:-—3/4)2-1/16)dx

%(x _3/4)y(x - 3/4F - 1/16

- -3/4 +,/ —-3/4)*=1/16
16le°g[(x JH(x )

%(4:;-3)\/::’ -3x/2+1/2

-%logl(x-3/4)+ S —3xi2+1/2

=2 +C

=-J§ +C

| Example 20 Evaluate

. 1 o 2x
(i) jmdx (ii) _[ — dx
a*
(iii) I_ﬁ dx (iv) J s dx
Sol. () Here, I = [ =2 :
1-e**
Let, 1- ez: = tz
Then, -2¢2%dx =2tdt

13

Chap 01 Indefinite Integral
—tdt
= dx = i
tdt 1 t
dx=——=\|—F4="- dt
2 -1 J 2 1 =1
dt 1 t—1
I= = —log| —|+C
'[tz—l 21 B|T+1
1 1-e** -1
=-log| —-—|+C
W
(ii) Here,I—j - 2: = dx
-x"—-x
Let, x* =t,2xdx =dt
dt dt
I= =
I,ﬁ—ht’ IJl+l—l—r—t2
4 4
I_I dt _J- dt
Jra—(t+1/2¢ (/2 —(t +1/2)

. :+1/2) i [2x®+1
=sin + C =sin +C
(«/5'/2 [ Js
(iii) Here, I=| 9 __ dx.Let,a* =t
-Jl—azx

dt, a* dx =

dt
log a
1
log a

s a*logadx=

sin~'(t)+C

I= IJI 2 loga
1

sin"'(a*)+ C
log a

I=

UZ dx

(x3/2)2

(iv) Here, I = I
(I —X

J\Fa/z

3
Let, ’2=t.§x”2 dx=dt.x”zdx=§dt

L
3

(a312)2 _ (t)Z

| Example 21 Evaluate
cos X sm(x a)

sin(x +a)

dx. ()j

0 J‘,/sinz x-2sinx—-3

2sin2x —cos X

jii dx.
(i) Jﬁ—cosz X —4sinx
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14 Textbook of Integral Calculus

; J. cos x dx
Sol. (i) Let J’ . — 28in x—3

. cos x dx =dt

Put sin x =1t

I_ dt :—_I dt
= —JJrT—zz-3 Jri-ar+1-1-3

dr
I=
J J(r -1)7 - (2)"
=log|(t -1+t -1 -2 |+C

I-—-log](sinx—l)+\/silr—17xﬁ25inx—-3|+(‘

sin (x -
i) Letl=] /“n(l ; “)
’sm
I_I sin ( +(l)

‘I :m(t—n) dx
;]sm x -sin’a

sm(\ - )dx
sm(\—(!)

sin X cos O — cos x sin O
l:j dx
\/sin2 x —sin’ o

sin x dx cos x dx

= COS(’.J‘ —sinotj—ﬁ—
:/’sinzx—sinza vsin® x —sin“ o

sin x dx
=cosa'r >
\/i—cos x —sin® o
cos x dx
—smo:j
\/sm x —sin? o
sin x dx cos x dx

—sino

= cosaj ~ = —_—
vcos“o —cos® x Vsin? x —sin? o

In the first part, put cos x = t, so that — sin x dx = dt
and in second part, putsin x = u, so that cos x dx du

——COSGI smaj
ﬂCOS o - \}u —sm o

=— cos a-sin"[

J—sina-log

cos O
|2 = /(u? - sin? a)|+C

. _1[cos x
=— cos O -sin~" ~sin o-log
cos o

|sin x ~ y/sin® x —sin & |+ C

(i) I = j 2sm2x—cnsx
6 —cos? x — 4 sin x

=J- (4sin x — 1) cos x
6— (1 —sin® x)— 4 sin x
‘_'j (42sinx—1)cosx
sin® x —4sin x + 5

Put sin x = ¢, so that cos x dx = dt

(at-Ddt
I= J‘(t 2 _ 4t +5)
A2t —4)TH

~-1)=
Now, let (4t f like powers of t, we get

iants O
aring coefficien
Comp 2},:4,—'47\-4'”:—'1

A=2n=7

I EIC A A
’J 12 —4t+5

R |
[using Egs. (i) ang
dt
-4t +5

dt
—4t+4-4+45

dt
=zloglf2'4'+5|+7I(t—2)2+(1)2

2t — 4 7
f A

gl 45147 |

—zlog|t? — 4t +5|+7tan” (t-2)+C

=2log| sin? x — 4sin x +5[+7 tan ! (sin x -2

Type I
I (px+q)dx (11)
ax? +bx +c

(px +q)

\/ax2 +bx +c

dx

(iii) j(px +q) Jax® + bx + ¢ dx

The linear factor (px + q) is expressed in terms of the
derivative of the quadratic factor ax? + bx + ¢ togethe

with a constant as px +q=%§(ax2 +bx +c)+p

= px+q=A(2ax +b) +

Here, we have to find )\ and L and re
place (px +q) by
(A (2ax +b) +p} in (i), (ii) and (ii). P

I Example 22 Evaluate

. a-—x 2 2
(i) . —= ) a’—x
.[ a+xdx (ii) _[x mdx
Sol. (i)Let 1= ’“‘x
J a+xdx
I= J. - a—Xx dx
a+x a-—x a® - x°
a
I= T d- [ X
a‘ — 52 a® — x?
=ﬂ‘sin‘l(__'x_‘)+ tdf
a) 1
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1
2 @) -y IJ
oo ()
=-a"sin" | —|+- =2
2 a’ 4'[&
where @' -t =y = -2t dt = du
az-sm*'(L)+l w’ +C
a’ 4 | 1/2

' [where t = x* and u = a* - x*]

2
! =§az-sin"(x—2]+1-\ja‘-x‘+c

2

B |

Integrals of the Form [ —; KX)o,

ax®+ bx+c
where k(x) is a Polynomial of Degree
Greater than 2

To evaluate this type of integrals we divide the numerator
by denominator and express the integral as

QAx) ++(:2—,where R (x) is a linear function of x.
ax® +bx +¢

| Example 23 evaluate

(i) Ix T+ x —x?* dx (ii) I(x+1) 1-x—x2 dx

I=Jx,}1+x’-ﬂx2 dx

Put x=l{;;(l+x-»xz)}+u

Sol. (i) Let

Then, comparing the coefficients of like powers of x,
we get

1==2h and L +p=0=A=—-1/2p=1/2
I-Iz 1+x—x%dx

Chap 01 Indefinite Integral 15

=I{—%(l—2x)+%} \/H-x-xz dx
=—1J(l—zx)\ll+x—xzdx+1j\f1+x—xzdx
=~ 3] e

+————‘1)dx

[wherel=1+x—x]

(x-12) (Y (1Y 1[5 (x-1/2
[T () () o) (2522
=—1(1+x~x2)"2
[(x—uz) e +
(ii) Let r=j’(x+1),/1-x—x dx

Put, (x+1)=l-(%(l—x—x2))+u

(25

Then, (x+1)=A (- 1-2x)+ W comparing the
coefficients of like powers of x, we get —2A =1and
H-A=1=A=-1/2 and p=1/2

(x+1)=—%(-—1—2x)+%
So.J'(x+l) 1—x—x2dx=j{—%(—1—2x)+%}
\jl-x—xzdx
=—%J‘(—1—2x)\/1—x—x2dx+%j1/1-—x—xzdx
=—%I(—l—2x) 1-x - dx
+1j\/{1—(xz+x+l—l)}dx
2 4 4
=— 2 Vrdt+ o [JB/2 - (x+ 172 dx

[wheret =1+ x — x?)
1(e¥2) 1 1( 1) 2
S| —|+—<—-|x+- Jl—x—x
2[3/2) z{z 2
L1 Ssin_l(x+1/z)}+c
2 4 35/2
=..l(1-_7‘;-x2)m+%(2.7r+1)1/1—:r—x2
3
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16  Textbook of Integral Ccalculus
: 3 le 25 Evaluate J-Zx +5x+a

| Example 24 Evaluate _[ Liz_ti dx. | Example m
2 x+3 sol. Leu:[zx2+5x+4dx

sol. Let 1= j: = * ds __.——————m

z = 2 —_—
1=f(1+_z_2_":_£——)dx Put2x’+5x+4= 7\.(::-‘rx+1)+p,J1 (x? +x+1)}

xP-x-2 r2xt+5x+4= A (% +x+1)+p@Cx+1)+y

b Comparing the coefficients of like terms, we get
2=A, 5=A+2L, 4=N+pL+y
A=2 n=3/2 y=1/2

= 1-—Ildx+I

2x +5
[=x+ J o~
Hence, the above integral reduces to
Put, 2x+5=2 {——(1 -x= 2)} + . Then, obtaining - ?.x +5x+4 i
xP+x+1

+5=A(x—-D+H comparing the coefficients of like
terms We get, 2 = 2A and 5=p - A
. I (x +x+1) ‘ (2x +1) +1 }

A=1and p=6
\/'+x+1 2F+x+1 ZJx + % o1

=x+Jl(2x—l)_H£d

xP-x-2 y
=zj\/x2+x+1dx+aj-‘—ﬁ—+5jﬁ__z_T_x_:

2x
et [T v+ d
* Ix’-x—Z N I -2 X
=I+Ildf+6.|. 1 [Wheret=x2+x+‘
t 1. l_l vz
xi-xd oy =2 [x+1/2" +(3/2)° dx+2 =,
[where t = x* — x = 2]
dx -j dx
=x+log|t|+6 d 2 -
‘[(Jr—I/'Z)’—(sz)2 * 1 1 Nx + 1722 + (312
=2|=[x+-
s [ty s og (x-+2 )i

=x+log|x2—x—2|+6-2(31/2)log 2 214c
1.3
x___,._z_ +3,/x +x+1 +- log|(x+ )+1/x + x+1]4(
2
+C o I=|x4l 2 3
n I (x+2)\fx +x+1+Zlog{(x+%)+,/x2+x+1}
Integrals of the T TR { 3t
1+ -1log ( + - 2 {
ljax il ype 2 x 2)+ x +x+1}+
X TXTC - AN T
=>I—(x+:2—) x2+X+1+%10g{(x+1)+ x2+x+1}+C
2

px +qgx +r)

=x+10g]x2—-x._2|+2_1og X -
x+

(ax? +bx+c)

m"

3.

2|

Trigonometric Integrals

In ab . : d) Intedra F
ax +bx+c=l(pxz+ d 1
qx+r)+“{_(!’x2+qx+r) o J > - dx, 1 ix ___1._-—'-4'
Y. °acos“x+bsin’x a+bsin’x ,j b cos’x
a+ b cos

Find A, [l and y. These i
of three indepYe;l de;:e ﬁllrrllt:grahons reduces to integration j 1
ons, dx dx
1
(asin x + b cos x)? 'I
x) a+bsin? x+ 2
ccos” X
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To evaluate this type of integrals, divide numerator and
denominator both by cos® x, replace sec’ x, if any, in

denominator by (1+ tan’ x) and put tan x = ¢. So that
secz X d_x =dt.

| Example 26 Evaluate
(i) f dx (i) I sin X dx
" Jisin® x +9cos? x sin 3x
dx

4sin? x + 9 cos® x

sol. () I=]

Here, dividing numerator and denominator by cos’ x.

We get

I= J- sec’ x
Put tan x =t
= sec? xdx =dt

I=J' dt =l
a@i+9o 4 p? +(3/2)2

| eryre
'%m (3/2)

tan'l(zm;x)+€

4 tan’ r+0

I=

dx

N _(sinx sin x
(u)LetI_IsinSxdx '[3sinx—4sm3x
il Prayemeys

3—4sin’ x

Dividing numerator and denominator by cos’ x, e get

! J sec? x dx _J- sec® x dx
T )3t x—4tan® x 3(1+tan® x)- 4 tan® x
I= Isec x dx

3—tan® x

Let tan x =t => sec’ x dx =dt

- J- dt 1
(B3)? - (1) =25

1

J'

I= +C

s/:;—tanx

(b) Integrals of the Form

f—mu d, | ———ax,
asin x+ bcos x a+bsin x

1
e [— dx
a+bcos x asin x+bcos x+c¢

Chap 01 Indefinite Integral 17

To evaluate this type of integrals we put

2tan x /2 1-tan® x /2
1+tan® x /2
tan x /2 =t, by performing these steps the integral reduces
to the form I

sin x =

1+ tan? x /2 and replace

dt which can be evaluated by
2 4bt+c

methods discusscd earlier.

| Example 27 Evaluate
dx

dx
i
U J2+sinx+cosx

W j«/i sin X +cos X

2tan x /2
1+ tan? xlz'

Sol. For this type we use, sin x =

l—tan’xlzi
1+tan? x/2
dx

2 +5in x + cos x

Cos X =

(i) Let I = |

1—tan® x/2
+

_I dx
94 2tan x/2

1+tan® x/2 1+tan® x/2
sec? X dx
_ 2
2+2ta\nz£+2tan£c—+1—tar12i
2 2 2
seczidx
I= 2
tan2£+2tani+3
2 2
x
Put tan — =t
2

2dt _ZJ' dt

= lseczid::r=dt=j - =2
2 2 t“+2t+3 t°+2t + 1+

dt
'zj(r+1)2+(~/é)’
PO Ty
_zﬁtan (—Ji )+C

I=J§tm_,(tanx/22+l)+c

dx
(u)LetI='[J§sinx+cosx
dx
_JJ' 2tanx/2 1-tan’ x/2
1+tan® x/2 1+tan x/2
sec? = dx
_ 2

243 tan = +1—tan® =
2 2
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o Yeec? Zax= dt__[_i_=2 dt
2 2 t2 +2t +5 TP

X
1 -1(t+ tan — +
Ia=2-5'tan ‘(—1)=tan-l 2 "1
& 2

Fl’om EqS. (l) and (li):

x
. tan —

I_.__fx-f-gloglsmx+2cosx+3|_§tan-l i

5 5

2 +C

r IExample 30 The Vall.le of I{1+ tan X -tan (X+ A)] dx

is equal to

sec X

(a) cot A-l08| o x+A) " ¢

(b) tan A-log|sec (x + A)| +C

sec (x + A)

(@] cot A-log —SW +C

i
[[ (d) None of the above
i Sal. Let I=I[1+tan x-tan (x + A)}dx

=J- 1+sinx-sin(x+A) dx

cos x-cos (x + A)
_Icos x-cos (x + A)+sin x-sin (x + A) dx
- cos x-cos (x + A)

e i e

___J-cos(x+A— x) dx
cos x-cos (x + A)
dx
cos x-cos (x + A)
Multiplying and dividing by sin A4, we get
sin A dx
cos x-cos (x + A)

=cosA-I

=cotA-I

sin (x + A — x) dx
cos x-cos (x + A)

=cotA-j

o (i)

Chap 01 Indefinite Integral 12

= cot A-j{““‘"”""“ x_

cosxcos(x + A) cos x-cos(x+A)

cos (x + A)-sin x}
= cot A'[Itan(x+A)dx— jtan x dx)

=cot A-{log|sec(x + A)|—log|sec x|} + C
Hence, (c) is the correct answer.

I Example 31 The value of _[ "C:S:x dx, is equal to
in

(a) log| cot x +4/cot? x —1| ++/2 log| cos x
+4Jcos? x=1/2{+C
(b) —log|cot x +yfcot? x —1| + /2 log| cos x

+Jcos2 x—-1/2|+C

(c) log|cot x +cot? x —1|+2log| cos x

4 Jcos? x—1/2]+C
(d) —log| cot x +/cot? x —1|+2log|cos x
+4Jcos? x =1/2]|+C

Sol. Let I= 1/(:032:: cos 2x d
. I sin x dx = jsinxdcost *

J- 1- Zsm x
sin x cost
sin x
= dx -2 [—re
sin x +f cos® x —sin® x 2cos“ x—1

cosec’ x sin x
dx

_f[_cosectx ., 2 SImX
_J-\’cotzx—ld &j\fcoszx—llz
—ds
—-J' ’ .[ ’sz—(ll-\]i)z

[where t = cot x and s = ¢«

=—log\t+-\ftz—1|+ﬁlog\s+1‘sz—1:'2\-‘

= —log| cot :vc+\}<:ot2 x — 1]+/2 log | cos x
+Jcos? x —1/2

Hence, (b) is the correct answer.

ebooks.cybernog.com



ebooks.cybernog.com



Session 4
Integration by Parts

Integration by Parts

Theorem If u and v are two functions of x, then
du
J‘uvdx=uJ.vdx—I{EIvdx} dx

i.e. The integral of product of two functions = (first
function) X (integral of second function) - integral of

Proof For any two functions f(x) and g(x), we have

d
£ {20 g0} = £x) = (@0 + 83 { f()

“ (f(x) gl +ax) < () )dx=Jf(x)-g(x>dx

= (700 -t Jae + [ 00 o Y
=] f(x) - g(x)dx
> I(f(x)-%{g(x)} ]dx
=[x - [ (00 500 )
Lt f(x)=u and < {g(x)}=v

Sothat,g(x):fvdx

Iuvdx=u-jvdx—j{j—:-jvdx}-dx

Remarks

While applying the above rule, care has to be taken In the
selection of first function (u) and selection of second function (v).
Normally we use the following methods :
1. If in the product of the two functions, one of the functions is
not directly integrable (e.g.
log| x|,sin"! x,cos™" x, tan™" x, ..., etc.) Then, we take it as the
first function and the remaining function is taken as the
second function. i.e. In the integration of[x tan~' x dx,

tan™' x is taken as the first function and x as the second
function.

2. If there is no other function, then unity is taken as the second
function. e.g. In the integration of J’tan“ x dx, tan™ ' x is taken

as first function and 1 as the second function.

3. If both of the function are directly integrable, then the first
function is chosen in such a way that the derivative of the
function thus obtained under integral sign is easily integrable.

i (differential of first function X integral of second function).
|
|
t
|
F
s

Usually we use the following preference order for
selecting the first function. (Inverse, Logarithmic,
Algebraic, Trigonometric, Exponent).

In above stated order, the function on the left is always
chosen as the first function. This rule is called as ILATE.

| Example 32 Evaluate

(i) jsin“ x dx (i) _[ log. | x| dx

Sol. (i)1= Jsln'lx dx = -[sin_s x1dx
I

II

Here, we know by definition of integration by parts that
order of preference is taken according to ILATE. So,
‘sin™' x" should be taken as first and ‘1’ as the second

function to apply by parts.
Applying integration by parts, we get

I=sin"!x(x)- jﬁxdx

dt
(2

=x-sin'1x+lj
2
Let 1-x¥=t
—xdx=dt = xdx:—%dt
1/2

=xsin"'x+--—+C
2 1/2

I=:lrsi.n‘1x+\/1—x2 +C
Isin'lxdx=xsin"x+1/l—x2 +C

(if) I=[log, | x|dx = [log, | x|-1dx
I )|
Applying integration by parts, we get

=log| x| x - [ 1 xdx
X

=xlog|x|- [ 1dx

I=xlog|x|-x+C

| Example 33 Evaluate

(i) Ix cos x dx (ii) sz cos x dx

Sol. (i) Ix cosxdx, I= Ix cos x dx
I I
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= je(“i"““”’ (x cosx(cosx)+(c°sx)’)dx
x x

(x sin x + cos x) .COSX' +C
x

= e
e.g. =J'etmx (sin x —sec x) dx
=Ie“"‘ sin x dx —fe““”' sec x dx

= —e¢""*.cosx +Ie“"‘" sec’x cos xdx—Je“'”’ sec xdx

tan x

= —€ COS X

| Example 35 Evaluate
1+ sin x cos x , o [ 1+sIn2x
y '[ ( cos? x )dx g je (1+c052x)dx

Sol. () I=e* [ 1+ sin x cos x ]d

cos X

1 sin x cos x
I= J e” — + 5 dx
cos‘ x cos’ x

I= J'e" (tan x + sec® x} dx
r=[er

I=tan x-¢ —Isecz x-e¥ dx+]

tan rd\+Je (sec? x)dx

e* sec’xdx +C o

I=e*tanx+C
i) 1= [e {l_wn_?{}dx

1+ cos 2x

1+Zsm:cosx d
2cos” x

1 +Zsmxcosx}dx

2

2cos” x 2 cos’ x

[
=J'e2x
= Ic” {l sec? x + tan x} dx

2

= J'CZ:'

tan x dx + — _[ 2x . sec? x dx
o I

2x
1

=tanx-—e-——jseczx-i—dx+—jez"-sec2xdx

2 2 2

1
I=—2-e“-tanx+C

2
| Example 36 Evaluate Ie ( 2] dx.
1+ x

2
Sol. I= Ie" (-1-1:—-—;7) dx = I

x (1=2x + x?)
(14 x?)?

Chap 01 Indefinite Integral 23

1+I 2x
{(1+ ¥ (1+ xz)z}dx

I { 2x dx as-?—-( 1 =—_ 2%
1+ x? (1+:ch)2 dx\1+ x? (1+x?)?

+C

1+ x?

x

I= +C

1+ x?

Integrals of the Form
je"‘ sin bx dx, je"‘ cos bx dx

Let I= Ie‘" (sin bx) dx
Then, I= Isin bx - e™ dx
1 i
ax ax
=sinbx-[£—)—jbcosbx-e—dx
a a
ax ax
=-]—sinbx.eax_2{ .e —_ 1 .e }
a a a a
1' ax b ax ' ax
=—sinbx-e ——2cosbx-e - Ismbx-e dx
a a a
2
I=lsinbx-e“—%cosbx-e —b—I
a a a?
2 ax
I+b—I=le -(a sin bx — b cos bx)
a’ a*
2 2 ax
+b
= I[a > )=e—z(asmbx b cos bx)
a a
ax
or I=— 2(asinbx—bcc)sbx)+C
a“ +b

ax

Thus, Ie“" sin bx dx =———(asin bx —bcos bx) +C

a“ +b

ax

Similarly, _[e“ cos bx dx = : n (acos bx +bsin bx) +C

a“+b

Aliter Use Euler’s equation
Let P=J'e“cosbxdxandQ=je“sinbxdx

P+iQ=Je“" et a’.vc=‘|.e("+"’)’r dx
(a+lb)x - a—ib eax
a +b*

Hence,

P+iQ= (cos bx + isin bx)

a+lb

ebooks.cybernog.com
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—_— 2
% sin bx—be“*cos bx) I Examp|e 38 Evaluate I(x sin x +COS X)

(ae*cos bx + be™'sin bx) —i(ae”™ !
= dx

= & +b2 . Sl—
Sol. Let! =J(xsm x + €0S X)

€™ (acos bx +bsin bx) by (x cos ), we get

= Y Multiplying and dividing I (x cos x) d
x
0 ¢% (asin bx — b cos bx) I= I(x Sf;C X)'(x sin x + €os x)?
a® +b* I

X COS X dx

| Example 37 Evaluate I'= x sec x'I(x sin x + cos x)?

(i) fe" cos? x dx ; | xemsx dx}d’x
(ii) jsin (log x) dx - I{};(" e x)} J (x sin x + cos x)?

-1
Sol. (i) I=jc‘-cos2xdx=je' {l_tf.‘zis_Zx} dx = xsec x- m
-1
=£J‘c"’ dx +;Icn52x~e’ dx - I(xsec x-tan X + 56€ x): (x sin x + cos x) dx
- (x sin x + cos x)
= ; e *yh -0 T (x sm,:csjcczs x) ¥ '[ cos® x -(x sin x + cos x) o
where, [, =Icos 2x-e¥ dx _ — xsecx 4 Jsecz x dx

(x sin x + cos x)

I, =Icos 2x e“dx=cos2x e —I—Zsin 2x-e" dx
1 I = — xsecx

(x sin x + cos x)

+tan x + C

=e"’-r:c»szyt+2!J‘sin2x-ex dx
I a

= e . cos 2x + 2 {sin 2x-e* —IZ cos 2x-e* dx}

3-x . 41V m7/— .
C c052x+2sin2x.ex..4fl J. —3—-Sln 1(%‘ 3_X)dx, IS equal tO

| Example 39 The value of

+ X
I = ;{e cos 2x + 2sin 2x e} ..(ii) 1 X 2 %
a) —{-3[cos™"|=|] +249-x% -cos' | =
From Eqgs. (i) and (ii), we get @ 4{ ( (3)) cos 3 taxp+C
!=1e"+l-1{e‘cost+2sin2x-e"l 1 , (X 2 ]
2 25 (b) P —3(cos‘ (ED +24/9-x% sin™ (§)+ZX>+C
3

1 1
I=—e’+Bc"{c052x+25in2x}+c

2 2
(ﬂ)1=jsin(logx)dx (d%{—S(sin"' (g-)) +249—-x?% sin” ()

+C

v

Let log x =t
=  x=e or de=e dr (d) None of the above
3-x
I=|(sint)-e' dt =sint-e — t Sol. Here, I= sml—-
J( : ) ;—’Idt sint-e J.colsf.izldt J\I3+x
I=si.nt—e'—[cost-e‘_J'_sint,etdt} x =3 cos 20
dx = — 6sin 20 d

I=¢'sint—e' cost—7J
3-
1, s I= J' 3 cos 20 —l 3_ 300529 (—6sm29)d
I=Ee (sin f ~cost)+C U3+3c0529

-sin™" (sin 6) - (— 6 sin 20) db

x . =
I=-2-{sm (log x) = cos (log x)} +C "-cos 0
=—6_|‘9-(Zsin29)d’9=-6_[(3(1—1:0529)"'e
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=_s{%—jefoszede} |
{52 (52) )

+6{9s1;129+c0229}+c

2
=l -3 cos’l(i) +2v9-x? . cos™! .3 +2xy+C
4 3 3

Hence, (a) is the correct answer.

sec x(2+§ec X)

| Example 40 The value of I dx, is

(14 2 sec x)’
equal to
sin x
2+ Cos x
—sin x
2+sin x

oS X
+C (b) ————-+C
2+ Cos X

cos X

2+4sinx

+C (d) +C

dx ___J-Zcosx+lzdx
(cos x +2)

sec x (2 + sec x)

Sol. Let I=j (14 25c 2’

dx

_J-cosx(cos x +2)+sin’ x
(2 + cos x)*
sin? x

_ [_cos x
I dx+j(2+cosx)2

2+ cos x

1 sin? x
=Icosx- I >
I (2+ cos x) (2 + cos x)
1

Applying integration by parts to first by taking cos x as
2
sin® x

————dxasitis.
(2 + cos x)?

second function, keeping_[

sin x

1
I= PPRY]
(2 + cos x)

————-(sinx)-—jsinx-
2+ cos x
sin? x
e
sin x (2+ cos x)

I= +C

2+ cos x

Hence, (a) is the correct answer.

| Example 41 The value of flog (1= x+ 1+ x)dx, is

equal to

(a) x log (,/1—)(+,/1-1—x)+%x——;sin'1 (x)+C
(b)xlog(«h—x+../1+x)+—;-x+%sin‘1 (x)+C
(c)xlog(,/1—x+,/1+x)—-%x+%sin“ (x+cC

(d) None of the above

dx

Chap 01 Indefinite Integral 25

Sol. Here, we have only one function. This can be solved
easily by applying integration by parts taking unity as
second function.

If we take u = log ({1 - x + V1+ x) as the first function
and v =1 as the second function.

Then,

I=Il-log(,/1—x + 1+ x)dx
= {log(‘fl -x + ,/1+ x)}-x—I 1

1-x+ 1+ x
()
2i-x 2Jt+x)
=xlog(\f1—‘x+\/-l+_x)

IJ' 1—x—,/1+x 1
Ly 4 x
2 1-x+1ex 1o

=xlog(J1-x +1+x)
_lj-(l—x)+(1+x)—2\’1—x2' 1
2

(1-x)-(1+x) Ji-=

=xlog(,/l-x+‘/1+x)—§j——”1‘[:i_2:1dx
-x

=xlog(,/1—x+,/1+x)—1j1dx+%j ! dx

2 1-x?

= xlog (JT—x + T+ x) = x+sin"' x +C

Hence, (c) is the correct answer.

dx

- 2x dx

Example 42 The value of [e* | X2 i
I Example The value o je m dx, is

equal to
e’ (x+1) e* (1-x+x?)
@) — ==+ () —————=-
(1+X2)3/2 (1+x2)3/2
e* (1+x
(c) ———-——(1 " E( 73 /)2 (d) None of these
[ x*+2
Sol. Let I= e (——(sz)m)dx
x 1 1—21’2
=‘[G ((1 + x2)ll2 + (1+x2)5/2)dx
=ch 1T X X 1-2x* J
(1+x2)l/2 (1+x2)3f2 (1+ x2)3f2 (1+x2)512
_ e + xe™ _etfi+ x? + x}
- 1+x2) 1+ xz)afz 1+ xz)m

Hence, (d) is the correct answer.
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Exercise for Session 4

1. I x2e*dx 2. _[ x2sin x dx
3. jlogx-dx 4. j(logx)zdx
5. J' (tan™ x)dx 6. I(sec_1x)dx
7. J x tan~" x dx 8. Iloszx dx
9, _[ :::::z dx 10. _[Iog (1+ x2)dx
x x |1+ sin x cos x
11. [e*(tan x + logsec x) dx 12. [eo {—coszx }dx
1 ax ) 14 sin2x
13. I[Iog(logx)+(logx)2)dx 14. fe {1+c052x}dx
x (1=x)? 16. [&-R-x%) ,
15 o i J(1—x)\/ﬁ )
17. je"‘ .cos (bx + ¢)dx 18. J'sec3 x dx
19. Isin«/;dx 20. I(sin"x)zdx

21. Icot“(1— X + x2)dx 22. J‘sin'1 ’a : - dx

23. | Jx? + 1{log (x24+ 1)-2logx} 24. I (c052 x+sin2x
x

2cos x —sin x)?

25, Ie,,nx (xcos2 X —sin x] dx

cos? x
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Session 5
Integration Using P

general algebraic

rtial

This section deals with the integration of

rational functions, of the form i((-g , where f(x) and g(x)

are both polynomials, We already have scen some

examples of this form. For example, we know how 10
1 [,(7;—) ( P(x)

. . 2 i
integrate functions of the form o(x) or O(x)  Q(x)

where L(x) is a linear factor, Q(x) is a quadratic factor and
P(x) is a polynomial of degree n 22 We intend to
generalise that previous discussion in this section.

We are assuming the scanario where g(x) (the
denominator) is decomposible into linear or quadratic
factors. These are the only cases relevant to us right now.
Any linear or quadratic factor in g(x) might also occur
repeatedly.

Thus, g(x) could be of the following general forms.

o g(x)=L,(x)L;(x)... Ly(x) (n linear factors)

=L L5 (x)... Lo (x) n linear factors; the rth )
8(x) =L (x)... Lr(x)-. Lnx factor is repeated k times |

. ok k, K n linear factors, the ith )
g(x) = L) (x)Ly (x)... L (I)(factor is repeated k, times
o g(x)=Ly(x)Ly(x)... L(x)Q(x)Qz(x)...Qpm (x)

( n linear factors and )
m quadratic factors )

. g(x)=...Qf(x)...

(a particular quadratic factor
repeats more than once )

¢ A combination of any of the above

Suppose that the degree of g(x) is n and that of f(x) is m.
If m 2 n,we can always divide f(x) by g(x) to obtain a
quotient g(x) and a remainder r(x) whose degree would
be less than n.

sx) )
Ifm<n, % is termed a proper rational function,

The partial fraction expansion technique says that a
rational function can be expressed as a sum of gim 1PrOper
rational functions each possessing one of the fact pler
g(x). The simpler rational functions are called Or.s of
fractions. partial

Fraction

w on, we consider only proper rational function

From no r(x) by the
If /:Y; is not proper, We make It proper #(x) g
4 x

procedure described in (1) above, Let us consider a fey
examples. - |

Let g(x) be a product of non-repeated, linear factors ;

’ glx)= L,Ur)l,z(x),..L,,(x)

f(x). . a1 fomnts
Then, we can expand ;;(x) in terms of partial fractions,
f(x-)z Al AA2,+,"+,,‘§.’!‘_

where the A/s are all constants that need to be determin
Suppose f(x)=x +1 and g(x)=(x —1)(x -2) (x(—B)).h
x
us write down the partial fraction expansion of () :
C
x -1

flx) _ x+1 __A ; B
glx) (x-1)(x-2)(x-3) x-1 x-2
We need to determine A, B and C. Cross multiplying in|
expression above, we obtain :
(x+1)=A(x-2)(x-3)+B(x —1)(x —3)
+C(x -1)(x
A, B, C can now be determined by comparing coefficien
on both sides. More simply since this relation that we
have obtained should held true for all x,we substitute

those values of x that would straight way give us the
required values of A, B and C. These values are obvious!

the roots of g(x).
x=1 = 2=A(-1)(-2) + B(0) + C(0)
= A=1
x=2 =  3=A(0)+B(1)(-1)+C(0)
= B=-3
x=3 =  4=A0)+B(0)+C(2)(1)
= C=2
Thus,A=],B=—SandC=2.
We can therefore write f(x; as a sum of partial fractic’
x
f(x)_ 1 3 2
gx) x-1 x—2+x-3
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f(x) . . . .
e 2272 is now a simple matter of int
[ntegrating (%) p atter of integrating the

artial fractions. This was our sole motive in writing such
an expansion, sO that integration could be carried out
casily. In the example above :

Iﬂff)dx =In(x-1)-3In(x-2)+2In(x-3)+C
g(x)

Now, Suppose that g(x) contains all linear factors, but a
ular factor, say L, (x), is repeated k times.

PaIth .

Thus, g(x) =Li(x)Ly(x) ... L,(x)

f_((l‘_; can now be expanded into partial fractions as follows

gx

flx) o A +———‘:2 + —:l‘— +., {h v B B

g(x) Li(x) Ly(x) Ly(x) Li(x) Ly(x) L,(x)
k partial fractions co:'rrqmndlng to Ly (x)

This means that we will have k terms corresponding to L, (x).

The rest of the linear factors will have single corresponding
terms in the expansion. Here are some examples.
1

= 2
(x =1)(x-2)
can be expanded as = + B = €
x-1 (x-1) x -2
1
=
(x —1)%(x =2)(x -3)
can be expanded as
A B o D C
= + + T+ +
x=1 (x-1?% (x-1)° (x-2) (x-3)
= 1

(x =1)%(x +5)°

can be expanded as
A B C D E

x—1+(x_1)2 +(x+5) +(x +5)% +(x +5)°

2x+1

| Example 47 — =~ into partial fractions
P -2 P
Sol. Here, (?% has Q(x) = (x + 1) (x — 2) i.e linear
and non-repeated roots.
2x +1 _ A + B
(x+1)(x-2) x+1 x-2
= (2x +1)= A(x — 2) + B(x +1)

On putting, x = 2 we get
5
5=A0)+B@®) = B=3

Chap 01 Indefinite Integral 29

Again, let x = -1
= 2-1)+1= A(-1-2)+ B0)
a=1
3
2x +1 1/3 5/3
= +

(x+1)(x-2) x+1 x-2

1 .
(x=1(x+2)(2x+ 3) nio

| Example 48 Resolve

partial fractions.
1 A B C
= + + H
(x-1)(x+2)(2x+3) x-1 x+2 2x+3

Sol. let

where A, B, C are constants.
1= A(x+2)(2x+3)+ B(x 1) (2x +3)+ C(x = 1)(x +2)...(i)
For finding A, let x — 1 =0or x = 1in Eq. (i), we get
1=A(1+2)(2+3)+ B(0)+C(0)
1

A=—
15
Similarly, for getting B, let x + 2 =0or x = — 2in Eq. (i), we
get
1=A(0)+B(-2-1)(-4+3)+C(0)
= B=1
3

For getting C, let2x +3=00r x = —3/2in Eq. (i), we get
1=A(0)+B(0)+C(—%—1)(—%+2)

= C=- 4
5
1 1 1 4
= + -_
(x=1)Y(x+2)(2x+3) 15(x-1) 3Hx+2) 5(2x+3)

Hence,

IS+ 2x2 + X+ 1

| Example 49 Resol i i
P ve XF )2 into partial

fractions.

Sol. This is not a proper fraction. Hence, by division process it
is to be expressed as the sum of an integral polynomial
and a fraction.

Now, 3x> +2x? + x +1=3x (x* + 3x +2)
~7(x% +3x +2) + (16x + 15)

So, the given polynomial
3 +2x  +x+1
X1 _ o ays (16x + 15)
(x +1)(x +2) (x +1)(x +2)

Now, the second term is proper fraction hence it can be
expressed as a sum of partial fractions.
16x + 15 A B

(x+1)(x+2) x+1 x+2
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ht In
Tofind Aputx +1=0 i, x = -Il""“'f“cuo“em

the factor(x + 1) )
()

'12(-’”'+'!5-—- A = A=s-1
(-1+2) .
To find B put x +2=0.|¢.x=—2intheﬁ~acnontxccp
the factor(x + 2) )
16(=+15 g 5 B=17 (iid
(-2+1)
1 17
= -7y — % —
= The given expression = (3x ) —:* aaz
fusing Eqs (). (1) and (i)
as the

Case I When the denominator g (x)is expressible
product of the linear factors such that some of them are
repeating. (Linear and Repeated)
Let Q(x)=(x —a)* (x —a,)(x ~a;) (1
assume that

P(x) A 4 A

— i —————— ¢ e 3

Q) (x—-a) (x-a) (x —a)

- B,
B, B L
(x-a,)

- a,) Then, we

+ — - + — 4,
(x—a) (x-ay)
5
| Example 50 Expression ( ! *2),
- 27
(twice) linear factors in denominator, so find partial
fractions

has repeated

Sol. Let x+S __A ,_ B
(x=-2¢ (x=-2 (x-2)
(x+5)=A(x-2)+B

Companng the hke terms, A=1-2A+B=5 or B=7

x+5 - 1 + 7
(x=-2¢ (x-2) (x-2)7
| Example 51 Resolve 23x—2 into
(x=1)"(x+1)(x+2)
partial fractions.
Sol. Let 3Ix-2
(x-1 (x+1)(x+2)
A . B C D

G-D -0 D) (ep)
3x—2=A(x—l)(r+l)(x+2)+B(x+l)(x+z)
+C(x-1)%(x +2)+ D (x - 1)
Putting (x —1)=0, we get B=1/6,
Putting(x +1)=0, we getC=—5/4
Putting (x +2) =0, we get D=8/9
Now, equating the coefficient of x* on both the sides, we get

(x+1)
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+D
0£A+C 13 1
-2 = -1) 6(x-1)
W e ) 5 )
.-(x,l)( __;_( ‘\‘\
x+1) 9(14.\

of the factors in depommator are
rep€ ting. Co"espondmg to each
tic but non sy b 4G we assume the partia]
ctor

en Some

ua

quadrati€ fa Ax + B where Aand B are
d;? +bx +C

y comparing coefficienty
ator of both the sides.

be dctermined b

s to
consl.nl* of X in numer

lar powers

simit 2 +7
X
Y into partial
| Example 52 ResOVe 70 (2 1 4
fractions. 4 Bx + C

A +—
Sol. Let (r*l)(x""‘) x+1 x"+4
ax +7=A(x* +4)+(Bx +C)(x+)

Put x=-1
5=5A or A=1
Comparing the terms, 0=A+B = B=-1
7=4A+C = C=3
2x +7 __1 +(——x+3)
(x+1)(x*+4) x+1 x*+4

Aliter To obtain values of A, B and C from
2x+7=A(x* +4)+(Bx +C)(x +1)

, 2x+7=(A+B)x*+(B+C)x+4A+C

Equating the coefficients of identical powers of x, we g¢

. A+B=0B+C=2and4A+C=7.
Solvmg,wegetA:LB=_1,c=3

Le.

| Example 53 Fing the partial fraction

2
Sol, 2
Lﬂ& A Bx+C

X+ 2 2 —
then 2x+l)-(4x +25x +6) (3x +2) + (4x1 +5x +6)
=A(4x +5x+6)+(Bx + C) (3x +2)

where 4 B

L C ar
For 4, let € Constants,
ie, 3x+2=9



Comparing coefficients of x” and constant t

er ,
sides for Band C, we get m on both the

4A +3B=0,
B= L = B=! d
==-— =— and 6 S =
3 10 A+2C =,
1-6A
C= $C=g3
2 4
29
X+
2x +1 -3 4)
I'I _--x_\_-* S e
(Bx+2)(4x" +5x+6)  40(3x +2)  10(4y’ 4 54 +6)

Case IV When some of the factors of the denominator
are quadIatlc and repeahng For ever\ quadratic repeating
factor of the type (ax? + bx +¢)* we assume -

A|X+A2 ASI'Q‘A‘ -
ax® +bx +¢  (ax® +bx 1 ¢)?

Au ‘ X +An

(ax? + bx +c)*

X"+ 2x 24+ x 41

| Example 54 Resolve

5 Into partial
x (x2 +1)? P
fractions.
e rxel A
Sol. Let ﬁ_iz_‘;_", _A Bx+C D::+z~:2
X (x + l)‘ X x +1 (a + l)

or 2x‘+2x’+x+l=A(x2+1)2+(Bx+C)x(x +1)
+(Dx + E) x
Comparing coefficients of x*, x*, x?, x and constant term
A+B=2C=02A+D+B=2E=1A=1
L weget A=1,B=1,C=0D=-1E=1

Hence, the partial fraction,
2x‘+212+x+1_l X 1-x
x (x? +1)? x 1+x° (1+x%)?

| Example 55 Evaluate the following integrals:

(1—x?)dx 3x -
0 x(1—2x) o I 2)2
X2+ x+1 . 8dx
- -[x2 a2 ™ v I(x+z)(,~<z )
Sol. ( A-xt 1,4, B
e, x(1-2x) =27 % +(1—2x)
= (1-x2)=5x(1-2x)+A(1-2x)+B(x)

On putting x = 0 and x =%. we get

1.1 gl
l=Aand1-—=B.-=>A=1 =3
4 2
Jl_— x=j(1 1, )dx

x(1-2x) x 2(1 —-21’)
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-‘Is|]ng|[1’h'l”l 2”1('
Z Z Z
‘ x 4 log | x| 8 log |1
= p ,
2 [ 4 Wl 2xe
(if) Let, bx | _ A . /{] ,
(x -2 (x-2) (x 2
» W b= Alx - 2) 4 B, A))
On putting x = 210 Eq. (1), we get J§ = 4
On equating coefficlents of x on both sides of (i), we
get A =)
J 22 'lrlxsj[ -
(x 2) (x - 2) (x-2)

b
3 log|x ~ 2| - v C
X —7
1, .
() Let, ¥ PXEIAGD L
x“(x+2) x x" x+12

= x'tx v l=Ax(x +2)+ Bx +2)+ C(x*) A1

On putting, x = = 2and x = 0in Eq, (1), we get
C=3/4and B=1/2

On equation Coefficient of x* on both sides of (i),

wegell=A +tC=2A=1/4

. J-x tx4l o I(l_/__f{+1/iz+f{/4)dx
x+2

xt(x +2)
t—loglxl—-——+ log|x +24 +
(iv) Let, 8_ =4 Bx tg
(x+2)(x*+4) x42 x*4+4
= 8=A(x*+4)+(Bx +C)(x +2) i

On putting x = -2in Eq. (i), we get A = 1,

On equating coefficient of x* on both sides we get,
0=A+B=>B=-1

On equating constant term on both sides, we get,
8=4A+2C0=C=2

o 8

_  dx=
(x +2)(x2 +4)

1 x+)
x+2 x*+4

dx __J'Zxdx +ZJ dx

_Ix+2 29 %744 xi44

1. o (x
=log|x+21—;log|x’+4[+2.2Ian '[—J+C

1
l Example 56 Evaluate Imdx

1 = [ — | P dx
Sol. Let I= Imxdx sin x - 2sin x cos x

1 dx sin x
_Isinx(l—2cosx) sin’ x(1—2cosx)

ebooks.cybernog.com
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-f sinx gy
- cos” W) (12 cos x) _an
(put cos x =t =

I B— T U
—dt
_I(l a-2) I(l—r)(1+r)(1—2t)

tors
Here, in Eq. (i) we have linear and non-repcnted facto
we use partial fractions for;
-1 A
(1-t)(1+8)(1-2t) (1 (1-1) (1 +1)

)
or —1=A(1+1)(1-20)+ B -1)(1-2)+C (l—l)(lw‘(in

—sin x dX

thus

£
+(i - 21)

Putting (t+1)=0 or t =~ 1, we get :
-1=B@)(1+2) = n:—b

Putting  (1-1t)=0o0rt = I, we get
—1=A@)(-1) = A-—-;

Putting (1-21)=0ort =1/2 we gel

el

-1 _.1_‘__1,___ 4
(L= +0(1-20) 2(1-1) 6(1+1) 3(1-2t)
So, Eq (1) reduces to

= [a-[L a2 [t

1-1t 1+¢ -2t

1
=-—lo 1-¢)-110 1+¢ -—x—~]o 1-2t|+C
5 °€l i 5 logl1+t] R gl |

1 1 2
=--log|1-cosx|—=log|1+cos x|+Z1o
5 log l s logl x| 3 loe
[1-2cos x|+ C

~ X 8in x) dx
J(3630)5:()

| Example 57 Evaluate I -

(l—xsmx)d’x
Put Icm‘ =t
= (2™ (=sin x)+ %) gy = gy

I= -
‘[t(l—t) ‘[t(l—t)(1+t+r)

- Ct+D
J‘(t 1- Tt
t 1+t+t2

Comparing coefficients, we get

Sol. Here, I = j

A—IB—— C=—_ D=

3’ 3
2 1
I=J'd' J. —t-s)
1—¢ mdt
_log“l-—logl]._tl__logll.'.t.,.
£
[threl t = Xe o8 .\']

an? x dx.

in4x-€
| pvaluate -[ > .
e writ(en as,
| gxamp ral could b wn’x g
an’ X dx
Sol. The gi""" ¢ cos ¢ 2
I= j“ln " 2 x (cos” X —sin” x)-e'*" Xdx
g X

=4 Itl\h x €Ot

9
- 4 [tan X €0

. lnn" x
(1—-tunJ x)-e dx

un' x
tan X (1~ tan? x)¢ dx
=4 J‘(\u‘t x)
Put llll‘l x=1
x dx = dt

= 2 tan x-sec’
= "'41(1“)
:2{1

=2 j‘e'——z——‘—"l—z
- 1+t (1+1)

==-2

t
.___ Q:..Q."Ldt

2 (1+1)°
1

}dt
(1+1)?

[using je’(f(x)) + f/(x))dx = e* f(x),

1
zelm X

1-!)8

;_:Q.:‘_‘lf’_'d:}
(1+t)

el +C

S A—

(1+ tan? x)?

2
=-2cos’ x. "™ * 4O

| Example 59 o J. 1+ X cos x
~x elslnX)
Sol. LetJ= 14X cos x
x(1 = x2%e?2 sin x)
Put(xe'l”)=t
Differentiating both the sides, we get
(x gtin cosx+e““)dx—dt
= e’"”‘(x €Os X + 1) dx = gy
= I= dt
\-
t(l-tz)
- ol e
(1~ t) (1+14) [using partial fra”
hI{t 1
(1-t) 2(1+¢) a
= log |f|*~log|1
~t)-1 Slog | 1+1]+C

ebooks.cybernog.com
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| Exam

ple 60 Evaluate;
J’l {log e®* .log e’ . log e"!"}dx
X

Sd We have,

I=Il {loge™ . loge':’.log,e3x} dx
¥

=Jl—1— ! ex ! E T ! 3 dx
x |loge” loge*™ loge ™
f dx
7 xfloge® +loge*} {loge” +loge™'} {loge*’ + log x?}

Exercise for Session 5

= Evaluate the following Integrals :

s
-

X
1'Ju—nu-2nx4f“

ax
3'Ixu"+n

cos X
5. I(1+sin x)(2 +sin x)dx

J' secx dx

1+ cosec x

9. | X 10.

x|6(logx)2+7logx+2|

ebooks.cybernog.com
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_ dx
J- x{l+log e*} {2+ loge*} {3 + loge*}

Putloge” =t = lti:c=dl‘
x

_ dt _ffr_r 1 1
! Ju+4xz+:x3+:) J(zk:+:) (z+:)+(3+n]m

[using partial fraction]
=%hgh+ﬂ—hgﬂ+ﬂ+bgb+ﬂ+c
= ; log |1 + loge*| - log |2 + loge*| + log [3 + loge*| + C.
J' dx
1+ x°

2x
e Fr ey

dx
j i dx
sin x (3 + 2cos x)

I tan x + tan® x

dx
1+ tan® x

jtT;1.dx




Session 6

bst
Indirect and Derived SU
Indirect and Derived Substitutions

(i) Indirect Substitution

). g (x), where g(x)isa

f the form f (x
If the integral is of the f hen put integral of

function of the integral of f (x).t

fx)=t
d (x* +I)

le 61 The value of
| Example e j Jx_—+l
(b) y/x? +2+C

(d) None of these

(a)z,/x_l+_2+(‘

QT v 2ec
2
Sol. Here, I=J'£i_(_*=f_,1)
\/.\'2+2

We know, d(x® +1) = 2x dx
2x dx

gy

x?+2=12

2xdx=2tdt = I[= J’z“"‘

=2u+C

= I=2\x*+2+C

Hence, (a) is the correct answer.

xk
k +C,

| Example 62 'f.r J—) =dx= alog(
1+ x

then aand k are

(a)2/55/2 (b)1/5,2/5
(©5/2,1/2 (d)2/51/2
Sol. Here, = (J_) = dx
I(~/‘)’+x * "Imﬁy‘
) dx
x7’2{1+—1—}’
xS/Z
1
t oY —;rsﬁdx:dy
I=_2(_dy
5714y

1
log| — | +
-,210g|1+)’|+c 5 € 1+y C
. 5/2 +C
=—5—10g x5/2+1 ‘
k .
= k ]+C (given) i
where ] =alog 1+ x
i ii), we get
From Egs: (,):md(ll) 21 £3/2 ]+C
x ~2log
alog| Tyt *eTs 1+ x°/?
a=2/5 and k=5/2
=
Hence, (a) is the correct answer.
5x" +4x° dx
tej '
| Example 63 Evalua Y
4
Sx +4x x (5+4x)
- ) I-": dx=
Sol. Here I(x5+x+1)2 J‘ - : 1 2
x 1+——4—+__
X xs
S+4/x°
=J‘ 5/>.‘1 llx zdx
(1+__4+_—5-)
x x
Put 1+i‘-+L=t
b xs
4 5
= - - —|dx=
( x3 x&) X = dt
d 1
I=[_8F .
J l,z‘?+ = 1 1+C
14+ — 4 —
xt xS
5
- X
=——+C
X+ x+1

Sol, Here I= J'( 3rn I"TJEEJ‘
T x") (2527 4 gym 4 6" b8

= xm
. >ua
tJ(xam_l )
+ x*m- X

+ M-
x I)(sz"'... 31‘2"'4- 6xm)lfﬂldx

ebooKs,Cybernog.com
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Pt 2xM 4 3x™ 4+ ox™ =t | Example 67 The evaluation of
-1 m -1 m-1 _ 29 -1 -1
- RS
. Eq. (i) becomes, x2PH2 4 9y P+A 9
dt 1 ‘(l/m)+l
1=[m == —.— 4 xP X3
6m 6m (1/m)+1 () = ——+C (b) ———+C
p+q p+q
1 ma X +1 X +1
= 2x®™ +3x?™ 4 6x™) ™ +C q P
6(m+1) ©-—X"_4c¢ ) —+c¢
xPt9 41 xP*9 41
X dx
i pr2g -1 R
xample 65 is equal to "t gt
L e e okt U
,,,A_:; xP 2q -1 _ x7 -1 x? -1 _ x—q-l
(a) |n(1+,/1+x )+ C (b)2\/1+ 1+x2 +¢C JP (xrwqﬂq) dx=jp(xp+:74)z dx
(c) 2(1+ J1+x?)+C (d) None of these Taking x? as x?? common from denominator and take it in
v dx numerator.

Pt x"+x 9=t = (pxP 7' -gx 1" Ydx=4dt

I —
" f\/(”-"l)\/”\/”-"? dt 1 ( x4 )
. C=_ —

o I = =—— 4
" ")
Put teileal=r = B dx = 2t dt t t xP T+
{1+ x? Hence, (c) is the correct answer,
X dx
- x“(1=Inx
i dt | Example 68 _[(—4) dx is equal to
ver In* x—x
2 /
I_I—'—‘-i-‘_zmc 1+\1+x2+C (a)%m IL)_Z"]”“ZX_XZ)J,C
\InXx
Hence, (b) is the correct answer. (ln v —
(2x+1) (b)%ln Ilnx+:J_%ta" [mx)"*c
nx X
| Example 66 [— e X f\I
+
(x* +ax+1) (@ ~in [ DXFX] D igp- (In_x +C
X3 x 4 \nx-x) 2 X
AT ARy [ 1, |
X nx—
2 ] (d)z(ln (I x+:]+tan" (n—])+c
nx
(C)z—x—u"'c (d)——lz *
x* +ax+ 1" x? +4x+1"7 x*(1-In x)
Sol. Here, I =J.——‘—
so’.J' . 2x +1 =I 2x +1 — lnxx__x4
372
(C+dx+) x3(1+i+-l2-) I=J’ x?(1-Inx) dx=j 1-Inx
x x In 4 4
A < (_") 1 < (E] “1
2x "+ x
=J' T dx x x
4 1
(1*';*;?) Pat BX oy o l_lfx-dt
x x
I\Iti\'\»'.puti+i-l-1=:2 = LI dx =2t dt dt dt
xt  x x*  x? I= I I -
(t'-1 T+ -1)
—-tdt 1
I=|—=~+C 2
2t =1J~(t +1) = (t -1 4
2
x“+4x+1
1 dt dt 11 t -
Hence, (b) is the correct answer. I= 2 [_[ﬁ - J 7 1) =3 (5 In Tr1 tan™'t
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1 G

1
Put x ——=t = |1+
x

I x“+1
g3 [———
x‘ +kx2 +1

dx.

1
—{de=dt

x

Divide numerator and denominator by x?.

4"‘ X—'I

dx

x +kx +1

Divide numerator and denominator by x2.

| Example 71 Evaluate _[1

Sl. Let I=[—— =§j
S
2
i
Remark

dx.

Here. dividing Numerator and Denominator by x? and
converting Denominator into perfect square so as to get
differential in Numerator

ie. I=-
2

5

S —
2|7 2 +(J2)

=0
2

I==
2

| Example 72 Evaluate I

I

x* +5x2 +1

8ol Let 1=1
2

[%tan"('

x> +1/x*

5 1+1/x%
[J 2
2
I 1+1/x dx —
2|7 (x - 2

1/x)"+2

J' 1-1/x*

x2 41/ x*

:E)‘ﬁz“g

_J- du ]
uZ_(JZ_)Z ro

“

J 1-1/x%
(x+1/x)* -2

|

1
[wheret=x—landu=x+-]
x x

o ()

2

x* +5x2+1

dx

u+

1
x+—-~/§
x+Ll442

dx.

u—2

2

]+c

X

X

+C

Chap 01 Indefinite Integral 37

1 1+ x? 1-x?
== [————dx+ - | ———dx
=1 2J.x'+5x2+1 ZIx‘+5x2+1
2 _ 2
=1J'__1+”_" —zdx—lj—;——l—/x—;dx
27 x*+5+1/x 27 x* +541/x
[(dividing Numerator and Denominator by x%))
_1I (1+1/x%) J -1/x%)
2 (x—l/x)’+7 (x+1/x) +3
1I dt 1] du
2724 (W72 27 uP + (V3
whcret=x—land u=x+.l
X X

1 -y u

RSN NN RN

A (o f)re
111 afx-1/x)_ 1 4fx+1/x
a[ﬁ‘“‘ ) m= (% )]”C

| Example 73 Evaluate I,/tan x dx.

Sol. HereI=Imdx

Put tan x = t2
2t dt
14+t4

1=j:-1i“‘ ar=[ -2 a

t"+1
_J‘f‘+ld'+j'

" +1

= sec’xdx=2tdt = dx=

dt

t*+1
1+1 t’ -1/12
j‘ / J'l 1/t dt
t2 +1/+2 t2+1/12
1+1 —-1/¢?
=I——/: dt+J——1 UL
(t=1/1)% +2 (t+1/1)Y -2
i

ds dr 1
I= - —-— - _
Is2+(Ji)’ +I;-"—(J§)"[s t ‘andr :+"

1 -1 s 1 r-+2
= tan + 1
2 [.\72] 232 8 r+32 +€

+C

1
1 _ t-' t+"_“[2-
:[ 1/:)+1l°g :

L % +2
[(where t = JJtan x),
| Example 74 Evaluate _[ 2 dx.

sin® x+cos? x

dx
R e e

ebooks.cybernog.com
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4 e get
. s° X, W
Dividing numerator and denominator by co

/= 4-[ secx _sec X  ux
tan* x +1

[y [ xOrtan D) g
- -f 1+ tan' x
= seczxi’f:d‘

Again,put z=1¢-

!
I =4 -ff-z_ = f— tan

'(;z__)+(‘
P2 N2 V2

- tamA~l/hmx
= 2/2 tan” )+C
( V2

(ax? - b)dx

| Example 75 The value of IS
i ‘[x\E’xz —(ox? +b)?

equalto
(a)—‘sin“ (axQ)H\- (b)csin™ (ax+ )+k
c X X

() sin™ [O’HTMJ +k (d) None of these

(-

2 .
Sol. Here.I=j. (ax” - b) dx =J'
xyc’x? = (ax? +b)? JZ b
¢ -(ax+_)
x
Puta.r+£=t
x
(a—%)dx=dt
x
=j dt =Si.n_l E. +k
Je? —t? c
= sul—](ax+b/XJ+k
c

Hence (c) is the correct answer.

X 2
I Example 76 | X 41 (Inx+1) d
x** 41 X

Sol. J‘x (xzx+1)(lnx+1)
*+1

Put x*=y = x* (l:lx+1)dx=dy

dx

1 1+-=
1+;; ; ‘j 5
z+1d=/’{'y— 0
=[5 '+ ( ‘*) +
y y
1 =dt
Put, ¥~
Y 1 an—x_‘_)+c
Frrat AN
1 x* -1
y— 1 -1 x
Yy C=— tan X
7.t:m' 2 MR 2 |*
luate
| Examp (x2—1)dx
/_1_'
-1 o
(x" +3x*+1)tan (X"'x)

(x*-1) 1
del, Here £2 J.(x‘ +x°+1)tan” T

The given integral can be written as
(1-1/x%)dx

I='[ 2 2 -1 1
(x*+3+1/x") tan x+ =
x

(dividing numerator and denominator by:

I=I (1-1/x%)dx
{(x+1/x)2+l}tan“(x+l)
x
Put, x+ L = -
N b= (1 x—)dx dt
I= dt I

-
) (t* +1)-tan~1 (5)
ow, make one more Substitution
» 35— =d
t?2 41 !

* Eq. (i) becomes I= (9u —lo
u glu|+C

an
tl+c=l°g|tan"(x+1/x)|+c

(x~7/6 _ S/G)dx -
(X + x+ 1)1/2 1/2 (X +x+”

Ty x + 1)112 y

"‘Jl xl/z <78 (x° +x !

(1~ &2 ) dx
+x+1)uz

IExamp|e 78 J-

1/3

Sol. |-

x3I2 ( 2

- +5/3
XU+ x4 l)u3

“ebooks.cybernog.com



1
~(1——]a’x Putting x + - =t
x x
=I 1/2 1 1/3
(x+l+1) —(x+—+l) (l——)dx dt
x x x
dt
_I(l+1)112_(t+1)113

Substitute, (t +1) = u®
3

=—f@—=—6] ul du,

u —u? u-1

Put u—1=z
3
—GIMd
z

3 2
=_6.[z +3z +32'+le

4

-—6j(z +3z+3+ — ]dz
z

3 2

=—6 {%+%+32+log|z|}+€

Ve
where, z=(x+—1—+l) -1
x

| Example 79 The value of J {{[x1}} dx, where {.} and
[] denotes fractional part of x and greatest integer
function, is equal to
(@0 (b)1 (c)2 (d) -1

Sol. Let I=[{[x]dx

where, [x] = Integer and we know {n]
I=fodx=0

=0;n € Integer.

Hence, (a) is the correct answer.

Type Il

Integration of Some Special
Irrational Algebraic Functions

In this case we shall discuss four integrals of the form
x -
j ——= dx, where P and Q are polynomial functions of x
P Jo Qarep

and ¢(x) is polynomial in x.

() Integrals of the Form J. 0 (\/l dx, where P and Q
are both linear of x Q

To evaluate this type of integrals we put Q =#°, i.e. to
€valuate integrals of the form _[

1
dx, put
(ax +b) yfox +d

x+d=¢?

Chap 01 Indefinite Integral 39

The following examples illustrate the procedure :

| Example 80 Evaluate j

x+1),/
Sof. LCtI=J.(x—HWx=_E'dX

Here, P and Q both are linear, so we put Q = ¢*
ie. x-2=t*

So that dx = 2t dt

I= 2t dt=2
Jt +2+1)w7rz It +3
1 St
=2 t +C
O (75)

(b) Integrals of the Form IM dx, where Pis a

PJQ

quadratic expression and Q is a linear expression

To evaluate this type of integrals we put Q =t i.e. to
evaluate the integrals of the form

1
d
'f(ax2 +bx +c) \[px+q *

put px +q=t2.

X+2

(x2 +3x+ 3),/x+

I= .[ x+2

(x? +3x+3),fx+

Put x+1=t* = dx =2t dt
I=j (t*=1)+2
(82 - 12 +3(* 1)+ 3 Vi*

_ t?+1 1+1/¢t?
g rvor i P vevry
+1 t2+1+1/¢2

| Example 81 Evaluate [—

Sol. Let

-(2t) dt

=2j' 1+1/t2

=10y + (B Iu 2+ (V)

[where u=t-— rl]

u

(5] v
tan™! (%_;—IJ +C

tan™! d +C
[:f.’i (x+ 1))

o R D

—~
]
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et
dx T 1)z

—— L

(c) Integral of the Form | (JI b) [pxttqx+r T ( z ) o
=— tan 7
where in I 4% b islinearand Qisa quadratic put, =-7 oo\Ve
- 1 JQ 1 an! ,""'._1_J+C

axt+o= ‘ dx [=- 727 a 75

le 82 Evaluate — i1
| Examp '[(xﬂﬂ\/"‘z""Jrl N \/1__ tan ' \'/!'JZ"‘ +C

2

dx —
Sol. Letl=|— 2
ol. Le I 1);}; +x+1 1 tan 1 \ﬁ‘];f)_ +C
T 2x

P\u.\—~1=-: =adx-‘—‘7df
Aliter Put x = cos 0, dx = — sin 6 dO

.'.l!jﬁ 1/t dt ‘ l——j r;mﬁde ___J’_#lg_
1,‘/(_) ( +1) B 1+ cos” 0)sin © 1+ cos”®
I 7 _ chc ygz_.l'scc 0 do
_--'[V.‘}_.;.".;l 0 sec” 0+ 1 tan® 0 + 2
( b] 12 Puttan @ =t. = sec’ 0d0 =dt
-——;;k\gf(t¢l‘2)*\.“(rr+l,27i27+l/l2[+(‘ ,=_J‘ e _ 1 tan“( t )+C
s tt 42 V2 V2

\ —
/;2( L +I)2+1 1 tan 0
1 “T-. 2 = —— -1 an
B e L D T
12
1 ,__ 2
= tan—’(l xJ+C

V3 x-1 2
where, cos 0 = x

sin 0 = /1 - x*

dx =
(d) Integrals of the Form f —= where P and Q both V2 V2 x
are i 2o :
pure quadratic expression in x, i.e.P = qx? +b - tan@= =
and Q=cx? +d, i.e.f . : ) *
(ax* +5) Jex? 1d | Example 84 Evaluate
T N .
0 evaluate this type of integrals of the form Weputx___l ,=J'(X—1)\/x" +2x3 - x2 +2x+1
%2 dx.
lExample 83 Evaluate f ‘_di‘_ o)
/ \
Sol. Let I= x? (x + 1)
(1+x)‘/1- (1-_1_) xz( 2 2 1
Put _1 2 X +2x-14+52 4, 4
x= sotha:d,,_,_t_d, =f il — x+x2)
I= —1/t* gy ﬁ_(x“izm “

Tt ———=o tdt
N vyl P e it 1 x
Again, <y o o 4 _ =du, H)‘/T ( ) (x +L) ( 1)
=_1J' du J‘\
( dx

T Whi
e g T R s o e o [ 1 ")
and Q are Putx4 2oy,
that du = 2, g, hnearsomatWEPUtu-lr.zE x-tll'e.(l-—l?de"‘dr
X
=Im+2
"1
(t +2) “fm

(t+2)

eBooKs.cybernog.com



Py2t-3
=J' L e dt
(t+2)t* +2t -3

=I t(t +2) 3,[
(t +2)t*+ 2t -3 (t+2)Jt +2t -3

1=1,-31 (i)

Where I|=J* A and 12=I dt
' Jt? +2t -3 (t+2)yt? +2t -3

[-I tdt

\f(r + 1)‘

(z—l)dz

P\ll.3+l=z=IW

zdz dz
=.[JZT_22_J‘52_22

=yz' -2 —log|z + 42" - 4|
=\/|T’ +2t—3—]og|(:+1)+,/t2+2r+31 (i)

dy
AISO. I;=I :
G
ylo= |- -2| +2[=--2]|-3
Y\ y )
1 dy 1 dy
Putt +2=—= =—=
y J 1-2y -3y’ JSI fz)’ (+ )z
\3 Y 3
Y3 (
=1"—1=lsin_ls—+£] (iii)
38“1 2 :/_‘3‘ \2+1t
3
1=,/r2+2t—3—log(t+1+,/r’+2t— 3)
t+5
where, t = x + —
X
dx
(¢) Integrals of the Form_[

(x k)" Jax? +bx+c
wherer >2andrel

1
Here, we substitute, x —k = ;

I Example 85 Evaluate f

dx )
(x—3)® /x* —6x+10

Sol, Substitute (x-3)= -1- =dx=— -1—2 dt
t t

We get, J‘ dx
(x=3)° yx® —6x+10

I —1/t% dt
1/ J(1/e +3)2 —6(1/t+3)+10

ebooks.cybernog.com
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. ¢* dt - dt
RN TR e
=log|t+\[1-l-—t2]-£\/l-+_t?-%logtr+m|+c
%og|t+‘/—1——m+c
=;[bg W rprrryT _m}w

| x - 3| | x =3
(f) Integrals of the Form I

ﬁ.[ 1+ 2 dt

ax? +bx+c

_ (dx+e)\ffx +gx+h
Here, we write

ax? +bx +c=A, (dx +¢) (2fx + g) + By (dx +e) +C,

Where A,, B, and C, are constants which can be obtained
by comparing the coefficients of like terms on both the
sides.

24 5x+9

(x+1)1/x +x+1

Sol. Let2x? +5x+9=A(x+1)(2x+1)+B(x+1)+C
or 2x* +5x+9=x?(2A)+x(3A+B)+(A+B+C)

| Example 86 Evaluate I

= A=1,B=2C=6
2
Thus,J 2x° +5x +9 dx
(x+1)Jx2+x+1 ‘
=J- (x+1)(2x+1) dx+2j x+1 dx

(x+1)\/x2+x+1

+6

(x+1)yx2+ x +1

(x+1)Jx +x+1

2x+1 dx dx
dx+2 6
J‘\}x 2t x+1 '[sz+x+1+ '[(x+1)w/x2+x+1

_fdu dx
'[J;+2J.J(x+llz)z +(3/4) +6]Jr*

[whereu = x* + x +1 and%=x+1]

=2vx?+x+142:1log|(x+1/2)+Vx? + x+1|

—dt
—-t+1

dt
-6
J\[(t—uz)2 +3/4

(H%]ﬂ/m
(t_g)hf,z—_m
(x+-21—)+\/;2+—x+—1‘—6log
1-—x+\/xz+x+1

2(x+1)

=2\/x2+x+1+210g

—6 log +C

=2vx?+x+1+2log

+C
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Type llI
. . n
Integration of Type [ (sin” x -cos” x) dx
(i) Where m, n belongs to natural number.

(ii) If one of them is odd, then substitute for term of even

power.

(iii) If both are odd, substitute either of them.
(iv) If both are even, use trigonometric identities only.

m+n-—2
(v) If m and n are rational numbers and ( — ) 158

negative integer, then substitute cot x = portan x =p
which so ever is found suitable.

I Example 87 Evaluate f sin® x-cos® x dx.
Sol, I=fsin’x-cossxdx
Let cosx=t¢ = —sinxdx=dt
I=—j(1—:‘)-r5dt
’ 15 ¢t
I=|t'dt-|tddi=——-— 4
[oar-[ea=2 -2
8 [
I=COS X_COS X
8
Aliter  I=[R'(1- R dR
if sin x = R, cos xdx =dR
I=jR’dR—jzR5dR+jR7dR

+C

Remark

This problem can also be handled by successive reduction or by
trigonometrical identities, Answers will be in different form but
identical with modified constant of integration,

| Example 88 Evaluate [sin=13 x.cos V3 g,

=22
Sol. Here, jsin"“”x-cos“”"‘xa‘x ie/—3 3 __,
2
-1/3
Cos x
I=|——F = 4 -3 2_\2
jsin—ln X -sin® x f(cot x) (cosec?x)?dy

I =f(cot' "3 x) (1+ cot? x) cosec? x dx
== [ (1412 ¢ == (7 4153 g4
[Put cot =1, = —~ cosec? x gy =dt]

323, 3,
Sl Tl St P L L
{2 pnl s

3 3
=- {E (cot?? x) +§(cotm x)} +C

dx

A .
valuateé stin X+ sec X
cos * d% _‘_1_.'-2cosxdx
T2

1+ sin 2x

/

cos

(cosx+sz)+( in x €oS X)

=1J'(in2+coszx+zsm (cos x—sin %) ,

27 (s 1 z 9%
sin X += )7 x

e 2 Jgn x oo

" 27 (sin x + O :

27( e +1 ﬂ’where,v=smx+cosx
27 v

“2)sinx+cosx 1

E
j example 89

dx ___________-+C

z(sin x + cos x)

1

T

1 2 - +C
= __l_log]cosec(x+z)—00t(x+4)| 2(sin x + cos x)

242

Type IV
Integrals of the Form| x™(a+ bx")"dx

Casel If Pe N.We expand using binomial and integrate,
Casell IfPel" (e, negative integer), write x = ¢¥ ,

where k is the LCM of m and n,
m+1, ,
Case Il If ~p 'Saninteger and P ¢ fraction, put

ny _ k .
(a+bx")=t* where k is denominator of the fraction P.

Caserv 1f| ™*1 i i
If ( o TP lisan Integer and P & fraction,

Weput(a+bx")=thn

fraction p » Where k is denominator of the

I Example 9¢ Evaluate

1/3 1
X /22
Sol. 7= J @+ x"2)2 gy

(2 + xm)" dx
Si X
.mce, Pis hatura) Number,

I= x1/3
4
J. ( +x+4x112)dx
_j(4x1/3+x4/3+4x5,6)d
4x4/3 % X
= — 4x11/5
4/3 Tt —_
Y 37/3 11/ +C
o X + -2_4. %16
11 +C
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|Examp|e 91 Evaluate ‘,')('2/3 (1+ x /3 )-1 dx.

sol, If we substitute x = t? (as we know P € negative integer)
. Let x= t*, where k is the LCM of m and n.
x:fa =)dx=3'2 dt

dt
dt:s[rz-u

- I=3tan '(x"?)+C

3t _
or ’=fpm,—z) =3tan~' (1) + C
| Example 92 Evaluate [ x~%/3 (14 x'/%)/2 gy,

1
t?, then o dx =2
X

szr.c‘:dr=6jl2dt=2f’+("

or I=2(1+x"*)? 4+ ¢

Sol. If we substitute 1 + V3 =

| Example 93 Evaluate [Vx (1+ x'*)" dx
Sol. Here, m= % and n = %

Put x=t"=dx=6tdt

= I=[ra+t) et dr

= 1=6If°(1+4tz+6t‘+4:°+:’)d;

=6I(x’ + 41 +6t' + 4™ + 1) dt

9 11 13 15 17
=6 f_+i+6L_+4_t_+.‘_ +C
9 11 13 15 17

I=elx?3p b owe, 6 wie & sz 1 awel o
11 13 15 1

| Example 94 Evaluate _[xs (14 x3)%/3 dx.

Sol. Here, _[xs (1+ x*)*? dx have m=5.n=3andp=§
m+1_6_ 2 [an integer]
n

e W

So, we substitute 1 + x> = and 3x% dx =2t dt

Ix5(1+x3)2”dx - J‘xa 1+ xa)z/sxzdx
:I([z
=2 (-

S -0t

1) (122 ;‘ dt

2
'HJdt = tlSIS_ t7/3) dt
2l

Indefinite Integral 43

Chap 01
=Z{ (1673 _ mra} +C
3
%( X3 (1+ Y 4c

| Example 95 Evaluate Ix'" (1+x*)"2 dx,

Sol. Here, (m_ﬂ+p)= St 1),
n 4 2

If we substitute (1 + x*) = ¢? x*,

then1+~17—:' and"—:dx=2rdt

x
_I =I dx
n(“_ x4 2 XX (1+1/x)?
"I dx ___l 2t dt
(1 +1/xh)? 47 x¥¢
__ Ve 2 lrea4 o2
= EJ(' 1% dt = 2j(z 2t% + 1) dt
5 3
=_1 t__Z‘_+r +C
215 3
1
Wheret = 1+—
x

| Example 96 Evaluate Iif—_lil__ dx
X +Yx

Sol. Let

_ 1
=l

Put x"? =t = x=t%and dx =12t" dt

1= J't+t

Againput(t+1)=y

8
12t e =12J't— dt
t+1

)* dy

. d::dy=1zj(y

8 7 6
=12 (y"—8y'+28y°~56y° +70y*— 56y°+28y°- 8y +1) y
y

[using binomi
=12 f(y — 8y°+ 28y°~ 56y*+ 70y°— 56y°+ 28y —8+1/y)d

Y8y 2wy sey’ 70yt
8

" s J 28 ;e
‘Ty+—~y——8y+log|yl

Where y=x"2 +1
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. ssion 6
Exercise for Sé
dax
(x + 2)
« Hvaluato the following integral® 2. I (x* + 3x +3) \/}’ﬂ
-1 g
dx 4' J.(x + 8) (X
3] x4 )T e (x )7
5 86C X .dxfr '
' I Jein(x + 24) + s 4 test integer and fractional part of x) is equal to
} denotes grea
6. The value of J' [(x)] dx; ( where[.]and { ) o)
(@)0 (d)-1
(c) 2
7. 1t [#(x)cos x dx = 112 (x) + C, then f(x) can be
' ? (0) 1
(‘:)) rex (d) sin x
sin x + cos X
8- The value of, J. g—m
1 5+ 4 (sin x - cos x) b) loq| 214 (sin x — cos x)
(a)ﬂ)'og 5- 4 (sin x - cos x) (b)log 5 -4 (sin x - cos x)
1 5+4 (sin x + cos x)
—1
© 359 52 (sinx + cos x) (d) None of these
9. The value of [ 595 7 —cos 8x
e f 1+ 2 cos 5x o Is
(a) sin2x+ cos 3x+C
2 (b) sinx - cos x 4 ¢
©) sin2x _ cos 3x ‘0
’ (d) None of these
10. The value of [85x teosdx
dx, is

1-2cos 3y
(@) sin x + sin 2¢ + ¢

(c)—S]nx—ii_nz_zx___l_c

(b) sin x _ Sin 2x
=4

(d) None of these
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' gession 7

Euler's Subs_titution, Reduction Formula
and Integration Using Diffrentiation

Euler's Substitution, Reduction and
Integration Using Diffrentiation

' Integration Using

Euler's Substitutions
Integrals of the formjf(r), V"‘" ! 4 bx +c dx are

calculated with the aid of one of the three Euler's
substitutions

(i) yax® +bx +c =t t x Va, ifa>0

(ii) Jax® +bx +¢ =tx + V¢, ife>0.

(iid) ax’ +bx+e=(x-o)t,if
ax® + bx +¢=a(x —a) (x —B), ie. If o is real root of
(ax? +bx +¢).

Remark

The Euler's substitutions often lead to rather cumbersome
calculations, therefore they should be applied only when it is
difficult to fing another method for calculating a given integral.

x dx

(y7x—10-x?)? ‘

Sol. In this case a < 0 and c < 0. Therefore, neither (I) nor (II)
Euler’s Substitution is applicable. But the quadratic
7x - 10— x? has real roots . =2, =5.

. We use the substitution (III)

ie.  \7x-10- x? =‘/(x_2)(5—x)=(x—2)t

| Example 97 Evaluate I=J'

Where 5-x)=(x-2)¢*
or s+2t7 = x(1+1¢%)
5+ 2t
X = 2
1+t
5+ 2t? 3t
(X—2)t=( 2—2]f= 2
1+t 1+t
dx=__—.9’7-2-dt
(1+1%)

ebooks.cybernog.com

x dx

5+ 2t° - 6t
Tl vl
'I 1+t (1+1t%)

(J;x-m-x‘)‘_ w )
1412

Hence, | =

::,b SjZi_d‘
27 t?
- 5 - -
= ZJ'[ )+2)dr=—2 ial+c
9 t 9 t
d - -5
f s =—2(—+2z]+c
(V7x-10-x%)* 9 \t
7 0-x?
where, t = x-1 X
x -2
dx

| Example 98 Evaluate -
'[ X+ x2 = x+1

Sol. Since, here ¢ = 1, we can apply the second Euler’s Substi-
tution.

\fxz—-x+1=n:—1

Therefore, (2t —1) x=(t? -1) x* = x=2:_1
-1
2(e2 =t +1)dt [2
dx=—_(—z‘+ and x+ xz—x+1=—t--—
dx -2t 2t -2

I= =
Jlat:+‘/:rc2—x+1 t(t—1)(t+1)°
Using partial fractions, we have
-2°+2t-2 A B c D
==+ + +
tt—-10)(+1* t t—1 (t+1) (t+1)°
or (-2 +2t-2)=A(t-1)(t+1)° + Bt (t +1)°
+C(t-1)(t+1)t+ Dt
wegetA=2 B=-1/2 C=-3/2 D=-3

_ofdt _1p¢dt 3. dt dt
Hence'l—zjr 2-[:—1 zj(r+1) 3-[(;”)’

=2[og,|rl—élog,lt—ll—glog,lt+1|+ +C

3
(¢+1)

[whm‘_\/xz—x+1+l}

X
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cot" ! x
n ="_"'__'1__In—z
cot”
Icot"xdx= — ~Icot" “? xdx

Reduction Formula for [sin™ x cos” x dx

. om-1 n+1
Let A=sin X COos X

=(m._1)sin”"2 xcos"*? x —(n+1)sin™ x cos” x
dx
=(m-1) sin™ =% x cos" x (1 - sin® X)
—=(n+1)sin™ xcos" x
"2 xcos" x =(m—-1+n+1)

sin™ x cos" x

=(m—l)sin

= :_XA_ =(m-1)sin"™ "2 xcos" x —(m+ n)sin™ x cos" x
Integrating with respect to x on both the sides, we get
,tl:(n:—l)-fsin""2 x cos" x dx —(m+n)
Isin"' x cos” x dx

= (m +n)jsin’" xcos" xdx=(m—-1)
Isin"'

. m n _(m_l) iom
= jsm X COS xdx—mjsm

2 xcos" xdx—P

2 xcos™ x dx

+1

sin™ ! x cos™*! x

m+n

m=1 x cosn-i-l

(m+n)

(m-1) sin

(m+n)

or mon = m-2,n "

Remarks

Similarly, we can show
m+1
1. [sin”xcos” x dx= si™! xcos"* ' x | jsm xcos" 2 x dx
m+n m+n

+Nn+2
+m
m+1

J'sin”” 2 y cos” x dx

sin™* ' xcos"* ' x

m+1

2, J'sin’" xcos” x dx =

" LM+ n+2
n+1
j'sinmxcos’”?

" xcos"*
n+1

M
3 J’sm’“ xcos” x dx = 30
X dx

m -1 n+1 _1
: X, m
4, Isrn’” Xcos” x dy = — sin” ™" x cos +

n+1 n+1

J’Slnm EXCOS'“'"’ dX

sin™*'xcos”'x  n-1
m+1 m+1
j’sin’””xcos

. ISiﬂ"’ xcos” x dx =

n=2 y dx

ebooks.cybernog.com
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Reduction Formula forj cos™ x sin nx dx

LetI, .= Icos"’ x sin nx dx
I I

cos™ xcosnx m -1 .
= . —]cos x sin x cos nx dx
n n
cos” xcosnx m m1
=—————— —— | cos x
n n

{sin nx cos x —sin(n—1) x} dx
[using sin (n — 1) x =sin nx cos x —cos nx sin x
= sin x cos nx =sin nx cos x —sin(n —1) x]

cos"xcosnx m .
=——————— — — | cos™ xsinnx dx
n n
m _ . .
+—Icos"‘ ! xsin(n—1) x dx
m
cos” xcosnx m m
Im.n'_"_' - Im.n+_Im—1.n-1
n n n
m+n cos™ xcosnx m
Imn == _I m-1,n-1
n n
I cos"’xcosnx+ m_
or mon=— m-1,n-1
m+n m+n
Remark
Similarly, we can show
os™ x sin nx m
1. J’cos’" xcos nx dx =S S +
m+n m+n
jcos"’”' xcos(n—1) x dx
nsin™ x cos nx _ msin™ " x cos x cos nx

2. _[s‘m’” xsinnx dx =

mE - 2 me — e

-n
m(m - 2 .
+%1ljsin’” 2 x sin nx dx
m--=n
nsin™ x sinnx _ msin” ™' x cos x cos nx

3. Jsin’" X COS Nx dx =

m? - n? m2 - n?
LAl (zm L) Jsin™= 2 x cos nx dx
m
dx
| Example 99 Evaluate 1, = j—ﬁ
(x“+a*)"
dx
Sol. Here, I, = = .
" 'r(xz +a*) I(xz +a®)
Applying Integration by parts, we get
(2x)
(x +a)". ‘[(x 2yat)yt! (=) (x)dx
2
=— 42 |—-—F—
(x2+a2)rl n.l-(x2+a2)ﬂ*l
. x J- x*+a®-a*
(x2+a2)n (x2+az)ﬂ+l
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or L=

Remark

-\bo»e obtained formula reduces the calculations of the integral
.+ to the calculations of the integral /. and consequently, allows

us to calculate comoletely an integral with natural index, as

| e -
I3 :I A.m,_‘ = - tan [ ! ]+ C
o+ a a a )

= From above formula

Let n=1
/.=J’~—:—d]—,-=‘_’,\'- : *L
(+a) 22" xr+a 2a
=4—’_.~—\l—7+—1- 1 tan .)+C
28 x*+a 22 2 a
2_'_»_,_1_+—“-tan“’[i]+(5
2 v +a 22 a
let n=2
"S =f ox =L -—I— 3 /,
W+ a4 (e P2 2P 2
_ ‘ X 3 3 1[x
TSt — +—tan' [ Z
4a (x*+a)° 83 «x +52 82 (a)+C
...and so on,
| Example 100 Derive reduction formula for
| sin” X
(nrn)—f ax.
COS X
Sol. Usi i
sing Integration by parts for [, m)» We get
I(,._.):J-sin'_lx—ﬂ._nidx
cos™ x
I I
=si1'1"'1x.(c°s“")_”H’I
_ )i —2
(m-1) I(" 1)sin”
—m+1
x-cosx-(cos x) dx
1 gpn-1 (m-1)
=————-—SE___1_(’1"'1) sin" =2 5
m-1 cos™ 1 (m- j dx
1) cos™ "2,
Sl-nn_]x

x (m-y) To-2mey

Integration Using
Differentiation d

dx J' dx ’_[ . )
".(a+bcosx)2’ (a+bsinx)2 (sin x +a sec x)

I _atbsinx dx, ... we follow the following method.

(b +asin x)?

. x _
Let A= S-¥ orA:——(-:—qs——accordmg to the
L et A= bcos x a+bsin x

integral to evaluated is of the form
dx

or | ——————
'[(a-f-bsinx)2

1
a+bcos x

J~ dx
(a+bcos x)?

2. Find £4 and express it in terms of or
X

1
a+bsin x

3. Integrate both the sides of the expression obtained in
step 2 to obtain the value of the required integral.

as the case may be.

| Example 101 Evaluate_[(5 ; v
+4 cos x

sin x

Sol. Here, A = , then
5+ 4 cos x
dA=(5+4cosx)(cosx)—sinx(—4sinx)
dx (5+ 4 cos x)?
5
o dA_ Scosx+4 Z(tlcosx+5)-i-4=—§
= — =
dx  (5+ 4 cos x)? (5 + 4 cos x)?
= #A5__ 1 1
—_—
d 4 (S+4cosx) 4 (5+ 4 cos x)?
Integrating both the sides w.rt. ‘x’, we get
A<3[__dx o dx
— \__
4"5+4cosx 4 (5+4cosx)2
= 2 d =§J' dx
4 (+4cosx)2 4754+ 4cos x
5
=-4— \________ sin x
5+4£M (5+ 4 cos x)
(1+tan? x /)
dx
= _ 9 (1l+tan? x/2 i
(5+4cosx)z 979+ tan? dy~ o S
x/2 9 5+ 4cosx

=>j‘-—£_"‘_~__5 2dt 4

== - sin x
(5+4cosx)2 PR el

9 5+ 4 cos x
(Where tan x/2=1)
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dx _ 1o 1m-1(5)_1_ sin x f cos’ x dx
2 | sx)? 9 3 5+ 4 cos x =
j(5+4cosx) 370 % Shd cos x a2+asin2x+%sin22x
dx 10 tan_,(t.-m xfz) 4( sinx
=— -— +C
ﬂfm 7 3 9 \5+4 cos x =J- 4 cos® x dx zzJ‘(l+cos2x)dx
dx (4a’ + 4asin2x +sin’2x) (2a + sin 2x)*
te | — dx cos 2x dx
ample 102 Evaluate | - _, '
| ExXamp (16+9sin x) J(za + sin 2x)? I(Za+sin 2x)?
cos x , d
sol. Let A= m (1) = =2l + I r: [where (2a + sin 2x)=t, (2 cos 2x) dx =dt]
dA _ (16 +9sin x)(-sin x) - cos x (9 cos x) T S
= & (16 + 9 sin x)? ' (2a + sin 2x)
. dA _ - 16sin x — 9 where I :I | dx : ()
dx (16 + 9 sin x)’ (2a + sin 2x)
y s 2
-—(Osinx+l(\)4f!5£uu Put A= _S08CX
o A _ 9 9 2a + sin 2x
d (16 + 9 sin x)° - dA _ (2a + sin 2x) (- 2 sin 2x) — cos 2x (2cos2x)
. 2
R ﬁ _ 16 1 e __171__5 (i) dx (2a + sin 2x)
dx 9 (16 + 9 sin x) 0(lo+0<mx) - dA _ - 4asin 2x -2
Integrating both the sides of Eq. (i) w.r.t. 'x’, we get dx  (2a + sin 2x)’
A--—E o dx LA L} = jdi_-4a(sin2x+2a)—2+8t12
16+9%sinx 9 Y (16 +9sin x) dx (2a + sin 2x)?
2
175 dx - A+E (1+ttﬂ I/Z)dx - iA_=_ 4a N (Baz_z)
(16 +9sin x) 9 7 16+16 tan” x/2+18 tan x/2 dx  (2a+sin2x)  (2a+ sin 2x)°
1_75 A e 2dt Integrating both the sides w.r.t. ‘X, we get
(16 + 9 sin x)* 9 Y 16t% + 18t +16 \
= A=—4a_[—_+(sa -2 1,
[where tan x /2 =1t] (2a + sin 2x)
175 dx 2 dt 2
= A*'.;.[_'g_‘_ =(8a°-2) = A+4a| e xdx
(16 + 9 sin x) 12+§¢+1 2a +2tan x + 2a tan® x
2 A4 @
=A+—J- -A+2aJ2 t
9 (t 9) +[ ) 2+ =41
+ — a
=A+2
2 _1f16t+9 .[ 1 2 ;
PRI (2 (2] ()
9 17 2a 4a
= J';""__i.__cﬂ__ A (2a) _o[ (2at +1)
(16 +9sin x)* 175 (16 +9sin x) = +z—\[4_ﬁ tan —Jﬁ
a“ - a -
2 16tanx/2+9)+c )
————tan
MTTSEE 175 =(8a® —2) I, = —22X 4a
2a + sin 2x J4a2 -1
dx
lExampIe 103 Evaluate I - 3 tan-'|Gatan x+ D |
(sin x + asec x) a1 |
when|a|>1/2. From Eqs. (i) and (ii)
cos? x dx I= 1 ___cos2x + 4a
Sol. Here, | = dx or I=| - (4a® —1) (2a+sin2x)  (4a’ — 1)
(sin x + a sec x)* (sin x cos x +4d)
1
_J cos? x dx tan [2atanx+1] (2a+s‘m2x)+c
a® + 2asin x cos x + sin’ x cos’ x \/4“ -1
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= [cot" ?x: x -1)dx
_ col"xdx‘j"m x (cosec’x
SDI-’"_-I n-
! = l th=234,..,10]
=Ty or ln+1"_2—_'—‘— [PU n=434..
I"s_n—l n-1
u
I:+Io='—I
2
u
+ ===
Iy + 1y >
3
u
14"'!1:'_‘5‘
9
u
110+19=—T

Adding Lo+ h +2(Io+ Iy + .t L) + Lo + Lo

2 9
u u
=—|lu+ + + —

Hence, (b) is the correct answer.
e Ex. 6 Let f(x) = x + sin x. Suppose g denotes the inverse

function of f. The value of g ( + %) has the value equal

fo
@21 (b)ff—‘
©2-+2 (A V2 +1
Sol. f(x)=y=x+sinx
= d—y=l+COSX
dx
1
g,(y)-_-1+cosx
where ="+L—x+smx = x=2
V2 4
( )=1+(1/~/_)

=2(2-1)=2-42

J5+1

Hence, (c) is the correct answer.

Y EX. 7 The value of I

J(x— a) (b-

(a)zsin“J:‘: +C  (b)2sin™ Z'b +C
- -a

(C) sin™ ’i——_a +C

So,
Let x =4 cos? 9 + b sin? 6 in the given integral.

So that, dx = 4 (2 cos 8) (- sin 8) + b (2 sin 6) (cos 8) @8
dx=2(b - a)sin © cos O dO
= 2(b —a)sin @ cos 6 db

J(a cos* @ + b sin? 6 — a) (b — a cos’ 8 — b sin” 6)

(d) None of these

Chap 01 Indefinite Integral 51

—")J sin O cos 6 dO
J(b sin? 8 — a sin® 8) (b cos® 8 — a cos” 8)
sin © cos 6 40
=2(b-
( a)j(b—a)sine cos O

=2(b

=2j1de

LAY,

=20+ C=2sin""!

Hence, (a) is the correct answer.
(x=1)

(x+1)\/x3+x2+x
' 2
(a) 2tan” Jx+ +C (b) tan™" Lx+1+C
x X
2
(c) Ztan""w +C (d) None of these
x

Sol. Let I=| (x 1) dx
(x+l)Jx3+xz+x

z—.
=J- (x“=1) dx
(x +1)? \/x3+xz+x
200 _ 2
=I x“(1-1/x°) dx
(x2+21+1)J;3+x2+x

dx, is

® Ex. 8 The value ofJ.

_[ X(1-1/x%
x(x+2+1/x)-xfx+1+1/x

Put x+—=t,
=>(1—1/x2)dx=dt

_J dt
e+ et

which reduces to J‘% .
Let t+1=2z*
2z dz

(z% + I)Jz_z

’ =2tan" ' (z)+ C

dt =2zdz =J.

d
27

=2tan”' (Jt+ 1)+ C=2tan™!

Hence, (c) is the correct answer.

2
’x +x+1 +C
x
(1+x?) dx

- X )1/1+x +x*
|w/x +x%+1-3x

® Ex. 9 The value of j

+C
. |w/x + x +1+~/_x|
1 '\/x + x +1+\/5X|
b | &
O B e r1-an|
(©) 1 log Vx*—x +1—~/_xl
2\/5 '\[x + x +1+J_xl

(d) None of the above
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\\#l)h
Sol. Let "'Jl, RNEE

1‘[‘ - —]]]‘ix
| A
T‘"!‘" =

(141 Iﬁ")d’._l"’___

. - | -

(1-1x)y(x-1 1)+ 3

d
| l]d e dl = - huadi—
Pull*""[l“‘ ¥ jf\':“

Again put 1 + 3= 5

> 20dl =2y ds = J

1 d
. tog | 2 — |+cC

b — +1+43
\ X"

1 \r +x'+1-43x

- log

N3

+C

\x +x +[+q3x

Hencr (a) is the correct answer.

* Ex. 10 The value of | = dx is

(a+bx?)/b-ax?

1 1, .2
(‘) : . tan" xva“ +b +C
vala' +b%) avbh - ax?

b) tan™’ xva® +b? C
T3 D e B
\(4 +b7) avh —ax?

() el 4ap' | XY@ 487 .
vaa® +b?) a

(d) None of the above
Sol. Submhn]ng axz =b n-nl 9

—

'b
= d-‘=v'— cos 0 49
a

P J. choseﬂ

(H:,.,, eJm

ebooks.cybernog.com

cqsﬁe aﬂ -

(;2 :l;‘! sin’ @) - cos @
dﬂ

- J—j ‘t b sin 9

ding numerator and denom
sec’ 0 d9

—“!agccc BH‘?’Inn 9

= v'ﬂ

inator by cos” 8, we get
divi
,puttan 6 =t

dt

di Y L —
“dja"(lswj)-# bt J‘("I*’”l)' +a’

dt

va J
?
?
[ , d

3 2 2
L W): b” tan' [L\[a)j_] +C
a’ + b a a

1 [n/a b
S

— [+C ' t=tanB= X
yata’ »7h) avb - ax’ Jb—ax'

Hence (a) is the correct answer.
dx

2x JT=x (2= x) + -
- —%{Iog(z+~2ﬁ+\/zz+3z+3)}+% log s —--21-+\/s 25+

k
ands —z = ™ then value of k, is

* Ex. 11 The value ofl=j

+C

(a)1 (b) 2 (c) 3 (d) 4
Sol. Here,l:j dx _
2xi-xJe-x)+ T-x
Put(l-x)=1*—dx =2t gt
=_J 2t dt

e
20-) t 144t
“I(l—r’)m

=J-(f—])(t+1) rz =1I(__l___ 1 dt
+t+1 27\t~ :TT==Z
. —-‘I___l 1 i t“+t+1
t-1@+1) 2 ,_1‘7—“)

et 2

-1 JtP+t+1

(t+u;;t‘+:-u

Let I =1 1 R _l_
2t )
where, I, =J‘ _ dt

t-nyrteay

and 1,
==I(H'l)\/l Y141

Forlput t-1)="1 o gr=-1 4
b4 zz
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-1/z" dz e
J‘ ‘._:‘.T.__.a—j - * Ex. 13,”' dx X +
(10» ) [1+ )-r] J(,+‘) ,(v’\] (x’ 4a’)’ tla‘[x'uzz) na’
z F 4 z 2 2
X | i x .
S Sy ot tan +C. Then|m - nl is equal to
= —log z+2‘ fz +3z 43 (i1) 20°(x"+a”) 2a a
[ D)= 1 (a) 4 (h) 2 (c)2 (d) 1
' pu T
For ta P $ Sol. Let 1~ J"" o D)
1 (x" +a")
= df:—*:ds \
s . "
. J ds and 1, J“_, ' al)! dx -(11)
P A
1 3 | 1 -2(2x)
_ Vdx = — 0 x = | == d
J(s 2 ) + p J‘“J \ ".-).' X (xl 4 ﬂa)l = j(")* al)l x ax
1 1l
=-log (s—;]ivl_\’-sai’ (1) X *4.‘: in"—adx
(x"+a")’ (x* + a%)’
1 3 T2 o
I=- {log(:+‘+~:+\:¢\]l - \ N - 1 dx — 4a? _ dx
2 ‘ ‘ (x" +a") J(x' ta') xo j(x’+a')‘
l f
[.2 .
3 log (»‘ 2) tys -84l ,' ( » l=— X ;4 4l ~4a” 1 [using Eqgs. (i) and ()]
| \ (x" +a")
where, z = == and s = ~ 2 X
J1=-xv -1 Y-y +1 Al =+ 3],
{ : A (x* +a’)
rE e TR Ak o AN I i
—1 - X - X N Y]
N 4a* (x* + a")'  4d’ !

Hence (b) is the correct answer.
(using previous example,

o Ex. 12 | D x 1)
fI ?ta )2 J.(Jr2 +a*)? 24’ (x* +a?) * 2a’ a "
=_L{ X & L tan ' —} + C. Then the value of k, is aye_—x* W3 x 1 tan"(f) +C
ka® |x? +a® a a 4a*(x*+ a?)’  4a® |2a’(x’+d’) 2a° a
@1 (b) 2 ()3 (d)4 i
Sol. Here, we know m=3andn =4
| dx _1 1 Xse () Im=-n|=|3-4|=|-1]=1
*+a° a a ) Hence, (d) is the correct answer.
1 1 -2x
Also, 1dx= x - | ——— xdx
° J‘x’wx’ x* +a J'(=f2+ﬂz)2 ® Ex. 14 Ify(x-y)® =x, then
x*+a*-a dx m 2 )
s +2 =— - —1).Then (m + 2n) is equal to
J(x oy & J ooy = M=) =) Then(m+ 2 s eq
I
dx x : J- dx o J- dx (i) (a)1 (b) 3 (c)5 (d)7
= + - —a
jx2+az x* +a’ x’ +a® (-"'2"'“2)1 Sol. Let P‘—‘-I =1|n[(1—}')2’|]
(x-3y) 2
From Egs. (i) and (ii), we get dy
) X . 1 (X 3 dx dp { (x-y) {1—;;}
—ta.n-l—S 2 2+2—tan-_ —=2a j 2 ) —_— =
a a x“+a a a (x"+a dx x-=3y {(x-y) -1}
= a? J' dx X % LG rrtmiiem 'Given,y (x=y)* =xon differentiating both the sides, we ge
(*+a’) x'+a’ a a gy (=)
dx 1 x 1, 1 X dy _1-2y\x=y] A
or = — + — tan - + C - -
J.(xz +a’)! 2a® | x*+a’ a } dx  (x-y)(x=%)
1 x L toaxle ) ,_LM}
_ka’{x2+az+amn a} Egz(x )’)t (x = y)(x —3y) |
k=2 dx “x_y)l_l}

H—tncc (b) is the correct answer.
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Iy 2viy —y) (x y) |

(v )
- ) ((x =)

(e ' (x
odr 1
x -(\ 1y)
which la true an glven

J N gl
(n oy 2

men=2
> man =h
Mence, (¢) v the correct answer

- Ex. 15 1 [+ 1) dx

|A0\/|0\l"" (n+s/l+:

7 a(n +1 Mn-1)

Then(a + b) is equal to
(a) 2 (b1
Sol. Let | -j(\ 4 \fll ) da

(c)a () 5

[
Put NERTAN Voo

|
» 1+ —
2 \fl Y

M
o A dx = di
\"If N

X 1+ x°
s x byl 4 X" X —

x =41+ x

2y ] dy = di

We know, 1 = x + /1 + ' -

-1
f' — =#t—r+‘[l4x
1+

| i
N "X-V[I+x)
r

Subtracting, we get

T2 1 1 2{
2Jl+t =14 - or

t ;}l+x' f+l

From Egs. (i), (ii) and (iil) we get
l
o=l
2’

If
l[l"'" r!
= - + —
2l n+1 n-1
I [x+ 1 + X))
1)(“'““*‘ '

Then comparing the values ufa and bby Bq. (ivja=2b =2
(a+b)=(R2+2)=4
Hence, (c) is the correct answer,

I(t"+r" ) dr

+C

I

(i)

)}u | "v

(i)

~.(id)

...(lid)

{lv)

re f(x)isa polynomial of
= f(1) =3f(2)=-3 and

|+|og|x +x+1

(X) h
s Ex. 16 lf,[ L dx, whe

degree 2in X such that £(0)
I Sx) 4y = —log| x T

-1 .
,:n 1 ’2_){_‘",1 +C. Then(2m+n) is
+—— tan ﬁ

n( )3 (b) 5 ()7 (d)9
a) -
Sol. Let f(x) = ax’ +bx +¢

Given, f(0) = f(l)“'!f(d)"—-’}

fo)y=c=-3
(1) = atbrc=-3
l](z)—’i(da+zb +c)=
— _—__.3
On solving, we getd =1,b=-1¢

fx)=x"—x=3

-‘v z
,,J Jx) 4 -J',__";z"__:i_ ,
- R (x -1)(x"+x+1)
Using partial fractions, W€ get
(-x-3 _ A _, Bx+C_
xo D+ x+l) (-1 (K Hx+d)
weget, A=-1, B=2 C=2
2x + 2
ar=f-= ,1“]_23_)_
x-1 (x*+x+1)
(2x + 1) dx 1dx
=—log|x—-1|+
gl | Jx+x+l J.x2+x+1
dx

=-1og|x—1|+1og|x’+x+1|+j

. On comparingm=2,n=3 = 2m+n=7.
Hence, (c) is the correct answer.

¢ Ex. 17 The value of I (1+x) dx, is equal to
x (1+ xe*)?
(a)log| —X 1
1+ xe* (1+xe')+
(b) log xe” +
_ l+xe 1+ xe* e
(d)log -1'_. -__.__
T+e" | 14 xe* i
(d) None of the above
Sol.Let]=[_(+x) 14
Il‘(l-&-xe o dx = J' ( x) e*

(xe*) (1 + xe*
pul 14 1’8 =t

. (l+x)°“i’f=dl=J'

w 1
eget — A B ¢
“NEo T
t-ne " 3%t a

ebooks.cybernog.com
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2 2x + 1
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N Ve AU Mg (1)

Isln '(‘)1111 : ’ «
For el » A= s u 1 J ] Y + \.l o v (
Pau (] > ( | and H I
| 1) 1 lun’[l]‘llh\rf la’ ! |k
’J’ ““ log (1| bog | 1] + . 2 v ? f Vv L 2 ga+(
[ 1 [ !
| ! [N ! m P
clog | xe™ | log |1+ we' |4 ‘o , wn ¢ o logliee Ja' o xt e
| ¢ wo" ! a l 1
ve! ’ I i“’h"l"(l - ( ln“a
lllﬂ' , 1 L 'l l
L4 we' | 1+ we' Hence (a) 1s the correct answer
Hence, “)) 1n the correct answey
i X 1
da * Ex. 19 The value nf[ dx, 15 equal to
e Ex. 18 The value of [ is equal to (x"+1) Jx‘
Toa i va' " ) Fl
[ N x°+ 1
I v (a) ne [ . ‘O (h) J? sec - + C
(n) s t '”' VA . * 1 vd Vix V2x

-

A
(€) wm

bl SRl e . ol s e _ad oz o

1 Eh . 1
( l l : ] "‘I N ya Vol (c) CO8eC { ' / 't P C (d) V2 cosec X f" +C
2 J2 Jax J2x

log v+ \a o Sol. Let | j (' I,'{ - dl’-I IJ(l-ll'I‘)dI

| |
x’(x+ JJ;«-—;
x x

s

(x +1) J;‘ vl

f | YA =
: (d)  con l | ¢ ‘Inp, x4 oya L
4 o/ I (1 -1/x")dx
: ¢ da 2
- Sol. L:!.'JJ“ ‘-_—7—‘:-.}‘\11 X« asin (x+1—) ’(r+t-) ,
L A x x
! acos® B 1
| dy = acos@ = o Putx+ — =t (—%]dx dt
Jannﬂ-r\'a‘-a"nn‘O t x = o
! ' cos®d® Icgs_ﬂf_sln_9+cosﬂ—sm0ﬂ dt 1 Lt
| ‘mn@ e+ cos® 2 sin 0 + cos @ _I‘ ;ra_z_ﬁm 7’5)*'(:
: 1 1 rcos® -sin6
‘. '-Ejla*é ::;6+c056d9 =_1__ge¢“ ﬂ +C
| V2 J2x

|}
.- log (stn 6 + cos8) + C Hence, (a) is the correct answer.

JEE Type Solved Examples :
More than One Correct Option Type Questions

:
l
:

2 32 2 4 4
. J4+x A(4+x) (Bx* — ) Put t=fi+ 5 =2=1+—
Ex. 20 j = = +C, : 2 v
then Fo 2'df=-;—’-d’t
1 4 5
A:--— 51 ¢
(a) 20 (b) B = J=—I(: :)dx-ﬁ{%—;}“‘
1
A= - — =-1 FIR Y
(c) = )8 L W) oaec

a n 120 x
32 1+ — 1+— 1

ot (7 IEPLE
Here, | I 7 dx’l o dx J' T dx 120

Hence, (a) and (b) are the correct answers,
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SN +4x
o dx
uﬂ-”’\‘._‘-ﬂ.
‘i
\ «1+C b) - +C
@n e x ! ¢ \ e x+
‘i
R | - (d) ; +C
* x T+ x+1

— -
Sy - 4

Sdﬁﬂ‘\' ‘:‘\_‘-‘—; ‘*ll.‘

JEE Type Solved Examples :
Matching Type Questions

e Ex. 26 I"xe (0 1) then match the entries of Column |
wizh Column [l considering " as an arbitrary constant of

";Z;;".!"K‘f'
- 7,75;)[0:;1;! . - - Column 1l
o [(Aevx-i1 4
A (ma|laa” AR A PPN P —x"'+C
: Yalevx +1 3
R _
N ievx - Va 4 4
IB‘J ‘:m :m_ ‘#-_—_'__ (II (q) - X +C
- \\]* Y o+ ix 5
1 [1-vVx
|-tam :ﬂn - = 5
2 x
oOf Y dx (r) " ac

‘ l ,l(l_\l;] 3
l+t@n|—-sm =
\ 2 |+ +x

o fsih[lm"( \'\Itj,w-l -1+ ;‘fx_- | }]dx ®) %x’“ . C

—————
“l+1u+1+\/y|+ vx=1

sﬂ’. Let \r; =hﬂ28

x=tan‘'® = tan® = x"*

dx = 4 1an’ 6 sec’® B  Ealbl
- s ~Be(0,n/4)
- y1+ Vx =secB
f_—_f':
1++4x -1
(A)I=|@an|2tan™ NPT e
'[ [ J,}]+J§+l
J1+VYx -1 sec 0 —1
= tan|2tan™" | =tan(2tan" ]
l VJ""";*‘] secB +1

)

r=jme-4m’em‘oa

|

Chap 01 Indefinite integral 31

Divide numerator and denominator by %, we get
5x ¢ + ax

1 =I 4 —5\2 dx

Q+x" +x7)

Putl+ x* + x* =t =(~4x " -5x°)dx =dt

dt 1
I[=-]5=-+C= -: s+ C
t t 14 x7 +x
s
x
= — +C
x +x+1

Hence, (d) is the correct answer.

A e+ =T+ C
5 5

J1+dx -¥x ix
Ji+Vx +¥x

—_— 4 —
-, cot Zta.n-' _————M - cot 2 m-l Ee_ce—_t_an.—e-
,f1+J;+§/; sec O + tan®

=cot (2 tan”' /(sec ©® — tan 8)%)

= cot (2 tan™' l_me)

B) 1 =jcot [z tan™'

cos @

If0 € (0, /4), thensec 6 — tan6 >0

= cot (2 tan”’ tan (E - 9)) = cot (E - B] = tan®
4 2 2

.'=jtan0v4tan’esec28d9

=§tm’9+(‘=§(r"‘)+c

I 1-Vx)_ 1. 1 - tan’0
(© Zun [HJ;)_zsm (Htm‘e]
= gin! (cos 20) = ! in"' sin (E —29)= d
2 2 2 4
1 - tan 1sin" I—J;)
| 2 1+ Jx i
| 1+ tan ls&in_1 l—J;]
2 1+Vx

7
1-tan|—-8©

=[ 4 4 tan’® sec’ 0 dO
1+mi-§—0)

=Im(1:--(1:--e)]um’em‘eda

=j4m‘em’ede

-0
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_ 1 "'"‘." e ‘I'Ml

5 (]

(D) Let \/a “tan’h 5 « = 1an' 0

Jof

x el 1)

_ 'y 1 ‘
de = 4 0an’ O sec” Oty 0o, m/4)

. JI | fl = nee ()

R
el [

JEE Type Solved Examples :
Single Integer Answer Type Questions

® Ex. 27 If the primitive of the function

XIWI 1
fx) = —— os WL x 15 equal to -
(r+ "

n
then — s equal to
m

x?’)‘l’l
f(!) = J“ , ,’)"’"" dx
Put 14 x’=t = 2xdxwdt

I(‘ ”1001 dt 'I(l - lJnm 1 u
mm. 2 ( (

Sol.

Put l—;-y = lecdy
1005
Iz— L. 1y v C
Jy Y 2 1005
| 1008 2 1008
= -(' -l'J +Cnr—, ‘ 71' +C
2010 t 2010 (14 »*,
= m = 1005, n =2010 = " - 2010 _
m 1005
fi(x)  flx)

® Ex. 28 Suppose

£ £ =0 where f(x) is

continuous differentiable function with
fies f(0) =Vand f*(0) = 2, then f(x) =

equalto.............,

f (X) %0 and satjs-
™ok, then \ + k js

Sol. f/(x) f/(x)= f(x) f'(x)=0 or

J(x)
dx fm)°

) - f(x) 7 (x)
e

. tan’f - tap |2 tan [f@+l+f

[ sec @ ~ |
0
cos — —sn -
| i
o lan’® tan | 2 1an

Lns‘ + 5in
wn(%-5)
2

tan’8- hn( OJ tan’ B cot O = tan @
2z

CD(\
N @

2

= 1an’0 lan | 2lan

1
i
|
Jsec 6 41 —Jme-lJJ J
i
|
?
|

. 4 tan 6 h.
[ = frand atan’ B sec’d o= “EE S C =2y
(A) - (q); (B) = (g): (C) —» (q); (D) = (q) l
Integrating, f{((? < _mi
f(0) 1 ‘

Put =0 —— = C==
' o 2 J
(x) 1 1
Hence, }{-(:) = 5 M
From Lq, (i), 2f(x) = f(x) .. I’E) =2 ;
f(x) .
Again, Integrating, In [f(,)] 2x + k i
Put x = 01p gel, k =0 ;
I(I) - cll‘ 1

= A+k=2+0=2

* Ex 29 I{Siﬂ(wlx) sin® x} dx = sin(100x) (sin x)l.
M

then = s ¢ ual t
p - quatto

$0l. (1) 1 = [ (s1n (100 x 4. ). (.u.x)";a
= {ain 100

x) cosx 4 cos 100 xsin x} (sin x)” dx

= Illll (100x) cos x - (sip x)"” dx + I
I I
= 50 (100x) (31 y)'
_\\\
100

cos(100x)-(sin x)" 4

- _100 108
100 J €95 (100x) (ain x)1™ 4y 4 [ cos (100x) (sin x)
=0 (1002) (i 5y
\“10?‘-—- +C
SA 21002199 o A 100
K100
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Subjective Type Questions

»

o Ex. 30 I, denctes | 2" ¢'* dr thens show thae

3

¥ <
(,,.\l)fl,:fo’t’ Mz« . +n'2" Y

LU . -
Sol I, = | <" ¢ " d= applying ntegration by Parts takmg ¢ ¢ g

first function and 27 as second function W e get

it f 1 :
I, = —— -] - ) : .
(m+1 - L ) n,{“
e!t_zl'l 1 .
= — > — — . be
(n+1) m+ ) o
I-Sii_:.‘-“q. I‘
om+ ) (m+ 1)
’rl \1(' N 1 [f t :1 L ]
B ——— - — ' ]
n+1) R+ n w
I
L L L T
e (z) ¢ z)
=_t —— - ‘\—- N -‘ !
(n+ M+VDn (n+1)n
I CUNARE AT € MR Sl ¢S o \
_— —_— b v N [
m+1 (r+n (m+Da (2= (e Daga-n " \

Vi oyl 1s

e 7:) .A:‘n La 1
= @ e ot @
n+1 (n+1n (r+1)n.. 32

1

+ "
R+ nn-1)._.32

Multiplying both the sides by (n + 1) We get.

R+ V'L, =" 2" ntset S m-1) e

+...+ (2)!»-:"‘:"-1")41“

= La+D)'=L+e"z7+212'+ . +nlz""hH

Iy

Hence Proved.

®*Ex. 31 i1, =_" x" Ja? —x? dx, prove that

xn—l(az_XZ)JIZ (n_I) a}
(n+2) (n+2)

SOJ.I,,=J‘A’ a’—xzdx=jx'-l'{1\“r“x‘]‘x
1 1|

Applying integration by parts, we get
=x.~;,{_(¢=’_—x_’_)_’_’i}+j(n_n,ra.{-(f_‘_‘_"..‘: }dx
3

I, =-

n

n-2*

3

= X' (a? - V2 N (n—l)I @ - xh q"a"’-—x"dx
3 3
=1 =_""—1(“’“"'z)3‘2+(n—l)a' __t-ng
n 3 3 » __: —
1"4.(""1) [“=_x’"(a’—x')"+(n-l)a I_s

3
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t‘,'\",‘ Vet oy = '
] L]
L) \ .
v ‘Hl iy ) I\."
¢ ) TERL

Nence Prave

* Ex. 32 i/,

: ' WG O™ i then thow that
e TSN Ecos )P N
Sol 0 o

\
S con ) 4 2w

’ [ T T I

S EC LRI R

.

(R con )

APpiving integration by Pty
BN s )T ey ¢ iy J.\m D Ena cox

WO s 8 (s v con v
. - [
W con )™ ey cas ) 4 (m ) Jlst s vos "

(v cos v’

As we Know (sin v+ cos V) ¢ (sin oy - eox 1) - |

Sl (e ¢ cos V)T (- cos ) ¢ m-1)
b} »
I(nn Veeas VT TR (umoy e cas )

TR cas VT oy - cos V) & (m 1)

~

J.:\su\\ toos V) Ty (- l)j(.‘h\\ + oo )"

cos )+ 2om 1)
I- O ] 1

or(m = D+ [ = (sinx + cos )™ mn v - cosa)+ Im - Ol
or m I, =(sinv+cos V)™ sy - cos ) 2m o DI,
Hence Prov

® Ex. 33 i1, . =jcos" X - cos nx dx, show that
(m+n) i, ,=cos™ x-sinax+ml, ,,
Sol. We have,

| =j m»sl".\wmsnxdw
1l

[o=(sinx+ cos 0" ' (an v

= (cos™ -\‘)[‘“E-FTJ-J meos™ ' x(-sinx)- L
n
=l cos™ x snnx e "VJ' cos™ ' v fsin xosin Ay dx
n " n
As we have, cos (n — 1) X = 008 AX 08 X + sin AYsin ¥

) m A . .
=1 cos™ vosin v+ Icos" "xlcos(n-1)n

R |
m~a n
~cos v cos

m - L
s—l-cns":c"sinxw-vjcm' S oos(n—l).ub-';

N n
Icos" NOCOS M A
1 . m "
--cos".\‘-slhm«'*"‘ [,,. a5 'nl
n R n
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It ® lon = ! [cos™ x sinnx + mIp-1n-1]
’ n n

mﬁ—-"] I = ! [cos™ x - sin nx + min_1n-1]
n ’ n

(m+n) Inn —cos™ x-sinnx+mIn_1a-1

i)
tan| ——x
[

® Ex. 34 Evaluate J‘ —_——— dx.
cos? x tan® x +tan® x +tan x
(5 )
Sol. I = B -
Icos‘x\/lan’ x + tan” x + lan x
o _(l—hm r)(h - -
(1 + tan v)? cos’ x \)tnn x +tan’ x + h\u X
—[1 - !‘— ]src).\d\‘
tan” v
I:J‘-r——— T
(tmn-rzi — .lun\+l+f
tan v tan x
————
let y= [tanx+ 1+ L
tan x
= Zyd)’=[scc‘11— -seczx)dx
tan® x
-2y dy dy -
1=[ -2 --2[ —5=-2tan" 'y +C
J(yz+l)y J‘+y2 an y
—_—
=-2tan”' [tan x + 1 + L +C
\ tan x
2
x“+n(n-
@ Ex, 35 Evaluate f (n=1) dx.
(x sin x +ncos x)?
2
Sol. Here, I=I X +nn-1) dx
(xsin x + n cos x)*
Multiplying and dividing by x* ~% we get
I=J‘ {J(2+n(n—1)}.1:z"'2
(x" sin x + n x* ! cos x)*
Weknow x" sin x4+ nx" ' cosx =t
= {(nx""'sinx)+(x" cosx)+n(n—1)x" "2 cos x
=(n x"'tsinx)dx=d,}
= f‘zcosx-{x7+n(n—1)}dx=df
Keeping this in mind, we put
I=!{"2+"("—1)}'x"’2-cosxx,,
(x"sinx +n x" ! cos x)? PR gee R
o I
Applying integration by parts, we get
= x" sec x —"__],___
(x"sin x + n ¥" " cos x)
+I(1"secxumx+nxn—| sec x)

(" sin x + n "1 cog x)

X sec X
=——_—(—)——+Iscczxdx
(x sin x + n cos X)

(x sec x) + tan x + C Hence Provcd-

(xsin x + n cos x)

» Ex. 36 Ifcos® >sin® >0, then evaluate

os’ 8
20
i Ig[1+mn20) +bg(¢£i__ﬂ)tﬁ

1-sin20 1+5in26
1 +sin20 cosZG do
Sol. Here, I:J lng[ qanO] +]°g 1+sm20
(] cos?B1 cos® +sinB ~log C°56+sme)}d9
._I 2 cos” O log cosﬁ—__——sine co%e‘sme

= [ cos’® - M do
7‘[(2(05 0 l)log( cose—smﬂ)
=j cos 20 - log Egie—iﬂn—e- o, applyingintegrationbypans
cos B —sin @
1
sin20

~ log cos 0 + sin 6 sinZG_J- 2 46
cos® —sin @ 2 cos20 2

:511129 log cos® +sin® + 110g|c0526|+ C
2 cos® —sin 6 2

tan”'

® Ex. 37 Evaluate J—aTidx.
X

Sol.I:J'tan-‘xdx=J'ta.n"x-—l—dx
x x4
I I
=(tan—'x)(-L3)_j 11
3x 1+ x% (-3x%)

tan”' x 1
3 +‘ji—*.
3x x3(1+x2)
Put1+x2=;,
-1
2xdx=d:=_tan3x+lj‘ dt
3x (t=1)*-t

[o_fan'x 1

Tk '-6- I; A1)

12 A B C
o "“f{ﬁ*mﬁ}‘"

Comparing coefficients, we get

Ix

Where, I, = I

A=-1B=1C=1

I, = {._ 1 1 1
(t-1) (‘_1)2+; }df

_—log“_ll‘ + log|t] i

l)
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. From Eqs (1) and (ii), we gel

)

x | 1

‘,_*_,_“'f' *'{‘l"g'le";*1ﬂgll+x2|}+c
x 6 x

K}
) 2
x 1 x" +1 1
. tan - log | * . - c
Ix 6 x 6x

38 Eva.’uafc! x” log (1— x*) dx, and hence prove

s EX.
| 1 1 2 8
b,y —+...=—log2-—.
rha!l_5+27 3.9 3 4 P
Z 1 4
Sol.chnuw,lﬂﬂ(l'x)"{1'+x24:r:; m}

put x* instead of x in the above identity,

2 l‘ I'F 1ﬂ
- log (1 = x7) = - x' o+ ' v 4 mm
2 q 4
2 X" \h Im
o x'log (1~ x7) = PO A
2 3 4

Integrating both the sides, we get

5 7 []
1 X (
Ileug(l x'ydx = - — % + 4 e s+
15 27 39
Now, to find constant of integration, put x =0
=0+ C
C=0

By

=

5
X

: X' X
? -x)dx=—-{ —+ —+ —+...=
I’log( ) {1-5 27 39
n 1
Applying integration by parts, and tak

' 3
x' 2 1 x* 1(-2x)
= (?“’g“"’]o-h ERNTr

1+ x
1-x

1 ! 3

2 1
= {EB_IOE(I_XZ)]O+§[_%-X+El°g
Taking log (1 - x*) = log (1 + x) + log (1 - x)

and Iog[]l+x]=log(l+x)—log(1—x)
-x

1 1 2 2 . [x 1
= -log2+-log2-=-—--+1lm|[ —-7 log (1 — x)
3 B575 E°73 [3 3)

9 x-1

[ hinx (x> =1)log(1 = x)= 0]
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Sol. Here, I = I

ing limits 0 to 1 for LHS
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a+bsinx

® Ex. 39 Evaluate J' —————— dx

(b +a sin x)*
aZ
a+ bsin x — —b+(b+asinx)

avbunx b
(b + asin x) a (b + asin x)?

a’® - b? dx b d
1:__,1, : z+-I i )
a (b + asin x) a?(b+ asin x)
Now let Am 0% dA _—binx-a
b+asinx dx (b+ asinx)’

2

a
asinx+b+ ——b
= - = - - — 7._4b,A,

dx a ) (b+ asin x)*

dA b 1 a® - b?
» =t
dx alb+asinx b(b+asinx)?

Integrating both the sides w r.t. 'x’, we get

A=-—EJ dx _(az—bz)j dx
a’b+asinx a (b+as'1nx)2
a’ - b* dx b dx
= = — =2 —ZF A (i

a j(b+asinx)2 aIb+asinx ®
From Eqs. (i) and (ii), we get
,=_Ej__11__,A+EI_.£1__
a? (b+ asin x) a’ (b+ asin x)
= I=—A+C = l-—.-(———cosf ]+C
b+ asin x
dx
e Ex. 40 Evaluatej 7 T
(x=1)""(x+2)
dx
Sol. Let I =J a/fx i I i
(x=1)"" (x+2) (x +2) (x-1)
(x+2)
x-1
Let =t
x+2
3
So that, 2dx:dt
(x+2)
dt  1¢ -3
_[3'314_3,[‘ dt
/4 _ 1/4
=l i-—{- :E il i +C
3 1/ 3I\x+2

m
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14. Let x :Erm-»l neNThcn the value of

Zsm(X +1)-1m2(x +1)
JX ZSID(X +l)+sm2(x +])

dx is equal to

x2+1
sec
2

(0} log | sec (x* + 1)+ C  (d) None of these

+C

+C (b)log

(a) log %5“ (x*+ 1)

15. J’_,_,__Ex——-——- is equal to
cos (2x) cos (4x)
1++2sin2x| 1
(a) J_]og 1——5;:2: E(lng!secZ;-laanH-&(‘
1+ V2sin2x| 1
(bjzf ‘T-JZSIHX —2(|0g|sec2\'—|an2xJ‘)+(‘
(c) J_ log B%ﬁ:;: ) (log [sec 2x ~tan2x|)+ C
(d) None of the above
16. j 1:7 v 4’— dx = :&ﬂ, + C, then f(x)is equal to
sin’ x cos® x (sin x)’
(a)sinx (b) cosx (c) tanx (d) cot x
sin' x

dx is equal to

17. -
'[(cos‘x+3cos’x+l) tan '(sec x + cos x)
(a) tan”' (sec x + cosx) + C (b) log, |tan "' (sec x + cosx) |[+C
1

(-——T——? (d) None of these
sec x + cosx

(c) +C

Chap 01 Indefinite Integral 63

18. The primitive of the function f(x) = x| cos x|, when
%< x < T is given by

(a) cosx + xsinx + C
(b) —cosx — xsinx + C
(c) xsinx —cosx + C
(d) None of the above
19. The primitive of the function f(x)=(2x + 1)|sin x |,

when n< x <2mis

(a) —(@x + 1) cosx + 2sinx + C
M @2x +1)cosx - 2sinx + C
(©)(x* + x) cosx + C

(d) None of the above

—sinx cosx—2
sinx — x° 0 1-2x
2x —1 0

0 x?
20. Given, f(x)= , then
2—-cosx

I f(x) dx is equal to

k|
(a) % — x” sinx + sin2x + C

3
(b) 53— - x*sinx — cos2x + C

x]
(c) 3 x? cosx — cos2x + C

(d) None of the above

7 Indefinite Integral Exercise 2 :
“ More than One Option Correct Type Questions

. fﬁawi log (x + 1)+ Blog (x —2) + C, where

@A+ B=0 (b) AB=0
(C)A/B=—l (d) None of these
2. IfJ‘ —ktan’lx+ltan'1£+c,then
(x? +1)(x +4) 2
=2 =2 =1 =1
(a)k-3 ®i=2 (k= . @i=-
3. If [ x log(1 + x*) dx = ¢ (x) log(1+x2)+x(\y)+C, then
2 2
(2) 9(x) = B v ()= -
2
(O wix)=- X (d) o(x) = — +2

-X

4. xfj——dx=Ax+Blog, (9¢?* — 4)+ C, then
—4e "
35
A:— B=—
(a) 2 (b) %
(c) C is indefinite () A+ B=—%%

25, Ifj.tan5 x dx=Atan® x 4+ Btan? x + g(x) + C, then

(a)A=%,B=—%
(b) g(x) = In| sec x|

(¢) g{x) =In|cosx|

1 1
d)A=--,B=-
()] ” i
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Passage II
(Q. Nos. 34 10 36)

=Isin" xcos™ x dc Then, we can relate I, ,, with

LetIn m
cach of the Jollowing
(i) 1ln-2m (i) 1peo m
(i) Fa.m -2 (V) Lnmea

(V) w2, m+2 vi) I3 m-2
Suppose we want to establish a relation between I, and
Jum-2 then we gel
Plx)=sin""'

iy m and I, 1 the exponent of cos x is m and m - 2
,ggpeclively, the minimum of the two is m — 2 adding | 1o the
minimum we gelm— 24 1=m-1 Now, choose the exponent
m~lofcos xin P(x) Similarly, choose the exponent of sin x for
+2 1 (U\m 2 X

I
xcos™ ' x ()

P(x)= (ni)sin" xcos™ v~ (m—1)an”
Now, differentiating both the sides of Eq (1), we get
—(n+1)sin" xcos™ x = (m—T)sin" x (1 - cos’ x)cos™ 7 x

”

=(n+1)sin” xcos”™ x = (m-1)sin” xcos™ " x

+(m—1)sin” xcos” x
=(n+m)sin” xcos™ x — (m - 1)sin" xcos™" 2,

Now, integrating both the sides, we get

an"* ' xcos™ 'x=(mam)l, - (m-1)1, n_>
Similarly, we can establish the other relations.

34. The relation between [, , and I, , is

()l ,= L (-sin’ xcos’ x +31,,)
2=

b1, , =2(sm’xcos’x+31“)
1.3 3

(c) Iy 2 =(;(sm x cos x =31, ;)

dyI,= i (-sin’ x cos’ x + 21, ;)

35. The relation between I, , and I, , is

1

(@I, , =g(!ins xcos x+8 Iy, 2)
1

(b) 14, =;(-sin’x cos’x + 8 1, ,)
1

(€)1, =;(sin"’x cos’ x — 81, ;)
1

1, -—-(:(!;'m5 x cos® x + 81 ;)

36. The relation between I g2and I 4 is

1
(a) I1.z=5(3insxcos’x+814_.)

ebooks.cybernog.com
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5

(b) I, ,=§(—sin xcos'x+81,,)

() 11 7 = (sin’* x cos’x ~BI, )
I, ,= % (sin® x cos® x + 6], )

Passage 111
(Q. Nos. 37 to 38)
If f:R — (0, =)be a differentiable function f(x)satisfying
flx+ )= flx= )= f(x) U - f(¥)- .V x yeR,
(f(y)# f(~ y)forall ye R)and f7(0)= 2010
Now, answer the following questions.
37. Which of the following is true for f(x)
(a) f(x)is onc-one and into
(b) [ f(x)} is non-periodic, where [} denotes fractional part
of x
(c) f(x) = 4 has only two solutions.
(d) f(x) = f '(x) has only one solution.
38. let g(x) = log, (sin x), and j f(g(x))cos x dx = h(x) +¢,
(where c is constant of integration), then h % is equal

to

1
(a)o (b) rv Ty
1
d) —
1 @ Zon
Passage IV

(Q. Nos. 39 to 41)

Let f:R — R be a function as
S(x)=(x-D(x+2)(x-3)(x—-6)—10Q Ifg(x)isa

polynomial of degree < 3 such that j % dx does not contain
x

any logarithm function and g(— 2)=1Q Then

39. The equation f(x)=0has

(a) all four distinct roots
(b) three distinct real roots
(c) two real and two imaginary

(d) all four imaginary roots
40. The minimum value of f(x)is
(a) —136 (b) — 100
(c) -84 (d) —68
. [ 82 4y equals
e

() tan™ (-"—;—1) +e
(d) None of these

(a) tan™ (5—2——2) +c

(c)tan™ (x) + ¢
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g Indefinite Integral Exercise 3°
“* Matching Type Questions

42. Match the following :

e —

Column Il
— (p) . sinx
Columnl - - — -
If 1= j ST T whcrc1t—<1<i£"h°n1 is equal 10 — (;l) x+C
|sinx - cosx| 4 8 - —
— T ou s cqul © o
(B) 1 J—————x T-.—.-! f(j-——] C ﬂ]cn f(x)lS q — (r) |n le
(r +l)(x+2) 37\ 42 _ sal to
N —— — is €q
- 2x + Ch lhenf(\’)1 o _
© ]fjcm x-cos xdv= [ (\’)[ x-x (x) 2\/f—T:|+ P —— ”(s) gn)x
= f(f x))+ C, then f(X)lS cqual to _ - —
\'f() ( o -
43. Match the fol]owmg T e —
a o - Column |
Columnl ,/'—ﬁf—4 P
- e (p) A4=1
Ifj[t * cos I)COSGCXd( =Acot ' x + Bcosccx‘then
sec x e
P (@@ B=-1
B) i+ +2a=2 (x+\/x + 2=
I (x+ﬂ‘x + )
xfj‘” x—x? d=A 2—,t—;r2+ I 4~ .\'«1-ll,f2—.\'—x2 _ _|(2.\+1) then N B=2
42 x '
- 21 — - - T - - _ - _ B N T o
@) lf’j‘;n‘;"i—ct)s‘xdx:Bwll(mn x), then (s) A=-1

= Indefinite Integral Exercise 6 :
Single Integer Answer Type Questions

“f (2x +3) dx _
x(x+l)(x+2)(x+3)+1 -

45. Let F(x)be the primitive of 2

X =

w.rt x If
x. If F(10) = 60, then the sum of digits of the value of F(
ue 13), is coierra.
46. Let u(x)and v(x)are differentiable function such that

ll() u(
— =17, If~__x_!_ u( »
equalto ......... . v(x) v'(x) Pand(-v_(_g) =g, then 219 has the value
P-q
4.1 [ m(""‘J «-1)]°
]x -1) \x+1 we=eA bn x+1)] +C'th¢“ﬁndZ4A_
48 1f e* (2-x? 1+x
I(l x)y1-

1+x A
1-x) *C thmal'*‘ll)i: equal ¢

"ean
-----
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49 Ifjg?S_x_—_si“_’Li_l_'i‘ dx = In {f(x)} + g(x) + C, where
’ e* +sinx +x

C is the constant of integrating and f(x)is positive, then
Mi—g—(ﬂ is equal to ...........

eX +sinx
dx dx
se A= - and B= | —————-
50. Suppo J’Jc‘2 +6x + 25 x? —6x —27
g [x+3 =
If12(A+B)=7\- tan l(——)*—u-hl 2 + C, then
4 x+3
the value of (A +H)is ...
+ 9 in 4
51. HIM dx = — SIMEX _ sin x + C, then the
1—2cos5x k
value of kis ......... .

Indefinite Integral Exercise 7 :
' Subjective Type Questions

1‘2 COS2 X

56. Evaluate e X S0 X *cosx) dx[

57. Evaluatej yx+yx? +2dx

dx
58. Evaluate .
I(\/(x—a)z -B?)(ax +b)
y Vx
59. Evaluate I b A3 dx.
352

x* cos® x — xsin x + cos x]

sin® (6/2) d0
cos 9/2\[cos3 0+ cos’0+cosB
(2sin 0 + sin 20) d ‘
(cos 8 — 1)\/c039+cos2 0+ cos’ 0

62. Connectj x™ 1 (a+bx")? dx with

60. Evaluate

61. Evaluate

x* dx
(1-x2)"3 '

63. Evaluate I cosec® x In (cos x + 4fcos 2x) dx.

Ix"""" (a+ bx")? dx and evaluateJ'

Chap 01 Indefinite Integral 67

tan x 1

dx=x——]-tan'

JA
)-l— C, then the value of Ais...........

52. The value of _f

1+tanx+tanz X

JA

53. J‘sin”2 x cos’ x dx =2sin?'? :c[lﬂ—%s'm.2 x]+C,

(2tanx+1

then the value of (A + B) — Cis equal to ......... .
54. IfJ‘(xmm 4 o0 )(Zx“‘m‘ 4+ 5y 102 +10)1“02 dx

=L x4 55" 4 10x"%)4? Then (a - 400) is

10a
equal to ..........

55. Irjc“ +x* 134 4 2x% +2x) dx = h(x) + ¢ Then the
value of h (1)-h (= 1), is ..o

dx
(sin x + a sec x)*
dx

J——
VY
x'+1
x® +1
dx
(1-x*)"3
69. Evaluatcj (x+y1420)" dx.

1+ x?

70. Ify® = ax® + 2bx + c,and u, = I X _ dx, prove that
y

,a€ N.

64. Evaluate j

65. Evaluate J-

66. Evaluate

67. Evaluate j dx.

68. Evaluate I

(n+1)au,,; +(@n+1)bu, + "c y,_, = x"yand deduc
that au, =y~ bu,; 2%u, =y (ax - 3b)—(ac - 3b”) u
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- ise 8-
= Indefinite Integrals Exerc'vi:rs' Exams

Questions Asked in Previous 10

(i) JEE Advanced & IIT-)EE

1. f e --L\ dx equals to (for some arbitrary
(sec x + tan x)°'?
constant K) [Only One Correct Option 2012)
(a) (‘ﬁ _'[ - NI <1|1 _(sec x + tlan ) [l* K
sec x + [an x

(sec x + tan a)'
-1

{ ](w:*lanl\} K
11

(c) l\ﬁ X + tan x)° } K

|1

(sec x + tan y)'"? ]11

1 [1

d) —
(d) ]

1
- : (\ﬂ\+tan\\l+k
(sec x + tan v)'' 7 |11 |

(i) JEE Main & AIEEE

2™ +5x°

73. The integral “

J s
(7 +at + 1)’ [2016 JEE Main]
L] 10
-\ X
W= v .
(x*+ x*+ 1)? ( A+ ¥ + 1)?

5 10
3 -x

(c) 2(————_3'5 ATy +

(d)

A’ + x* + 1)

where, C is an arbitrary constant.

74. The integral J 3 equals
x¥(xt +1)1 (2015 JEE Maln]
1
. - 1
(ai(x,: 1)‘ *e ® @ +1)f + ¢

1
©-x*+1)1 + ¢

1
(d)~(’|r H]‘ +C
x

1
75. The integral j(l + xhi) e *dy is equal to

l . (2014 JEE Main)
@e-1e x4 ¢ ®xe *4c
X+l 1
(C)(x-l-l)c 40 (d)—ch+:+C

-.‘I‘

| J' e’ dx, 7= _[ "“_;gz—‘+ldeher
72000 = ] o e,
¢ + ¢
bitrary constant ¢, the value of J - I equals
an ar

for : [Only One Correct Option 2
e +e" 41
(a) 1log s (b) Zlog| s e +1 e
a ix S |
2 e +
Ax 2x
o 1 e +e” +1
1 ¢ ~lo +C
(C)Elog 2x X +1 C (d) 2 A% 2 + 1

76. If [ f(x) dx = y(x), then [ x° f(x*) dx is equal to
[2013 JEE Mal
@ 3 V) - [ xy(e)de] + €
®) 3 ¥¥() -3 [ Py()dr+
(c) §13W(13) —I x*y(x*) dx + C
@ S00V0) - [ ity a4

77. 1 the integra) [ Stan x_

» tan x — 2 =x+alog
sin x -2 :
e €0s x| +k, then g is equal to [2012 AIEEE
(©) 1 &’; ;2
78. neMueoffIMi
s
sm( _EJ
( 4 [2012 AIEEE]
a)x"'log co ( __n
s| x ZJ+C (b)x+10g sin(x—-:f)+C
(©) X~ log sin( n
X :)'*C (d)-\’-—-log COS(I—IJ“'C
4
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B‘rclse 2 w2 2 2 \
P S B ! + — 2 tan
St 3 SR TR
L)
L gyt 2Wn v A -xvan g
|f‘+lm‘l')+" 6.tan y -~ tan 'y
ﬂ:‘. 3
ﬂ}
| h‘_:}a]ogw!*dl-‘—— 4o«
",;; + by
1.|‘,‘ ‘.(‘
s =t —+c 9 L
"1+ 1og. 2 4
| X
&f_;_,ha.,i-c 1 lu.:n!h«(‘
! g+l loga 8
1
" Lin | see x| - Inisec 2y In|secvj4e
.-3 2
llgsm_u.pzsinr-r(‘ 4w v ‘ sn Wb
3 . | .
l;__fcos.\+— cos By + (€
oM 192
Exercise for Session 2
Lanx-secx+ C 2osn v+ O
3x R0
s, ¢ {l- ana® + C
3 n
5. x+C 6. 2(sin x + xeosa) + C

7sec1—oosec1+(‘ g tan x—cot x + C

9. (sin x + cos x)sIn (cosx —sin x) + C

1. —J_cos(z)w*("

10. an x—cot x = Ix+ C

lz.'“‘u+(‘ lJ.%(x-sin.\')irC
4, -2cosx+ C IS.—J—r—+C
J2

Exercise for Session 3

)

1. lhn" ¢ +C 2.__l tan”' bt WS
48 4 36 3
l 4!‘ = 5 2 o x!:‘z

3 —1 fan &= |+ C
160 og 4x‘+5+C 4.35m Vi

1
5'3108{13+\}a°+5”|+c 6. L log|=—
1
T — x x
loglzlog R+ J4* 25|+ C

L8+ x- o - 3sin"(’___")+ c
J6

L
“‘°8l12+2x+ 2+ tan~'(x+ D+ C

. ‘m—hm"(x\[é )+ C

] -
" ‘{‘03 Ue - dx+ 17)+ 1 tan™ z-llec
' 6 4
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Answers

)

'

c

1 lnmsa- ‘J;'u ‘c“
41 A i

e

N R (T I {7 I-nnu'J'i o
v b

AR

14 nlll'llv

) 4 )
|~|“'\jn||oll|\
4 (]

i i

1o log wn o I\ul 1 lhng l.n.“i 'IJ:.l
] 1 1 )
| | |
I Jog (e v con | b v Ja b Wiy At
4 ]
/ ) Wi
s fedin iH f

J]H "

hl
o (Y o a v 2w TR

]

(]
] ] (Vs

Yiamx)

TR
n )J\'luil)h.u r ! |J-'u-|’,
“ }) |l’;|/1'|ut|\

f o |
AT

1
1 SEon Ny
\

14 (v)

Exercise for Sesslon 4

Lovet - et -t O 1o A eam o Mawin oy cos gt

3, vlogx) v+ € 4, wlhog Ob Uelog s 0!
& vtan 'y ;luu V4 Gl O (e by g | J.’ (IR
!1 | | | |
1. tan - (v - tan ) « M (14 log o)+ !
2 2 ¥
1, ¥ l"lh‘ $ 1) 2ot 2len et

9, —yeol Y4 C
2

1, ¢ log (sec )+ C 12, ¢ an v+ O

13, xlog (log x) = Lo 14, 'le"' ton w4 O
log ¥ 2
il N
15, 5 —+C e [Pl
ol b

“wi
17. -J"J—] facon (bx + ¢) 4 hain (bx 4 o)) + €
a +b

|

| ‘
I8, - seoxtan x + lnu |sec x + tan ¥+ (€

19, - 2(- Jnan:+mn Jo+
20, x(ain” x)’-l(-!ln X Jl-x + )€
21, xtan” x-»la;ﬂ#x’)—ﬂ T (B luuﬂalln’nu

el el
n.ﬁ;(n :,) um(n",) q[u‘:,] Ve

conx Y Doy 2eony cnin x| w €

2cm.r~ nln x 5
28, & (X - poc )+ C
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Exercise for Session 5

l.%Iog!.\—lr-4luglr—2|+glog!x—JHC
| | ] g f2x -1 .
2 - logll+ x| - logl—x+ |+ . tan (.4_.]4-(.
J|0Bf x| 2 gl I A 7
3 ligl X |4 o liog| X2 ac
n 41 2 j
5. log I+S|‘nx + C
2+ sin x

6. flalosll—cmxl'; log (1 + cos ¥| + f log [V 4 2cas |+ C

1 +
2(1 + sin )

7. ilox 1+ sin x|

e

| - sin x

1 )
8. - ) log |l + tan x| 4 (: log [tan“ - tan v + 1

NE |
9. log 2logx+ 1 T+ (
Jlogx+ 2
o
. s
0. - nni \+ I“R!‘!' ’l lagﬂ+ \--I-{ C
‘ -

Exercise for Session 6

4+, 2
PR S | 2 = x
L [—— " +C, L tan'|—_|+C
‘/7 Y V3 (ﬁ,i:ﬁ-l]

3.2 =37 + 61— 6log 1+ 1]+ C, where, 1 = (x + 1)V,

R

. [x—_b) +C.

(@a+ d)\x+a
5. V2secA(Jtan vsin 4 + cosA) + C 6. (a) 7. (d)
8. (¢) 9. (d) 10. (c)

Chapter Exercises

L 2@ 3. (b) 4.(c) 5. (b) 6. (b)
7. ()  8.(d) 9.() 10.(d) 11.(a) 12.(a)
13. () 14.(b) 15.(a) 16.(c) 17.(b) 18.(b)
19. (b)) 20.(d)  21.(2c) 22.(a,d) 23.(ac) 24. (bed)
25. (a,b) 26.(c)  27.(c) 28.(a) 29.(d) 30.(d)

. l“m;(hun\' I)+‘<
N

31
37.
42,
43.
46.
52,

S6.

87,

59,

6l

62

6l

04,

65.

66.

67.

68.

69.

74.

g g N e g

.

(a) 32.(d) 33. (c) 34.(a) 35.(a) 36.(b)
(b)  38.(d) 39. (c) 40. (c) 41. (a)
A-q@BonCopDor
A-pqB-opnrnCornD—ogq 44.(5) 45.(9)
(y  47.(1) 48. (3) 49.(1)  s0.(4) S1.(4)
M s 4. (3) 55, (1)
'.llloi'\m-) [[‘A | )l+(-

X COS XY )
| ] ) 1 . 4

WYY +2) 7 =2 e + C S8. tan — =f

) \r:'b \/t“ + 2 2

2 Y o 60. tan '(cosB + secB + 1) +C

Jeos0 FsecO4+ 1 -+/3

log |+ C
} . JeosO + secO + 1+ NE]
n Y- - “_x‘(l—_r‘)ZI’——?L{I—,t’)”"+C
8 20 40

- cot x log (cos x + fcos 2x) — cot x — x + ,Jcoslx— 1+ C

U Ly an [2asin 2+ 1), [ 2asinzx+1)
(4a’ - n"? 2a + sin 2x 2a + sin 2x
_—1_+C

(2a + sin 2x)

2In [+ 2x+ 4 x| - 2

AP + 204 4= (x+ 1)
-%anxl+?.x+ 4—x—1-

log (x+ 1+ X + 2x + 2) + 2 +C

(x+2)+ (2 + 2x + 2)

tan"(x— l]—z tan”' (x’)+C
x 3
D iog | A=)+ x[ 1 1=y —xa =)0+ ¢
i | -_— |-
3 o8 x 6l°g’ 2
_b o f20-3”
Nl { Ner }
(x+ V1+ £2)1S
e () 72.(c) TI.(b)
@ 75.0)  76.(c) I7.(d) 78 (b)

s L ? v‘&ﬁ'&* <*
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3x +

5. _[3x 2
i by

®
olutions -
Fix) = 1(3__02:&;2.2,) at

t

dx. Letx —9=1°

=2 j(zt) +3t8) dt =2 [29t + 1°]

4. Letl= a_:(;)—lf;(—]:x—z)'dx F(x)=2[29m+(x—9)m]+c
Given, Flo)y=60=2[29+1]+C = C=0
putx = tan® =» dx =sec” db F(x) =2[29 Jx =9 + (x —9)**]
Pumg,x:tanﬁ,1=fllj:::iedﬂ F(13) =2 (29 X2 + 4 X 2] =132
6. We have, j(x‘)‘(zx log, x + x) dx

=J(sec6—1)d0 ;
=Jx' (2 xlog, x + x) dx

= lOg (Sl‘C O+ tan® -0+ C 4 ) ) c ) c
- = x = x = X\X +
f(x) = log (x + x>+ 1)—tan'x+C Jl ()=x" + (x
f(0)=0 = C=0 7. We have, Jxlogx(log x—1)dx

= (1) =log.(1 + J2) —tan'1 - Ilogx(xlogx— x) dx

= ‘\/7 _"I't
log. (1 4 ¥2) - = [(x logx - x)d (x log x — x)

2. We have, [ f(x) dx = f(x)
_(xlogx— x)? -

O R I LI R :
= log (f(x)) =x+1logC = f(x)= Ce” (% - Ls] dx
X X
- (FOF = C%e™ 8 =+
c%* 1 2 2_;2-+ o
> [ de= [ dx= = = {f00) g
2 2 2 1 1 (dz
Let 2-—t— =z = _J._
3. We have, Jf(x) dx = F(x) «  xt 47z
1 1 2 1
Ixaf(xz)dx=%‘[gjf(rz)d(rz) = EJ;+C = 51‘2-;—2—+;‘—+C
i : I 2x' —2x* +1 +C
-2 [x*F(x*) - [ F(x*) d(x")] or J B
4. We have the following cases : 9. We have, f(x)= fx)
Casel Whenx 20 = 2f (x) £ (x)=2f (x) f(x)
In this case, we have d , d .
[1# 1 dx=[|x" dx = [ 2" dx xl=x 7 ax 0 = g U
+ n 2 - 2 C
szI 1+C=|x| x+c [-..x20:3|x|=x] = [f(x)} {f(x)} +
n+1 n+1 Now, f(0) =2and f*(0) =3. Therefore, from Eq. (i), we get
Casell Whenx<0 {f'(o)}z - {f(o)}z +C
In this case, we have |x|=~x = 9=4+C = C=5
Jixtjdx = [1x " dx N =) +5

=[x dx=- j X dx [ nin odd] = £ =5+ (f)

RPN ) . PP UL | .Y, ! d (f(x) = [ dx

Y he n+1 rc n+l+ QIJ(TE)“"U'(I)]’ j

Hence, je:’u;:'i';_:hc = |og|f(x)+,js+|f(x)'|=x+c|
n
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[0y =2 = log|2+3] = ()
¢, = log5

o | £(x) + 5 + [f(x)'] = ¥ + logS

= log {ﬂ-‘) ' \/5 [ ”("n'} = X

5

v

P f(\)+V54fj(r)| Se
w5 () f(x) -

= 2f(x)=5(@" ¢ ")
()= e e )
> 0=,
. 5((' 1
Y f(4) = )(f‘ ey )
r\'«dluv \\l‘“ "' \'7 x‘z"Jd
10. We huvo.j dx I -3 '

f et 'dye? J!r'd!. (where f = 17
2
?

1 ;oL ] .
(t-De 4 C= (et +
. )

11. flnn‘ vdy = f(hm" vsee 'y - sec’y 4 1) dy

tan'x .
= ~lanx + v+ (
= .4=:.H=--Inndf(.\)=x+C
1
12 [ gy > [0y Sl 0
(p+qx pPtq

[P DYy 4 g x)
X

13. On solving. <% = ! [tan 30 - tane)
cos360 2
sin30 1
= - [tan 96 - tan30
cos90 2 [ an3f)
sin96 _1
tan 278 —
cos270 2 3| tan56)

sin 360
cos 96

sin 90 1
+ min _
cos 270) do 7 I(tan 276 - tan@) d

. I( sin@
. +
cos30
_1j1
= |77 108 (sec 1278) ~ log (sec 9)} +C

1 2sec 270
=1 1og V2279 |

2 sec O

2sin (x* + 1) —sin2 (x? + 1
2sin (x* + 1) + sin2 (x + 1)

=jx‘/29m(x2+l) 2sin (x? + 1) cos (x? +1)

2 sin (x? +1) + 2 sin (x* +1) cos (x° + 1) d

14. We have, j x

5¢* and ,/"o_# T f(x)=5¢

D _Ixmn(ﬂ)dx

=I’ i+c05(x

2
x* 41 log | sec X *1 "
j [xz i_l_]d — 2 c
= | tan
) 4x)d
s o [
sm(4 - (4x) sin (2x) cos (4x)
15. J‘ 2x) 605(2;() cos
— tan 2x
cos 2x dX dx _ (]og | sec 2% D]
'ZI cos 4x
cos2X __ dx — 1 (log | sec 2x — tan 2x|)
21(1;2_—sln321’) 2
2x
2 l+\/'sm _Eloglsec2x tan 2y,
- "] log 2 sin 2x
2J2 2 X
1 [l 4 1+ﬁsin2x }_llog]sech—tmngC
0 ‘
2 sin 2Xx
PN
2 7
? sec” X d
1-7cos X _ ————--—.7)x
16. JS'nTIC(,s’xdx j(sxn7x sin’ x
2
=J’S_C-C___£ dx—J‘ dx 11 + Iz
sin’ X sin’ x
2 .
sec’x tan x tanx- cosx
= dx = +7 dx
Now, I Ism7x sin” x I an’ x
_ tar;x 1
sin’ x
tan x
L+ 1= +C = f(x)=tanx
sin® x
sin® x

17. We have,I " 7 Y
(cos®x+3 cos”x+ 1) tan” (sec x + cosx)

sin’ x

- I . cos® x dx
(cos®x + 3 + sec’x) tan™" (sec x + tanx)

- 1 sinx (1 - cos’ x)
1+ (sec x+ cos x)2

cos® x
1
tan”' (sec x + tanx)

dx

= 1

_j.___ 1

-1
tan™ (sec x + cos x) 1+ (sec x+ cosx)’

(tan x sec x —sinx) d¥

X .[ -1 s x)|
tan” (iec X + cos x) dtan"(sec x + o
= log, | tan™? (sec x 4 cos x)| + C
18. we have,

f(x)=x|cosx|,£<x<n
- 2
£

X)=~
Hence, requir )=~ x cosx [ cosx < 0 for x € (n /2 )]

J'f( ed prlminve is given by'
x)dx.—_jxcosxdx'fC——xsmx—C05x+c

ebooks.cybernog.com
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9. We have, J(x)=@x + sinx|, ® <x <27 Then, I=Jl{4.ii+6}l;¥i
= f(x)=—-(2x+ 1)sinx z 9 18 :
Hence, rcqmrcd primitive is given by 1 2z + 8
[@x + Dsin xde=—[~(@x + 1) cosx + 2sinx] + € ST it
|
=(2x+1)cosx —2sinx + C 1 J-Ez_d-_g dz - 1 J-g,(z + 4) + 27 dz
2 z(z+4) 9 z(z + 4)
0 X" —sinx cosx — 2|
20. We have, f(l')=SinX-X‘ 0 1 -2x ! :2‘[0'1_*3‘[[‘— l)dz
2—cosx 2x -1 0 . 97 2 4 z z+4
2 3 3 .
0 inx—x' 2-conx —'(o+ 4]lng244log(z+4)+(
= f(x) = x? —sinx 0 2x -1 15 , k) 2
cosx —2 1 - 2x 0 = ’;6 log (9¢"" — 4) = ilog (e )+ C
(Interchanging rows and columns)] _ 13 .+ 35 log (9¢™* — 4) — ) log3 + C
0 2 o siny cosy -2 2 36 2
= f(x) = (= D' fsinx - 0 1-2x 25, Itnn'x(se(‘?'xﬁ l)dx:J!an’ x sec? xdx-—jtanaxdx
2 - cosy x -1 0 i
_ 3 Lege= B X o
[Taking (-~ 1) common (rom each column] Iy = J tan” x sec’x dx = 1
- flx) == f(x) Iz=jtanx(seczx—1)dx
= f(x)=0 .
= If(.\‘\dx=0 =tm;x—1n|secx|+Cz
= J' 1 26. The Statement II is false since while writing
(x+ﬂ(x-2) 3(\+1) 3(x-2) dx
: | | - =lg(x-3)+C
=——log(x+1)+-log(x-2)+C =
3 3 we are assuming that y is a constant. We will know prove the
1
A =‘§- B"—‘g Statement I. From the given relation (x — y)? =X and
1 y
A+B=0 = _“.1.=_l.—__1 2log (x —y) =logx —logy.
B 1 dy y) x+y
3 Also, X =[-2]. -To prove the integral relation it is
2. [ ! L S dr \ x) x-3y
Y 2 )
AN S sufﬁcienttoshowthat;;RHS= 13 .
x =3y
= %tan'lx—ltan"5x=ktan'1x+ltan_'§ - 0
1 Now, RHS =1log [5-1 (x—y)2=£]
k=1 and t=—g 2 5y 7 | y
2 1
2. 1=[x1 ? +x) = - 2x- X dx =—[log(x - ) — logy]
f.;og(l+x)dx log (1 + x*)-~ Il+x > zr
I x? 2 x° 1 [logx —logy ] 1
=— + - dx =—|————2= ~logy |=— [logx -3 logy]
, log (1 x%) I .1 2| 2 gy |= [log y
2 2
x*+1 o [ +1 d 1[1 34y
= log 1+ x%)- +C = —RHS=-—|—-—-—
! 2 J o8 ) ( 2 ) dx 4|x ydx
2 2
x°+1 1+ x 1]1 3 x+ 1
24 4e? 4+ ¢ 2 4|x y\ x/x-3y]| x-3y
1= I m dx Thus, Statement I is true. Hence, choice (c) is correct.
2 27. Let g(x) = f(x) + f(- x)
I‘I“ ’+6dx put9e”* —4 =z = 18¢*dx =dz
9% —q Assuming, [ f(x)dx=F(x)+C
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74 Texmoox of integral (TS

5.I«x‘vﬁ'=‘\_
._;-'x &~ | fi-n &
=] )
~ Xy~ }
=HAn-C~- I~ N
- T o-
=FAx)-H-x]= ¢ ¢
s~ C =10
gL ~¢« —%

Hemoe Stasement T is troe and Statement I s false

'8 E‘>;.5ib:-4@c(&.ﬂ'ﬂ

X - b
"ﬁ[_s()w
La
I3
. X - Lx+ A
"~ tan”' — =& 4+ C or | tan

a kiJa k'va

hich wnll have an answer of the type

+C

Thus. choice (a) 1s correct

30. Since, cot™ x =§ —tan” x,
d(cot™ x) =~ d (tan™" x)

Thus, [2” 7 d(cot™ x) = - [27 % dtan™ x)
tan ™! x
In2

- Statement ] is false. Statement I is true,

31. Asm=9> 0, hence, we can substitute

\}9x2+4x+6=ui3x

32. Here, as per notations given, we can substitute

i+ =(u-x)

As m=1>()andp=1>0

+C

St
- ¥
_ T s -~
- 1 ot-\ + L
=-:‘\rf\1 »
15
__1<®
nﬁﬂﬂ P____'J(O
31—2:—11"1”1_ \
Also. - X 7
\\cmn‘-“'c,,_-—————"””;n- (x—2)
_1.1-31:'-"'"
=,P*.:!ﬂﬂb\
x-nu or u(i=%
o ;

3
P:ﬂn’xcos x
dP _3gnixcos' x—3sm
dx
=3sin’x(1 -
2. _gsint ix
—3sin’x cos” x —6 s XCOS

34 Let

* xcos'x

P=311_1 _614-2
I, z=l(_P+3Iz.z)
’ 6

35. Let P =sin’ xcos’ x

-6 2
4P _ 5 sin* x cos* x —3 sin® x cos’ x

=5sin* x (1 — sin® x) cos” x — 3sin® x cos’x

=5sin* x cos? x — 8sin® x cos” x
P=5I, , -8,
1
L, =§(P + 81 ,)

36. Let P =sin® xcos’ x

_ .4 4 .
=5sin" xcos” x — 3sin® xcos® x

— I § 4 :
=5sin® xcos :r-3sm‘x(1—cos?'x)“-ﬂszx

=8sin* x cos? x —3sin* x cos® x
P=814 4 3I4 2
I, z-—(-—P+BI4 4)

2 -4
sin’ x) cos” x —3sin x cos’ x

flx x—h) - f0)

37. nmim,) ,,,,,(f(nh) £
~h

- m(&f:ux_@)
h

h—
2(0) Jim o(f W= 10) , fi-hy - f(0)
-h
jim S0

N
OW by given relatmn, we haye

fB) =~ f~py= %
and f(0) =1

— . ebooks.cybernog.com
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f(x)

s. (i) and (ii), we have I =2010

From Eq

flx) =%, f(0)=1
. {f(x)) is non- -periodic.
Here. J'f(g(x)) cos x dx = If(log (sin x)) .cos x dx

=

38.
=J' 2010 log (sin .r). cos x'dx
=J' (sin x)zm . cos x dx
= j(sin x)?°"° . cos x dx
_(sinx)™"
? 2011
‘, (Sln x_)Zl]ll
; H =0
n 1
W T =—
= (2) 2011
Sol. (Q.Nos. 39 to 41)
Here, f(x) =(x = 1) (x + 2) (x = 3) (x - 6) - 100
=(x’ — 4x +3) (x* - 4x - 12) - 100
=(x? — 4x)? - 9(x’ — 4x) - 136
=(x — 4x + 8) (x* —4x - 17)
39, .'.f(x)=0=:~(xz—4:»:-%8)(1(2 —4x+17=0

D>0 D<0

.. Equation has two distinct and two imaginary roots.
40. f(x)=(x" - 4x - 17) (x* — 4x + 8)
={(x-2)" —21}{(x -2)" + 4)
©(f (Dmin =(-21) (4) = -84

which occurs at x =2

41, - IE(X) - g(x)
fx) (x* - 4x—17)(x* —4x + 8)
_ Ax+B Cx+D
‘ T xt—4x-17 x'-4x+8
f Clearly, A, B and C must be zero.
g(x) D

U —4x-17) (x* -4x+8)

g(x) = D(x* — 4x - 17)

x -4x+8

g-2)=D(4+8-17) =~ [givin]
= &(x) _ 2(x? - 4x —17) _ 2
flx) (2% - 4x -17)(x* - 4x + 8) x*—4x+8
£(x) 2 _ dx
Jf(x) _sz—4x+8 'ZI(x-z)" +@?

- -2
=21 tan™ (x 2)+C=tan"(£—)+c
2 2 2
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42, (A)If% <x<%‘. then sinx > cosx

J- sinx — cosx

dx=Jldx=x+C

1j3x2 LI 31 dx
3 41 x+2

©+1

x4+ 2

| sinx — cos x|

xidx

(B)'[(x +1)(x* +2)

1

3

+C

(©) Jsm_1 xcos ' xdx = j[% sin”' x — (sin”’ r)z}dx

=bg(x sin' x + 1 = x*) = {x (sin”" x)*
+sin ' x 41 - x* = x} + C (by parts)
= sin"x[—}x—-xsin"x—wl—xz]* 1;— Ji-x* +2x+C

f‘l(x) =sin"' x, f(x) =sinx

dx
—ln In|x||+C
() | prmill LIl
fX) In | x|
43. (A)I = [x + cos x] cosec? x dx
[ +1 —sin® ) 2
cosec x dx
1+ x°
= (coscczx— lz) =—cotx+cot'x+k
1+ x
,B=-1
(B)t_Nn x? +2 dx
Put \}x’+2+x=r = xz+2—x=2;

ebooks.cybernog.com
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ldr
!
dt S
__f dx +2_[— N I+I _1__1
) 1)’ 2---7 VPP
.9_—(1"0'5) Pt 1
4 (putx—r
dt
— 1)dt 1
afExAl) 1 (t-ndt 1 ~
=-sin ( 3 ZJ. 2 -1 2‘[ 2t -t -1
P
a2 1) 1yt -e-1
=-—sin ( 3 2——_1
2 II _—,—_ﬂ’ —
N S
2 2 16 16
=—gin’! 2X‘£'_1) VZ—\__—!{
- 3 X o
+ I,r]ng (r—’)a»\/;’—-t—l +K
2v2 4

2—::: 1 }(4—.\')+,/2-x4):2;
ARl ————

ix
2x+1
_sjn'( 3 )+K

dx, dividing N" and D’ by cos* x

sin2x
T | 4
sin” x + cos' x

o) [

2 tanx sec’y
)i :j_‘_\_

: dx, put tan’ x = ¢
tan” x + 1

=2tanx-sec’xdx=dr=f =—cot™(t)+ C

41
= -cor"(tanzx)+C S B=-1

I 2x+3
’ (*+3x) (x? +3x + 2) + 1

Put x* +3x=¢ = (x +3)dx =dt

; r
| d 4 —C—r:—]=c-—i_

qt+2)+1 (t+1)7% x* +3x 41
= a=1b=3¢=] =a+b+c=5
45. Fo)= [2222 4
:zx—9
Let X=9=t"=dx =24 4t

2
F(x)=f(1r—it-9ii_z . 2,) dt

=2 j’ (29 + 3t%) dt = 2[29; 4 £]

F(x) = 2[29/x <9 4 (x - 9)3121 ‘e
F10)=60 <2020 4 1) 4 ¢
F(x) =2[29,/x =94 (x- 9)3rz]
F13) =229 x5 4 4 x 2]
=4Xx33=13
chce.mmofdjgju:l +3+2=¢

Given,

o (x)
=7UX) =
46- u(x) P=7 ) , {m‘
. — v(x)
Again, v(x)
q=0
= prg _7+0_,
Now, p-q 770
dt 2
-1 ot
47, Leu=ln(f;; = dx x'-1

= 4
1 1+r)dx
x +
w1 ((l—x)ﬁ-f V1-x
d [ /1+x]|_ 1
ia dx (V1-x (1-x)41-x*

1
=LA=-
= T} ,
1 3
= 20‘1"')&):2(11-—):2)(-:3
2 2
49, 1=I(c'+cosx+l)—(e'+sinx+x)d
e’ +sin x + x
=ln(e‘+sinx+x)—x+c
f(x)=e* + sin x + x and g(x)=-x
- f(x)+g(x)=¢'+sinx

= L(i‘)_*_ﬁr_)_l

¢'+sinx

4 2.6 x+3 =3 tan 'T' x#](
> 1=3»u=1
= l+u=4
2cos§xc 3 5x 5x 3x
51. 2 osi-x 2 4‘:08 —-—3cos—— COS'Z'_

- \M—__——__'_r‘
1-2 (2 cog? 3X _ 1) x

2

= Sx
T 72005 = o 2%

2 2
= =(cos 4 + cos x)

Ia_."in4l )
4 Mnxs+(C
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sin x

COos X
I,J‘______E'L’f__—dx=J’__.__
52. 1+ tan x + tan’x 1 sin x

0052 X COS X

=J'__£'_2_it—-dx de ZJ

2 + sin 2x 2 + sin 2x

sec’x
o X
i J‘Zseczx+2tan:t

Lett =tan .’r.dt=sec2 x dx
2y __dx i

=x—--
2

P+l 2 _;/72
[H!] +[ 3]
2 2

1 _,(Zmnx41]
J=x—-—F—tan | ——F—— |+ C
V3 J3

I3 z . I <
53, jsms’zx cos’ x dx = Jsin xsin'? x cos’ x cos x dx
' e 1 .
= Jsmzx sin'? x (1 - sin® x) cos xdx

= [ - £y de = [ =i

=jr“dt —It°’dr= e

-l 4+
7/2 11/2

2 2
2 2,0 =S6n" x- Zsin" x4 C
7 7 11
=2sin’?x ———sm x]

= A=7,B=7,C=11

= (A+B)-C=(7+7)—-11=3
54, LetT=[(x™°+ x™ + x*) @x'%® 4 5x** + 10)"1%dx
=Jx‘(xm + x50 4 xlOl)l(lewﬂ +5x%% 4 lO)"mzdx

=J'(1_2009 + xBOJ + xm)_(zxzow + wa{ + lolDZ)IMOde

402
Put 2x*"° 4+ 5x** 4+ 10 =t

= 4020(x™ + x** + x**") dx = dt
/420 + 1
I = I ( )1/‘02 1 ) tl '
4020 4020 1/402+1
| gl
” 4020 403/402
_ 40130 (nggm +5x% 41 0402)4031402

S a-400=3
55. Lete™ + “'6x! +2x° + 2x) dx
:_
=[xt Tl axt 2 dek [ 8 T T H@x) d

I n
Applying by parts in first internal, we get

f=r¢” 2 -1 _J’ zx.e"’”"'dx+ J'c‘ "'3“1(21'”{1r

Chap 01 Indefinite Integral 77

—xte Y A C=hx) +C

?

h(x):x"-t"“ -1
= h(1) h(-=1)=e' €' =1

4 3
56. ,=J“_,|nmnm..;{x cos i—:rsin:r+c(:nq._x}"hr

x? cos® x

_:I c(l‘inx&m-x)'(xl COS x)dx

_J'f(rslnx*rml) _d( _,‘__)dx
dx \ xcos x

=Cllllll\'Q cos x) X-g—l-- +C
X COS X

Let x+ x*+2=p or x'+2=p" +x" -2px

- I IR (X
2p 2p’
llZ +2
I‘:J. (2!;’ )dp_.‘jp”?dp_'_jp\ﬂdp
=1-(x+\/x2+2)m—2 1 - +C
3 ;ix+:;x‘+2
58. 1= i

(ax + b) J(x —o)* = B
Put(x — ) =P sec & = dx = sec 6 tan 6 d6
_.[ 9

a(o cos® + P)+ bcos®

do

=I(aa+b)cose+aB
_ 1 J- do
(acx + b) cose+(——"ﬁ )
ac. + b
B |,
ao + b .
cot—'—+l
Then, I = - cosec o' log ——‘l——-— +C
(act + b)
cot — -1
2
where aE =cos@', tan— =t
Again, if >1
é +b :
I= eotaun'(ttan——)
act +
0
where sec o' = ap = tan— =1
aa + b 2

- + -2 xm)m dx,
SR i

m==- :P""
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mtla 1 e, integer
n
. Let us make the substitution,

R T SR l\"“dxf:zrdf
Al
2
Hence, 1r¢-ft’dl:'.'l‘+ C=2(0+ SHVeC
sin” (0
60. 1= - ;_..‘._,_:...-_..m
Y cos02y/cos ‘04 cos’ 0+ cosO
U 2sin@ /2 u\\ﬂ 2 ’nn H 2 2.
27 2c0s'0 ’\u\s t)luu 0+ (030
:|J‘ sin 0 (1 uwﬂ\ _ 0
(14 tﬂ-\!‘)\mc 0+ cos ll+ \019

Put cosO =t -3-sin0d = di

1
11 ( Il' o

(i#l\\r vttt

1 '
*-\ % ; w:_ » dr
STHN) e e

1" J a-1 ':)k ~ dt

1 | 1
+ +2) t+1 4
!

t \

1
Put 1+ 1+;=u = (1-—‘:—)df=2udu
t

1 2u du du
I=- — = _= -1
T qu tan"' (u) + C

ll-?
=tan“(r+l+-) +C
t

=tan ' (cos® + sec O + N+
(2sin @ + sin 26) do

61, i =
(cos® -1) {/cos O + cos’ @ + cos’ §

Put cos @ = x?

= —sin @ d0 = 2x dx
(l+x) Zxdx
-x) [y o at

—4 (1 +1/x%)dx

M/ x~x)y(1/x-x)? 43"

Put -l——x=t

=_4f dt

Again, put (2 43 =2

= 20 dt =2u dy
- -udu

e e T e

u(u’-3) W3

+ C

2 108| ¥ B

bl

7 o8 j,"fﬁ'f

3
Fr1/x +1 -3 ‘e
:_%log P+1/x2+l+ﬁ
?log ——E—s'—?:—seff_:_l—_ﬁ +C
3 N
62. Let S [ am @+ b dx
and I,,.-.._,=Ix’""'*‘(a+bx")ﬂdx
Let A+ "M
where A and p are the smaller indices Of"and(a-;bﬂ)_
Here, A=m-n—LUL=P

p=x"""(a+bx")""'

Differentiating w.r.t. x, we have
=" (p+1)(a+ bx") (nbx" ")
+(a+bx")?* " (m—n) x" "1
=nb(p+1)x" "' (@a+ bx")’
+(m=n) X" """ (@ + bx") (a + by')
=nb(p+1)x" "' (a+ bx")°
+a(m-n)xX"""""(a+ bx") + b(m—n)x™""(a+by
=b(np+m)x" " (a+ bx")? + a(m—n)x"""""(a+ bx)ln
egrating both the sides w.r.t. x, we get
p=bmp+m)I, _ 1tam-n)l,.
“"a+bx"yrt l—b(n‘p+m)1 1+a(m- n)I,,. n-1

F@r b a(m—n)

or Iy_, = . |
b(np+m) b (np + m) mees
Hence Proved
Again,
I““Fﬁdx .[x9-1(1_x3)-1/3dx
Hﬂe.m_q b=
' ‘( L on=3 p=_1/3 a=1
Iy= X (1-x X)) 6
-8 +.8_Is W)
= 3 3
I =x (]_,x 2/3
; \t?l"*gfz (here m =9
= 1= d=xy"
2

1
8 (1 -x,)z'!—ix’(l—-xs)y;——g-(l—xj)w*c
40

=Icmec2xlln' N
SIn x (cot x 4 ,COt’x.—l)]dr
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=J‘cosec' x In(sin x) dx
+ j cosec” x - In(cot x + yeot? x —1)dx

In second integral put cot x =1
cosec’ x dx =dr

[ = [ cosec’ x-In (sin x) dx ~ [nge + ¥ <1) de

In first integral (integrating by parts taking cosec’ x as second
integral) and in second integral (integration by parts taking
unity as second function).

We have, (In sin x) (- cot x) - I cot x (- col v)dy

\-'ff l)fO-I LJL
“ ‘l

~In(r+

=—cot x(Insin x) —cot x — x — ¢ In(t+ \.'-‘ §

= —cot x(Insin x) = cot x =1 ~cot x {In(cot x+ycot’ v 1))

+Veot x—1 4 C

=—cot x In(cos x + (cos2x) - col v —x + \m' x - 1 + C

PR T S

(sin x + @ sec ) (@ + sin x cos x)’

xos 1d\

cas” x dx

(a +sin’ x-cas’ x + 2asin x - cos x)

1+ cos2x
(2a + sin 2x)?

"_[ 4 cos’ vdx 2-'-
4a’ + sin’ 2x + 4a sin 2x
cos 2x

1
=2 | ————— dx et
ZI (2a + sin 2x)° I (2a + sin 2x)*

- —— )
(2a + sin 2x)
dx
L= ——MM—,
' I(Za-i—sinz.r)z
we know
du
I,=I
Jaal -1 1-u
4a®
(4a” -1) (u_u)
sin 2x + 1 (2a - u)
=2 = du
S et smax (4a® )”’I

= ___(40 —-1) cos 2x
dx  (2a + sin 2x)*
2au-1

1 o - )
= W[hsm 1u+\}1—-u ]=1I, and sin 2x o
- 1 _y[ 2asin2x +1
o] e + sin 2x
(4a” - 1) 2a

+ 1= 2asin2x + 1 _ 1' +C
2a + sin 2x (2a + sin 2x)

D+t -1 4+C

Chap 01 Indefinite Integral 79

65. 1= dx ,
X—;}x2+2x+4

Putyx’ +2x+4=1t+ x

= xtax+a=t"4x +ox

= 2x = 2tx =" - 4
2 2
- O DR N G )
-2t 2 (1 —-1)
4
. deo I 2!+21
2l 0-0
Lt =20+ 4
i:--j_____ .
27 (1 =1)

LY KON . I
271t (-0 (l—r)ZJ

1 3
=-141 t|-31 1—¢t|+
2[ og|t]~3log|1-t] (H)]

=210gl‘[xz+2x+4—x|—%log

3
—Jyx'+2x+ 4+ x|+

20— x* +2x+4+x

3
=210g|\/x’+2x+4—x{—510g
|\/xz+2x+4—1—x(— 3

2(Jx2+2x+ 4 —x —
dx

14+ x?+2x+2

yx? +2x + 2 =t - x, squaring both the sides, we get
*+2x+2=t"+x*-2x

66. I=|

2x + 2x =12 -2
t2-2
2(1+1)

2

th+2t+2
= dx=———-dt

2(1+1)

t’ -2
1+‘j Zpox+2=1+t— =
X S 20 +1)

_( 20+n@t+n+d)
= -I(r“+4t+4)-2-(1+t)’

tP+4t+4
2(1+1¢)
(r + 204 2) ‘
(14—:)(l+2)z

Using parﬁal fractions, we get
-

=ln|t+1]|+

de
I (t +2)?

+C

2
(t+2)
2

I=In(x+1+ yx?+2x+2)+ +
( (x+2)+x* +2x+2
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1 1
=" 7t e [tK
7(sec x+tanx)"® 11(sec x+ tanx)

=_————l———i{l+l—(secx+tanx)2}+f(
(sec x + tan x)'"2 |11 7
x ‘!r
i —d d dx
2 Simoer = J."‘+ez"+1 xand J= J'1+e +e'”
(C!‘—fx)
I=
Al e
Put e*=u = e“dx=du
1
(u* -1) ("IF)
u
I= du= du
? jl+uz+u‘ J.1+_1_+u2
o2
(-3)
2
(u+l) -1 Put
u
1 1 =
Putut —-=t = |1- = |[du=dt
u u
dt 1 t—-1
=[-2 =lig|t—|+C
It'—l 2 Bl
1 |l -u+1 1 e —e"+1
=-lo _ |+ =-lo +C
2 guz+|.:+1 ¢ 2 Bl et
13, Leu,__I 2x'? + 5x° _I 2x'? +5x° dx
(*+x>+1)° M+ xiex?)’

2x Y 4+ 5% ¢
U+ x24x5)°

J

Now,put 14 x 24+ x 5=t

ebooks.cybernog.com

_j___sﬁzdx_ = (=2x'-5x %) dx=adt
ere, B x+tan x)”?
H (sec ) R x> + 55 de = —di
=1
Putsecx-i-tanx
- (secxtaﬂx*‘s'-‘fz’f)dx:df I=- -—=—Ir dt
sec x-tdx =dt . 1 a0
= dt = £ +C=—+C=——F——+C
= secxdy =+ -3+1 2 A + X+ 1)
1 dx d
sccx—tnnx=; = secx=%(r+]—) 74. j ;= X
t - 2
x + 1) 5 1
I sec x -sec xdx x( ) x (l-&-;;)
N (sccx+tanx)°"2 .
1 1) dt Putl+—‘=t‘ -_de=4,’d,
f(t+-)-_ 1 1 x x
2 t) t _1 1 dx
= I'-'I k) _EI(F + rnu]dr = ? - —t%dt
1| 2 2 , 1
=—= +—— 1+ K —t'dt 1Y+
{7!” llf'“} !-J' 5 =-!dr——n+C=—(1+?) +C

76. Given, [ f(x)dx = y(x)

1 =j x* f(x*) dx

x =t
xldx = - i)
3
1
= Jrwa
1 d
= [ j fwade_| {I'-(n 4:} dt]
[Integration by parts]
=l - di
Jive-[vod
2 Py(e))- 3 [ xw(x) dx]+ € [from Eq (0]
3
=§ Lyx) - [ Fwix’) dx+ €
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J.(sinx—z cos x) + 2 (cos X + 2
= sin x —2 co
77. Given Integral isfm dx ( s.x)
tan x =2 sin X — 2cosxd +2J‘(Cf)sx+2smx)
To find The value of g, if =I= I sin x — 2 COS X (smx_.chsX)
d(sin x — 2 cos x)

fstanx dx = x + a log |sin x — 2 cos x| + k...(i) zj
. =>[=f1dx+ (sin x —2 cos x)
=1 x +2log|(sin x —2cos x)| + k

Now, let us assume that | =J‘ Stanx
k is the constant of integration.

tan x —2
Multiplying by cos x in numerator and denominator, we get where, . i i
5sin x Now, by comparing the value of [in Egs. (i) and (i), we
1= 230X 4 =2
sin x — 2 cos x 4=
. - ‘ sinx
This special integration requires special substitution of type 78. Letl=+2 I — %
. sin| x ——
N =aD)+ | ( )
dx
. ‘ L dx=d
= LetSsmx=A(smx—2cosx)+B(cosx+2$inx) me_zrt = =
= 0cos x+5sin x = (A +2B)sin x + (B —2A) cos x
Comparing the coefficients of sin x and cos x, we get I= J_ j + )
' A+2B=5 and B-24=0 aal
Solving the above two equations in A and B, we get J2 [1 1
At 5er Rt

=>Ssmx=(sinx-2cosx)+2(cosx+2sinx) 2
. J‘ . N =1+log|sint|+C

sin x —2 cos x T

=x+ log sin(x——) +C
4
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Session 1

Integration Basics, Geometrical Interpretation
of Definite Integral, Evaluation of Definite

Integrals by Substitution

Integration Basics
What is Definite Integral ?

Let f be a function of x defined in the closed interval[a, b]

and ¢ be another function, such that ¢"(x) = f(x) for all x

in the domain of [, then
[ #x) dx =[0(x) + ¢t = o(b) - 0(a)

is called the definite integral of the function f(x) over the
interval [a, b], a and b are called the limits of integration, a
being the lower limit and b be the upper limit.

Remark

In definite \ntegrals constant of integration 1s never present

Working Rules
To evaluate definite integral f f(x) dx.

1. First evaluate the indefinite integral I f(x) dx and

suppose the result is g(x).
2. Next find g(b) and g(a).

3. Finally, the value of the definite integral is obtained
by subtracting g(a) from g(b).

Thus,  [* fx) dx =[ g(x) = (b) - g(a)
| Example 1 Evaluate

A

(i) I°3+4x dx (ii) J:/z sin® x dx

4 0

(2

(2sin? x)? dx:lj“
4 70

Sol. (l) Here, I=
° 3+4x

1
=-[In7-1n3)=
4
(ii) L°t1=1:uz sin! x dx

1
A

(1 - cos 2x)? dx

LN (1 -2 cos 2x + cos® 2x) dx

40

1 ¢n/2

1+ 4
_1 (l_zmszﬂ_m_x)dx
4 0
w2 (33— 4 cos 2x + 4
_1 ( x + cos 4x dx
4 -0 2
- . 2
4
=1 3x—ésin2x+sm4x
8l 2 .
1[(3n .
== (——251nn+lsin2n -0
8 2 4
1(3n
_1(3m o , 0) 3n
8 16

#

| Example 2 The value off [ (tan - )]dx is
X

@m/2 (b)m/4 () -m/2 (d) None oflhq
Sol. Let = ffl[ﬁmﬂ" 1 ]dx i
Here, :—x(tan"-:;) = i(cot_lx) = 1;;2
" jl—1+x _I'1+x
=~(tan"'x), = ~[tan""(1) - tan"}(~1)]

2
Hence, (c) is the correct answer.

Remark

Note th -1 1 1Y
e .[ ( tan ';)dx=(tan ’_1.) =tan™'(1) - tan”'(-1)
X/

=E_(_E)=ﬂ
s 3)73

]
(;) is not a anti-dervative (primitive)
d 11

t — ! i
0 p (tan ;) on the interval [-1, 1].

is incorrect, because tan™'
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l Example 301, = .‘?'”DH X)” dx, then I, 0l isequal to

(c)e-1 (d) None of these

(ﬂ} “' (h) ¢

sol Wehave I [ Gogx)"dx = [[(logx)" - 1
L2

1
—

fy =[x Qg x) X = [T (logxy "1 xds

= (¢ —~0) nf(lng,x)" ddy =e-n 1, |

dgn =
Hence, (b) is the correct answer,

| Example 4 All the values of ‘@ for which
f[oﬂ(u —ga)x+4x Jdx <12 are given by

(b)o<a

(a)a=3
(d) None ol these

|dO$u<3
Sol. We ]“‘W-_‘; fa” + (4 dadv 4 A Jdy =12

l[a®x 4 (2- 2" +1') s 2

=

=sa*@-D+@-2a)4- D+ -1 s 2

= a' +¥2-2a)+15512

= a’-6a+9<0

= (a-3)" <0
a=3

Hence, (a) is the correct answer.

Geometrical Interpretation
of Definite Integral

If f(x) >0 for all x € [a, b], then f () dx is numerically

equal to the area bounded by the curve y = f(x), the
X-axis and the straight lines x =aand x = b i.e. J: f(x) dx

In genera.l,f f(x) dx represents the algebraic sum of the

areas of the figures bounded by the curve y = f(x), the
X-axis and the straight lines x =a and x =b. The areas
abovF X-axis are taken with plus sign and the areas below
X-axis are taken with minus sign,

e

X=a =b
fx) A
! A s
Lk \C
. + !
° A\'/MB 10
! :
! |

Fiocure 2.1

Chap 02 Definite Integral 85

ie. J'_" f(x) dx = Area (OLA) - Area (AQM) — Area (MRB)
+ Area (BSCD)

Remark
:
I fix) dr represents algebraic sum of areas means that area of

Tunchion y fl) 1s asked between ato b

=3 Area bounded = f | f(x)| dx and not been represented

by r f(x)dy e g If someone asks for the area of y = x ?

between - 1to 1 then y = x ' could be plotted as

t N
\ Ly e
|
7 luuw‘*%“”ﬂ —
rL ]
v
Figure 2.2
;°Lre:«.l=j0 —x? dx +Il x? dx=l
-1 0 2

1
or using above definition, area =I 1| x?|dx=2 J' x? dx

1
0
1
4
0

But, if we integrate x> between —1to 1.

L]
2

1
= I . x ? dx =0 which does not represent the area.

Thus, students are adviced to make difference between
area and definite integral.

| Example 5 Evaluate I; | (x =1)(x —2)|dx.

Sol. Let
We know,
e -1 (x-2)1=

1=[]1(x-D(x-2)| dx

(x=1)(x=2), x<lorx>2
—(x=-1(x-2), 1<x<2

+ .t
'

Using number line rule,
3
1= 1(x-1(x-2)|dx
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of Definite
by Substitution

substitution

Evaluatlo
Integrals

indefinste mzctn. may need
:ufin:f;x“ in that case don't forget to i“mgc the
Jmits of mtegration 4 and b vrrrs;\md.ng_ to the new .
variable ¢ The substitubon x = @(l) is pot vahid. if 1t 18 no
continuous i the interval (@ b]

| Example 6 Show that
2

J‘ dx
o glcos? x+bisn®x 20

(divide numerator and denominator by cos” x)

Put tan x =t =>sec’ x dx =dt

== gt
I—f“ a + bt?

We find the new limits of integrationf =tan x =t =0
whenx=0andt =< whenx=xn/2

) -1 bt
b0 gV, B oalb
(—b'J +1

il

I Example 7 gyaluate J‘_i

the substitution x=1
don't valid?

5 directly as well as by

/t. Examine as to why the answer

L

2 £
_ —_—
sal &8 § -3
T - B x =2 s
=137 2 (., Vg
- e - =
=37 3 4 | 4
L3
= ==
4
- = ;. then
. siner mand € X
On the “‘4_ -
ax __ - -
= - = - &
4§+ X 4~ s T\
= — i -tan (2
- - 2 wan -l ——tan (-1
= = =
= . :
= 1
J=- — whenx =-—
4 i

h;bo*.*:n'ercrglt_&‘?:—'. 4 s wTong Smoe the

mtegrand
4 “I

this function cannot be negative.

Since. x =1 ¢ is discontinuous at ¢ = ( then sabstony
not valid ~T=t

Remark

t S mportant that ™

nt. ve! of integration

-—“—-‘-q — -~ mmm m A s
£ SUDSTUTDON MUSY DE SoNTNUCUS ™ e

| Example 8 Evaluate | x-S X
1-x-
Sol. Let]= r ,idx
vi-x?

Put sin™ x =@, then x = sin8 = dx = cosO®
Also when x = 0, then 9=Oandwhenx=%.

then §=gpif1)_7

\2/ 6

=(8-cosB)y'* + L" cos 6 d,
using integerat® "
= (~Beas0) + (sin0)y ¢

~Z o™ —3n 1
"CUS—+0+si_n£_g= +-
6 6 6 12 2

ebooks.cybernog.com
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for any 1+ 1, evaluate the integral
wmp‘l

tlhx
I’J "‘Jf L] ‘j“
| /
- ix
WRZIE e s
pul y*Jl" =1 fJIIl"-' ¥
’ l’ i | \
Lad =00 ‘v xe ,,“,2(‘ ,J
dlvlrli l, th
7 i’
- ' : l ' n n o
/ 'Ir-lf" 2(“"J’" ;!L (0" vt yli
| n "ol .
_' J ! ¢ ; 'l" ( | | )
2. LAS T I n nitl
| o | N
210 -n’ n' 1
I r.xample 10 The value of
t)l | .J ’
0 / P
Jo A 7 dx + I X |Uu .0 1 odxis r'qu.ll o
0 (x+1) '
"
e e @0 () (o) ?
-“ll |

¥ 1

) : .
$ol. lll"]: r“*” drij' xlogx e 7 dx

Pul x 4 1= tin first integral

il
"2 )
l'l

i ol
v ¢ ¢ , 3
I-L ' d!ij" x log x e dx

l'il'
-L'r-‘ l:iflloglldf-[luglr : }
-0 |
-(J’)' 1

Hence, (d) Is the correct answer.

lmmplo 1 Let ;(x)-j J - and g be the

inverse of [ Then, the value of g (0) is
(a)) (b) 17 (c) V17 (d) None of these

Sol. Here, f’(x)= - L Ly
14 -\‘ dx

BON2

Chap 02 Definine integral 87
Now, g'(x) = .’l' - Jl '. .
dy

« di
When y =0 le, e = (), then x
Therefore, g'(0) = J1e16 - J17

Hence, (¢) in the correcl answer

| Example 12 et a, = j:'“ (1-sint)" sin 21,
n

0
then tim 3" =" 15 equal to

LA el
() 1/2 (h) 1
() h/% (d) 3/2

Sol. We have, u, = I:” (1-wint) sin2edt

Lot sint = u > -cost dt = du

S b’ LI nel
a, I,L u" (1 u)du = 1{ L u"du ﬂ u du)
( | | )
-‘I‘ .
n+l n+2
'l‘hrrr[urr,uﬂ z( ! L J
n n(n+1) nln+2)
&4 o1l 1 w1 1
U | Low? B
""n",.z.'." lr‘(n n+|) ZZ(N n+zn
X 1 1 - (1 1
-2 :
,‘z,(\n rlil) ,Iz_l(n IHZ]
1 1
= 2(1) Ull)+(‘ ‘)+(‘ l)t.}-l -
i) 2 4 38 2 2
Hence, (a) I8 the correct answer

| Example 13 The value of x> satisfying the equation
[ tint dt - ll‘ s

(a) Ve (b) e (©)e’ (dye-1

i oy
Sol. l.cl!ﬂ-!:l Ilnrdt-\h\f«%]

vy
-11. L dt-‘—lnr; —
20t 2 2| 2 |

.f_..l'ﬁ.ul 1].1
,-,.{:_l.".f...l.g‘ w0 = [2nx-1]=0 (as x > )
2 4
=0 lnx-%-nt-wf;

Hence, (a) Is the correct answer.
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of \fwh’;'a, (a’U{L‘
leaxt) o (lldxus

- I
lfunp"-‘" = f A28 *

’ N, then k equals 10
E_ where ke
equal 10
' (d) 32
) 8 () 16 )

A A /’
rPeaxt] unt -2
xr)

g8 Tomook?

[ 4 'ﬁ l‘nr
u"ﬂ -[- 101.
put x = /1 and adding Wtst"
(gmng tan (1/x)+ cot x =%/2]
N M
X 1) a’dr

x { )4
:v‘f-*i_;. |
*!;L_ l:lolld ‘ar Ydl.;

1+ x

4 1+
®l x o= K" na
e-l_‘,.O—— = - & -
2wz 4] |2 16 |

\ ( ] !

2! s i | n ’n’ n

[ = lim — « im | —p»— ¥+ — -

se=a B2 18 oo | (WY 2)a 16 16

= k=16
Hence. (¢) o the correcl answer

value of definite integral

5 If the
] denotes the

xample 1
IE P rldx‘where(J)land[X

f x.a ™0
greatest Integer, is then the value of 'd equals
(a) Ve (b) e () ve+1 (d)e-1
Sol. Let | Sr xoa " dx
Put log, ¥ = ! 5 d =x
| 1 ’ ()
[ = Ina I (a' @'l a)dt=na J'“ (a d')dt
1
Ina Il (o' a"ydt = lnm"[n a®'dt
1
h'\[J aJ_'f ](a;' 1) [as t} = "lrte(o.ln
2 Inaj|, 2
'’ et sa=ve
2
Aliter x € (1,4a)
log, x € (0,1) = [log,x]=

=
e—1 — a=J;

a _1 z_ &1
I—-L xdx;i(a 1)= 2

Hence, (a) 1s the correct answer.

Exercise for Session 1

' 1. f‘cm’xdl

3 [ ATcosxax

5. [

L41-41-1

7. I""(!hx+mx)
® 9+ 18sin2x

9. [*[X=2g
L'bx

11. f;ca2x,log (sinx )dx

13. wr
(x)is a function satisfying f( )+ xzf(x) =0 for all non-zero X, then f

4. Tre vaius of | ( [T +r)J( 3L

e (b)n1

“Jo 1+cosx

/
4, I:s?nzx -cos X dx

6. [ logxdx

8 (° 1
‘L i(X—-a)(b=-x)dx'b >a
10. J':MJtanx dx

12. y‘"esmx(w ox
COS X

'(ﬂﬂx is equal to

de equals to

(€) (n+ 1) @n-n!

15. The
Ue set of values of ‘a' for which the Inequality f (372 x
~-2.3 )danlstrue is

@[o 1) ) fm -

(©) [0 =
3= (@) [, U 1 =

—ebooks.cybernog.com
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gession 2

PI.‘,perties of Definite Integral

properties of Definite Integrals

l’roPcrtY L Lb fx) dx =Lb f(1)dt

rhe integration 1s independent of the change of
1€

\fﬂ_fiﬂble' o i
proof Let ¢(x) be a primitive of f(x), then

d d X
— = f(x) = - ;
dx[‘b(x” f(x) d‘l\N”] f(r

heelore, [ S0 dx =01 = 0(b) - ota) 0

and [ £ dt =[0(] = 0(b) - &a) @)
From EQS (l) aﬂd (ll), we have

GLS = [ foyar

poperty IL [ f(x) dx == [ f(x) dx

Le.if the limits of definite integral are interchanged, then
its value changes by minus sign only.
Proof Let ¢(x) be a primitive of f(x), then

[} fx) dx = 0(b) - 6a)

and

- [* f(x) dx =~[(a) - (b)) = 0(b) ~ 0(a)

Lb f(x)dx = —J: f(x) dx
Property III. If(x) dx = I:f(a — x) dx (King's property)

Proof On RHS put (a — x) =t, so that dx =—dt
Also, when x =0, then t = g and when x =g, thent =0

‘0 fla-x)dx = - J‘:‘ fieyde={" f() dr=(" flx)dx
* ) fla=x) dx = [ flx)dx

Remary,

Th ) ‘
m;: foperty is useful to evaluate a definite integral without first
diﬁicu?tthe Corresponding indefinite integrals which may be

0r sometimes impossible to find.

Geometrica[1y J:f(x) dx = j:f(a - x)dx

This property says that when integrating from 0 to a, we
will get the same result whether we use the function f(x)
or f(a — x). The justification for this property will become
clear from the figures below :

y
f(x)

> X
0

As x progresses from 0 to a, the variable a — x progresses
from a to 0. Thus, whether we use x or a — x, the entire
interval [0, a] is still covered.

Y4
n fx)

fla-x)

L - - -~

-

0
The function f(a — x) can be obtained from the function
f(x) by first flipping f(x) along the y-axis and then
shifting it right by a units. Notice that in the interval [0, a}
f(x) and f(a — x) describe precisely the same area.
There are two ways to look at the justification of this
property, as described in the figures on the left and right
respectively.

> X

| Example 16 Show that
(i) j:ﬁ )‘(s.inx}dx:J':/2 flcos x)dx

(ii) I:ﬂ f(tanx)dx = I:/z f(cot x)dx
(i) I:/zf(sin 2x)sinx dx = :/2«/5 flcos2x)-cos xdx

= _":’ *f(sin 2x)- cos x dx

n , noen .
W) [, "f(s'“"”d"='§.[o flsinx)dx [1IT JEE 198
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90 Textbook of Integral Calculus

s", (l.) We know,

[ ptsin xydx = [ f[sin ( -k x)} dx
[usingf:f(x)dx = foaf(a - x)dx

- fu"” f(cos x) dx
jo"”f(sm x)dx = [ "“f(cos x) dx
i) [ fttan x) dx = [ r [ tan ( g - x))d.\'
[usingfn"fmdwfn" f(a - x)dx ]
= fﬂ” f(cot x) dx
oM ftan xyav = [T fieot v dy

(iii) We know, I = fﬂ“ ! f(sin 2x) sin v dx (i)

[ f[sm ztg - \']}-sin(; - x)dx
[ using [ f(x)dx = [ * f(a - x) de
= " f(sin (7 = 2x)) cos x dx
1= ["" fisin 2x) cos x dx (i)
Adding Eqgs. (i) and (ii), we get
20 = fn’” f(sin 2x) (sin x + cos x) dx

= \[2—"‘:2 f(sin 2x) sin (x + E) dx

4
Putx+£=(£_9
4 2

(i.c.x:ﬁ—eJ
4

2l = - JEL;‘M f(cos 28) cos B a0

-
- Jz_f_':; f(cos 20) cos B df
=22 I Dm f(cos 20)cos0 49 (since it is even)
=92 [ f(cos ) cos 0 ab
(iv) Let  I= jo" x f(sin x) dx (i)
Replacing x by (n - x), we get
1= (m = x) f(sin (% - x)) dx
= I=["(m-x) f(sin x)dx )

Adding Egs. (i) and (ii), we get
2= ["n fsi T
[ fsin x)dx=1=5fn f(sin x) ax

A fn x f(sin x) dx =§J'0ﬂ f(sin x) dx

and g are continuous functiong
satisfying f(X)= fla—x) and ga(x)+ i(o— X) =2, they
show that j: f(x)g()<)cfx=f0 f(x)ax.

(= [* fe0 g0 dx = [ Sam X a0 d

1 Example 17 If f

Sol. Let
=j"f(x)-[2—g(x)ldx
0 a .
[using Iﬂ f(x)dx=fo f(a"l’)dx]
o f(x) = fla- x) and g(a- x)+ g(x)=2 (Eiven)

A IOR S 2 [ f()dx = [7 £ gy g

or 2.[0“ f'(x)'g(x)dx =2J.0n f(x)dx
= [ f(x) g(x)dx = [, fx)dx

| Example 18 Evaluate
dx

L [n/2
() f" 1+ Jtan x

(i) ['* tog (tanx)dx

J-n/l Sin X —cos x
Y 14+sinxcos x

dx _J-R/Z \/C_OS_X
1+tanx *° Jeosx +sinx

Jeos (n /2~ x)

(iii) fon/“ log (1+tan x)dx  (iv)

n/2

Sol. (i) LetI:IO & .

Th ' = n/2
e ‘L ,ﬂ:os(n/z—x)+\/sin(1r/2—x)
=J-n/2 .,/sin x dc :
0 \/sin x + Jcos x -
Adding Egs. (i) and (ii), we get
2!=Iﬂm . \/sinx dx+Im .,}cosx
Jsin x + Jcos x o Jsin x +.4/cos x
_[m2 Jsin x + Jcos x n/2
I“ Jsinx+\/cosxdx_‘[° 1dx
=lx)§? =20 o =T o ;1
2 2 4

. n/2
(i) Let I = Io log (tan x) dx
/
Then, = J‘aﬂ 2 log {tan (g - x]} dx

n/2
I'= Io log (cot x) dx
Adding Egs. (i) and (ii), we get
o = J- w2, K
, log(tan x) dx +L log (cot x) dx

=

)
_Io (logtanx-i—logcotx)dr

_ w2
—J; log (tan x - cot x) dx = J. " log (1) dx
0

ebooks.cybernog.com
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(i) Let 1= J‘"" ) log (1 + tan x) dx D)

5'[""

4
log [+ tan (/4

log (

(lilun.\ll

x)] dx

lnn n/ t um X )
N - ax
1+ mn(n 4) tnn X

tan x
— -]d\
1+ tan x

e
T
L v S
e

log (2) dx - J’.l ' log (1 + tan x) dy

l. . '\7“} L A

Jo

Then, | =

=

n
l+sm(l

COS \

s = (log2) ()~ 1 [using Fq (1))
=2 = n log 2 > | = log 2
4 L}
©2osin oy 08 X
(iv) Let I = L — dvx (1)

I+ sin x cos

y
-

- sin X

dx L)

’;J-o!.'

Adding Eqgs. (1) and (i), we get

n? no2
lef - d.\'+I
0 1+ sin x Cos X 0

2[=0 = =0

14 cos x-sin x

sin x — COS X cos x —sin x

dx =

1+ sin x cos x

Example 19 The value of f: log (cot a+ tan x) dx,

where a€ (0, m /2) is equal to
)alog (sina) (b) —alog(sina)
) —alog (cosa) (d) None of these

l. LetI=L' log (cot a + tan x) dx
=" 103( )dx
o cos x

= J'o“ log ( ) dx

= [ log [cos (a - x)] dx - jo" log (sin a) dx
- Jloa log (cos x) dx

sin x

cos a

- +
sin a
cos (a — x)
sin g cos x

= [[ logcos(x)ds - [ “log(sina)dz ~, log (c0s %) ds
[using J':f(x) dx = Ldf(a - x) dx to first integral]

= - log (sin a) Ioa dx = — a log (sin a)

Hence, (b) is the correct answer.

Chap 02 Definite Integral 91

Property IV. Lb f(x)dx = Lb fla+b-x)dx

(King’s property)
Proof Putx=g+b—t =dx = —dit b o PP

Also, when x =a, thent =b, and when x = b

b a a
~f f()dx=[* fla+b-t)(-dty=~[" fla+b-1)dt
b b
[ fasb-ndr={" fla+b-x)dx
b b
.[. f(x)dx L fla+b—x)dx

b
Geometrically [: f(x)dx = r fla+b-x)dx

As the variable x varies from a to b, the variable a + b — x
varies from b to a. Thus, whether we use x ora +b — x,
the entire interval [a, b]is covered in both the cases and
the areas will be the same.

X
| —

[\ J PSR

The graph of f(a + b — x) can be obtained from the graph
of f(x) by first flipping the graph of f(x) along the y-axis
and then shifting it (a + b) units towards the right; the
areas described by f(x)and f(a +b - x) in the interval
[a, b] are precisely the same.

n/3 dx
i Example 20 Evaluate L/ﬁ m ,
/3 n/3 cos x - dx (
_Sol. el né 14 J—— I COS X + fSIn X

1fcos(ﬂ/z x)

then, I=I,,,6 Jeos(n/2-x x) + {fsin (T/2 - X)

(ca+b=m,
,/slnx

sin x + 4/COS X

dx N

I tht.':i
T dwe
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Chap 02 Definite Integral 93

Exercise for Session 2

1. The value of J'Om log (1+ tan 8) d@ is equal to

(a) g log 2 (b) - Iog 2 (c) % log 2 (d) None of these
2. For any integer n, the value of _fo 6% ¥ cos? (2n + 1) x - dx is equal to
()0 (b) 1 (c) 1 (d) None of these
3. The value off ry dx is equal to
,/5 X +/x
(a) 1/2 (b) 1/3 (c)1/4 (d) None of these
dax
4. The value of — i al to
0 (17+8x ax?)(eo Dy ° 0
2-J21 2+ 21
a b
@)= 8J21 2+ V21 ®)- aJ'1°g‘J'Z1—2]
1 2-J21 2+ V21
e)- — I il - d)N f the
© sJiJothWJ o J2—12H {d) Nons ofinena
f(sin x)

dx Is equal to

5. 1ff is an odd function, then the value off o 7 )+ F(sin? x)
cos x) + f(sin? x

(a)0 (b) f (cos x) + f(sin x) ()1 (d) None of these
2
6. If[x]stands for the greatest integar function, then_[ [x"]ax 7 1S
[x2 -28x +196]+[x?]

@1 (b) 2 (c)3 (d)4

7. The value of ——XL(O <o<m)is
01+cosa-sin a
(@) -2 (b) 2% () =2 (¢) 20
sin a sin o sin o o

8. Iff, g, h be continuous functions on [0, a] such thatf(a —x) =f(x), g(a - x) = —g(x) and 3h(x) =5 +4h(a -Xx),
then the value of I;f(x)- g(x)-h(x)dx is

@o (b) 1 (c)a (d) 2a
9. 2f(x)+f(-x)= Asin (x —1). then the value of J‘ ° f(x)dx is
X X 1e
(@0 (b)e (c)1/e (dye+1/e

10. Prove that I;vtf(sinx)dx = % I:f(sinx)dx.

x2sin 2x -sin (gcos x) dx
(2x -m) : Col 7y
12. Number of posmve continuous function f(x)defined on [0, 1]for whichj' f(x)dx 1.j' xf(x)dx = 2andj x¥(x)dx =4

o

11. Evaluate J'

2
13, Let A -_[ ——dx and/, _J' _x—-dx. Then ’I— is equal to
e (2 -x?) 2

1
(a) s (b) 3 S (c) 3 (d) »

.
Iy = _[" "x. g{x(1-x))dx and /, = j':_‘:)g(xﬁ—x))dx. then the value off:s

14. i1tx) = LA
+e¥
(d) 2

(a)1 (b) -3 (c) -1
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Applications of Piecewise Fu

Applications of Piecewise
Function Property

Property V (a) ' '

v

oy b
i)y | u\\.i\cJ“ fin)dv,

where ¢ ¢» R

Proof Let ¢(1) be primitive of £{1), then

»

and l

v

A0 A0 = ) X)) R - K]

g‘\f" «ll) . (h)

From Egs. (1) and (i0), we get
» "o (.
{ Fiv) dv s | ,9‘\\1.h+[_ f{x) dy

Generalisation Property V(a) can be generalised into the
following form

[* fix)dx = [ o)y + I YA dx .+ ff(x)dx
v va \l n

where, @S¢ <0 <.<e,, <c, <b

Property V (b).
[ Axrae=["" fxyax + [ fla-x)dx
Proof As we know,
f: flx) dx =I: T f(x)dx +J:: f(x)dx

Putx =a -t = dx =—dt in the second integral also,
When x =a /2 then t =a/2 and when x =a,thent =0,

Jo frax=[" fooyae s [* fia—n) (- an
= fxr @+ [ fla-nyar

[ ferax=["" f(x) ax +[*% fla=x)dx
Property V (c).
”50- iff(a+x)=—f(b_x)

—_—

[* fx)dx =
a 2 2 f(x) dx, iff(a+x)=f(b-x)

[ ) dv = o) - () )

nction Property

¢ the function f(x)on{a, b]When

. .onside .
Proof Letuscol is even symmetric abouyt g,

then [
pa) e SN ).
e ath on the interval [a, b] when
mid-point x Y | t b
) on [ 18 odd symmetric aboyt g,
‘ p - v) then f 18 0 .
fla t X ) ’(
ath of the interval[a, b]
7

4

mid-point X

0, if f is an odd functigy,
2f(x)dx, if [ is an even functigy

Usmg’[':' f(x)dx {

0, iff(a+X)=—f(b-x)

a+b

LI -
P LI (T fy it fakx) = 16—

x? for0< x<i
| Example 26 Given function, f(x)=

Vx, for1<x<)
Evaluate J'Oz f(x)dx.

Sol. Here, ju’ f(x)dx = j'o' f(x)dx +J'l2 f(x)dx

jo’ f(x)dx=fo‘ x?2 d“jl2 Jx dx

-

1 .
x’] [xm]"’
=] — + | —
(3], [3/2]

1 2
=l -=90 il _
3 ]+3[2J§ 1]
142 2 a2 11,40
3 3 3 3 3 13

. 2
¢=.'|ntegralp'=‘|'0 11— x|
b-a if a<b
a->b, if a>b

(1-x),0<x<1
(x-1),1<x<2

Sol. By definition, la-b|= {

,l‘xlz{

Then,

ebooks.cybernog.com
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Exercise for Session R
¢ integer function. is €a4a
tes the greates f th
1. The value of f : {| x -2 + [x]} dx, whereé [.] deno o (d) None of these
= C,
(8) 5 (0)6
2. The value of :: (I x | +| x - 1]) ox is equal to " (d) None of1these
5 : '
(a)9 ®° . integral part of x). Them: the value of [ (x) i s eqq
3. Letf(x)=x —[x],for every real numberx (where, [x]iS |
(d) None of these
to ) 2
(@o (b) 1 e teger function) is equal to
atest integ
4. The value of [ * [x + [x + [x]l]dx (where, [] denotes the &S 1) Klone ofthess
(a) 2 (b)3 ©-3
X . tion
5. The value of f i 5[2#} dx is equal to (where, [.] denotes the greatest integer funclio
0 X
[x] (d) None of these
@2 (b) Eul‘:;_z © Ziog 2
6. The value of _[0‘ (x) dx (where, {.} denotes fractional part of x) is equal to
() g (b) '35' (c)g (d) None of these
7. The value of L ‘ (x)™*1 dx (where, [] and {.} denote the greatest integer and fractional part of x) is equal to
11 13
(a) 1—2 (b) E
7 19
(c) — d) —
12 (d) 12
) 4
8. The value of fo [t + 1° dt (where, [.] denotes the greatest Integer function of x) is equal to
2
(3)(M—0J + (x]+ 12 X] (] + 9 \?
2 ARy e ML 4 0 4
[x] (Ix] + 1))’ 2
C)| ——=__ ¢
( )( 2 +(+ 97 () (d) None of thege
9. The value of f 10"[tan"x]g:wx (wh
o ere, [-]denotes the greatest j ;
(@) tan1 Integer function of x)is equal to
(¢) 10m - tan1 (b) 10m I
10. iff(x)=min{|x - T1xL1x + 1), then the value af J f s WWQME&’
(a) 1 Jforxicis oqua o
1
(b) =
(°’z1 2
(@
11. ) 8
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12,

13.

14.

15.

16.
17.

18.

19.

20.

Chap 02 Definite Integral

10n
value of [ ([sec ' x]+[cot™
he L [ I+ feot™ x))dx (where, [1denotes the greatest integer function) is equal to

(a) (sec 1)~ 10n
sec 1 (b) 10m - sec 1
(c)m- (d) None of these
The value Of_f [cot™" xJdx (where, [1denotes greatest integer function) Is equal to
(a)m+ cot1 (b) n
+ col2
(c) m+ cot1+ cot2 (d) cot1+ cot2

nl/4
lue of tan”(x - -2
The valu Io (tan”(x ~[x1) + tan"2(x ~ [x]))ax (where, [1denotes greatest integer function) is equal to

1 1
(a) - (b) — (©) 1 d 1
" , n-1 (-1 nn+
2
The value of _[0 [x* =X + X (where, ['] denotes the greatest integer function) is equal to
5+ /5 1+ V5
()= b) ~2‘ (c) 1= ’/3 (d)5_"/:

Evaluate J:[x"]dx » (where, []denotes the greatest integer function).

x 1
Prove that fo [x)x = x[x]- E[x]([x]+ 1), where [-] denotes the greatest integer function.

IFf(n)==2
jo {x}dx

of f(4)is ...

99

n
[xJox
'[ (where, [[]and {} denotes greatest integer and fractional part of x and n € N). Then, the value

Iff(n)= mcostl:lt, where x € (th. 2nm + g). n € N and []denotes the greatest integer function. Then, the value

of is ...

()

If ﬁx}dx = J{xlxdx, x ¢ integer (where, []and {} denotes the greatest integer and fractional parts respectively,

then the value of 4{x} is equal to ...

e

vy’
? AR 8 }""
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Session 4 d
Applications of Even-0dd Property an
Half the Integral Limit Property

n/l' % .l
Pllcatlons Of Even Odd | Example 42 Fvaluate I.n/,, X’ sin” xdx.
Property and Half the Integral Gl Lol ()= & sin® x, then
3 _ 3 i (o
lelt Propeﬂy f(— x)=(- x) sin' (- x)=-x v[s:n( x)]*
P ty VI = - x'(-sin x)" =— x” sin x =~ f(x
roper . | ‘
a [ 2"” f(x)dx if f(x)is an even function So, f(x)is an odd function.
"- Flx)de = " Hence J " f(x)dx =0
- I 0, if f(x)1s an odd function : /4
' Proof We know, Le. I_ﬂ;:4 x? sin® xdx =0

[ frvax =" fvyde+ [* ey dvifa<e < .
a vd < : 2
| Example 43 Evaluate f_ﬂ/z sin“ x dx.

[ s =[" pyaxs [ fix) de U o "
a “ ol. Le x) = sin’® x, then
Now, f_n. f(x) dx =fdu f(=t)(~dt), wheret=—x f(= x)=sin® (- x) = [sin (- x))* = (- sin x)?
\ , =sin® x = f(x)
=‘L f=1 dt:jo f(=t)dt So, f(x) is an even ﬁmcnon hence
=f; f(= x) dx (using properties I and 1) I n/2 (sin? x) dx = 2_[ (sin? x) dx
(e —_o[™2 1—cos?2
_ fo f(x)dx, if f(x)is even —2'{ 2 ~ dx
=[] fxdx, if fx) is odd 4 i (x _ sin 2")“ _z
From Egs. (i) and (ii), we get ) J-ruz .2 n : ’ :
. a UL, S xde = —
f_a f(x)dr::{zfo flx)dx, f(x)is even 2
0, if f(x)isodd I Exa 2-
' . S0 mple 44 The Value Of". |Og (——_XJ dx is equa|
xample 6N Evaluatef (x + SX+smx)d (a) b 21X
o 1 § AL Y
et, f(X) I +5x 4 sin x
fl=x)= =43 -5x — smx"—f(x) Sol. Let flx)= log( -?;‘f)
S0, f(x)is an odg function), 2tx
Hencef (x? +5x +sinx)dy < Now, f(- x)= log[2+xJ o (2.._1- -1
Z-x = 2+ x J
[usmg[ flx)dx = {zrf(x)dx F(x) is even == 108( ij-)
0 £(x) is odd fha
flox)=<jog| 2= x
Og( 27 1 ):—f(x)
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i.e. f(x)is an odd function.
So, J.-I: f(x)dx:_f_!l log( 2_:':de=0
2+ x

[ -'-a f(X)dX ={2‘[0a f(x)dx,

Hence, (d) is the correct answer.

if f(x)isodd ]

if f(x) is even

| Example 45 The value of

. 4
x sin (2x) - sin [ — COS X

L dx i |
J’O 2x—n) s equal to
8 b 8 2
8 b) = — =
(a)n ( )8 (c) > (d)—g—
x sin (2x) - sin ( g cos x )
Sol. Let I=" dx (i)

(2x —= n)

(M= x) sin2(m - x)-sin [-g cos (1 — x))

1=L"

d
2(m-x)-nm X

(m = x)-sin (2x) - sin ( g cos x)

dx (i)

n
= “." -(2x - m)
Adding Eqgs. (i) and (ii), we get

n
(2x — m) sin 2x - sin ( Py cos x)

= d
21 -[o Zx—m) x

13
I=1‘|'K25inxcosx-sin(-cos x)dx
270 2

(put cos x = t, then — sin x dx = dt)

(using by parts)
( 1
m
cos Ef COS(—()
=2l —_— -] 1
n 0 2o th |
Y 2
2 0
1
( (n ]
sin|—¢
=2 04-2 (2 =‘§‘
2 0

Hence, (c) is the correct answer.

Chap 02 Definite Integral 101

cos x X 2xcos’ x/2
I Example 46 If fx)=| x? secx sinx+x® ;
1 2 X+ tan x

then value of j_nn//zz X+ DLAX)+ f700)] dx is equal to
(a)1 (b) -1 ()2 (d) None of these

2
Cos x % 2x cos® x/2

Sol. As, f(x)=| x* secx sinx+x’
1 2 x + tan x
= [(=x)=- f(x)

= f(x)isodd. = f’(x)is even.
= ”(x)is odd.
Thus, f(x)+ f”(x)is odd function, let
0(x) = (x + 1) (f(x)+ f(x)}
= d(=x) = -0(x)
ie. ¢ (x)is odd.
n/2
|-

Hence, (d) is the correct answer,

O(x)dx=0

| Example 47 The value of

j] X -sin~! (2x 1/1 — x?)dx is equal to
T 1=x?
(@) 42 b)4W2-1) (c)4(W2+1) (d) None of these

Sol. LetI:J'“ %—-sm'l(h\/l—xz)dx
- 1-x?
=2.|.01J%x_2-sin_l(21\}1—x2)dx

[using [[ fydx=2[" fx)dxif (= x)= f(x)

Put x =sin @ = dx = cos 0 dO
I=2J‘m sin© .sin” ! (2sin © cos 0): cos B dO
0 ;]l—sinze
2 .
=zj'o"“ sinB»28dB+2J:: (7 —20) sin 6 dO
e M, 0<O<m/4
[usmgsm l(sm26)={n_29' n/4<@<n/2

ni4. e LI
=4Io B'sm9d6+21t_L“ sdeB—4J‘u“ 0 -sin@ dO

= 74{3(—c98 0))y*-4 I;wl -(- cos 0)d0 +2n (- cosB)y2
g4 : /2
—4{8(—cosO)lns +4 jm (- cos 0)

=—7"=+2J§+J§n-%—4+2f=4\f2'-4
2
=4(¥2-1)

Hence, (b) is the correct answer.
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| Example 48 suppose the function
g,(x)=x""" +a,x+b,(n€ N) satisfies the equation

r (px+ q)g,(x)dx =0 for all linear functions (px+ q),
-1

then ;
(a)a, =b, =0 (b) b, =005 n+3

3 _ 3 I
(e, =0:by =375 (d)a";).nﬂ'b” M3

Sol. We have, [ (px+g)(x™ "' +a,x+b,)dx =0
Equating the odd component to be zero and integrating, we
get

2p 2a, p
F T 4 2b,q =0forall p g
2n+3 3 1 4
3
Therefore, b, =0 and a, =~ ——
2n+3
Hence, (b) is the correct answer.

Property VII (a).

[ feoydx= hL" F(x)dx, if f(2a-x)=f(x)
l 0, if f(2a-x)=-f(x)

Proof We know,

[* fxyax=[" fooyde+[* fyde.G)

Bt

Consider the integral J; “ f(x) dx; putting x =2a —t, so
that dx = - dt

Also, when x = g,then t = a and when x =2q, thent =0.

[ f(x)dx=Lof(2a—t)(—dt)=—_Lo f(2a-t)dt
=J‘0“ f(2a—t)dr=J;a f(2a - x) dx

L" flx)dx, if fa-x)=f(x)
_J'O“ flx)dx, if f(2a-x)= _f(xi--(u)

From Egs. (i) and (ii), we have

[ foxde =2 x) e, 3 flza—x) = f)
0 L fl2a-x)=- f(x)

| Example 49 Evaluate f R
O T4cosix ¥

I=J;“_L*dx

1+ cos? x

Sol. Let

p " n dx I“ X dx
. X - - T ——
.[ﬂ _(_’Ll'-‘)'— ;) .[o prcos’ x TN Lk cop?
= T gt (1
01+ CcO "o f‘"‘: - g
""“.[n | 4 cos’ X
J-n _ﬁ»d" -2 M dx
2] =M 0 |+CU-“"'\ u 1+"°H)£

=
0, f(2a = x) = [(y

l""““ e { 2 10 fa=x) = gy

* x
I-u/?. sec dx
0 gec’ x t1

= I=n

f 2
(dividing numerator and denominator by cos x)

2
, s X
n/2 sccC A dx

I:n“ 2+tan2x

{ = sec’ xdx = dt

Put tan x =

Also, when x = 0,then = 0and when x = T/ 2,thent = o
I njm at_ ﬂ(mn‘| f ]-

Hence, =)y 412 72' 75 \

nZ

_ n ( .1_t. -0 ] =
"2\ 2 22
| Example 50 Prove that
n 2
j’o & log (sin x) dx = j"/ log (cos x)dx = - % log 2

0
Sol. Let I= Ium log (sin x) dx i)
Then, I= Lmz log sin (m/2 - x)dx

- j»ﬂ/) l .
s og (cos x) dx ...(ii)
Adding eqs. (i) and (i), we get

n/2
2 = Io log sin x dx + Lm log cos x dx

2
= Io (log sin x + log cos x) dx

2
=Io log (sin x cos x) dx = J' "leog(?ls'm X COS X
o —

- n/2 sin 2
Io log ("?x') dx

2
["" tog (sin 2x) dy - [™* (tog 2) dx
- j- n’z 0

o logsin 2x dy — (log 2) (x)M?

= 2l = n/2 . )
Iu ]Og (Sm 2x) dx - E log 2 .n(i‘i‘l) i
2

Let I - n/ 2
! Io log (sin 2x) dyx
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,.J' log sin ¢ d_ =
= ~I log sint dt (putting 2x < t)

1
=--2
2

[usingf:' f(x)dx-={

®'2 )
=J; log (sin x) dx

na
, log(sinr)dr

f2a - x) = - f(x)
2[ f(x)ax, f2a=x)= f(x),

.. Eq (iii) becomes 2] = — % log 2

log sin x dx = —

r/2 T
Hence, J; Y log 2

Remark
Students are advised to learn

L3 .. v n
J.(‘ log (sinx) ax -In log (cosx) gy = — 5 log?

[Example 51 If f(x)= - [ " log (cost)dt, then the
nox

value of f(x)-2f (7‘-+ 5) +2f (% - %) is equal to

(a) - xlog 2 (b) glog 2

[C)fxlog 2 (d) None of these

n x nid+x/2
Sol. Here, f(:*-—)——fo log (cos t) dt

2
oL
336
-

log (cos t) dt — J:: " log (cos t) dt ...(i)
log (cos t) dt

log (cos t) dt — Im log (cos t) dt ...(ii)

/4 + x/2
log (cos t) dt — 2 1;4 log (cos t) dt

n/4-x/2
=2I
w4

n .
Putt=£—-zmﬁrstintegral andt=:+zmse‘30nd
4

]a

integral, we get
h_zj'xleog cos (%-z)dz—‘zf logcos(z+

; = "ZJ‘,,HZ log( %(cosz z —sin® z) ] dz

! x/2
.' =2.|.
: 0

=x logz -2 j'nxlz

(log 2) dx — 2 “-ox/z log (cos 2z) dz

log (cos 2z) dz

ebooks.cybernog.com
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. nox n  x .
.2f(4 E) 2f(7__z):10°g£32
_ZI’
0

-%)-—-x(]ogz)ﬁ-f(x)

or f(x)—zf(—+§)+2f(%-%)=—xlogz

log (cos 2z) dz

0
-
Ve

|2
+

[SH R
S————
|

o

—
N
A

Hence, (a) is the correct answer,

2
i Examp|e 52 |If j [ ) dx = A, then the value

1+ sin x
n 2x?-cos? x
forj . 2/ dx is equal to
o (1+sinx)
(@) A+ 2n—m? (b) A-2n +m?
() 2m-A-n? (d) None of these
2 2
Sol. Lel B=J’" 2x” cos” x/2
®  (1+sin x)°
2 2 _
B—A=I" x“ (2 cos 1/2‘1 l)dx
0 (1+sin x)
n lecosx
:I ——zdx
® (1+sin x)
Using by parts,
2 n
B-A={|-—Z= +2_[n——-—x.—dx
1+ sin x . 0 (1+sin x)
B-A=-n*+2K (i)
d m - x)dx
where, K=Iﬂ x.x Iﬁ( )
0 1+sinx 1+sin x

K=m -K,

J'ﬂ dx

0 1+sinx
0, f(2a - x)=- f(x)

[osing J}* )= 2[* flxydx, fla-x)=f(x

dx P .Lm dx

1+cosx

= 2K=2n sz

1+ sin x
n/2
=1tjln lseczic-d.:c=2n{tan£} =27
0 2 2/,
K=n
Thus, B-A=-n%+2K

= B=A-n’+2n

Hence, (a) is the correct answer.
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N-l)"L' [(-y)dy wheret= -

_
a0 =[S dy
)
[ [ is an odd function, then f{- )« - v
=" d
. o-x) L f(r) dt

o-r)=o(x)

2
'“,).[' f(1) dt 15 an even function if fr) s odd

¥ (Y-
|EMP'¢ 55 If f(')‘L' ‘ﬂﬂ\l w dt then discuss
whether even or odd’

' \
gl Let @1 = log "

1 &1
(1ot | [ 1= |

@(- 1) = log | *1 e - log | ! L- ®1)
W1 Ll st

-» O~ 1)= - &) 1e &) s odd function
. (1 -1\
ou)-L hg:l-—lldlummnﬁmmu.
Ll

Property VII (d) If (1) ss an even function, then
ux)-L' f(1) df 1s an odd function.

MWehw.u—x)zL" f(r)dt=—j;‘ f(=y)dy.
wheret= -y

Chap 02 Defindte \ntegral 105

= e[ e

f s even function =» f(- y) = fiy)]
- -
-3 - r) )

Hence @( v ) is an odd Tunction

Remark
H AP 4 an even hnchor then for non 7010 .,I [(1) o e rwR
»
eepasde iy ar odd luncton 1wl be an odd funchion L

II Fil) ot = 0 Decmuse '.|~-[' fitict M is an 609 tunclon
g L]

- o )= - @)

- I.'r-'wr!- ["vfnn

- [“rnaef e GEE WO

- L‘ eyt - l - y)dye- L‘ fity at -L' {1 at
(where, y = —1 in second imegral of LHS = (- y) = f( )]

- 2L° fyat = fdy=, 10

= 2[.° fit) gt =0

= - [ Aty ar=0 = [t ot =0

or 0(:):[: fit) dt 1s an odd function, [when [(1) is even |

Only. if jo' fit) ot =0
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Exercise for Sesslon }
then the value of [, 110+ FEXMI0) ~gxpay
. be continous functions, -
. Letf:RoRandg:R R
1. te 4 (d) None of these
(eac;ura: to ©)0 (c)
1
2. The value of L (x|x|)dx is equal to 5 (d) None of these
1 (©
(@)1 ®)3
1 [ x? +sinx dx Is equal to
3. The value ofj‘_T o x? X @ Noneot
on on ese
@2-n (b)m - 2 ©2-7
. f(sinX) gy is equal to
4. Iff(x)is an odd function, then the value OfI_, f(_c_t;s x) + f(sin?x)
N f th
(a)0 (b)f (cosx) + (sinx) (c) 1 (d) None of these
cos '(1 2 2] B taan"[1 2)jtz]dx'
5. The value of | _“: 33 Ak oot is equal to
, n n ) =
x 2
6. The value of I c:osaf dx, where a >0, is
-~ 1 (TITJEE ]
@n (b) an (c) 2n (d) g
. V2 1+ x
7. The integral I_M { [x]+ log, (EJde is equal to (where, [] denotes greatest integer function)
1
(@)-2 (b)0 (©1 (d) 2 log (JJ
2
12 1
8. The value of _’m S T dx is equal to
2
9. If []denotes greatest integer function, then the value of j' mEfm £ dx i
(a)n (b)Z e x 18
2 ©0 @-=
2
10. The equation j‘m {al sinx |+ b sinx
- +ctdx =
o n/d 1+ cosZ x x =0,where a, b, ¢ are constants gives a relation between
a)a bandc (b)aand ¢
(c)aand b
11. The value of [ 2 _sinx dx, wh ()band c
-2 [ x ] R % » Where [-] denotes greatest integer function, is
n
@ ®0 ()4 - sing
72. Letf(x)be a continuous function ch e (d)None of these
su ihalfm f(x)d‘=‘"3,"EZ.Thm;, the val of!a )l i
(a9 _ value f(x)dx is
(b) - 27 © -9 -3
(d) 27
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_ﬂl +1 1 x
13. Letf(x)= - — andj‘ xd @ 41
e -1 0 ;r"’
-1

(b)a

dx zu_Th'nI]-l '3
(r) O -1

14. Let/ 'R »Rbea continuoy
8 function g;
Given be(X -

2 .
f' , f(x)dx is equal to

Chap 02 Definite Integral 107

f(t) dt is equal 1o

(c) 2a

(d) None of these

Y)=1(x) + fiy)torall x, y ¢ R. n]j f(x)dx = o then

(5)2(1 (b)'l
2 )
15. The value of | . [x1/dx is equal 1o ©0 (d) None of these

(a) 1 (b)2 ‘

_ ©3 d)a

» Directions (Q Nos 161, 17) @

mm)#[l [af el <
o x> OMEOS A D e D foralls e R

16. The graph for g(x)is given by

Y

AN o
dAVAN
@ ol T 3 (b) - 4/.*:\/__,* N %
\ 32 v gf 1 2 3
Y4 ,
_y\
3 -2 - o 1 2 3
- + + ‘>X r ~ \ | X
O % @
41
3 .
17. Thevalue of [ g(x)dx is
(@2 ()3 (c)4 @5
» Direction (Q. Nos. 18 to 20)
= sinx
= de;n=012,..
et I .[_,. (1+ n*)sinx
18. The value of I, , , I, is equal to o o
(a)nm (b)
10
19. Thevalue of ¥ I2m+118 equal to
i (b) 5m
()0 (d) None of these
(¢) 10n
10
20. The value of 2 lam 1S equal to
m=1 (b) 5n
(a)0 (d) None of these
(c)10n
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Session 5

Applications
NZwton- Leibnitz's Formula

i
| Example 56 gvaluate L
pvlludh‘ with period m,

Applications of Periodic Functions
and Newton-Leibnitz's Formula

If f(x) is a periodic function w ith period T, then the ar
under f(x) for n periods would be n times the area under

f(x) for one period, 1.e
r f(x) dx -n( fx) dx

Now, consider the periodic function f(x) =sin x as an
example. The period of sin x is 27

'(
Ih———“x———*i

JVEN e

L;\fx a+2n

Figure 2.6

ca

Suppose we intend to calculate f - sin x dx as depicted

above. Notice that the darkly shaded area in the interval
[27, a + 2n] can precisely cover the area marked as

Thus, L"m sin x dx = I:ﬂ sin x dx
This will hold true for every periodic function, i.e.
a+T T
[[7 fe)de =[] fix) d

(where T is the period of f(x))
This also implies that

[ s ax <[ ferae =nf! fe) ax
and Idi-an( )dx .[ f(x) dx
and " f(x) dx = [ fix)dx +nf" fx) dx

of Periodic Functio

ns and

" |L0\ \'ldx

Sol. Note that|cos X [is &
. n

Let pedf |

nl ) r

st £ 15014 104

COS A | dx

cos x dx }

{ I ' cos v dx - .I.,:;
-lltﬁm\} v(slnx)" \-Hln}-a
1 n

| Example 57 Prove that jiop‘ e dx=25(-1).

Sol. Since, x — [x]is a periodic function with period one.
¢* T has period one

25 %1 . Uiy
I= I e i‘]dJ\"—-'.’.SJ‘ et Iy

Therefore,

[using property, I f(x)dx = nj f(x) dx]

=25]0 e Pdx=25(e*)) =25( - ")

=25(e -1)

| Example 58 The value of I [sin x + cos x] dx is

equai to
(a) - (b) (c) - (d) None of these

(where [] denotes the greatest integer function)
Imm
Sol. Let I-L [sin x + cos x)dx
Weknow.sinx*cosx=s/§sin(x+-n] A
4

, 0<Ssx<m/2

0. m/2<x<3n/4
=1 3n/4<xsn
=2 m<x<3n/2
=L 3m/2<sx<Tn/A4

00 7n/asxs<2n

[y (80 x+.cos xJgxm £¥ 0y e + o

Sinxi-cosx:w
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4 " (— l)d,r-f‘["'mz(_,z)dx_’_

T4
I/ 4 (

- in
I)n/z 1) dx + LK " (0) dx
in
- E)-"(O)_(n-—]‘z(a—n—n -I(ZE in)
2 4, .2 W ‘—2—J+0
=-1n

Gince, sin X + €OS X has the period 27,

= 2mw[s'mx+ 2n
So. ['In cosx]dx=nj'n l“nr"’COSIldx

=-nn

Hence, (a) is the correct answer

(pxample 59 The value of | . f(x) dx; where

(x) = minimum ({x+ 1L {x = 1) ¥ xe R and () denotes
fractional part of x, is equal to

(a) 3 (b) 4 (c) S
Sol. Welmow. {1 +1}:{\’- 1}_._{\,}
Thus, f(!) = mintmum ({\- 4 ”' l‘i _ lh _ (x]

[ rran= [ (xdx = -5 [ (x)dx

(d) 6

=

[as {x} 15 periodic with period ‘1')
1
= IOL (x - [x]))dx = 10[0l x dx

2 1
=10 X | =5
2
0
Hence, (c) is the correct answer.

| Example 60 Show Iom Y |sin x| dx =(2n+1)—cosV,

where n is a positive integer and 0<V <.
[HIT JEE 1994, 2004)

+V v m+V
50'-[0 )sin:vr|dx=‘[ﬂ |sinx|dx+[v | sin x | dx

=IV sirucd:t-!-n‘[’I | sin x | dx
0 0
[us‘mg property, j‘“"’ f(x)dx =n[ flx)x ie

[ |sin xldx = nf] |sin xid<

v
"o
+nj’o sin x dx

= [— cOSs x)
0 x

=(—cosV+1)+n[- cosx]
0

=-(cosV)+1+n(1+1)=(2n+1)-cosv

= I:H v| sin x l d = (2,1 +1)— cos v, wherenisa posilive

integer and0 < V < 7.
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| Example 61 The value of j‘;‘ cot™' (tan x) dx is

equal to
(a) '™ (b) m’
2 2
() 2" !
= (d)
Sol. let | = j 1!‘ cot ' (tan x ) dx

. ¢
> |- 7‘[’ cot " (n!kz

( [ foydx=(m-n ' f(x)dx}

x J )d: A1)

x ,0<x<mn/2

As we know, cot ' (cot x) =
n/2<x<mn

n+ x,

Hence, (b) is the correct answer.

| Example 62 Let g (x) be a continuous and
differentiable function such that
2 [ V52

IO { P [2x? - 3] dx }-g(x) dx =0, then g(x)=0

when x € (0,2) has (where, [] denotes the greatest inte
ger function)

(a) exactly one real root (b) atleast one real root

(c) no real root (d) None of these

Sol. As 1<2x’-3<2 Vxe(+2,45/2)
= j‘f [2x® -=3]dx >0,V x€(0,2)
= g(x)=0should have atleast one root in (0, 2).
[ g'(x)

Hence, (b) is the correct answer.

| Example 63 The value of x satisfying
Im X } dx = L,m [x+14]dx is equal to

(where, [.] and {} denotes the greatest integer and
fractional part of x)
(ay[- 14,-13)
(c) (~ 15, — 14]

(b) (0,1)
(d) None of these
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~al lus
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Textpoo d {I x cos ! d‘} = CcO0S X
0

110
= &
rent] | o x ! _ [x*l"}"r <* 2
{ = pdx= t? dt
Sol. Given, J | 2 L @ Let f(x)z.l.n cos )
*[J.‘X - 4+ [x])dx = (x )}—cos(o){\
o Lu 2 ;} dx = f\ (14 + [x] _,(f(x))"cos(x 2y? { X(D)
o 2 . , . .
. ( ) ) d x f‘)dl =2X COS X
1 x| - 14+[.t])lX} ___[ (cos ]
= nf]';;dx’rjc i 5 4=! = o In
\ &) '] —
r Vv X 2
ing [ =n[ f(x)dx and f d cos t?dt|.
l.xsulg,"0 f(x)dx n_[, flx I Example 65 Evaluate dx J;/x
J’“”f(x),h:j.rf\\)d\:“-i1¢wT|<p¢r!<‘d°f f(x)] _
! _ [ cost’dt
- 14+ [x]=04+[xD{x) sol Let f(x)=[ < ,
, —x) = 1 d 1
= (14 + [x(1 - (xp=0 d : |4 Jx)} = cos (—] —] =
. (x]=-14 (= con (0 g () <) laxl
= x€[-14,-13) . ) .
Hence, (a) is the correct answer. _ cos x + — * €OS (F)
Property IX. Leibnitz's Rule for the Differentiation 231 x
under the Integral Sign d Jx 3 _ x+ 1 o 1
= Ix_(".“’ cos t” dt —-ZJ_ cos =

(i) If the functions ¢(x) and y (x) are defined on[a, &)
and are differentiable at a point x € (a, ) and f(x, 1)
Example 66 1f & [let duj"2 sin? tdt|=
| Example o . =

is continuous, then

d v(x)
dx [L flx ] find -~ dy
f ' 9 fx.tyd + [d“ﬂ}f""(’" & d ’
) y _g xt
(x) ox 1 dx {d’( ]f(, o Sol. We know, = (IO e ' dt+ -[o sin’ t dt] =
dx : [d d d
-y ] a _e-0] 4 .2
(ii) If the functions ¢(x) and y(x) are defined on[a,b] - {dx (Y)} ¢ {d" (0)} +ein (xZ) {E (12)}
and differentiable at a point x € (g, b) and f(t) is
continuous on[¢(a), ¢(b)], then - sin®0 {1(0)} =0
d w(x) dx
(L rea)-2 vttt o dy
= e E+2xsin2x2=o = %=—2X€y:5m1x1

= {¢(r)} flo(x))
| Example 67 Fing the points of maxima/minima of

| Example 64 Find the derivative of the following with J“‘z t? — 5t+ 4 d
————— dt.

respect to x. 0 2 t
. X x? te
(I)J; cost dt , (u)j; cost?dt Sol. Let f(x)=j" t? -5+ 4
Sol. (i) Let f(x)=_,; cos t dt ° T‘:‘d
. 4d -
"a'(f("))=f°5(x){%(I)}—coso-{ %(0)}=cos x 1 (x)“f_;js_x_:i Zx -0
e
[usingLeibnitiz's rule, 4. - = —l)(x+1)(x—2)(x+2).2x
I( , f(t)dr = —(\F(’f)}f(\V(x))-—{¢(x)}+f(¢(x))] - 24e®
et~ e !
o SR 3 ; 2 +
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the wavy curve, it is clear that

s &' ¥ =t 2.[1, : ,0 énfd hence the points of maxima a
L 1 (as SN changes from 3 Ve lo — ve) and of the *

2 are - 2. 0, 2 (as sign changes from

f ’(x) Ch&ngcs its

T Velto + ve),
d i x> 1
68 Find — -
| | d
d | ——dl | = I N d
AT J og v ax )
L S
3log x 2log x
A )
dIkI“ logt | Ing\'l‘ ¥)

|pample 69 1fy =J'0 fO)sin{K(x = )} dt, then
that d—inv‘\ = Kf(x)
M d‘l -

ol We have, y = L' fit)sin (K(x - O} dt

Differentiating w.r.l. X, we get
dy _

- [ 5 U0sin K(x = 0hde + 2 (x)

{f (s K (x = 0= <5 (0) (O sin K(x ~0)
=xj" f(t) cos K(x = 1)dt +0-0
dy _ . [* . _
= E-I\L f(t) cos K(x — 1) dt
Again_ differentiating both the sides w.r.t. x, we get
‘2_' ’\( x a
;‘,= K { [ 55 L) cos K(x — 1)} dt
" d
ﬁf(xl-cos K(x-x)-{;(x)} - {f(0)cos K(x —0)-3; (0)}}
| =K[—KL’ f(r)sinx(x-r)dmf(x)—():l

=-K*[* f(t)sin K(x - 1) dt + K f(x)

d s d’y 2y = Kf(x)
E=-Ky+Kf(x) = E;;*'K}’-

IBample 79 ¢ L’;} ,/3—-sin2tdt+_|‘oy costdt=0,
- en evalyate dy

—

S dx
D‘Hﬂmﬁating w.or.t x, we have

7:?(1:, J3-sin?t dt )+ i’;j.’ (cos 1) dt =0

Chap 02 Definite Integral 111

= 3 -sin’ & (x)-Ja- n'f’.‘.,d,(ﬂ Ay
dx " 3 dxe 3 Mgt dx

d
- 0) — (0) =0
cos (0) (0)

= J;‘Sll\)\-ﬁcnsy‘g;u

) dy  >—sni
dx cos y
d sin x
| Example 71 tet — (F(x))= —— x>0 If
dx X
4 Zrunn‘
I‘ . dx = F(K) - F(1), then the possible value of
Kis
(a) 10 (b) 14 (<) 16 (d) 18
Sol. We have, 4 (F(x)) = !
dx X
“I|I1 ¥
BN J‘ ~dx = F(x) ()
X
2 ]
4 ZC“n' 4 cun (x") 16 clinl
Now, J“ . dx = Il = d(x*) = _[‘ dt
(o x?=1)

= [F(t)}}* = F(16) - F(1)
= K =16
Hence, (c) is the correct answer.

| Example 72 The function
flx)= IO" |08 gin | (sint+ 15) dt, where x € (0,2r), then

f(x) strictly increases in the interval

n 5n 5n
(a)(g.?) (b)(?.zn)
n In 5n Tn
(c)(g.;] (d)(?ﬂ
Sol. Here, f '(x) =10 gn x| (sinx+%)>o

1
= sinx+%<1 and (sinx+§)>0

) 1
= 0<smx+—2-<1
= —-1/2<sinx<1/2
7
= xe(%.—})asxe(o.:m)

Hence, (d) is the correct answer.
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{ Example 73 Let f(0,) >R and Fx) = | ¢ ft)dt

2 N
5 then X flro)1s equal to
=

(d) 223

IFF(x?)=x"+X
(c) 221

(a) 216 ‘
Sol. Here, F(.\"] -x'+x’ J-[n pf(t)dt

(b) 219

Differentiating W.r 1. x, we gel
x’ f(x")-h ~gat +5x]

5
. . 5 S RN
s j(x")lllzx = f(r’) ~*,.,'

n s 5 n\ﬁnlln
Z/(r):2n+zn(n4l\ :

=1
4 12060 419 1

= 2 f(r')e h

re=|

Hence, (b) is the correct ANSWET

| Example 74 A function f(x) satisfies

f(X)=Sin\+J.: fr)2sint- an’ 0dt then f(x)1s
L

X , SINX 1- COSX tanx
() — (b) ) —- -
1-siNx 1-sinx COSX 1-sinx
Lox, we get

Sol. Differentiating both the sides w.r
f(x)=cosx+ f’(Jr)(Zsianr-sin2 x)

= (1+sin’ x -2sinx) f(x) = cos x
cos X N
1+sin® x -2sin x (l—simc)2

cos X

= f(x)=

COs X

Imegrating we get f(x)= [ 0

Putl-sinx =1,

Also, f(0)=0,hence C =-1
flx) = 1 =1—1+sinx_ sin x

-1
Hence, (b) is the correct answer.

1-sinx 1-sinx 1-sinx

| Example 75 1f F(x)=[" f(t)dt, where

it Vi+d®
foy=| ~—du, then the value of F”(2) equals to
7 15
-l 5 15V17
g Y OV e=
Sol. Here, f’(r) - 1+t .2 - 21}1+ra
7 ; «(i)
Now, F(x)=[" f()dt = F'(x)= f(x)

Prope¢
a<xs p and ¢ <o <d. then for any o € [c, d),

b
irua)=L f(x.a) dx, then

Frx) = f'(x) = F2)= f’(2)
prom Eq. (0, 7(2) = Y256 +1 = (257

Hence, (¢) is the correct answer

rty X. Leta function f(x, o) be continuous for

dl(u) .:jb Q—f(__x_'g’_) dx
do

a Jo.

76 Evaluate I(b) = ‘ xb'1d bz0
| Example alu¢ = x.b =0
.

sol. We have 1(b) = L = dx
b
d 10 x0 -1
(2] 2 |dx+0-0
> ! I «)bL In x ] -

1 1
. -0]=—
b+1 [ | b+1
d 1
~(I(b)) =
dr( () b+1
Integrating both the sides w.r.t. b, we get
I(b) = log (b + 1)+ C i)
. o x-
Given, I(b) = L . dx
I(0)=0 (when b =0) ..i

I0)=log(1)+C
o 10)=C
From Eqs. (ii) and (iii),C =0
I(b) = log (b + 1)

Also, from Eq. (i),
' i

=

| Example 77 Prove that
.[m dx _m(a*+b?)
0 (a’sinx+b2cos?x)?  4a’b®
1dx
a® sin? x + b? cos® x

Sol. Let [-_-I"’z
0

Then, 1=J""2 _L x_I.. dt
0 p = _—
a’ tan? x + b* o i+t

(where, t = tan x)

> et (@) A (205
ab b . ab Zab

ThuS, J-mz 1
P a'sin® x4 b cos? x
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Diﬂ’erenﬁating both the sides w.rt. '@, we get

n/2
J

— 2asin? x
n

Chap 02 Definite integral 113

f/(x)m g
2Jl+x

(a® sin® x + bzm 2a%b
n'2 sin® x . = f(x)=m 1+x+C
= IU (aZ smz x + bz CO_.;]Tx? dx = m (") where, ](0) =0 = (C=-m
similarly. by differentiating Eq. (i) w.r.t. ‘b, we get =9 f(x)=m \[l t X -T=T (Jf{; 1)
J 2 cos’ x J 1't Hence, (a) is the correct answer.
o a’sin® x +b% cos? x)?  aap’ (i
(a* x cos’ x)? 4ab -y Example 79 Let f(x)be a continuous functions for
c
t
Adding Egs. (i) and (iii), we gﬂ all x, such that (f(x))? = I f(t) —— dt
Iuﬂlz = (sm X+ c:s r)}d‘ e n . n f(O] 0. then
a’sin” x + b" cos’ x)"  4a'b  aab’ ( n)y 3
- dx R W) “’”(ah
+ h _; . " (“ + h )
(a* sin’ x cos r) 4a'b () f(';) = (d) None of these
| example 78 The value of sob. Here, (10" = [* 10 et
a/lw e)o{) x 20 s equal to ' A rtait
Io sin’ 0 On differentiating both the sides w.r.t. x, we get
— 2
@nl/1+x -0 (b) m(T+x -2 2f(x). f(x) = f(x) o
(VR l1+x -1 (d) None of these ,
- Fi(x)= sec” x
4 + tan x

w2 ]og(l+xsm B)dﬂ
sin® 0

xz20

sol. Given, f(x) =I
As above integral is function of x. Thus, differentiating both
the sides w.r.t. ‘x’, we get

.2
o= e B 00

1+ xsin’® sin’0
(using Newton-Leibnitz’'s formula)
_ I n2  cosec 0 dO
0

/2
__ &
:;l-l-xl 2:;1+x

1+xsm 6

2% j§ -f‘ o
S g ERa

ebooks.cybernog.com"

Integrating both the sides, we get

SCCZ X
fo=| T dx=leg(4 + tan x)+C
Since, f(0)=0
= 0=1log(4)+C
= C=-log4

f(x)=log (4 + tan x) - log (4)
= f(%) = log (4 + 1) - log (4) = log %

Hence, (a) is the correct answer.
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Exer C lse greatGSt integer function)
the
f0 is equal to (where: []denote? (d) 12
1. The value of [, sn(x ~[XKx S () 11 on)
(b) 10 tinteger functi®
(a) 9 the greates
where, [ denotes (d) None of these
2. The value off (X ~[x]ax ( () xIx]
(x]
(a) (] ®)%
3. The value of f;:,;ﬂlsm x +cos x|dx I8 equal to . (@) None of these
7 (0) V2 © 22 . 'y ,
o []denotes greatest integer function), then f P (x)dx is oqual),
ber x (where, [ 1
4. Letf(x)=x -[x]forevery real num d)
()2 (c)0 @) 2
(a) 1
] ' - x + [ t(t) dt, then the value of /(1) s
5 ujor(r)dr ’”L ( 1 (d)__1
@) 1 (b) 0 (C) 2
2
4cos t)dt on the interval [5 n] IS
6. The least value of the function &(x) = I (3sint +4co 4’3
1
(a)\':§+g (b)“z‘ﬁ*’i'*'j-é
(c) g+ —15 (d) None of these
7. The points of extremum of o(x) = _[: o 12(1-1%)dt are
(@x=1-1 (b)x=-1,2 (c)x=2,1 d)x=-2,1
8. Iff(x)is periodic function, with period T, then
b b+T
(a) L f (x)dx =L f(x)adx (b) J': f(x)dx = I::: f (x)dx
b b
— b
(c)Lf(x)dx -L f (x )dx d) L () = _[:::Tf(x)dx
9. _
dx =F(k)=F(1), then one of the possible value of k is
(a) 4 (b)8
(c) 16
10. Let £:(0.=) - R and F(x) = [*f(t\at. If F(x2) < x*(4 . (32
@ 5 0 +x),then f(4) is equal to
a)- b)7
4 ()4
(d)2
T1. LetT>0be a fixed real number. Suppose Fis continuous funetj
/ -f f(x)dx, then the valye ofJ' f(2x) dx is 0N such that fix+T)= f(x)forall x € R.If
@3 (b) 2
(©)¥
X
12. Let f(x) =L \/Z_—th, then the reg| roots of th 2 O
e equ -Fr !
(a) £1 B4 Quation x2 —¢ (x)=0are
(c) 1
2 (d) £V2
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13. Letf(x)be an odd continyoys function wh
I

: chj .
(a) g(x)is an odd function * Periodic with period 2. If g(x) = [* f(t) dt, then
n "

(c)g(2) = Oforalln e N ®) gn) = oforalln en
= €

14. Lel f(x) be a function defined by F(x) = -‘., (d) g(x)is non-periodic

(a) 0.2] (b) [_J, 4} 1
4 |-, 2|
2[™ cos 1t )
15. The value of lim -79-\_\*)
x=0 2% —sin2x -dt is
(a) 0 b ! 1
xbtcos4t -as 4r : ©
16. 1f o - 28i04x
I x for all x # 0, then a and b are given by
(a)a = 1b=1
4 (b)a=2b=2
(c)a = -1b = 4
’ 1 ' (d)a=2b -4
17. Mf(x) = [ €(0) "dtand [ #(6) " = 2, then
(@7f(x)=v2x (b)f (x) = |/2log, x
(€)f(x)=~v3x -1 (d) None of these

(2 -
: 3t+2)t, 1< x <3.Then, the range of f(x)is

(d) None of these

115

18. Letf be a real valued function defined on the interval (—1,1) such thate *f(x)=2+ I: vt + 14, for all x € (-11)

and let f ' be the inverse of f. Then, (f')(2) is equal to
(b) 1/3

(a)1
d)1/e

(c) 172

» Directions (Q. Nos. 19 to 20) Consider the function defined on[0,11 - R

fla) = SREZECSE irp 20and f(0)=0.
x

19. j: f(x)dx is equal to

(a) 1-sin (1) (b) sin(1) - 1 () sin (1)
20. lim 12 f(x) dx is equal to

t-0 < 70

(@) 1/3 (b) 1/6 (c) V12

ebooks.cybernog.com

(d) - sin (1)

(d) 1/24
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Session 6

Integration as.
Gamma Function,

Integration as Limit of a Sum

Applications of Inequality
and Gamma Integrals »
An allernative way of describing L fix)

. I . .
definite inh-,gml_[ f(x)dx is a limting case of

summation of an infinite series, provided f(l‘)“ls‘

dv is that the

' f(x)dy = lim h )

continuous on|a, b i.e L
T re=l|

b-a , -
f(a + rh). where h = ——— - The converse is also true, ie, if
n
we have an infinite series of the above form, it can be

expressed as definite integral.

Method to Express the Infinite
Series as Definite Integral

(1) Express the given series in the form ¥, 1 f( r ) .
n"\n

(ii) Then, the limit is its sum when n — oo,
ie. lim X -lf(z)
n”\n

(iii) Replace ~ by J“,,,dl[;.y(a'x)and lim by the sign ofI.
n n n —oo

(iv) The lower and therupper limit of integration are
limiting values of — for the first and the last term of
respectively.

Some particular cases of the above are
n
@im § 1y ( i)

== r=]j n n

n-1
or lim 2 lf(£J=J;n F(x) de

ﬂ“il"al n n
Pn
b) lim Tofr)_(#
©) fim, 2, ,,fm—fa £(x) dx

where, o = lim £=0(38r=])

L n

and ﬂ: lim 't:P(as?':pn)

n—e n

Limit of a Sum, Appli

Beta Function

Some ImM
to Remember

qtions of Inequality

W:lli's Formula

portant Results

n n (n_ 'l;l)

M Zr=""
A, n(n+n@nt))

@Y r="" %

r=1

n (n+1)”

(iif) 5: rr=

et alr’ =1 1154
(r-1)

(iv) In GP, sum of nterms, S, =1 an, r=1
1-r"

M.Irkl
(1-r)

(v) sina. +sin(o +B) +sin(o +2B) +...+sin[o. +(;—_1)B]
:M'sin[a +(n—-1)B/2]

sinf3/2
(vi) cosa +cos(a +f3) +cos(oc +2B) +...+cos[ot +(n-1)B]
sinnf/2
=——.cos[o+(n—-1)p/2
sinf3 /2 (o +( ) /2]
2
Wi 1-—4 L 1,1 1 - n
2° 3% 4F 52 g2 12
1 1 2
(vikd) 1+ — + ;T +—!—+—1—+ co= T _
2° 3% 4 g2 g2 6
(Uf)l+i+i m_n_z_
3? 52 8
) —4 1 1 n?
)22 42 +'—2+ co=____
106 24
(XI co =e te © —e ¥
) 89 -_T‘:aﬂdsinez €
21
(XH)C()sh _€e +¢70 o_ -0
o — —andsinhg =% _°
2
Remark

thod ot ‘
Infinite Series i:::luate th? integral, as limit of the sum of a"
9Wn as integration by first principles.



. n n n
i) lim T3 Tttt —
n— n +1 n®+2 an
ot +2P 40"
(IV) I_'_’ma P+ P>0
sol. Let
1 2 3 n-1
S =—+—+ -, + .
(i) Sn 2ttt ;
S r=1 = 1(r- 1)
_y=22 nz rcz,‘ "( n
4 1(r 1
= S= lim - s ) oo Sl
n—= o y_zl rl(n) Lﬂ " ﬂn »0
1
=| xdx=-
1 n
(i) Let S, = —— + + .+l= 1
+1 n+2 2n ro1 n+r
5: 1
r=1 n(1+~r—)
n
Hence, $= lim S, = lim 2 _—
n— o= noe o n T
dx n
oll [log(1+x)] = log 2
n n
(iii) LetS, = +i—
" a?+1%2 nt+2? 2n’
n n B n 1
z:, n® +r? ,2;', n(1+r%/n?)
1 < 1
Hence,§= lim S, = li - Z 2
n—e n—oe Ny 1+r_

1+ x° o
P
PP P n P nooq ,.)
1"+2 +...+n r
v = = = e
(iv) Lets, Y ;::l R Z",n(ﬂ
P
1 (r
§= lim §, = lim —Z(—)
n— e n—oe Ny n

Chap 02 Definite Integral 17

n-\
| Example 81 Evaluate S = ) : A5 Ny e
I =0 J’I!l’ [ !

n-|l
|

Sol. Let s, = ﬂi 2 - -
re nJ1 (r/n)

1
. I
red J-\rl' r’

l ﬁll
' u JI (r/n)

Hence, S = lim S, = lim ! Z

Hoye noorm= 0

} Example 82 Evaluate
1 1 1
im | ——4+-——=+...+—|
now (2041 2n+2 6n

Sol. msn=(_1__+ o, u}

2n +1 2n+2 6n
4n 1 in 1 1
_r2=:1 2n+r—,z:‘|p;2+(r/7:)
4+ dx 4
= S=1lim §, = ——=[In|2+x
A A GIER I

=log6—-log2=log3
S=In3

| Example 83 Evaluate La (ax 2+ bx + ¢) dx from the

first principle.
-1_3

Sol. Let x =1+ rh, where h = 4

n n
Asx >1,r—0 and x 54, r —n

[* (ax? +bx+ ) dx = lim S h £ 1+ rh)

n —» e

r=0

= lim 2h[a(1+rh) +b(1+rh)+c]

n— oce

= 23{“(“%’) o)

3

5
M

Jim. [( _i+%’J b(l+%)+c}

6n(n+1)

=3 lim l[a(n+9n (n +1)!(2" +1) +
6n 2n

+b (n 3n (n —t-”J n}
2n

—3[a(1+3+3)+ b(1+3/z>+c1=zxa+1§-b+3¢

I ——

T —
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s
Fexthook of integral Colet!

e

[

: le B4 The value 0 y

| Examp (1 ] i equal 10
|

" n )" ' .II” . SN
hm~ {sln an sli - "
W I : (0) ! () None of these
(a) (b) ‘ : )
Sd" n UL
i sln o Al Caln o
 Lel A= ) |'n‘ - i o

)
' Al (n

|)n)

n an
' lug(nln sn
n n

n n

' = lim
s olog A Pt

tin D

- m
= lim L fog in h

woa= N rel

- I"r log nln[ n; )«f\

| I b
using II|.n_ L'" f(") L [(x)dx

b
’ . In" log (san 1) i, di

202 pn
- — 1) dt
; Io log (sin )i

[usmgjo" f(x) dx -zj'n‘ f(x)dx, i f(2a - x) = f‘(x)]

nx
putting ) I

-! ’ : log 2 H“‘“"“I log (sin x )dx = " log ZJ
n 2 2

log A=log(1/4) = A=1/4
Hence, (c) is the correct answer,

| Example 85 The interval (0, 4] is divided into n
equal sub-intervals by the points x,, X,, X,, ..., X, ;, X,
where 0= X, < x; <X, <Xy <..<X, =1,

IFdx=x,-x,_, fori=1,23,..,n then Jim Ex Bx is
—|0

equal to
(@) 4 (b) 8 (c) ? (d) 16
Sol. a!lr_r’lnSx(x,+xz+x,+..,+xn)
404 12
= lim 12 n 1
nv’-"[n n""" ...... +4 "'J ('.'613’-')
|
Xy X X
&1&2 ) Xnoy Xp=4

16
A T042434 4 n) o iy 16 A0t Y)
ﬂ—O-n' 2
Hence, (b) (s the correct answer.

n

(he value of “"' - Z\[n

5

| Example 86 +r?

(d) 1+ /2

equal to

(a) 14 /5

§ol, We have, llnl" ,E.J,, —

() 145 (-1 V2

I 7—dx— \/x +1)q—\/_-|

. ,.“'." "', |J o Jl
14 2
n

Hence, (b) 18 the correct answer.

Applications of Inequality

Somelimes you are asked to prove inequalities involving
definite integrals or to eslimate the upper and lower
boundary values of definite integral, where the exact val
of the definite integral is difficult to find. Under these

circumstances, we use the following types
Type L If f(x) is defined on[a, b], then

L” f(x) dx sL" | f(x) | dx.

Equality sign holds, where f(x) is entirely of the same
signon|a, b).

! Example 87 Estimate the absolute value of the

Integral I —— dx.
1+ x°
Sol. To find, [ = Iw mli_ de | < J- 19| sin x
04 X! 01+ x*
| (using ty
Since, |sin x| < 1for x 210
The inequality LuL] .
1+ x* 1+ x*|
Also, 10Sx<19 = 14 x*>10
= 1 < 1 1 [
5 <— or 3
1+x" o |1+x‘|<10
From Egs. (ii) and (i), | S0 x <10 ® is fulfilled.
1+ x* ‘
19 sin x 19
JE g e

<(19-10).10°* <19~ ’

(. the true value of \MQgIII -l
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Example 88 The minimum odd value of ‘o (g

= 1) tor
sSin X y |
huhj" ax < 9" 15 equal Lo
.) 1 (b) 3 ()5 (cd) o
‘ 1Wosn o dy 1y
et ] «
- I(‘ Jm 14 JI" Ilu 1+ x*

[ NN v < | T | l
1w dx o dy

| < )
f'" 14 a° I‘" v 10

("0 10« v < 10

9

» 10" ) Td "« 0" 4 )
=5 ] «
1+ 10
9

| o
LS 1+ 10

i o— > > A1 or 1ot
1+ 10" ¢

~B0be a2 44

+. Minimum odd value of "a' i1s 3

Hence, (b) 18 the correct answer

| (‘ll.
b ey ol
(x) g(x) d f4(x) dx (x)d J
|L f(x) g(x) dx :\jLL [ 7(x) :][L g (x) dx
where [ (x) and g’(x) are integrable on[a, b).

| Example 89 Prove that J‘O‘ \/(l + x)(1+ x*) dx cannot
exceed ,/15/8.

X J'o \(l+x)(]+x )dxs\/] (l+x)deU (1+x )de
1 |
s\[(“q (0]
2 o 4 o
< /3.§SJ§
2 4 8

pe II1. If f(x) | g(x) on[a, b], then
{ flx) dx ZLb g(x) dx. In particular, if f(x) 20,

then _Lb f(x) dx |o.

i Example 90 |f f(x) is a continuous function such
 that f(x)] 0,V xe(2,10]and [* f(x)dx =0, then find
. f(6).

L f(x)is above the X -axis or on the X -axis for all x € [2 10].

119
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L]
L f(x)dx =0 which shows f(x) can't have any value
greater than zero in the sub interval (4, 8]

> [(x)in constant in the sub interval (4, 8] and has to be
zero at all ||'nlhl1, X f [-!_Hj

flx) -0, Y xe (48]
» [(6) =0

TypelV Foragivenlunction f(x)continuouson(a, b), if
youare able to lind two continuous functions [, (x )and f,(x)
onfa blsuchthal f (x) < f(x) < f,(x),V x €|a, b then

[.' [ i(x)dx < ‘[," [(x)dx ,"L" f,(x)dx,

n
| Example 91 prove that <

1 dx T
o et

8ol Since, 4 x4 x' x'4-2x" 51,V x€[0,1]

1 —x"|J4 - x? —x'1\/4-2x‘>1,\1xc[o,1]

L ) 1

R e € e, ¥ x € (0, 1]
J'l x’ Jfl—x!fxi 4 - 2x°
i dx 1 dx
= - 5 e —
,['; ];_ 52 Iﬂ J4_xz o
<[ ——dx ¥ xel01)
" Ja-2x
1
x 1 dx 1 R <
= (sm ’-J <) - 5—(5“‘ —")
2 Iﬂ 4_x2__x3 JE 'JE 0
T 1 dx T
= = <—F
6 L 4-xt-x 42

Type V. If m and M be global minimum and global
maximum of f(x) respectively in[a, b], then

m(b-a)< [’ f(x)dx <M(b-a)

Proof We have,m < f(x) <M forall x€[a,b]
b b b

= Lmdst f(x)dst M dx

= mb-a)< [ fix)desM(b-a)

| Example 92 Prove that 4 < II 3+ x3 dx < 24/30.

8ol. Since, the function f(x) =43+ x" increases
monotonically on the interval [1, 3].

M=Max11n'nu'nvaluu:of\/fi+,vcJ =\j3+33 =30

If f(x) is greater than zero at any sub-interval of (4, 8], _ : -
then La f(x)dx must be greater than zero. But and  m =Minimum value of y3 + x* =3+1" =2
M e k

ebooks.cybernog com'




Iculus ey 1
f Integral C2 +1)=(n)!
120 Texbook® (ii) 1fn€N"‘l:'Flr(n i
=T +1
au=mbe”? ) £/ r(" (s ‘
m=5sM"" ' 2 [
= 7
.ZSL’WJISZ‘E& . x [ s.‘m"'Jf’¢°s‘""dJr m4+n+2
Hence, % & (iv) jo 2T
) 3 dx <2430
a<| fex -
= 1 ______’___,0<n<1
"o’ dx <e. v) l""r(lﬂm‘sinrﬂ"i
| Example 93 Prove that 1< [ €* 9 . I ¢
2 1 o ~—— m
porOSISLWCh‘“'c‘oS" <e (vi)rmr(M‘f‘z] zzm—l
sot u]-O)Slle’zdee‘(l-o) n-1
E( ol ) 2 n—l)_(z‘")?‘
x s 1 =
= lSInc dx=e (vii)rgr(;)"'r( n n'’?
n
°  —x .3 d
luate I e " x” dx
1 ample 95 Eva 0
Gamma Function . example 95 B
' er integr finition of Gamm ’
If n is a positive number, then the improp ‘ dis Sol. By de ‘": kg I- o x* "V dx =T4
L" ¢~ * x" "' dxis defined as Gamma function an Io e Tx dx=),

denoted by I'n.

4+
T e ! eQ".
ie f‘n=L ¢ * x" ' dx,where x Q

| Example 94 Evaluate
(i) I
Sol (i) Ti=[ ¢ ".x'"dv= lim

(i) r'2
J.ob e *dx

= lm {_e'r} = lim (-e " +e)
0 b—o =

b
=0+1=1
= i by
) r2=[° = x2 ldx =51£E N x dx

= lim ["Xf_z—e—x]
b— e 0

= lim (-be’=e?)-(0-1)]

Y E P IO
boe | g e b e [

=[ lim —%J+1 (using L'Hospital’s rule)
b e

=1

Properties of Gamma Function
Gamma function has following properties :
(i) M1=1,T0=c and T(n+1)=nTn
eg I5=4T4=4x3T3=4x3%x2T2
=4x3x2X1T1=4x3x2x1

Iu e X x’dx=6
0

| 1 " dx
| Example 96 Evaluate [ | log ~ :

n-1
1 1
Sol. Let I=| (bg;) dx

Putlog—l-=t = dx=—e'dt
x

1:_[_0 t""(~c")dt=jou e "t

n-1
[ (logl) dx =Tn
0 x

Beta Function

The beta function is
B(m, n) =Ll x™ 7 (1-x)" " dx,

wherem,n>0

Properties of Beta Function

(i) B(m,n)=B(n, m), where m,n >0

(i) B(m,n) = I'mIn ,wherem,n>0
[ (m+n)
(i) Bmny =™ X"t g
‘ (1+x)m*"

—_ebooks.cybernog.com




lE,‘ample 97 Evaluate L: x® (1= xz) dx.

I=IOII°\/(1-‘x2)dx

sol. Let.
Putletx2=f
— 2xdx=dt
1 5/2
!_5—[0 £ YA = t) de
_1 73)_1T7/2T3/2
(=g L2 |=1.T7/2r3/2
r{=+
.*3)
531 \/_ 1
. . n"
_l222 Vr sm
2 4-3.2-1 256

walli's Formula

n/z
An easy way to evaluate _L sin™ x -cos" x dx, where

I..
mne i, w2

. "2
We have._[ sin™ x-cos" x dx :Io sin” x - cos™ x dx
o

(m-1)(m=3)...(1or2).(n-1)(n-3)...(0or2) n
- (m+n)(m+n-2)...(10r2) 2’
when both m and n € even integer.
_(m—l)(m—3)...(1 or2)-(n—-1)(n-=3)...(1 orz)'

- (m+n)(m+n-2)...(10r2)

when either of m or n € odd integer.

Remark
If nbe a positive integer, then

Chap 02 Definite Integral 121

=0-1n-3 n-5 31 x ni
n-92 n-4 "4 5 *2'- S even
n-1 n-3 n-5 4 2
= —_ AT
n n-2 n-a 5 3 n s odd

2
| Example 98 Evaluate I:/ sin® x-cos® x dx.

Sol. Using Gamma function, we have

Luu sin x - cos® x dx = TG/2)T((7 IZ):F(SIZ) (7/2)

zr(4+6+2) 2T6

2

(§x1xl"(llz)}(§x§x1xr(llz))

272 2 2 2 _an
2x5! 512

| Example 99 The value of _[0. e dxis equal to

Jn n
a) 1= b
(a) - ()20
n
() —= (d) None of these
J2a
Sol. LetI=[" e dx
[Tt a=t (T
1= o ° 2av/t Za'L ¢

(puta’x’ =t =2’xdx =

=J—J‘r”"'-e"-dt (usingj-e”x""dx=l
2q 0 0

. 1
=lrl=l\ﬁ; (usmg[‘5=-
20 2 2a

Hence, (a) is the correct answer.
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JEE Type Solved Examples :
single Option Correct Type Questions

. R g (|
JEx. 1 lff Sfix)dx = 3 and f(x) is an even function, © Ex. 3 1he true vel of walies of ‘a' for which the inequal
N i [ o e
flx—— dxis equal to
f”‘"f' \ X, @ [0, (I e 1] o= (0, |0 )

1]
R n X \ 'V \
,3)_‘_ (b) ; ()= (d) None of these Sol We have, L vV Yda 2 (

[ RTTEL E W TR WY FE [

1 ‘.
N lnIL‘ U NDdi 20 = l " .n$ a0
; |
I . \
il ) () e
. \ .
j:‘ﬂr)inff‘.ll - : ‘ I + ﬂd: ‘ k

= AE ANt a0 e (VMY =0

Sol e, [ S04 =

0 - 1) 1
ff‘\f t‘d“Lﬂ\'il'r"" » L L e R R L
1 YRR 1 Thus, we( s Lo]0,=)
=fﬂ\' 1 " + .L d\\' -y [~y t‘““ = Hence, (d) ia the correct answer

=‘['},4‘ - ‘Tp, - [‘q\ _ g,“’ as f(x) is even zfx. 4 The value of the definite integral
) ) L max(sin x, sin '(sin X)) dx equals to (where,ne 1)

[ 1 1 1 - 1
_fﬂ\t—;)‘h‘J‘ef\'*;)d‘=juf('—;)d' (a )n(n -4) (b n(n' - 4)
[ n 2 1
fﬁ x';)d“fﬂ'w:? n(n? -8) n(n’ - 2)
o (©) - (d)
1 ]
¢ Ex. 2 The value of Sol. Let | -menx (sin x,sin '(sin ¥)dx
L ]H(x+r)] ( } dx equals to Y1
| N |
an (b) nt (©(n+1) (d)n:-n! N
ul |
Sol. The given integrand is perfect coefficient of r[ (x+7r) "
r=1 0
n i -]
I=[n (x+r)] =(n+1)!-n'=n-n!
=1 0 e '! .-
Aliter (x+ 1)(x+2)(x+3)..(x +n)=¢ .
S that, when x = 0,thent = Inn! when x =1, thent =Iln (n +1)! -~2
(n(x+ 1)+ In(x+2) +...... + In(x+n)]=t -n[ v dx+[ - *WHI (l‘"r)“]
[ ! + ! 4.+ L )dx:d: ) :
(x+1) (x+2) (x+n) [n_ 1‘_. 1 .1]_3}
Therefore, ’=Il"("”" ddr=[ ro 8 2 2 1
- ﬂ_ 1'_-_" o]’ -8
=Bh("‘”!'ehn1=(ﬂ+1)!-ﬂ!=n’ﬂ! a 2 . n-‘ - - ‘_ -
Hence, (d) is the correct answer. Hence, (c) ts the correct snawer,
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1
eEx. 5 linln 2
1
o 9%
RE
ﬁ[“il.].(;‘-z’-s’...n")"’

1 ’+ )lnn+—~zklnh
n

: d) e
(a) Ve @)e

Sol. Let L=hmn
[ B Al

= lim- -
InL lim n =

= lim - -
nae 2 " A=

= lim- :
n-hes

1{n+ 1w K )
- . - th l — — —
lim (~"—]l A\n o+ z n n 2

n—doe ] nl'ﬂ

n+1
n——t-ﬂ”)lnn+1‘xln\d\ [-——]]nn
2 20 n

I( ‘]lnm 2 (kink - klnn + klnn)

1

1 1 -

==I x Inxdy=-- = L=e¢!
0 - 4

I

Hence, (¢) is the correct answer,

2

[T far
®Ex.6 lim=————is equal to
1—51 2 _“_
16 (T JEE 2007]

@@ ®is (c)%f(%) ) 4£(2)

Sol, lxm Il__f(‘.)ji f(sec’x)-2 gec’ x tan x - 0
X2 Xz - ﬂ_ :—&E 2x

(applying L'Hospital rule)

Hence, (a) is the correct answer.

® Ex. 7 Let f be a non-negative function defined on the
. X
interval [0,1]. {f_[o 1-(f'(t)) 2 dx = _l: f(t)dt0 < x <1and

£(0) =0, then [IIT JEE 2009)
1 1 1
)i (55 O3] J2)>
1 1 1 1
(c)f(;) <;and f(;) < 3 (d)f(%) > %and f[%) <

Sol. Given, [ {1-(f'®)dt = fw)dto s x 1

1
3

1
3

Applying Leibnitz theorem, we get
Ji-(f ) =fx)

= 1-(fN' = F1x)

= (PN =1 £ = f =4 1= i
- %:i\jl—yz. where y = f(x)
dy _ _+dx

- iy

Integrating both the sides, we getsin '(y) =t x+C
f(0)=0 =C=0

y =1sinx

= y =sinx = f(x), given f(x)20 forx iid

Its known that, sinx <X, v xe R*

(et = ) ()

- s

Hence, (c) is the correct answer.

® Ex. 8 The value of lim0 1 J.x t—ln—(Jltldt
x> }'e

U t'+a mrIEE20M
1 1 1
a)0 b) — c)— d) —
(a) ( ) (© 51 ( )64
Sol. lim I! tlog(1 +!)
-0 x> %0 4+t
Using L'Hospital’s rule,
xlog(1+ x)
lim 44 xt - lim log(l+x)‘ 1 =l
-0 3x? 0 3x  4+x' 12

[using limolog(l +3) o1
x— X

Hence, (b) is the correct answer.

® Ex. 9 The value(s) ofj de is (are)

1+x LT JEE 101
(a)E-n (b) _"’_ ©0 @ 2_37“
Sol. Let 1= on_l(l:xL)4 .
= J"(x -1)(1-x)* +(1-x)* N
(14 x?)
=j:(x’-1)(1 - x)'dx+ E(u_;’-x_zz)i)idx

Ll ansp e e
1+

-F((x -l)(l x)“+(1+xz) 4x+4-— 4 2},1,
-x

—ebooks.cybernog.com
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= ’\lx'—4xs+5x‘+.|‘ A\
L \ 1+ x? ld‘ (c) sinB Ilm. S(x cosB)dx
1 4 5
=_‘,’g*:'§+4— 1—0]=2_2__,‘ (d) 1 J"""M‘".
> LA tang ‘sne S xydx

Hence, (a) is the correct answer. cos 8
Sol. Let, | =j’_“ f(xtan@)dx. Put xtan®=zsin®

e - .
«Ex. 10 I J::, f (xtan®)dx (9 # - ne l) is equal to ,:Im:n fGain@)cosOds

=  dx=cos0dz

tan @
(a) —cosB L f(xsinB)dx

tan 0 tan @
\ =- cnsﬂ]“ flzsin0) dz = - cosOL flxsin 8) dx
(b) —tan® j:ef(x)dx

Hence, (a) 1s correct option.

JEE Type Solved Examples :
More than One Correct Option Type Questions

e Ex. 11 Let f(x) be an even function which is mapped Sol. Here, min {| x = n|,|x —(n + 1)|} can be shown as

from (-7, ®). Then, the value offx U;' £(t)dt + [f(x)]) dx ¢’
can be (where, [-] denotes greatest integer function) \
@@o b =x
(¢) 2n (d)4n
Sol. As. f(x) s an even function, then | f(x) dx is an odd function. “ .
Also, [f(x)]=1.2 fas1< f(x)<3) °
g(x)= j: U:f(r) dt)dx+ f, [f(x))dx n A =f:" (min{| x —n|,| x = (n+ 1)|}) dx
=0+  [fx)dx [+ since [f(x)]=10r2] =§x1x§-—.§
=[" 1ax Now.Az=f:::(|x—nl—ix—(n+l)l)dx
or " 2dx=2m or ¢n = [t =1t =10)dr [put x=n+t = dx=
Hence, options (c) and (d) are correct. - (-G -tde= [1de =t =1
*Ex.12 Let A, =["" (min{lx—al|x ~(n+Dl}) d, and A= (x=(n+ -1 x~(n+3))dx.
A, =L’:12 (Ix =n|=|x =+ dx, =[7qe-41-1t-3Dde (put x=n+t=>dx-

3 3
N =[((4-1)-6-t)dt=[ 1dt=1
A3=E *(Ix =(n+4)] =[x ~(n+3)) dx I )
+2

1 9
Also, g(x)=A1+A,+A,=;+1+1=:

and g(X)=A1 +A2 +A3, then .
9 = 2) + g3) + ...+ £(100)
(a)A‘+A2+A3=9 (b)A|+A,+A3=; .2"3(7‘) g1)+ g2) + g3) +...+ gl
2 = 9,9, 0.
(c) 2 g(x)= 900 (d) E g(x) =300 -‘+ 4+...+4 "

n=1 4 n=1
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e Solved Examples :
t1and Il Type Questions

JEE Typ
Statemen

following questions, f(-\)= sina b veond ¢
On adding, TR v) = constant which need not (o be

Nos. 13 to 16) For the
es (@), (B), () and
f(x)~ Iu'\/l | l‘dl;;z(\\-— Jl v

s« Directions8 Q.
choose the corrvet answers from the cod
(a) defined as follows.
(a) Statement | is true, Statoment 11 18 also true;
of Statement |

is the correct explanation
Statement 1118 also true; Statement I
‘ ]
- 1 y'd
(= fo vty

(b) Statement 1 is true,
is not the correct explanation of State

true, Statement 1118 false

Statement 11 Por Statement |
[N j|'J\ Vit =y
|

ment 1.
TORNL x) =0

y fix odd and g 18 obvin
IHence, (¢) 1 the correct anawer.

(¢) Statement lis
wly even,

(d) Statemont I is false, Statement 11 is true

e Ex. 13 Statement | If f(x)= '[: (v f(O) ) dt, then
® Ex. 15 Given, f(x) * sin’ x and P(x) is a quadratic
vading coufficient unity,

[ rxd=12
polynomtal with le

0
Statement 11 f(x) =3x+1
\ ) In .
Sol. Let L Fivdt =k, so f(x)= vk +1 Statement | J'" P(x) " (x)dx vanishes.
\ k m
Now, L‘(M FNdrsk = +l=hksok=2 Statement Il j" f(x)dx vanishes.
‘ fix)=2x+1 Sol. I’(Jx)-unJ bbx 4o f(A) " ain’ x
Also f(x)de =12 n
J P ] PO ()
Hence, (¢) is the correct answer. 1 Fl ‘
, !
Using LR, P(x)- /0" j'“" P(x) () da

BOrO 1 n

e Ex. 14 Statement | The function f(x) ==J:: Jl;;;d! Is
<[ o [ ]

an odd function and g(x) = f’(x) is an even function.

Statement Il For a differentiable function f(x) if f'(x) is

an even function, then f(x) is an odd function. ") f "

Sol. If f(x)is of odd, then f(x) is even but converse i not true, - I" FURADES 21’“ Shab
Hence, (8) In the correct answer,

eg. If f'(x)= xsinx, then f(x)=sinx - xcoax +C

JEE Type Solved Examples :
Passage Based Questions

Passage I
(Q. Nox. 16 10 18)

Suppose we define the d.
ne the definite integral using the following formula r S(x)dx = b-a
. :{a_(ﬂa) o b_;j . ” . (f(a) + f(b)), for more accurate result

When =-———a+b -
€= 222, then j:' F(x)dx = T‘f( fla)+ f(b)+2 f(c)),
iy pue 91

—ebooks.cybernog.com
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Ex. 16 r“ sin xdx 15 equal to
. Sol. F'(c) =(b - aY(c)+ f(a)~ f(b) :
(a) —(Hf) (b) gflf-ﬁ) Fc)= f"(c)(b-a)<O
" e er:
953 2 = -0 4
L [ n - b
wi 2 n 04 — Hence, (a) Is the correct answer,
. ginxdx = sin(0) + lin.( —142sin| — 2 ||.™ o %
sal. | 1 2 ) 2 20 2) Passage Il /
Hence, (a) 19 the correct answer (Q Nos. 19 to 20)
. cos(o +P) -sin(a+P) cos2P :
o Ex. 17 If f(x)isa polynomial and if Let f(a,P) =| sinc cosa sin |. i
L f(x)d _{rza)(ﬂ” ‘ fla)) —costL sino. cosf |
Pf,l (t- ;)_‘ ———— =0/Joralla, then the ® Ex. 19 The value of
degree of f(x) can atmost be = j'”’a“( £(0,0)+ f[’—t,B} ¥ f(3-“,5 *BDdB s
(a) 1 (b) 2 0 2 2 2
()3 (d) 4 (a) e™’? (b)0
Sol. Applying L' Hospital's rule, (©) A2e™* - 1) (d) None of these
[ _(f(,) + fla)) - f (t) Sol. Here, f(o,B)=2cosf ie. independent of &
’m']: ¥t -a)’ -0 Imé’(f(o 0)+ f(— ‘n) f(ﬂ E—B))
1 (r - ” 7
- U0 fen- '7"’)' 0) <[ &2+ 2cosh + 25inB)B
= im =0 0
e At -a)’ Hence, =[cﬂ(2+23inB)]".§’2
- —(ﬂf)+ f(a))— ")f’(r) =4¢™? —2=22¢"" -1)
= P_‘,’; 121 - a) = Hence, (c) is the correct answer.
= lhm-Ll;—Q=o e Ex. 20 lfl- ﬁ(f(o B)+f 0——{3)}03 then
- - 20 [1is
= lim 2 - =0 (a)e™’ (b) 2
e 12(t-a) (c)2 (2g"“ -1) (d) None of these
L) o ey - "
= th_z'r: 12 =0f"la)=0forany & Sol. Again, I ="'_::2 coszﬁ(_f(o.ﬂ)‘i' f(&%'ﬂ)}@
= f(a)is atmost of degree . =J’m cos?P(cosp + sinf) dB
Hence, (a) is the correct answer. -ni2
w2 g T I
“Ex. 18 If f"(x) <0,V x€(a,b)andcisa point such = |7 costBaB+ [, cos Petap P
thata < ¢ < b and (c, f(c)) is the point on the cur ve for which =2 cos’BdB+ 0
F(c) is maximum, then f(c) is equal fo o
(2 L(8)-f(@) gggz_u_@ = 1=z ==
b-a a .
Hence, (b) is the correct answer.
(o) 2L (B)-f(a) ()0
2b-a
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JEE Type Solved Examples :
Matching Type Questions

I
. =~dl
I'ulﬂx:‘ = dx P

e Ex. 21 Match the following. ) y ot (1) o
’
Column | Column i _n'm‘ ' - H fertp
WSy : (p) ! aa=! on | (1)dl /
(A) The function f(x)= —-i—,—- is not defined ot PRLZAY
sin x
x =0, The value of f(0), so thal /' is conlinuous ol - ( ﬂf: : }.} 7; 1
x=0,is \ 4 _
v 1 dy (g 0 U [,’Ilnbplmji" rule, “‘?L 7 n oz
(B) The value of the definite integral Iﬂfﬂﬁ I8 3 " sin ! '(,, vi) b
equal to a+ bIn 2, where a and b are integers, then
(a+ b)is equal to Howing 117 188
(r)y 1/2 : g followin K 2
(C) Given, ¢’ =t i ﬁlﬂi@ 40 = 1, then the value of o Ex. 22 Match the / "
. Column 1)
tan  is equal to Column | e
) () | b odx (p) ke
(D) Let anz‘[n[ tan '(nx)dx and (A) Ill-:, J p) 2 % | }
nt |
| 3
( Nowl| 2
b, I , sin "' (nx) dy, then ll_x't-n_ b: has the value (B) Iu r——-l q) 2 JK( 2}
e
It 3 dx n
equal to (C) 21—7 (r) 3
Sol. (A) = (1), (B) = (p), (C) = (s). (D) = (r) . w .
_ e*cosx-1-x e -1-x Iﬂ»_. ()
(A) P—IPO 2 sin xz lh-lOnO x! ’JUII - I 2
g2 2AnX
2
* (applying L'Hospital's twice) ~ S0l (A) = (s), (B) = (5), (C) = (q), (D) — (r)
= lim "' ¥ (—xsin x + cos x) — 1 (A) I' Cdx
x40 2x 14 xz
e ¥ (—x cosx —sinx —sinx) + ¢* " *(~xsin x + cos x) ‘ ]
= li W ———
lim p f(x) T+ Is an reven function,
=1
z 12f) 2 atan
(B) Put x =u* = dx =6u" du
1 dx
1 6u’ du R (B) I =[sin” x]! -t
. I‘oui‘.,,u?-ﬁfo vy du 5-6In2 0 h_xg "=

=a+b=5-6=-1
(c)ef e % (sec’ 0—tan ) dB=1
Put-0=t = d0=-dt

- !o_"c' (sec’ t+tant)dt =1

[use [ e* (f(x) + f/(x)) =" f (x)]

= —¢"[¢' tant]" =1=>~¢"[-e " tann]=1=tann=+1

- fiss
lim

" e

tan™ (nx) dx
(D)

sin~* (nx) dx

1.2 1 %
i || R -
27, Zln(zJ
(D) Let [ = (% dx
) Let | Il m [putx-m(’ =5 d,-wcetsﬂeﬂ

"2 wec Btan 4o
" secOuang

o i 12
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JEE Type Solved Examples :
single Integer Answer Type Questions

o EX. 23 Let f:R— R be a continuous function which
X
,ariSﬁesf(x) =J; f(t)dt. Then, the value of f(In5) is .

[T JEE 2009)

sol. From given integral equation, f(0y=o0
Also, differentiating the given integral equation wr.\. x,

f(x)=f(x)
If f(x)#0, then %:1 = f(x)=¢e"

we get

= ¢ =0, a contradiction

fo)=0
f(x)=0Vx€R = f(In5)=0

¢ Ex. 24 For any real number x, let[ x] denotes the largest

integer less than or equal to x. Let f be a real valued func-
tion defined on the interval[-10,10] by
£ ={ x=[x], if[x]is odd

1+[x]-x, if [x] is even’

Z 30 _
Then, the value of E—J' f(x)cosmxdx is.
10 710 [T JEE 2010]

-[x], if([x]isodd
Sol. (4) We have, f(x) ={1 :[ x[]x_] X, llf [[:]]ilss:ven

f(x) and cos Ttx are both periodic with period 2 and are both
even.

E:ﬁ f(X) costxdx=2 J:of(x) cos Ttx dx

=1oj': f(x) cos x dx

1 1
f; f(x)cos nxdx:fo (1-x)cos nxdx=-jo ucosudu

\ AAA/

-2 -1
2 : xdx=—r
Lf(x)COSnxdx=L(x-1)cosﬂ o
: _®
E:o f(x) cos nxdx=—zofo ucosMudu=—3

u cosmudu

n? (0
= ﬁj—m f(x)cosmxdx=4

ebooks.cybernog.com
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® Ex. 25 Let f(x) be a differentiable function satisfying
S(x)+ f(x +% =1Vx€ Rand g(x) = J: f(t)yde. If g(1) =1,

then the value of ' 8 is.

n

"2 Y (glx + k) - glx + )
k=1

Sol. (6) Here, f(x)+ f(x+ }2-)-'1

Replace x by (x N %) e get f(x + %) + flx+1)=1
On subtracting, f(x)= f(x+ 1)
Also, g(x + 11)=j;”' f(:)d::j:f(r)drq:“' f(t)dt
Since, f(x + 1) = f(x)

gle+ 1) = [" fyde+ 17 ) feyde

(i)

goc+2))=[ fO)dr +2"- [; f(t)dt

gle+ k)= f)dt+ - [[ £t i)

and g(x+k)=[ fOyde+ k_[; f(t)dt ..

Thus,i (g(x+ kz)—g(x+k))=i (kz—k)-ﬁ f(t)dt

k=1 k=1

= 2 (K2 —K)- (1), given gx) = f(t)dt
k=1

_(n(n+ 1)@2n+1) n(n+ 1)))(1
- 6 2
_nn-1)(n+ 1)

- 3

hod 8 - 8 x3

- i(g(x+kz)—g(x+k)) 2 (n-nm+1)

k=2
e (D=1 1 1 )
-12,.% [(n—-l)-n(n-t—l) (n—-1)n n(n+1)

1 1 1 1 )
=12 - + = +
1x2 2x3) (2x3 3x4

1 1
'+((n—1)n n(n+1)
- 1— 1 =6
-12(2 "(""'1))11—4..
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Subjective Type Questions

e Ex. 26 Find the error in steps fo evaluate the following

integral
n soc’xdx

1+3 tan’ x

& (" sect vy -
LU 0

L}
I T4 9¢ind v Tt g and
0 1+2sin° X sec’ Y+ 2lan” X

= :/l-; [tan ' (V3 tanx)]§ =0

for evaluating the defi-

Sol. Here, the Newton-Leibnitz's formula
he anti-derivative,

nite integrals is not applicable because
1

f(x)= —= [tan '(V3 tan v)]
T

n ¢
has a discontinuity at the point v = — which lies in the interval
(o, x]. o
1 n n
LHL = lim T tan ' V3 hm[ Jl) at x=
V3 2 2

h =0

1 Vo fa

= — 3

,Hln N tan (\/.— cot h)

1 E T

= lim —= tan ' (o) = L

A=043 (=) 23 ®
Also, RHL = lim ! lan"'\/i lm(£+h) at x :E
h=043 2 2

1
=k (-
h_l‘né 73-(:.11 ( Jicuth)
e _on ”
hh_r'nn 7; tan” ' (—o0) = - m (1)

From Egs. (i) and (ii), LHL # RHL at x=m /2
= Anti-derivative f(x)is discontinuous at x =7 /2.
So, the correct solution for above integral;

I=L! dx _J-on

1+2sin’ x -

sec? xdx
1+3tan? x

3 f@a-x)=- f(x)
2[" f(x)dx, f(2a-x)= f(x)

o

Using, Lb f(x)dx=

We know. i _ sec’ x
eknow,if fx)=—E< X fix )< fix)
vz sec? xdx

. Eq. (iii) reduces to I =2 f —_—
O 1+3tan’x
1 r= 4t
=2. —_—
73=f0 s (Put V3 tan x=¢ = Vasec’x dx = di)

2
3

(tan™ (1)]5

N<~"

=5t = tan”! o)=%(£-°)_ 7

3\2 Y
IR dx _ T JE
3

0 1+2sin’x

ebooks.cybernog.com

sed to check continuity of anti-derivatiyes

titution of integral limits.

a+b
|sinx|dx=8""d_':; |cos x|dx =9,

Student
pefore subs

e Ex. 27 ’f_[,b

b
then find the value of L x sin x dx.

b i unde
Sol. We know, J' lsmx|dx represents the area r the curve ‘
. \ 1

=a to x-‘—b.

from x _
We also know, area from x=atox=a+T1s 2. I
b
I | sin x| dx =8 |
‘ !
b _811: 1
= T i)
1
a+b
Similarly, L | cos x| dx =9
o
= a+b-0=— r
2 J

From Eqs. (i) and (i), a=n / 4, b =177 /4

b . 17n/4 .
Hence, I xsmxdx=J' ,, Xsin x dx
a n/4

17n/4

_ 17n/4
=[-xcosx e T cos x dx
n/4

_ 1In cos 17n + n n 4
=———cos— + —cos—
4 s 3 54"‘[31“’-'11:“

_ 4n

2

b
_L xsin xdx=-22n

® Ex. 28 Evaluatcj.“"mn_‘m cos (cos ™" x) d
— | dx.

cos (co:"a) sin (Sin_] x)

Sol. We 'know. c0s(cos™ x) and sin (sin™" x) could be plotted as
“ sin(sin™ x) and cos (cos™ x) are identical functions. ‘
Li:n_‘l'm Cos(cos™ x) . sin(uin'p)

O sin(sin ! ) —vfcon(cm"a) ldc=(@-0)




B Ix—a
e Ex. 29 Evaluate L dx.
p o
t I= dx
Sol- Le L -x (i)
Put x=acos’t+ﬂsm2;

x—a=acoszt+ﬁsin2t_.

: oa=03 [sinz(t) + ofcos®t - 1)]
=PBsin’t - asin®t — (x—u)=(ﬂ—0:)sin2t

similarly, p—x=(B - ) cos® ¢t

dx=2(B-a)sint costdt
where, x=0=sin’t=0 = t=0 (- o <B)
and x=f=>cos’t=0 = t=m/2

-, Eq. (i) reduces to

"Jm (x)s'mzt 26— a)
- < —Q)sintcost
0 B- ot)cost dt
2 sint
= 2B —a)sint cost dt
0 cost

sin®t
cos I
nz o, n/2
-(ﬂ—(l)fo 25sin tdt-(ﬁ—a)_[o (1-cos2t)dt
. /2
=(B—a)(t—sm2t)
0

t
s—m—asre[o m‘2]:|
cost

2
1. —@B-a)
=@- a)[(_—asmn) (OﬂgsmOJ]—(ﬁ a)[z]
1=26-0)
put JB-x=t
Alter Let  I=[] |2 dx or P-x=t’
T “Ja = —dx=2tdt

When x=0, thenp- o=t p-a=t

When x=p, then 0=t* = 0=t

=(° JB-tH -« (—2t)dt
t

Ve
'_z,joﬁ B-o)-t*dt
_2foﬁ (JB-a)’ -t dt

fa
o)

p-o)],
G.) B-% in 1(1)} { +_(P—_2——q—?-sin_1(o)}]
2

Z(ﬂ a) n ﬂ(ﬂ o)

v — I —

2 2 2

N
| — |
—_——

S

+

E

Chap 02 Definite Integral 131

J@? +b?)/2 X

® Ex. 30 Evaluate-[} — dx.
(3a* +b°)/4 J(xl __a2)(b2 _xl)
s J(a +bz)/2 x
ol. Let] = IJ — dx ()
(3a® +b%)/4 J(xz_az)(bz__xz)
Put x*=a? cos’ t + b%sin® ¢t
= 2x dx =[2a® cos t(~sint) + 2b*sin t (cos 1)) dt
= xdx=%(bz—a’)sin2rdt
2 2
b
For xt=2 + =a’cos® t+ b¥sin’t,
a’+b*=2(1-sin’*t)a’ + 2b*sin’ t
or (a®+b%) =2a*+2(b* —a%)sin’t
= sinzr=% = cos2t=0 = t=—
2 2
For x2=3a :b =a’cos® t + b?sin’t,
3a® + b* =4a® + 4(b® —a%)sin’ ¢t
= sin2t=i— = cosZt:% = t=E
.~ Eq. (i) reduces to
IM 1 (b2 —a*)sin2t it
n 2 f a?)sin? t (b —a?) cos® t
<[ = a (£_£)=£
4 6 12
. T
e*** | sin x+—)
n/4 4
e Ex. 31 EvaluateI dx.
0 cos x (1—sin x)
e'“‘[sin(x+1; ]
n/4
= dx
Sol. Let 1 -[0 cos x(1—sin x)
1 J-m " (sin x + cos x) (1 +sin x) dx
T2 cos x (1 —sin® x)
1 J-m " (sin x + cos x) (1 + sin x) i
R cos’ x+ cos X
=—}—Im °°* . (sec x tan x + sec x)(sec x + tan x) dx
2 (1]
=Lj'me“"-[sec x tan x (sec x + tan x) + sec’x
2% + sec x tan x] d:
2
=71"_Im¢'°°'-[secxtanx(secx+tanx+1)+sec x]d
o Jo

1 L e secrﬁnx(mx“‘“"“)

[

*.gec’x
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Applying integration by parts,

Beo I'ORN

1
I =—={(secx+tanx+1)e
%

l“e"" .sec’ xdx

b ‘ wec x 1
—71=J. ‘(sccxtanx+scc1x)-e dx+TJ'o

I.l‘x]

_T{(f+1+1)e"—(1+1)e]—f[e

L (V2+2)e"? —V2e - (" —¢)=—L(1+’/2_)"q' ;
E( + )C {4 %’ Ji ﬁ

4 x? (sin 2x —cos 2x) dx

e Ex. 32 Evaluate J;ﬂ'

(14 sin 2x) cos’ x

na x* (sin2x - cos 2x)dx

Sol. Let I = —
¢ f (14 sin2x) cos’ x
=ljlz ! (_“_“r_.‘i‘.‘” (put2x =1)
8-0 (l+slnr)(cm { 2)
L Cenasn 0
4 (1+sint)(l 4 cost)

[using. -[o. f(x)dx:In. fla- x)dr]

l. . )3
kol . —sint)
v L2 t | -(cost-sint @

4 (1+ cost)(1 +sint)
Adding Eqs. (1) and (ii), we get
( -2 J (sint~-cost)
L% 4

] ')
I=-
2 4 'L (1+ cost)(1+sint) dt - (i)

=2 int—
where, — ‘. dt=0
® (1+cost)(1+sint)

[ st ae=0. foa)=- ]

= Eq. (iii) becomes
I=1I” nt(sin t — cost) dt
870  (1+cost)(1+sint)
=£I-uz t{(1 +sint) —(1 + cost)} dt
LA (1+ cost)(1+sint)
__'Ej-mz tdt _Ejaulz tdt
870 1+cost 870 1+sint

__Imz tdt -nJ-m'Z (m/2-t)dt
1+ cost 0 1+ cost

___Z?EJ':/? tdt _Ei[mz dt

1+ cost 1670 1+ cost

Moz e sni2
-Efﬂ t(sec’t/‘z)dr-ﬁj'o (Bec’t/2)dr

‘n{(Zt an t)m J- t2tant g 2 P\ M2
T\ T tansdet o~ 2t
8 2}, ! 16( “’12)0

e Ex. 33 Evaluate Io

(1+ sin x)

X CObI
_

dx J' x*{(1 +sin x) 7% cos x} dx
(1 +sin x)’

Sol. Let I =j'“
Applying integration by parts,

AT R
[ = x-‘(l_*_Siﬂl)_l- —-I"Zx-w)—dx
— 1 . 0 -1

n
=(—n1+0)+2.[0 1+s'mxdx {0

[using [ fGydx = fla- &

Y L Ut ) I .
duii +2'[° 1+sinx -4

Adding Eqs. (i) and (ii), we get

noon
21 =-2n’ +2 | ~dx
0 1+4sinx
=-21 +2nf 1- Smxdx
COS x

==2n? + 27 [tan x —sec x]
=-2n’+2m[0~(-1-1))=-2n% + dn
I=-n?42n

® EX. 34 Compute the following integrals.
(i) I fix™ +x ")Inx——O

(II)I f(x +x-n)|nx dX =0

1+ x?
Sol. (i) Let t=lnx = x=¢
dx=e'dt or ﬁ:dt
x
Also. X=0 = t=—o0o
and

X=00 = ptooo
L] _ dx- .
Jlo f(xll+x n)ll'lk——:j f(i"-}-g‘"')-fdf:o
(v integrand is an odd function off

1
- € _.dt
nt nt ‘._——-—'
l+x I f(e +e ) 1+‘I

D J, £ 51 gt
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Now, if h(1) = f(e™ +¢ my, e
1+¢2
Then, h(-)=fle™™ +e")-(-1)- [ ¢ 1)
¢ +e 1+e” e'+¢ )
h(—1)=—-Kt)
Thus. integrand is an odd function and hence
[T e x e & _g
0 14 AJ

® Ex. 35 Show that
(a) L‘ sin xdx =1 ) I T cos vy =0

Sol. Let us first evaluate,

I Ir “sinvdy and = e 7 cosvdx
Using integer by parts, we get
l=-¢ "cosy ] (i)
and J=¢ “"sinved (1)
Subtracting Eqs. (1) and (1), we get
[ ™| COSXEsSINX ‘
1+s°
= J=¢ “|sinx- ‘31 sin x - — S cos x
sT+1 1+s

_n)sm.\'—scosx
| 1+5°

s
st+1

and L- e T cosxdx=

3 - - . i 1

Now, j sin xdx= lim e~ = sin xdx = lim ——=1
° s—0 70 s—+05°+1

L - = lim ~ e F cosxdx=1lim ——=0

} and L cos xdx Lim _[D e 0 lim -7

K. 36 Find a functiong :R— R, continuous in [0, =)
d positive in (0, <) satisfying g(0) =1 and
2

[ 20 at=1( [ 20 )
X

L Let fx)= L‘ g(t)dt

- f(x) = g(x)

‘ ‘o % I: (f/)*de= % Io' PROLL i)

] o

ebooks.cybernog.com
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I\Ju f“)] 71.(](\‘])'

= 2 X 2 X
_ VL[ vy \ 1(f(x)
= 1 d 4 -
2 ?U‘“g() : 2 X
Ve 1(f(x)! ‘
» :Jn (fn Jl*) [ :) {using Eq (1))

Differentiating both the sides wrl x, we gel
\ ' ’
‘.l”“'! v fiv) f (:) (/(x))
2 X

-

g’ 2 =2 0 ) - ()’
t‘x(”}l 4(\;;(1)] 2

[(x) f(x)

x g(x)
f(x)

> l“‘"ﬁl'ﬂl?\[ﬁ or x—ri({)=21:’ﬁ
2 f(x)

-

B t* 4t +2=0 where t =

> Inf(x)=21 J2 In x + constant
v V2 2-42

or cx

= g(:o:)=f’(x):c;|yr“‘/2 or czxx-fz

where, ¢, and c, are constants of integration.

= f(x)=cx

But g is continuous on [0, =), thenc, ' 7 g ruled out.
gx)=c, 2" V2
go)y=c' =1 = glx)=

Hence,

Also, x* 2

® Ex. 37 Letl, = L"“ tan” x dx (n>1and is an integer).

Show that :
(i) I +,n—2=n___1 (i)

—1——<l,,<
2(n+1) 2(n-1)

/4
Sol. (i) Given, I, =J': tan” xdx-:_[om tan""? x- tan’ xdx

4 _ /4 _
=In sec? x-tan" zxdx—j tan" "% xdx

1
=I "~ ?dt—1I,_, wheret=tanx

0
2\
1
I,,+In_2=[—'n—) o Ll =—
n-1 n-=1
0
(id) For 0< x <T / 4, we have 0 <tan" x<tan" ™" x
So that; o<I, <I,_,
I+ 1, <2, <I,+ 1,
1
= -—1—<21,, —
n+l1 n-1
1 1
= —x<I, <
2(n+1) 2(n-1)
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1 :2

1‘—4_4,12_6

/4 x 2
;Z -x 2 I‘xe £ dz

1 2 g 1 2 x
== j., e Tdt=_et ~2j'o e g,
wsing. [ © f)dx=2[" f(x)ax
= o T00)dx when f(- )
= fi
A —l‘md (x)]
=¢ Io ¢ ¢

; 2 2 x
Yt dt=e” ’4J' -t%14
X € €
2 J'o ¢ o dt

x 1 X -
42 o=+ [ (e +te™™) f(t) de. find £00)
w¢canWm€f(x) Ae™ + Be ¥, where

ol
A=1+[ fydt and B=[tfe)d

A=1+-[O (Afr +B¢.’— )df =1 +(A(.' — Be |),

0

A=1+ A -1)-B(e ' -1)

H (-0A+( -1)B=1 0
_ ' -t
B-jo t(Ae' + Be ") dt
=A(te' —€¢')g + B(=te"—e ")
B=A+B(1-2¢")
= A"ZCF‘ B=0 "(u)
From Egs. (i) and (ii), we get
A_Z(e l) _
4e —2¢° 4-—2e
Z(e 1) e—1 _
Hence, = X
flx x)= 4—2c ¢
VEx. 43 If]a| <1, show that
» log(1+acosx -
I L——ldx=ﬂ:sm 'a.
0 CoS X

ol Given, | a| <1

R
dx
fla)= .[ cosX  go- J-
0 cosx-(1+acosx) 1+acosx
(differentxatmg wrt ‘ad using Leibnitz rule)
dx 2 —0,t=0
Tot=—=—7 when x=
put tan 2 =t dt 1+ t2
and when x =7,t —>°°
2dt
2
> ffa)= J‘ 1+t

Chap 02 Definite Integral 1398

=I" 2dt
A+Hraa-r) k (1-a)t* +(1+a)
=12 - dt
g
'2+ 1+a :
1-a

2 1

= —

b 4. |1—a & n
1-a J(‘+a)l(l—a) (“m 'Jna] Ji- a2 ‘[Ta

(integrating both the sides w.r.t. 'a’)

= fla)=nsin"'a+c
But f(()) = I " !(_)_E__(U_M‘{{ =0
0 cos x
= c=0
fla)=msin"'a
® n/2
Ex. 44 Evaluate L cosec 0 tan~ ' (c sin 8) d9.
Sol, Let fle)= I“'m cosec - tan”" (csin 0) d®
L in6)
Fey=["" cosec 8 — O _ 4,40
IO 1+c’sin’@ TS
=J~ﬂ’2 de
° 1+c’sin’9

_Im cosec” 0.d0 _I n2  cosec’ 6dO
o P

+cosec’® 0 (c2+1)+cot’B

n/2
. 1 [tan" cot 0
cz +1 *"Cz"’l 0
f (0)-
ct+1

Integrating both the sides, we get
f(c):j "d" —-1og(c+\’c +1)+A

where, f(0)=4

But f(0)= Iom cosec Otan " (0)d®=0

= f(c)=3:2—log(c+1!cz+1)

=1 (a cos 0) dO.

‘a’. Let its value be I(a).

secO - tan

n/2
e Ex. 45 Evaluate L
1. Given definite integral is a function of

Sol.
Then, I(@)= J'om sec 6-tan~" (a cos 6) d®
/2
a)= e- .cos0d0+0-0
= I'a) Iﬂ see 1+a’cos” B
(using Leibnitz rule)
n2 1 sec’ 0 o

n2
‘f L =[ —
o sec’B+a

o 1+a’cos’®
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From _189 and b1 L
J.nf? sec’® 0 (put tan =1 a—ll9
o t ] Eq. () reduces g0x* +180x
9 L ftan fX)=""119
“IIJ '2+(az+l) \/’a’t'rl( Ja—zﬁo
_ 1 (E - OJ = I'(a) =_ﬁ# Ex. 48 Prove that x
;;a’d-l 2 Zya+ J. {J. f (1) dt} du= J; (x u) f (u) du,
Totegrating, bt thr: seswrl e B lying lntcgmuon by parts to
== Ja* C , applyin
1(a) . logla+ya +1]+ Sol. Here, ap J_ N {J‘ f(t)dt} du ‘
Since, I(0)=0+C ol ___/_T___J
n ]
Ha)=—log|la+y1+a"| ' u
- 2 f ie. taking ‘1" as second function and L f(t) dt as first funcnm
® Ex. 46 Let f be a continuous function on[a, b]. Prove we have }
Hdty -(u)g (u)-ud
that there exists a number x € [a, b] such that L “ f(t) dt} du= {I f(t) 0 j flu)-udy
x _ b x
L f(t)dt—L f(¢) dt. =(“L f(t)dt)o-fo uf(u) du
\ »
Sol. Let g(x)= finde—| f)de x€[ab] x
.[. ) f b =xL” f(t)dt—'fn uf(u) du
We have, gla)=-| f(t)dt and gb)=| f(t)dt %
L , L =] (x-u) fu)du
= g(a)-ﬂb):—'kfb f(t)dr) <0 /2 |
Clearly, g(x)is continuous in [a,b] and gfa)- g(b) <0 ® Ex. 49 Evaluate J; (log | sin x|) (cos (2nx)) dx, neN,
It implies th x) will be i
imp csr at g(x) u. come zero at least once in [a,b]. Sol. Let I(n)= J-sr:/z (log| sin x|) (cos 2nx) dx
Hence, L f(t) dt =L fi2) dt for atleast one value of x €[a, b). ’ 1 I

I(n)=(log|sinx|-

. 3n/2
sin2nx ™2 Lans2 sin 2nx
—I cot x- dx
o 2n

® Ex. 47 If £(x)=x+[ (92 +x%y) (f(y) dy. find f(x).

. 1
Sol. Given, f(x)=x+ x L ¥ f@)dy + x* J‘a’ y fy)dy 1 (using integration by parts)
! I(n)=0-— (¥ sin2nx-cos x 1 .
(11008 )+2( [y s0y) e L
= f(x)is a quadratic expression. Let I,(n) = J-Sn/z M)ﬁ’iﬁdx
S S o fy)aye by’ ¥
wh 1, 1 i Lin+1)= J-wz Sin(2n +2) x- cos x
— -_\‘
e a=1+[ "y f()dy =1+ [ y*(ay + by?)dy sin x
ay‘ bys 1 ', I1(ﬂ+1)_1l(n)=.[3n/2 _(_sﬁggl_g)x_smz,,x).cosxdx
=1+ s a=1+(§+£) ° sin x
5
= 208 =20+ 5aq + 4p o =I°3"jz wdx
and b 1 - 115a—4b=2o -+o(id) 3n/2 sin
-Iﬂ J’f(J’)G'}’ =I }'(ay+by2)dy =J‘0 (C08(2n+2)x+ cosznx)dx
ay b 4 .
(T+T] = b=§.+£}_ 2(@(;—2%+5m(2ﬂ)x 3ﬂ/2_0+0
o 4 n+2) 2n -
= 12b=4a+3b or 9p-4 T heensg 0
~4a=0 in) =, =
i) il
1(1)=I M2 Sindx. ‘cos 4
3 Insz X
‘E—de J‘ Zsinxcosx oS d,i
sin x

el . aa
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In/2
=I 2coszxdx.,f"““
0 0

i In/2
=(x+ sin ZxJ
2 0

in

(1 + cos2x) gy

lusing Eq. (i)
y=— 3n
Itn 4n

o Ex. 50 Evaluatef e

oo
X . n . »
A SIN"x dx, if n is an even integer.

sol. Here, I, =J‘oﬂ e "sin" x dx

=(-sin" xe *)" 4 I- in" 'L
( Jo 4 n , SN Ycosxe " gy
_ i1 R
-nJ'o (sin" " x-cos x)(e ) dx (where (- sin” x ¢
1 n
= I, =n[(-sin"""x cosxe e

)y =0)

+(n—-1)In sin" " v cos’ xe 'dr—'[oﬂ sin” x e dx)
[n="("_l)fn ¢ "sin" J'xd,\'—na.’l‘me".s;‘m".\'dx
=n(n-11,_,-n’l,

= @+ =n(n-11I,_,

_n(n-1)
b= n*+1 b2
Replacing n by (n—2),(n —4),..., 2, we get
_(n=2)(n-3) _(n-1)(n-3) (n-4)(n-5) I
I m=2+1 Y (m-2+1 (n-4)P+1 "
... and so on.
2(2-1)
h=or gl
, _n=1) (1-2)(=3) (=9@-5) 20-1),
"TTair1 (n-2%+1 (n-3)P+1 0 2841
_ n! Iy== n! (-.-IO=IO-¢"dx=I)

=Wz ) /2
I {1+(@r)) 1 1+4r°
r=1 r=1

* EX. 51 Evaluate J;l (x +1-x)"dx,n€ N andtis

independent of x. Hence, show

1k n-k — 3
on (1-x)""dx "ot

Sol, Here, [:Iol (tx+1-x)" dx=‘[ol (t-1)x+1)"dx

={((f-l)x+i)"“}'

mn+1)(t-1) |,

S S R I A ~4)
n+l

Chap 02 Definite Integral 137

Again, 1 =Inl (tx + 1 - x)" dx =L‘ (1= x)+ 9" dx
1
=J-0 "ICU(I __x)n + "C1 (l — X)" l(!x)-'_ ncz(l __x)n—'l

()" + .4 "C, (L= %) (tx) + ...+ "C, (1x)"} dx

:L‘l 2 "C' (l _ x)n—r (‘X)' dx

r=0

=¥ or L' (1= )" X} dx (i)
re
From Eqs. (i) and (i),

L]
! . 1 )
) "t,:'j“ (1-x)" {dxc—Ti L P S
n

r=0
Equating coefficient of f* on both the sides, we get
1 1
"C 1-x)" M xbdy=——
0 n+1
1
"Ce(n+1)

- [l a-xy P dx=

® Ex. 52 Given a real valued function f(x) which is

monotonic and differentiable, prove that for any real
numbers a and b,

Lb {f2(0)-f? (a)}dx:jff(::)) 2x{b- f =" (x)}dx

Sol. As, f(x)is differentiable and monotonic.
o f TN(x) exists.

Let f(x)=t=>x=f(t)ordx= f'(t)dt

As, x=fl@)= f (@) =t =t=a
and x=f(b)= f {f(b)}=t=>t=b
. jif( ‘:’ 2xib- £ ) dx=]" 260610 £@)dt

=[" b-nefo) fr@)de
* 1 i

=(G-D{F O+ [ (FOFdr
=—G-a){f @+ [ (FOFa
=[ WP -if@pd
= (Ff@-Fr @

® Ex. 53 Evaluate

1 sin@ (cos® 8 —cos? 1 /5) (cos® @ —cos® 21 /5) .
J." sin50

Sol. We know, . "
2% -1 =(z2—1)|:z2 -2 cos(;)z + 1][:2 —2(:05—;): + 1]

6T
x( zz—th)s“?‘ﬂ:z-H}(z2 —2cos—5—z+‘,
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24 b°
: L )
n —~2c08—
z z . sin.
—2 osﬂ+1)( —Zcos%+z) e I azjzaln(b/a)
x| z-2zcos—+7 . fﬁ,’______—-——-—"
Put z=cosB+isin@ 1 Et__ [n
= n/5) _ _ [ a
= 2isin50=(2isin 0)(2cos8—2cosT /5)(2cos @ 2cos? On subtracting, we get J = 2+ b2 a

g2 cos6m /5)
x into a single cosine say

x(2 cos 0—2 cos 47 /5)(2 cos

=  sin50=16sin B(cos’ O - cos’  / 5)(cos” 8- €OS an (3) Aliter Convertacosx+ bsl:1
sin B(cos® 0 — cos? 1t / 5)(cos” 0 - cos’2m/5) _ 1 cos (x+9) and put (x + )=
sin 50 18 Inxdx
I sin 8(cos? 8~ cos’  / 5)(cos’ B - cos 211:/5)“9 » Ex. 56 Evaluate 0 X2 +2x+4
J:: sin 56 vl In xdx (put x =2t = dx =2dt to make coefficien; of

1
of, @7 soli=[ =

16
n n Cx x? and constant term same)
® Ex. 54 Show that lim *EO — K =e-2. ’In2+ln'dr*£_[ j' Intdr
—) oe - i -
n n* (K +3) = ID HrP+t+1) 2 7o ¢? P+l ° i1 2 tH4
n "C‘K . n 1, 1 L Iz-l!m
noe o n (K+3) n Koo K+ n I j- Intdt (putt--l—ﬁd!_-'_dy
n 2= 2 - - 2
= lim 2 "CK-LKI‘XK":dx('-' 1 _leh+2de 0t +t+1 y y
n— e K =0 n 0 K+3 0 .[ lny (+1) dy
n K -
1 2 X
=| | x° lim "C, (—) de (—+ +l)y
] xY L=t ydy _ o Inydy _ |
fox{.li."l “n”dx =L yi+y+1 k- yiey+1r
n - 2 as
= lxz'e'dx » lim (1+£) =e” Now.I,=I dt = .E_tan‘l_[t+(“2)]
0 n— e n 0 (‘+1)2 Jg 2 J3_ J§ ;
- 4| =
=(.vr2-e‘)o'—fn1 2x-e“dx=¢—2{(xc')L—L] e'dx} 2
=e-2{e—e+1)=e-2 = [E-E]-z" . y=in2z 2n _nln2
¥ W3 T2 3B 3B

Note Fora>0,] = J' *lm_cdx‘ﬂ)

° ax’+bx+a

® Ex. 55 Let!= f' P __COSX
[Hint By putting x =1/t, we get I =-1, s0 I =0]

acosx+bsinx

/2 sinx
and J =J: p— e dx, where a>0and b >0,
inx
C. ® : .
ompute the values of I and J. Ex. 57 Find q Junction f, continuous for all x (and not
Sol. - =T i
al +bj= i (i) ZEro everywhere) such that fi(x) = J’" f(t)sint
and _aj= Im beosx- asmxd ° 2+cost
0  acosx+ bsm_x X Sol. we have, z(x)=f f(f)smr
bl -aj =In[acos x + bsin x ]2 0 2+ cost cost
- ; b ’ (Note that f* (x) being an integral function of a continuous
[ -af=In( — il function js continuoyg . .
a ) and differentiable)
From Eqs. (i) and (i), Zf(x)f'(x) - f(x)-sinx
2+ cosx

I" .
tegrating, we Bet2f(x)=cC - In@ + cosx)
=0 = f(o)y=9 = C=In3

=1 3
f(x) ;In

2+ cosx

@I +aby ="
2

bl - abJ =bIn(b/a)
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il i X

bt o) f Y g SRR

tan ' aqx - tan !
. 58 Evaluate ——"Tan x
o EX. j: x dx, where q s P

amefeﬁ - }
e pofy B exotanty
Sol. Le 0 x
dl _J"" 1 x o dx
—=| ————dx=[ _9x
da 70 (1+a’x%)x 0 1+ a%?

IJ-" dx 1

= —_— = SLIE T 1§

z), =—(atan' x>

a2yl a ° 2
2

n cda
fdl=— — = I=Elna+(‘
27 a 2

Whena=1and I =0thenC=0

n
Hence, l= 2 Ina

1 In(1-a’x?)

e Ex. 59 Evalute dx (a? <1).

,\:\I(l- x?)
1 In(1-a’x?)

sol  Le 1=f RO )04
® ya-xh
- -2 "
ﬂ:j‘l 2“: T dx (put x =sin6)
da ‘0 (1-a°x%) x?J1-x?
2asec’ 0 dO

=2 2‘]& _j-n."z
Io a’sin’6-1 %  a’tan?6-(1+ tan’6)

2asec’ 0 dO

__j’" e (put tan0=1)
o (1-a°)tan’0+1

= 2adt __2a (=
_Io (1—az)rz+1ar (1~az)'[° r2+( 1 )1
1-a*

Sol. Let

Chap 02 Definite Integral 139

2a :
=‘7——z[ta.n'!\)1—a?]:=-—n .
1-a 2:)1-.1’ 1-a*

or I=nVi-a'4cC

Ifa=0and ! =0, then C = -1

Ln (a1

* Ex. 60 Evaluaterl |n[-‘m) d (lal<1).

/
0 1-asinx ) sinx

na 1+asinx) dx
l:f ln[———ﬁ)——(lalﬂ)
0 1-asinx /sinx
glI _J-H _ 2sinx dx
da ‘0 (1-a’sin’x) sinx
_ J«m B 2sec’ x
®  1+tan’x-a’tan’x
n/2 2sec’ x

= ——d
'[" (1-a*)tan®x +1 *

_J-- 2dt 2 I- dt
°(1-a)f+1 (-a)h [ 1 T
t*+
1-a?

2 S, 2y ___ T
= t: t1- =
= 1—az[-’rm ( a®)ls r—l_az

dl =
= J1-a

Whena=0and [ =0,thenC=0

3 1\|
a
)

I =nsin”\(a)

Hence, I=msin"'a+ C
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5 Definite Integral Exercls® 1:

* Single Option Correct

Ay L San(y Hily Is
(2y' #y r 1)

(la) ¢
() N ool Whoss

1. The value of j"' (¥

(a) 0

(0) -2
2. Let f(x)= x" +ax + band the only solution of the

equation f(x) = minimum f(x) 1y drand f(v) = 0

(-
root o and 3§, then L v dx i equal to
(@) :(l!‘ ta') () :(u' b

() None ol theae

(e) 0
. - 2in’ "o e =10 lhl’ll(‘h‘]nl e
J In'l ‘jﬂ— 2ain” 1) de 4 J., contdl = il
and y = n s |
(@) v3 (h) - v2
(C) - Jl‘ ‘In Nﬂ"t‘ U' "“!.p

1 i e i
Ju gm (stn x) + cos (cos ‘)d\ i l""[(I A )]

(] , "‘ u
(1+ x )[10|””

ik,

+bn tan "( : )(where. [) denotes greatest Integer

t (|
(2b 4 ¢)

. oy a4,
distinct object can distributed among = persons
¢

function), then number of ways in which a

equally, is
9! 12! 15! T
Way  Oay Oy @y
5. The value of the definite integral
- dx
—— (a>0)i
I" (l+x")(l+x')(a )is
@3 )
(c)n (d) Some function of

6. The value of the definite integral

I:m [(1+ x)sin x + (1~ x) cos x]dx is
(8)2 tan > (b)2 tan ™
8 4

(c) 2 tan -:- (d)o

_ '  tan”' (nx) .
7' Let Cu = J'm* , m d’-‘. then nlinl nt .Cn I8 equnl

to
(a)1 () 0
(e) -1 (d %

Typ. Quoltlom

' “l i
. L /
TR witl 1nllen Hie egiiatio M ey ')o

I

A, ]. (T (N TR Vil g
f

Pl
vl ERTTIRT
" (g ! "
(n) ! S ali 4

alei of
iy ! JJ
‘ i

J T
|
ali U
o ,
011 f(ny=e""" aned glv) = L (1t then f (ZHHqunlh,

(o

(i) Cannol be determined

(n) 417
(e) 1

10, 1 u, band ¢ nre real pmbery, then the vialue of

lim In [ : I' (1 +anin )’ clw)rqunln
' 1}

]

() ube () "'
((’, [T (l‘) ‘a
i b

r=An J
]

11. The value of lm . L in equal o
i ;7 Jr (3Jr + 4Jn)’ l
| |
(n) 3 (h) "
4] 1
(© 10 (@ 4

12, Le f"‘)“f', e dtand h(x) = f(1 + #(x)) where g(x)l

defined for all x, g (x) exints for all x, and g(x)«<0for

¥ >0 (1) = e and g’ (1) = 1, then the possible values

which g(1) can take
(n) 0

(¢) -2 (b) =1

(d) -4

13, ;:;)f(x)be & function satisfying [*(x) = f(x)with
=land g be th
S(x) + g(x) f x!:', e function satisfying

The value of the integral I' f(x) g(x)dx is
(a)e - ! P 0 :
5 (b)e-¢" -3

Sz We-1p.3
2 2
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prefo=J1" =
,/1+t'
hcreg(x)"J. (1+sint?)ds. Also, h(x) = ¢! 71 and
flx)=x"sin— ~if x #0and £(0) = O‘he"f( )lsequalt
o

(a) r'(0)
©KO)

(b) H (0")
(d) lim 1=.€0s x
*0 xsin x

15, Forf(x):x‘ +|x|,let I, .-:J': f(cos x) dx and

/2 . I
I, =L f(sin x) dx, then I—li has the value equal to

e
(a)1 (b) 172
(c)2 (d) 4

16, Let f be a positive function. Let
=], 0 fx - x)axil

!
where 2k — 1> 0. Then, —* is

1

(b) 172
(d) 2

= fe= x)d,

(a) k
(01

17, Suppose that the quadratic function f(x)=ax’ + bx +¢

is non-negative on the interval [-1, 1]. Then, the area
under the graph of f over the interval [-1,1] and the
X-axis is given by the formula

@ A= f(-1)+ f(1)

1 1
wa=s(-3)+3)
(©) A =§ Lf (1) + 2f(0) + f()]
@ A =% [f(-1) + 4£(0) + f(1)]

2
18, Let I(a) = J ( + asin x) dx, where ‘@ is positive real.

The value of ‘@ for which I(a) attains its minimum value,

1S
2 3 n L2
(a)‘}n\f?j (b) 1/1:& ) \/1% (d) \[;

19. The set of values of ‘@’ which satisfy the equation
2 4 ).
L (t-log, a) dt =log, (;7),15

(@aeRr (b)ae R’
(©a<2 (da>2
2, lim (x’ Im M dt | is equal to
P Ux 14e'
1 2
(‘)3 ®3
(e)1 (d)0

ebooks.cybernog.com
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21. The value of Jn (I:m x | sin 7x | dx) is equal to
() v2008  (b) n 2008 (c) 1004 (d) 2008
22, lim S _n .
""'1.2'; RERP , x> 01is equal to
(a) x tar: ' (x) (b) tan™" (x)
(c) tan_ (x) (d) tan ' (x)
X 2
23. Leta>0and f(x) is monotonic increasing such that
f(©)=0and f(a)= b, then | f(x)dx + ]’: 7 (x)dxis
equal to
(@a+b (b)ab + b ()ab+a (d) ab
24, 1 W J‘_ e w3 x*
-[l*\/! 1- x* cos 1+ x* dx = kL l—x"then
'k’ is equal to
(a)r (b) 2n (c)2 (d)1
25, I f( A) X dx is equal to
(a)0 (b) 1
(c) % (d) Cannot be evaluated
1
26. Jim U: (1+x)* dx) is equal to
@2z )7 Ons @4
27. If g(x)is the inverse of f(x)and f(x)has domain
x € [1,5), where f(1)=2and f(5) =10, then the values of
5 10
[ fx)dx+ [ &(y)dyis equal to
(a) 48 (b) 64 (© 71 (d) 52
28, The value of the definite integral
j:n sin x sin 2x sin 3x dx is equal to
1 2 1 1
L] -2 -2 d)-
(a) 3 (b) 5 (c) 3 (d) p
2. 1f f(x) = [ (f(t))*dt, f : R—> Rbe differentiable function
and f(g(x)) is differentiable function at x =4, then
(a) g(x) must be differentiable at x=a
(b) g(x) may be non-differentiable at x =a
(c) g(x) may be discontinuous at x =a
(d) None of the above
30. The number of integral solutions of the equation
r In t dt —ntln2=0;x>0,is
o x?+t?
(@0 ®)1 (02 @>3
n. rm:m cos = [ﬂ] dx is equal to
0 2ln
() 0 ()1 ©2 @3
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, -
32 lfj_l (ax® —5)dx=0md5+f (bx + ¢)dx = ( then
(a) ;x _ by + ¢ = 0 has atleast one root in (1. 2)
(b) ax' —bx+¢ - 0 has atleast one root in (- 2 -

()ax' +bx+c=0 has atleast one root (-2

(d) None of the above

1)
-1

C— J12x - 36) d
33, The value nfj (\/\+\‘12\-36+\1x 12x - 36)
is equal to |
(@) 6v3 (b) 43
(c) 1293 (d) None of these

= Definite Integral Exercise 2:

+4) (" + 4D dx, (Where,

M 01, - I x4 Iy e 2]+

{} denotes the (ractional part), then / 1s equal to

! (b ! (c) ‘ (d) None of these
\l\" N \ \ | '
e osin(2n - DA . - w1 sin’ nx ne

35 Let 1, - j" sin x dx. ], ‘[“ sin’ x N

then

Wl . - J=N LI A N

\“‘ , e + ] ‘,I (") Jl ol ,n (| = Jn

== More than One Option Correct Type Questions

36. 1f f(x)=sin " (sin 2x)] (where, [] denotes the greatest
integer function), then
(n)r ,f(x)d\ = : ~sin ' (sin 1)
(b) f(x) is periodic with period x
(c) im fixy=-1

X
?

(d) None of the abave
37. Which of the following definite integral(s) vanishes?
(a) J: ‘In {cot x) dx ®) j:‘sin’ x dx

O s @ [

38. The equation 10x* —3x* —1=0has
(a) atleast ope root 1n (-1, 0)
(b) atleast one root 1n (0, 1)
(c) atleast two roots in(-1,1)
(d) no root in (-1, 1)

39. Suppose I, =f " cos (msin® x)dx;

I,:j.’ cos (2K sin’ x)dx and I,=J:“cos(usinx)dx,

then
@1, =0 ®IL+1,=0
©L+L,+I,=0 @r =1,
1
40. Let f(x)= L (1-[t]) cos (xt) dt, then which of the
following holds true?
(a) £(0) is not defined

() }1_1'1: f(x) exists and is equal to 2
(c) }1_13}] f(x) exists and is equal to 1
(d) f(x) is continuous at x = ¢
41. The function f is continuous and has the property

fUfx)=1-xforall xe(0.1)and 7= " f(x) dx, then

o) 1)

(h) the value of ] equals to 172

ory) 1(3)-

(d) I; vosinxdy o the same value as ]

(sin x + cos x)

42. Let f(x)is a real valued function defined by
flxy=x"+x' [ afyde+x* [ f e,
then which of the following hold(s) good?

@ tfear =:—‘11 ®) f() + f(-1) =%

©f tfoyde> ' feyde @ s - fen==2

43. Let f(x) and g(x)be differentiable functions such that
f(x)+ J': g(t)dt =sin x (cos x —sin x) and

(f(x))* +(g(x))" =1, then f(x)and g(x) respectively.
can be

1
(a) . sin 2x, sin 2x (b) cos 2x

, COs 2x

1,
(c) 3 sin 2x, — sin 2x (d) - sin® x, cos 2x

44. Let f(x)= J._: (t sin at + bt + c)dt, where a, b, c are

non-zero real numbers, then lim f(x) is
xr=0 X

(a) independent of a

(b) independent of a and b, and has the value equals to ¢
(c) independent g, b andc

(d) dependent only onc¢

45, Let L= i [~ "X

N— = Jg 1+n"x'

(@An (b) x/2 (c)o (d)1

, where a € R, then L can be
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7 Definite Integral Exercise 3 .

passage Based Questions

Passage I
(Q. Nos. 46 to 48)

x  thdt
b ey

bx —sin x
pEN,pzz,a> 0,r>0and b # 0,

suppose lim =1, where

46, If | exists and is non-zero, then

@b>1 ®d)o<b<i
©b<0 (d)b=1
41.1f p=3and [ =1, then the value of ‘a’ is equal to
(a)8 () 3
(C) 6 (d) 3/2
48. If p=2and a =9 and [ exists, then the value of / is equal
to )
3 1 7
(I)E (b) S (c) 3 (d) s
Passage I1

(Q. Nos. 49 to 51)
Suppose f(x)and g(x)are two continuous functions defined
1
Jor0x<1. Given, f(x)= [ e**'- f(t)dt and

g(:r)=j'ol et g(t)dt+x

49, The value of f(1) equals
(a) 0 (b) 1
(c) e (d) e
%0. The value of g(0) — £(0) equals

2 3 1 d) 0
0Zs B O @

51. The value of £% equals
8(2)

@ ! ©F  @F
Passage III
(Q. Nos. 52 to 54)

Veare Biven the curves y = J"r f(t)dt through the point
] - . 3
(0' i) My y= f(x) where f(x) > 0and f(x)is differentiable,

VxeR through (0, 1). Tangents drawn to both the curves at

€ Points wigh equal abscissae intersect on the same point on
the X-axis.

Chap 02 Definite Integral 143

52. The number of solutions f(x)=2ex is equal to

(a) 0 ()1
(c) 2 (d) None of these

53. lim (f(x)" is

(a) 3 (b) 6

()1 (d) None of these
54. The function f(x)is

(a) increasing for all x
(c) decreasing for all x

(b) non-monotonic
(d) None of these

Passage [V
(Q. Nos. 55 to 57)

S(x)= J: (4t' —at’ ) dt and g(x) is quadratic satisfying

g(0)+6=g"(0)-c=g"(c)+2b=0Q y=h(x)and y=g(x)
intersect in 4 distinct points with abscissae x,;i=1,2, 3, 4 such

that ¥ L =8,a,b,ce R* and h(x)= f" (x).
xl

93. Abscissae of point of intersection are in

(a) AP (b) GP
(c) HP (d) None of these
56. ‘d’ is equal to
(a) 6 (b) 8 (c) 20 (d) 12
57. ‘¢’ is equal to
(a) 25 (b) 25/2 (c) 25/4 (d) 25/8
Passage V

(Q. Nos. 58 to 60)
) d d
Let y= I:m S(t)dt,let us define Ey as Ey

=v (x) f2((x)) - ' (x) £ (u(x))and the equation of the
tangent at (a,b)and y— b= b

(x—a).
(a,b)
58. Ify= j: t* dt, then the equation of tangent at x =1is
@) x+y=1 b)y=x-1
()y=x @dy=x+1
59. 1fy= [, (int)dt, then lim ?isequal to
x - 0" dx
(@0 (b) 1 ()2 (d) -1

60. Iff(x)=j: e’ (1- r’)dt,thenif(x)atx=lis

(a)o ()1
(0) 2 (d) -1
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Passage VI (Q Nos.61to 62)

nr ) - -1
Consider 1:(0, =)= (— % 2),d¢:ﬁneda.s f(x)=tan (

61. The about function can be classified as
(a) Injective but nor surjective

(b) Surjective but not bijective

(¢) Neither injective nor surjective

(d) Both injective and surjective

Definite Integral Exercise 4 :

Matching Type Questions

63. Let llim %Jj (sin x +8in ax)’ dx = L, then

Column | Column Il
(A) Fora=0,the value of L is (» 0
(B) Fora=1 the value of L is (q) 1/2
(C) Fora = -1, the value of L is (r) 1

(D) Forae R-{-1,0,1}, the value of Lis (s) 2

64. Let (0= [ (x+5in6)" dx and g(6) =j' (x + cos 0)? dx

where 8 € [0, 21} The quantity £(6) — g(6), V 0 in the
interval given in column I, is

Column | Column Il
(A) (E 3_'{) (p) negative
4’ 4
(B) (34_n ‘n] @  positive
(©) [1’1'3) ()  non-negative
2 4

®@) (0, E) v (Zﬁ. 2,:) (s non-i:ositive

65. Match the following,

Column | i
Column 1

A 1 20
A) J-o (1+ 2008 x™™*) & dx equals @) &'

log, x

(log, x)* +1
62. The value of Jo_ [tan] dx is equal to (where, [] denotes

the greatest integer function)

The value of the definite integral

Io' e dy+ LU',f— In x dx is equal to

1223 . m=1"n"\a

66. Match the following.

—————, Where

glx) = J':m(l + sin £*) dt, then value of

If f(x)is a non-zero differentiable
functi : =

ction such that .L SO dt= (),
Vx e R, then f (2) is equal to

b
If L (2 + x - x*) dx is maximum, then
a+ bis equal to

b
' +a+;;)=0,then3a+b @)
‘has the value

Column ||

(q) e-lﬂ
@© &

(s) e

Column II

® -2

(@ 2

m 1

-1
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7 Definite Integral Exergise 5:
= single Integer Answer Type Questions

67. It'f'(:r)=zsi:.rLJr

a=1

» then the valye of(m+n)is ...

and _L f(x)dx = ]og(_"l)
n
_ (= Ccos x dx
The value of I = -
o L' * 1+2[sin " (sin x)) (where, [] denotes greatest integer function) is ...

1 =2sin’ nd

6.1 f(x)==] AT

n

@9 (n € N), then the value of ——___f(15)+ f(13)
[015)= f(a)

_ [, a=e
70. Let f(x)= J'_Ze dt and g(x)=(h, x). where h(x)is defined forall xe h.1f g"* =e* and h’(2) = 1. Then, absolute value
of sun for all possible value of h(2), is ..

€

" If:J-, sin x-log(sin x)dx = log(K).Then. the value of K is . .

= Definite Integrals Exercise 6 :
“ Questions Asked in Previous 10 Years' Exams 5

(i) JEE Advanced & IIT-JEE

76. The option(s) with the values of a and L that satisfy the

I
s

1+¢*

dt=2x—1is

[Integer Type 2016]
74, Let f(x)=7tan" x+7 tan® x-3tan’ x-3tan’ x for all
xe (‘E, E} Then, the correct expression(s) is/are
2 2
[More than One Corract Option 2015]
®) J‘:“f(x) dx=0

@ [fiey dx=1

Of xfde=—
©f " xfix) dx=%

’ - 1 —
2+sin’ wx

"'Sr f(x)dx < M, then the possible values of mand M
Lor

e [More than One Correct Option 2015]
(3)m=13'M =24

lKhm=-11, M=0

4x
2 x? cos x i e'(sin‘ at + cos* at)dt
72 The value of . — dx is equal to equation I“ =L, is/are
1+€"  [Only One Correct Option 2016] L e'(sin’® at + cos* at)dt
1 Kl
(a) xT -2 (b) —4— +2 [More than One Correct Option 2015]
4K - 4x
() xF - n’ +e " Wa=2L=5= ®a=2 L=
73. The total number of distincts x € [0, 1] for which - _ =
; [0.1] (Qa=4L=5 ]1 (d)a=4,1,=‘_:1l
e - e

s Directions (Q. Nos. 77 to 78) Let F: R— R be a thrice

differentiable function. Suppose that F(1)=0, F(3)=-4
and F'(x) <0for all x e (1, 3). Let f(x) = xF(x) for all x € R.

77. The correct statement(s) is/are
[Passage Based Questions 2015]

(a) f(1)<0
(b) f2)<0
(c) f(x) # 0 for any x €(1,3)
(d) f'(x) = 0 for some x & (1, 3)
78. Ifr x? F'(x)dx=-12and L’x’ F”(x) dx = 40, then the
correct expression(s) is/are

@9 @)+ fF)-32=0 (b)[fx)dx=12
@I @O=FW)+32=0 (@ [f(x)de=-12
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[x], xs2

79. Let f : R— Rbe a function defined by f(x)= {0‘ 0o

a1.

82.

83.

] Ifazj':(coxa- suu'x)(

where [x]denotes the greatest integer less than or equal

: xf(x7) f(41 - 1)is
- XX ) 4« then the value of(
toxIbF= -[-' 2+ f(x+1) [Integer Answer Type 2015]

12+9x°
1+ x°?

] dx. where tan~' x takes

n) .
only principal values, then value of(log, 1+a- y ) is
[Integer Answer Type 2015]
The integral r _::(2 cosec x)"dx is equal to
[Only One Correct Option 2014]
(a) Ihd\nnz(e. et )“du (b) J-:wm .y “(.-' ve ")"du

(c) f,m.ﬁ‘(f" —e™)'du  (d) .'-:w TN —e Y du
Let f:[0,2] = Rbe a function which is continuous on
[0, 2] and is differentiable on (0,2) with f(0)=1.

LetF(x)= [ fWD)dt, for x € (02 N F'(x) = f*(x) ¥
x €(0,2), then F(2) equals [Only One Correct Option 2014]

(a) ¢! =1 ) e' -1
(c) e—1 (d) e
Match the conditions/expressions in Column I with
statement in Column II. [Matching Type 2014]
Column | Column II
A ' _dx p. 1, (2
‘[-‘ 1+ x* 5'08(3)

B. 1 dx
q. 2
I! h _xl ZIOE(S)

C. & .
'[2 1-x* 3

D. ‘[1 dx s. T
U xyx? =1 2

84. Match List I with List II and select the correct answer

using codes given bglow the lists. [Matching Type 2014)

List a
o ! . _y_'“;l.mll

The number of polynomials JS(® w:th ﬁo;ﬁeé;;iw )

integer coefﬁcilents of degree < 2, satisfying ¥
/(0)=0and L fx)de=1,is
The number of points in the interval [—fﬁ-,i«/ﬁ']at -q. - 2

which f(x) = sin(x*) + cos(x*) attains i i
e )attains its maximum

85.

86.

87.

88.

89.

List | List 1y

Ly
I' }\—-.dx equals r 4
21+
[I‘;’)cosz’clog(r"]dr] 00

. .

— L equals
[Jlllcos Ly log(1 ¥ t]d\‘]

[ | - x
Codes

A B CD A B C D
(@ r q s p ®)q r s p
() r q p s dq r p s

d’ .
The value ofj:‘hc’{d—2 (1- xz)’} dx is
x
[Integer Answer Type 201)
mT—x
T+ x

. /2 2
The value of the integral j_ I E log

is

]cosxdx

[Only One Correct Option 2012)
2

n
0 b) — -4
(a) (b) 2
n? r?
— 4+ 4 -
(c) . + (d) >
o) i 2
The value of ol L dx is

Jls2 5in x? + sin (log 6 — x?)
[Integer Answer Type 2011]

1 3 1 3
Zlog= Nog>
(a) 287 (b) 2log2
3 1, 3

c) log= Zlog =
(c) ng (d) 6lug2

Let f:[1, o] = [2 e] be differentiable function such that
fa)=2 lfof(x) =dt =3x f(x)— x>,V x21then the
value of f(2)is .... [Intager Answer Type 2011]
The value(s) of Jl' Ll(lff_)‘ dx is (are)

. [Only One Correct Option 201

22 2
(a) —- A
7 " ®) 105
(c) 0 (d) 1 _3¢m
15 2

For a € R (the set of all real numbers), a # —1,
lim (1° +2° +...+n") _1
== (n+1)""[(na+ 1)+(na+2)+...+(na+n)] 60

Then, ais equal to [More than One Correct Option 2011

(@) 5
(c) =13 ® 7‘17
2 (d) >
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, pirections (Q Nos. 91 to 92) Let f(x) =(1-x)" sin” x + x*
t(2(t-1) '
v,eRand g(x)=£( —lnt)f(t)dtvxe(l, o).

t+1
[Passage Based Questions 201 0]

. Consider the statements
p: There exists some x € Rsuch that,
flx)+2x= 2(1+ x?).
Q: There exists some x € Rsuch that 2 f(x)+1=2x(1+ x)
Then,
(a) both Pand Q are true

(b) Pis true and Qs false
(¢) Pis false and Q is true

(d) both Pand Q are false
92. Which of the following is true?
(a) gis increasing on (1, o°)
(b) g is decreasing on(l, o)
(¢) gis increasing on (1, 2) and decreasing on (2, =)
(d) gis decreasing on (1. 2) and increasing on (2, o)

93, For any real number x, let [x]denotes the largest

integer less than or equal to x. Let f be a real valued
function defined on the interval [- 10, 10] by

fx) = { if f(x)is odd

if f(x)iseven

v - [x[.
1+ [x[—x

n]‘
Then, the value of — J‘w f(x)cos nx dx is......
10 71 [integer Answer Type 2010]

(ii) JEE Main & AIEEE

97. The integral .[: :1 1+ cos X

(b)-2
(d) 4

is equal to
[2017 JEE Main]

(a)-1
(c) 2

98. LetI, =Itan’xdx,(n> 1.1, +I,=atan’ x+bx* +C,

where C is a constant of integration, then the ordered
pair (a, b) is equal to [2017 JEE Main]

(a)(—%,o) (b)(—%,l) (c)(%, 0) (d)e.—l)

99. lim [(n+l)(n+2)...3n]”"isequa“o

e n” [2016 JEE Main]
@2 2 (0~ (d)3log 3 —2
€ € (4
2
100. The integral J“ log x —dx is equal to
2 log x* + log(36 — 12x + x7)
[2015 JEE Maln]
(a) 2 (b) 4 (91 (d) 6
n
101. The integral J \F“ 4sin? X - 4sin> dxis equal to
A 2 2 12014 JEE Main]
(a)m 4 (b)?g._.._m’
(c) 43 - 4 ()43 -4-m/3
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94. Let f bea non-negative function defined on the interval
[o, 1]-1f‘|‘° 1-(f'()* dt = j:f(t)dr, 0< x<1and
f(0)=0, then [Only One Option Correct 2008]

o 3 ) 0 3 e )
OEEYORRYORETOR

. n sin hx
95. 101, =" - ST dx, n=0,,2...then
"(1+nY) sinx

[More than One Correct 2009]
10
(K) ,!=In 3 | (b) ZIIMQI‘-—-IOK
m=1

(c) Iil,_, =0

d@1I=1,,

n -1
96. Lets, =% —— " andT, =

g-nﬂ“.‘k"“’kl "
n=123..., then

n
, for

“~n? +kn+k’
[More than One Correct Option 2008]

s <X T
@5 <35 ®)S >3 75
n n

T <—— r_
OL<35 OT>35

102. Statement I The value of the integral
Ju 3 dx

®/6 14 Jtan x
Statement 11 f f(x)dx=j: fla+b—-x)dx

(a) Statement [ is true; Statement II is true; Statement IL is a true
explanation for Statement [

(b) Statement I is true; Statement 11 is true; Statement [l is not a
true explanation for Statement I

(c) Statement Iis true; Statement 11 is false

(d) Statement I is false; Statement II is true

(2013 JEE Main]

is equal to 7/6.

103. The intercepts on X-axis made by tangents to the curve,
y=Jx |t|dt x€ R, which are parallel to the line y =2x,
1]

are equal to [2013 JEE Main]
(a) £1 (b) 2
(c) £3 (d) £4

104. If g(x) = I: cos 4t dt, then g(x + m)equals o1 gipeE]

@ % (5 £x) + (R (©) g6) — gm) (@) ) £(R)
T
18 log (1 + x) dxi
105. The value of I‘—__—l o is -
(a) % log2 ) Slogz (@logz  (dnlog2
8 2

4R
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es the greatest integer function,u l

108. j " [cot x]dx,[ ]denot
_ (" J sint dr. Then, f has S alt 12009 Ajgg
106, Forxe(a 5—2'5) define £ ()= [0 * [2011 AIEEE] eq)u?cl ; (b) 1 T
(a) -

) local minimum at 7 and 2% 2 -
:;) lo:a] minimum at 7 and local mfixflﬂ“m a: Z:: (© -1 (d) - ;
(c) local maxamum at 7t and local minimum 2 Lo r cos x
(d)localmaximumatnandm 109 Letfzjsmxdxand]:,[ NP dx.

107, Let p(x)be a function defined on R such that : | " Jx ) Ux | i
lim f60) _ p'(x)=p’(1-x) forall x€ [0, 1} p(0) =1 Then, which one of the following 215 true?  [2008 Alkey, |
== f(x) . (a)[>gandj>2 (b) [ <Zand]<2
and p(1) = 41. Then, || p(x)dx equals [2010 AIEEE] 3 2
(a)\/:l_l (b) 21 (C)[<§nnd]>2 (d)1>§and]<2 ,
(c) 41 (d) 42 }

Answers
Exercise for Session 1 Exercise for Session 5 1
B2 1.2 L2342 111 z,[_’z‘_] 3.2d2n 4.1 5.3
8 . 3 4 k) 5 3 1 .y r
Kb - 2l 24— Tx=1,-
6. —1 T.Elog,J 8. n O'E(b a) 6 ) +2+},ﬁ, x
10. 2_‘%+ _,‘i.mg «2-1) n_"?" 21+ (;_ﬁ) i 8 [fwax=[" [ ds 9.16  10.4  11.3]
oY N
13. 10! 147 n! 15. [~ s — 1] U[1, ] 12.£1 13.g(2n)=0 14. [—%, 2] |s.—%
Exercise for Session 2 16. a= % b=1 17. f(x) = V2x 18. %
1. -glog 2 2.0 3.% 19. (1) - sin (1) zn.-:) |
! 2-421 24421 E ise f :
4 - L ljog|2=¥ell_ xercise for Session 6
SJZ_I{OE 2921 lo Z—Jﬁ” 5.0 6.3 :
na 16 L@ 2.0 3. () 4.) 5.() 6.(9 .
80 9.0 =120 133 7. (a)  8.(a) 9.(c)  10.(a) |
14. 2 Chapter Exercises :
L@ 2() 3. (a) 4. 5. i '
Exercise for Session 3 1;’- E:; 13' (d) 9.(a) 10. E:; 11. g 126. E:))
’ - (©) 15.(c) 16.(d) 17. )
e B DB 0.0 2@ 2 ) 240
z log2 12 25. () 26.(b) 27.(a) 28.(d) 29.(a) 30.(c)
g [Dx+1 9.10m — 1 31. (a) 32.(b) 33. (a) 34, ' ' c
7 —tan 1 10. 2 1 (®) 35 (b) 36.(a,bc)
2 11. log, 37. (c,d) 38.(a
2 2. (bd) 43 ) 3% (abe) 40. (c,d) 41.(ab0)
12, 10m - sec 13. m + cot 1 + cot 2 1 48, (b, - (c) 44.(d)  45.(ab.c) 46.(d) 47.(s)
14. ,,___1 15.7? 54- g:; ;z. Ea} 50. (a) 51. (b) 52, (b) 53, (C)
c . -{a 56.
16. Z(r -0 (- r-1")+k ©- ku") gg gaA)) 61. (¢) 62. gz; 57. (a) 58.b) 9. (a)
o . (A)=(q), (B) - (s), (C
3 w2 4. () @, B) o) (O (o (013 ®
Exercise fi i 63. (A) 5 (). (B)> (p), (O) > (g)
e for Session 4 :_6, Eg) - 6(s), (B)— (), (C) = (r), (D) - (q)
1.0 . 8. (0) 69. (3 7
2.0 3.2-1T 4.0 P 6. 73. (1) 74, (ab) 75. Eb; 72' (2) 71.(2) 72. (ﬂ)d
1 2 3 79. (0 (a,c) 77.(ab,c)78. (cd)

7.1 4= ¥ . (0) 80.09)  8L(a) . 82.(b)

2 3 9.0 10.aandc11.0 12.-27 83. A—s, B—s, Cop, Doy, 84.(d) 85.2) 86.0) !
13. 20 14.0 15.4 16 . :7' (@ 88.(873) 89.(a)  90.(b.d) 91.(c) 92: () §
19. 10m 200 ©  1m2 s 3-(4) 94.(c)  95.(abc) 96.(d) 97.(c) 98.() ?

9. (b) 100.(c) 101.(d) 102
105. (d) 106.(c) 107.(b) 108, f:; }gg g; 104. (<)
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Solutions

I O’ = 4y + S)sin (y - 2)dy

tl] =
1. Le (2y* -8y +1)

Put y-2=z

= dy =dz
1 " 1)

’=I (z * )wmxd,

r- 2 (2z 7)

= I =0,as I' fix) dx = 0, when fl-x)=- f(x)
(z ) Hsin:

-dz is an odd function

and flz) = O -

2, Hence, f(x) =x" +ax - b

. . - . -a
The solution of f{x) = minium f(x) is x = -
9

Given, f(X)pnmum 1§ at X = 0.
= 20 or a=0
2
f(x) = x" — b =0 has roots & and f.
= a=vbandB=-b
Y] s _ -~k

= J.. v _IJ
[ |7 flx)dx =0, when f(-x) = )]
- o ]

3. Here, r \ VB - 2sin’t)dt + I: costdt =0
Differentiating both the sides, we get

(y3 —2sin’ x)-1 +(cosy)(%) =0

]
= d_y=—-\/3—2$m x
dx cosy
(J_Y) _B_s
dx/, . -1

4. Here,~4<x<4= osf—;d

2
: [;] 0 and sin”'(sin x) is an odd function.

Let I = J' Sin-l(smx) dx+I‘ de

(l+ x*)x1 -+ (1+x")x1
—042 [ 08 Jl(cns;vc)
0 (1+x)

I=2[H1+x I (1+1 dx]

nou
-
I
-
+ |- |
~
LB e T e BT

2 e g ey B S isi

. We have, C, I

t* sin 2t
] J‘; sin

log (1 + nt*) + 2n(tan ' x)! - (log (1 + 16) — log (1 + ©")]

log(1+ n”)+ 2n(tan ' 4 — tan ' nt) —log Ton

a+n )0+ ) 27 tan ‘[hn‘[q_u )1

17 1+ 4n

*lun((”" X )+znum ‘( t“—}
17 1+ 4n

G e—m
On comparing with log ( L] gl ] + bt tan '( S ) we get
a 1+

P |

a=17,b =2andc = 4
a-—5
a-(2b+¢)=17-8=9and — =13
c

Thus, the number of ways to distribute 9 distinct bijective into

1 persons equally is —

an'

. Put x =tan @

;-.J'"“ . ,._.j'“__&de:[
° 1+ (tanB) ‘o (sin®)" + (cosB)* 4

w

" L)
. 1= L‘ “(sjn x + cos x)dx + L %r‘(sin x — cos x) dx

LR n
= Io (sin x + cos x) dx
Ix/4
+ [x (=cos x —sin x)|*"* + J (sin x + cos x) dx

—ZI (smx+ cos x) dx +0=2[- cos x + sin x]}*'*

=2[+—1—+ ! +1J_2(J-+1) Ztanagt
tan” (nx)

-1
77 sin (nx)

(put nx =t)

n sin™ (t)

n+l

-1
Now, L = lim n*- C—hmn'[ tan_l:dt(eoxo)

LRl LE ]
n+l

1 tan™'t dt

—— sin”' t
L=t — (2 form)
1 0

Applying Leibnitz rule, n
tan™

1
L=lim =_—— =
nore 1 4 n 2

i1 dt = 0 as the integrand is an odd function.
+

1 dt
Also, —_—
L t* +2tcosa +1

1
sin o4

tan

L4 t+coso| 0O
sina |~ 2sino

T R —
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Thus, the given equation reduces to
in O
o -2 —2=0 = x=t2 [T
2sin o o

. x
9. f(x)=¢" ' g(x)and g(x) = 1+ x'
f(x) =" X = =1
1+ x*
H ) 2=l(”_ 2=0_2—=
ence f@=e-g@=c =0
10. lim In G [+ asinbo)” dr)

(1 + asin b r)‘

= In lim =*
= 0 f
—In lim (1+a__smbl) ) nr""l' asinbt o abe
=0 1 /e
M. T=—"—"7
r
[
n n
1 ,-FJ-‘ dx
oo Jx @+ @)

S=—:;i—-—,—
1 [3‘/2-0-4] ‘f:

Put 3Wx + 4=t = = de dt
-1 "‘&3[11‘ _E[l_L 2.6 1
PR Y Y PRERTY BERPTRRT
12. Given.f(x)r-f ¢ dr.f(x)=f(1+g(x));g(x)<0forx>0

Now, Mx)= | Pt e = £+ g(x) (given)
Differentiating, we get H'(x)=e" 5" . g'(x)
Now, K(i)=e (given)
" st | gf(l) =e
= 1+ g)* =1
= 1+g(1)==*1
= g(1) = 0 (not possible)
or gl)=-2
13. Given, f'(x) = f(x) = f(x) =Ce”
Since, f(0)=1 1=f(0)=C

. f(x) = ¢* and hence g(x) = x* —¢*
Thus, L f(x) g(x) dx=£ (x%e* —e**) dx

=ite ] =2 [ xer de—| 0]
a5

=(e—0) -2 [(xe),

=(e—0)—2[(3_0)“(3“1)]"%(32 -1)

=g-—1¢'_2

2 2

14, Here, [/

_(ex):) ]_é(ez _1)

g (x)

1
TR n
gl g(ﬁ)"“’:g'(_]
n _ »
Now, f'(‘g)" 1+ g@/? j ‘
1 x)] (= sin X)

(x) =1+ 50 (cos” X

But g’(%).__l(__l):—l
r(g)z_lash'(o')’"l

Hence, 2
15. Clearly, f is an even function, hence
I fleos (T~ x)]dx = L f(= cos x) dx
j f(cos x) dx
I, = I f(cos x)dx: ZJ f(sm x)dx=2I,
= !—- =2
I’
Aliter Let u = cos X — du = —sin x dx
Wy
I = u
S My e
L) S

= I'=2jo \/:—u-z

Similarly, withsin t =1,
n=| L a

0 ‘/1—_7

From Eqs. (i) and (ii), %" =2

2

k
16. Given, I, = L_k x f(x (1 — x)) dx and

=], fx-x)dx

Using King's property I, = J‘:h,, (1 - x) f(x(1—x))dx

1= flx-x)dr=1,

Il
2 -9
Il

17. A=L (ax® + bx+c)dx=zj1 (ax® + ¢) dx

Y A
- 0 :‘ X
2r+c]=§[za+6c]
& :'., i3 A ‘Ag, i
R ROy fq))
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X‘ 2 N
8 ”d) I (—1 +a’sin X+2).‘81HXJ dx ('_' Jn xsin x dx = n) = 1 =(2008)2 = J—I = 2008
_n  nd 2 2 22, T = n = 1
I(ﬂ)~ﬁ+7+2n.—.n[i_‘+i]+2n "oont+ k! n[1+(k/ n)* x’1
1 ' dt
no_a), 2 n Z . =), T
"“[(E"Uz] 73]2 e f"”‘ "
a _ v dt :[ , L'i"_'_‘})
I(a) is minimum when 7§a % = a'=g ‘/i o j T p tan"' (tx) -
J' J‘ 23 Lety = f(x) = x=g(y) and dy = f'(x) dx
=
Also, [I(a) )., =2m 4 R,J2
3
v b i
19. 5 —log, a !01271(“;‘(;;\ (-a>0)
@ b
= 2-2log, a)=2 -2 1log, a [ fydx+ [ gy)dyiy = f(0)
= 2log,a=2log,a = aeR' a «
v In( 4 1) ' e = x=f ) =g0)=] fxdx+ [ of (x)dx
20, Consider [ =I — ot () -
AL e = [ (ftx) + xf"(x)) dx = [xf(x))} = a f(a) =ab
v In(l +t ) )
= [ = — T dt R . 11 X 2x .
f, « 1+ (using King' property) 24, Let ] =I_M T ! T dx A1)
s In(+ ) e 4
l= —_—d . 1 x .
I. . 1+¢ f (1) -L,( v cos™' (l L )dx (using King's property)
On adding Eqgs. (i) and (i1), we get B 2y
x iix - -1 .t
21=fl ln(x+t‘)d::2j'o In(1+ ") dt qu 1-x' ( cos 1_x.]d" - (id)
|

On adding Eqs. (i) and (ii), we get
i xt

s x!
2I--1:L“ﬁ P— Tdx = 2I= 21:] " T dx

= 1=j:'m(1+:')d:

Hence, [=lim x’ J':"ln(l +t')dt

Vx . k=m
1
M (2 form) 25. Putln x=torx=¢ =dx=¢dt
X = - x“ 0 & t -
I= l+ -t — ! - (] -1 =
Using L' Hospital's rule, [ fle +e )¢ dt [ fl@ +e")tar
} ln(l+ 1] ( 1) (as the function is odd)
x =\-= ; -
— o ) _1 x’ln(l+%) Aliter I Putx-tan? _
= —_ x—re- "/2
' 3 3 I f(tan8+—) tan 9 sectd do
1 1 <! 0 tan 6 tan 6
=§Pﬂh(l+?) (1= form) =_rmf tan 8 + 1 In tan® »
1, 1 1 0 tan @ ) sin O cos ©
=lim- % [14 = -1|==
'f-"3’r .'-::cz ) 3 AliterI Putx=1/t=I=-1=22[=0=1=0
A
dt 1A et |
A Putne=t = dr=" 26. jim ([ 1+ 0 ds) =11m[——(”") ]
n x=0\J0 A0 A+1 5
I=-1_.£Im"tlsintldt=ljmut]sinl‘|df (i) QA+t _q 1A
T omJo m-e =}i_13 —1-1—1— (1™ form)
=1 e - (i
= 1_; ) (20087 —t) | sin | dt (ii) n..\!("!'i"‘f‘] h{,. - 1}
Ao ) A4l Ae Mlu
On adding Egs. (i) and (i), we get = =e !
A LI LICRELIN .
21:201;81: Lm" |sh1,|dr=(zoos)'.Jo|smt|df =‘.'“E'.[ Y !] Jmin eh(')-_—f
e
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27. Lety = f(x) = x=f" () =80
dy = f'(x)dx s
1= fix)ds+ [ o (x) dx

Wheny =2, then x =1
and when y =1, then x =5

X Y

I=[ (10 + x £(Ndx =[x [
=5f(5) - f(1)=510-2=48
28. I =J':siin x sin 2x sin 3x dx
=_L‘ ;sm(g = \]\mé(: - 1')5!:13(-’; - v)dx
= 1 :J: " cos xsin 2x cos 3x dx
2! =J.: ' sin2x (cos x cos 3x —sin 3x sin x) dx
=J': " sin 2x cos (4x) dx

L
=-L sin 2x (2 cos’ 2x — 1) dx

Putcos2x =¢ = —sin2x X2dx=dt

=71 op _1f2r ‘
zl_jl ;@ —1)d:-5l3 tI

12, (2o ]
‘3[3“” 1) (3(1) I)J

29. Here, f'(x)=(flx))’>0; % g, ..
_ - &x) — gla)
= £ (glx)) lim £2—E
It implies that g(x) must be differentiable at x = a.

30. On putting t = s and then solving,
z

- Inx dr_21t]nx
o X+t x
. inx_In2
x x
= x =2 and 41i.e. two solutions,
3. P = -,
n
v I“‘L cosE nx dx—njm = d
, i == cos—z—[l] t

an® 4 n
—?‘L CO!;I']JI‘:O

3

33.
34.

35.

1)

36.

(I

xl

37.

38.

39

N

(bx+l-')d"+5

LJ(«X"*"”’“I' [ e s brr e Shdsn

0 has atleast one root in (-2, -1).

+c=
Hence, ax’ —b% Wi - Jx - dx =6

[:J‘((\/ﬁ+ﬁ)+

L] n) e D

x :,in(zn_—;!)_{ji_"_‘_{dx=l,
’J., T sin'x
i.e. 7. - Ja =1
]ntl—]"z:ln'l

nNIAa

|
PP
(@]
N1 | PR -
“Anva
F-Y
A

x/2 n/2
ml:.[., In (cot x)dx = 1’=J’n In (tan x) dx
I=-["In(eot x)dx =T =—I= I =0

2% R
@)I:L sin’ xdx:—I: sin’ xdx=>T=0

(C)Atx=1,1_—_j"" -1/ ) dt =~J" dt
t . —I/t(lnt)“’ 1/e t(]nt)’”

I-_'—l or [=0

1+ cos2x
(d)\/_:_>0 * 1+ cos2x
2 = _L ——z—dx>0

1
= 005 -3¢ty trmians gt o

Since, f(x) is even, hence must have a root in (-1, 0).
w _ x/2
ehave, I = L cos (T sin® x) dx
I _ n/2
) = L €os (T cos® x) dy
On addip ="
8.2l = L €0s (m sin’ x) + cos (1 cos® x) dx
x/2

- T
. 2 cos (;) - cos (-E cos Zx] dx=0
< ; 2

Il=0
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0

 §
i
|
}
t
i
|
{




L)
Now, P L cos [® (1 - cos 2x)) dx

LER}
- I" cos (M cos 2x) dx
1 p»

-— ) L cos (1T cos 1) di (put2x = .

- 2 R/2
- 72.{0 cos (m cost)dt = |
- IL+1,=0
Kiz
I, =- J‘n o8 (7 sin 1) dr

I,+1,=0

L+, +1, =0 (i)

42.

Hence,
40. f(x)=2'|‘"| (»L, 1 cos (xt) dt
i N

sin xt 1 4
+ I sin oyt df
X o x Ve

)37[1 - cos \]
f(x)=2 V!

If x = 0, then /(\)-j (N=t|)dt=

=2{(1 1)

\ !
2 ’" cos 1f|
o,

[[a-ndi-)

(x #0)

>}

., option (c) is correct.

l, 1 = cosx
.fl\)wr( ' )

1 ifx=0

Hence il xe0

s fis continuous at x = 0.
. option (d) is correct
41. Given, f(f(x))=-x+1
Replacing x by f(x), we get
U =~ flx)+1
fl-x)=—f(x)+1
flx)+ fl-x)=1 (i)

Now, =] f(x)dx= L’ f(1 - x) dx (using King's property)
= 2= (f(x)+ fa-x)dx

= 2]=J:dx=l=]=a;—

Plﬂx:%i.nEq. (i),

er(-2)o =)o B

R /2 dx

in x
Now I = _.____s.____;-
o (sin x + cos x)

I=Jm sin(;-x)

(-3

n/2

dx

=I=I cosaf i
o (cos x + sin x)

ebooks.cybernog.co
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LR ]

1 g='2
(sin x + cos x)' 2 I..

) 2
We have, f(x) = x" + ax’ + bx'
where, a=["tfwydt and b=[ [ d
Now, am j'. 1(a + 1)t + bt')dt
- u:zbj' i = 2
o 5
Again, b= I'. f(t) dt ’II. ((@+1) ¢ + bt*) dt
= b=2!:(u+l)t'dl
- p=A0t1)
From Eqgs. (i) and (ii), i:—=2(a—;-l—)
(5 2) 2 11 2
= Z-Zla== = —a=-
2 3 3 6 3
= a=2anap=2
11 11
1 4 1 10
d = — d t dt=—
Hence, L t f(r) dt m an L f(t)de 11
f(x):(ﬂ+1) x* + bx’
fQ) =@+1)+b
f(-1)=(@+1)-b
30
- f@)+ f-=2a+ =1
20
and fO- fy=2b="

43. Given, (f'(x))’ + (g(x))* =1

flx) + j: g(t) dt =sin x (cos x —sin x)

Differentiating both the sides, we get
f(x) + g(x) = cos 2x —sin 2x
Squaring both the sides of Eq. (i), we get
(f (x))! + (g(x))! =2f(x) - g(x) =1 —sin 4x
1+ 2f(x)- g(x) =1-sin 4x
2f'(x) gx) = —sin 4x

sin 4x .
in Eq. (i), we get
2f (x) N

=

Now, substituting glx)=—

m

(1)

(i)

)
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5“1_.‘.5 = cos 2x —sin 2x

..
TS

Put f(x)=t
= 2¢' —2(cos2x —sin2x)r -sin 4x =0

——’—_:——_
2(cos 2x —sin 2x) 1 ﬂljw ax

=2 =— 4
4t =2 (cos 2x —sin 2x)  \/4(1 —sin 4x) + 8 sin 4x
= 2t =(cos 2x —sin 2x) t V’1—+‘s'ir; 4

Taking + ve sign, 2t = cos 2x - sin 2x + cos 2x + sin v

= t = cos2x
Taking — ve sign, t = - sin 2x
Since, f(x) =cos2v or f(x)=-sin2x

1 -, cos 2x
f(x) = R sin2x + C, or f(x)= .

fM=0
= G =0 and ¢, =-1/2
os 2x ~ 1
f(\')zisinl\' or ‘f-(“)___‘“fi,, -

If f(x) = cos 2x, then g(x) = - sin 2x

If f(x) = — sin 2x, then g(x) = cos 2x

‘ 1

Le. f(x) = Esin 2x and g(x)=-sin2x
2x -1

= _f(x) = EO_

-

44. Consider f(x)= [ (tsinat + bt + ¢ )dt
L e e e

and g(x) = cos 2x

=2f: (tsin at + ¢) dt

[—xcosax | 1
——  — +—<sinax+ox
a |

=2
a

H&):mz{_cosax+smax+c]
X =0 a a-ax
=2[—1+1+c]=2c
2t
45. Consider ] = I -__ndx
¢ z( 2 I)
n|x +

n
n, ifa<0
L=lim | X _ -
nbj,n_l.(z tanu;n): n/2, if a=g
, 0, ifa>y
J" t'dt P

46. lim =~ @+ (a4 )
0 bx—sinx 551 p_ coe 5 USNE L'Hospitp

For existe imit, 1i i
nce of limit, x_‘lm: denominator = 0
b-1=0 = p= 1

cos at
. dt+|ct|; J(using LB.P)

—I - -
_;‘n(m l""‘)oz('g-tan" an)

S rule

47.

- da=
48. I p= 2an ‘
x vLf(e) dt
49. Here, flx)=¢ J‘n ¢ v{(___A
A (aay)
fi) = M: -Ay)
=5 f(t) = "I"
o [
where, A =L ¢ find |
= A:I'c"fh"dt; A=Ajne"dt
] ]... =0 Yo
an,A“ﬂe dl—IJ-O = A .aSLc dt #0
Hence, flx)=0 = f()y=o0
50, Again, g(x) =¢" L e g(t)dt+ x
= g(x) = Be* + x )
= g(t)=Be' +1t
! ’
where; B= L ¢ g(t)dt =B = .L ¢' (Be' +t)dt
= Yo 1,
= B—B'Le d"”LC»tdt
1 ar __1_ 2 _ 1 ¢ _
But Joe dt=—(c" ~1) and j te dt =1
B
B=—(e" -1)+1
2
= 2B = B(e* — 1) + 2
= 3B=Be’ +2 - B= 2
3-¢
From Eq. (ii), x) = 2 ). 5
g() 3 - ¢ € +x=>g(0)=3_e’
Aleo, f0)=0
80)-f0)=—2 __,__2
3-¢é 3 —¢?
51. - 2e?
40 s tes= J_g
I-e

? x’ .
X onx) X
— 1P - C
=l ) G
1 2
Ry o 17
=2!u.1} (a+ x')l’i a )
2 = a=38

lfp=3andl=1. then1 = a,“f‘

2
9, [ht‘l’ll = ;Jlﬂi o 9

&) 2 3_,

g2) 3-g =

Solugi
olutions (Q. Nos. 52 to 54)

We hiwe the €quations of

= the t
¥= .L fhdtand y, - A e tangents to the curve

X) at arbitrary points on them are

Y - j f® dt = gy (X - x)
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B ﬂ\:) I f(l) dt

f‘x (‘\)
o A CO R (€
L fndr  f(x)
- [ fw e = ef(n)

as fO =12 fOrdr=cxi=,.!
2

y =2exis tangent to y = e’
- Number of solulions = 1.
Cearly, f(x) is increasing for all x.
lim ey " =y

Solutions (Q. Nos. 55 to 57)
We have, ¢ = g(0) + (@) + ¥ g (0) =
h(x) = g(x) =

roots. Using Descarte’s rule of signs.

Let the roots be x;, x,, x, and x,.

Now, N %N Ao, L
4 X, X; Xy X,
= 222=5—=i=-3—=i=k
X X XX
X X, X X
= A-k‘ = k=2
3/2

= Roots are % 1, % and 2. Also, a =20 and ¢ =25

58. Atx=1y =0,d—y=2x.(x‘)’ _(xl)l =1
dx
.. Equation of the tangent is y = x — 1.
5. -‘4x’(1n x')? =3x* (In x°)*

=64x’ (In x)* - 27x* (In x)’
2 lim 2 =64 lim x* (in x)° =27 lim x "(nx) =0

x—0°* dx

‘60, We have, flx) = J: e (1- t') dt

Flx)=[e""a-x)T
fay=¢?.0=0

687. Here, f(x) = tan™ 0. % |ocxce
log, x+1

Now,

1 <
arhhunnnimumatx=;arndmmmmt!t=¢-

Given biquadratic equation has 4 distinct positive roots,

)

x 1 .
=>I f(t)dt =~ f(r)'. differentiating both the sides and

integrating and usmg boundary conditions, we get f(x) = ¢,

(=" form)

-bx" 4+ ex -0

4x' —ax' + bx' - cx + 6 = 0 has 4 distinet real

Chap 02 Definite Integral 159

Also, f()has y = 0 an asymptotes,
f(x) can be shown as

N ('_)‘\ + X

lrm —

n
2

Clearly, f(x)is nelther injective nor subjective, also graph for
(f(x)] ean be shown, as

62. [ (f(x)lx=[ -1 dx+ [ 0-de= __(x)g .

63. (A)Fora=0,I-L sin’ x dx = J'T ﬂdx
T
=[———sm2x]n=z___8m2-r
2
L=1— lim Lanal 1
2 Tto=4 T 2

(B)Fora=1._[:4sin' xdx=>L=2

r
(C)Fora=—l.L 0dx=0=L=0

(D)Fora#0,-1,1,

!=I: (sin* x + sin’ ax + 2 sin x - sin ax) dx

_ IT (1 —c032x+ 1 - cos2ax

. + cos(a —1)x —cos(a + l)x)d

sin(a -1) x

_sin(a+ l)xI

a+1

= x—-l—sin?.x—isinzlux
4 4a a-1

~ L

~| -

lim & -
r+=T

T-4=

sin(a-1) x _sln(a+ l)xl’

1 1
— 5i — — 8in 2ax +
[4sm2x e -1 241

= L=1

64. - f(o)=[("”;" ")'1 _+ sine;’ —sin’ 0
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3

(x + cos 8)’ (1+cose)’—cos ]
s

1+3sin@+3sin”0 4 e)___1+3C°
- floy= 12O T2 o p :
i 29 — cos’0)

N 6 0) = (sin 6 — cos ) + (sin

o for- s -cosB)(l+sm0+cosB)

and f(8) - g(8) =(sin 6
Now verify all matchings.

65. (A) Let a = 2008, then
I =Ll (1+ ax") e dx

g +3cos 0

I=£ (" +ax' ¢¥)dx (note : ax* =ax X’ )

I:fnl (e:' +e.‘ x ax.-l)dx
=L’ (f(x) + x f(x)) dx, where f(x):e"

Hence, I =[xe*'], =e

B I=1+1I,

lie
Consider I, =J. J-In x dx
Put\j—l.nx=l':—lnx=r' =x=e¢"

= dx=-2te" dt
1 o _ 5 -‘l— 1 i
I, _L % (~2te”" ) dt =[te” ]a L e dt—e Le dt

n
-1

I -f c“dX+——f 'd:--_

Hence,
0

Note that, if f(x)=e™*' ,then f'(x) = —ln x

er-ml(t) (¢ (- @]

g (x)
1+ g(x)
and ¢'(x) =(1 + sin (cos? x)) (= sin x)

66. (A) we have, f'(x) =

Hence, f*(x) = {1+ sin (cos* x)) (= sin 4
14 g,(x)

)

)

j Flx) dx = (f()

(B) We have,
both the sides, we get

Differentiating
fx)=2f(x)- f(x) = f'(x)—E

Integrating both the sides, f(x) = E x+C

where, f(ﬂ)—0 = €=0
f(x)=-2— = f(2)=1

=-1,b=2=a+b=1

=

(C) Maximum when a
Simzx+aa+ —b7=0,then
X X

@1  lim
3
sin 2x + ax’ + bx _
lm = " |

=0

For limitto exist2 + b=0=>b=—-2

in2x + ax’ —2x
IimSm 3 =0

x=0 X

Using left hand rule and solving, we get a = =
3

e 3a+b=2
67. LCtB=zsmnx:mx+SIn2x+
el S 4 4
and A=I+COS£+COSE+...
4 42
v 12x
.'.A+IB=[+e_+e +...= 1
4 4 e
1=
4
1 4

Thus, B Imaginary part of =
l—i 4-cosx —isinx

4

4si
= flx) = —X
17 - Ocos x

«(5)

B = 4Sinx
17 - Bcos x

nd [ fxe < [* _dsinx 1
® 17 -8cosx 2

(o

m+npn=g
68. Here, 1 "' Cos xdx
TR 4 Z[Sm (smx)]

_J' cosxdx+ COSxdx
I +I cosxdx-vruc—”-{dx

-x/2 -3

=2 “®/2
3.f_, cosxd’x+j cosxdx-g.L cosxdx+—'[ ‘cosxdx
3 1

J Cost(~dr). I: €08 1) (=it

= 1 ‘1
0 "'I cos xdx + e cos xdx
[} 3 .
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lJ--uz sin’(n + 1)8 - sin’ n

n Jo —_ATTh"—
‘e

=1 ("2sin(2n +1)9 . g

=_f, TR0 sing

o

69, Here, flx+1) = flx) =

n sin’@
_ 1 x2sin(2n 4 1)6
=l m:&inZnQ.coSB "
R(L ‘—;TJB+ L cnuZanﬂ]
Using, cosB + cos30 + cos50 +..+ cos (2n - 1)0
sin n-(26)

Y <00 + (- 1)0)
sm( 5 )

ie. cos® + cos3B + cos5B + ..+ cos(2n — 1) = l(slngne_)
1 i
L e 1) = fn) = Hag

L
{2L cosO + cos30 + .. + cos (2n - 1)0 cosBd® + 0]

]

1 nil
- .'.t.L {(2cosB cosB) + (2 cos30 cosh)

+...(2cos (2n 1) cosB)}dd
=.I_I' 1.49, asl“zc052n9d9=0
me ¢

f(n+n—f(n)=1
F =1 -fm=1 (asf(l) —)=>f(2)
=2 f0)- fO) =

=f(3)—%and500n f(n)-—_
15 3
fUS)+f0) _ 2 "2 4
Hence, f@s)- £©) 1 _5 -?
2 2
70. Here, g(x)=‘[:x) gy
= g’(X) = h’(X)'c" +h(x))
- g'(X) = h'(x).c .
= g’(2) = h’(Z)- c(lq.h(,))
= =1-¢(l+ﬁ(z))l‘ given g@)= ¢t and H(2) =1
(1 + h(2))* =4
’1(2) =-3,1

~. Absolute sum for all possible values of n2) =|-3+1|=2

in’ x)dx
M. Let 1 =L sinx-log (s'mx)dx=—2-J° *sinx- log (sin’ x)

= 12--‘-: ! zsinx- log (1 - cosz x)dx

Put cosx =t = —sinx dx = dt

1p 2
=— —tH)dt
1 zju log (1 —t*)

oA - o
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_1[4‘ oy 1f-1 1 1
ST T tt— | = — -4+ —
dL3 1w o217 23 w0 2”7
_ 1[1 11 ] 1 11
EFrrlct—+—+ = — 4+ —+—+ ..

213 10 21 {sz 20 42 ]
_ | 1] [1 1) (1 1)
===+l =-==+]|=-==|+ ...

[(2 3) \4 5) \6 7
=log,2-1= lug.(z)

[4

2 x'cosx

72, Let |-= j..,.ﬁf dx i)

{ j' f(x)dx = j'f (@a+b-x) dx}

nn x? cos (- x)
= = bl )
, J*" 1+e” dx

...(iil)
On adding Egs. (i) and (ii), we get

ni2 l l
21=I x' cosx + dx
*n 1+e l1+4¢°

S I:jzx' cosx - (1) dx

[ J[ fxydx =2 fx)x, when f(-2) = f(x)

n/2
= 21 =2L x’ cosx dx
Using integration by parts, we get
21 =2 [x*(sinx) — (2x) (- cos x) + (2) (~sinx)]§ "*

2
= 21=z["——2]
4

1
=% -2
4

2

73. Let f(x)= ]%m

=;f’(x)_ >0forallxe[01]
~ f(x) is increasing.
Atx=0,f(0)=03ndatx=1
fo= j 1+t
2
Because, 0< 3 <2
1 1
= J‘eo-dt<j"1 dt<I—dr
1
= 0<f(1)<-2~
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Thus, f(x) can be plotted as

Y
1/2 i(x)
- + X
o 1
.y = f(x)and y =2x — 1 can be shown as
vt (R
y=2x-1
1/2 ; y = 1(x)
" » X
X 5 /
-0y

From the graph, the total number of distinct solutions for
x €(0,1] = 1. [as they intersect only at one point]

74. Here, f(x) =7tan' x +7tan’ x—3tan' x—3tan’ x

for all xe(i,ﬁ)
2 2

f(x) =7tan® x sec’ x—3tan® x sec’ x
=(7tan* x~3tan’ x) sec’ x

Now, I: “rf(x)a'.x = I:“ f (7tan® x—3tan® x) sec’ xdx
n

= [x(tan’ x~tan’ x)] }'*

K/4
~[. 1 (tan’ x - tan’ x)dx
x/4
=0- L tan’ x(tan* x—1)dx

= -J': " tan’ x (tan” x—1) sec’? x dx
Puttanx=t =ssec’ xdx =dt
x/4
[T x flxydx = - j' £(t ~1)dt

v [t £
= [~ )dtzl% —%],, -

x/4 x
Also, L f(x)dx=fo ”('Itan‘x-3tan’x) sec’ xdx
1
=[@* -3t)it=[¢ -]} =

75. Here, fv(x) - 192 x°

2+4sin'nx
192x° 1
5 <f(0)s 192x

On integrating between the limits % to x, we get

r 192y
I:rz 3

i< [ flones [ 122

76.

77.

3
= ‘_?_?(x' 1 ] < f(x) - f(0) S 24x* =>
12 16 2
3
= 16x* -1 < f(x)<s24x’ -
o1
Again, integrating between the limits 2 to 1, we get

Ll,l(lfnr‘ ~1)dx S J.],, f(x)dx S J’,'”(zw _z)dx

165 ! <2 3
= [5- - XIM Sjm f(x)dx [ 5 Zx 12
1, 2y_op 33 i)
= (§+§)Sj'f= f(x)dxs(w+ o
1
= 2.6 sjmf(x)dxsa.s»

4
Let I, = L " ¢'(sin’ at + cos’ at)dt
® 1g o 6 é zn Ly - _ & 6
=I ¢'(sin® at + cos’ at)dt +L e'(sin® at + cos® at)dt
0

. ir .
*'J. ¢ (sin® at + cos® at)dt +Lﬂ €'(sin’ at + cos* at)ds
x

L=I+1,+1,+]I, (i)
n Y 6
Now, I, =I ¢ (sin® at + cos® at)dt
L
Put t=n+t= dt =dt
" 6
I, = L e" " (sin‘at + cos’ at)dt
=e-1, . i)
Iin
Now, I, = L €'(sin®at + cos® at)dt
4
Put t=2n+t=3dt=dt
"
I, = J.u e'** (sin’at + cos®at)dt
=e" 1, (i
L1
and I =I ¢(sin® at + cos® at)dt
in
Put t=3w +¢

x
I! =L e "(sin'at+ cos‘ar)dt

=" 1,
From Eqs' (l)I (il). (1“) and (iv)’ we Bet
L=L4e L +e™ L+ 1= (14" +e™ 4¢™)],

L1
L ¢'(sin’ at + cos® at)dt

.(iv)

L=2
Jo ¢ (sin® at + cos® at)dt
=(1+e" +e" 4% )= L™ 1) foraeR
e" -1
According to the given data, F(x) <0, Vxe(1,3)
We have, f(x) = xF(x)
= £(x) = F(x)+ x P (x) A
= FO)=Fa)+ F(1)<o
[given F(1)=0and F(x)<0
Also, f@) =2F@2)<0 [using F(x) < 0.V x€(1.3)
Now, L (x)=F(x) + xF'(x) <0
- fe<o [using F(x) <0, ¥ x& (13)
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80. Here,

[ *F (x)dx=-12
_ [FFN-[ 2 Fodx = -12

o 9FE)-F()-2f f(x)dx = ~12 [ xF(x) = f(x) given]

- ~36-0-2[ f(x)dx = -12
j:f(x)dx =-12
and [ X P (x)dx = 40

= [x*r(x)]:-f,'h‘r'(x)d,. =40

= [x*(xF’(x)]), -3%(-12) = 40
> (x' [f(x)-F(x)), =4
29 f@-FA -0 - F1)] =4

= If @+ 4]-[fF()-0]=4
= oOf'(3)-f(1)=-32

9. Here, f(x) = {["] x<2

0, x>2

_Ji \f(x\
V24 fn+1)

‘j Cxf(x) *I‘ x f(x)
12+ f(x+1) 02+ f(x+1)

V2 xf(x’) V3
+]. z+f(x+1)d”J;iz+f(x+1)
o xf(x)
If z+f(x+1)
i x-1

__dx+_[ 0dx+J'J_ 0dx

= odr+jodx A

co1<x<0=0<x <1=[x"]=0,
0cx<1=0<x' <1=[x"']=0,

G 1<x’<2 =[x"]1=1
1<x<yi® 2<x+1<1l+2=2f(x+1)=0,

B <x<3 =2<x <3=f(x")=0,
and3 < x<2=23<x* <4=>f(x")=0

2
ax, X _1,_4 -
= I=I. de—[41r 4( =3

4] =1 = 4/ -1=0

3 2+9x
_ (' (95 +3ta” 0) .l___———)dx
u_joe 1.‘+'X'z

9x+3tan”' x =t

= (9+ )dx dt
1+ x°

9+Ix /4 9+Ix /4
o.=I e dt=[e'h =¢
[}

Put

ge3x /4 -1

In
= log,|l+a.|=9+T

x f(x*) e

81.

82.

83. (A) LetI=]

Chap 02 Definite Integral 159

= log,|a +11—3T" =9

Plan This type of question can be done using appropriate
substitution.

|
Given, [ = L . (2 cosec x)" dx
_ I' t 2"(cosec x)* cosec x (cosec x + cot x) dx
nid (cosec x + cot x)

Let cosec x + cot x = |

= (= cosec x col & — cosec’' x) dx = dI
and

cosec x - cot x =1/t

1
2cosec x=t+ ‘

Let t=¢" = dt =e“du Whent=1e¢"=1=u=0

and whent = v2 + 1,¢" =2 + 1

= u:ln(~f2+1)
-—c o '] -u Iiiud_u
= = me 2e" +e ")
J-O
= j‘“' e 4 eyt du

Plan Newton-Leibnitz's formula

v (x) d
1 0 dt}=flv (<) {—;’; w(x)}— £ {6 () {d—x o (x)}

Given, F(x) = Lxl f(\/;) dt
F'(x) =2x f(x)
Also, F'(x) = f'(x)
= 2x f(x) = f(x)
= f(x) 2x
jﬂ’ﬂ dx=| 2xdx
f(x)
o Wf)=xte > flo=e "
= f(x)=K e [K=¢]
Now, fo)=1
1=K
Hence,  f(x)=¢"

p(z)=I' fdi=[]=¢" -1

-1+ x°
Put x = tan@
= dx =sec’0d0
wid
I= zj dB-?
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(D) Plan .’: f(x)dy =0

1 dx
® Let Iij‘“\i‘l - I f(-x) = f(n), Les fOx) b an odd funetion
Put x=snd = el Lel f{x)= cosdx log [ o ]
LR n x
i =J' 1d0 =
! 2 [
Vv af, (1ex f(-x) = cos 2y '”“(; : _J— f(x)
(© f - '.‘,,[los(l'f )]
W=x" @ : Hence, [(x) s an odd function,
- .lllog( log ] lln}. ] So, J‘| ‘ f(x)dy =0
B 2 v
- (AY 2 () (B) () (C) 2 (p)y (D) » (n)
@) j 7,‘_.,._ = lsec "l = 3 3 85. Plan Intepration by parta
!
[0 w0 dx = p ) [ (e dy [[' [/(')ljxh)d:Jd,
lll

84. (A) Plan

(p) A polynomial satistying the given conditions is taken ’
(@) The other conditions are also applied and the number of Given. | J‘ Ay d Rt ') dx
polynomial is taken out, oy dy 0
J (W) =ax’ + b+ .
Let S(x) =« ¢ illlld(l "‘)NI J 12 3 d“ k‘)"(h’
dx , 70 dx

f(0)=0 = ¢=0
1 avx x’ l \ " |
Now, j‘ f(N)dy=1 = [!: + b;) = 1 [flx x5(1 — x")' ( 2x)]"

[\

2i[x" (- x")|, I': 2x(1 x‘)"dtJI

= (:4»%::!:\ 2a+3b =6

As a, b are non-negative integers. =0=0-12(0-0)+ 121‘: 2x (1 - x*)" dx

So, a=0b=2ora=3b=0
£(x) =2x or fix) =3x* =iz x| ] - 12[0 ‘! ]z
(B) Plan Such type of questions are converted into only sine . 6 o 6
or cosine expression and then the number of points of maxima "2
in given interval are obtained. 86. I = I [x' + log ( 1‘———{]] cos x dx

S(x) =sin (x*) + cos (x%)
= V‘E[;Tl; cos(x=) + %sm(x')] As, J‘_n‘ f(x) dx = 0, when _f(—x) - - f(x)

n/2 ) ni2
n = 2 - 1
=w/§[cosx’cos:+sin%sin(x’)]=\/§cos(xi_E) I .[_,mx cos x dx + 0 ZL (x* cos x) dx
4
_ 2 LRL] )

For maximum value, x* =X =2nt = x’ =2nw + L] =2{(x" sin x):“ _Io 2xsin xa'x}

4 4 2
_z[

n . '
" x=:t\/§,forn=0 e x-cosx):“-J':Ml-(-cosx)dx)J

x= irforn 1 ‘Z[R—I—Z(smx)"“} 2[£_2]=(£_4]
4 4 4 2

So, f(x) attains maximum at 4 points in [—/13, J13]. 87. Put x* =t = xdx=4dt/2
(C) Plan dt
@ [, fwydx=[" fe-x)dx oy 0
: e , “2sint + sin (log 6 —
@ .L f(x)dx—zj'o f(x)dx-‘ff(“'x)=f(x).i-e.fisaneven . b b sl
function, Using, Lf (x) dx = ,Lf (@+ b~ x)dx
= -1‘ 3x* —dx and I = 3x? ” =1“-lﬂs! sin (log 2 + log3 - t) dt
1+ 2] e * 2 182 sin (log2 + log3 — ¢) + sin
2 3 i x
= 2= . (_L‘ + 3%@_)) & (log6 ~(log 2 + log 3 — 1))
1 l+e e +1 =1 [l sin (log 6 — 1)
21 =‘|'_2 3x'dx = 2[=2 L‘ 3% dx 2 "l sin (log6 ~ t) + sin (t)
log 9 i - ;
I= sin (log 6 - t) dt i)

I=[x]i =8
€ sin (log6 —t) + sint

eEooKs.cyBernog.com‘
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4 1_—(x-1)
vix)= (r+1f x x(x+1)
Vix)<0forx>1 = ox)<81) = &x)<0

From Eqs. (i) and (i), we get
gix) < 0for x efl, =)

, gix) s decreasing for x €(1, =)
x—[x], if [x] is odd

if (x]is even

. (i)

93. Given, f(x)= {l elx)-x
f(x) and cos % x both are periodic with period 2 and both are

even

][(:r)co;xxdx *‘ZJ'f(nr_mnxdx

\AM/

10 -9 -2-10] 9 10
|

= mjﬂ:i cos X x dx

Now, If(x]cmlrdz:f(l—x) coﬂtxdx:-jucosxu du

and jﬂx)cml:xdx:j(z 1) cosAix dx=—| ucosmudu

NI 8 »"—nu

J;f(xjcmxx dx:—ZO!ucoszudu = =

x
= Ejﬂ!)mﬂtt dx=4

84. Given [ J1-(f () de = [ sdrosxs1
Diflerentiating both sides w.r.t. x by using Leibnitz’s rule,

we get
V=) =fx) = f(x)=t 1 - (fx))
J f{(j;)x)} =tjdx = sin” {(f(x)) =t x+¢
Put x=0 = sin”’ {f(0))=c
= c=sin"(0)=0 [ flo)=0)
flx)=%sinx
but fx)20,% xe [0,1)
f(x)=sinx
Aswcknmvthal,
sinx<x, V x>0
m(§)<imdﬁn(§)<%
= f(%)ol- and[(l]<%
95 Gi I, = _Snnr ¢
ven I "1+ 71 )sinx )sinx ~4)

Using [ 'f(x)dx = [ f(b+ a~x) dx, we get

»  W* sinnx
= — ———dx :
! j-' (1+ n*)sinx (i)

On adding Eqs. (i) and (i), we have

o= I g2 [
-% sinx ° sinx
[ f(x)= DX is an even function)
x
- I_‘ =j- slflnx dx
» sinx
x sin (n + 2)x — sinnx
Now, L., -1, —_—J ax
0 sin x
_I=2cos(n+l)x-sinxdx
L sinx
x i +
=2 f cosur x-S LT
o (n+1)
l-n vz = ln --(ill)
Since, I :I‘ sul'l X dx
° sinx
= IL=mand I,=0
FromEq. (ii) I,=I,=[,=...==%
and L=I,=I,=.=0
= ZI,“,-lon and Z 1,,

m=]

. Correct options are (a), (b), (c).

96. Given, S, = —
E n’ +kn+k*

vl N il
=L PPN "*-k.on l+k+(k)
i k_ (k
n n n n

SN
o
»

+

B |
SN—
S
—

=I'—‘—1 dx=itan"
* 1+ x+ x? V3 5

= o) ——— =L —_
3(3 6) 3 ie. S,,<33

97. = [ __dx A
x/4 1+ cosx

Ix/4 dx (i)

B/4 1 —cosx

Adding Eqgs. (i) and (ii)
2! I /4

IiK/4
cosec® x dx

dx=:oII
"’4smx

I'=—(cot x)}%{ =2

98. 1, "”."-‘J'(!-'m‘ X + tan* x)dx—J' tan‘ x sec’ x dx

=1 L] 1
=janriec = a=;,b=o
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: o _(n+1) (n+2)...(3n) :
99. (b)Let !—_h*_[ —

0

'h nln

=,nm[(9:‘J("IZJ-~("?")T

»

)

[(n +1)(n+2)..(n+ 2n):|.l.

Taking log on both sides, we get

log [ = lim - [log {( 1)(1 . 2" H
n
1 1 2 2n
= log | = lim - log |1+ 4]03[10 )+ n I(\HL ]}
naep n n n

1 » y
= log | = lim lo (lc ]
og “_n.};‘tn .

= log | = J.:Iog(l +x) dx
1 |’
= logl:[!ng(la—.\\ X I \'d‘\I
+ X .
= logl=Qeg(+ v a- [ X L
1+x
= log! =2 lo 'i-rl— L X
. c . 1+ x
= log!=2-log3-[x—log|l+xﬂ:
= log | =2 log3-[2-log3]
=2 logl=3 log3-2 = logl=log27-2
[=e™7"" =27'e"=¥
e

00. Central Idea Apply the property J:f (x)dx = J': fla + b—x)dx
and then add. Let

‘ log x*
=J’ . —dx
1log x + log(36 —12x+ x°)

=I4 2log x
22log x + log(6 — x)’
I 2log xdx
22[log x + log(6 — x)]
= =I Iogxdx
2[log x + log(6 — x))
= I= I‘ log6 —x) 4, (i)
2]og(6 — x) + logx

r If(x)dx jf(a+b x)dx]

On adding Eqs. (i) and (i), we get
_ Jtlogx + log(6 - x)dx
2]log x + log(6 — x)

= 21 = [dx =[x];

= a=2= I=1

Chap 02 Definite Integral 163

101. Plan Uselheformula.lx—ﬂ:{ x=o, xe&a

-(x-a), x<a

to break given integral in tw
separately. RS RS A

]
L (l - 2sm{) dr=r l1-2 nmzldx
2

I ( 28in )dxA]‘(IZsm )dx
[xo-hm ] [|+4tm:)'=4~h—4—’;
-l

]

dx

102. Let - A
"ltJIntlx &
I A Iu “, 751
1+Jhm(n—x] T ycotx
2
- =" ytan xdx i)
LS I Jhmx
On adding Eqs. (i) and (ii), we get
2l = jﬂ dx = 21 =[x]"}dx
1[n u] n
= [l tl=t
2L3 6 12
Statement I is false.
But J ’f(x)dx = I.f(a + b — x)dx is a true statement by
property of definite integrals.
103. Given,y = I:lti dt
:_}’=|x|.1_0=|x1 [by Leibnitz's rule)
x

'~ Tangent to the curve y = j: |t| dt, x € R are parallel to the
line y =2x

. Slope of both areequal = x=12

Points, y=["1t|dt=z2

Equation of tangent is
y-2=2(x-2) and y +2=2(x+2)
For x intercept put y = 0, we get
0-2=2(x-2) and 042=2(x+2)
= x=%1

) 104. Given integral g(x) = J': cos 4t dt

To find g(x + <) in terms of g(x) and g(r).
gx) = J.: cos 4tdt

=Y +%
= g(:vr+‘lt)=J‘“° cos 4t dt

=_[: cos 4tdr+j:n

=g(x)+ [, (sa
I, =I““cos 4tdr=I: cos 4t dt

cos 4t dt

definite int
< g(m) (definite integral proper
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106.
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= glx + m) = g(x) + g(n)
But the value of I, is zero.

sin 4t | _(sintm -M)=o
[ 4 ] L4 4
= g(x + ) = g(x) — g(m)
In my opinion, the examiner has made this question keeping
g(x) + g(n) as the only answer in his/her mind. However,
he/she did not realise that the value of the integral I, is
actually zero. Hence, it does not matter whether you add to or
subtract from g(x).

I=!1810g(1 + x) dx

= II

1+ x")
Put x=tan® = dx=sec’0d0
When x=0 = tanB=0
8=0
When x=1=tanf
= 6:E
4
I =Jumslog [1+ t:m(i]vsec,ede
0 1+ tan‘®
1=8 [ "log(1 + tan8) )

Using J:f(x)dx=I:f(a—x)dx.weget
_ ®/4 _n_'_
1=8]; log{umn(4 e)}de

=8J'mlog {1+—-——1 —tane}de
0 1+tan®

x/4 2
=8 L log {1 " tanﬂ}de ..(ii)

Adding Eqs. (i) and (ii), we get
s [
2l =8 L llog {1 + tan 8} + log {1 " zme”cfe

= I=4 I:“log 2d0=4-log2(6)}"*

=4log2-(§—0)=n log2

If ¢(x) and y(x) are defined on [a, b) and differentiable for
every x and f{t) is continuous, then

d[ v d
v ro)= vy Ly 5 (0691 o2

*(x)

Atx=m,
- Local maximum at x = 7. At x =27, f*(2R) =27 >0

. Local minimum at x = 2T,

Here, f(x)= J’: Jt sin t dt, where x € (0, 5_:-)

£(x) = {/x sin x - 0} i)
(using Newton-Leibnitz fommla)
f(x)=xsinx=0

= sinx=0

x =121

f”(x)=J;cosx+2—3=smx

x

frm)=-Jr <0

107. We have, p/(x)=p'(1-x), Vx€[0,1], p(0) =1, p(1)=41
= p(x)=-p(1-x)+C
= 1=-414+C
= C =42

Sop(x)+p(l—x) =42
Now, I= L’ p(x)dx = J: p(1—x)dx

= 2I= L (p(x) + p(1 -x))dx=_[; 42dx = 42
= I =21

108. Let I =J-: [cot x] dx (i)

=1 =j: [cot (m — x)]dx=J: (- cot x] dx (i)

On adding Eqs. (i) and (ii),
2l =ID' [cot x] dx + J.: [- cot x]dx:j: (-1)dx

[“[x]+[-x]=-1ifxezand 0,if x 2]
=[—x]: =—1
| .

2
1sinx

109. Since, 1= o< j; %dx,

because in x€(0,1), x>sin x.
1
I <_|'u~/'§dx= g[x’“]',, = I <§

I cosx 1 -1
and jzjn J;dx<jox=dx=z

J<e2
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ketching of Some Common Curves, Some More Curves
\?m?ch Oc?:ur Frequently in Mathematics In Stgndard Fo_rms,
Asymptotes, Areas of Curves Given by Cartesian Equations

Sketching of Some
Common Curves

For finding the area of a given region, we require the
knowledge of some standard curves.

(i) Straight Line

Every first degree equation in x, y represents a straight line.
So, the general equation of a line is ax + by + ¢ =0. To draw
a straight line find the points, where it meets with the
coordinate axes by putting y =0 and x =0 respectively in its
equation.

By joining these two points we get the sketch of the line.
Sometimes the equation of a line is given in the form

y =mx. This equation represents a line passing through
the origin and inclined at an angle tan™" m with the
positive direction of X-axis. The equation of the form

x =a and y = b represents straight lines parallel to Y-axis
and X-axis, respectively.

Region Represented by a Linear Inequality
To find the region represented by linear inequality
ax + by <c and ax + by 2 c, we proceed as follows
(i) Convert the inequality into equality to obtain a
linear equation in x, y.
(ii) Draw the straight line represented by it.
(iii) The straight line obtained in (ii) divides the
XY-plane in two parts.
To determine the region represented by the inequality

choose some convenient points; e.g. origin or some points
on the coordinate axes.

If the coordinates of a point satisfy the inequality, then
region containing the points is the required region,
otherwise the region not containing the point is required
region.

| Example 1 Mark the region represented by
3x+4y <12.
Sol. Converting the inequality into equation, we get
Ix +4y =12
This line meets the coordinate axes at (4, 0) and (0, 3),
respectively. Join these points to obtain straight line
represented by 3x + 4y = 12.

This straight line divides the plane in two parts. One par
contains the origin and the other does not contains the
origin. Clearly, (0, 0) satisfy the inequality 3x + 4y < 12.!
the region represented by 3x + 4y < 12 s region containi
the origin as shown in the figure.

(ii) Circle
The general equation of a circle is
x? +y? +2gx +2fy +c=0

. The second degree equation in x, y A
such that coeff. of x? = coeff. of 2

and there is no term containing xy; it
always represents a circle. To draw a
sketch of a circle, we write the
equation instandard form

(x =h)* +(y —k)?=r?, whose centre
is (h, k) and radius is r,

Remark

1. The inequality (x - 2)% + (y - b)2 < /2 represents the interior
acircle.

2. The inequality (x - a)? ¢ (y — p)? » /2 represents the extenor
a circle (i.e. region lying outside the circle)

Figure 3.1
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~4a(x -h);a,h>0

(5)y* =
(”'} ParabOIal ts such that its distance from a fixed el 1 4
1 C f nis . ] i i el
"nl.:,:‘,': ‘l.:ul:;; :30 :’l"’ Jistance from a fixed straight line. 4
s fixed straight line x == d.d >0 and fixed point ‘x;v x
Taking the fixed s rabola y? = dax D ERA)
(4,0), we et the equation of paraboiy ' o
Stops to SkBtCh the cur @ Figure 3.6
(i) It passes through (0, 0). o ot
(ii) It is symmetrical about axis of X (6)y" =—4da(x+h);ah>0
(lii) No part of the curve lies on the negative side of axis Ay
of X. <
t (0, 0) which is called the vertex of the B v .
(iv) Curve turns a ) I o
curve. p
(v) The curve extends to infinity It is not a closed curve.
“)y’ = 4ax (Standard equation of parabola) Pigure 3.7
ey
Yr e (7) x* =4ay,a>0
\ Y +
v \ ',‘
N
— ‘\‘\ /’l .
v | (0,0 X
Figure 3.2 .
(g)yz =4a(x - h); where a and h are positive.
o Figure 3.8
(8) x* =da(y +k);a>0,k>0
0 v —-X
(o) .0 \ by /
Figure 3.3 \ {
(3)y? =4a(x + h); where a and h are positive. - >
Ye e . A
P v[©.4
vy X Figure 3.9
("'h,O) ""‘-." (0} (9) xz =4a (y _k)’ a, k>0
................................ Y
Figure 3.4 .
2 5
(4))’ - 4ax; a >0 ..‘\.
_________ v | (0.K) X
hk‘.\ (0. 0)
My —
~10.0)
/’/' Fl‘urd 3.10

-
“-'

Figure 3.5
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(10) x* =—4ay;a >0

TY

~(0,0)

Figure 3.11

(1) x’ =—4da(y +k);a,k>0

J}\'

10? 0)

Figure 5.12

(12) x* =—4a(y —k);a. k>0

Figure 3.13

(iv) Ellipse

Basics of Ellipse

Definition 1. An ellipse is the locus of a moving point
s1.1ch that the ratio of its distance from a fixed point to its
dls'tance from a fixed line is a constant less than unity.
This constant is termed the eccentricity of the ellipse. The
fixed point is the focus while the fixed line is the directrix.

Tl?e Symmetrical nature of the ellipse ensures that there
will be two foci and two directrices.

Definition 2. An ellipse is the locus of a moving Point
such that the sum of the its dlstance‘s from two fixed
points is constant. The two fixed points are the twq fo
the ellipse. To plot the ellipse,' we can use the
and-thread method described earlier.

ci of

peg-
Stantard Equation X
2
i(_ + X? =1
a b
_ Ifa>b 7 Ifa<p
Vertices (a, 0) and !‘_,a',o,) — ﬁ(_o_’ E)_and (o, :”)\“
Foo ~ (ae.0)and(-ae,0)  (0,be)and (0, )
Major axis  2a (along x-g»xis) 7 _Zb(along y-axis)
Minor .u]s _ 2b (along y-axis) 2a (along x-axt.s-)‘—‘
- — - ) b b‘-—_
Directrices x.__fﬂndx:_f y=-andy=-_
e € e e
“Eccentricity ¢ T L
a b
Latus-rectum - 2 2_az_
a b
Focal distances qf(x.y) atex btey

And lastly, if the equation of the ellipse is

2 2
—_ a -
(x 2 ) 2[5) -1
a b
instead of the usual standard form, we can use the
transformation X = x —aandY — y - 8 (basically a
translation of the axes so the axes so that the origin of the

new system coincides with (a,, B). The equation then
becomes

= r—=1

a®  p?
We can now work on this form, use all the standard
formlflae that we’d like to and obtain whatever it is that
we wish to obtain. The final result (in the x-y system) is

obtained using the reverse transformation x — X + ot and
y—=Y+.
2 2

@) = +2
) a_z + bT =L a>0,b>0 (Standard equation of the
ellipse)

B o
- ~———
- -
. ~

0) N —X

- -
------
-------

Figure 3.14
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2
2) :_ + Z_ =1; b >a >0 (Conjugate ellipse) Latus-Rectum
( The chord(s) of the hyperbola passing through the focus F
Y 4 (or F’) and perpendicular to the transverse axis. The
|on length of the latus-rectum can be evaluated by
," \‘\\ substituting x =+ ae in the equation for the hyperbola :
',l \\‘ x2 yz
.0) i. E) 1'(a 0) X a®  a’(e’ -1)
\ l. 2
‘\\ /:’ = 2 _ __)’ =1
o a®(e* - 1)
(0.-b) 2 34 4
= y?—az(e‘! 1)2_a b =2-
Figure 3.15 at a*
_ 2 N AY bZ
3(—x—-—h—)—+(l—k)—=l;a>0.b>03nda>b = y=t—.
2 bz a
Y4 : . 2b®
| Thus, the length of the latus-rectum is —.
—oph - a
=k| B[ aTt
A o f(n—?()?% We discussed in the unit of Ellipose that an ellipse with
e e centre at (a, B) instead of the origin and the major and
': minor axis parallel to the coordinate axes will have the
E e equation
o] x=h " C\2 _ 2 2
(x :I) +(y zB) =1 or X—2+Y—2=1
Figure 3.16 “ b a b
, , gure 3 where X = x —otandY - y - .
( )(x —h) + =k =1,wherea <b The same holds true for a hyperbola. Any hyperbola with
‘ a* b? centre at (¢, B) and the transverse and conjugate axis
YA " parallel to the coordinate axes will have the form
foli (x-0) (-B)° _,
JRUEDN :P__:.,....i ....... y—_—k az bz
Vo x? Y
‘\i_/ or ? - ‘b—z =1
0 —+X where X = x —a.andY -5 y -B.
Figure 3.17 We can, using the definition of a hyperbola, write the
- equation of any hyperbola with an arbitrary focus and
‘ th assion to use it.
] Hyperb0|a directrix, b:t we will rarely have the occ
2
‘j .hyperbola is the locus of a moving point such that the ) X~ _Y_ _1(Standard equation of hyperbola)
lifference of its distances from two fixed points is always 2 p?

fonstant. The two fixed point are called the foci of the -
Byperbola. Constrast this with the definition of the ellipse

— X

’ (-a.0) ©0.00 \(@0
d, =€(PF)=e[x—-Z~)=ex—a

d,=e(PF')=e[x+E)=ex+a Figure 3.18
e

ebooks.cybernog.com




170  Textbook of Integral Calculus

X"y (Conjugate hyperbola) Some More Curves which Occur
@ Frequently in Mathematics in

\/ Standard Forms

< 0.0 > X
/\ »X
Figure 3.19 ©]0)
(3) xy =c? (Rectangular hyperbola)
Ya
Figure 3.23
(c.c) Modulus function, y =| x |
- X 2. AY
(0.0)
(¢ )
2 -—
1 -~—
Figure 3.20 2 ] — X
e e 1 2 3
x=nh) - —r -1
(4)( 3 L b ~—=La>b>0
a b — 1-2
L2 i
- cl
Y=kl NaSia (.. Figure 3.24
0. k) .
| Greatest integer function y =[x]
i 3.
) § »X AY y=¢
X . h ,(y=x
Figure 3.21 ©,1) /,‘ =K
(x=h)? (y-k)?
G) = =-1 ; > X
a b - 10.0) /(1,0
Y“ + ,’”
b|!
y=k| _____ i ______ p Figure 3,25
bl LN py
5 ﬁ\ X 0.1) \
/ E \ / y=e~
E X
ix=h
Figure 3,22

Figure 326
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The Astroid

: L. 23 2/3
[ts cartesian equationis x~ " +y ~ =4

2/3

Its parametric equation is x =a cos’ t,y=asin’ t
and it could be plotted as

A
N7

Curve Sketching

For the evaluation of area of bounded regions it is very
tssential to know the rough sketch of the curves. The

following points are very useful to draw 2 rough sketch of
dcurve,

i) Symmetry _

. Symmetry about X-axis If all powers of yinthe

“Wation of the given curve are ever, then it is sym{lxte_trlc
Out X-axis, i.e. the shape of the curve above X-axis 18

. 2 _4ax i
“ctly identical to its shape below X-axis. €& y° =4ax1s

§ .
Ymmetric about X-axis.

Chap 03 Area of Bounded Regions 171

(b) Sylmmetry about Y-axis If all powers of x in the
equation of the given curve are even, then it is symmetric
about Y-axis. e.g. x* =4ay is symmetric about Y-axis.

(_c) Symmetry in opposite quadrants If by putting — x
for x and -y for y, the equation of curve remains same
then it is symmetric in opposite quadrants. ,

a2 1,2

e.g. xy=c', x" +y" =a’ are symmetric in opposite
quadrants.

(d) Symmetric about the line y = x If the equation of a
given curve remains unaltered by interchanging x and y,
then it 1s symmetric about the line y = x which passes

through the origin and makes an angle of 45° with
positive direction of X-axis.

(ii] Origin and Tangents at the Origin

See whether the curve passes through origin or not. If the
point (0, 0) satisfies the equation of the curve, then it
passes through the origin and in such a case to find the
equations of the tangents at the origin, equate the lowest
degree term to zero. e.g. y? = 4ax passes through the
origin. The lowest degree term in this equation is 4ax.
Equating 4ax to zero, we get x =0.

So, x =0 i.e. Y-axis is tangent at the origin to y? = 4ax.

(iii) Points of Intersection of Curve

with the Coordinate Axes

By putting y =0 in the equation of the given curve, find
points where the curve crosses the X-axis. Similarly, by
putting x =0 in the equation of the given curve we can
find points where the curve crosses the Y-axis.

e.g. To find the points where the curve

xy* = 4a® (2a — x) meets X-axis, we puty =0in the
equation which gives 4a® (2a — x) =0 or x =2a.So the
curve ch2 = 4a* (2a — x), meets X-axis at (2a,0). This
curve does not intersect Y-axis, because by putting x =0
in the equation of the given curve get an absurd result.

(iv) Regions where the Curve
Does Not Exist

Determine the regions in which the curve does not exist.

For this, find the value of y in terms of x from the

equation of the curve and find the value of x for which y

i imi f x in terms of y
s 2 ginary. Similarly, find the value. of x in term:
;sn]:ln:ftcrarmjifnc the values of y for which x is imaginary.
The curve does not exist for these values of x and y.
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\ 2 _
e.g. The valuesofy obtained from y° = 4ax are

imaginary for negative values of x. So, the curve does not
exist on the left side of Y-axis. Similarly, the curve
a*y? = x* (a - x) does not exist for x > a as the values of y

are imaginary for x >a.

(v) Special Points

Find the points at which :—y =0, At these points the
x

tangent to the curve is parallel to X-axis.

Find the points at which ? =0. At these points the
y

tangents to the curve 1s parallel to Y -axis.

(vi) Sign of dy/dx and Points of
Maxima and Minima

Find the interval in which %V > 0. In this interval, the
X

function is monotonically increasing, find the interval in

which EX < 0. In this interval, the function is
'y

monotonically decreasing.
2

d
Put ay =0 and check the sign of £ at the points so
dx dx?

obtained to find the points of maxima and minima.

Keeping the above facts in mind and plotting some points
on the curve one can easily have a rough sketch of the
curve. Following examples will clear the procedure.

I Example 2 Sketch the curve y = x3.

Sol. We observe the following points about the given curve
(i) The equation of the curve remains unchanged, if x
is replaced by — x and y by — ¥ So, it is symmetric
in opposite quadrants. Consequently, the shape of
the curve is similar in the first and the third
quadrants,

(ii) The curve passes through origin. Equating lowest
degree term y to zero, we gety =0i.e. X-axis is the
tangent at the origin,

(iii) Putting y =01in the equation of the curve, we get
x =0.Similarly, when x =0, we gety =0.So, the curve
meets the coordinate axes at (0, 0) only.

. 2 3
(v) y=x* =>d~y=3x"‘.-—d Y —exand %Y —¢
dx dx* dx?

dy __d% . d’
Clearly, i 0= E at the origin but Ex—z 20,

So, the origin is a point of inflexion,
4Y y=x

X 6’

er

(V) As v increases from 0 to <, y also increases from ( to
= Keeping all the above points in mind, we obtain 5
sketch of the curve as shown in figure,

| Example 3 Sketch the curve y = x* — 4x.

Sol. We note the following points about the curve

(i) The equation of the curve remains same, if x is
replaced by (- x) and y by (- y), so it is symmetric ip
opposite quadrants.

Conscquently, the curve in the first quadrant is
identical to the curve in third quadrant and the curve
in second quadrant is similar to the curve in fourth
quadrant.

(ii) The curve passes through the origin. Equating the
lowest degree term Yy + 4x to zero, we get y + 4x =0
ory =-—4x.50,y = — 4x is tangent to the curve at the
origin.

(iii) Putting y = 0 in the equation of the curve, we obtain
X’ -4x=0=x=0+ 2. So, the curve meets X-axis at
(0, 0), (2, 0), (-2, 0).

Putting x = 0 in the equation of the curve, we get
y = 0.So0, the curve meets Y-axis at (0, 0) only.

. dy
(iv) =x3—4x=-—-=32—4
y Ir x

Now, jx—y>0=>3x2—4>0
- (B
= x<-—% or x>% (using number line rule)
and %<0=>——%<x<-%

So, the curve is decreasing in the interval ,

(—2/«/5,2/«/3-) and increasing for x>% orx<';g'
2. . s
=—75uapomtoflocalmax1mumandx=7;
point of local minimum.
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Keeping above points in mind, we sketch the curve as
shown in figure.

Sol. We note the following points about the given curve

(i) The curve does not have any type of symmetry about
the coordinate axes and also in opposite quadrants.

(ii) The curve does not pass through the origin.

(iii) Putting y = 0in the equation of the curve, we get
(x =1)(x -2)(x =3)=0= x = 1,23 So, the curve
meets X -axis at (1, 0), (2, 0) and (3, 0).

Putting x = 0 in the equation of the curve, we gety = - 6.
So, the curve crosses Y -axis at (0, — 6).

We observe that
x<l1 = y<0
I<x<2 = y>0
2<x<3 = y<0
and x>3 = y>0

4Y

Cd
’ N ’ x

o[ .70 @0~ 7 @0

/
’
7
’

A0.-6)

’

Clearly, y decreases as x decreases for all x <1 and y
Increases as x increases for x > 3.

Keeping all the above points in mind, we sketch the curve
as shown in figure.

1 Example 5 sketch the graph for y = x? =x.

Sol. we note the following points about the curve

(i) The curve does not have any kind of symmetry.

(i) The curve passes through the origin and the tangent
at the origin is obtained by equating the lowest degree
term to zero.

| Example 4 Sketch the curve y = (x = 1) (x = 2) (x - 3).
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’\I"’he lowest degree term is x + y. Equating it to zero,

e get X +y =0as the equation of tangent at the
origin.
(iti) Putting y =0 in the equation of curve, we get

2
X —x=0= x=0,1. So, the curve crosses X-axis at

(0, 0) and (1, 0).

Putling X = 0in the equation of the curve, we obtain
y =0.S0, the curve meets Y-axis at (0, 0) only.

4|Y
(0.0) 0o ¥
1.1
z-%)
2
(W)y-x’—x:d—yﬂx tand 22 =2
dx 2
Now, i)i= =>x=1
dx 2
2
At x:l'd_y>0
2 dx?

So, x =%ispoint of local minima.
d

(v) —y>0=:2x—1>0=9x>-1-
dx 2

So, the curve increases for all x > é and decreases for

all x< % Keeping above points in mind, we sketch the

curve as shown in figure.

| Example 6 Sketch the curve y =sin2x.

Sol. We note the following points about the curve
(i) The equation of the curve remains unchanged, if x is
replaced by (- x) and y by (- y), so it is symmetric in
opposite quadrants. Consequently, the shape of the
curve is similar in opposite quadrants.
(i) The curve passes through origin.

(iii) Putting x = 0in the equation of the curve, we get
y =0.So, the curve crosses the Y-axis at (0, 0) only.

Putting y = 0in the equation of the curve, we get
sin2x =0=22x=nn, n€Z
nmn
=—,nezZ
= x==
So, the curve cuts the X-axis at the points
on (= ,0), (- ®/2.0),(0,0),(%/20),(,0),...
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2 dy
dy . dy _ .. Now, —~ =0=$sin2x=0=2x=
(lv) y = sin 2x :é(;f =2 cos 2x and I = — 4 sin 2x dx nM,neZz
4 0= cos2x =0 =>X=E.n€Z=°x=:tn/2.irt.i3n/21
Now, e 2 ke,
n o 3n . d*
=Y 2x=+%+ —,+t —,... Clearly, 7~%<Oatx=iﬂ-/2,i3ﬂ/2,i57;/z_”
2 2 dx
n in 2
L d
il x=i4,:t 4 and l—);>ﬂalx=j:rr,j:2u,t3n,,,
dx
2
n 51 . , i
Clearly, ﬂ!—2;-'<0m X=— So,x =+ mr/2,£30/2,+5%/2, ... are the poins o
dx 1 4 local maximum and local maximum value at these
d aty =~ % _ n points is 1. Points x = + 1, + 21, + 3x, ... are Pointy o
e 4 a4 local minimum and the local minimum value at these
2 In N points Is 0.
and “Y >0 atx =, 5, . dy
dx? L (iv)yzsln'x:d— = sin 2x
™ L ) x
and a Xxm—— - n
[ 4 Clearly, Y > 0when 0< x< =
St TR dx 2
So, the points x = — “—, =, ..
P ¢ 4 4 and (Q<0when£<x<n.
I L ints of local (imum * 2
and x = - FRrRE poinis of local maxin So, the given curve is increasing in the interval
and local maximum values at these points are 1. [0, /2] and decreasing in [n /2 7].
Similarl X 5n d in n are (v) sin® (1 + x) =sin? x for all x. So, the periodicity of the
WX =—-— —=— . and x = —, —,... o .
B 4 4 4 4 function is . This means that the shape of the curve

points of local minimum and local minimum value at repeats at the interval of length &.

these points is (- 1). .

A
(v) sin 2(x + x) = sin 2x for all x. So, the periodicity of
the function is %. This means that the pattern of the

curve repeats at intervals of length . Sm2,1) (3m2) (m2,1)| (w2,1)  (3m/21) (Sm21)

4 Y
w4 1) o) B4 1) (-2m0) (-x.0) 0 (0 (@no) (@x0
/ “TN S -
~ Keeping the above facts in mind, we sketch the curve as
(-n/4,-1) (3w/a,.-1)  (7m/a,—1) .
shown in figure.

Thus, keeping in mind, we sketch the curve as shown in

e Asymptotes

| Example 7 sketch the curve y =sin? x.
The straight line AB is called the asymptote of curve

Sol. We note the following point

(i) The equation of ti: cm:ei}:::iies:;r:eif x is Y~ J{x),if the distance MK from M a D ero e W i::w
replaced by (- x). So, the curve is symm;tric about y - f(x) 0 the straight line AB tends to zero 32 "
Y—uis, Le. the curve on the left side of Y-axis is afimity.

' identical to the curve on its right side. In other words, the straight line AB meets the curve

(ii) The curve meets the coordinate axes at the same points ¥ = f(x) at infinity (K is a point on AB). Thus,

where y = sin x meets them, 1. If f(x) — % o for x — a, then the straight line ¥
2 the asymptote of the curve y = f(x).

. . d :
(iid) y=smzx=ﬁ=sm2x and 5"—):=Zc052x
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» 2. If in the right hand member of the equation of the
curve y = f(x) it is possible to single out a linear part
so that the remaining part tends to zero as x — * o,
ie if y=f(x)=Kx +b+ g(x)and g(x) — 0 for

x — * oo, then the straight line y = Kx + b is the
asymptote of the curve.

3. If there exist finite limits lim flx) =K and

x—=3toee X

lim [ f(x) — Kx]=b, then the straight line

x=» LT ee

y = Kx + b is the asymptote of the curve.

Methods to Sketch Curves

ile constructing the graphs of functions, it is expedient
follow the procedure given below

(1) Find the domain of definition of the function.

2) Determine the odd-even nature of the function.

(3) Find the period of the function if its periodic.

(4) Find the asymptotes of the function.

(5) Check the behaviour of the function for x - 0

) Find the values of x, if possible for which f(x)— 0.

7) The interval of increase and decrease of the function
in its range. Hence, determine the greatest and the
least values of the function if any.

rk

, (6) and (7) gives the points where the function cuts the
rdinate axes.

| -
ample 8 Construct the graph for f(x)= xz .
x?+

' 2
Here, f(Jr)=x2 1=1— 22
x° +1 x"+1

(1) The function f(x)is well defined for all real x.
=  Domain of f(x)e R
(2) f(- x)= f(x),so it is an even function.
(3) Since, algebraic — non-periodic function.
f(x)=>1 for x— tee
and f(x)> -1 for x>0z

It may be observed that f(x)< 1for any x € Rand
consequently its graph lies below the line y = 1 which
is asymptote to the graph of the given function.

Again,

5— decreases for (0, «) and increases for
x“+1

(= o,0), thus f(x)increases for (0, =) and decreases
for (= e, 0) in its range.

(4) The greatest value — 1 for x — % = and the least
value is — 1 for x = 0.
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Thus, its graph is as shown in figure

y = 1 (asymptote)

o \/M -

©.-1)

| Example 9 Construct the graph for f(x)=x+ 1
X

Sol. The function is defined for all x except for x =0,
It is an odd function for x # 0.
It is not a periodic function.
For x 20+, f(x)> 4o forx 50—, f(x)— — o0
For x— —oe, f(x)— — oo} for x = oo, f(x)—> o0
lim (f(x)-x)=0

- The straight lines x = 0 and y = x are the asymptotes of
the graph of the given function.
Now, consider f(x;)— f(x,)(for x, > x;)

1 1

=(x; - x)+—-—
X2 X

e 12

X1 X;

]<0 for x, x, €(0,1]

anditis > 0 for x, x, € [1, o).

Thus, f(x)increases for x € (1, eo) and decreases for
x € (0,1].

Thus, the least value of the function is at x = 1 which is
f(1) = 2. Thus, its graph can be drawn as

Ya

1
1+e'/*

Sol. The function is defined for all x except for x =0.1It is

neither even nor an odd
function. It is not a periodic function.

| Example 10 Construct the graph for f(x)=
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f(x)—=1

Porx—0+ f(x)—0;forx—0-

1
l -
For x = oo f(x)—'i;forx—,—m, ﬂx)—-’z

lim

1
x 9t =- I(X) B 2
. The straight line y = ; is asymptote of the graph of the

given function.

As x increases from (0, =), 1 decreases from (0, =) and e’ *
x

decreases from (0, >). Thus, (1 + ¢"*) decreases from (2, o).

.. f(x)increases from (O, ;) for x € (0, =)

Similarly, f(x)increases from(1/2 1) for x — (- =, 0)
i.e. f(x)1is an increasing function except for x =0
Thus, its graph can be drawn as shown in figure

Y
(0.1)
Y = 1/2 (Asymplole)

—

> X

(©.]0)

Areas of Curves

(1) Suppose that f(x) <0 on some interval[a, b]. Then,
the area under the curve y = f(x) from x =a to x = b will
be negative in sign, ie.

ff(x)dxso

This is obvious once you consider how the definite

integral was arrived at in the first place; as a limit of the
sum of the n rectangles (n — oc), Thus, if f(x) <0in some
interval then the area of the rectangles in that interval will
also be negative.

This property means that f i
following form or example, if f(x) has the

"1

a/A\Uﬂa\z b /
A, W —> X

then [/ f(x) dx will equal 4, — A, + A, — A, and not

A +A +A; + A,
If we need to evaluate A; + A; + Ay + A, (the magnitug,
of the bounded area), we will have to calculate

I:f(x) dx + I:f(x) dx“:f(x) dx + I:f(x)dx‘

From this, it should also be obvious that
b b
[} o0 ax|s 115 ax

(2) The area under the curve y = f(x) from x =q to x =h
1s equal in magnitude but opposite in sign to the area
under the same curve from x =bto x =a,i.e.

b a
[[ f(x)dx == [ f(x) ax

This property is obvious if you consider the
Newton-Leibnitz formula. If g(x) is the anti-derivative of

b b
x(f), then [ f(x) dx is g(b) - g(a) while [ f(x) dx is
gla) — g(b)
(3) The area under the curve y = f(x) from x =ato x =}

can be written as the sum of the area under the curve from
x =ato x =cand from x =c to x = b, that is

I:f(x) dx = [ f(x) dx +j:’ f(x) dx

Let us consider an example of this. Let c € (a, b)

Y4
— y=flx)

a (o] b

It is clear that the area under the curve from x =ato x =b.
A is Al + Az.

Note that ¢ need not lie between a and b for this relation to
hold true. Suppose that ¢ > b.

Yai
_—y=1

]

/ A2

Ay

[
o
0
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rve that A= [[ f(x) dx =(A+ 4;) - A,
_—_J:f(x)dx —J'b‘f(x) dx
=I:f(x)dx+j:f(x)dx

nlyticaUY: this relation can be proved easily using the

. ewton Leibnitz's formula.
7) Let f(x) > g(x) on the interval[a, b]. Then,

Lbf(x) dx >I:g(x) dx

is because the curve of f(x) lies above the curve of
, or equiva]cntly. the curve of f(x) - g(x) lies
- ve the x-axis for[a, b]

Db

4 —Y fx)

- Yyl

— X

) is is an example where f(x) > g(x)>0.

[ fx)dx = A1 + 4,

ile [ g(x) dx = 4,
milarly, if f(x) < g(x) on the interval [a, b] then
[ fx) de <[] gx) dx

) For the interval [a, b], supposem < f(x) <M.
is, m is a lower-bound for f(x) while Mis an

er bound.
m(b-a)<f:f(x)dx <M(b—a)

i is obvious once we consider the figure below :

y = ftx)

—p X
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(rect AXYB) < Jb f(x)dx < area (rect DXYC)

(6) Let us consider the integral of f;(x) + fy(x) from x =4d
to x = b. To evaluate the area under f,(x) + fi(x) we can
separately evaluate the area under f,(x) and the area under

f,(x) and add the two area (algebraically).
b
Thus, j:([l(x) + f(x))dx = I: filx)dx + L f2(x) dx

Now consider the integral of kf(x)from x =a to x =b.To
evaluate the area under kf(x), we can first evaluate the area

under f(x) and then multiply it by k, that is
b
" kf(x) dx = K[! rix) dx

tion f(x).1.c. f(x)=- f(—x). This
ic about the origin.

Observe that area

(7) Consider the odd func
measn that the graph of f(x) is symmetr

YWL

Prom the figure, it should be obvious that [ f(x)dx =0,
because the area on the left side and that on the right

algebraically add to 0.
Similarly, if f(x) was even, i.e. f(x) = f(—x)

YT

]
—

a +a

J:, f(x) dx =2J: f(x) dx because the graph is symmetrical

about the y-axis. If you recall the discussion in the unit on
functions, a function can also be even or odd about any
arbitrary point x = a.Let us suppose that f(x) is odd about
x=a, ie f(x)=-f(2a—x)

Y 1&
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The points x and 2a — x lie equidistant from x =a at either

sides of it.

2a
Suppose for example, that we need to calculate L f(x) dx.

It is obvious that this will be 0, since we are considering
equal variation on either side of x =a, the area from x =0
to x = a and the area from x = a to x =2a will add
algebraically to 0.

Similarly, if f(x) is even about x =a, i.e. f(x) = f(2a - x)
YJT

v

then we have, for example
2a a
[" oy dx =2 [ f(x) dx
From the discussion, you will get a general idea as to how
to approach such issues regarding even/odd functions.
(8) Let us consider a function f(x) on[a, b]

Ya
[ (2] ) A —

r(aL

o ) SR

» X

We want to somehow define the “average” value that f(x)
takes on the interval (a, b]. What would be an appropriate
way to define such an average? Let f,, be the average
value that we are seeking. Let it be such that it is obtained
at some x =c €[a, b]

Yv
112) )

______________

fay=f(c)

— X

-
i
)

i
)
]
)
'
a

)| .
Fo ) E .

We can measure f,, by saying that the area under f(x)
from x = a to x = b should equal the area under the

average value from x = a to x = b. This seems to be the
only logical way to define the average (and this is how it
is actually defined!).

Thus fu(b-a)= [ f(x)dx = fu =7 f(x)dx

This value is attained for at least one ¢ € (a, b) (under the
constraint that f is continuous, of course).

1 Example 11 Sketch the graph y =|x+1]. Evaluate

J'2 | x+1]dx. What does the value of this integral
—y

represents on the graph.

(x+1), if x2-1

—(x+1),if x<-1

which can be shown as

Sol. Here, y =|x + 1|={

Y4
B C
I 1
3 l 0. 1|3
A AN
M INeAN e
_4+__?3__>-1 3_0_>_2

2 -1 2
J-_‘lx+ 11dx=.|-4 |x +1|dx +J'_l|x+ 1|dx

= [~ (xe+ndx + [ 2 1x+tide+ [ (xrnyan

-1
=—|—+x| +|—+x| =9
2 2
-4 -1
Representation of the value 9 of integral on graph.

2
J_4] x +1|dx = 9 represents the area bounded by the curve

y =|x + 1|. X-axis and the lines x = — 4 and x = 2, i.e. if is
equal to the sum of the ares of AABD and ACE,

i ! 1 =242
ie. ;O OB =2+ =9

(* area of triangle = % % base X height)

2 2
I Example 12 Find the area of the ellipse iz-+ %—2- =1
a
Sol. Using the symmetry of the figure; required area is given by
A = 4 (area OABO)

2 2
=4[ X .Y _
—4joydx.WherC';?+b—2—1

B (0,b)

Wi,
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= y=t2 [ o
a
In the first quadrant,

b

A= 4J- mdx 4”2 J @’ — x? dx
= é{xﬂj—‘x +—sm'l}‘l
a 2

a

A = ftab sq units

E;(amele 13 Find the area bounded by the hyperbola
x? —y? = a’ between the straight lines x = a and

Xx=2a.
. We use the symmetry of figure.
Required area, A =2 I 2ay dx, where x* —y? =a®

ie. xt—a*=y?

y=i\/x2—a2

In the first quadrant; y = +sz -d

.‘A=2J‘:d
- 2a

=2 \f - a* —?zlog(x+ x —a)]

=2 {a 4a’-a ——log(2a+\}4a —-a )} {0"—1050}]

x% —a* dx

N

Chap 03 Area of Bounded Regions 17¢

S 2
zz[a Via® - % log (2a + a+/3) + 22— log a]

=2[az\/§—ﬂilog[ga_+._a_@ ]]
2 a

=2a*3 - a® log (2 + V3) sq units

! Example 14 Find the area common to the parabola
5x* — y =0 and 2x? -y+9=0
Sol. Given curves are y = 5x? A1

and y=2x"+9 (i

.
A ey [ T2

(0. 9)

©.0) > X

Remark
In such examples, figure is the most essential thing. Without
figure it just becomes difficult to judge whether y, to be
subtracted from y, or otherwise.

Let us solve Egs. (i) and (ii) simultaneously,

5x2=2x? +9

= Ix'=9=x?=3
. x=—-+3
or =3

In the usual notations, the required area is given by
N
A=[ L (n-y)dx

We have to find which curve is above and which is below
w.r.t. X-axis in order to decide y, and y,.

Take any point between x = — /3 and x = V3

Let us take x = 0, which lies between
x=-+3andx=+3

When x =0 fromEq.(i)y =0

When x =0 from Eq. (ii)y =9

Now, 9>0
Parabola Eq. (ii) is above parabola Eq. (i) between
x=-3
and x =43
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.y of the carve (i) is to be taken as y; and y of the curve (i)
18 16 be taken ad ¥,

I .,
ArealA) = I 5 (22* +9)-5x"}dx

-_-j”,‘ (9 - 3x°)dx
:zJ"’m ~3x?)dx

=209x - x")]"
2(9 V1 -341)

Area = 12/ 8q units

| Example 15 Find the area enclosed by
y = x(x=T)(x=2)and X-axis
80/, The given curve is y = x (x = 1)(x -
(0, 0), (1, 0) and (2. 0)
The sign scheme for y =
figure

2) It passes through

x(x - 1)(x - 2)is as shown in

R
- - + .
1

0 2

From the sign scheme it is clear that the curve is + ve when
0< x < 1 or x > 2 hence in these regions the curve lies
above X -axis while in the rest regions the curve lies below
X -axis.

Remark
Somet mes the discussion of monotonicity of function helps
us in shetching polynomials. In the present case, :y W —Bx +2

1
W’m-{"-c.*hen‘:-it—Sognschemeforﬂns
dx JE

1 - 1
1- 14 =
E f3
Thus, 1 18 clear that the curve increases in (— o0, 1— ﬁ)

1 .
decreases in (1 LI IS _L)and again increases in

(1 + A -] Therefore, the graph of the curve is as below

///////]h‘ 1’3 / x
oy f////////f '

Hence, required area

=I;x(x—l)(r—2)dx+“: x(x—l)(x-Z)de

v4

=Il (x* -3x" +2x)dx +
0

‘ 1 4 z
=(£——x’+xz] +[x——x’+x’]
4 0 4 v
1 1
1 +1 |+l (4-8+4)-| ——1+1
4 4

sq unit

LZ (x* —3x* +2x)dx‘

n

11
+ =
4 4 2
| Example 16 Find the area between the curves
y =2x" - x*, the X-axis and the ordinates of two
mimma of the curve.
Sol. The given curve is y = 2x' - x%

1
When y =0, then x =0,0, £ 7

The sign scheme is as shown below

e

+ . +

— 1

- 1 jo

2 2
Therefore, it is clear that the curve cuts the X -axis at

=— 1 oand—-.
X Jz_ an ﬁ-

1 1
The curve is -ve in | — —,0 | and (0,—) while positive in
( 2 ) 7)) R
the rest. Now, & _ 8x> — 2x. The sign scheme for % is as
x

below

“+— + + * —
—o0 - _ 1— 0 - 1— oa

2 2

Le. The curve decreases in (— oo, — 1/2) and (0, 1/2) and
increases in the rest of portions. Also, the function possess
minimum at x = - 1/2 and 1/2 while maximum at x =0.
Therefore, the graph of the curve is as shown below

Y 4
\ -1/2 1 /
: 2 X
-1 (e} 1
z 2
~. Required a.rea=zj:’2 | 2x* — x? | dx vs
3
12 X
=2 - _ 2 = - —_——
Io (2x"— x")dx 2[ 5 3 }a
7
=—— sq unit

120
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Exercise for Session 1

1. Draw a rough sketch of y = sjn
= 2x and determine the area encl i i =
and x =3n /4. osed by the curve, X-axis and the lines x =n /4

Find the area under the curve v — (2 2
Y =(x*+2)% 4 2x between the ordinates x =0 and x =2.

Find the area of the region bounded by the curve y =2x — x?

w ow

.

and the X-axis.
Find the area bounded by the curve y2 =2 _ y ang the Y-axis.

Find the area bounded by the curve y =4 — x2 and the liney =0and y =3.

Find the area bounded by x = at” and y = 2at between the ordinates corresponding to t = 1and t = 2.

N S o A

Find the area of the parabola y? = 4ax and the latusrectum.

Find the area bounded by y =1+ 2sin? x, X-axis, x =0 and x ==.

© &

Sketch the graph of y = vx + 1in [0, 4] and determine the area of the region enclosed by the curve, the axis of
X and the lines x =0, x =4.

10. Find the area of the region bounded by the curve Xy —3x -2y —10 =0, X-axis and the lines x =3, x =4.

. B

W
2%
o
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Area Bounded by Two or More Curves

Area Bounded by Two
or More Curves

Area bounded by the curves y = f(x), y = g(x) and the
lines x =g and x = .

Let the curves y = f(x) and y = g(x) be represented by AB
and CD, respectively. We assume that the two curves do
not intersect each other in the interval[a, b].

Thus, shaded area = Area of curvilinear
trapezoid APQB — Area of curvilinear trapezoid CPQD

= [} s ax - [} g de = [ (fx) - g} dx

A Y

A B

_+ Sy =1f(x)

C | A y=g()
D

0 P a >X
x=a x=b
Figure 3.32

Now, consider the case when f(x) and g(x) intersect each
other in the interval [q, b].

First of all we should find the intersection point of

y = f(x) and y = g(x). For that we solve f(x) = g(x). Let
the root is x = c. (We consider only one intersection point
to illustrate the phenomenon).

Thus, required (shaded) area
= [T 1) - godx + [ '(gx) - f(x)} dx

Figure 3.33

If confusion arises in such case evaluate

b
L | f(x) — g(x) | dx which gives the required area.

Y{L ' ]
' y =1x) |
0 —-X
xia YTOW i,
Figure 3.34

Area between two curves y = f(x),y = g(x) and the line;
x =aand x =b is always given by Ib {f(x) - g(x)} dx

provided f(x) > g(x) in[a, b]; the position of the graphi
immaterial. As shown in Fig. 3.34, Fig. 3.35, Fig. 3.36.

Y4

L y=gW
Figure 3.35

Figure 3.36

1 Example 17 Sketch the curves and identify th:
region bounded by x =1/2, x =2, y =log. x an
y =2.Find the area of this region. /ut JEE 1"
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: sol. The required area is the shaded portion in the followin
figure. 6

|
|
|
i x

x=1/2

.1
In the region P < x £ 2; the curve y = 2* lies above as
compared to y = log, x.
. 2
Hence, required area = J” (2% - log x) dx

2" ?
=] S —(x1 -

= -2 Slo 2+3 sq unit
= - - - 1nits
log2 2 8 2 1

Example 18 Find the area given by

+y<6,x*+y?<6yand y*<8x.
Let us consider the curves
P= yz -8x=0 (i)

C=x*+y'=6y
Le. x? +(y--3)2 -9=0 (i)
and S=x+y—-6=0 ...(ii)
" The intersection points of the curves (ii) and (iii) are given
by
6-y) +y' —6y=0
ie. y=36
Yi

P(0,6) R(2.4)

erefore, the points are (0, 6) and ( .
ints of the curves (i) and (iii) are given by

Y =8(6—y) ie y=4-12

. is (2, 4).
efore, the point of intersection in 1st quadrant is ( )

3, 3). The interseetion:
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Now, we know that
C < 0 denotes the region, inside the circle C =0.
P < 0 denotes the region, inside the parabola P = 0.

S < 0 denotes the region, which is negative side of the line
S=o0

. Required area = Area of curvilinear AOMRO
+ Area of trapezium MNSR - Area of curvilinear AONSO

= Jde+%(MR+ NS)- MN

- (Area of square ONSG — Area of sector OSGO)
_ 42
:Il \[Bxdx+l(4+3)=l— 32_n 3
0 2 4

= (‘)j - 1) sq units
4 6)

| Example 19 Find the area of the region

{(xy)0sy<x*+1,0Sy<x+10<Sx<2}.

Sol. Let R={((x,y): 0<y<sx’ +1,0Sy<Sx+10Sx<2}
={(x,y):0Ssy<x? +1}n{(x,¥):0Sy< x + 1}

N {(x,y):0< x<2}

=R NR; N Ry
where, R, = {(x,y):0< y< x? + 1}
R, ={(x,y):0sy< x +1)}
and R, ={(x,y):0<x52}
Thus, the sketch of R;, R, and R, are

y=x+1
(2.3)

From the above figure,
Required area = j: (x* +1)dx + Lz (x +1)dx

3 } 2 .
X x 23 .
=[—+x] +[—+x] =—squmts
3 2 6
0 1
| Example 20 The area common to the region
determined by y = +/x and x? + y? <2 has the value

(b) (2r — 9 5q units
(d) None of these

(a) 7 sq units

(c) (% - %] sq units
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Sol. The region formed by y 2 Jx is the outer region ?f the‘
parabola y* = x, when y>0and x2>0and x” +y <21
the region inner to circle x* + y* =2 shown as in figure.

(il y 9x
I x,yz0

I/

Now, to find the point of intersection put y* = x in

xz+y2=2.

= e x-2=0
= (x+2(x-1D=0
= x=lasx20

. Required area = I: (VIZ —x? - Vx)dx

2 4 3

Hence, (c) is the correct answer.

| Example 21 Find the area of the region enclosed by
the curve 5x% +6xy + 2y 2+ 7x+6y +6 =0,
Sol. Comparing ax® + 2hxy + by’ + 2gx + 2fy + ¢ =0, we get
a=5b=2h=3g=7/2 f=3andc=6
= h?* —ab=-1<0
So, the above equation represents an ellipse.
2y2+6(1+x)y+(5x2+7x+6)=0

= y=‘3(1+x)i-,/(3—x)(x—1)

2
Clearly, the values of y are real for all x € (1,3] Thus, the
graph is as shown below
v
@)

Thus, required area

Joa[-:l(l*"‘)—\/(?'-x)(x‘ll)

2

~ [-3(1+ x)+J(3 - r)(x—l))dxl

2

| E R D= [ o |
=’;{}(x-2)\/— Jc2+4x—3+lsin“[x_z)}J
2 2 1

1

I .
= — sq units
2

, XeZ
| Example 22 If f(x)= {J:T} zez and g(x) ={x}*

(where, { } denotes fractional part of x), then the area
bounded by f(x) and g(x) for x € [0,10] is

(a) 35 sq units (b) 5 sq units

(0 1—30— sq units (d) None of these

Sol. As, f(x) ={ b, X €2 1d g(x) = {x)2, where both f(x)
1, z
and g(x) are periodic with period ‘1’ shown as
®
1] S R LT L e e P ===t

Thus, required area = 10 _[; [Vix} = {x}*]dx
=10 I: [(x)2 - x*]dx
ar2 3T
=10 X _.E_
3/2 3 "
=10(3-1)=13—°squnits “

3 3

Hence, (c) is the correct answer.

| Example 23 Find the area of the region bounded by
the curves y =x?, y =|2~x?| and y =2, which lies to |
the right of the line x =1. [T JEE 200

Sol. The region bounded by given curves on the right side of
x =1 is shown as

Required area:Lﬁ {x* = (2 - x?*)} dx +JJ25 {4 - x*}dx

ebooks.cybernog.com
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[ﬂz
3

20 20 -12
=(—4J§+?)=[ 3 Jé]squnits

)-5-)o3)-fra9)

| Example 24 The area enclosed by the curve
|y|=sin2x, when x € [0,2n] is

(a) 1 squnit (b) 2 sq units

(c) 3sq units (d) 4 sq units

- Sol. As, we know y = sin 2x could be plotted as

Y4r

! /\ I{\ y=sin 2x

(0] sz\/n 3_,:\/ on —-X

-1 2

Thus, | y | = sin 2x is whenever positive, y can have both

positive and negative values, i.e. the curve is symmetric
about the axes.

T n
sin 2x is positive only in0 < xs-z-andnSxS-? Thus,

. n
the curve consists of two loops one m[ 0, 7 ] and another

ni2

Thus, required area = 4 _[o (sin 2x) dx

K/2 i ;
Ccos 21) = _z(cos T - coSs 0)
2 o
=_2(_1_1)=45qunit5
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| Example 25 (et f(x)=x?,g(x)=cos x and
o, f (o < ) be the roots of the equation
18x" - 9nx+ 1% =0. Then, the area bounded by the

curves y = fog(x), the ordinates x =, x = B and the
X-axis is
1
(a) : (m - 3) sq units (b) ; sq units

n
() 4 A units (d) 1"_2 5q units

Sol. Here, y = fog(x) = f{g(x)} = (cos x)? = cos® x

Also, 18x —onx +n? =0

= (x-nm)6x-m)=0

= x=

Il

/ /3
=Jl“ coszxd;\r=1‘|”t (1 + cos 2x) dx
"/6 29mis
1 sin2x]"™"”’ 1 (n: n) 1(. am 21!)
=-<x+ =-4|——-—|+~-|sin — —sin —
2 2 Jo6 2\3 6) 2 3 6

RYEFIERCRINN ]
“2)le6 20l 2 2 )| 12

Hence, (d) is the correct answer.

(asa, B)

»

oA
w3

E K
6 3

. Required area of curve

| Example 26 Find the area bounded by the curves
x2+y? =254y =|4—-x?|and x =0 above the X-axis.

Sol. The 1st curve is a circle of radius 5 with centre at (0, 0).

2
X

1-—
4

4-x?

The 2nd curve isy =

which can be traced easily by graph transformation.

/X
//’[

G0\ (40 (2

(-2.0) 2.0 4.0 /6.0

When the two curves intersect each other, then

Hence fd\ic #ha nnrract answer.
ebooks.cybernog.com
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2\2
x2+( 1-%) =25 = x=t4

Hence, required area=2J'04 (\/25— xt - 1—54—2 D dx

=2[J.;\/275—’3«'2dx—_[:(1-f;]dx+f;[1—xTz)dx‘

=2[6+?235m“(§)-§—g]={2Ssin"(:]+4}

| Example 27 Find the area enclosed by [ x|+]y|=1

sSol. From the given equation, we have

Iyl=1-Ixllo [1yllo]

= -1s«xs1

LY

+-X

3
Therefore, the curve exists for x € [- 1,1] only
andfor-1<x<; y=%(1-|x]) ie. JI={ |x|-1

=(x|-1)

Thus, the required graph is as given in figure.
. Required area = (v2)? =2 sq units

| Example 28 Let f(x)=max {sin X, COS X, %} then
determine the area of region bounded by the curves
y = f(x), X-axis, Y-axis and x = 2.

Sol. We have, f(x)= max {sin X, COS X, %} Graphically, f(x)

could be drawn as
Y1i

Here, the graph is plotted between 0 to 21t and between the
points of intersection the maximum portion is included,
thus the shaded part is required area

Interval Value of f(x)
l.e. for 0<x<m/4 cos X
for n/4< x<5m/6 sin x
for Sm/6< x<5m/3 1/2
for 5n/3< x <21 cos X
Hence, required area
I=I ,mcosx dx + I 5,!Msinxd:tc +J ReL dx+J o cos x dx
0 /4 Sm/6 2 5m/3

5m/6

= (sin x):“ —(cos x)y ;4 Smes

+ L inss
(o (531829

5
(£+~/§+\/§) sq units

. 2R
+ (sin X)gq )5

Exercise for Session 2

1. The area of the region bounded by y?
@23 (b) 4/3

=2x +1andx -y -1=0is

2. The area bounded by the ¢ , (c) 8/3 ) 16/3
(a) 9/2 (b;‘ :\:sy =2x - x* and the straight line y = x is given by
3. The area bounded by the cury (c) 35/6 (d) None of these
@0 y 1,: Y =X |x|, X-axis and the ordinates x = —1, x =1is given by
4. Areaofthe region bounded by the Curves y =2% =2(:)sz =0 . i Mae ot Base
(a)é_z_% )23 .4 ' -X—-4andx=2|sgivenby
log2 3 (€)3log2- = (d) None of these
3. The area of the figure bounded by the cuves Y=o yoaX °
(@)e + ;1 (b)e — 1 ¥ =e" and the stralght line x = 1is
[

1
(©)e + 52 (d) None of these

ebooks.cybernog.com
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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Area of the region bounded by the curve y? = 4x

(a) 2 Y-axis and the line y =3 is

The ar IS (c)6v3 (d) None of these
o (J(;a‘o: the figure bounded by y =sin x, y = cos x is the first quadrant is
Th ) ®)V3+1 (€)2(V3-1) (d) None of these
ezarea bounded by the curves y = xe*, y = xe~* and the fine x = 1is
(@2 (b) 1- 2 1 1
9 ) " (c) . (d) 1- -
Th . .
@ areas of the figure into which the curve y? = 6x divides the circle x? + y? =16 are in the ratio
2
(a) py 4m - V3 4n + J3
3 { )Bn . /3 (c) =T (d) None of these
The area bounded by the Y-axis, y = cos x and y =sinx,02x <n/2ls
(2) 2(v2 - 1) (b) V2 - 1 ©W2+1) (d) V2

The area bounded by the curve y - |3| andy + |2 - x|=2is
X
4 - log 27
(@) ._,%9 ) (b) 2 - logd (c) 2+ log3 (d) None of these

The area bounded by the curves y = x? + 2and y =2| x| -cos + x s

(a) 2/3 (b) 8/3 (c) 4/3 (d)1/3
The are bounded by the curve y? = 4x and the circle x? + y2 -2x -3 =0is
(a)2n+g (b)4n+g (c)u+-g (d)nﬂg

A point P moves inside a triangle formed by A(0,0),B (1, %) ,C (2,0 ) such that min {PA, PB, PC} = 1 then the

area bounded by the curve traced by P, is

(a)3~/§—§23 (0)v3+ 2 ©v3-2 (d)3J§+3_2“

The graph of y? + 2xy + 40| x | =400 divides the plane into regions. The area of the bounded region is
(a) 400 (b) 800 (c) 600 (c) None of these
The area of the region defined by || x| -|y|| s 1and x? + y* <1inthe xy plane is

(a)r (b) 2n (c) 3n (d) 1

The area of the region defined by 1</|x -2|+|y+1<2is

(a)2 (b)4 (c)6 (d) None of these
The area of the region enclosed by the curve lyl=-(1-|x1)?+5,is

: 2 .
@) :—B; (7 + 5v5) sq units (b)g (7 + 5J5) sq units (c) 5(5~/§ - 7)sq units (d) None of these

n
- - =0,x = — and the
The area bounded by the curve f(x)= ||tan x + cot x| - |tan x —cot x| between the lines x 0.x 2

-axis is
z)al;ug 4 (b) log2 (c) 2log2 (d) v2 log2
i 1 ion bounded by the curves y = f(x), X-axis, Y-axis and
If f(x) = max {sln X, oS x.-z—}, then the area of the regi y
X = il is

(a) (Ji -J3+ %‘) sq units (b) (Ji +J3+ 5’25) sq units

© [Jf LA+ %’E) sq units (d) None of these
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JEE Type Solved Examples :
Single Option Correct Type Questions

e Ex. 1 If A denotes the area bounded by

f(x)=

(a)1< A< 2
(c)2<A<3

2/2 _ (msinx + conx ;N2
Sol. PP L X mn

I

X

sin x +cos X . X-axis, x =T and x =3, then

(b)o< A<2
(d) None of these

1 1 1
TR X <IN D < - < ] )
2n x 0

i W2 .
;"_‘ﬁ,:(]"“lf'"f*m“‘ldr(,‘f (ii)
n = X 2n
On adding Eqs. (1) and (1), we get
f e
W2
5—\"2 <AL -
in R
= 075< A1)

Hence, (b) is the correct answer.

e Ex. 2 If f(x)20,Vx€(0,2) andy = f(x) makes posi-
tive intercepts of 2 and 1 unit on X and Y-axes respectively
and encloses an area of 3/4 unit with axes, then

I: xf'(x) dx is

3 Ll )
@) r (b) 1 (c) 2 (d) 4
3

Sol. 1 = W3- [ fm) dx=0-7 =2

Hence, (d) is the correct answer.

® Ex. 3 The area of the region included between the
regions satisfying min /x|, [y )21 and x* +y? <5 is
-1 1

(a)i(sin"—?——sin —)—4 (b) 10 sin_‘i-— in~ ]
: % 7 7 sin 7_5 —4
2( .42 41
() g(sm 1E—sm IE)-‘Q (d) Is(sinq%—sin'l%}—ti
Sol. Shaded region depicts min (| x|, l¥h21

Y4

(1.2)
|

@1

‘;_x

-1 3

-1

ebooks.cybernog.com

2 r
Required area = 4I| (W5-x* —1)dx
=10 (sin“ j% —sin! 1—) -4

Hence, (b) is the correct answer.

@ Ex. 4 The area of the region between the curves
14 sin x 1-sin x
y=,-————andy =,[—
cos X cos X

1L
x-—Oandxzhis

and bounded by the [ing

[TIT JEE 200y

(a)jn‘“" L

J2-1 4t
(b) e dt
J" (1+ 1= ¢?

(C)Ioﬁﬂ 4t

—_—dt
(1+ 2 )W1-¢2

t
_—dt
1+ 2 W1-¢?

Sol. Required 4564 = I:H(Jl +sin x _Jr—sm x)dx
cos X Cos X

( 1+sin x N 1—smx>0]

@[

cos X cos X
( \
Ztani Ztan-:E
1+—2 |1- zx
1+ tan® = 1+ tan® =
=I1ll( 2— 2 dx
0 x X
1 —tan® = 1-tan® =
2 | 2
x
1+ tan® X 1+ tan’=
\ 2 2
‘
X
n/4 1+ tan— l—tani
= 2 2
_J‘o dx
\ 1—tan — 1+ tan—
x x b
Nf41+tan -1+ tan— x/4 2 b
=j 2 2 dx:j’
Y 2X 0 2{
1-tan 5‘ l't’nz
Putlan£=:
2
A.reaaj‘ﬁ'q at dt
4 (1+t’):/1_¢2

|
Hence, (b) is the correct answer, i
i



jEE Type Solved Examples -

oEx.5 LetT be the triangle with vertices (0, 0
( (?) and let R be the region between y

=x andy = 51
wherec >0, then '

3
c
(a) Area (R) = s (b) Area of R= L)
3
y
A T
@ lim 22 o3 (g iy Area(r) 3
—0* Area (R) c=0' Area (R) 2
cc® ¢

Sol. Area ()= £5 =

y=x* //Hx
0 F—— c.c?)
(0.-0)
3 1 3
Aren(R)=———r xldx=S _S _¢
2 3 6
Area(T) = ¢* 6

=0 Area(R) t—-oﬂ‘—z_.?

Hence, (a) and (c) are the correct answers.

Ex. 6 Suppose f is defined from R — [-1,1] as
> where R is the set of real number. Then, the
(a) fis many-one onto
bounded

2
-1
(x)==
x° +1
tement which does not hold is
(b) fincreases for x > 0 and decreases for x <0
(¢) minimum value is not attained even though fis
(d) the area included by the curve y = f(x)and the line
Y =1is t sq units

-1 2
=1

ol y = = x* =
y=flx) xt+1 +1

fl(x) - ix
(x* + 1)

<~
N/

(0."‘1)

)!(Ou (,2) and

x > 0, f is increasing and x < 0 f is decreasing.

ebooks.cybernog.com
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More than One Correct Option Type Questions

= (b) is true; range is [-1,1) = into = (a) is false; minimum
value occurs at x = 0 and f(0)=—1 = (c)is false,

2
o~ -1 -
A=.:jo [1—’,+—]dx=40 f"
X +1 x“+1

=[4 tan ' x]; =4-: =2r = (d) is false.

Hence, (a), (c) and (d) are the correct answers,

i
cos x, 0Sx<—

2
(n 2 - such that f
—=X]|,-SXx<n
2 2

is periodic with period t, then

(a) the range of fis [O—T:—z]

* Ex. 7 Consider f(x)=

(b) fis continuous for all real x, but not differentiable for
some real x

(c) f is continuous for all real x
(d) the area bounded by y = f(x) and the X-axis from
2

X=-nmtox=nmis2n 1+%)f0ragivenne~

n
cos x, 0<x< ;

Sol. Given, f(x)= - - and f is periodic with
(E - ) —<x<n

period . Let us draw the graph of y = f(x)
2
From the graph, the range of the function is ‘lio, RT)

It is discontinuous at x = nm, n € /. It is not differentiable

atx=%.nel.

Area bounded by y = f(x) and the X-axis from —nr to nn for
neN

=2nI: f(x)dx:zn[jnﬁfz cosxdx+f:n(1;-— ) d.r]

=2 1+n—3
=2n ”

Hence, (a) and (d) are the correct answers.
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e Ex. 8 Consider the functions f(x) and g(x), both

defined from R — R and are defined as f(x) =2x — x? and

g(x) = x" wheren€e N. If the area between f(x) and g(x) is
1/2, then n is a divisor of
(a) 12 (b) 15 (c) 20 (d) 30

sol. Solving, f(x) =2x —x" and g(x) = x" we have
2x-x'=x" = x=0and x =1

i
/a(x) X'

\_,,fo:) o
"
/N \
ooz 2]
0

2
3 n+1

~x")dx =

A= x-x

2 1
Since, -——= = =
l 3 n+l 2 3 2 n+1
= 1:=—L = n+l1=6
6 n+1
= n=

Thus, n is a divisor of 15, 20, 30.
Hence, (b), (c) and (d) are the correct answers.

JEE Type Solved Examples :
Passage Based Questions

Passage I
(Q. Nos. 10 to 12)

Consider the function f(x) = x> — 8x% +20x—13.

® Ex. 10 Number of positive integers x for which f(x) is a

prime number, is
(@)1 (b) 2
(c)3 (d)4

Sol. f(x) =(x—-1)(x* —7x+13) for f(x) to be prime atleast one of
the factors must be prime.

Therefore, x—-1=1

= x=2

or X -Tx+13=1

= X =7x+12=0

= x=3or 4
= x=234

Hence, (c) is the correct answer,

and lines x=0andy =€ s

e Ex. 9 Area of the region bounded by the curvey = ox

IIITJEE 20
‘ 05
() [In(e+1-y)dy

(@)e—1
(c)e—-I1e" dx {d)Jllnydy
0
Pexdx|=1
Sol. Shaded arca=e—(.|'”e x | =

YA
/ y=e

-
e (S "
0

Also, I:lll(c +1-y)dy
Pul etl-y=t
~dy =dt

=]
:I:lnt(—dt)= j:hndt

= I:lnydy =1

Hence, (b), (c) and (d) are the correct answers.

® Ex. 11 The function f(x) defined for R— R

(a) is one-one onto
(b) is many-one onto
(c) has 3 real roots
(d) is such that f(x,)- f(x,)< 0 where x; and x, aret
roots of f'(x)=0
Sol. f(x) is many-one as it increases and decreases, also ran
f(x) e R = many-one onto.

Hence, (b) is the correct answer.

® Ex. 12 Area enclosed by y = f(x) and the coordina

axes is
(a) 65/12 (b) 13/12
(c) 71/12 (d) None of these
1 , 65
Sol. A=|[ flx) dxl =~ :(x? =8 4 20x-13) dx =

Hence, (a) is the correct answer.
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Passage I
(Q. Nos. 13 to 15)
| Leth(x) = £(x) — g(x), where £(x)
£(X) =Inx. Let x5, xq, x,,.
in increasing order.

=sin* ntx and
-1 Xn41 be the roots of f(x) = g(x)

@ Ex. 13 The absolute area encloseqd byy = f(x) and
y = £(x) is given by

@X [ EThx B BT [y e e
r=0 r=0 " "

c Xra I3 1 Npoy
@23 [ (1 h(x) dx <<i)-2;o [ nen) da

r=0

. Sol. YT
. y = I'(x)

v e
v /
-+ ,——‘ — ——— M X

0 alr:‘ Xy ) X 52 X3 3
y = al)

Hence, (a) is the correct answer.

'@ Ex. 14 In the above question, the value of n is
: (a)1 (b) 2 (©3 (d)4
Sol. x,,, =xy =>n=2

Hence, (b) is the correct answer.

Ex. 15 The whole area bounded by y = f(x),y = g(x)

and x =0 is
n E

(l) —8_ (d) 3

(b)§ (©)2

1 11
S0/. Required area =I: sin* nxdx—Jo In xdx=?

Hence, (a) is the correct answer.

Passage III
(Q. Nos. 16 to 18)
Consider the function defined implicitly by the equation
¢’ —3y + x =0 on various intervals in the real line. If
k€ (—00,—2) U (2, %0), the equation imp{icitly defines a
bnique real-valued differentiable functiony = f (x). If
€ (~2,2), the equation implicitly defines a unique
feal-valued differentiable functiony = g(x) satisfying

1(0)=0 [IIT JEE 2008]
Ex. 16 If f(—10+/2) = 242, then F7(~10+/2) is equal to
3 V2
4v2 W2 g2 (g 2
- @ 7_’\;_: ®) -7 O @-75
L. .. y3_3y+x=0

Chap 03 Area of Bounded Regions 191

On differentiating, we get3y%y’ -3y’ =1 =0

: '= l .
T
= (-10v2)= —
y ) 1-@d) (1)
= Y(-10¥2) = ! S §

W-@V2)) 30-8) 21
Again differentiating Eq. (1), we get
v2

Y - 6)/\’
W1 -y?)
1 2
6242 (5) a2
(10y2) = e AVeE
(o) 31 -8) 7’ 3!

Hence, (b) is the correct answer.

® Ex. 17 The area of the region bounded by the curve
y = f(x), the X-axis and the line x =a and x = b, where
—m<a<h<-2is

[ X dx+bf(b)-af(a)
3N -1

b X
by-| ——— ——dx—bf(b
O~ o s Y@@

dx - bf (b) + af (a)

b x
@], SN - 1)

b X
—| ——————dx-bf(b
(d) La[{ﬂx)},_” x ~ b (b) +af (a)

b b
Sol. Required area = Lf(x) dx = [xf(x)} —fo'(x) dx
= bf(b) - af(a) + | —=

————dx
3[{f(x)}" —1]
Hence, (a) is the correct answer.

e Ex. 18 J‘_]I g’ (x)dx is equal to

(a) 28(-1) (b)o (©)-2g()  (d)2g())

Sol. 1= [ g(x) dx = (g0}l = g0)- g~V
Since, y =3y+x=0 (1)
and y = g(x)
Since, {g(x)) -3g(x)+x=0 [by Eq. (1))
Atx=1, {g()) -3g(1)+1=0 (i)

Atx=-1 {g(-1)} -3g(-1)-1=0 (i)
On adding Eqs. (1) and (ii), we get
{g0)F + {g(-1)F -3{g() + g-1)} =0
{g(1)+ g(-1)}Hg(1)* + g(-1)* - g(1)g(-1) -3} =0
= gl)+ g(-1)=0 g1) = - g-1)
= I=g1)-g-1)=g1)-(-g1) =2g0)

Hence, (d) is the correct answer.
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® Ex. 19 Find the total area bounded by the curves
2
y =cos x —cos® x andy = x? ( x2 == ]

—_—

4

Sol. Here, Y =cos x

—cos’ x and y = x? (xz - x_) could be
4
drawn as in figure.

)1
Thus, the area = ZI :iz [(cos x - cos’x) - {xz (x’ - ET)}J dx

x/2 2
=ZI cos:nr—::oszx—x"-*-n—.:r2 dx
o 4

/2
. x sin2x x° 1t2x’Tt
=2|sinx—-—-—""__"_
2 4 5 12

® Ex. 20 A curvey = f (x) passes through the point
P(1,1), the normal to the curve at P is a(y =1 +(x

the slope of the tangent at any point on the curve
tional to the ordinate of that point, determine the
of the curve. Also obtain the area bounded by the
curve and the normal to the curve at P.

Sol. Here, slope of the normal at P (x, ).

= Slope of the linea(y —1) + (x—1) = 0is - L

a
.. Slope of the tangent at P =g,

dy
_ =a
dx P
Itis given that the slope of the tangent at any point on the

curve y = f(x) is proportional to the ordinate of the point.

dy

— oc = —=

PP
. ( dy ) =\ = a=2

dx 0,1)

dy Y

—=a = —_—=

. y y a dx

=0 =0.If
is propor-
equation

Y-axis, the

Q)

- log y =ax+logc
=ce™, which passes

= . Hrough )
c=e

= Curveis y=e e = y=eboy

a3

P(1,1)

Tﬂ
1 1 1+ 1/a
~Required area = - L_.(log y+a)dy+ ]l ((1+0)-qy,

lfl

_%[y(logy—l)+ay]le_.+{(1+a)y—%y2} a

=i{(—1+a)-—e"’(—a—l)—ae'”]

® Ex. 21 Sketch the region bounded by the curvesy =x'

y=—~._

Tl Find the areq,

Sol. For intersection point, x* = 2
1+ x?

ie. X'+ x? 2=

ie. (x? +2) (x? - 1)=0

ie.

x=%t1
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| | Chap 03  Area of Bounded Regions 19
Hence, required area = 2 j (

0 T;E =x* |dy
| *+ The €quation of the tangent to the curve at the point
—Z[Ztan“’x_i] _2(n 1 (;'1)“ y-1=2("_£)
3, 2 5] !
| when y=ox="_1_pr
¢ Ex. 22 Find the area enclosed peyy,, 4z
een the curyes Now, the required area = Area of curvilinear AOPN APIN
y=log(x+e)x=log, |1 - : e
3 " and X-axis =.j0 (lnnx)dx—é NT - PN
Sol. The given curves are y = log (x 4 e) and = [log (sec x))i'* - ; (R SN l)- 1=l (Iog 2- 1)
x:log'(l):l_cta \ 4 4 2
= y=e ® N
| - ‘y y EX. 24 Find all the possible values of b > 0, so that the
Using graph transformation we can sketch the curves, (rea of the bounded region enclosed between the parabolas
2

X=-e
1 = ! > :
y=x-bx"andy = 5 s maximum.

2
Sol. Eliminating y from y = % and y = x - bx?, we get

2
x’ =bx - b*x?

= x =0,

1+0b°
4y

. 0 -
Hence, required arca=J“_‘ log(x+e)dx+Jo e *dx

=L 1og(:)dr+jo e % dx s
(putting x + e =1t) ’

- X
=[tlogt—-t]) —[e "]y =1+1=2 7 (ff_bio] \

*Ex. 23 Find the area of the region bounded by the curve

¢y =tan x, tangent drawn to c at x = /4 and the X-axis. Thus, the area enclosed between the parabolas,
Sol. The given curve is y = tan x A=J.w(1+a=) x—bx'—x—z i

d 0 b

D = sec? x

dx _Jbll+bz {x-f(“’bz ]}dx

d n o 5
(Zy) =SCC2 -4— =2
x=r/4 _ -x.i_x—"l"'bz bn+.2_1. bz
2 3 b ), 6 (1+b%)
A
" . dA
For maximum value of A, — =0
P db
g dA 1 (1+b)%-26-b22(1+b%)-2b 1 b(1-b)
But 2 "6 1+ b)) 3 (1+0b%)°
dA . :
—= =-1,0,1sinceb >0
[ ¢ Hence, o Ogives b
0 4 Y Therefore, we consider only b =1
e e o e TS Sign scheme for}—b- around b = 1 is as below
0« 1 =

From sign scheme it is clear that A is maximum.

A.lao. at
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e Ex. 25 LetC,andCy be the graphs of the function

y= xXandy =2x,0S xS 1, respectively. Let Cy bf the gragh
of a functiony = f(x)0Sx <1, £(0) =0. For a point P on Cy,
(et the lines through P parallel to the axes, meets C, and C,

ti tion of P on(C,). the
¢ Q and R respectively. If for every posi - ‘
:reas of the shaded region OPQ and ORP are equal, deter

FE 1998
mine the function f(x). [HT JEE /
2

Sol. On the curve G, 1.y = X
~ ?
Let P be (@, &e”). So, ordinate of point Q on C, is also a

Now, C; ( y = 2x) the abscissae of Qs given by - =k :
o’ .
S Qis| —. 0 and Ron Gy is {a, f(x))
2
L}

o’ s ()]
4

ﬂj u‘ v )
Now.urnofAOPQ:jn (\‘—\,\d)'fjn (V\- Z]d)

2

3

Again, area of AORP = j“ Oy~ YoMy = jn ("= f(x)) dx . (il)

Y4

(21

0 |

—ls
"

= (1,0) X
5 >
L u-/

"

C; R
Thus, from Egs. (i) and (ii), we get
2° a' e ,

S5 -5 =], =S

Differentiating both the sides w.r.t. o, we get
20’ -a’=a’ - f(a)

= f@)=o’-a® = flx)=x°-x*

® Ex. 26 Find the area of the region bounded by the
log x

curvesy =exlog x and y =
ex [UT JEE 1990]
Sol. Both the curves are defined for x > 0, Both are positive when
x> 1 and negative when 0 < x < 1.
Weknow that, lim log x — —

x=0*
Therefore, lim log x 3 -
x50 ex

Thus, Y-axis is asymptote of second curve,
and liu:’ ex log x [(0) (- =) form]
x—

e log x I
= 1 —_— -—
coor 1/x ( ,,,f‘"m)
£(1/x)

- lim =0 (using L'Hospital's rule)

x=0t (— 1/11)

Thus, the first curve starts from (0, 0) but does not
include (0, 0). Now, the given curves intersect therefore
log x

ex log x =
ex

Le (e’x* - Dlog x=0

ie x=1 - (o
¢

x> ()

Therefore, using the above results figure could be drawn as

.. Required area = -[1]/ ( log x _ ex log x )dx
e ex

[Gog x21" [ 1 -
= % l—%zL Ju._ e [IT(Zlogx -1) Jm= %

® Ex. 27 Let A, be the area bounded by the curve

y =(tan x)" and the lines x =0,y =0 and x = % - Prove that

1
forn>2,A, +A,_, = — and deduce that
1 1

<A, < .
2n+2 2n-2

Sol. First part We have, A, = J':“ (tan x)" dx

w/4

Hence, (tan x)* "2 dx

An -2 =I°
Aot A= [ (tan 07 (tant x + 1 &6
=J’:“ (tan x)" 2. sec’ xdx

Let tan x =t, so that sec? x dx = dt

1
. 1 -1 1 A
i An"'An-2=I tn-zdt=( " ) -
0 n-1/), n-
Second part 2
Since, 0Sx<m/4 .. 0<tanxS1 ¥
=

tan"*? x < tan" x < tan" "’ x A

]
r/4 1 rid | a-1gdt
\ ti‘ﬂ"”x’d:r<_|‘(‘" tan xdx< [~ tan

S A< A<A L, S A+ A, <24 <A

ernog.com
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1

<2A, < —_
n+1 n-1
Hence. the intersection points in the first quadrant is
= <A, < ! eTkaz =1
2(n+1 2(n -1\ ‘
) 2(n-1) [using Eq () - Required area =8 [Area of curvilinear AOLM]

M, - —~ i — )
; . =8| — (42 - ~Z2—=1)+ —
28 Consider a square with vertices at (1, 1) (-1 1 |2 2-1)(N2-1) j’_,.l_'.,(l 2x de

1, _1)' altld(T, -1). LetS be the region consisting of il 1 » ve iz
ints inside the square Wh_"” are nearer to the origin th =8 2@ ~22)+ ( % ] }
10 anY edge. Sketch the region S and find its areqny il ’“,"”l ) Ji-n
sol. For the points lying in the AOAB the edge AB i e x - = 1(4«/’5 -5)
the closest edge. Therefore, if the distance of 5 p“nm P- Au 3
(lying in the AOAB) from ongin 1s less than that of s =D . Ex. 29 ;
distance from the edge x = 1 it will fall in the bish / . ) Sketch the region included between the curves
. OP < pQ x' +y! =4’ andJ|T]+ng |=JE(a>o)andﬁndits
)Y area.
Sol. The graphs| x| +|y|=aand| x|’ +|y|* =a’ are as shown
in figure
V4
(0.a)
(-a.0) 0 @0
= Jxi+yi<1i-x
= +yl<x?-2x+1 (0.-8)
2
= y'si-2x From the figure it can be concluded that when powers of | x|
Similarly, for points lying in the AOAD the side y = 1 is the and| y | both is reduced to half the straight lines get stretched
closest side and therefore the region S is determined by inside taking the shape as above.
x*<s1-2y Thus, required area = 4 [shaded area in the first quadrant]
. 2
Since, the edges are symmetric about the origin. Hem:lz._bybc'lhtthe MRS j * o - V3 de }
above inequality and by symmetry, the required area will 7 o
portion in the figure given below (since in 1st quadrant x, y > 0), hence
4 /’,,, Jxl+[yl=va=Vx+|y=+a

= y=(s/a_—~/;)z

~
_—————————

i

]

]

] ~

: l", ‘ ‘\- (—a' 0)
r

X x[2 +| % =8

1 +Jivi =]

Ix]+lyl=2a

ersect each (0,-a)

Now, when the curves y’ =1 ~2xandy =x int

x*=1-2x = x3+zx-x=° i ho il Hm;riquirdmum—(u 9 a

= I“—'Jz-_l-‘-‘(z-—l
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e Ex. 30 Show that the area included betwcen the parabo-
lasy® = 4a(x +a) andy? =4b(b—x) is (a +b)J_

Sol. Given parabolas are
y*=da(x+a) (i)

and y?=4b (b - x) (i)

Solving Eqs. (i) and (ii), we get -
x=(b-a) and y=12ab

.. PandQare (b -a,2 Jab)and(b - a, -2 Jah) respechively,
and the points A and A’ are (- a, 0) and (b, 0), respectively

Y

Now, required area = Area APA" QA =2 Area APA” A
=2 [Area APMA + Area MPA' M]

=2[I:.2V'¢(a+x)dx+j:_‘Z\}b(b—x)dx]
e Jav e[ Jboxdr

b-a b
=4IJ;[§(¢+ x)m]‘. +4J5[—§(b—x)m]

b-a

; Va(b)** + 8;[5 (@)?*? =§ Jab(a + b) sq units

® Ex. 31 Determine the area of the figure bounded by two
branches of the curve(y — x)? = x* and the straight line x =1.
Sol. Given curves are (y — x)° = x°
y-x=1 xJx
y=x+x+x ()
y=x-xx ...(i)
and x=1 . (i)
Which could be drawn as; shown in figure.

AY

x
-

Hence, required area

= J"‘"x‘ +xdx)-(x-x Jx)) dx
= L: @2x x) dx

D BT 4
-ZJ"x dx-siquml

® Ex. 32 /Prove that the areas S, 5,,S;.... bounded by th
4
X-axis and half-waves of the curvey = e ™ sinfix x|
form a geometric progression with the common ratjg
LT\
g=e ‘

Sol. The curve y = ¢
points where y = Q.

sin Ix intersects the positive X-ayj, a g

¢ "Tuinfx=0

The function y = e~ ** sin Px is positive in the interval
(x2x, X2k + 1) and negative in (x,x 4 3, Xk 4+ 2), €. the sign of
function in the interval (x,, x, , 1), therefore

S, = .[,.(::a“ P a5 sin Bx dx
et won
= {%-_—(asmﬁx-t—ﬁcosﬂx)} '
a +B ufﬂ
= BC_"” a/p ll +e " uIB}
(@ +p%)
Be—(n+l)ﬂ a/p M+e" ulﬂ}
Sne1 _ (@ +B?) _o
Hencel g - S" - B t._nu afﬂ (1 + c-ﬂa,l‘l €
az + BZ

which completes the proof.

he 0
® Ex. 33 Letb#0andfor j=0,1,2....n LetS; 7 . L
of the region bounded by Y-axis and the curvex €”

ﬂ (.l +1) T S are in ‘foﬂ#

b s ys ""—b_ . Show that S,, S|.52|
ric progression. Also, find their sum fora == 1.and® !

- Wyl
Sol. Here, §, = (J+1) R/ - UHH/' ayon
ere, S, |Lm xdy Lm
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v
_ (J+1)
PR (—asinby — b ¢cos by) } /b

Ir/b

e-ull*l)ﬂlb
= ___————x(_b)(__l‘;” e Unmb
2 2 -
I al+b - z(b)m'
+b
c-auﬂ)mb —am/b
=|b| ——2_2_-{-;
a +b az+b2
—am/b
— -an/b .
=|bl 7, p? le +1 =012, n
St e-alyrmib
b ———— ~an /b e~ mib
Now, | ™) b & )
a” + —— (e~ P
b a’ + b? le +)

=¢ ™" forall j=0,1,2 .. n

Hence, Sor Stv Sz s Sp are in GP with common ratio e~ ™

Fora:—landb—ﬂ we have

. en(e+1)
S;=—— =01,
i P 2
i:;:i e"‘(¢-+1)_(e+1)n PR
f =
= = ont+d T+ 1 e—1

+Ex. 34 For any real
ef+e—f —2+ef _e—l
2 7 2

bola x* - y —4x +4y —1=0. Find the area bounded by the

hyperbola and the lines joining the centre to the points

worresponding to t, and — t,.
t -t t_ -t
SoLThepointsx=2+c+e ,y=2+e

x=2+ is a point on the hyper-

is on the curve

x-2)'—(y -2*=1 or xt -yt —4x+4y-1=0

AY
o
A’ A X
C
(~,)
Q
Pﬂt(x—2)=x'(y-2)=y . o
2 2 f‘_j_’_c_——— y-_—__i__:i—-'
x*—y?*=1 and x=—"," "' 2
nded by the curve

We h‘“’e to find the area of the region bou!
~9* =1and the lines joining the centre

point () and (- 4,).

x,g,y_omthe

Mae®
y dz

“Required area =2 | Area of APCN = L

ebooks.cybernog.com
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o] 1[€r +eh ho_ et
=2| 2 el —e n dx
[2( 2 ]( 2 ]_ ' yI'ﬂl

® Ex. 35 Find the area enclosed by circle x* + y?=
parabolay = x* + x +1, the curve y =[ sin? % +cos > ]and
4
X-axis (where, [.] is the greatest integer function).
Sol. y={sm2£+cos£}
4 4
1 <sin® Xy cosi <2
4 4

for x € (-2 2]

y={sin2§+cos%]=l

0.-2)

Now, we have to find out the area enclosed by the circle

2
1 .
x’+y’=4.pnrabola(y-—%)=(x+5) ,liney =1and
X-axis. Required area is shaded area in the figure.
Hence, required area
2
=J§x1+(J§—1)x1+j:(x"+ x+1)dx+2jﬁ(1/4—-x’)dx
0 2
©  x 1 [x 2425 _1(1’)1
= - X s+ x| +2|7 4—-x"+2sin |~
=\ 1”[3 2 J_l 2 2 _Lr,

=(2J5—1)+[0 _§+%,1)]+2[(0+“)_[{1+33’E)]

2 27
=@ - 1)+ —55 J§=(_5-+
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e Ex. 36 Let f(x) =max {x*,(1- x)%, 2x(1 - x)}, where
0 < x < 1. Determine the area of the region bounded by the
curvesy = f(x), X-axis, x=0and x =1. [HT JEE 1997]
Sol. We have, f(x)=max (50— x2), 2x(1 — x)}
Graphically it could be shown as;
JP. Y
-2 o
y|= (1-%)? y :
ik E éﬁ
i ‘{.‘b L
5&\ max y =2x(1-x)
Yo,
%" %
oY/ 1\ —+X
323 7&%
%
>

For figure it is clear that maximum graph (i.e. above max graph
is considered and others are neglected).

Forxe[ﬂ.% ] ¥ <2x(1-x)s(1 - x)°

For x € x*<-x)<2x(1-x)

W |

Forx e

»

L S
Wb B | =

1-x)?<sx?<2x(1-x)

I
1
|
]

Forxe[ 1-x)<2x(1-x)<x*

s )
Hence, f(x) can be written as

(1-x)?, for0Sx<1/3
2x(1—-x), for1/3<x<2/3

x%, for2/3<x<1

flx)=

Hence, the area bounded by the curve y = f(x); X-axis and the
lines x = 0 and x =1 is given by

(V2 2/3 _ 1 5
_ju (1-x) dx+jm 2x (1 x)dx+jm(x)dx
-Es unit

27 9

® Ex. 37 Find the ratio in which the curve,
y =[-001x" —002 x*] [where, [] denotes the greatest inte-
ger function) divides the ellipse 3x* + 4y? =12.

Sol. Here, y=[-0.01x* -002 x?]
le. y=—-1,when-2<x<2
y =~ 1cut the ellipse 3x* + 4y® =12
8 W2
Atx*=— or x=%"%
3 NE)

.3

2J6/3

Required area = I 26/

f 2z
{ 12 -3x —l}dx
3 4

J3 ¢ 2ven 3 ENI
== J4 - x? dx -
2 J_zﬂn dox I-:Jin 1dx
2 2 4
=25m"1\/:+——— 6
3 3 3

® Ex. 38 Let f(x)=

-2,-3<x<0
where

x—2,0<x£3'

g(x) =min (f(| x|)+] fOA ], f(| x[) =] f(x) |}. Find the
area bounded by the curve g (x) and the X-axis between the
ordinates at x =3and x =-3.

Sol. Here, f(x)= {

-x=-2,-3<x<5<0
x—-2 0<x<3

2 -3<x<0
| flx)|={-x+2 0<x<2
x—-2 2<x%3
[-x-4,-3<Sx<0
S flxD) - flx)|={2x-4, 0<x<2
0, 2<x<3
JLY
f(x)
% 1)
-:q— (0] 2 3 X
—_ 2
Graph of f (x)
Ay
\ r Y= “XI)
-2 0 2 —>X
0.-2)

Graph of f (|x|)

ebooks.cybernog.com



Graph of |f (x|

4Y

) //?'jr"x

©.-4)
Graph of g(x)

Since, | f(x) | is always positive

g = f([ x) =~ | f(N)]

where the graphs could be drawn as shown i above figures.
From the graph, required arca

1 1 23 .
_2(1+4)x3+(2x2x4)+0=?squmts

¢ Ex. 39 Let ABC be a triangle with vertices
A=(62(V3+1),8=(42) and C =(8, 2). Let R be the region

consisting of all those points P inside A ABC which satisfy

'~ d(p,80)2max {d (P, AB),d (P, AC)}, where d (P, L) denotes
the distance of the point P from the line L. Sketch the

region R and find its area.

. Sol. It is easy to see that ABC is an equilateral triangle with side
of length 4. BD and CE are angle bisectors of angle B and C,
respectively. Any point inside the A AEC is nearer to AC
than BC and any point inside the A BDA is nearer to AB than
BC. So any point inside the quadrilateral AEGC will s?tisfy
the given condition. Hence, shaded region is the required

region, whose area is to be found, shown as in figure

A@® 23+ 1)

B (8,2
(4,2

1
Thus, required area = 2 Area of AEAG =2%3 A X 56

2
=1 4B xch=-lx4,xn_!.4,’,—2

2 3 8
- i:/..g sq unjts
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® Ex.40 Leto (0,0), A(2,0) and B (1, JL ) be the vertices
3

of‘? l‘f'ian-gle. Let R be the region consisting of all those
points P inside A OAB which satisfy
3-“)' OA) <min (d (P, OB).d (P, AB)), when ‘d’ denotes the
lsf.ann‘ from the point to the corresponding line. Sketch the

region R and find its arca 1T JEE 1997]
Sol. Let the coordinate of P be (x, y)

Equation of line OA = y = 0

Equation of line OB = 3y = x

Equation of line AB = 3y =2 - x
d(P, OA) = Distance of P from line OA =y

d(P, OB) = Distance of P from line OB = ! ﬁ‘y—:ij

2
|{1)L+ x-2|
2

d(P, AB) = Distance of P from line AB =

"
1 1

8 ()

°p

0/(0,0) A(2,0)

Given, d(P, OA) < min {d(P, OB), d(P, AB)}

y < min | Y3V =] | Y3y + x -2
2 2
3y -
By +x-2
and ysl_.y_z_x——1 i)
By -
Casel If ys.l——y;—x-|
ysx_;ﬁy,i.e.x>~ﬁy ('.'Jiy—x<0)
= @+\B)y<x
= yS(Z—Jg)x
= y € x tan 15° .. (i)
(- y=xtan15%isan acute angle bisector of ZAOB)
By +x-2|
Casell Ifysl————i————

= 2y52—x-J§y (i.e. 3y + x—2<0)

@+Pys2-x
y<-@2-P -2

y S —(tan 15°) (x - 2) .{iv)
'[:.' y =(x—2) tan 15°is an acute angle bisector of CA)

L4l
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From Eqgs. (iii) and (iv), P moves inside the triangle as shown in

figure.
" B (1 r)
rr////////f/?n, X
0|(0,0) 9
(1,0
As ZQOB = LOBQ = 15°, AOQB is an isosceles triangle

= OoC=AC= unt

1 .
Area of shaded region = area of AOQA = : (base) x (height)
= % 2) (1 tan 15°) = tan 15°
=(2 - V3) sq units

® Ex. 41 A curvey = f(x) passes through the origin and

lies entirely in the first quadrant. Through any point P(x, y)
on the curve, lines are drawn parallel to the coordinate axes.
If the curve divides the area formed by these lines and coor-
dinate axes inm:n, find f(x).
Sol. Area of (OAPB) = xy, Area of (OAPO) = I: f(t) dt

vt y=1)

“JP=ky)

Therefore, area of (OBPO) = xy - | D" £f(t) dt

According to the given condition,
- e,
[ fwyae
= nzy:(mn)jo" £(t) dt
Differentiating w.r.t. x, we get

"(XQ+Y)=(m+n)f( =
d x)—(m+ ﬂ)y,asy=f(x)

md&x_dy
= » =>: (log x) =log y - log ¢, where c is a constant.
= y =™

® Ex. 42 Find the ratio of the areas in which the curve
3
x . .
y= —[ 5 +£ ]dmdes the circle x* +y? — 4x + 2y +1=0

(where, [.] denotes the greatest integer function).

Sol. We have, x> + y* —4x+2y +1=0
or (x—2)2+(y+1)2=4
Y 4 ~fi)

*x-2)2 +(y+1)2=4
M(“.O)

N (2+3.0)

" (100 as) 0
for 0<sx<4

Now, for 0 < x < 4,

X' ox *  x
<—+ —<1 = — 4+ — |=0
100 35 100 35

So, we have to find out the ratio in which X-axis divides the

circle (i).
Now, at X-axis, y=0
So, (x-2)* =3

So, it cuts the X-axis at (2 — +/3, 0) and (2 + /3, 0).

7
Therefore, required area, A = I::[: (m ) dx

_4n-3.3
3
A _4n—3J5

Required ratio = =
AmM-A 8m+343

® Ex. 43 Area bounded by the line y = x, curve

y = f(x),( f(x) >x,V x>1) and the lines x=1,x=tIis

(t +1+2) = (1+2) for all t >1. Find f(x).

Sol. The area bounded by y = f(x) and y = x between the lines
x=land x=tis L’l ( f(x) - x) dx. But it is equal to

(t+ 1+ £2) = (1 + 2).
So, ,I'" (f(x)-x)dx=(t + h_‘_'z)_(]_'_‘/'z')

Differentiating both the sides w.r.t. t, we get

fiy-t 1+m = f(r)-1+t+ﬁ
fx) =1+ x+ ——=
;}1+x2

® Ex. 44 The area bounded by the curvey = f(X) X
and ordinates x =1and x = b is(b —1) sin (3b +4) f”d/m

Sol. We know that the area bounded by the curve y = f (x. ¥
and the ordinates x =1 and x = b is j fi(x) dx.

or

From the question; J'l f(x)dx =(b-1)sin (3b + 4
Differentiating w.r.t. b, we get
S(b)-1=3(b—1) cos (3b + 4) + sin 3b + 4)

= S(x) =3 (x — 1) cos (3x + 4) + sin (3x + 4)
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s EX. 45 Find the area of region enclosed by the ¢
oy ) ey )
o =2(a>b), the line Y =x and the pos;-

(x-y)Y (x+y)
, x- y)
ven curve — 4+ =9
ol. The gi a? b? =2is an ellipse major
and minor axes are x —y = 0and x + y = g, respectively.

The required area is shown with shaded region

Y

Instead of directly solving the problem we can solve equivalent
problem with equivalent ellipse whose axes are x = 0 and y =0

The equivalent region is shown as (OA’ B’ O) where the
2 1

equation of ellipse is Yoo
a’ b

.. Required area = Area (AOA’ A" + A"A”' B")

where, A= ab _ __ab
Jat + b Ja? + b7

22
Area AOA’ /1L'=1 s X ab . 1 ab .(1)
2 2\ a

x
\/;12+b2 'az+b2

. b
—-—sin
Zs1 a + b?
*
bi ma® a* . - b —t
=;[T—-2—Sml( a2+bz z(az+b2)

2,2 )
4 2 az+bz 2(a” + )

Hence, required area = Sum of Egs. @ and ()
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® Ex. 46 Let f(x) be a function which satisfy the equation

f.(xy) = f(x) + f(y) forall x >0,y >0 such that f’(1) = 2.
Find the area of the region bounded by the curves

Yy =f(x),y =|x* —6x? +11x —6|and x =0.

Sol. Take x=y =1 = f(1) =0

Now, y=i
- el (2) = (1)
f[ § )=f(x)+ f( % )=f(x)-f(y) )

Now, f'(!) = hlli“n [‘it!‘}t @

(=)

= "lllnu — [using Eq. (i)]

h

f(1+_)_f(]) ’
L x ) =

= lim P L=

=2 %

x

= fix)=2log x+ ¢ [since, f(1)=0=c=0]

=5 fix)=2log x
Thus, f(x)=2log xandy =| x> —6x* + 11x — 6| could be
plotted as
y y=2logx
y= -6 +11x-6|

Hence, required area
1 0
=J‘o (x> —6x* + 11x —6) dx + j__ % dy
. 3 2 !
| e e +2(e")°.
4 3 2 .

=(~1-—2+1—1—-6)—(0)+2(¢°-¢-')
4 2

1 .
=L+H_s+2=—-squmt
4 2 4

e Ex.47 Find the area of the region which contains all the

points satisfying condition| x — 2y | +| x +2y | <8 andxy 2

Sol. The liney == g— divide the xy plane in four parts
Regionl 2y — xS0 and 2y +x20

Sothat,| x -2y |+| x+2y|S8
= (x-2y)+(x+2y)<8 = 0<x<4
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Region I 2)'—x|0md2y+x20

Sothat, | x-2y|+|x+2y|<8

= —(x-2y)+(x+2y)<8 = 0sy=s2

Region Il 2y + x<0.2y —x20

Sothat |x—2y|+|x+2y|<8

= —(x-2y)—(x+2y)<8 = -4=<x=50
Regionll

2y—x20 2y+x20
er

Hgg.or\l
. 2yxs0 2y+x20

Regron |l ‘\.
yx20. 2y+x<0

\

Region IV
yx<0 2y+xs0
RegionIV 2y + x<02y-x<0
So that, [x-2y|+|[x+2y|S8=23-225y<0

Here, all the paints lie in the rectangle.

Ya

(0,120 \D

A0.0)  Blao X

.
)

Also, the hyperbola xy =2 meets the sides of the rectangle at
the points (1, 2) and (4, 1/2) in the 1st quadrant graphically.
Hence, required area

=2 (Area of rectangle ABCD - Area of ABEDA)

=2(3x2—L‘ %dx)=2(6-2log4)squnits

® Ex. 48 Consider the function

1
x=[x]—-—,if xel
f(x)= 2 , where [.] denotes the great-
0, if xel
est integer function and | is the set of integers. If
g0x) =max {x?, f(x),|x|},-2<x<2, then find the area
bounded by g(x) when—2< x < 2.

1.
Sol. Here, f(x)={x"["]"“2'- if xer

0 ifxer

1
x)—--, ifxel

_ W >
0 f xel

g(x) = max {x*, f(x).| x|}
which could be graphically expressed as

Thus,

y = Xl %\} . h ) y:sz
"~ g

B NS 74| N—

“e AT

x,-2<x<-1

-x, —1<x<-1/4

1

Clearly, g(x) =5 x+5,—l/4SxSO
x, 0x<1
x* 1<x<2

Hence, required area = j_zz g(x) dx
e -us 0 1
o) B STN IRCE T2 (x+2]dx

+J';.vrdx+J.lz 1

1\ 2\ 14 2 0 2 \! 1\ 25
3 -2 2 -1 2 2 -1/4 2 (1 3 !

units

® Ex. 49 Find the area of the region bounded by
y = f(x),y =| g(x)| and the lines x =0, x = 2, where f .§
are continuous functions satisfying

flx+y)=f0)+ fly)—8xy, V x, y €R
and  g(x +y)=g(x)+g(y)+3xy (x +y), Vx.y €R
Also, f’(0)=8 and g’(0)=-4.

Sol. Here, f(x + y) = f(x) + f(y) —8xy
Replacing x, y — 0, we get f(0) =0 - fi
+y )7
Now, f(c)= lim LEXD=S0_ ==

y—0
i T3+ S) -8y - )
»—0 y
~ fy) sxy
y=0 { y y
= lim [ £ )'Sx (using L'Hospi"
1

y—0

[
o [0
= f'(0)-8x =8 —8x (given/
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= fi(x) =8 -8x
Integrating both the sides, we get =
flx) =8x —4x? +

sec”' [—sin’ x] =sec ' (-1)=n

Thus, to find the area bounded between

As flO)=0=c=9 2
= f(x)=8x—4x2 y=x and y=n
_ (i) ie. whenx’=n or (x=- Vn to x=+n)
a5, . $x+y) E(X)+g(y)+3xy(x+y) Ji ) \VE
Replacing x, y = 0, we get g(0) = o . Required area = I "'f (% — x?) dx =(nx _x ]
Now, g(x)=lim &X*¥)-gx) v ) .
=0 - - —
’ Y =n(Jn+Jn)—1§(m/n+nJE)=.43ﬁJ§
. g(x) + g(y) + 3x? )
= lim 22°2 " SV T IX Y 4+ 3y’ - g,
y=0 y &(x) ® Ex. 51 Sketch the graph of cos ™' (4x* —3x) and find
- lim [ 8) X YOx + 3xy) the area enclosed betweeny =0,y = f(x) and x 2 -1/ 2.
y=+0 y yv o Sol. Here, f(x) = cos_‘ (‘x’ _31)
=m+3x2=—4+1x' Let x=cos® and 0<6<Snr
1 = f(x)=cos ' (4 cos’ © —3 cos 8)
- _ 2
(%)== 4+3x =cos ' (cos 39); 0<30 <In
3 — ‘ -
= g(x)=x"—4ax (as g(0) = 0] . (i) 30, 0<WSK
Points where f(x)and g(x) meets, we have = f(x)={2rn -3, m<30<2n
f(x) = g(x) or Bx—4ax’=yx'-4x 30 - 21, 21 <30 S 37
= k=ld =6 3cos™! x, 1/25x<1
4Y =l -1
=42m —-3cos  x, -—-1/2<x<1
3cos ' x-2m, —1Sx<-1/2
fix)
s SN -3/4{1-x% 1/2<x<1
Sl ‘--\}‘.." —-X f'(x) =1 3/41 -xt, -1/2<x<1/2
0 -\\ ':.,. .._...(2.0) -
-__‘ ._.> ., L _3/ l_x'_.l<x<_1,lz
S __“3: = 1/2<x<1
N ) x}—4x, xe€[-20]U(2 =) (1-x%)
ow, x)|=
& 4x - x* xe[-=-2]V(02) and f”(x)=<(1—3%.—1/2<x<112
-x
.'.Armboundedbyy=f(X)andy=|8(")|b°tW““x=°t°x=2 g
2 2 Swd — o -1<x<-1/2
=I {(8x—4x)-(4x"x)} ol | (1= x%)
[}
4 : Thus, the graph for f(x) = cos™" (4% =3x)is
=J2(x3_4x2+4x)dx=,__squn1ts us grap f(
0 3 1LY
® Ex. 50 Find the area of the region bounded by t;"’ C""’:
| . real-
y =x? andy = sec” ! (- smz x], where [] denotes the §
est integer function.
Sol. As we know, [~ sin? x] = 0 or —1. But sec™! (0) is not defined.
Y |
-1 -1/2 0 .
' !
s g 3 Thus, requisedarea = [ f(x) dx

12 - ! -1
= J'_m(zu ~3cos ™' x)dx + Im(:icos x)d
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)

x) dx

[

I
sin ' x )dx t '1I (cou
1/2
I
;E+1I cos ' xdx
112

[nnj w_ win ' x dx = 0]
2 /2

| x
=:+"|(Icoﬂlx):/2 +JI/‘I J’l ""_;dx ’

x

33 ‘
On solving, we get = . 8q units

e Ex. 52 Consider two curves y? =4a(x - \) and
x!=4a (y - A), wherea >0 and A iIs a parameter. Show that

(i) there is a single positive value of A for which the two
curves have exactly one point of intersection in the Ist
quadrant find it

(ii) there are infinitely many negative values of h for which
the two curves have exactly one point of intersection in
the 1st quadrant.

(iii) if A = — a. then find the area of the bounded by the
two curves and the axes in the Ist quadrant

Sol. The two curves are inverse of each other Hence, the two
curves always meet along the line y = x

Consider, y'=da(x-A) andputx =y
= y' —4day + 4ak =0
4 T _a)
- yoltilodh L a

Since, yisreal == a’ —ak | 0or A <a
(1) If0 < A < g, then there are two distinct values of y and

both2(a + ‘fa’ —al)and2(a - \/az —al) are positive,
i.c. both points lie in the first quadrant.

If A = a, then y =2a only, i.e. only one point of
intersection (24, 2a).

Hence, there is exactly one point of intersection in 1st

quadrant for A = a.1t is infact the points of tangency of
the two curves.

(i) fA <0 theny =2(a + \Ja’ —a))> 0 and

y=2(a-ya’ -al) <0 ie the only point of intersection

is in the first quadrant, the other in the 3rd quadrant,
Hence, there are infinitely many such valyes.

8
(0,2a)

ebooks.cybernog.com

(}i)) For A = - a, we have y’ = 4a(x + a)
* =4a(y + a)

The point of intersection in the 1st quadrant

P=((2+2vJ2)a (2 +2J2)a)

Required arca = 2 (area of AOPQ — area APQA )

of AOPQ = 24242 a* =201+ J2) a*

(24 2J2)a (2+ W/2ya [t
Ayrn(:IAf’QA-Jh ydx—-j'u [E*"]dx
y 102 2J2)a
i 1 x —a(x),:”"/z)“

4a| 3
2a

. (2 +2v2)" a® —8a’) - 2v2 a*
12a

(4J2+12) ,
= ———— |a
3

4/2 + 12
‘. Required area =2 (2 (1+ J2)t + __‘/—_ ]az

3

=g(15+8ﬁ)az

® Ex. 53 Let f(x) be continuous function given by

f(X)={ |x|<1

x? +ax+b, | x|>1
Find the area of the region in the third quadrant bounded
by the curves x =-2y

2x,

and y = f(x) lying on the left of the

line 8x +1=0. [TIT JEE 1%
Sol. Given, a continuous function f (x), given by
1LY
] 1
! 1
: |
1 1
." —»X
ARV R
MRS &
\‘\ : : ] ”I
i 1
~
| R
A R
i | :
'r2 A\ : Y q
x=-2 x=-1x=-3
2x, | x| <1

flx)=
X+ax+b | x|>1

x’+ax+b —ee<x<-1

-15x51

1<x <o

ie.  f(x)= 2x,
x*+ax+ b,

~* fis continuous,




», Itis continuous at x = — 1 apqg -1

(-1)%*+ a(-1)+ b=2(- 1)

and (1)2+a(l)+b=2(l)

= l-a+b=-2

and I+a+b=2

= —a+b=_3

and a+b=1

= b=-1 and a=)
ﬂx)={x2+2x—1, when —mcxco]

2x, when -1<y <
Now, )’=X2+2.r~1=(x+”1_2
or (y+2)=(x+1)

We need the area o{ the region in third qu
the curves @ = = 2y“, y = f(x) lying on the
gx+1=0

adrant bounded by
left of the line

= v +2)=(x+1)

Cuts the Y-axis at (0, - 1) and the X-axis at
(-1-+2,0)and (-1 + v2, 0).

Whenx=1and y =2
Solving x = —2y” and (¥ + 2) =(x + 1)*, we get
(v+2)=(-2y*+1)?

= 4y'-4y’+1-y-2=0

= 4y‘—4y'—y-1=0

For y=—14y' -4y’ -y-1=0
At y==1,x=-2

3/2
e @’ ol (_s_rEL_i;‘_
3 3 —-(1/2
Eu/z) L, 2(1/ ) _1

- . -1 of % 32 2}

4 (x+1) _(__..) -Xx

[g (..%) _x—g_- -4—21'}_z {3 2 -1
-1)}

)m_o_z }_{5“-(1)30_(__5__-4}

)m < }+ { 2 ( m )m

_ i(l 64
3\ 2
4 4 1}

- 4 4 1 +1+— " %s
N -2---ct+4" 30N 3(64) 6

{3Az~/§ 3 3 3-2V2 (

q .
=-+_3_=2_515qumts

3 3ed) 192

|
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Ex. 54 Let[x] denotes the greatest integer function.
Dzmw a rough sketch of the portions of the curves
x“=a[Jx]y andy? = 4(,fy | x that lie within the square

{xy)h<x< 4,1y < 4} Find the area of the part of the

Square that is enclosed by the two curves and the line
X + y= 3.

Sol. we have,

I<x<4 and 1<y<4y

= 1sVxs2 and 1<y <2

=[Vx] = 1and (y¥]=1forall(x, y)lying with in the square

1 Y

x+y~'3 4

Thus, x*=4[Jx)y and y2=4[\[;]x

= x? = 4y and y* = 4x when 1 < x, y < 4 which
could be plotted as;

Thus, required area

=jl2(2~f;—3+x)dx+j: (zJ’-ij—)dx

2 )? 3
402 a3 X | 4 4 o _X
3 2 . 3 12

=[h3fa-6+z]_(;-3+;)
(2-2)-(52-2)

= 162 sq units

e Ex. 55 Find all the values of the parameter a (a21) fc.:r
which the area of the figure bounded by pair of straight lines

1. . 2.
2 ——
yz—3y+2=0andrhecurvesy=[a]x ,y-z[a]x is

greatest, where [.] denotes the greatest integer function.

=la)s bolas
Sol. The curves y = [¢)x* and y = 3 [a] x* represent parabo

i i Y-axis.
hich are symmetric about o
;11: equation yi-3y+2=0 gives a pair of straight lines

y=Ly=2 which are parallel to X-axis.
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Thus, the area bounded is shown as ® Ex. 56 Find the area in the first quadrant boundeq b
[x]+[y]=n, wherene N andy =i (where,ic N v ; y

AY ; <
i . [-] denotes the greatest integer less than or equal 1o ")
= _1 2 i
y=[@lxy 2 (a] x Sol. As we know, [x]+ [y]l=n=[x]=n-[y]
\ >y =2 Wheny =0, [x]=n=>n<x<n+1
W Wheny =1, [x]=n-1=n-1<x<n-2
—>y =1 Wheny =2, [x]=n-2
&/ = n-2<x<n-1%..and so on.
0 — X Wheny =n, [x]=0 = 0<x<1
which could be shown as
From the above figure,
y=2 \ | .
R.:quiredm-ea=2J)’_1 (x; = x) dy n=1- "‘E"'%"':""“: """"""" i""': ““““
. : L e 111 R R -
2 y y ' ] \ \
-2 “_"\[‘]d" | ic | L
1 a Voo i -
- o] Vi) s ) ATTRB b
2(V2 —1) 2 ~ 2(v2-1)2 A oo
SRR 4 gy TR0 2 g JO U 0 U S U 0 S 0
‘f I e el R SRt 11| Sy O SRR
. N e e — |
.:__(\' ),(232 _1) 1 L T T S R S T L -
3 [a] A S S B S X
_1(5—\/5—%/5)_3(5—3\/5) 1 2 3 4 5 n n+i1
3 [a] 3 [a] From the above figure,
Area :ls the greatest when [a]is least, i.e. 1. =(n+ 1) area of square ABCD =(n+1)-1
Area is the greatest when [a] =1 Required area = (n + 1) sq units
Hence, a€(1,2)
i x‘": b
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< Area of Bounded R
1§ = single Option Correct T

. ADaint P(x, v) moves such that [x+y+ 1)
]dcnnu-s greatest integer f\mction) -~ [x]. (Where

and Xe€E (0 2
the area represented by all the possib] ,2), then
ssible positions .
baya - Fotonsof Py

(d) 2

11
~ : flll] [-_ —'l -} '. = 7--‘7’7
LS - S f(x) . \"—,The area bounded

byy= £, X-axis, x = ;..\‘ -] is

(l} \-:7
(©) 2

2
M lo ['
¢ 2

1 ¢ 1 ¢
5 0%y (d) R log (2)

1

(@) - loge
2

(@

3 If the length of latusrectum of ellipse
Eqx+y- N +2(x—y+3)7 =3

™
L.

and E; : 3; + ;—2 =1,(0< p <1)are equal, then area of
ellipse E,. 15

w3 ® 7

0% @7

4 The area of bounded by the curve
£ x-201727) +5|y—2017%"|<20,is

(a) 60 (b) 50
(c) 40 (d) 30

5. If the area bounded by the corvey=x’ +1,y=xand
the pair of lines x* + y° +2xy—4x—4y+3=0isK
wnits, then the area of the region bounded by the curve
y=x* +Ly=J;_—_lmd the pair of lines
(x+y-1)(x+y-3)=0,is

@)K (b) 2K
(c)% (d) None of these

. Suppose y=f(x)andy= g(x)are two functions whose
graphs intersect at the three points (0, 4),(2,2) and (4, 0)
with f(x)> g(x)for 0< x < 2and f(x)< g(x)for

Px<alf [[f(x)- g(x)]dx =10

- I: [g(x)~ f(x)) dx =5, then the area between tW0

Qurves for0< x < 2 is
()5 (®) 10
)15 (d) 20

7.

10.

11.

12,

13.

egions Exercise 1 :
YPe Questions el

Let ‘a’ be a positive constant number. Consider two
curves Cpiy=e" Cyiy = ¢ ¥ Let S be the area of the

part surrounding by C,,C, and the Y-axis, then lim L2
a-+0 a

equals
(a) 4

0 (b) 1/2

(d) 1/4

. 3 points 0(0,0), P(a,a”), Q(~b,b*)(a>0,b> 0)are on the

parabola y = x” Let S, be the area bounded by the line
PQ and the parabola and let $, be the area of the AOPQ,
the minimum value of §, /S, is

(n) 4/3 (b) 5/3

(c) 2 (d) 7/3

. Area enclosed by the graph of the functiony =1In? x -1

lying in the 4th quadrant is
Ok :
‘ o

(c)2 (e+ 1] (d) 4 (e—l)
e e

The area bounded by y =2 —|2- x| andy:ﬁis
X

4

(a) +3In3 (b)E—alnz
2 8

3 1
(c) E+ In3 (d)5+1n3
Suppose g(x)=2x+1and h(x) = 4x* +4x+5and

h(x) = ( fog)(x). The area enclosed by the graph of the
function y = f(x) and the pair of tangents drawn to it
from the origin, is

(a) 8/3 (b) 16/3
(c) 32/3 (d) None of these
The area bounded by the curves y = —J-x and

x = —/—y where x,y<0

(a) cannot be determined

(b) is 1/3

(c)is 2/3

(d) is same as that of the figure bounded by the curves
y= —x;xSOa.ndx=.J——y;y <0

y = f(x)is a function which satisfies
(i) flo)=0 (ii) f*(x) = f'(x) and (iii) f(0)=1
Then, the area bounded by the graph of y = f(x), the
lines x =0,x—1 =0and y+1=0,is
(b)e-2
E:g : -1 (de+1
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14, Area of the region enclosed between the curves

x=y’ —tand x =[y|/1-y is

(a) 1 (b) 4/3

(c)2/3 (d) 2
15. The area bounded by the curve y = xe ™"
x = ¢ where cis the x-coordinate of the curve's
inflection point, is
(a)1-3e? (b)1-2¢"
() 1-e (d) 1

16. If (a,0);a> Ois the point where the curve

yxy =0and

y =sin 2x - V3 sin x cuts the X-axis first, A is the area
bounded by this part of the curve, the origin and the
positive X -axis, then
(a)4A+8cosa =7 (b)4A +8sina=7
(c)4A-8sina =7 (dY4A -8 cosa=7

17. The curve y = ax” +bx + ¢ passes through the point (1,2)

and its tangent at origin 1s the line y = x. The area
bounded by the curve, the ordinate of the curve at
minima and the tangent line is

1 1 1 1
(a) ¥ (b) . (c) s (d) P
18. A function y = f(x) satisfies the differential equation
d
Zy =¥ = cos x —sin x, with initial condition that y is

bounded when x — o, The area enclosed by
y = f(x),y = cos x and the Y-axis in the 1st

quadrant
(1) V2 -1 (b) V2
(01 (d)1/42

19. If the area bounded between X-axis and the graph of
y=6x—3x" between the ordinates x =1 and x = ais 19

sq units, then ‘a’ can take the value

(a) 4 or -2

(b) two values are in (2,3) and one in (-1,0)
(c) two values one in (3,4) and one in (=2,-1)
(d) None of the above

20. Area bounded by y = f(x)and tangent and normal

drawn t9 it at the points with abscissae 7t and 27, where
f(x)=sin x-xis

2 2

(a) "?—1 (b)l‘z—-z
2

©% -4 @~
2 2

21, If f(x)=x—1and g(x)=|f(|xl)‘2|.thenu1eu
bounded by y = g(x) and the curve x? ~4y+g “

equal to 0
(a):uvb—S) ©) % (842 -3)
(©) S 4v2-3) (@ 42 -5)
22, LetS= {(x,y):gt}x -1 < 0},
x(3x —2)

§'={(x,y)e AxB:—1< A<1,-1< B<1),
then the area of the region enclosed by all points in

SNS’is
(a) 1 () 2
(c)3 (d) 4

23. The area of the region bounded between the curves
y=e||x|In| x[|, x* +y? =2 x| +|y|)+12 0 and X-axis
where | x|< 1, if o is the x-coordinate of the point of
intersection of curves in 1st quadrant, is

(a) 4 I:umxdx+ j;(n -1 -(x-l)’)dx]

(b) 4 J:exlnxdx+ jl"(l —1-(x- l)z)dx]

(c) 4 —j:exlnxdx+ j;(l -4y1 —(x—l)z)dx]

(d)2 j :exln xdx + j xﬂ(l - —(x_l)’)dx]

24, A point Plying inside the curve y = v2ax—x’ is movit
such that its shortest distance from the curve at any
position is greater than its distance from X-axis. The

point P enclose a region whose area is equal to
2

na® a
(3)7 (b)?

2a® In-4)
“5 (=)
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95, The manzgle formed by the normal to the curve
f(x)=x" —ax+2aat the point (2, 4) and the coordinate
:x;; h}fes in second quadrant, if its area is 2 sq units, then
(a) 2
(b) 17/4
(c)5
(d) 19/4

. 26. Let fand g be continuous function on a < x < b and set
p(x)=max{f(x). g(x)}and q(x)=mn(f(x), g(x)},
then the area bounded by the curves y = p(x),y=q(x)
and the ordinates x =aand x = bis given by

b ‘ b
(@ [ 1f(x) - gx) dx ®) [ Ip(x) - g(x) dx

b ]
(© [ (f(x) - g(x)} dx @ [ {p(x) - q(x) dx

' 27. The area bounded by the parabolay = x? —=7x +10and
X-axis equals

(a) area bounded by y = —x* + 7x —10 and X-axis

|l

Statement | and Il Type Questions

® Direction (Q. No. 30-34) For the following questions,
| choose the correct answers from the codes (a), (b), (c) and
(d) defined as follows :

(a) Statement I is true, Statement II is also true; Statement 11
is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true; Statement 11
is not the correct explanation of Statement 1

| (c) Statement I is true, Statement II is false

| (d) Statement [ is false, Statement II is true

’ ). Statement I The area of the curve y = sin? x from 0 to
" 7 will be more than that of the curve y =sin x from 0 to
.

Statement IT x* > x,if x> 1.

and y = kx +2 is least if k =0.
Statement II The area bounded by the curves
y=x?-3 and y=ke+2isVk* +20.

Chap 03 Area of Bounded Regions 209

' Area of Bounde_d Regions Exercise 2:
= More than One Option Correct Type Questions

(b) 1/6 sq units
(c) 5/6 sq units
(d) 9/2 sq units
2 2

y

28. Area bounded by the ellipse xT + o =1is equal to

(a) 67 sq units
(b) 31 sq units

(c) 12R sq units
2 2

(d) area bounded by the ellipse 59- + yT =1

29. There is a curve in which the length of the perpendicular

from the origin to tangent at any point is equal to abscissa
of that point. Then,
(a) x’ + y* =2 is one such curve

(b) y* = 4x is one such curve
(c) x* + y* = 2cx (c parameters) are such curves

(d) there are no such curves

Area of Bounded Regions Exercise 3 :

32, Statement I The area of region bounded parabola
y? =4x and x* =4yis 3;2 sq units.
Statement II The area of region bounded by parabola

y?=4ax and x*=4by is?ab.

33. statement I The area by region|x+y|+|x—y|<2is
sq units.
Statement II Area enclosed by region
| x+y|+|x —y|<2is symmetric about X-axis.

34. Statement 1 Area bounded by y = x(x—1)and
y=x(1-x)is %

Statement II Area bounded by y = f(x)and y = g(x)
j" (f(x)-g(x)) dx lis true when f(x)and g(x) lies

above X-axis. (Where a and b are intersection of
y=f(x)andy = g(x)).
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Passage I
(Q. Nos. 35 to 37)
2
. ax’ +bx+e
Ler f(x)= — - o such that y = -2 is an asymptote of the
X

cuwve y= [(x) The curve v = f(x)is symmetric about Y-axis
and its maximum values ix 4. Let h(x)= f(x) - g(x) where

S(x) =sin* nxand g(x)=log, x Let x,, X1, Y,
roots of [(x)= g(x)in increasing order

X, be the

35. Then, the absolute area enclosed by y = f(x)and
y = g(x)is given by

@3 7 Ko
r=0

® 3 [T K

r=20

©2% ]: ' (=1) - x)dx

r=0

@13 [ 1 W

r=0

36. In above inquestion the value of n, is

(a) 1 (b) 2
(©)3 (d) 4
37. The whole area bounded by y = f(x),y = g(x)x =0is
(a) 11/8 (b) 8/3
(c) 2 (d) 13/3
Passage I1

(Q. Nos. 38 to 40)
Consider the function f:(—ec,00)— (= oo, =) defined by
2
fx)= "T'_“x_+_1
x“ +ax+1
38. Which of the following is true?
(@) @+a)’ f*O)+@2-a)’ f(-1)=0
b)2-a)’ f7(1) -2 +a)’ f"(-1)=0
() fA)f(-1)=2-a)’
) fQ)f(-1)==-@2+a)’
39. Which of the following is true?
(a) f(x)is decreasing on(-1,1) and has a local minimum at
x=1
(b) f(x)is increasing on(~1,1) and has a local maximum at
x=1

,0<a<2,

(c) f(x)is increasing on(—1,1) but has neither a local
maximum nor a local minimum at x =1

(d) f(x)is decreasing on(-1,1) but has neither a local
maximum nor a local minimum at x =1

40. Let g(x) = j; if+(_:2). dt . Which of the following is trye?

(a) g’(x) is positive on (—e,0) and negative on (0,)
(b) g’(x) is negalive on (—<=,0) and positive on (0,)
(c) g’(x) change sign on both (= 0,0) and (0, )

(d) g(x) does not change sign on (—eo,ce)

Passage 111
(Q. Nos. 41 to 43)
Computing areas with parametrically represented boundaries -

If the boundary of a figure is represented by parametric
equations i.e. x=x(t), y = y(t), then the area of the figure is
evaluated by one of the three formulas

S= —j: y(6)-x'(2) dt
S=J2x(t)-y’(t)dt

lep, ’
S-Efc(xy - yx")dt

where o and B are the values of the parameter  ©’
corresponding, respectively to the beginning and the end of the
traversal of the curve corresponding to increasing ‘.

23 213
41. The area enclosed by the asteroid (E) +(Z] =1is
a a

3 3
() =a’n —ra’
4 ®) 18

3 3
() 5 Ta (d) ik
42. The area of the region bounded by an arc of the cycloid
x=a(t-sint),y=a(1-cos t)and the X-axis is
(a) 6ma® (b) 3na?
(c) 4ma® (d) None of these

2
43. Area of the loop described as x = %(6 —-t),y= !_8_(6- t)is

27 24
(a = (b) i
27 21
(c) ry (d ry
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Matching Type QuestiReglons Exercise 5:

ons

s Match the statements of Colump I with valy p
€S O

Column II.
Column |
(A) The area bounded by the curve Column 1t
y=x+sinx and its inverse function ®) 2
between the ordinates x = Otg x = Inis
4s. Then, the value of s 15
() Thearea bounded by y = x ¢ and lies @ ;
le = ], y= 01s
© The area bounded by the curves 3=y 16

(r)

and | y|= 2x is

() The Smnrll_er are included between the
curves \/[x| + /[yl = land x| + |y|=1is ¥

wh

i | —

45. Match the following :

(A)
(B)

©

(D)

Column | Column 1l

Arc::) .enclnscd by y=|x|, |x|=1 and (p) 2
y=0is

Area enclosed by the curve y = sinx, (q) 4
x=0x=mand y=0is

1f the area of the region bounded by (r) 27
vl < vand y<x+ 21s§.thenkia

cqual to

Area of the quadrilateral formed by (s) 18

tangents at the ends of latusrectum of
2

cllipse of ellipse % +—=1lis

o Area of Bounded Regions Exercise 6 :
Single Integer Answer Type Questions

46. Consider f(x)= x* —3x +2 The area bounded by
ly|=]f (Ix])], x> 1is A, then find the value of 3A +2.

47. The value of ¢ +2 for which the area of the figure
bounded by the curve y = 8x” — x; the straight lines

16 .
x =1and x = ¢ and X-axis is equal to 3 LI

3 , k-3In3
48-Theneahmdedbyy=2—|2-xl:y=mls 5

then k is equal to .........

49, The area of the AABC, coordinates of whose vertices are
A(2,0), B(4, 5) and Q(6, 3) i .conr:

- 50. A point P moves in XY-plane in such a way that

(lx|]1+[|y|]) =1, where -] denotes the_greatest mFeIger i

function. Area of the region representing all possible 0

the point Pis equal to ..o -

3. Let f:01]- [0, 1] be a function such that f (x)isa
2

ebooks.cybernog.com

52, Let f(x)=min{sin'1 x, cos”

polynomial of 2nd degree, satisfy the following
condition :

(a) f(0)=0 ;

(b) has a maximum value of-é atx=1.

If A is the area bounded by y = f(x);y = f "'(x) and the
line 2x + 2y —3=0in 1st quadrant, then the value of 24A
is equal to ..........

1 T

X, z}. x€[0,1] If area

bounded by y = f(x) and X-axis, between the lines x =0

a—X .
. Then, (a - b)is ....cceee. :
3 +1)

and x=1is

53, Let f be a real valued function satisfying

M =3, Find the are
x

f [i) = f(x)- f(y)and lim
Yy

bounded by the curve y = f(x), the Y-axis and the line
y =3 where x,y € R*.



54, Find a continuous function ‘f3
(x* - 4x7)S f(x)<(2x” - x”) such that the area
bounded by y = f(x),y = x* —4x? the Y-axis and the
line x = 1,(0< t 2)15 k times the area bounded by
y=f(x).y=2r2 — x*,Y-axis and line x =1,(0< 1 < 2)

55, Let f(1)=|t=1|=|t|[+[t+1]. ¥ e Rand
g(x)=max{f(t):x¢lfl,<x +2),V xe R Find g(x)
and the area bounded by the curve y = g(x) the X axis
and the lines x = - 3/2and x = §

56. Let f(x)=minimum (e".3/21+¢ "],05 x <1 Find the

area bounded by y = f(x). X-axis, ¥ -axis and the line
x=1

57. Find the arca bounded by y = f(x) and the curve

2 -, where [ 1s a continuous function satisfying

Yo e
the conditions f(x)- f(y)= f(xy).V x,y€ R
and f'(1)=2 f(=1

§8. Find out the area bounded by the curve
y=["" s Vi +[ T " (cos T V) dt (0< x<m/2)
y ;
and the curve satisfying the differential equation
y (x +y’ ) dx = x(y! -x) dy passmg through (4, - 2).

59. Let T be an acute triangle. Inscribe a pair R, § of
rectangles in T as shown :

R

Let A (x)denote the area of polygon X find the

maximum value (or show that no maxi i
A A unum exists), of
—AW_’ where T ranges over all triangles and R, §

over all rectangles as above,

60. Find 'the maximum area of the ellipse that can be
inscribed in an isosceles triangles of area A and having

one axis lying along the perpendicular fro
i t
of the triangles to its base. m the vertex

61. In tl';:i adjacent figure the graphs of two function
¥ = f(x)and y =sin x are given. y =sin x int
y=f(x)at A(a, f(a)); B(m,0)and (2r,0). S,
A, (i=1,23)is the area bounded by the curves y =
and y =sin x. between x=0andx=gi=1 =y=r

¥ = sinx

A' - f\.\\
— — —— — x
0 a p R\ | 2p
\'\ A]
\ y =1

between x = aand x = 7, | =2between x = and x =2x =3

If A, =1 -sina+(a- 1) cos a determine the function
f(x) Hence, determine aand A, . Also, calculate A, and A,

62. Find the area of the region bounded by curve y =25 4 14
and the curvey = b. 5" + 4, whose tangent at the point
x = 1make an angle tan ' (40 In 5)with the X -axis.

63. If the circles of the maximum area inscribed in the
region bounded by the curves y = x* — x —3and
y=3+2x — x°, then the area of region
y-x’+2x+3<0,y+x” -2x-3<0ands<0.

64. Find limit of the ratio of the area of the triangle formed

by the origin and intersection points of the parabola
y =4x* and the line y = a?, to the area between the

parabola and the line as a approaches to zero.
65. Find the area of curve enclosed by :

[x+y|+|x-y|<4|x|S1,y2{x* -2x+ 1

66. Calculate the area enclosed by the curve
4<x’+y*<2(x|+|yl).

67. Find the area enclosed by the curve [x]+ [y]=4in Ist
quadrant (where [.] denotes greatest integer function).

68. Sketch the region and find the area bounded by the
curves|y+ x|<1L|y—x|<1 and 2x% +2y*=1

69. Find the area of the region bounded by the curve,
2% | y|+2 %1 <1, with in the square formed by the
lines|x[<1/2|y|<1/2

70. Find all the values of the parameter a(a< 1) for which the
area of the figure bounded by the pair of straight inc*
y* =3y +2=0and the curvesy=[a]rz.y=5[ﬂ]xi ’
the greatest, where [.] denotes greatest integer functio®

71. Xf f(x)is positive for all positive values of X and
f(x)<0, f”(x)>0,V x e R*, prove that

AL WETSS N ErI0
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area of the region {(x,y)}€ R? :y2 f|x+3,

g(x+9)515} is equal to  [s;
5y 1 o 4 . [Single Corre;:l Option 2016]
(87 3 (c) - (d)?2

6 2 3

1+1f_
7 LctF(x)=L 62 cos’t dtfor all x € Rand

1 .
f ;[0' 5] — [0, 0°) be a continuous function. For

1| .0 o .
P [0, i} if F'(a) +21s the area of the region bounded

by x -0,y=0,¥= f(x)and x = a then f(0)is
[Integer Answer Type 2015]

74, The common tangents to the circle x? +y? =2 and the
parabola y? =8x touch the circle at the points P,Q and

the parabola at the points R, S. Then, the area

(insq units) of the quadrilateral PQORS is
[Single Correct Option 2014]
(a3 (b) 6 (c)9

(d) 15
75. The area enclosed by the curvesy = sin x + cos x and

. . n|.
y=icosx—smx|overthe interval 0,-5 is

[Single Correct Option 2014]
(b) 24242~ 1)

(a) 42 - 1)
@ 2V2(2 +1)

(©) 2(2 + 1)
76, If S be the area of the region enclosed by
y=e < ,y=0x=0and x= 1. Then,
[More than One Option
1

(b) S21-7
-

@ssF TRl

7. Letf : [-1,2] > [0, >) be 2 continuous function such that

f(x)= f(1- x) Vxe[-12 ER = [} xflxydcand s

are the area of the region bounded by ¥ = f(x)
X=- _ .

1, x = 2 and the X-axis T}[lgirrl;gle Correct Option 2011)
%/ @ R =2R, (b) R =3R () 2R =R @ 3R, = Ka
; 8. 1f the straight line x = b divide the ared enclosed by ,
y=(1- x)?,y=0and x =0into two p:rts Ry(0% "jﬂi
and R,(b< x < 1) such that R-R=7 Then. b ¢4

to [smglo Corre

Correct 2012]

(a)szl
(4

(sl( _1_)
c) S4I+JE

3
(a) - b) ! 9! i
3 ()2 ()3 (d)‘.

79. Area of the region bounded by the curve y = ¢” and
lines x =0and y = ¢ is [More than One Option Correct 2009]

(b) [(n(e+1-y)dy

(d) [ in ydy

(a) e-1
(c) E-J;t'dx

80. The area of the region between the curves

1+sin x 1—si
y= J'k 2~ and y= ——-Elﬂi and boundzd bY the
CcOSs X

cos X

lines x =0 mdx:ﬁjs
4

J2 -1 {
(a) d ——
ID (1+'2) h_tZ ! (b)IO (14",2)11_‘24‘

Jz 41 t

dt (d) dt
I" (1+r’)131—:2

241 4t

(c)
I" (1+t2)Jl-fz

= Directions (Q. Nos. 81 to 83) Consider the function
defined implicity by the equation y? -3y+x =0 o
various intervals in the real line. If x € (=0, —2) (2, =
the equation implicitly defines a unique real-value
differentiable function y = fx).1fxe(- 2, 2), the equatic
implicitly defines a unique real-valued differents

function y = g (x), satisfying g (0) = 0.

[Passage Based Questions 204
81. If f(—1072) =2 3. then f” (- 10+/2)is equal to
42 42
(a) 73—1 (b) - 72;
4~2 2
(C) —;3—3— (d) 713

82. The area of the region bounded by the curvey = f (x

the X-axis and the lines x =4 and x = b, where

_-oo<a<b<—2is

b b ¢ b b) -
(a) LW‘{]’JX'* f (b) af(a)

L. m—— () - af(a)
ORg leryre gy 4
b ol dx — bf(b) + af(a)
© |, sieor -1 f
X —d — bf(b) + af(@)
@[3 -0 *

g [ g i

(a) z‘(_ 1) (b) 0 (d) 28“)

(c) - 25(1)

ebooks.cybernog.com



214 Textbook of Integral Calculus

(ii) JEE Main & AIEEE

84. The area (in sq. units) of the region
{(x,y): x20x+y<3 x* Sdy}andy <1+ Vx}is

5 59 3 B
@) ®) = () @3

[2017 JEE Main)

85. The area (in sq units) of the region {(x, y): y* > 2x and
x? +yt <4x, x20y20is [2016 JEE Main]

8

(a)n_s (b)ﬂ—;
2 r_n2
(C)R—T (d)Z 3

86. The area (in sq units) of the region described by
{(x.y):y* <2xandy2 4x - 1}is [2015 JEE Main]

7 5
15 9
(0 a (d) 3—2

87. The area (in sq units) of the quadrilateral formed by the

tangents at the end points of the latusrectum to the

2 2

. y .
ellipse X+~ _ s
9 5 [2015 JEE Main]

27
(a) " (b) 18

(c) ? d) 27

88. The area of the region described by
A={(xy):x* +y’ <landy? <1 - x}is [2014 JEE Main]

T2 T 2
€273 @743

89. The area (in $q units) bounded by the curves y=+x,

2y — x +3=0, X-axis and lying in the first quadrant is
[2013 JEE Main]

(a) 9
(c) 18

(b) 36
@ Z
4

90. The area bounded between the Parabolas x? _ ¥
4

[2012 Mg

x? = 9y and the straight line y = 2 s

_ I
(a) 2042 (b) 102

2042
3

(c) (d) 1042

91. The area of the region enclosed by the curves Y=y
x=ey= 1 and the positive X-axis is

x . 12011 g

(a) 1 sq unit (b) 554 units

5
(c) 3 sq units (d) % sq unit

92. The area bounded by the curves y = cos x and ¥ =sin;

between the ordinates x =0 and x = 3—“ is
2 [2010 A
(a) (4v2 —2) sq units (b) (4v2 +2) sq units

(c) (4v2 1) sq units (d) (42 + 1) sq units

93. The area of the region bounded by the parabola
(y-2)% =x -1, the tangent to the parabola at the point
(2 3) and the X-axis is [2009 AlEE
(a) 6 sq units
(c) 12 sq units

(b) 9 sq units
(d) 3 sq units
94. The area of the Plane region bounded by the curves

x+2y? =0and x+3y% =1is equal to [2008 AJEE
5 . 1
(a) 3 54 units (b) ;5 unit

2 . 4
(c) 3 59 unit (d) 34 units
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grercise for Session 1

4. :‘_sq uﬂits
3
1 §62 sq units

3
10. 3+16 log2 sq units

2 ﬁ $q units
15

28 ‘
S. ) q units

8. 2z sq units

gxercise for Session 2

L@ 2@ 3. (c) 4. (d)

6 7T (a) 8. (a) 9. (¢)
i@ 12.0)  13@) 14
16. (8 17 (c) 18. (a) 19. (a)
Chapter Exercises

L 20 3.(b 4. (0)
6. T 8. (a) 9. (b)
1. o) 12.(» 13. (¢) 14. (d)
16. (3 17.(a) 18.(a)  19.(c)
i (@) 22.(b) 23.(d)  24.(c)
2%. (3, b, d) 27.(a,d) 28.(a,d)
30, (d) 31.(c) 32.(d) 33.(b)
3. () 36.(b) 37.(a)  38.(a)
4§, b) 41.(c) 42. (b) 43. (a)

4 _
3 $q units

56
6 9" sq units

28
9. 3 8¢ unitsy

5. (a)
10. (b)
15. (b)
20. (b)

5. (b)
10. (b)
15. (a)
20. (b)
25. (b, )
29. (a, ¢)
34.(c)
39. (a)

“. (A)> ) B) > (); (O = (1) D)= ()
8. (A)- (p); (B) = (@) (O = (1); @)= ()

6.(7) 47.(1) 48.4) 49.(7)
5. (8) 51.(5) 52. (3)
3. 3 esq units 54'f(x)=k+1

1 [x‘—h}+(2k—4)x2]

T i g x5 A <
A S S e 5
e £ ;

Answers

-x-1,

xX<-5/2
4+ x-5/2<xg-2

5. g (0=
v 2, -2<xs -1
-~ l<ys -1/2
Ly, x> 1/2

)
and arca = 0! 8q unity

S6. [ 2+ lug( Ijﬁ )~ L }sq units
§7.( n-2 8
. 3 8qQ units

9. Required maximum ratio =

w |

60, (A)y, = ¥ ™

$q units
6. A\ =1-snlAd,=n~I-sinl, 4, =3n-2

4
62. 4logs| ¢ |sq units
85(27)‘1

63. 4(%—41: )squnits

64. > 65. 2 sq units
2
66. 8 sq units 67. 5 sq units

68. (2—%)squmts

6. 4 (1—2‘”5-11\qu15
log 2

70. a€ll,2) 72. (¢) 73.(3) 74.(d)

. (b,d) 77.(c) 78. (b) 79. (b,c,d) 80. (b)
;g ?Z)) 83. (d) 84.(b)  85.(d)  86.(d)
88. () 89.(0) 90. (b) 91.(a) 92.(b)
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4
Sll.} ( 3—“) 8q units
8\ 16

75. (b)

81. (b)
87. (a)
93.(d)
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x _ ja-x Chap 03 Area of Bounded Regions 217
7, Solving. & =€, We get e™r < o0

4 X >,
YT Y = X y "‘c"“lhs and 0 < x <1,y is decreasing
= 2
\ U”(lnx l)dxl

| [ln"x dx - ! ax

___-,(_)_ *\bx | tx g, -2’ ['“7’5) xdx—(c—lz)\
e

=(e% + 1) — (2 2
(C l) (e + e‘ )ztd _zegtl + lu(t"l ~ l)]

S B ealz_l 2‘_' !""2--] 2
a’ a 4\ a/2 -

A )

im— =1 w0 y={2-(2—x).ifxsz=x [xif xs2
—0a" 4 2-(x - x22=4-x |4-xif x22
2 2 3
a — R -
8. mo =" =a—b equation of PQ Also, y = E‘tfno
- =if
Q(-b.b7) oifx<o
Y4
P(a.a% 31
2-._
0 3/2
,_al=b? : ‘
y—-a' = b (x—a) or y—-a‘=(a-b)(x-a) ST 3 \
y=a’+xia-b)—a’+ab y=x y = 4-x
=(¢:—b)x+ab Az Iz (x__) +j:((4—x)—1)dx
S = I_b((a-b)x+ ab - x?) dx 2 x
[«
3 . = x_ 3ln x 4x-—-3Inx
which simplifies to (a :b) . (i) 9 ]‘ l 2 )
a a1 . ={2-3In -—31n ):‘\+[12—%—3h13—(8—2—h12)}
Also, .‘i,:1 -b b1 =1[ab"+azb]=-2'ab(a+b) (1) ) -
0 0 1 4 7 -3In2+3In3- 3]n2+5—31n3+3ln2"?—3h12
Sl _(a+b)3 2 _(a+b)z 1r£+ +2 11. legn’ g(x)—-2x+1,h(x)=(2x+1)3+4
S, 6 ab(a+b) 3ab 3Lb 4 Now, h(x) = f&(x)]
5 4 @x+1)*+4=flx+1)
AP
b y=in?y 1 yr=m_o = x=1
x
YA
] /
01 lle ‘
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Let 2x+1=t = fiy=1*+4
flx)=x"+4
Solving, y=mx and y=x"+4
x2-mx+4=0
put D=0; m'=16 = m=%4

Tangents are y = 4xand y = —4x 2
2 2
A=zja[(x2+4)~4x]dx=2I0(x”‘2) dx
2
2 3 16 .
=1%(x-2 = — sq units
[3(:( ):L 3 q

12. y=—/-x = y? = —x, where x and y both negative

—y = x*=-y, wherexandy both negative

x=-
Yh
._\\
Jo ox
x= §
\
\‘.
h— ‘\‘\
y = -Vx
Since, A= M here,a=b = 1
3 4
. A=l
. 3
13. ) =1
f(x)
Integrating, In f'(x)=x+C, f(0)=1=C=0

Y

b

/

ol Al
,////////,

f(x)=e"f(x)=e*+k f0)=0 = k=-1
fr)=e* -1

Area=J':(e'-l +1)dx=[e"y =e—1
14. A =2J':[y,/1 -y -y -1)ldy=2

3 y+1=0

Y
1
X =|}/|‘J1—yE
(-1.0) o —>X
- | X = f_“

18. y=x"

yee -xe " =(1-x)* inereasing for x < 1

(i)

Yy = —e* —[e*—xe*]= e [-1-1+x) =(x-2)e*

For point of inflectiony” =0 = x=2
__2-1: ___—12_2_‘ -
A —ont’ dx =[—xe "]+ Ioe =(=2¢ 2)‘(("):
=—2el-(el-1)=1-€?-2e7 =13,
16. (a, 0) lies on the given curve
0 =sin2a—+3sina = sina=0orcosa =1/3
n :
= a= p (as @ > 0 and the first point of Intersection
with positive X-axis)

and A = J:’s(sian—\/i sin x) dx = (- c0822x + \ﬁcosx)

1 3 1 7 7
“(-2+2|-[-2+V3|==-B=--2
( 4 z) ( 2 ) 4 Pt

= 4A+8cosa=7

/4

17. x=1;y =2
2=a+b+c
x=0y=0 =¢c=0 =a+b=2
A
1
2 o
3 0 4
d
NOW.—y =2ax+b=1
dx |(g,9)
b=1,a=1

Hence, the curve is y = x* + x
0
A=j (% + x-x)dx=j°l(x2) dx = - sq units
= = 24
18. F=¢*
oye X = Ie"‘(cos x—-sinx) dx, Put—x =t

= —j e'(cos t + sinf) dt = —¢' sin t+C

ye X =¢*sinx+C

Y.

0| —+X

Sinee, y is bounded when x — = = C =0
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Yy =sinx
R/4
A.rca=jo (cosx-—sinx)dx=,ﬁ_l
2 3
Ix
_3x2)dx=——-_= -
f’. I.—J‘(bl 2 3 3x x -__._XZ(S_X)

~1(2)-1(1) = 4—2 =2 units
o =12)~1(9) =40 = 4 units
As = 13) - 1(4) = 0=(~16) = 16 units
Y,r

Ay

3
1 2 X

-1

- One value of a will lie in (3, 4).
Using symmetry, other will lie in (-2, -1).
2K )
20 Required area, A = J‘,r ((sin x = x) + 21) dx
2

=52--2squnits

o 0=l fxD=2l=llx|-1-2]=]|x[-3]|

3 -x=-3 x<-3
— <—.
(|x] =3), x( o)X= —3sx<0
=Xl =3 =3=x<3=0 gy 0sx<s
|x|-3 x23 x -3, x23
-x-3, x<-3
x+3 -3<x<0
= -x+3 0<x<3
x -3, x23
Now, x*—4y +8=0

(2+2V2, 0)
IR

For point of intersection,
x* - 4(-x+3)+8=0

= £ +4x—4=0
s -4k J16+16 _ o422

X =
2

" Point of intersection is at x = — 2 + ZJ’Z-

Chap 03 Area of Bounded Regions 219

“- Required area =2 J'o_z' sz[(_ x +3) - ("1 : 8]] dx

2 p-242(2 R RARL
:In (‘—4x—x1)dx=%{4x-2x2—%—‘[’

[

=-M12x -6 x? - xllahl\/?

=

1
6
1 -
= JUA-2 4 2V2) — (-2 4+ 242) - (-2 + 242)’)
11—24 + 2472 - 6(4 + 8 82) — (=8 + 164/2) + 24+/2 - 48]
1

='6[—24+24Ji - 72 + 482 + 56 — 4042)
1

22 - 40] =3 (4yz —5)= A (4v2 -
6[3aJ2-4o]-6(4Jz 5) 3(4J§ 5)

22. Shaded region represents S NS clearly area enclosed is 2 sq
units.

Yo

(-1,0) Ol 1/32/3 t '0;

©0.-1)
23. Required areais 2 [I:ex In x dx + I:(l —J1=(x-1)%) dx]

——————
S -~

24. y=\/ ax-x = (x-a) +y'=d’

Let P(h,k) be a point, then BP > PN
For the bounded condition BP = PN =k

AP =a-k=+(h—a) +K*

Now,
h?
=h——
= k 2a
8 |
\P \
P N
— N C@o)
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. Boundary of the regionis y = x ~ L;;
a x* 24°
Required area = 2_[0 (x— Z) dx = 5
25. f(x)=2x-a At(2,4), fi(x)=4-¢a

(x-2)

Equation of normal at (2, 4) is(y —4) = _“ —

Let point of intersection with X and Y-axes be Aand B
respectively, then
4a - 18
A=(—4a+18.0)Bi(0‘v - )
a-4
9

Since, a > 5 as
ta-18) _
(a—4)

hl
“

1
Area of triangle = i‘“ - m)(

= (4a-17)(@-5)=0

‘_

= a=5§ or .
26. Max {f(x), g(.ﬂl=%[lf(x)+x(.\-)l+lf(x)-s(x)ll
Min (£ (<), 0O} = ~[1F(0)+ €| = F(0) = g(0)]

 Area= [ [max {f(x). g(x)) - min {f(x). gx)] dx

27. Area bounded by parabola y = x* —7x+ 10 and X-axis is given

by
5 5 9 .
j’[x -7x+lmd:=L|-x +7x—10|dx=55qumts

2 2

28. Area bounded by the ellipse iz' + J!:—z =1 will be the same as
a

2 2
the area bounded by the cllipsc%+ Jl_z =1and nab
a

-~ Required area = 1t (2)(3)=67 sq units
29. OP=x

If slope is % then equation of tangent is

Y—t=%xz-(x—x)

Plx.y)

/P_/

@)

Length of perpendicular from origin to this tangent is
dy
Y-x—
x= e dx

2
1+(2)
x

30. .

31.

32.

33.

34

ebooks.cybernog.com

dyY dy\
x'li—(—y) ry‘+x'( y) w2y 4y
\ dx dx W&x

— dv = _l_‘_";vj 1
R e 2xy NOmogeneous lo;m]
2 2
x" +
2 ” Yo\- x!
dy 1-x _x-x' 2 _yt -y
oy w v 2ry

Since, option (a) 1s true (equation of circle)
1f option (a) is true (b) can't be (It is parabola).

If aption (a) is true, option (c) is also true wherec = 1.

sin® x <sinx, V xe(0,n)
Therefore, area of y = sin’x will be lesser from area of y = i,
Statement 1 is obviously true.

Hence, (d) is the correct answer,

Let the line y =kx + 2cuts y = x” =3 at x =0, and o =B, area

bounded by the curves = j:(y. -¥,) = jzl(kx +2)=(x" -3))

2 ¥
- foy =220

which clearly, shows the Statement Il is false but f(k) is leas
whenk = 0.

Hence, (c) is the correct answer.

As of region bounded by parabola y* =4xand x* = dyis

‘ 2 [4 <] 32
[ e et 2] 2
0 4 3 12 3 3 3

Hence, Statement 1 is false.
As the area enclosed by | x| + |y| < a is the area of square
(i.e., 2a%).

-.Area enclosed by| x + y| + | x — y| < 2is area of square shos

vt Yy =X
.._." " '.\‘
.J'. kN
. Ay =X

Area = 4(%»:2)(2) =8 sq units

Also, the area enclosed by | x + y| +|x—y|$21s symmet
about X-axis, Y-axis,y = xandy = —x.

.Both the Staternents are true but Statement Il
correct explanation of Statement I.

j:{f(x) — g(x)} dx | is true for all quadrants.

. Statement 11 is false.
The area bounded by y = x(x—1) andy = x(1-%)

s not the




‘o =x (1

. Areaenclosedzzjlx(l—x)dx ) 2 )
0 ‘_--‘
2 3
0
=2(1-1)=2 3-2) 1
2 3 6 -;

35. Since, absolute area

=j:' Wx) dx + [ ™

f Ix...
2.
r=10

- 36. Also, X, 4 =Xy =>n=2

—h(x) dx + J:‘ h(x) dx

(=1)"- h(x) dx

1
37. Required area = jo sin! txdx - I; log, x dx = 11

Y4

0 1%3/2 X2x x 3

—ax+1
Zrax+1
For dxfferenhanon, better write f(x) as

2ax
x)=1—-———
fix) X +ax+1

2a(x* -1)

(x? + ax +1)°
Fy=0=f1

Then, the options (b) and (d) are clim%nated.

Again, for the differentiating Eq. (i) gives

(x* +ax+1)° 2x—(x*-1)
” 2(x*+ax+1) (2x+a)
fAxy=z2a: ( x? +ax+1)*

iy 8 4a
@)= 2+ a)

1)2-a)’=0

38. f(x)=

Now, on differentiation f(x) =

-

(— f'
Combining both f*(1) (2+4)* + f"(

2_1 (1_1)(1""1)
e T e

=3,1)end nas ¢ |
s easil that f(x) decreases on( X Ao
““"j!:-luf :: ;n_ 1, b{cause the derivatives changes

from negative to positive.

d has a local

i)
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40. . - f’('l )tl
£l 1+
Now,  frer)= 2arte™ 1)

(e* + ae” +1)?

It 15 seen from the above that f'(e*) and so g'(x) is positive on
(0,) and negahve on (-, 0).

41. Clearly, x = a sin’ Ly =acos' 1,(0<t<2m)

m
§= Iu asin’t a3 sin’ t(-sin t) dt

n/2
=-3a’ x L sin't cos® t dt

L
Iz ) zisz—x Jn

= -3qa’
2)4+2+2 2x3%2%1
2
1 3 _ g
=-"na’*="na [absolute value]

42, s-= —I:"a (1 - cost)a(l - cost) dt

m
= —a’Iu (1 -2 cost+ cos’t) dt

2 14 2t
=—azj ”(1—2 cos!+[ cos D dt
0 2

a‘l

r
= -ZL [3-4cost+ cost]?

=-3na’ =3na’ [absolute value]
t 1 2 t? 1 2 3
43, x=—(6-t)==(6t—t"), y=—(©6—1t)=—(6t" -1t
x 3( ) 3( )y 8( ) 8( )

—( 1 122
Area = _[05 (6-1) (2t —13¢ )dt

=1J'°(:‘+24tz-10t’)dt— [—+8t L
g70

27
=1 [72‘-’ +1728 - 3240}= 1 _ 2 qunits
8L 5 5
44. (A) Required area = 4s
"
s = I:(x+smx)dx—qudx
2 1‘2
=n—-cosn+cos 0-— =2squnits
2 2
y=Xx
y=f()=x+sinx
y i

n
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e de=alre” =2
0

(B) Required arca =
Y4r
> X
X =-1 (o] x =1

)y’ = x' and |y|= 2x both the curve are symmetric about

Y-axis

a=x"=2x=04

Required area = 2]:(2:: -x¥dx = ?
O Vx+yl =1

Above curve is symmetric about X-axis

A
(©.1)

0 (1,0

Vyl=1-VxandVx =1- [y
= forx>0y>0 Jy =1-x

A1 dy__ 1

2fydx  2Jx
dy __|x
dx y
dy
<o
dx

Function is decreasing requi =" 1
g required area J'o(zJ; -2x) = 3
45. (A) The area = 2 unit
(B) Area enclosed = J : sin xdx =2

(C) The line y = x + 2 intersects y = x* al:x:.lamdx=2

The given region is shaded region area

1 ' 1 2
2 9
- !5 -j x’ dx =
2 ! 2
(D) Here, a* =9,b' =5b" =a’ (1 -¢%

2 4 2
2 e=— =D = -
9 3

5 2x
Equation of tangent at (2, %) is ry +2

—
N

=1

-

9
x-intercept = pe y-intercept = 3

Area=4x§x3x%=27squnits

46.

YJh
NP NN

. 1
Area is given by A =2J-“(:r"z —3x+2) dx=§

= 3A+2=3-§+2=7
47, Forc<1;j’(sx2-x5)dx=1
¢ 3

= 8 1.8 ¢ _16

3 6 3 6 6

3
= C3_§+C_ =E__8_+1=—1-z
3 6 3 3 6 6

= c=-—1 Cd
Again, for ¢ 2 1 none of the values of ¢ satisfy the requif
condition that

a2 16
Il(a" 'Is)dr=—; = c+2=1
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54.

55.

Textbook of Integral Calculus
= f(x)=3logx+c¢
Putting x=1=¢=0
= f(x)=3log x=y [say]

3
Required area = J:l xdy= J. . ¥ dy =3[ .
=3 (e — 0)=3e sq units
According to given conditions,
! 3
[11f -Gt =4 dx =k [ [l = x) = f () d
Differentiable both the sides w.rt.t, we get
f@) - -4ty =k(@t’ - Y- £(1)
or (1+k)f(t)=2kf’—kr‘+r‘—-u",

= f= E‘j-_l (t* = kt' + 2k — ) 1"}

Hence, required f is given by,
1 . ) 2
=— ~kx' +(2k-4) x
[ (x) Y+l [x ( ) x°]

fO=[t=1[=[t[+[t+1]

B 1£-1
2+t -1<ts50
2-1 o<trs1

8 t>1

= f=

Ya

5

Casel Jt+2$---l = x<—-
2

g(x)=max {f(t): x+ 1St < x+2}
=f(x+1)=—x-1,x<-5/2
1
Casell —§<x+2$0=9—i<xs—2
2

EX)=f(x+2)=4+ 1’.--5-<x_<.—2
2

CaseIll O0<x+2<1=>-2<x<-1

gx)=2
CaselV 1<x+253/2=—1<x$—1/2

E@=f(x+1)=1-x
CaseV x+2>3/2=x>~1/2

EX)=f(x+2)=24 x

-x-1, x<-5/2
4+x, -5/2<x<-3

Hence, g(x): 2, —2<x<~1
I-x,  -l<xsg-1/2
2+ x, x>-1/2

5
Now, required area = Jﬁ I (x) dx

- 1/ 5
=I W (Z)dx+I_’ (1—x)dx+j_m @+ x)dy

(oo (bt

10 8q units
4
. It 1s casy to sec that,
e, 0Sx<log(3/2)
f(x)=413/2 log(3/2)< x < log (2)

1+e", log 2) < x <1

Let A be the required area. Then,

(og ¥/2) logz 3
,1.-}0 P dx+J = dx

1
log /2 2 +j|,,!z(l+e‘)dx

log V2 , 3 2 -
= (e" )\ +z(x);*g,,z+(x—e ") log 2

3 3 3 1
(321 )+ 2 logz-tog 2]+ [1-1 —1og2s!
(1) (a2 -ton3) (1= -2

=[2+log(’;4/§)—l]squnits
fl(x)= lim f(x+h)—f(x)

h—0 h
i S +RI) - f(x)
h—0 h
_f® fUthin-fO)_f& .
x h—>0 h/ x T ox
f,(x)=2f(x) or ffix)_2
f(x) x
Yy
fix) =
2
Y=ise

1, 0) 0 (1f0)

Integrating both the sides, we get f (x) = Cx*, since
f)=1=3C=1

So, fl=x

Now, 2 — o2 ‘4 x¥-2=0
12 2 x° = x"+x

= =1 = x=#%1

Iu-.qutiredmrea=2[J.i ( - 2 - - x? ]dx]
+x

37!
1
=2|2tan”' x- 2 =2[—’E—~]
3 2 3

2
= (1! —;) 8q units
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v(x+y’)d*='0" - x)dy
“”‘. wydv +y s ayTdy - 3t gy

Ty ———

| X \‘
i d(xy
| - J) .Y 4( y ] - | _71 ¥
(xy) ¥ ) ™y oy
Y R
} | !l | ] .
| N - 4 .
| 0. a 2 2 R 0
Hence, v t2ve=o
S0, faa)=( 20"

The second equation given is

[
| (L B ]

wun N 1 ”
‘npj“‘ sin NP j” cos Nt dr

=y =1 2sinacos v+ xo2cos x(-sina)=0
So, v 1s constant.

1
Putsin X =008 X = =

N3
Hem,y:j‘: (g‘n"\‘?+ms“\ndt
i
=112L£)dr=£.§=3_“:‘ md g(x)=
v 2 2 8 16
in
So,weustﬁndﬂwambetwccn)’=f(x)-y=l_6

16 X 4/3 8
L AR + A(S) _ay+bz
'n the figure A(T) hx/2

Where h=ga + b + ¢, the altitude of T

by

y

Mmhl'hmm‘l.._ Y ¥
h

Chap 03 Area of Baunded Regions 225

-

by '

a(b+c) .
c)w b "

So. "”f‘_*r-i('i) .

A
A(T) ha 2

|
- h, (ab + a¢ ¢ be)

“v
(\.: need 1o maximicze (ab + b o ) subjlect toa + b4 c = h
© way to do this s first to Axa wo b 4 ¢ = b

Then (@b v b v ae)ma(h a) e b

and u‘ manimived when b = ¢ We now wish 1o maximise
Tahp « p subject toag ¢ 20 =« h Thin is s stralght forward

caloublug prohlew pivinga = b = ¢ = 1/1 Hence, the maximum
rato 8 2 """‘l‘fl\llrnl of T

- Lonuder a coordinate system with vertes P of the inosceles

APOR at (4, 0) and Cand Rat (0, b) and (0, -~ b) respectively

\":u 2b = ab (i)

Let the centre of ellipse be (r, 0) and the axes be of lengths, 2a
and 2 A

' !
S0, the equation of ellipse is (r-a) + O, 1

a’ P’
"1
o}
-
. *\‘ -
(@]0) 7 R
o @.0)
Alo.o)

Now, the line PQ is tangent to the ellipse. To apply condition
of tangency, let us take a new system x’ y” whose origin is at
(o, 0).
Then, x=x +aandy =y

X 2 2
So, the ellipsebecomeszz—-i- :'T=1
and the line PQ becomes X+a

r

+l’_=1

b a
which can be written as y"-’-;{-a»b(l—:)

o () ()
- ()

Now, area of ellipse=nap = Al =naP’

20
Using Eq. (i), A'=|t’u'b'(l—«d—)=f(x) (s

2
f'(x):n’b'(:u-'f:—]

2
f'(ﬂ)-o = u--“—:—- = u=-:—(€l.#0)
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61.

Textbook of Integral Calculus

] 1200
Since, f' (@) =m'b’ ( 2 ) =-2n’? =(-ve)

(ato.=a/3)
2 ZAZ
a)__2 9 2 1—?-)=Zt—— using Eq. ()]
So, f(g)‘“ 9 b( 3 27 [ustng Eq
TA_3InA

=" = —— sq units
Hence, (A)max 38 y 9

A=[" fsinx = f () dx == [eos x; ~[7 rxd
=—(cosa—1) - Ln f(x)dy=1-sina+(a~1)cosa (given)
= —cosa ~j0‘ f(x)dx=-sina+(a-1)cosa

= —J‘D" f(x)dx=-sina+acosa

a
= Io f(x)dx =sina —acosa

Differentiating w.rt. a.
fla)=cosa —(cosa—asina)=asina
f(x)=xsin x

Now, y=sinxand y = f (x)intersects at

= asina=sina =(@-1)sina=0

= a=1 [as sina = 0]
Hence, A =1-sinl

63. By the symmetry of the figure circle(s) of maximyp,
have the end point of diameter at the vertex of the t:’“"ﬂl
parabola.

1
= Radius of circle = ) X AB =

1

3
So, the area of shaded region = 4 X [ L (B+2x-xYge.!
16 !
area of circle = 4 ( —1~ —4n ) $q units

1 a 2 a’
64. Arcaofl AAOB=2x| - x—Xxa =—
2 2 2

LY
A,=L (xsinx—-sinx)dx=n-1-sin1

nel

Forx=1y=b 5"+ 4=5b+ 4

| xsin x —sin x| dx =3x -2

62.

d
and I’:a 5" log5 = SblogS=40log5 = b=8

The two curves intersects at points where
85" +4=25"+16
= 5™ -85+12=0 = x=

ic

-af2

Area= Area OCBD — _[

al2

3

axtdx=2 -
2

al2

a—

6

3 a3

= lim Area of triangle

x— 0 Area between the line and parabola
_ a’/2 3
Txm0 g /3 B 2

65. Required area= % X2 X2=2 squnits

YA
-1.2) 7 (1,2)
1.0 a0
(~1,-2) (1.-2)

logs x=logs6
Hence, the area of the given region,
log; 6 x
=g, 2 85" + 4 —(25" + 16)} dx
logs 6
= 8.5% _95% _
g2 ¢ 25% —12) dx
|85 25¢ 1%
log,s N log, 25 L §
s
_ _s‘q! + s’sk‘iﬁ
log,25  log,5 L (98s6=logs2)
5‘“!!' 8_5|.|:|g,z
a6 log, 25 leg.s
= +——-12[logs3)+ —4____16
21&;3.5 log, 5 *77 2(log, 5) (log, 5)
“log,s ‘Zlegs3=dlogye! - 4log, 25

‘
=4 1085[ }sq units
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66. Required area = 4 x [ "_(2@ —(n-2) ]:3 sq unils

(©.[2)

7N




67- 5 sq umts
Ar Y
N7
4 A/
N7/
2
1
0 1 2 4 s g
68. Area of the square ABCD =2 5q units
C
D
B>
A

. 1
Area of the circle = 1t x = % sq units,

chmedarea=(2—-12t-)squrﬁts

69. 2! %Ly +2lX-t < ..(i)
Clearly, this region is symmetrical about X and Y-axes.
Let x < 0, Eq. () gives,

2" —y+2771<1

.......................

i C. The
Clearly, bounded region in the first quadm-r;:sO/olBAg.
required area is 4 times the area of the regl

12
2" _X
Requireda.rea=4_[u (2 ~2) In2 2/

=[_“,(1—2"”)-1]"‘1““1“l
In2
70, Pair of lines y* —3y +2=0

= Linesarey =2,y =1
le  [a]=b

T — e T Y

Chap 03 Area of Bounded Regions 227

No
W, curves are y = px? andy = b x

Bounded area = 2 jl ' (xy = x) dy ]

y
- |d
\[b] "]
i J'Z J’,w_‘l____)’_."j 1
| Vb 372 Vb 352

:535((\[2 —1)y"2),’=;%(\/5 -1)(2v2 - 1)

=

~Ne
=

-
R
<_hl
= &)

Area will be maximum when b = [a] is least.
Asa 22 = [a)jgae =1 = 1Sa<2
71. Since, f’(x) <0 = f (x) is a decreasing function and also

f7 (x)>0= f(x)is concave upwards.
Hence, the graph of the function y = f (x) is as follows :

Yy

Ya

— X

1 23 45 n1n

(i
Let S, denotes the shaded area in figure (i).

S=f@+fO+..+fM= Zl fn-10)

=

rom the figure () it s clear that, 5, < |7 f (x) <

i f(,-)-f(l)(_[ln f(l')dx

rwl

=
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= z": f(r)<L" fF(x)dx+ f(1) (i)

r=1

Let S, denotes the area of the shaded region in figure (ii).
- su=(zlf(mf(z))+§(f(z)+f(a))+---
£ -1+ ()
=D+ f@Q+ FON+...+ f(a-1)+ f ()]
. “Lrwes ron
=’§ f(r)*%f(l)—éf(n) 2

From figure (ii) it is clear that:
S, > j' f(x) dx

= T FO-C W+ fm)> [ ax
r=1

= 0> @+ W o)

r=]

>Jl" f(x)dx+ 4 %f(l) (il)

From Egs. (i) and (ii), we get

SO+ [T fde< T f01<[" o) des £ )

r=1
Here, {(x.y)eszyz\/lx+3i.5y S(x+9)<15)
y 2 .,,lix+3|
{,Jx+3,whcnx2—3
y2

=
J=x-3, when x< -3
2 x+3, whenx>-3
or y° 2
-3-x,whenx<-3
Shown as
- Y
ye=—eg [JLLL~ y2=xt3
X+ -é 0 —X
Y
Also, S5y <(x+9)<15
= (x+9)25yand x <6
Shown as
rY
(0, 9/5) f=
- X
-8, 0) 0 o
———————— x=6

S AEY) e Ry 2 flx 43,5y <(x + 9) <15)

73.

74,

s a)

X=3" (a0 Ao EC30)[0D

Y’

.. Required area = Area of trapezium ABCD
— Area of ABE under Pparabol,
— Area of CDE under Pparaho],

- % (1+2)(5) - j__:\/— (x+3)dx— fj N +3) dx

— 3 1

15 |(-3-x)"] |[(x+3)"
T2 3 3
2 4 2 -3
15 2 E_z 16 15 18 3

2
=—+Z[0-1]--[8-0]==-2_2_2 _18 3
z tyl0-t=3E-0l 2 3 3 2 3 ,

Since, F'(a) + 2 is the area bounded by x = 0, Y=0y=f(x)
andx=a.

_[:f(x)dx= F'(a) + 2

Using Newton-Leibnitz formula,

fl@)=F"(a) and f(0) = F~(0) (D)
Given, Fx) = : F g cos?dt
On diﬂ‘erentjating,
F(x)= 2cosz(:v¢'2 + %J-Zx —-2cos’x-1
Again differentiating,

F'(x)=4 {cosz(xz + g) —2x cos(x2 + g) sin(x2+ —EJZJ:}

+ {4 cos x-sinx}

T n
= 4{C°52(X2 + ;) - 4x? cos(xz + %) sin(xz + ;)}

+ 2sin2x
F"(0) =4 {cosz(i)} =3
6

S(0)=3

Let equation of tangent to parabola be y = mx + 2
It also touches the circle x? + yi=2 i

7; -2
myl+m | 2

=2 = memiogo
(mz—l)(rn2+2)=o

m=t], m? = -2
So, tangents arey = X+2y=—-x-2
They intersect at(-2, g),

= m'yy?
=

= [rejected m?=-1]
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R4 |+uir3<i’ _\[1:“‘_‘"’-’ dx
80. Required aren = I ‘cm x cosx

l+uirlgr>1_:_5i’"_x
" cosx cosx
2tan | 2tan
_ 2 -
1+—— v 1 X
1+ tan” — 1+ tan
=J.nf4 R _ 2 |dx
’ 1-tan’ = 1 -tan
2
14 tan’ = 1+ lan
— i
x4 1+ tan 1 -1tan
=J' 2 ~e | dx
0 X
1-tan- 1 + tan
2
l-rmn,r Hlan
N LU 2 ge= IM ,,_“_2_ dx

0
1 —tan’

Jl — tan’ 2 X
2

! sec® X dx = dt
2 2

4t dt

Putum£ =t =
2
(1+ r’);}l -

Ju,.’j
= [}
(4]
4t dt

Ja-1
I“ (1+l');}l—t’

y3—3y+x=0
zd_y..gy_
dx  dx

o |

81. Given,

= 3y +1=0

d?y (dsz d’y
=23 Ll+ey|Z| -3"2=
y[dx’J Y\ax dx* 0
Atx=—10~2, y =242
On substituting in Eq. (i) we get
3(21/-)2'9——3-3)’ =0 = d_y=_i
Again, mbstntuhngmﬁq (ii), we get
2 z
w2 SX o) (- 1) -3 92 oo

d 2
= ZIvﬂz—ﬂ-z—
dx? (@21)?
= ﬂ_'l?f’ﬁ_—‘iﬁ
dx* (21 7137
82.

=bf) - af(@) - || f(x)m

= bf(b) - af(a) + _|' 3—*—[‘)‘_( Ty
a x

PR At
['m"dr T

-1

A=) -1]

y

=‘Ji-—}]

i)

(i)

Required area = j ydr= j f(x) dx=[f(x) x} - j £(x)x dx

]

83.

84.

85.

Letl = g(x)dx=[g0) =g -g (1)
y =3y +x=0
y=g(x)
{g(x))’ —3g(x) + x =0
Atx=1,  {g))’ —-3g1)+1=0
Atx=-1{g-1} -3g-1)-1=0
On adding Eqs. (i) and (ii), we get
(g) + (g- D) -3 {g () + g1} =0
= (g(1)+ g(- VIO + (g DY - g)gl-1) -3] =
- g) +g(-1)=0
= g1)=—g(-1)
I = g(1) - g(—1) = g(1) — {-g(1)} =2g(1)
Given equations of curves are y2 =2x, )
which is a parabola with vertex (0, 0) and axis paralle] to
X-axis.
And
which is a circle with centre (2, 0) and radius =2
On substituting y* = 2x in Eq. (ii), we get
x’+2x=4x = x*=2x

Since,

o 0
i)

- {iiy)

XZ + yz =4x --.(ﬁ)

= x=0o0orx=2
= y=0ory=%2 [using Eq. (i)
Now, the required area is the area of shaded region, i.e.

Required area = EM - [V2x dx
0
n(Z)

B[ i J‘[;‘/;l

=n——-[2f 0]= (n—g)squmts

Given region is {(x, y): y? S 2xand y 2 4x -1}
¥* < 2x represents a region inside the parabola
yz =2x
and y 2 4x — 1 represents a region to the left of the line
y=4x-1 -
The point of intersection of the curve (i) and (ii) is
(4x-1)’=2x
= 16x” + 1 —8x =2x
= 16x* —10x+1=0

=
X =

»

ISR ™
Q0 | =
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(3]
2’ and

87,
Glven, A « ((x, y): x* 4 y'<tandy’ €1 - x)

Y

e (TN
N T

by

1 al
Required area = ~nr’ + ZL:(I - yNdy = ! n(1)’ + 2(}’ - y_]
2 3

o

n o4
.’.
2 3

88. Given curves are y =Jx

=

(1)

1 and 2y - 1= .
= _l,[y_2 + y) - 1(}")' Y xyt ”.(")
=12
a2 vz 8 4
: (l ] (1 1) 1 1 S RSPt -~
=- -+1]-]-== - ’ 14 0! Y X
4{ 2 8 2 6{”5} N rpﬁ,s' E
113 3 X +—+ r - ———
:_{-+-}_1{2}=1x§_3=1 BZg X
4|2 B8 6 (8 4 8 16 132 ,A 3
. Given equation of ellipse is -3} ( 2)
Xt y? 4
rairish i) y
9 5 On solvin s. (i) and (i1), we get
g Eq ), we g
a?=9,b’=5 = a=3b=+5 2Wx -(Jx)' +3=0
b? 5 _2 - (WF) -2d% -3=0
Now, e=,[1-— = J1-—-=~
a 9 3 = Wx=-3)Wx+1)=0
’ =3 [+ Jx = 1is not possibl
Fw=(tﬂ¢,0)=(tz,0) and 2_:_5_ = \r; 3 [ ‘\[_ is not possi C]
a 3 = y =3
Y 3 3
4 . = ine — = —y?
p (0,3) .. Required arca = jn( line - curve) dy Io {@y +3)-y'}dy
3 3
-2, 5/3 =y _ _y__ - _9=
( A,), L(2, 5/3) [y +3y 3]0 949-9=9
o’ X 9. Given Two parabolas x'= Yandx*= 9y
9/2.0) 89. Gi P 4
To find The area bounded between the parabolas and the
straight liney = 2. ‘
The required area is equal to the shaded region in the drawn
figure.
-5 Y )
(Zﬂ)and 4 y= 1 2
'3 3 / y=9~%
- : \ ,
* Equation of tangent at (2, ;) is, \ y=2
), Y603,
9 4
o . {id) X
2x +3y =9 vely -
Intersects X and Y-axes at 5 0 ( The area of the shaded region (which can be very easily found
, . :
“Areq of quadrilateral = 4 x Area of AP 0Q by using integration) is twice the arca shaded in first quadrant.
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Required area =2 I:(S\/,— - g] dy =2 I:(g \/)7) dy

wP=? 20
] o

3/2 =0 3

1 <2
90. Given,y = x, X —eandy—; x20
Since,y =xand x20 = y20

~ Area to be calculated in 1 quadrant shown as
Y

Xa O ygli
0 (1. 0C (e, 0)
X e

¥
Area = -\m of AODA + Arm of DABCD

Yaxn+ J' L= +(logr\[),
-+ {log || — log 1} [ logle]=1]

3
+1=Esqum'ts

Y
and graph of y = cosx is

14

DENED
‘1“§U§2’5

n 3n/2

Nl2u

(0]

Sm/4

Required area = j' *(cos x ~sinx) dx + j (sinx - ¢
$X)dy

+le12
onsq (COBX =

linz]i.

= [sinx + cosx]}’* + [~cos x —sin x|
"/

Hlsinx + cony
= (44/2 ~2) sq units .
92. The cquation of tangent at (2, 3) to the given paraboly i

x =2y -4
Y
2.3

\x
yhv-22=(x-

. Required area = JD’ {(y-2+1-2y+ 4}dy
-2)°
= [(y 3 - yz + Sy]

1 8
=-—=-9+15+-=9 its
3 3 =9 squni

3

0

93. Given, equations of curves are x +3y* =1 -
and x+2yt=0 - (i

On solving Egs. (i) and (ii), we get

y=%tland x=-
Required =" (x -
quired area I_l(x, xz)dyl
Y
(=2, 1)
Xr— N\

BT Ay

2 -

v
=“‘_'](1 —3y2+2y2)dJ"=“.l,(l ‘J’Z)d”l

GG

o=
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equation can simply be said to be an

ifferential _ 4
A dif rivatives of an unknown function,

equation involving de ‘
For example, consider the equation

dy 4 xy =x"

dx
This is a differential equation since il involves the
derivative of the funtion y(x) which we may wish to
determine. We must first understand why and how
differnetial equations arise and why we need them
general, we can say that a differential equation describes
the behaviour of some continuously varying quantity

Scenario 1 : A Freely Falling Body

A body is release at rest from a heigh h How do we
described the motion of this body?

The height x of the body is a function of time. Since the
?
‘

acceleration of the body 1s g we have — = =g

dt
This is the differential equation describing the motion of
the body. Along with the initial condition x(0) = A, it
completely describes the motion of the body at all instants
after the body starts falling.

Scenario 2 : Radioactive disintegration
Experimental evidence shows that the rate of decay of any
ratioactive substance is proportional to the amount of the
substance present,

at all In

Session 1

dm

dt
where m is the mass of the radioactive substance and ,
function of t If we know m(0), the initial mass, we cap, use
this differential equation to determine the mass of the
substance remaining at any later time instant,

Le. == Am

Scenario 3 : Population Growth

The growth of population (of say, a biological culture) ip, ,
closed environment is dependent on the birth and death
rates The birth rate will contribute to increaseing the
population while the death rate will contribute to its
decrease Tt has been found that for low populations, the
birth rate 1s the dominant influence in population growth
and the growth rate is linearly dependent on the current
population. For high populations, there is a competition
among the population for the limited resources available,
and thus death rate becomes dominant. Also, the death rate
shows a quadratic dependence on the current population,

Thus, if N(t) represents the population at time t, the
different equation describing the population variation is of
the form

AN AN =2,N?

dt

where A, and A, are constants.
Along with the initial population N(0), this equation can
tell us the population at any later time instant.

Solution of a Differential Equation

These three examples should be sufficient for you to realise
why and how differential equations arise and why they are
important,

Fn all the three equations mentioned above, there is only
independent variable (the time ¢ in all the three cases),
Such equations are termed ordinary differential

equations. We might have equations involvi
. olving mo
one independent variable : B more than

.0
where the notation — stands for the partial derivative, je

of x

the t —_— i : ;
e .erm x would m?PIY that we differentiate the function
f with respect (o the independent variable x as the

variable (while treating the other independent variable V¥
a constant). A similar interpretation can be attached to 'a’; :

Such equations are termed partial differential

equations but we shall not be concerned with them in
this chapter.

Consider the ordinary differnetial equation
2

d
*‘r+x-dl+x2 =c
dx

The N de{ of the highest derivative present in this
g?flfl‘ahon.ls two; thus we shall call it a second order
erential equation (DE, for convenience).

The order of a DE is the order of the highest derivative
that occurs in the equation
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. Again consider the DE
The degree of the highest order deriva

: tive i : .
{wo, SO this is a DE of degree two (an In this DE s

, d order three).
The degree of a DE is the degree of the highest ord,
derivative that occurs in the equation, when al] lher
derivatives in the equation are made of free ofe
1 fractiﬂﬂa-l powers.

dy\* 2

(3—’) “14x| TV =k
dx dx?

s not of degree two. When we make this e
fractional powers, by the following rearrangement,

, 2 2 2
[_‘_’X} -1+{k-x dj)."
dx, dl’z

- two).

Finally, an n™ linear DE (degree one) is an equation of
the form

n n-1

. d"y +a d
dxn dxn—l
where the a/s and b are functions of x.

+...+a,,_1d—y+a,,y=b
dx

Thus, you can expect in general that the solution of an

n" order DE will contain n independnet arbitrary
constants.

general solution of the DE cannot be expressed in fewer
that n constants. As an example, the second order DE

—d-y— +y=0
dx?
has itg most general solution of the form
y =Acos x + Bsin x.
‘veﬁfy that this is a solution by explicit substitution).
Thus, two arbitrary and independent constants must be

telation containing only one arbitrary constant. On the

Other hand, it can be verified that the function

;:+b
y=ae

quation free of

we see that the degree of the highest order derivative will
become four. Thus, this is a DE of degree four (and order

- Solving an n'® order DE to evaluate the unknown function
will essentially consists of doing n integrations on the DE.
Each integration step will introduce an arbitrary constant.

By n independent constants, we mean to say that the most

"Mcluded i the general solution, We cannot reduce (1) to 2

Chap 04 Differential Equations 235

is a solution to the second-order DE

d’y

_2. = y

dx
but even through it (seems to) contain two arbitrary
constants, it is not the general solution to this DE. This is

because it can be reduced to a relation involving only one
arbitrary constant

b b

*
y=ae"'" =qe* e’ =ce* (wherec=a-e’)

Let us summarise what we have seen till now : the most
general solution of an n™ order DE will consist of n
orbitrary constants, conversely, from a functional relation
involving n arbitrary constants, an n'™ order DE can be
generated (we shall soon see how to do this). We are
generally interested in solutions of the DE satisfying some
particular constraints (say, some initial values). Since the
most general solution of the DE involves n arbitrary
constant, we sce that the maximum member of
independent conditions which can be imposed on a
solution of the DE is n. As a first example, consider the
functional relation

y=x% +¢,e™* +cre” (1)

This curve's equation contains two arbitrary constants; as
we vary ¢; and c¢,, we obtain different curves; those curves
constitute a family of curves. All members of this family
will satisfy the DE that we can generate from this general
relation; this DE will be second order since the relation
contains two arbitrary constants.

We now see how to generate the DE. Differentiate the
given relation twice to obtain

y’ =2x +2c,e”* +3c,e™" (2)
y” =2 + 4c,e®™ +9c,e°" ...(3)
From (1), (2) and (3), ¢, and ¢, can be eliminated to obtain
ez:c e3x xz -y
2e2* 3¢ 2x-y’
4e** 9¢°* 2-y”
1 1 x*-y
= 2 3 2x-y
4 9 2-y”

= 6-3"-18x +9y’ +8x —4y’ —4+2y" +7x" -6y =0
= y”—5y'+6uy=6x2 -10x +2 (4

This.is the required DE; it corresponds to the family of
curves given by (1). Differently put, the most general
solution of this DE is given by (1).
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As an exercise for the reader, show that the DE
corrersponding to the general equation
y=Ae +Be" +C

where A, B, C are arbitrary constants, is
ylll ._3yll +2yl :0

By expected, the three arbitrary constants cause the DE to
the third order.

I Example 1 Find the order and degree (if defined) of
| the following differential equations .

NCAMICAN ;m]‘
(.)y_1+(5;}+5'(d)\) *3‘Ld\ )

23 )
N ) ()
w(52] -2 w g -w(g

Sol. (i) The given differential equation can be rewritten as

y= !‘“ dy
d Al
=) Y oen ¥
dx

Hence, its order is 1 and degree 1.
(ii) The given differential equation can be rewritten as

LN 2 i 3
dx’ dx
Hence, its order is 3 and degree 2.

(iii) Its order is obviously 2.

Since, the given differential equation cannot be
written as a pelynomial in all the differential
coefficients, the degree of the equation is not defined.

| Example 2 Find the order and degree (if defined) of
the following differential equations :

: ,d’y _ fdy dly  (d
(1) EZ— =3 a+3 (ii) dx_z =SIﬂ[%J
(iii) Z—i=,/3x +5

Sol. (i) The given differential equation can be rewritten as

dZy 3 dy 2
&) -(2)

Hence, order is 2 and degree is 3,
(ii) The g.iven Merential equation has the order 2, Since
the given differential equation cannot be written as a.

polynomial in the differential coeffici
of the equation is not defined. cients, the degree

(iii) Its order is obviously 1 and degree 1.

Linear and Non-linear
Differential Equation

A differential equation is a linear differential equation i
is expressible in the form it
dn d" l}’ dn—'z d
a0 i’ ta, n;l ta; n':')zi+'”+a"" ‘y"‘any:
dx dx dx dx Q
where ay, a,, a;,...,a, and Q are either constants or

functions of independent vanable x.

Thus, i a differential equation when expressed in the form
of a polynomial involves the derivatives and dependent
variable in the first power and there ae no product of
these, and also the coeflicient of the various terms are
cither constants or functions of the independent Variable,
then it is said to be lincar differential equation. otherwise,
it i a non linear differential equation.

d.‘ 2 d2
The differentiable equation __y -6l LY | 4y =0, is
dx’ dx®

a non-linear differential equation, because its degree is 2,
more than one.

dx? dx
is non-linear differential equation, because differential

3 2
e.g. The differential equation, (QJ +2 (E'Z) +9y =1x,

coefficient j—y has exponent 2.
X

e.g. The differential equation (x* + y?) dx — 2xydy =0isa
non-linear differential equation, because the exponent of
dependent variable y is 2 and it involves the product of y

d
and ﬁ e.g. Consider the differential equation

d*y dy .
[EJ =5 [E;) +6y =sinx

This is a linear differential equation of order 2 and degree.

Formation of Differential Equations

If an equation in independent and dependent variables
u?volvmg some arbitrary constants is given, then a
differential equation is obtained as follows :
(i) pﬁferenﬁate the given equation w.r.t. the
independent variable (say x) as many times as the
. number of arbitrary constants in it.
(if) Eliminate the arbitrary constants.
(iii) t[’he eliminant is the required differential equation-
i.e. If we have an equation f (x, y, ¢, CpyererCn) =0
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.. o,,taini”g n arbi’tra:y constants c,, ¢
crentiating this n times, we sha]] gze’
E \(ow, AMONE th.ese n-equations and the
dln+ 1) equations, if the n arbitrary congtan,
th-"z'c"',"" Cn arg eliminated, we shall evide stl
rential equation of the nth order. For th ntly get a
- derentiation, the resulting €quation must 2:;::1:8 n
a

d,n'vati"e of the nth order.

Cg""’ cn, then by
t n-equations.

lven equation, jn

plgorithm for Formation
of Differential Equations

,StcPI Write the given equation involving independent
variable X (say), dependent variable y (say) and the
Jrbitrary constant.

step I Obtain the number of arbitrary constants in Ste
Let there be n arbitrary constants. TP
tep 10 Differentiate the relation in step I, n times with
yespect to X.

jtep IV Eliminate arbitrary consstants with the help of n
wquations involving differential coefficients obtained in
p [ and an equation 1n step L.

The equation so obtained is the desired differential
equation. The following examples will illustrate the above

procedure.

Example 3 Form the differential equation, if
y? =4a (x+b), where a,b are arbitrary constants.
Differentiating y* = 4a(x + b) w.rt. x,

dy . dy
2y — =4 .e. — =2a
3% ™ a 1ie ydx

Again, differentiating w.r.t. x, we get
2 2
g_y_ + (g_)—’) =0
dx* \dx
which is the required differential equation- Thus, the

elimination of arbitrary leads to the formation of
differential equation.

';B‘amph 4 Find the differential equition \fllose
Solution represents the family xy = d€ +be -

xy:aex +be—x

(i)

‘7’23’-pwﬁil-l-!rfi—z‘-”“ﬂ""be_lr
dx? dx

Differentiating Eq. (i) w.r.t. X, We get
x é ., y=ae’ = e TR )
dx
Differentiating Eq. (ii) w-r.t. * W€ get

237
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Using Eqs. (i) and (iii), we get
dI
x —lz +2 & =xy
Which i ¥ N
ch is the required differential equation.

! E:la:_“lﬂe 5 Find the differential equation whose
ution represents the family c (y + ¢)? = x>.

Sol. i
Differentiating ¢ (y + ¢)? = x* (i)

w : dy
egete [2(y +¢)) ol 3x” but from Eq. (i), we have

£]

dy
(y +c¢) = =3x*
Y )dx x

(y +¢)
3
- 2x _g_)iz:‘xz 2x .d_y:3
y+ce dx y+c dx
2x | d
= —[—y =y+c .. czz—xfil—y
3 [dx 3 | dx

Substituting c in Eq. (i), we get

z_x(d_y)_y 2 dyT_ s
3 \dx 3 dx
Which is the required differential equation.
I Example 6 Find the differential equation whose
solution represents the family y = ae* +be*.
Sol. y = ae** + be” (i)
Differentiating the given equation twice, we get

d 2
%Y _32¢%* 4+ be* and dy =9ge’* + be*

de
From the three equations by eliminating a and b, we obtain
d’y 4dy
X 43y=0
it dx

Remark
The order of the differential equation will be equal to number of
independent parameters and is not equal to the number of all the

parameters in the family of curves.

| Example 7 Find the order of the family of curves
y=(c + c;)e* +¢, eXtes,

er of arbitrary parameters is 4 but 'the
responding differential equation will not

be 4 as it can be rewritten as, y = (e, +¢z2t¢€y e)e’,
which is of the form y = Ae*. Hence, the corresponding

differential equation will be of order 1.

8 The differential equation of all

Sol. Here, the numb
order of the cor

| Example ' quat
non-hoi:izontal lines in a plan;a is given by
d*x
(a) ﬂ = (b) — =
dx? dy
(c ﬂ =0and 9-2—5 =0 (d)Allof these
e dy’
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Sol. The equation of the family of all non-horizontal lines in a
plane is given by,

ax+ by =1 (wherea#0) ...(i)
Differentiating w.r.t. y, we get
a-d—r+b=0 (asa#0and b€ R)
dy
Again, differentiating w.r.t. y, we get
a~‘i—21€=0 (asa#0andbe R)
dy?
= & =0 (asa=0)
::fy2

. Differential equation of all non-horizontal lines in a
2
plane is —d—: = 0. Hence, (b) is the correct answer.

| Example 9 The differential equation of all
non-vertical lines in a plane is given by

2 2
@Y -0 (b) 9 -
dx? dy

d?x d’y

(€ — = 0 and 5,7 =0 (d) All of these

Sol. The equation of the family of all non-vertical lines in a
plane is given by ax + by =1, where b#0and ae R

Differentiating both the sides w.r.t. x, we get

a+biz=0 (asb#0anda€ R)
dx
Again, differentiating both the sides w.r.t. x, we get
d2
b;x—J;=0 (asb#0anda€ R)
dZ
= -dT): = (as b #0)
. Differential equation of all non-vertical lines in a plane.
2
= Q =0
dx?

Hence, (a) is the correct answer.

I Example 10 The differential equation of all straight
lines w ' s
ori:?n, il;lch are at a constant distance p from the

@ +x1)° =p? 1+ y?) (b) (y - xy2) =p%(1+y,)?

€y —xy1)? =p? (14 y2 (d) None of these

Sol. As, we know xc0la+ysina=p

Represents the family of straight lines which are at 5 L

Constant dimnce from :ore . . -
x, we get d o080 Differentiating Eq. (i) w.r.t,

cos a +sin0'.-£z=[)
dx

1

= tana = - — or sinqg = 1
Y

and Y

cosQ = —
;i1+ylz

From Egs. (i) and (ii), we get
e
1+ ylz m
=(y-xy)’ = p’(1 +y{) is required differentia] Quatioy

Hence, (¢) is the correct answer.

“{in)

=p

! Example 11 The differential equation of 3|
radius r, is given by
@1+ ()" =rly;
@+ ()" =rly;
Sol. Equation of circle of radius r,
(x —a)* +(y = b)? = r? A
(Here, a, b are two arbitrary constants)
Differentiating Eq. (i), we get
2(x—a)+2(y-b)y, =0 i
Again, differentiating Eq. (ii), we get
1+(y=b)y, +yf =0

Circles of

() (1+ (y1)?)* =r2y3
(d) None of these

1+ 9?2
= (y-b)=- [—”‘] i
y2
Putting (y — b) in Eq. (ii), we get

_a+ Y ¥
Y2
From Eqs. (i), (iii) and (iv), we get
a+yl)? 9 aeyd? _
yi y:
1+ (1)) =r’y;
Hence, (c) is the correct answer.

(x —a) I

=

I Example 12 The differential equations of all cirles
touching the x-axis at origin is

(a) (}’2 -Xz)——- ny(ﬂ)

dx
b)(x? - y2) ¥ _
(b) {x y)dx 2xy
© (2 - y2) = [d_y)
fx Y ) =2y dx
(d) None of the above

Sol. The equation of circle touches x-axis at origin.
= (x__o)2+(y_a)1=a2

or Iz+y2—2ay=0

“=ebooks.cybernog.com
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(hx + by)y — sy (hx + by) =1

=
= (hx + by)(y — xy1) =1

hx + by =
= Y= xn
Again, differentiating w.r.t. x, we get

h+ by =- (Y, — %2 ‘2)’1)
(y =)
or h+ by, = __Ij’ﬁz_n
(v =)

From Egs. (iii) and (iv), we get

...(iii)

)= Y- Xh - x J’z

(y =)
pe Y= - x'y,

(y - xy) ~Av)
Again, differentiating both the sides wrt. x, we get

b(y - xy,

=

Exercise for Session 1

1. The differential equation of all parabolas whose axis of symmetry is along X-axis is of order.

(a2 (b)3

2. The order and degree of the differential equation of all tangent lines to the parabola x?

(a)1,2 (b)2,2

3. The degree of the differential equation g—y +3 ( dy J = x2 log d* y
dx? dx dx?

(@) 1 (b) 2

0= "N~ 3xy, ]- x"yl 3(]/ Xy, - il?lx)!;
i) (y = xy) =yt
(v
= (3xy, + x'y3)(y = xy1) =3xy, (y - xy, - x ‘y2)
Hence, (a) is the correct answer,
()1 (d) None of these
=4yis
(€)3,1 (d)4, 1
2
(c)3 (d) Not defined

4. The degree of the defferential equation satisfying the relation v1+ x2 + 1+ y? = Mx/1+ y2 -y 1+ x?)is

(a) 1 (b) 2

(€)3 (d)4

2
5. The degree of the differential equation o y (dy J = x sin f_f_{_ Is
dx? dx dx

(a)1 (b) 2 ()3 (d) Not defined
6. The differential equation of all circles touching the y-axis at origin, is
dy 2_ 2 ax 2_ 2 dy 2_ 2 dx
a -x?=2x b -x°= — c)x? -y =2y L d)x? - y% = _—
(@) y? Y o (b)y 2xydy () x* -y Y d)x* -y dey

7. The differential equation of all parabolas having their axes of symmetry coincident with the axes of x, is

@y +¥i=y+n

®)yyz +yi =0

© yy2 + ¥ = vy (d) None of these

8. The differential equation of all conlcs whose axes coincide with the coordinate axes, is

(@) xyyz + xy¥ - yy; =0
©) xyys + (X-y)yy =

O yy2+ yi -y =0
(d) None of these

9. The differential equation having y =(sin"* x)? + A(cos™ " x) + B, where A and B are arbitrary constant, is

@ (1-x3)y, - xy, =2
©(1-x)y2+xy,=0

(b) (1-x?)yz 4+ yy; =0
(d) None of these

10.

The differential equation of circles passing through the points of intersection of unit circle with centre at the
origin and the line bisecting the first quadrant, is

@y 0P+ Y2 = 1)+ (x+ yy,)=0
©@+y -9+, =0

) (a= N2+ y> -1+ (x+yy)2x-y)=0
(d) None of these
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gession 2

solving of Variable
seperable Form

solution of a Differentia| Equation

The solution of the differential €quation is a relat;
petween the variables of the equation not cl)n: ‘_‘h_nn
derivatives, but satisfying the given diﬂ”erentia;l ‘:lmg fhe
(i from which the given differentia] equation caz‘;,mon
derived). ¢

. dy _
Thus, the solution of el could be obtained by simply

integrating both the sides, i.e. y = e*+ C and that of,
2

d . _ X .
75':‘0X+qlsy—p_2- *+gx + C, where C is arbitrary

constant.

(i) A general solution or an integral of a differential
equation is a relation between the variables (not
involving the derivatives) which contains the same
number of the arbitrary constants as the order of the

differential equation. For example, a general solution
2

of the differential equation -3—; =—4xis
t

x = Acos 2t + Bsin 2t, where A and B are the
arbitrary constants.

(i) Particular solution or particular integral is that
solution of the differential equation obtained from the
general solution by assigning particular values to the
arbitrary constant in the general solution.

For example, x = 10 cot 2¢ + 5 sin 2t is a particular
2

y L dTx 4x
solution of differential equation —d;z— = ‘

| Ufferential Equations of the

4 first Order and First Degree

- this section we shall discuss the differential
. ¥hich are of first order and first degree only.

equations

ebooks.cybernog.com

A dlfferen;ial equation of first order and first degree is of
the form %Y -
2 =,

Remark

All the .

C’\Inthg differential equations, even of first order and first degree,

f(;rr:;]tfvbho S;)lved However, if they belong to any of the standard
: ICh we are going to dis

they can be solved 9 cuss, in the subsequent articles

Equations in Which the
Variables are Separable

. d
The equation ﬁ = f(x, y)is said to be in variables separable
form, if we can express it in the form f(x) dx = g(y) dy.
By integrating this, solution of the equation is obtained
which s, J‘ fix)dx={ g(y)dy+C

| Example 16 Solve
sec? x tan y dx +sec? y tan xdy =0.

Sol. Dividing the given equation by tan x tan y, we get
2 2
sec” X 4 25 4o
tan x tan y
This is variable-separable type

2 2
sec xdx+Isec ydy=C'
tan x tan y

In|tan x|+ In|tan y|=InC; whereC’'=InC
1n|tanx-tany|=lnC;(C>0)

Integrating, I

or
= |tan x -tany|=C
This is the general solution.

dy_ -y 2 ,-Y
| Example 17 Solvea)—(-e" +xte”.

x 2
.dl=e—-+f—

Sol. Here, ot
This is variable-separable form,

= ¢ dy=(x’+e’)d"
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-, Integrating both the sides,

3
X

J.e"dy=f (x* +e¥)dx = g>'=,_;+,.r +C
Which is the general solution of the given differential

equation, where C is an arbitrary constant.

dy

| Example 18 Solve ,/1Tx‘T +yl+xlyt 4+ xy -

Sol. The given differential equation can be written as
dy
dx
Vitx® dx_ ydy
X Ji+y

(1+yz)(l+x'rl = - Xy

=

This is the variable-separable form.
- Integrating both the sides, we get

FRCchypra

(e e

This is the general solution to the given differential
equation.

dy dy
Example 19 Solve y - x == T+ =
| Examp olve y xdx a(y+dx)
Sol. Rewriting the given equation as
y-ay'=(x+a) 2
dx
dy _ dx
y(1-ay) (x+a)

This is the variable-separable form.
Integrating both the sides, we get

dy ¢ dx
j‘;v(l-ﬂy)ﬂj‘(xw)

~ el

= hy--h(1-ay)+hC=ln(a+x)

=

= m((a+x)}(’1~—ay)J=ln(C)

or Cy=(a+x)(1-ay)is the general solution.

| Example 20 solve e%/dx
x=0y=3

Sol. This is an Example of particular solution,

¢(dyrim) _

=x+1

= X+1, given that whei; &

dy
=In(x +1
o (x +1)
Idy = Im (x +1)dx (integration by party
)
i.e, ylen(x+l)-f~x——dx
x+1
ie y=xIn(x+1)-x+In(x+1)+C

This is the general solution.

To find the particular solution, put x =0,y = 3 jn the
general equation

3=0-0+40+C
. =3
.+ The required particular solution is,
y=(x+1)In(x+1)-x+3

Differential Equations Reducible
to the Separable Variable Type

Sometimes differential equation of the first order cannot
be solved directly by variable separation but by some
substitution we can reduce it to a differential equation
with separable variable. “‘A differential equation of the

form :_y = f(ax + by + c) is solved by writing
X
ax +by +c=1t"

§ Example 21 Solve j—i =sin? (x + 3y)+ 5.

Sol. Let x +3y=1t, so that l+3:: dt

dx

The given differential equation becomes,

3(£-1) sin’(t)+5 =>:— 3sin’t +16

dx Ix
dt
= ————— = |dx
Iasin’:ns I
2
sec” t dt
= J' 2 ;- =x+C
3tan” t + 16 sec* ¢
2
sec’ t dt
= J-'_—ZL=I+C
19 tan“ t + 16
d
= I*—zu—=x+C;wheretan!=u
19u” + 16
= sec? t dt = du

1
53 EI dv16=LJl_9
u? 4 28 19 4
19

1 V19
= —7-4 = {tan (—4—- tan(3y+x)J}+C

()




dy
mple 22 Solve (x+y)2 & _ ,
Exa p dx as,
(:r+y)”?=ﬂ2
X
ol o Y _at d v
put x+Y= dx " dx O lz(it—l
) dx \ dy
. Bq. () reduces t°'2{&7‘c‘1}=“2
dt _ g2 4 42
1 _=a"+1t% se .
" » Separating th i i
o € Variable apq Integrating

2
Idx=f a2t+r2 dt:.’. (“*—L]m

a’+r2

x=t—atan"(£)+p
a

g x4+
je. Xx=x+y-atan '(ﬁ.y)+(.
a

(example 23 Solve

m+3y—1)dx+(4x+6y -5)dy =0.
sd(g;+3y—l)dx+(4x +6y —5)dy =0 ()
Substitute u=2x+3y-1

_d£=2+3d_y or d_y.—l[du 2)
dx

dx dx 3
= Eq. (i) reduces to
u+(2u—3)1(£—2)=0
3 \dx

1 d
ie u—§(2u—3)+5(2u—3)‘—§=0

—ut6 1o, _3d_g
3 dx

Le.
Writing this in the variable-separable form
(2u—3)du=dx

u—=6
J-dx=J' 2u—3du
u-=6
_2_(2___6_):'—2411
(u—6)
x+C=2u+9In|u—6

x+C=2(2x+3y—1)+9m|2x+3yIZiLn
i olu .
3“‘6Jf—2+9!n|2x +3y_7|=clsthegenerals

: Remary,

ffgetimes transformation to the polar coord!
: ".w'at'oﬂ of varibales. It is convenient to rem
‘g differentials.

, rllr.t:’+yd7=rdr
& Y =d?4 e

x+C=I

nates facilitates
ember the

z.xdy—yb’ﬂ=f!‘!9_ el
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=atan”' Xty = Cis the i
ey a required general solution,
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Sol xdy -y d
A l’dx:rcose-)"rsmﬁ
0 tha xt4yt=p? )
i
tnd tan 0 = ¥

(1)
From Eq. (i), we have d(x?+ y')= d(r?)
Le, xdx +ydy=rdr

From Eq. (ii), we have 4 ( Y ) =d (tan 0)
X

..(lif)

, xdy - yd
e, = a‘t—z";: =sec’ 0 dO

e xdy-ydx=x"sec’ 0dd=r? cos’ 0 sec? O d8..(iv)
Using Eqs. (iii) and (iv) in the given equation, we get

rdr - dr

r® do e he =®

Jz_rz
r

ie, s‘m'(;)=0+C or r=asin (0 +C)

or  yx’+y’ =asin{C +tan" ! (y/x)}

It is advised to remember the results (iii) and (iv).

Homogeneous
Differential Equation

By definition, a homogeneouos function f(x, y) of degree
n satisfies the property

fOx, Ay) =X f(x,y)
For example, the functions
fl(x-Y)=x3 +Jf3
fixy)=x* +xy +y°
fo(x.9) —x% ™ +xy?
are all homogeneous functions, of degrees three, two and
three respectively (verify this assertion).

Observe that any homogeneous function f(x, y) of degree
e equivalnetly written as follows :

ren=e2) 4]

3 3
For example, fix. y)=x"+Y

)

%

ncanb
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Having seen homogeneous functions we define
homogeneous DEs as follows
Any DE of the form M(x,y) dx + N (x,y)dy =0

dy _ M(x,y) is called homogeneous if M (x, y) and
dx Nix, y)
N(x, y) are homogeneous functions of the same degree

or

What is so special about homogeneous DEs” Well 1t turns
out that they areextremely simple to solve To see how,

we express both M(x y)and N(x y) as. say v "M 4 Land
.

x"N(yJ,Thllcanbcdnnr sicne M(x, y)and N(x y)are
x

both homogeneous function of degree n Doing this
reduces our DE 10

M M
. Men,  xl__xl_p(Y)
dx N(x y) v ¥ l -\T: y L X
L x ) X
~ N
(The function P(t) stands for - —ﬂt))

N(1)

Now, the simple substitution y = vx reduces this DE to a
VS form

y=wvx
= -dl=v+1cﬂ
dx
Thus, dy =p{ l) transforms to
d "\ «x
dv
v+x—=P(v
= P(v)
= dv_ _dx

Pv)-v «x
This can now be integraed directly since it is in VS form.
Let us see some examples of solving homogeneous DEs.

Alogorithm for Solving
Homogeneous Differential Equation

StepI Put the differential equation in the form
dy _ 0(x,y)

dx  y(x,y)
- dy dv .
Step Il Puty vxanda=v+xzmtheequationin

step I and can out x from the right hand side, The
equation reduces to the form v + x v = f(v)
dx .

Step III Shift von RH S and seperate the variables jp, ,
and x.

Step IV Integrate both sides to obtain the solution i
terms of v and x

by i : o
Step V Replace v by _n the solution obtained in step v

to obtain the solution in terms of x and y.

Following examples illustrate the procedure.

| Example 25 Solve y dx + (2xy = x)dy =0

Sol yde+(2yxy - x)dy =0 i)
This 1s homogeneous type Substitute y = ux
dy —ue X du
dx dx

"~ Equation ux dx + (2 V;z u-x)(udx+ xdu)=9
be. x {udx + (2Yu =) udc+ xdu@@Ju-1)) =9
ie dx(Zu'l—u-\»u)-t-xdu(ZJ;-l):O

Separating the variables, dx + ( M-—l du=0
x | 242

Integrating both the sides ln|x|+lnlu|+%=c
u

1 ‘x
or In|xu|+—==C or In + |==C |sy=2
I Jt; lYI y [ u x]
Which is the general solution.

| Example 26 Solve (x2 + y2)dx — 2xy dy =0.

Withy=ux,d—y=u+xﬂ‘-,sothatthediﬁ'ercntial
dx dx

equation becomes

du 1(1 ]
U+x—==|=-+4uy

de 2\u
2
= xdu=1+u o
dx 2u
2
= xdu=1—u
dx 2u
2u dx
= du=| —
fomd=] =
= —log|1-u?|=log|x|-log|C]|
= x(1-u)=C
y
= xz—yz___c (u:;]
X

Hence, x* - y? = xC, is the required solution.
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2dy 2
le 27 Solve Y .y
(Examp x-St
X

gl The above equation is homogeneous so that w

2[u+xdu 2 Pty = ux.
= de | " ¥t :2u+2x§£=u+ ,
dx u
inti- d
= dx—u Tu=s Tu—=£

= -[uildu_fid"zéf%

log|u—1|—log|u|=1
= log| [ glul 2l°g|x|+10gi(‘|

u-1 .
= log - |=log|c4x|
u-1
= - - X
= " =CJx = yy =Cx
= y-x=C+x-y

Which is the required solution.

|Example 28 Solve
1+2e*Y)dx+2 XY (1-x/y)dy =0.

sol. The appearance of x / y in the equation suggests the
substitution x = vy or dx =v dy +y do.
.. The given equation is
(1+2¢")(vdy+ydv)+2¢ (1-v)dy=0

ie. y(l+2¢")dv+(v+2e")dy=0
ie. 1+2¢" 4, 9 o
v+2e’ y
1+2¢" dy
Integrating, dv+]| —=0
S Iv+2c" '[ y

log|v+2e"|+log|}'|=108|c‘

= (v+2e’)y=C

= (-’5+2e’”")y=c
y
= (x +2ye

IEW“PIe 29 Show that any equation of the form

y flxy)dx+x goy)dy =0

separable form by substi-

:’”" be converted to variable
g xy =y

x/¥)=C,is required solution.
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Sol. Since v
¢ Xy = N = -
| v,y . andd(xyjzdv
e xdy + ydx = dy
and dy-.-d(!.]:'rd""‘dl
x ) 2
Le. Idy=dv-idz

x

v
}“”"‘“s(v:[dv-fdx =0
x|

{
|

vifvi-g(v)

2oetl
dx  g(vdv _
x vif(v)-glv)

Which is in variables separable form.

dx*g(%‘jdv:f)

Reducible to Homogeneous Form
Type |

Many a times, the DE specified may not be homogeneous
but some suibtale manipulation might reduce it to 2
homogeneous form. Generally, such equations involve a
function of a rational expression whose numerator and
denominator are linear functions of the variable, ie., of

the form
dy _ f(sr_ﬂ’w_ﬂ_} )
dx dec +cy+f

Note that the presence of the constant ¢ and f causes this
DE to be non-homogeneous.
To make it homogeneous, we use the substitutions
x—>X+h
y—oY+k
and select h and k so that
ah + bk +c=0} @
dh+ek+ f=0

Thiscanalwaysbedone(if%#%]ATheRHSofdeEm

_ M’:L’(Xﬁ_“i}
mnowreducestO—-f(d(x +h)y+e(Y+k+f)

aX +bY
=f(dx+cY)

ion is clearly homogeneo

(Using (2))

us! The LHS of (1) is

..... Si ce___.-:l‘!hc
%whichequals;; X o dY dX
dy . u1s ¥ Thus, our equation becomes
PR
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ﬂ:f(M) ...(3)
dx dX +eY

We have thus succeeded in transforming the
non-homogeneous DE in (1) to the homogeneous DE in (3).
This can now be solved as described earlier.

gx‘zy—x—a_

| Example 30 Solve the DE "y xe3

Sol. We substitute x & X + hand y > Y + k where h, k need

to be determined
dy _dYy _ (2 - X)+(2k —h-4)

dc dX (Y -3X)+(k-3h+1)
h and k must be chosen so that
2k -h-4=0
k-3h+3=0
This gives h = 2and k = 3 Thus,
x=X +2
y=Y+3
Our DE now reduces to
dY _2Y - X
dX Y -3X
Using the substitution Y = vX, and simplifying, we have
(verify),
v-3 dv = -dX
visv+1 X

We now integrate this DE which is VS; the left-hand side
can be integrated by the techniques described in the unit of
Indefinite Integration.

Finally, we substitute v = % and

X=x-2
Y=y-3
to obtain the general solution.
Type Il
Suppose our DE is of the form
dy . [(ax+by+c
dx [dx+ey+f)
We try to find h, k so that
ah+bk+c=0
dh+ek+ f=0

What if this system doeds not yield a solution? Recall that
. @
this will happen if Pt How do we reduce the DE to a

homogeneous one in such a case?

Thus,
ax +by +c _Mdx +ey)+ec
dx+ey+f dx+gy+f
This suggests the substitution dx + ey = v, which will giy
‘e
d +e d—y = ﬂ’.
dx dx
= -d-—- = 1 (GX -d
dx e\ dx

Thus, our DE reduces to

l(ﬂ_d)zhv+c

e \dx v+ f
dv  Aev+ec
- CV_LVTE L4
dx v+ f
:()\.e+d)v +(ec +d)
v+ f
= v+ /) dv=dx

(Ae+d)v+ec+df
which is in VS form and hence can be solved.
d +2y -
| Example 31 Solve the pg & = X* 2~ 1.
dx  Xx+2y+1

Sol. Note that h, k do not exist in this case which can reduce
this DE to homogeneous form. Thus, we use the substitu-

tion
x+2y=v
o e
dx dx

Thus, our DE becomes

e )
2 \dx v+1

. ﬂ=2v—2+1=3v—1
dc wv+1 v+1
+
= M 1dv:dx
3v-1
= 1(14- 4 dv =dx
3 3v-1

Integrating, we have

1

g(v+§ln(3v —l)]=x+cl
Substituting v = x + 2y, we have

x+2y+§-ln(3x+6y—1)=3x+c'-'

= y—x+—:-ln(3x+6y—l)=c

ernog.com
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i dy _ 4
. The solution of = = X+ 2)(y ~2)

. I (y® - 2x2y)dx + (2xy”? - x*)dy = 0.then the valu

. The solution of g: =(x+y-1)+

. The solution of a _

. The solution of

. The solution of &¥. = oS X (3¢os y ~7 sin x - 3)

Textbook of Integral Calculus

Exercise for Session 2

(x + ”2 . is given by
* 2(y 2) 2(y -2)
p i -k (rv2)
(B)(X+2)‘(1+%)=kez”” (b)(x¢2)‘(1+ (x+2)] e

2(y - 2)

(c)(x+2)’(1+2%+—§))’ke w4 8 (d) None of these

e of xy Jy’ -x?ls

(b) xy’

(@) y” + x
(d) None of these

(c) any constant

. The solution of dy /dx =cos (x + y)+ sin (x + y) Is given by

-x+C (b)log|1+|an(x+y)|=x+c

(a) log| 1+ tunt ";V ]

(c)log|1- tan(x + y)[=x+C (d) None of these

LAk 4 ,Is given by
log (x +y)

(@) (1+ log (x + y)) - log{1+ log(x + y)) =x +C
(©) {1+ log (x + ¥) 1 —log[1+ log (x + y)] =x+C

(b)(1-log (x + y)) - log(1-log (x + y)} = x +C
(d) None of these

. The solution of (2x2 + 3y - 7) xdx - (3x? + 2y? - 8) ydy =0,1s given by

(8) (¢ + y? - 0= + ¥ -3°C (0) (x* + y* - 17 = (x® + y? - 3)°C
@@+ y?-3=+y’-1°C (d) None of these

(x =12 +(y -2) tan”* [”—'2]

, Is equal to

~2x - t[y=2
(xy —2x -y +2)tan (x—1)
(a)l(¥-1)’+(V—ﬂzitan"(’;;_";J-Z(x—1)(.V-2)=2(x—1)2logC(x~1)
(b)l(x-1)2+(y—1)2}—2(x-1)(y-2)tan"(%_:_::]=2(x_.|)2|°gc

© (-7 + -9 tan"({—:%]—ux—1)(y-z)=|og<:(x_ 1)
(d) None of the above

d_y=( X+2y-3
dx 2x+y+3
@x+3°-(y-3*=C(x-y+ 6 (b)(x+3)°-(y-3P°=C
(c¢) (x + 3f* + (¥ - 3)' =C (d) None of these

2
,is

dx siny(3sinx-7cosy+7) /I8

(a) (cos y —sinx - 1)? (sinx + cos y - 1)® =C (b) (cos y — sinx — 1)? (sinx + cos y - 1)° =C
(c) (cos y —sinx - 1)* (sinx + cos y - 1) =C (d) None of these
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12.

13.

14.

15.

A curve C has the Chap 04 Differential Equations 249

then P is the mig Property that if the t

Point of AB, The t':un.fl:gent drawn 4

(@)yxy=1 Passes through t%: ::Itr:(m)c{:eettsh- The coordinate axes at A and B,
- 'hen the equation of curve is
(€)2x=xy - 1 OES
y
The family of curves whosg tangent ¢ (d) None of the above
oM an angje ™
@y=x-2tan" (x) + g dle 2 Vith the hyperbola Xy =1is
(€)y =2x —tan™' (x) + K )y =x+ 2tan (x) 4 k

d)y=2x4 tan'(x) + K

(a) loga 4 (2)

i
o)
( 2| 5 (d) None of the above

A cur_‘ve passes th_"OUQh (2.1) and is such that the square of the ordinate is twice the rectangle contained by the
abscissa and the intercept of the normal. Then the equation of curve is

(@) x* + y* = 9x (b) 4x? + y? = O
(c) 4x? + 2y? = 9x (d) None of the above
2
A normal at P (x, y)on a curve neets the X-axis at Q and N is the foot of the ordinate atP. If NQ = );(11+ yz)) .
+ X

Then the equation of curve passing through (3, 1) is
(a) 5(1+ y?) = (1+ x?)
(©) (14 x?) = (1+ y?).x
for which the ratio of the length of the segment intercepted by any tangent on the Y-axis to the length

(b) (1+ y?) = 5(1+ x?)
(d) None of the above

The curve hin
of the radius vector is constant (k), IS ]
@) (y+x2-y2x*'=c (b) (v + X2 +y* W =c
) (y-x2-y**'=c (d) - x2+ i =c

213 4 23 = 423 a >0 for each position (x,y) of P, perpendiculars are drawn
i e o mal at P, the length (absolute valve) of them being Py(x)and Py(x)

from origin upon the tangent and nor

brespectively, then () 9'_21,?8_2. <0
(a) gp_‘gfl <0 ox, 4%
dx dx (d) 1&.9'53 20
X
(© 9P 902 | g ox
dx dx
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Session 3

Solving of Linear Differential Equations,
Bernoulli's Equation, Orthogonal Trajectory

Solving of Linear
Differential Equations

First Order Linear
Differential Equations

A differential equation is said to be linear if an unknown
variable and its derivative occur only in the first degree.

An equation of the form

dy

L+ P(x) y=0Q(x).

I (x)-y=0Q
Where P(x) and Q(x) are functions of x only or constant
is called a linear equation of the first order.

To get the general solution of the above equation we

proceeds as follows. By multiplying both the sides of the
above equation by e Jres ,we get

e]m_cfzy".yp'ejmngej'mx

ie ejpa_gz+yi(ejpdx)=gejpdx

dx ° dx
ie. i(yejmx)=Q-eIm
dx
- Integrating, we get y e‘w’r =IQ ejpdxdx +C

Here, the term e Jpax which converts the left hand
expression of the equation into a perfect differential is
called an Integrating factor. In short it is written as IF.
Thus, we remember the solution of the above equation as

y (FF) = [Q (IF) dx + C.

Algoritm for Solving A Linear
Differential Equation

Step1 Write the differential equation in the form
dy/dx+Py=QandobtainPandQ.

Step II Find integrating factor (LF.) given by LF. = /%%
Step 11 Multiply both sides of equation in Step I by I F,

Step IV Integrate both sides of the equation obtained iy
step ITI. w.r.t x to obtain y (LF.) = IQ.(I. F.)dx +C

This gives the required solution following examples
illustrate the procedure.

d
| Example 34 Solve B% +2y =CoS X.

Sol. It is a linear equation of the form

Y 4 py=0(x)
dx

where P=2and Q = cos x
Then F=e® - eJ2 g2
Hence, the general solution is y (IF) = I Q (IF) dx

ie. y-ez’=J‘e2' cos xdx +C

2x
y_eh:C

5 2 cos x +sin x]+C

| Example 35 Solve & + Xx_ =log x.

dx
Sol. 1t is a linear differential equation of the form
dy
- + =
5 F Py =ex)
Here, P=1,Q=logx
x
Then IF—eIPd'—ejum = =x

Hence, the general solution is

y@®=[Q@mdx+C

ie. yx = [(log x) x dx + C
: xz 1 xz
e, =(log x) —-|—- —+C
yx =(log )~ Ix 2
2 2
ie. yx:%ﬂogx)_x?-pc
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1Example 36 Solve Y =— Y
1 dx 2ylIn y+y_x'
The equation can be written a5

dx _2ylny+y-
\

dy y =(2h'ly+l)—£
. de 1
ie. dy y x-—(2|.ny+])

In this equation it is c] .
q cearthatP*;ansz(Zlny+l)

Which are function of y onl
derivatives of x with

respect to y.

Y because equation contains

IF =™ _efivay oy _ v
~ The solution is; x (IF) = I(: Iny + 1) (IF) dy

ie. xf\’-‘-_[(?ln.\'*1)-_vd_v=_v21ny+(‘

; (&
ie. x=ylhy+—
y
"Note In some cases a linear differential equation may be of the

,‘.brm%{ + R x = Q. where R and Q, are function of y alone. In
y

such a case the integrating factor is e’n @

)l The given equation can be written as
2
iJi-secz x-tan 2x -y =c¢0S" X
2 tan x

e"l* tan? x -1

sec’ xdx
j-unz.r-sec’:rflr _
=e =

IF =
dt
—_ _ 2 _-1
=e¢ !, wheret =tan X

2
—ellfl =] =|tan® x — 1]

is regi Zx<l.
Itis given that| x | < —E and for this region tan” X

IF = (1 - tan® x)

| . The solution is

y (1 - tan? x)=_[c°52 x(1=
= I(cosz x —sin’ x) dx

tan’ x) dx

sin 2x C
=I(cos2£)dx='T+

Chap 04 Differential Equations 251
Now, when =2 y=3__3
6’ 8
3_@( L] )_ 1 V3
8 3 = 2 —2' +C = C=0
- sin_Z_r_ﬁ
2(1 - tan? x)

| Example 38 solve 31 +y 0 (x)=d(x): ¢'(x), where
®(x) is a given function
Sol. Here, P =0¢'(x) and Q = ¢(x) ¢’ (x)
IF = Y4 _ o)

.. The solution is

y et - l«x) 4,'(,).,“”4,;:] t-e dt,
where ¢(x) = ¢

ye'™ = (1-1)+C

Le ye®) = {o(x) - 1) " 4 C

Bernoulli's Equation

Sometimes a differential equation is not linear but it can
be converted into a linear differential equation by a

suitable substitution. An equation of the form
d n
2y py=0y".
dx

Where P and Q are functions of x only, is known as
Bernoulli's equation (for n =0 the equation is linear.)

It is easy to reduce the above equation into linear form as
below :
Dividing both the sides by y", we get

(n#0,1)

— dy 1-n
n=24p =Q
y [ y

-n dy _dz the

Putting y' "=z and hence, (1-n)y

equation becomes gxz- +(1-n)Pz=(01- n) Q which is linear
e j (1-n) Pdx
Here, IF =e

. The solution is, i
-n) P
”Iu-nwd:___j-{(1_")_0‘;(1 n) PdX y gy
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| Example 39 Solve (y log x —1)y dx=xdy.

Sol. The given differential equation can be written as

x£+y=yzlogx (i)
dx
Dividing by xy* , hence
ii}i+i=llogx
ytdx xy x
1, L dv_dv
Let y_ y; o d'('
et ® ol i
dx x X

Which is the standard linear differential equations, with

P:—_l_‘Q:-!]ngx
X X

““'(’I l\-d.\-zc In ¥

The solution is given by

v ——j L——logx)dx=—jl°gzx dx

= v=1+log x + Cx = log (ex) + Cx

or l=10g(ex‘)+(,‘.vc or y{log(ex)+Cx}=1
y

| Example 40 Solve %+ xy =xy?.

Sol. Dividing by y?, we get

-2 dy
_+__-x=x
dx
Let L
y
So that - 1.4y _ds
yz dx dx
The given equation reduces to
L
o =-x

- xdx
[F=EI x =g—x:/2
~. The solution is
2
=-x"/2 -t
zZe =I_x,e x°12 i =e_xl[2+c

ie. =1+ Ce:‘lz

< |-

lh"*”'513‘{“)&07(5.éybei*nog.com

dy _y ¢ 0)-y?
| Example 41 Solve — v  where ¢(x) i

a given function.

Sol. The equation can be written as

Q_tb’(x)y:_ y’
dx  §(x) ®(x)

ady ¥ 11

ie. -y T =
y dx ®x) y ®x)
Let — =2z Sollmt,-lzd_y:d_z
y y* dx dx
dx  ¢(x) o(x)
jr‘(\’)

IF = ox)  _ plndlx) o x)
1
.. The solutionisz - ¢x)=|— P x)dx=x+C
'[¢(x)

x)

1e. ——~=x+C e, x) =
y x+C

Remark
Another type of equation which is reducible to the linear form is

£ 2+ PO - £(y) = Q)
ax

An equation of this type can be easily reduced the linear form by
taking z = f(y).

d
| Example 42 Solve sec? y —X+2x tan y = x*.
y dz
x  dx

Thus, the given equation reduces to

E-z--HZJc z=x"
dx

Sol. Let tan y = z so that sec® y -

IF=eIhdx =e*

2 2
~. The solutionis, z-e* = jx’ ¥ dx

2 1 ] 1 N
i-e. taﬂ .e¥ - 2 ,x - Zx dx =—|t-e d!'
y-e 2 Jx € ( ) 2J.

where t = x?

tany-e"2 =%(t-e'—c')+C

3 x
ie. tany:Cg"‘,-}_e_z_._-gx’(xz_l)

my=c,-*‘+%(x'-1)
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2 —_ __.J "'(m)
E—Y Jr =X

This is the differential equation of the family of curves
given in Eq. (i).

. dy dx in
Now, to obtain orthogonal trajectory replace I by - E;

Eq. (iii).

dx
= 2y =—x —

dy
or 2ydy=—xdx
Integrating both the sides, we get

2

x
y2 = = —2—‘ + Cl

= x? +2y® = C,, is the required family of orthogonal
trajectory.
| Example 47 Find the equation of all possible curves
that will cut each member of the family of circles
x?+y? —2cx =0 at right angle.
Sol. Here, P4y’ —2x=0 (1)
Differentiating w.r.t. x, we get
2x +2yy, —2c =0

= c=x+ypy ..(ii)
From Eqgs. (i) and (ii), we eliminate ¢
= *+y?-2(x+ypy)x=0
d
2 2 34
or -x"+y" ' =-2xy—=0
y rydx

This is the differential equation representing the given
family of circles. To find differential equation of the

d
orthogonal trajectories, we replace 8 by - d’_x
dx dy
= yz -xt=- 2xy -fd-x—
dy
= ytdy = x* dy - 2xy dx
2 2
= _dy=yd(x)‘x dy
y?

2
x
dy=d ~)
= y (y
Integrating both the sides, we get
2
x
—y=—y—+c = x"+y +cy=g

Represents family of orthogonal trajectory.

| Example 48 Find the orthogonal trajectory of th
circles
x*+y?—ay=0

Sol. Here, x> +yt—ay=0 i)

Differentiating, we get
2x + Zyyl - ayl =0
_2(x+yy)
= a= —<2227
Y1

Substituting ‘a’ in Eq. (i), we get

2(x +
x2+y2— (x YY1)y___0
b4
= (x> =y )y -2xy=0

This is the differential equation of the family of circles

given in Eq. (i).

-. The differential representing the orthogonal trajectory is
dy

; . dy
btained b 1 —by-—=.
obtained by rep acmgdx y T

ie. —-(xz—yz)g-ny—-O
dy

= 2xy dy - y® dx = - x* dx
2 2

= xd(y“)-y dx=_dx
x2

Integrating both the sides, we get
. ‘ .
¥+ x® =Cx,is required family of orthogonal trajectoncs

b
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Exercise for Session 3

1. The solution of (1+ x2y 9y

2ye'en ' x dx .8 give
(a) ye =92hn“x +C nby
(c) 2ye™ 'y _ g2 tan
e e B yol'y gzt o
2. The solution of QZ X (d) None of these

dx ?—:;E .V =X \[);. IS QIVen by
(3)3\/}" + (1- xz) _—_C (1_ xz)"‘

K}
©3VY = (1-x?) = ¢ (1- y2yv2 O H 0wy ey

3. The solutionof ¥ , . _. .
dx + Xsm2y =x3m2 y.is
2
(@)e* =(x? - e’ tlany + ¢
. ®6" any ! 2 g
(c)e tany:(xz—nlany»rc 2 e
| (d) None of th
4. The solution of 3x (1- )(2),,2 dy [ dx + (2x? .

o -1) I _ayd
(a)y°=ax+c\/1_x2 y =ax’is

- (b)y’ =ax + Cx [1- x2
(c)yzzax+c,f1—x2 ‘[

y (d) None of these
5. The soluti v,y =Y
olution ofdx - log y u;z-(log y)is
1
(@x=—1logy +C b) x? = 1
. (b)x* +1logy =C (c)xlogy=#+c (d) None of these

6. The solution of% +y ' (x)=f(x)-F'(x) =0,y #f(x)is

@y =f(x)+ 1+ ce™*) (b) y - ce~"x)
(¢)y =f(x)-1+ce™"¥) (d) None of these

7. The solution of (x*™")dy /dx -siny —2x-cos y =2x -2x3, Is

x* ) A

(a)(x2-1)cosy=_2__x2+c (B) (x* = 1) siny = = - x* +C
2 4 2

(C)(x2—1)cosy=§—%+c (d)(x2—1)siny=’_'4_—’%+c

erty text the intercept made by the tangent at any point of the curve on the
bscissa of the point of tangency, is given by
2
2 _ (b) y = 2x* +¢x
:a; - ": ° (d) None of these
c)y=-x“+cx

8. The Curve possessing the prop
y-axis is equal to square of the a

-axi d the line
.axis at A, and the line parallel to y-axis atA, an
of a curve Mee's the e f AOAB is constant (O being the origin), Then the

9. The tangent at a point 2 P meets the x-axis atB. If area O

parallel to y-axis through

curve is (b) X%+ y? =cx
2 =
(@) ex*-xy+k=0 (d)xy-xzyz"k"’O |
(c)3x2 + 4y =k o4+ Is the arthogonal trajectory of the family of ellipse
y =

(as
10. The value of k such that the family of parabol

x242y?-y=C,ls ©) Ve
far .. (b)y3

ebooks.cybernog.com
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Session 4

Exact Differential Equations

A differential equation of the form .
M(x,y)dx+N (x,y)dy =01is said to be exact (or total) if

its left hand expression is the exact differential of some
function u (x, ).

ie. du=M-dx +N-dy

Hence, its solution is u (x, y) =c (wherec is an arbitrary
constant). But then there is a question that how do we

confirm whether the above mentioned equation is exact.
The answer to this question is the following theorem.

Theorem The necessary and sufficient condition for the
differential equation M dx + N dy =0 to be exact is
oM _oN

dy 0x
The solution of M dx + Ndy =0is,

L_mmth dx + I(terms of N not containing x) dy =C
provided — = oN .
y 0x

| Example 49 Solve (x* —ay)dx+(y* - ax)dy = 0.
Sol. Here, we have M = x* —ay and N = y* - ax

Thus, the equation is exact.
. The solution is, I

2
y-constant (x —ay)dx+_[ yz dy=C
3 3
X
= —_— +y_=
3 Xy 3 &

2
| Example 50 Solve (2xlog y)dx + [XT + 3y ZJ dy =0.

Sol. H = :
ere, we have M =2x logy and N = 3;— +3y*

M _ox

dy y

oN 2x

d—==—
an -y and hence the equation is exact,

Exact Differential Equations

. The solution is,

J.y~cnnslnnl(2x log }’) dx + j 3)’2 dy =C ]

= x?logy+y'=C

Equations Reducible
to the Exact Form

Sometimes a differential equation of the form

M dx + N dy =0 which is not exact can be reduced to an
exact form by multiplying by a suitable function f(x, y)
which is not identically zero. This function f(x,y) which
then multiplied to a non-exact differential equation makes
it exact is known as integrating factor.

One can find integrating factors by inspection but for that
some experience and practice is required.

For finding the integrating factors by inspection, the
following identities must be remembered.

1. xdy +ydx=d(xy)
2. erx+ydy=—;-d(x2 +y%)

a, xdy-ydx___d(z)

2

x x
. M=d[£)
¥’ y
xdy-ydx d
5. Lu__y_d_x._.d[log(_ﬂ
Xy y x
Xy y
xdy-ydx d
7. Xdy—ydx x’ —_\X —d[‘an‘l(lﬂ
x? +y? 2 2
y 1+y—2 1+(2_]
dx +dy o ¥
8. =
¥iy d[In(x +y)]
9. d(In(xy)) = X +y dx
xy
10. d(lln(x2+y2) =xdx+ydy
2 xz+y2
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=

=

=

g

J=M
xy x2y2

X X

y

2

-1

y

2

2. 9 5

-1
y" (my dx +nx dy)

A" _ f(xy)

1-n (fGx y)"

2
|£xamP|e 51 solve (x” ~ay)dx+(y? - ax)dy =
gol. The given differential equation is

x'dx + y'dy —a(ydx + x dy) =0

)

3

)

(5]

3

3

Integrating, we get ? + y? —axy=k

x3+y’—3axy=3k=c

sd. The given differential equation is

]—dd(xy)=o

" 2
' |Example 52 Solve (2x log y) dx + (x7+ 3yz) dy =0,

2
(10gy)2:rdx+I—dy+3yz dy=0
y

= (ogy)d(x?)+x*d(logy)+d(y’)=0

d(x* logy)+d(y')=0
x*logy+y =C

(integrating both the sides)
: Example 53 Solve x dx+y dy =X dy — y dx.

1%l The given equation can be written as

1 2 4| Y
Ed(x2 +y¥)=x d(x)

=Y

Chap 04 Differential Equations 257

| Example 54 Solve
Y +5sin x cos? (xy) X
_—\‘—__ d .
3 X+| ————+siny |dy =0.
cos” (xy) cos? (xy) y} d
Sol. The given differential equation can be written as
y\dx}_ x dy

Cnsz(r;+sinxdx+51nydy=0

sec’ (xy) d (xy) + sin x dx + sin y dy =0
d (tan (xy)) + d (- cos x) + d (- cos y)=0
tan (xy) - cos x —cos y = C

X4y —- 4
| Example 55 solve — 9% — x2 2yt + y_
- x —_—
Y X i
Sol. The given equation can be written as

:rd:r+y::ly_ydx—:vca!y'y2

(:'C;l +}'2)z y2 x?
d(x* +y%) 1 ( ” }
= =2 dl x
J (x* +y*) I 1y Uy
Integrating both the sides, we get
- ! =- ! +C
(x*+y")  (x/y)
y 1
—— =C
= x 2y
| Example 56 The solution of
Vel |
e Y {xy}dy+y’dx}+{ydx—xdy}=0,is
(a)e” +eY +C=0 (b)e” —e¥ +C=0
(c)e” +e/*+C=0 (d)e¥ —e’/* +C=0
Ut
Sol. Here, ¢ 7 ¥ {xdy + ydx} + {ydx — xdy}=0
= 4 -y2 -{xdy + ydx} + e~ (ydx — xdy} =0
xly {ydx - xdy} =0
or e - {xdy + ydx} + € 7
x —
e’y'd(")’)“"xu'd(-)‘o
or y
d(e”)+d(e”)=0
or
.- o both the sides, We get
Integrating o 4 gXY +C=0
Hence, (a) is the correct answer.
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| Example 57 The solution of
x'dy -y dx+xy* (x - y)dy =0is

(a) log Xy =)‘;{+C (b) log X—’=§z +C
xy 2 X — 2
2
_;X =X—+C (d)log x=y =x+(
(log XyI 2 Xy
22| dy 'i\’]+13[1 l]
< -7 y - dy =0
Sol. Here x {Y’ % Ly x
= -d(i—l)+v(-l-l].hwi
y X y X
d(l_i dtl_l] .
-2 Ty =0or Y i-‘]
1 1] 1_{] 2
[)‘ x [v X
Integrating both the sides, we get
]
logll—l =Y +¢
|x y| 2

Hence, (a) is the correct answer.

| Example 58 The solution of the differential equation
ydx - xdy + xy 2 dx =0, is

2

(a)§+xz=l (b)f»f%:)x

2
O+X =2
2y 4
Sol. Given equation is, ydx - xdy + xy*dx =0
Which could be converted into exact form

M_‘_xdx:()

y

> G

Integrating both the sides, we get
2

(d) None of these

ie.

X x
— + — = constant
b4 2
2
or £+x__=l
y 2

Hence, (b) is the correct answer,

I Example 59 The solution of different:
ential
xdy (y“e™ + e"/"!=ydx(e*/r —yleM) iEquatlcn

(a) xy =log (e* + )
(c) xy =log (e*/¥ + A)

(b)x* /y = log (/¥ 42
(d) Xyz = ]08 (e*/y +)

Sol. The given equation |y
(W e™)dy 1 (aet ) dy = (v V) iy ey oy

SN Ve (xdy 4 i) = ¢ty (wly = nily)

~ Mg =ty {""‘ "'y]
4
v

» e (d () = etV .lt ' ]
V

> de™y=d@e'™
Integrating both the sides, we get
l'“l - r‘ ¥ t A
=) xy = log(e' 4+ A)

Hence, (¢) is the correct answer.

I Example 60 The solution of the differential equation

(y + XXy (x+ y) dx+(y xy (x+y) = x)dy =0 s

1

@XM Lotan [ X ac
2 2y

2,2 -
(b) 2 :y +2tan“\/§-=c

y
2 2 :

(o XY +2tan"\/§-= .
V2 y

(d) None of these

Sol. The given equation can be written as
(vdx = xdy) + x Jxy (x + ) dx + y xy (x + y)dy =0

= (ydx = xdy) + (x + y) fx; (xdx + ydy)=0

_ " ] 2
= M+['_‘,+1].J}:d(r+)’]aﬂ
y y y 2
2 2
= d(i‘}q(&](i“)\{i:o
y 2 )y Y

R
N d[ 2 J(zﬂ].g

y
or d[xz+y2)+2d(tnn—l(JE]]=o
2 y
Integrating both the sides, we get
= x2+y'+2tan" X=c
y

Hence, (b) is the correct answer,
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Exercise for Session 4

7. The solutio
n of xdy
ydx 4 2x3 d.
X =0,ls

(@) xy + 2
~C (b)xy4 1X‘~.C 3
2 (™ X
2. The solution of, ydx — xdy 4 (4 y ' a c (d) None of these
@x+1-y? 4 ¢o XD x g d
8Y4Cap y dy =0, s given by
X 1
¢ " )y 4
()y.y ytcosysC.o yr1l-x's xomysC=0

)‘ 1
(d) > X1 comy C=0

<] I

(a) 2x ~ y + (K +y)3f2’
D2 y+ 2ty y2P2 g
3

2

(€) 2y — x? 4
3

(x? + y?)s,‘a -C
(d) None of thesa

4. The solution of, _’xdy oy
LI ¥ i 1)dx.t| glven by

(a) t 'Lx) .
a) tan A c (b)tan‘[:]“(:.c ‘C)Mn‘(iJ”,y_c (d)lan“(i)+x2=c

3 x/
5. The sloluhon of ye*'Y dx =(xe*'” + y?sin y)dy, Is given by
xly
(@)e"Y = -cosy+C (b)e*'” + 2cosy=C (c)e*’” =xcosy+C (dye*’Y =2cosye™’” +C

6. The solution of x sin ( )dy { y sln( y ) - X } dx, is given by
X
(a) logx — cos ( ) logC (b)log x - sin (y) (c) log (5) - cos (1): logC (d) None of these
y x

7_,2_2
xdx + ydy _ |& 2" 2” ,Is glven by
xdy - yodx X“+y

(@) sin™' (yx* + y?)=atan”’ (¥)+ c (b) sin™* (yx* + y’)-.-g tan~* ( % )...c
yx2+ y: )= tan”"! ( Yy )... c (d) None of the above

(c) sin”" [ r = x

7. The solution of

x -—
8. The solution of (1+ X'V )dx + hidd (1- ;) dy =0, s given by

~Xelv=C (d) None of these
(@) x - ye*'” =C (b) x + ye*'” =€ ©y ye
2
9 - fgﬂxL‘!K:i_s_irﬁ(L:_ti—’,lsg;venby
. The solution 0 T Tax ”
2 ’ c (b) tan (x* + y?)=x2y? +C
(a)- cot (x* +¥ )=[.-) +
2, X J; (d) None of these
2 " | 4
(chot(x* + ¥ )= : i
dy , Y = s "
10. The solution ofa% Y (1+logx* log y) ey pec @9 e Gy =C
log Ly)) =€
(o) xy* (1*

(a) xy (1+ log (XY))"C
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Solving of First Order and Higher Degrees, A

Differential Equations, Application of First Order

Differential Equations

Solving of First Order
and Higher Degrees

Differential Equation of First Order
and Higher Degrees

A differential equation of first order is of the form

f(x,y, P) where P =dy / dx.If in the equation degree of P
is greater than one, then the equation is of first order and
higher degree.

The differential equation of first order and higher degree
can be written in the form

P +Fi(x,y) P" ' +...+F,_,(x,y) P+ F,(x,y) =0
The differential equations of these category can be solved
by one or more of the following methods :

(i) Equations solvable for P.
(ii) Equations solvable for y.
(iii) Equations solvable for x.
(iv) Clairaut’s equations.
Now, we shall discuss these cases.

(i) Equations Solvable For P

If the equation
P"+Fi(x,y) P"™' +...+ Fa_y(x,) P+ Fy(x,y) =0,

is solvable for P, then LHS expression can be resolved
into n linear factors and hence can be put in the form

(P = filx, Y (P = fo(x,9)) ... (P = fulx,y)) =0,

Equating each of these factors to zero, we get n differential

equations of the first order and first degree.
dy _ dy _ d
E—fl(x’y)‘-d—x_—fZ(x,y)““'ﬁ=fn(x.Y)

Let the solutions of these obtained equations are

Ch(x.y. Cy ) =0, ¢z(x-}’-cz) =0.....¢s.(x.y,c,.) =0
respectively.

Hence, the general solution is given by

& (x, ¥, 0) d2(x,y,€),..., du(x,y,¢) =0
Here, the arbitrary constant ¢, ¢,
single arbitrary constant ¢ because every first order

equation has only one arbitrary constant in its solution,

| Example 61 Solve (p - x)(p —e*)(p -1/y)=0,

where p = Z—y
X

Sol. The component linear equations are p=x,p=e’ p=

2
If Q=x, thendy = xdx = y=x—+CI
dx 2
dy _ « _x _x
If E—e,thendy—e dx = y=e"+C,
dy _1 y?
If —=— then ydy=dx = Z-=x+C
iy y ay 2 3

. The required solution is

2 2
(y—fz—+C)(y—e’+C)(12——x+C]=0

| Example 62 Solve x?p? + xyp —6y? =0.
Sol. The given equation is
x*p? + xyp - 6y* =0
Solving as a quadratic in p, we get

P x
2

pr:L'thend_y=z_y=;E‘l=&
x dx x y x

= log —J:z"=k=9y=clxz
x
3dx
x dx x y x
= I’J’=C2

. The required solution is (y — Cx?) (x’y - C) =0

ebooks.cybernog.com
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jExample 70 The population of a certaj
known to increase at a rate Proportio Ellrn country js
number of people presently living in tﬂa to the
after two years the population has dOUeblmuntry, If
three years the population s 20000 est‘ed and after
number of people initially living in the ° imate the

sol. Let N denotes the number of people I ountry.

at any time ¢, and let N, d ving in the country

e o N enote th
initially living in the country, Thene Bobe (f)[)cople
’ q_ i

Which has the solution N = ekt

Att =0, N = N; hence, it follows fr 40

No = Ce*@ or that C = N,. oG () tha
Thus, N = Nye''
Att =2, N = 2N,. Sub o
= = - Substituti i ii
At o tuting these values into Eq. (i), we
2N, = Noe™ from whichk = L |n 2 = 0.347
2

Substituting this value into Eq. (i) gives

N = Noe(0.347)f (m)

Att =3, N = 20000. Substituting these values into Eq. (iii),
we obtain

20000 = N,e (30

| Example 71 A certain radioactive material is known
- to decay at a rate proportional to the amount present.
If initially there is 50 mg of the material present and
after two hours it is observed that the material has
lost 10% of its original mass, find (a) and expression
for the mass of the material remaining at any time t,
(b) the mass of the material after four hours, and (c)
the time at which the material has decayed to one half
of its initial mass. .
- Sl (a) Let N denotes the amount of material present at time
t. Then, from Eq. (i)

;‘I_V_ —kN =0
dt
i i , its
This differential equation is separable and linear,
solution is '
N=cCe® (1)
= fore, from
Att =0, we are given that N = 50. Theretor
Eq. (i), 50 = Ce*® or C =50. , =5
ke
N =50¢
. 0 mg or 5 mg has

At =2, 10% of the origina] mﬂss_osf: 45, Substituting
decayed. Hence, att =2 N= 5(: 3ok, we have
these values into Eq. (ii) and solving

ebooks.cybernog.com
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— en.2k
45 = 50¢ or k=lln?=—0.053
0

2

Substituting this value into Eq. (ii), we obtain the
amount of mass present at any time t as

N = SOB‘O'OBS'
Where t is measured in hours,
(b) We require N at f = 4. Substituting t = 4 into Eq. (iii)
and then solving for N, we find N = 50 0063 (4)

.(i1i)

() We require t when N = 50/2 = 25, Substituting N = 25
Into Eq. (iii) and solving for t, we find 25 = 50¢ ~0-05%

or -0053 ¢t = ln1 or t=13h
2

) Example 72 Five mice in a stable population of 500
are intentionally infected with a contagious disease to
test a theory of epidemic spread that postulates the
rate of change in the infected population is
proportional to the product of the number of mice who
have the disease with the number that are disease
free. Assuming the theory is correct, how long will it
take half the population to contract the disease?

Sol. Let N(t) denotes the number of mice with the disease at

time t. We are given that N(0) =5, and it follows that
500 — N(t) is the number of mice without the disease at
time ¢, The theory predicts that

‘L—f = kN (500 - N) )

Where k is a constant of proportionality. This equation is
different from Eq. (i) because the rate of change is no longer
proportional to just the number of mice who have the
disease. Eq. (i) has the differential form

dN _
N(500 - N)
Which is separable. Using partial fraction decomposition,
we have

kdt =0 (i)

1 _1/500 1500
N(500-N) N 500-N

Hence, Eq. (ii) may be rewritten as

]m—kdr:o

11, 1
500N 500-N
oo v, 1 NaN-[kdt=C
It solution is s I(N + 500 — NJ I
! (In|N|-In|500- N)) -kt =C
500

or
W‘hichi my be rewritten as
N
=500(C + kt)
s 500 - N '
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N ___ swicen (i) y-intercept of the tangent =y, — x, dy
500 - N dx
But ¢ ¥ 1) = ¢ ¥ Setting C, = ¢5%€ we can write Eq. (i1) The equation of normal at P is,
= : X |
e N . . YN =gy X ) X and yintercepes of
= Clcm (1) dy 2
500 - N normal are; x, +y, — and yo+x, =
ALt =0, N =5. Substituting these values into Eq. (iv), we dx dy
it 4 (iii) Length of tangent = PT =y, | V.l +(dx / d},)lz!
-—=C,c’°°m’=C, ; Vo)
9 (iv) Length of normal = PN =|y, | Vl +(dy / dx)?
So, C, = 1/99 and Eq. (iv) becomes (Xop)
N _ __L sonkt (v ¢ dx |
S0-N 99" v (v) Length of subtangent =ST =| y, L o ) \
We could solve Eq. (v) for N, but this is not necessary. We (x. )
seek a value of t when N = 250, one half the population dy
Substituting N = 250 nto Eq. (v) and solving for f, we (vi) Length of subnormal =SN =| y, ( ot 4 ]
obtain dx (x.y) |
1 . ’
-1 ™. In99 = 500kt (vii) Length of radius vector = /x  +y

ort =0.0091/k time units. Without additional ) )

information. we cannot obtain a numerical value for the | E?‘amP'e 73 Find the cur\{e for which the area of the

constant of proportionality k or be more definitive about ¢. triangle formed by the x-axis tangent drawn at any
point on the curve and radius vector of the point of

tangency is constant equal to a’.

eometrical Applications
G pp ca Sol. Tangent drawn at any point (x, y) is
Let P(x,,y, ) be any point on the curve y = f(x), then dy
d Y-y= i (X - x)
slope of the tangent at P (=tan y) = (—Y-J and
dx (xl , yl) YA
hence we find the following facts.
0‘1:)’1)
Pixy)
0 %o
dy
Area of A = 24° (given)
; 1
(i) The equation of the tangent at P is
d 7 ie. _y2 O 2
y'}'1=—y(x—x,)whenitcts 3 ity dy .
dx Uts x-axis, y =(. y
ie. _ 2 dx _
‘. x-intercept of the tangent = x, — ¥ ( E) xXy-—y ;; = + 24°
d
¥ ie. dx _x =3 2a*
dy y yz
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Sol. The given equation can be written as

24 + 2xy =0, where =£l~'z

pi+@x+y)p+2xy =0, P=
ie. (p+2x)(p+y)=0

p +2x =0, otherwise p + y =0

d): dy -

-2 r =0 —+y=0
= dx+2.\ or dx y

dy

dy+2|xdx=C or |+ |dx=C,
© Jeeefeacor [V
= y+x'=C, or logy+x=C,

(y+x3—("l)=0
or (x+logy=Cy)=0
= (y+ x? —C,)(x+1ogy—CJ)=0

is the required solution.
Hence, (c) is the correct answer.

| Example 78 A curve y = f(x) passes through the
origin. Through any point (x, y) on the curve, lines are
drawn parallel to the coordinate axes. If the curve
divides the area formed by these lines and coordinate
axes in the ratio m:n. Then the equation of curve is

(a)yzcxm/n (b) myz =mefﬂ

@y*=cx™" (d) None of these

Sol Area of OBPO _m

] Area of OPAO  n

“

_

x
W“I ydc
= — =" o = ¥
- nxy=(m+n dx
[rwe v b
Differentiating w.r.t. x, we get
n(x"_h -
2 TV )|=(m+n)y

dy
= nx —=
dx my

M& Y reqrats
i ;—, Integrating both the sides

y= me!n
Hence, (a) is the correct answer.

| Example 79 The equation of the curve passing
through the points (3a,a)(a> 0) in the form x = fly)
which satisfy the differential equation; Y
a® dx _x Yy

-k -
(a)x=y+a[%] (b)x=y+a(1+ey k)
e

T—ey -k

(c)y=x+a[ :+ g ] (d) None of these
e

2
Sol. Here, a—-di=£+2’__
xy dy y x
= azzd—y(x2+y2—2xy)
dx
= (x—y)z-%=az,putx—y= .-.1-%4‘_"
= Vz[l—g—!):az
dx
2
= vz—a2=v2ﬂ=> vdv =dx
r dx v: — g
= (1+ 2 z)dvzdx
vi-a
Integrating both the sides, we get
v+glog VoAl x+cC
2 v+a
=4 (x—y)+glog[.x__Lg)=x+C
2 xX—-y+a
= y+C=Elog xX~y—a i)
2 xX-y+a
It passes through (34, a)
= a+C=£log(l)
2 3
= C=—a+£log(1)
2 3
2
a x~y’“)
=—(2+log3)+log] —
5 (2+1g3) og(x_yH
= J.:——L_—a=e”_".where k=£(2+log3)
X—-y+a 2
x—y 1+e¥7k
a 1-e¥°k

1+er°k

= xX=y+ h
Y a(l—c”"‘

}where k= g (2 +log?)

Which is required equation of curve,
Hence, (b) is the correct answer.
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‘af:ample 80 vhe family of curves, the subtangent at

ccufr(‘i)lon'.:tteOf Which is the arithmetic mean of the
(@) (x - y)2 s of the point of tangency, 1s given by

”2 SO b)(y - x? =cx
¢ (x— =
“ Y=oy (d) None of these
Sol Let the family of curves be y = f(x)
tan 0 = l(_’)”')

[(rr")
ynr

Fix)

(x f))

(@] /T P X
tan @ = | (PP)
1(TP")
! (subtangent) = f(x)
f (x)
l,= x+y(given)
y 2
o2y
x+y

RERs St Lo g
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. dy _ 2y  dx _x+y
dx x4y dy 2xy
It is a homogeneous differential equation
Put x = vy
Differentiating wr.t_ y, we get

dx vty——‘—’
dy dy

In Eq (1) replacing ::—' by Eq. (ii), we get
y

dv _vy+y 1+v

Vv +
dy 2y 2
dv 1+v 1+4v=-2v 1-v
— )" - -y= — =
dy 2 2 2
e J~~dv=d~y
1-v y

Integrating, 2——‘0“ 1-v|

=log|y|+ log C,(C,>0)

-2log|y-x|+2log|y|=log|y|+logC,
log|y - x|" =log|y| - log C,
log|y—x|>=log|y|+logC,

where log C = - log C,

= log|y - x|" =log|yC|

=(x — y)* = Cy, is the required equation of family of
curves.

=

=

Hence, (a) is the correct answer.

()]

. A1)
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Exercise for Session o

point passes through a fixed point, is

1. The equation of curve for which the normal at every 1
(b) an ellipse {
!
|
|
J
|
|

(a) a circle
(c) a hyperbola

2. If the tangent at any point P of a curve meets the axis of x In T Then the curve for which OP =PT, O being the

(d) None of these

origin Is
(a) x =Cy*
(c)x =Cyorx=Cly

(b) x =Cy? orx =C/y’
(d) None of these

he difference between the temperature of the

3. According to Newton's law. the rate of cooling is proportional to t
; sl is 20°C and body cools for 20 min from 100°C

body and the temperature of the air If the temperature of the air .
to 60°C, then the time It will take for it temperature to drop to 30°C, is

(@) 30 min (b) 40 min
(c) 60 min (d) 80 min
that distance from the origin of any tangent to the

4. Let f(x, y)be a curve in the x-y plane having the property
) = 0, then all such possible curves are

curve Is equal to distance of point of contact from the y-axis. If f (12
(@) x? + y? = 8x (b) x? - y? = 5x
(€) x*y? = &x (d) Al of these

. H 1
5. Given the curves y = f(x) passing through the point (0, 1) and y = j'_'_ f(t) passing through the po:nt( 0.5 ) The

tangents drawn to both the curves at the points with equal abscissae intersect on the x-axis. Then the curve

y=Ff(x)is

2
@7F(x)=x+x+1 (b)f(x)=:—x
(©)f(x)=e** (d)f(x)=x - 8"

6. A curve passing through (1, 0) is such that the ratio of the square of the intercept cut by any tangent on the
y-axis to the Sub-normal is equal to the ratio of the product of the Coordinates of the point of tangency to the
product of square of the slope of the tangent and the subtangent at the same point, is given by

(a)x = Oﬂvm (b) X = et ylx

(c)y=e"""" -1 (d) xy +e'* —1=0

7. Consider a curve y =f(x)in xy-plane. The curve passes through (0, 0) and has the property that a segment of
tangent drawn at any point P(x,f(x)) and the line y = 3 gets bisected by the line x + y =1 then the equation of

curve, is
@y?=9(x-y) ) (y-3)* =9(1-x-y)
(€) v+ 37 =9(1-x-y) (d) (-3 -9(1+ x + y)

8. Consider the curved mirror y =f(x) passing through (0, 6) having the property that all light rays emerging from
origin, after getting reflected from the mirror becomes parallel to x-axis, then the equation of curve, is
(@) y? = 4(x-y)or y? = 36(9+ x) () y? = 4(1-x) or y? = 36(9- x)
(c) ¥? = 4(1+ x)or y? = 36(9-x) (d) None of these
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3 Ex. 1 The order of the differential ¢

- quation o ;
y=Cisin "‘+C;cos“x+cat f family of

an" ' x 4+ C,cot™ x
CC2,CyandC, are arbitrary const

ants) js
(@) 2 (b) 3
(©4 (d) None of these
Here. ¥y =Cisin”' x + C,cos™!

1
x + C;lan"‘x...(j‘cot—lx

. -1 n Y
=y =Gsin x4+ Cz(;‘sm X) +Cytan ' x4 C‘(g ~tan™ x)

=G -GS x4 (€ - Cotan ' x v (€, - o)
2

There are only two independent arbitrar
differential equation is 2,

Hence, (c) is the correct answer

Y constant order of the

p Ex. 2 The solution of the differential equation
1 .

= 7 . 2 IS
xy(x“ siny” +1)

(@) x*(cosy® — siny? — 2ce ') = 2
(b) y’(sinx® — cosy? — 2ce™’ )=2
(c) x*(cosy? — siny? - e_yz) = 4¢
(d) None of the above

Here, dx _ xy(x*siny? + 1)

dy

iix__i = ysiny?
‘ 2 dy z Y =ysiny
dt
- Let, —Lz=t=:%£=—
» x x’ dy dy

2

= ‘—”—+2r-y=y-siny2.I,F.=c‘”"""'”

dy

~ S0, required solution is

ter = IZy siny? x e dy = -lz-e"z(SinJ‘z - cosy’) + C
E = 2t =(siny® - cosy®) + 2Ce””

1 _—

2=-x%siny’ - cosy® + 2ce™")

o2
x*(cosy® —siny? —2ce™ ) =2

2 3 The curve satisfying the differential equation
= ¥x+y?)

k5 — and passing through (4, - 2) is
> M- x)

’ (l)yza-.zx (b)y=_2x

L Oy =g (d) None of these

Chap 04 Differential Equations 269

Sol. Here, (xy®- x*)dy =(xy + y*)dx
= ¥ (xdy - ydx) — x(xdy + ydx = 0)

= xzy]d(z} -xd(xy)=0
x

dividing by x’y?, we get

- Ya(2)-2d(2) o
x \x x’y y

2
= 1d(1) +d(i]=0
2 \x xy

Now integrating, we get

It passes through (4, —2)
= 1.1 =c = C=0
8 8

¥’ = -2xis required curve.

® Ex. 4 Spherical rain drop evaporates at a rate propor-
tional to its surface area. The differential equation corre-
sponding to the rate of change of the radius of the rain drop,
if the constant of proportionality is K >0, is

dr dr
—+K=0 by—-K=0
(a) o (b) ot
(c) %E =Kr (d) None of these
Sol. ‘;—‘: = - kdnr? (i)
But V=-nr
dv 5 dr .
= o nr o (i)
Therefore, dr ==K
dt

Hence, (a) is the correct answer.

® Ex. 5 A functiony = f(x) satisfies the differential equa-
tion f(x) - sin2x —cos x +(1+ sin? x) £'(x) =0 with initial
condition y (0) =0. The value of f(n/6) is equal to

(a) 1/5 (b) 3/5

(c) 4/5 (d) 2/5

Sol. ysin2x —cosx + (1 + sin” x) % =0 where y = f(x)

dy sin 2x cos X
— 4 3 y= 2
dx \1+sin‘x 14+46in"x

ebooks.cybernog.com



270 Textbook of Integral Calculus

Inlnh dx ld—' .
1+ sin?x =e ! =eln(“"“' x)

[F=e
=1+ sin’ x (by putting 1 +sin’x=1)

y (1 + sin’ x) zfcosxdx

y (1 +sin’x)=sinx+C;y(0)=0=C=0

Theref sin x y (Tt ) 2
erefore, = d — ==
X 1+ sin’x 6 5

Hence, (d) is the correct answer.

® Ex. 6 The general solution of the differential equation

:_y =X is a family of curves which looks most like which
x Yy
of the following?

Sol. I wdy = I(l - x)dx
rv—‘ =X - 5—. +C
2 2

x'2+y3—2.\'=(‘
(1'-1)=+_\"=C‘+1=C

Hence, (b) is the correct answer.

Remark

Family of concentric circles with (1, 0) as the centre and
variable radius.

® Ex. 7 Water is drained from a vertical cylindrical tank
by opening a valve at the base of the tank. It is known that
the rate at which the water level drops is proportional to the
square root of water depth y, where the constant of propor-

tionality k >0 depends on the acceleration due to gravity and

the geometry of the hole. Ift is measured in minutes and
k= % , then the time to drain the tank, if the water is 4 m

deep to start with is

(a)30 min (b) 45 min  (c) 60 min  (d) 80 min

so’.%:-k\b_};whenf=o;y=4

j@’— = - k[ dt

&

t
2 0=—kt=-—-~-—'
2Jy1i =
0 =t
15
= t =60 min

Hence, (c) is the correct answer.

® Ex. 8 Number of straight lines which satisfy the differ-

2
ential equation :_y + x (gl) -y =0is

Ix dx
(a) 1 (b) 2 (03 (d) 4
dy
, =kx+ b, — =k
Sol y dx
- kx + b=k + xk® = k=k’andb=k

k=0 or k=1

Hence, (b) is the correct answer.

e Ex. 9 Consider the two statements :

Statement | y = sin kt satisfy the differential equation
y” + 9y =0.

Statement Il y ="' satisfy the differential equation

y” +y' -6y =0
The value of k for which both the statements are correct is
(a) -3 (b)o (c)2 (d)3
Sol. Statement I y =sinkt, y' =k cos kt; y” =— k*sinkt
~ k’sinkt + 9sinkt =0
sinkt [9-k*]=0 = k=0k=3k=-3
Statement II y =, y’ =ke*'; y” = k%"
k2% + ke —6 =0
k:+k-6]=0
(k+3)(k-2)=0
k=-3 or 2

Common value is k = -3,
Hence, (a) is the correct answer.

® Ex. 10 Ify = m (where c is an arbitrary constant) is

the general solution of the differential equation

d
LA A ¢(—;) , then the function ¢(£] is

dx x

Y
2 2 2 2
@  ®B-X L a-L
¥ y? 2 (d) i
Sol. Inc+In|x==
y
Differentiating w.r.t. x, 1_y-on
x y?
2
y— = -— d_y
2k A dx
dy _y _y x)__¥
Y Y 4 X=X
& x x ¢ y x*

Hence, (d) is the correct answer.
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f(x) = I;f(r) cos t dt —sinx

Differentiating both the sides, we get
[(x) = f(x) cosx — co8 X

Let f(x)=y f'(x)= %

dy _ Y COSX = — COSX (L.D.E)

dx

IF=¢'_ICNX‘L‘ =e—:tnr

Therefore, y-e™ """ = -—fe""‘" cosx dx;

y_e—lmx =C + rvllnx;y :(1‘_“".\ +1

Ifx=0 y=0 (from the given relation)
= C=-1
Therefore, flx)=1- et
Now, minimum value = 1 — ¢ (when v = 1t/2)
Maximum value=1-¢ ' (when x = ~ 1/2)
f(x) = —e""" cosx
Therefore,  f'(0)=-1
f(x) = - [cos’ x - " — ™" osin x]

{5)-

Hence, (a), (b) and (c) are the correct answers.

® Ex. 15 Let% +y = f(x) where y is a continuous func-
X

= o
tion of x with y(0) =1and f(x) ={"_z ' '_;0 < ’; =2 Which
e, x>
is of the following hold(s) good?
@ y(1)=2¢”" by’ (N=-e"'
©y(3)=—2¢" d)y'@)=-2"
Sol. %+y=f(x) = [F=e"
ye* = [e*f(x) dx + C
Now, if 0 € x <2, then ye’=je'e"dx+c
= ye*=x+C
x=0,y(0)=1,C=1
: yef=x+1 i)
_x+1 _2 ,=e'—(x+l)c"
= s y(1) ; =y —

Ifx>2, y¢x=.|lex—zdx
yef=e*"2+C
y=e?+Ce*

As y is continuous,

lim x_+'_1- = lim (e + Ce™)
x 3 ¢ x — 2
Jel=e¢?4Ce? = C=2
s forx > 2
y=e?+2e”
Hence, y@)=2¢" + e =e (2" +1)
yls‘_ze"l'
y'(3) = - 2¢’

Hence, (), (b) and (d) are the correct answers.

e Ex. 16 A curvey = f(x) passes through (1, 1) and
tangent at P(x,y) cuts the x-axis and y -axis at A and B
respectively such that BP: AP =3:1, then JHUT JEE 200¢

(a) equation of curve is xy” =3y =0
(b) normal at (1, 1) is x + 3y = 4

1
(c) curve passes through (2, E]

(d) equation of curve is xy” + 3y =0
Sol. Equation of the tangent to the curve y = f(x) at (x, y) is
dy
Y-y=—(X-x
y=" 1 )

>

YA

B

5 >X
- Thus, cuts the x-axis at A and y-axis at B.
dy
T dy
A|—*——,0]|and B(O,-x———+y)
dy dx
dx
BP:PA=3:1
S(x%—y)
—— 2 +1x0
R (dy/dx)
4
= xﬂ+3y=0
dx
- s
y x
= logy =—3logx + logC
= =-E
x

** Curve passes through (1,1).. C =1
/. Curve is ¥’ =1 which also passes through (?. %) .

Hence, (¢) and (d) are the correct answers,
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;EE Type Solved Examples :
g,teﬂle"t land Il Type Qumm

solation y = y¢ ‘
e 17 LT EETEEERY = yix) of the differential equa.

,'..‘r—Tc‘r*!'\)’ —‘ﬁzﬂmifvywh:_z:
~3

C R

,,c—f"l y(x)=sec sec” x-
1 23 -
w" ,’l-'!gcmﬂb’-v -“:tl‘ - R
v » '\.

x’
s:aew. s Prue S-ll'pP---v Has also true St
g s the correct sxplanation of Siae = errerd

=

3 trus '}!.QW,,.. 1)

w

§ S‘-"rﬂ"" " aleo trge s‘l'?”‘n{
H s ot (he Corve CEL aNaY s S ate .

Starerment | s true. Statermers i s faise

",

Seztermer? | o ‘alse. Staternent W o true

S0l r\'!‘ ;J,f.‘,’,v“.,;
dr &
s car be reeTEVm & —me— et
'l\l‘*‘ "}‘»:

JEE Type Solved Examples :
passage Based Questions

Passage
(Q. Nos. 18 1020)

| A crve y=ﬂxuan.rﬁadn¢d'aﬂeramnlequazim
l'-*f.li‘-bb'x:-u} and passes through the origin.
' dx

18 The function y = f(x)
() is strictly increasing. ¥ x € R )
"b:smhthatithasaminimbutnom‘ax?m
"qiswchthatithasamximabutmmnmma

. (d) has no inflection point
19 The area enclosed by y = f

ordinate at x =2/3is

(3) 2In2 (b}%lnz

—1(x), the x-axis and the

1
(c)-:—lnz (d’);InZ

| 20 For the function y = f(x) which one

does not hold good?
(a) f(x)is a rational function
(b) f(x) has the same domain and same rage
) f(x)is a transcendental funcfum

(d)y = f(x) is a bijective mapping

ebooks.cybernog.com
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Integraton yields [ S - [ &

'\\1‘_\ \\‘,1_‘

= ““'K‘yc(‘
- we D =wc @V C
o .om
- = eC = Cw
L) ®
n
Thus wsec ' x = sec y +
&

. 1
€08 | CO8 - -+ 1~ -
‘ «x 8) x 2 N 2
N
3 2
= ‘:",\_ X
y 2x 2

Hence (c) 15 the correct answer.

Sol. (Q. Nos. 18 to 20)

dy+( 2x ) _ 4x’
& l1+x) 14X
et

IF:elfxz

== =1+ x%)

4x’
= =22 +C
y(1+xz)—l4x1dx 3 +

Passing through (0, 0) =C =0
4x’

T3+ x)

dy _4 Mi:‘_’_’i}
;z-‘; {1+Jr1)2

y

=

2 2
NEY T ___4!(3‘*:11)
31+ x°)

3 (1 + xl)l
dy
Hence,

and it does not change sign =X~
y.—_f(x)ismcteasm
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X ooy oo, X H—o Yy >0
YA

2/3

Area enclosed by y = f'(x), x-axis and ordinate at x = g

JEE Type Solved Examples :
Single Integer Answer Type Questions

® Ex. 21 Lety = f(x) be a curve passing through (4, 3)
such that slope of normal at any point lying in the first
quadrant is negative and the normal and tangent at any
point P cuts the Y -axis at A and B respectively such that the
mid-point of AB is origin, then the number of solutions of
y = f(x) andy =5 =|x||, is
Sol. Equation of tangent at any point (x;, y;) of curve y = f(x) is
=)= f(xNx-x)so B0y~ xf’ (11))

Equation of normal at(x;, y,)is (¥, y1) = —f ( )(x X;) 50O,
A= [0, n+ ’x, ] mid point of AB is origin, so
f(x)

__1_) _

(=)

Thus differential equation of curve y = f(x), is
@T dy
= —2 .

x[dx Y ax

dy ytx*+y’

dx x

2y, - xl(f’(xl) =

-x=0

Thus,

[nﬁxstquadrant.x>0,y>o,%>0,

+yx* +y?
SO .d_yzy__—y—'puty=vx

dx x
vx+x-‘/1+ :
= v+xi‘i= hd
x
dv dx
- I
1+v x
2
x
on solving we get y=T—1

40 x3

2
A:—-‘-—
3 3 °l+x2dx
Put 1+xi=t = 2xdx=dt
2 2 et -
=——_I(__l)dt
3 34 t
2 22 1
= — - — 1--=- d
3 3-[1( t)‘
2 2 _ 2_2 2
=3~z 1"‘11--“-[(2-ln2)_1]
a2 - g[l-ln2]=-1nz
3 3
y 15 —Ix|
-2

. number of solutions for y = f(x)andy =|5 —|x||
*. number of solutions are 2.

® Ex. 22 A real valued function, f(x), f: ( 2) - R

satisfies the differential equation xf’(x)=1+f(x){x" (:
and f(E) =i, then lim f(x), is
4 m x—0

Sol. Here, xf'(x) =1+ x*f3(x) - f(x)
. X[+ W)
1+ x“f%(x)
Integrating both sides
[ L)+ S
1+ (x f(x)?

- a ny_4
= tan (xf(x)-x+C.asf(4) Py
= tan"1=2+C

4
= C=0
’ x f(x) =tanx
= flx) = 22%
X
and lim f(x) = lim tanx _y
x—0 X
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¢ EX. 23 If the area bounded byy = = £(x), V3
X : —,X= Rl
the X-axis is A sq units where f(x) = , . 2 2, f 2 42, and

246x+ o-o]

+’

SB.1F) Vis (where |
’ . 2

sol. Here,  f(x)=1 +2X2+§-4x‘ +§.§.6xe+ -

=1+ x(i(xf(x)))

= SO x|xf )+ fxy
= (1= x)f(x) =1+ xf(x)

subjective Type Questions

¢ Ex. 24 For a certain curvey = f(x) satisfying

2
d’)?i =6x =4 f(x) has a local minimum value 5 when x =1
dx |
find the equation of the curve and also the global maximum

and global minimum values of f(x) given that0 < x < 2.
2

d‘y

dy
Sol. Inte ating,

=6x -4, we get — =3x? —4x +
g dx (&

dy

h =1,—=0.SothatC =1
when x i o tha

dy

Hence, =3x’ —4x +1 (i)

Integrating, we get
y =x-2x*+ x+ C,, whenx=1y=5,

sothat G, =5

Thus, we have y=x'-2x"+x+5

1
Form Eq. (i), we get the critical points x = 3 %= 1
z
At the critical point x = L , d—'y',' is (-ve).
3 dx
Therefore, at x = % , y has a local maximum.

dz
Alx:l.—y is (+ ve).
o (+ ve)

Therefore, at x = 1, y has a local minimum.

Also, fay=5
= 1) _139
r(3) =%
f(0) =5, f(2)=7 :
Hence, the global maximum value =7, the global minimum
Valye = 5,
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=5 dy x 1 I
dx 1~y zl’z—‘ LF.=¢ 1-¥

Y-v1- ~J“-~/:+c

et L AT ) -
=e? =y1-x

= y\/:=sm x+C,asf(0)=o=;c=0
= y = sin”' x

;)l—xz .
= A=

~
—_—
a3,
[
&R
e—

Vi2 gin! x na )2
Tg dx = tdt=| —| ==
nie 2 )n 2

[4A] =1

= |

® Ex. 25 If(x) is a differentiable real-valued function
satisfying ¢’ (x) + 2 ¢(x) <1, prove that ¢(x) - — rs a

non-increasing function of x.

Sol. ¢'(x) + 2 ¢(x) <1
= el* Q’(X) +2 ¢(X) eh? <™
= i(e“q:(x)-— e")so

dx

1), . . .
= ¥ (¢t(x) - 5) is a non-increasing function of x.

1, : . .
= ¢x) - 2 is a non-increasing function of x.

® Ex. 26 Determine all curve for which the ratios of the
length of the segment intercepted by any tangent on the
y-axis to the length of the radius vector is a constant.

Sol. Let y = f(x) be the equation of the required curve.

2]
Given that =k (a constant)
“+y ;
2o f )
— =tk 14+ —
= dx x x
d

Lety = vx,thenv + er—::=1.d:k,f1+v2

. dv =tk d_x_.i_ntggraﬁng we get
;;l + v x

— 10g|V+ h.'.vz |=:tklnx+C

xy + \}xz + }’2

XTNE T

x

=;tkl.nx+C

= log

Which are the equations of the required curves.
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® Ex. 27 Letu(x) andv(x) satisfy the differential equa-
tions d_u +p(x)u= f(x) ana’ﬂ + p(x) v = g(x), where
dx dx

p(x), f(x) and g(x) are continuous functions.
Ifu(x,) >v (x;) for some x; and f(x) > g(x), for all x > Xy,
prove that any point(x, y), where x > x,, does not satisfy the
equation y = u(x) and y =v(x). [IT JEE 1997/
Sol. Given that

gd-p(x)-u:f(x) and %+p(x)-v:g(x)

Subtracting, we get

i(idx‘—”)+p(x)-(u—v)=f(x)—g(x)

Multiplying by eIP ) ", we get

Nrers d(:x- v, (- v)-p(x)-eh(x”:

= {f(x) - g(x” . eIP(l’)dx
. d x
fe =) = () - gl PO
Since, exponential function takes only positive values and
f(x) > g(x) for all x> x;, RHS is + ve; x > x,

% {tu—v)-l?%) g

ie, (u—v)- JM’M' is increasing function,

Hence, if ejﬂ N &(x), then for x > x,

We have, {u(x) = Ux)} ¢ (x) > {x;) = Ax;)) $(x)
ie l‘(x)_‘,(ar))Mxl)—v'(ﬂl:.)}-ﬂi(ﬁn)>0[,., dx) > vx,))

®(x)
Thus, Ux)>uUx), YV x> x
ie. ux) #Ux),V x> x

Hence, no point (x, y) such that x > x; can satisfy the equations
¥=u(x)and y = Wx).

® Ex. 28 A normal is drawn at a point P(x, y) of a curve. It

meets the x-axis at Q. If PQ is of constant length k, then
show that the differential equation describing such curves is,

y %’i =1k? —y? and the equation of such a curve pass-

Ix
ing through (0, k). [TIT JEE 1994)
Sol. Lety = f(x) be the curve such that the normal at P(x, y) to this

curve meets x-axis at Q. Then,
PQ = length of the normal at P

But PQ=k
¥ v‘l +[ d_y)’ =k

dy \! d
= 2+ 2(_)/}: 2 y_
Yy o+y I k* or yE_tm
y dy
= s =t ds
y

Integrating both the sides, we get

-k =y% =+ x + C, since it passes through (0, k) — ¢ =
- J»Tyz =t x

or k? —y? = x?

= 4yt =k s required equation of the curve,

® Ex. 29 A curve passing through the point (1, 1) has the
property that the perpendicular distance of the normal at
any point P on the curve from the origin is equal to the
distance of P from x-axis. Determine the equation of the
curve. [TIT JEE 1999;

Sol. Let P(x,y) be any point on the curve y = f(x). Then, the
equation of the normal at P is,

dy ( dy )
X+Y = - —— + =0 i
or ix \Yax ¥ -0

It is given that distance of Eq. (i) from origin = Distance from
x-axis (i.e. y)
dy J
0- —+x
( Y &

ie > =y
Jl+(ﬂ)
L dx

ox)rie( %)
- — + = 1+ —
(ydx €)=Y dx
d
= iy Yoy
x xydx J’2 ,
or d—y=y o=
dx 2xy

which is homogeneous differential equation and we can solve
by homogeneous or by total differential.

Here, using total differential,
2xy dy -y dx = - x* dx

2 2
-y dx
= X0yl g
x
2
= d(y—)=_dx
x
Integrating both the sides, we get
2 *
at y—=—x+C i)
x
It passes through (1,1) = C =2
2
L - x4zo0r yi=-x+2x
x
= x* 4 y* — 2x = 0, is required equation of curve:
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EX. 30 A country has a fooq deficit of 10%

per year. |ts

’ .
_— continuously at a rate of 3% Its Population

* Ex. 31

.* i > - je Jer annu A j 1
Pﬂ"mc.r o ; Vﬂz yearis 4""”"0re than thqt of the fasa:lfOOd contains q |j t::gmif f"wlar come with radius R and height H
(suming that the average food requiremey,y per year, its surface aq  Which evaporates at a rate proportional to
Jins constant. prove that the co ) Péerson . rea in contact with air (pro 1 i
o untry will become k >0), find th proportionality constant

qlfsufficient in food after n years, where p i ¢ time after which the cone is empty.

the small
. est 1T Ji
ger bigger than or equal to log, 10 - log, 9 Sol. Let the semi-vertical ang| {1 7R 2403]
e (I {IT JEE of the liquid at (i e 0f the cone be 6 and let the height
08, 1.04)- 003 2000) auid at time *t' be ‘h' from the vertex V and radius of

the liquid cone be ¢ Let V be the volume at time t Then,

be the initial populati its i —
sol. Let By on, Qo be its initial fooq
produc- L

hon.

Let P be the population of the count

food production in year ¢. TV I year tand Q be ity

dP 3p _
= = o — or dp,: ‘!_ {

dt 100 P o100 H
Integrating, we get

lt\g"-:r 3 T4+ C

100
Att =0, we have P = P, A
= C=log B v=La
= P =P r(‘.l\\t ) 3
( (l
o = V=!nr‘cut9 ‘“tanB="
It is given that th_e annual food production every year is 4% 3 h
more than that of last year. Let $ be the surface area of the liquid in contact with air at time ¢.
r
= Q=QnL1+*‘—) Then, $ =nr?
100 = av s
Let the average consumption per person be k units. dt
av
= 0, = kP, L :)io ) =09kP, = e kS, k is constant of proportionality.
d(1
. Q=09 kP, (1,04)‘ ..(11) = :t_t [ 5 nr’ cot B] = - knr?
This gives quantity of food available in year t. The population dr
in year ¢ is, = nrzzcotB=—er2=>c019dr=—kdt
P= Pn e0,03: [from Eq (l)]

0 T
On integrating, we get cot 6 L dr=-k L dt

~. Consumption in year, t = kPye "0 (1) : o

. . if = R cot 0=+ kT, where T is required time.
'l‘hecountrywﬂlbcsdfsuéﬁ:;nt - T=H/k (astan 8= R/ H)

0.03
= 0.9k P, (1.04)" 2 kP ™" ® Ex. 32 Solve the equation
* = t) dt, x >0.
= %(1.04)‘ > 009 X_L y(t) dt (XH)L ty(t) dt, x
10 Sol. Differentiating the equation wr.t. x, we get
-0.03¢ x

= (1.04) e 2= xy(x) + I.J'n" Yty dt=(x+ 1)y +1- [ty @t

10 x x
= t log (1.04) — 0.03 t 2 log (—;) ie. _[o y(t) dt = x* y(x) + jn t y(t) dt

in, differentiating w.r.t. x, we get
e yx)=x"y'(x)+ 2xp(x) + /(%)

10
= t {log (1.04) — 0.03} 2 log (;)
x% dy(x)

= log® =
a ‘= llog(: t(.:4)1 §03 ie =30 y(x)=—7
og (1.04)- 0. "
i s self (1 -3x) dx _ dy
:r;l._thc least number of year in which country become o - s
- C -ux
) : log 10— log 9 - . : .

~ log (1.04) - 0.03
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Integrating both the sides, we get

=

1+ d
A0 e
v+ 1 X
2 d
! zv dv+I2v =- &
27vi+1 vi+1 x
1 2 -1
Eloglv +1|+tan” |v|=-logx+C

log {(\fvz +1)x}+tan'v=C
log \/xz +y® + tan™! Y -¢
x

Asx=1landy =0,

logl+tan™' 0=C=C=0

.. Required curve, (log ,fxz +y?) + tan”! ( Yy ) =0
x

® Ex. 39 If f(x) be a positive, continuous and differentia-

ble on the interval(a, b). If lim* f(x)=1 and

X —a

x—=b

lim f(x)=3". Also, f*(x)2 2 (x)+ _'_
fx)' "

(aQ)b-az=n/4 b)b-a<m/4
(c)b-a<m/24 (d) None of these
Sol. Since,

Fr)2 (%) + ——
AT

x)
= f(x) f(x) 21+ f*(x)

f) f'(x) |
1+ fix)

On integrating wr.t. ‘'x fromx=ato x=b.
~(tan”! (£ () 2 (6 - )
or (b-a)< %{ lim (tan™'(f *(x))) - lim (tan™'(§

or (b-a)<m/24

Hence, (c) is the correct answer.
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“* gingle Option Corre

4, If the differential equation of the fam

x il '
by y = Ax + Be®*, where A and B are Y of curve given

. arbi
constants, is of the form bitrary

d (dy d
_ — =< 4] Yy
(1 zx)dx (dx }')+k[—~+ly)

=0, then the ordered
Pa.ir (k, I) is

(2) (2 ~2) (b) (-2 2)

(c)(2,2) (d) (-2, -2

2, A curve passes through the point (l. E}

any point is given by Y _ cos?

y
x (;] - Then, the curve has

the equation

(a)y = xtan™' (ln ’r)

X

©y=" tan” (l" E)
X X

(b) y = xtan™' (In 2)

(d) None of these

J. The x-intercept of the tangent to a curve is equal to the

ordinate of the point of contact. The equation of the
curve through the point (1, 1) is

(a) ye; =e (b) xe; =e
Y b4
(c) xex = e (d) yex =e¢

4. A function y = f(x) satisfies the condition
f'(x)sin x + f(x)cos x =1, f(x) being bounded when
x 0, 1f1='|:"2 f(x) dx, then

2 n?
n n n

il il by—<I<
(a)2<1<4 ()4 2

(c)1<I<—12E (do<I<l

5. A curve is such that the area of the region'boundcd by
the coordinate axes, the curve and the ord.mate f)I‘fl::eny
point on it is equal to the cube of that ordinate.
Curve represents
(a) a pair of straight lines
(c) a parabola

(b) a circle

(d) an ellipse

6. The tant ‘m and ‘¢’ for which
y= r::ll-:ccuii ta;l.l:c:l::ltli::n of the differential equation
D’y-3Dy - 4y =-4x.
@ism=-1,c=3/4
() no such real m, ¢

(b) ds m=1ic=—/4
d)ism=1;c=3/4
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and its slope at

Exercise 1-
Ct Type Questions I

7. The !’:al value of m for which the substitution,
Y =u" will transform the differential equation,

2ty Y e
y I +y" =4x" into a homogeneous equation is
(@m=9o

bym=1
(Ym=13/2 m

(d) No value of m

8. The solution of the differential equation,
dy 1 1
2
X —-COS— - ysin — = —
dx x Y x -
where y 5 -1as x o0 s
(a))’=5inl—cmi b)y= Al
x x xsin—
X
(c)y =sin: + cost (d)y="21
x x xcos —

X

9. A wet porous substance in the open air loses its
moisture at a rate proportional to the moisture content.
If a sheet hung in the wind loses half its moisture during
the first hour, then the time when it would have lost
99.9% of its moisture is (weather conditions remaining
same)
(a) more than 100 h
(b) more than 10 h
(c) approximately 10 h
(d) approximately 9 h

10. A curve C passes through origin and has the ‘
property that at each point (x, y)on it, the normal line at
that point passes through (1, 0). The equation ofa
common tangent to the curve C and the parabola

y* =4xis
(a)x:O (b)y=0
@y=x+1 @x+y+1=0

11. A function y = f(x) satisfies

1

e” N
(x+1)-f'(x)—1xz +x) f(x)= e 1)'V x>-1

If £(0) =5, then f(x)is
3X+5]-e'z (b)[ﬁx::').gu
(a) x+1 x ]

6x+5 )-e" @ (E;-:;f
(c) (z + 1)’
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12. The curve, with the property that the projection of the

13.

14,

15.

19,

20.

Textbook of Differential Calculus

ordinate on the normal is constant and has a length
equal to 'a, is

(a)x—aln(@ic'a‘ +yv)=C
®) x + \/aT—__v“ =C
(©)(y -a)' =Cx

(d) ay = tan"" (x + C)

The differential equation corresponding to the family of

curves y =e” (ax + b)is

d’y _dy dy _dvy
———+2 =0 b) = -2°5 ¢y =0
(@) dx i ! dv? dx e
d*y dy d'y _dy
+2 - =0 1) -2 P =0
© 5 " e fa

The equation to the orthogonal trajectories of the
system of parabolas y = ax” is

2 2
(a)x?-ry’zc‘ (b)x’+““~=(‘

2

H
X 2 \4
¢)—=-y =C
()2 )

dx-L =¢

2
A function f(x) satisfying J: f(x)dt = n f(x), where
x>0 is

1-n n

@ fix)=C-xn ®) f(x)=C-x""!

1
(c) f(x)=C-x» (d) f(x) =C-x"™

16. The sub:.tlmtmn y =% transforms the differentia|

17.

18,

equation (x*y?* —1) dy + 2xy’dx = 0into a homg

€n
differential equation for Beheoy

(W) a=-1 (b)o
() =1 (d) No value of o
A curve passing through (2, 3) and satisfying the
differential equation L ty(t)dt = x’ y(x), (x>0)is
@x' 4yt =19 (b)y'=zx
(¢) ¢"f=1 (d) xy =6
81 > =
Which one of the following curves represents the
solution of the initial value problem Dy = 100 - ¥, where
v (0) = 507
Y4
_____ 0 ...
(@) \< (b)
O \ > X
y Y
100 100
(c) S0 (d)

@ Differential Equations Exercise 2 :

More than One Option Correct Type Questions

dy 3 2

The diffi tial ti —+—=
e differential equation x ' dy y
dx

(a) is of order 1 (b) is of degree 2
(c) is linear (d) is non-linear
The function f(x) satisfying the equation £
FH+4f(x) f(x) + [ (0)) =0
(a) f(x)=C- 2V
(6) fx) = C-o** O

() f(x) = C etV -2
(d) flx)=C.cT0* VB
where C Is an arbitrary constant.
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21. Which of the following pair(s) is/are orthogonal?

(a)16x* + y* =Cand y" = kx
b)y=x+Ce™
©y =Cr2andx'+2y2=k
(dx*-y*=Cand xy =k

andx+2=y + ke™”

22, Family of curves whose tangent at a point with its

intersection with the curve xy = c* form an angle "f'

(@) y? -2xy-x*=k

M) y*+2xy - x* =k

(©)y =x—2ctan™’ (I) +k
¢

(d)y=cln|ﬂ
cC—Xx

-x+k




2. The general solution of the differentia]
d
i) 2)s

(a)y = xe'

(b) y= xel + Cx

(chy = ex- e

(d) y — xe(‘x

where C is an arbitrary constant.

24, Which of the following equation(s) is/are linear?
.Y -
O ¥

ﬂ,)y(;)wtx:o
(c)dx+d)’=0

2

d’y
(d)}:} =CcosXx

€quation,

25, The equation of the curve passing through (3, 4) and
satisfying the differential equation,

dy ’ dy
_ + - — —=x=0
)'(dx) (x-y) rial
can be
(a)x-y+1=0
b x*+y?=25
(c)x3+y2—5x—10=0
dx+y-7=0
X, Identify the statement(s) which is/are true?

(@) flx,y)=e"* + tanZ. is homogeneous of degree zero.
x

(b) x- 10g dx + — y -1 ¥ 4y = 0 is homogeneous
0 g
dlﬁ'crentml equation.

(©) f(x, y) = x* + sinx- cosy is not homogeneous.

@ (x* + y?) dx - (xy? —y’)dy=0isa homogeneous
differential equation.

Chap 04 Differential Equations 28

27. The graph of the function y = f(x) passing through the
5"‘-‘“ (0, -1)and satisfying the differential equation

Yy
E+ycosx—cosxls such that

(a) it is a constant function

(b) it is periodic

(¢) it is neither an even nor an odd function
(d) it is continuous and differentiable for all x

28. A function ¥ = f(x) satisfying the differential equation
d in?
Ey-sinx—ycosx+s . ad

is such that, y — 0as x — o, then the statement which |
correct?

(a) limo flx)=1

(b) J-:sz(x) dx is less than %

(c) I: .zf(x) dx is greater than unity
(d) f(x)is an odd function

29. Identify the statement(s) which is/are true?

2
(a) The order of differential equation Jl + dy _ xis 1.
dxz

(b) Solution of the differential equation
xdy —yde=/x?+y  dxisy + {x’ + y* =Cx.

(c ) —— =2 (% —y) is differential equation of family of

curvesy =e* (Acosx + Bsinx).
(d) The solution of differential equation
(1 yh s (em2e ' L ois ey = vk

30. Let y = (A + Bx) e " is a solution of the differential
d? d
cquationdx—r +m;y+ny=a m,n € I, then

(aym=-6 (b)n=-6
(c)m=9 (d)n=9
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Differential Equations Exercise 3 :

Statement | and Il Type Questions

Directions
(Q. Nos. 31 to 40)

For the following questions, choose the correct answers from
the codes (a), (b), (¢) and (d) defined as follows -

31.

32,

33.

34,

(a) Statement [ is true, Statement Il is true and Statement II is
the correct explanation for Statement |,

(b) Statement I is true, Statement Il is true and Statement I1 is
not the correct explanation for Statement 1

(c) Statement I is true, Statement 11 is false.

(d) Statement 1is false, Statement 1I is true

A curve C has the property that its initial ordinate of
any tangent drawn is less than the abscissa of the point
of tangency by unity.

Statement [ Differential equation satisfying the curve
is linear.

Statement II Degree of differential equation is one.

Statement I Differential equation corresponding to all
lines, ax + by + ¢ = 0 has the order 3.

Statement II General solution of a differential
equation of nth order contains n independent arbitrary
constants.

Statement I Integral curves denoted by the first order
linear differential equation 2 — 1
dx «x
parabolas passing through the origin.

y = — x are family of

Statement I1 Every differential equation geometrically
represents a family of curve having some common

property.

Statement I The solution of (y dx — x dy) cot (-J-t-)
Yy
=ny? dxissin (ij =Ce™
y

Statement IT Such type of differential equations can
only be solved by the substitution x = vy,

35.

J36.

37.

38.

39.

40.

Statement I The order of the differential
whose general solution is
Y = G Cos2x 4 ¢;5in” x 4 ¢ ™4 c gt g3,

€quation

Statement I1 Total number of arbitrary parameters ip
the given general solution in the Statement I is 6.

dy

dx

Statement 1 For any member of this family y — oo a4
X oo,

2
Consider differential equation (x? + 1)-5‘—32’. =2x-

Statement IT Any solution of this differential equatio,
is a polynomial of odd degree with positive coefficient
maximum power,

Statement I Order of differential equation of family o
parallel whose axis is parallel to Y-axis and latusrectum
is fixed is 2.

Statement II Order of first equation is same as actual
number of arbitrary constant present in differential
equation.

Statement I The differential equation of all

2
non-vertical lines in a plane is d—: =0.
dy

Statement I The general equation of all non-vertical
lines in a plane is ax + by = 1, where b #0.

Statement I The order of differential equation of all
conics whose centre lies at origin is, 2.

Statement II The order of differential equation is sam
as number of arbitrary unknowns in the given curve.

Statement I y = asin x + b cos x is general solution of
¥y’ +y=0o

Statement II y = asin x + b cos x is a trigonometric
function.
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51. Solution of the differential equation y 83.

(@tan"'y +sin' x=C
(b) tan ' x + sin'y=C
(@ tan”' y-sin” x=C

(d) tan”' y —sin'x=C

dy u
52. = =1+x+y+xyand y(-1) =0 then yis equal to
x
(- ! e
(a)e ? e * -1
(dyr+ x

()In(1 + x) -1

Passage V 55,

(Q Nos. 53to 55)
Let C be the set of curves having the property that the point of
intersection of tangent with y=axis is equidistant from the point
of tangency and origin (0, 0)

- Matching Type Questions

56. Match the following :

Wy, oped
CeCarve b pasaliig theough (1, 0)
'y Curve da pasalng through (- 1,0)

The numbe :
number of common tangentus for ¢ and (') 1

(m)1 (h) 2
(¢) 2 () None of 1hesw
Sy e o

s pisingg through (2, 4) 11 K ‘y “ 1 In tangent py

a (i
'y, then

(n) 2%a b’
() 1 8a v 250

() 2%a b 106 1 ab = 0
()29 0 by 1Yab =0

U"I

1hab

0
0
If common tangents of Cpand €, lorm an equilateral
triangle, where ¢, Cy ¢ Cand €y Curve pasies throy
(2, 0), then €, may passes through

() ( 1/51/77) (e 1/7%10)
(e)(-2/34) (dy( 2/%2)

= Differential Equations Exercise 5 :

Column | Column Il

(A) xdx+ydy= az—xz—yz (p) y,__,(ﬂ‘ I

xdy — ydx 4+ ) X
(B)  Solution of cos® x L tan 2x- y= cos*x, where |x| < % and y(%) = l;/—j (@ Jx’ —+_f = gsin [(.' +tan”' (:J}
(C) The equation of all possible curves that will cut each member of the family n x4+ V4 Cym0

of circles x* + y* — 2ex = O at right angle
(D)  Solution of the equation x J:y(t) di=(c+ 1) [y () dt,x > Ois 5) = ,__"_"15‘.1- )

0 2 (1-1tan”x)
57. Match the following :
Column | Column Il
(A) Circular plate is expanded by heat from radius § cm to 5.06 cm, Approximate increase in ») 4
area is ‘
(B) Side of cube increasing by 1%, then percentage increase in volume is o (@ 0.6n
- Yoiu M -
x

(©) 1f the rate of decrease of 7 2x + 5is twice the rate of decrcase of x, then x is equal to ® ?
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(A) The difterential equation of the family of curves

are arbitrary constants, has the degree n and Orﬂllc:,,: ‘_';h(/i cosy + émn K,)' where :4, _B- ' 7(p) 2,1

respectively . Then, the values of nand m are,
® ;lnl(\li :j: ?I:get'lnn):llsma(\lrirr‘;i':l:(?\l,?;‘;rmnul ¢quation of the family of all parabolas whose (qQ) 1,1 o -
©) llalti:;r:ljlc:huongrijilrl\r,c:rgt:-l:l‘:il.l‘]f:;n“n\ equations 6[‘ the family of circles touching the (r) 2.5
) ;Ic::; ‘f:rg"::“:z‘:ino\::il;f of the differential ¢quation of the famuly of ellipse having the same (8) 1,2

ﬂ pifferential Equations Exercise 6 :
== single Integer Answer Type Questions

5. Find the constant of integration by the general solution

A ! ! 62. 1f ¢ x) is a differential real-valued function satisfying
of the differential equation (2xy - 2y*) dx ¢’ (x) + 20(x) < 1, then the value of 2¢(x) is always less
+(2x* +3xy’) dy = 0if curve passes through (1, 1) than or equal to ......... .

60. A tank initially contains 50 gallons of fresh water. Brine
contains 2 pounds per gallon of salt, flows into the tank
at the rate of 2 gallons per minutes and the mixture kept

63. The degree of the differential equation satisfied by the

curves.}l+x—a,/l+ =1, 18 .0oreren. .

) LS . 64. Let f(x)be a twice differentiable bounded function
uniform by stirring, runs out at the same rate. If it will ) o , , 3 a5 e
take for the quantity of salt in the tank to increase from satisfayi 2f* (x)- f*(x)+2(f(x))" - f*(x) = " (x). if
40 to 80 pounds (in seconds) is 206A, then find A. f(x)is bounded in between y =k, ;nd y=ky, T};‘C“ the

oL . ) . number of integers between k, and k, is/are (where

61. If £ .ﬁR - {=1} — and f is differentiable function which £(0) = £7(0)=0).
satisfies : . s B 2 2
flx+ F(9)+ ) = y+ F(x)+3f (x)V x, yeR—{1}, 65. Let (x) be a function satisfying d’y / dx* —dy / dx

then find the value of 2010 [1 + £(2009)} =0.(0) = 2and y'(0) = 1. If maximum value of y(x)

is y(a), Then Integral part of (200) is ...... .

Differential Equations Exercise 7 :
Subjective Type Questions |

66. Find the time required for a cylindrical tank of radius r

67. The hemispherical tank of radius 2 m is initially full of
and height H to empty through a round hole of area ‘a’

water and has an outlet of 12 cm? cross-sectional area at

at the bottom. The flow through a hole is according to the bottom. The outlet is: opened at some instant. The
the law U, dh flow through the outlet is according to the law

(t) = u \/2gh(t) where v() and h(t) are v(t)=0-6 ngh(t), where v(t) and h(t) are respectively
Tespectively the velocity of flow through the hole and

velocity of the flow through the outlet and the height of
the height of the water level above the hole at time t and water level above the outlet at time ¢ and g is the

acceleration due to gravity. Find the time it takes to
empty the tank.

gis the acceleration due to gravity.
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68. Let f: R' — R satisfies the functional equation

flxy)=e® > V(¥ fix)+e” f(Y)V x,ye R".If
f'()=e, determine f(x)

69. Let y = f(x) be curve passing through (1, V3) such that

tangent at any point P on the curve lying in the first
quadrant has positive slope and the tangent and the
normal at the point P cut the x-axis at A and B
respectively so that the mid-point of ABis origin. Find
the differential equation of the curve and hence

determine f(x).

70. If y, and y, are the solution of differential equation

@

dy/dx +Py=Q

where P and Q are function of x alone and Ve =
Q
L i
thenprovethatz=1+c-e »

iz,

where c is an arbitrary constant.

71. Let y = f(x)be a differentiable function V x e Rand

satisfies :

f(x):x+Ll x? zf(z)dz+_[ul xz? f(z)dz.

Determine the function.

72.If f . R - |- 1) - Rand f is differentiable function
satisfies
fICD+ M+ x fON=y+ f(x)+yf(x)V x,
y€ R - (-1 Find f(x).

Differential Equations Exercise 8 :
Questions Asked in Previous 10 Years' Exams

(i) JEE Advanced & IIT-)JEE

73.

4.

73.

A solution curve of the differential equation

(x* +xy+4.\'+2y+4)?—y’ =0, x > ( passes
x

through the point (1. 3). Then, the solution curve
[More than One Correct 2016]
(a) intersects y = x + 2 exactly at one point
(b) intersects y = x + 2 exactly at two points
(c) intersects y =(x + 2)*
(d) does not intersect y =(x + 3)?

Let f:(0 o) = Rbe a differentiable function such that

f(x)= 2—f( )forallxe(o w)and f(1) # 1. Then
[More than One Correct 2016]
o 1 A(2)

(b) lim x j‘( ) 2
x = 0+ x
. 2 oo -
(c) xilmwx fx)=0
(d) | f(x)| <2 for all x €(0,2)
Let y(x) be a solution of the differential equation
(1+e*)y" + ye* = 1L1f %(0) = 2 then which of the
following statement(s) is/are true?
[More than One Correct 2015]
@y(-4)=0
b)y(-2)=0
(c) y(x) has a critical point in the interval (-1 +0)
(d) y(x) has no critical point in the interval (-1, 0)

76. Consider the family of all circles whose centres lie on the
straight line y = x. If this family of circles is represented by

the differential equation Py’ "+ Qy” + 1 =0, where P, Q are
2

the functions of x, yandy’ (here,y’ = ?, " = E_y)

x

then which of the following statement(s) is/are true?
[More than One correct 2015]

(@P=y+x
b)P=y-x
(OP+Q=1-x+y+y'+(')
@P-Q=x+y-y -
77. The function y = f(x)is the solution of the differential

equation ‘—124» xy _xl+ex m( 1,1) satisfying

b x2-1 f1-x?
£(0) = 0. Then, [ﬁ’z Flx)dx is

n A x4 n 3 5_£
();"? (b)—-T (C);"—; (d) 6

78. Let f :[1/2 1] — R (the set of all real numbers) be 2
positive, non-constant and differentiable function such
ﬂ]’at f’(x)<2f(x)and f(1/2) = 1. Then, the value of

[Only One correct 2014)

., f(x)dx lies in the interval ~ [Only One Correct 2013)
(a) (2¢—1,2¢) () (e-1.2e-1)
o) el
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curve passes through the poj T
70, A p E ¢ point (1. ;} Let the slope of

the curve at each point (x, y)be ¥ 4 goo.[ ¥
L e - X >0. Then,

[Only One Correc
(b) cosec (21)
X

the equation of the curve is

t 2013
2] =1 1 1
(a) stn x) Gl 2 =logx +2

2y _
(c) sec (_x—J =logx +2 (d) cos (—25_) = log x + 1
2

s« Directions ;Q- NEB' 80 to 83) Let f 10,11 R (the set of
numbers) be a functi
l;‘v::i::‘:iliﬂ'erentiable, fO)=F : ;(;!1: OS::;) f::’:i:}&isfunchon e
fx) =2 (x) + f(x) 2 e*  x €0, 1]
[Passage Based Questions 2013)
80. If the function e ™™ f(x) assumes its minimum in interval
[0,1]at x =1/4, then which of the following is true?

1 3
(@) £ <O f<x <o ) (0> fx),0cx <
(©) i) < flx),0<x< 3 (d) f(x) < f(x), : <x <1

§1. Which of the following is true?

(@) 0 < flx) <= (b)—%<f(x)<%

(c)—%<ﬂr)<1 (d)—eo< f(x) <0

82. Which of the following is true?
(a) g is increasing on (1, )
(b) g is decreasing on (1, )
(c) g is increasing on (1, 2) and decreasing on (2, «)
(d) g is decreasing on (1, 2) and increasing on (2, =)
83, Consider the statements.
L. There exists some x € R such that,
flx)+2x=2A1+ x?)
II. There exists some x € R such that,
2f(x)+1=2x(1+x)

(ii) JEE Main & AIEEE

88. If a curve y = f(x) passes through the point (1,-1) and
satisfies the differential equation, (1 + xy)dx = x dy,

then f (— 1) is equal to [2016 JEE Main]
2

2 4 2 a2
(a)-g (b)—; (C)5 ()5

89. Let y(x) be the solution of the differential equation

dy > 1). Then, y(e) is equal to
(x log x) I +y=2xlogx,(x2 1). )’([2015 JEE Main)

(a) e (b) 0 (c) 2 (d) 2e

Chap 04 Differential Equations 289

(2) Both I and IT are true

) (b) 1 is true and II is false
(0) Lis false and II is true

(d) Both I and 1I are false
If y( x) satisfies the differential equation
Y —Yytanx =2 xsec x and y(0), then
[More than One Correct 2016]
(a) y (1) _ n?
4) 82
2

2

o (-5
@9(3)-3
3 9

2
Lety"(x) + y(x) g"(x) = g(x) g’ (x), }(0) =0, x € R, where
f 7 (x) denotes dg(;‘) and g(x)is a given non-constant
differentiable function on R with g(0) = g(2) = 0. Then,
the value of y(2) is [Integer Type 2011]

84,

85.

......

Let f : R — R be a continuous function, which satisfies

f(x)=[" £(t) dt.Then, the value of f(In5)is ...
) [Integer Type 2009]

* Direction For the following question, choose the correct
answer from the codes (a), (b), (¢) and (d) defined as
follows

(a) Statement 1 is true, Statement II is also true; Statement II is
the correct explanation of Statement 1.

(b) Statement I is true, Statement 11 is also true; Statement I is
not the correct explanation of Statement I.

(c) Statement [ is true; Statement 11 is false.

(d) Statement I is false; Statement II 1s true,

87. Let a solution y = y(x) of the differential equation
2
xyx% —1dy —y|/y? — 1 dx =0satisfy y(2) = 7

Statement I y(x) =sec (sec" x - %) and
1_23 1
Statement II y(x)is given by ; = 1-

xz

[Statement Based Questions 2008]

90. Let the population of rabbits surviving at a time ¢ be
governed by the differential equation
) _1 p(t) — 200. If p(0) =100, then p(t) is equal to
2

dt (2014 JEE Main]
¢

(a) 400 —300¢?
¢

(b) 300 — 200¢ 2
!

(c) 600 —500¢?

J
(d) 400 —300e 2

e
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91, At present, a flxm is manofacturing 2000 ftems, I iy

estimated that the rale of change of production P with
respect to additional number of workers x In given by

@ 100 - 12V x. Il the firm employees 25 more workerns,
dx

then the new level of production of {tems Ix
(2013 JRE Main)

(h) 3000
(d) 4%00

(n) 2500
(c) 3500

92. The population p(t) al time f of a certaln mouse species

0.5(1) 450 11

satisfies the differential equation d’;(”
dt

£(0) = 850, then the time at which the population
becomes zero is (2012 AIEEE)
(a) 2 log 18

1
) - log 18
(c)zos

(b) log ©
(d) log 18

93, !f:—x =y+3>0and y(0) = 2 then y (log 2) is equal 1o
x

[2011 JEE Main)
(@) 5 (b) 13
(c) -2 (d)7

94. Let I be the purchase value of an equipment and V (t) be

the value after it has been used for t years, The value
V(t) depreciates at a rate given by differential equation

vV
d—d‘y) =-k(T -t), wherek >0is aconstant and T is

95

97.

——

the total lfe 1n years of the equipment, They

the s¢
vilhue V(1) of the equipment is e

(2010 Aiggg
ko Ty ]
(a) | myr- KT n
2 2
(0) e 4 (dyr’ !
k
Solution of the differential equation
n
con x dy = y(sin x Ydx, 0« x < 7y
y y . 2010 AlEgE)

(n)wee x = (tanw 1 )y

(b) yrec x = tanx v O

(c) yltanx = weex o (!

() tanv - (wecxy C)y

The differentinl equation which represents the family of
curveny = ¢y e where ¢, and ¢, are arbitrary
constants, Iu [2009 AIEEE)
W)y =y’ (b)y"” =y'y

() yy" =y’ (d) yy” = (y')’

The differential equation of the family of circles with

fixed radius 5 units and centre on the line y = 2js
[AIEEE 2008]

(a) (x - 2)y" =25 ~(y -2)*

(h) (y-2)y" =25-(y ~2)*
() (y-2)"y" =25-(y ~2)*
(d) (x=2)"'y"? =25 -(y-2)*
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prercise for Session 1

L@ 20 3.(d)
@ 10 8. (a)

Exercise for Session 2

L 2@ 3. (a)
6@ 1@ 8. (a)
1.0 12.() 13. (a)

Exercise for Session 3

1.2 2. 3. ()
6. (¢) 7. (a) 8. (¢)

Exercise for Session 4

1. (b) 2. 3. (a)
6. 7.0 8. (b)

Exercise for Session §
1. (a) 2.(0) 3.(¢)
6.(a) 7. 8. (0

Chapter Exercises
1. (a) 2. (a) 3.(a)
6. 7.(c) 8. ()
11.(b) 12.(2) 13. (b)
16.(a) 17 (d) 18. (b)
20. (c,d) 21. (a,b,c,d)
23. (a,b,c)

4. (a)
9. (a)

4. (a)
9. (a)
14. (b)

4. (b)
9. (a)

4. (a)

4. (a)
9. (c)
14. (a)

19. (a,b,d)

22. (a,b,¢,d)

24. (a,c,d)

5.(d)
10. (b)

5. (c)
10. (a)
15. (b)

5. (¢)
10. (¢)

5. (a)
10. (d)

5.(¢)

5.(c)
10. (a)
15. (a)

25. (a,b)

Answers

26.
o, ((:‘:Z)) :‘; ia.:.)d) 28. (ab,c)
X . (a, 31.
;Z!, (d) 33.(d 34, (c) 35. (c) 36.?:;
42. (b) 38.(d) 39.(d) 40.(b) 41.(a)
(d) 43, (0) 44, (c) 45, (a) 46. (b)
47.(a) 48.(b) 49.(a) 50.(b) 51.(a)
§2.(b) 53.(c) §4.(a)  55.(a)
56. (A) = (q), (B) = (5), (C) = (n), (D) = (p)
57. (A) =(q), (B) = (1), (C) = (p), (D) —(5)
58. (A) —(s), (B) = (s), (C) = (q), (D) —=(p)
59.(1)  60. (8) 61.(1) 62.(1) 63.(1)
64.(3) 65.(1)
2
66.1="" JgH
wa \ g
_Tmox 10°
135 Jg
68. f(x)=¢" logx
69.x + f(0)f (x) =2 + [1(xyand (0 =1+ 2

201
11, =X 449

7. )= ——
1+x

67. 1t

73.(a,d) 4.  75.(ac) 76.(.¢) 7. (b)
78.d) 79.a) 80.(c) 81.(9 82. (b)
g3.(c) 84.(¢) 85.(0) 86.(0 87. (c)
88.(d) 89.(c0 90-@@ 9109 92. (a)
93.(d) 9. 9@ 9. 97. (c)

ebooks.cybernog.com



; Y :
X—=— —y= —
- dx 1-v 1=y
J'l--lvdv= E
; v x
1

——=Inv=Inx+C
v
1. y-e™=Axe™ +B Y
—— = C -—_—=
ey —2pe T = AT —2x ™) v TR T Tyl
Cancelling e ** throughout r=ly=1=C= -]
yi — 2y = A1 - 2x) )] \ r:ln) o> y=ee™
Differentiating again y, - 2y, = - 2A y
= Azzil»_‘-” e vaf = ye ¥ =¢
[ ):
On substituting A in Eq. (1)
Ay; - 2y) =@y, - y,) (1 - 20) 4.sinx -4 ycosx=1
2y — Ay =2y(1 = 2x) - (1 - 2x)y, A
(1—2\\-“—’#“ 2‘\\}42‘ ) ~))-]:0
dy \dx / \dx
Hence, k=2and!=-2
= Ordered pair (k, /) = (2 -2)
2 Doy Y y = w
dx «x X
dv 2 .
VEX-—=v-cos'y
J' d‘: +Ig=(‘ = tanv+Ilnx=C d—y+ycotx=cosecx
cos” v x dx
an +lnx=C Fod e e s
nx e ysinx=!cosec x-sinx dx
Fx=lLy=— = C=1 = tanZ=1-lnx=I< _
4 x x ysinx=x+C
y=xtan_l(ln£) Kfx=0yisfinite .. C=0
x x
_ . ¥y = x(cosecx) = —
3. Y -y =m(X - x) For X-interceptY =0 sinx
¥y 2
X=x-= Now, 1<X and 152
" 4 2
Therefore, x — Y =y n n?
m Hence, —<Il<—
2
YA d
x
\ 5. Io f(x) dx = y°. Differentiating f(x):SyZ-Ey
Py)
(o))
>x &)
o o .
\ , dy o (M‘ded]

=3y*— = y=
y ydx

or d—y= b4
dx x-y or 3ydy =dx
_ dv_ v 2
Put y=wvx v+x;-1_v 3%=x+c=al’anb01‘
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r!y f’y
m.
’-ﬂ"’c'dt tlr' %0‘ Differ _
[ M3l Equa
day 3 dy Ons
wb'”w""“ In dx’ de = ax & J-x
‘ —
0-%n Almx s ). 4x : ¥
y
im - Ac - dmyx = Ax F‘llu) ;-:,‘._f_’c
2
SOm 4 Ac) « Ax g, Thuac o, RGO
irue for all real x, il m = 4 i i)
WOy dy tle=-u Now AT
S Y wmu” fangent v, , . 0
1y" dx dx
du - 1
i "’.mum I, botm I3 Ye=my, !
du ax" ot vy
dx 2m l" ul'”' 1 /
Amet w5 moe ‘
' “ N
i
‘ ~1=2 ? -
and m m 3 \
1 1
L‘y-—y-'l"l =-aeco eyl iaxag
b X X X x
j wn' & \ Then, m+(1/m)|
fee * ' =mec 3 y #ec 1+ m?
X x
= |+m2=mz
Ilocz(l)ldx lanl+C
- - = - =
x)x* X m-—e

Ify = =1, then x —» =

Hence, tangent is y-axis ie, x = o

’,2

. ’ 1 1 11. f(x)- 2x(x+1) — flx) =
o ( 1 = y sll'lJr coux (x +1)?
N b T
?--‘KM -9 M-Cf*'WhEnf-o;M-Mo -'I =€
' o
o Ca M, f(x)-e j( T
kit 2
B M'Mo‘ — f(x).e-' =—L+C
M x+1
vhente |, M = —°
Atx =0, f(0)=5=C=6
» k= In2

Therefore, M = Mge *'?

when

= 10 h approximately

Slope of the normal =
x -1
Yi

M= A‘_g_' then t = log, 1000 = 9.98
1000

o B

P A o

ebooks.
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fx) _( x+15) er

12, Ordinate = PM.Let P=(x.7)
Projection of ordinate on normal = PN

#

-u)

()
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PN = PN cos@=a

= y:a\jl+(y,)2
dy y’-a’
dx a
ady _

dx
= I\/y _ & .[
= aln|y +Jy’ -a’|=x+C

13. y =e*(ax + b)

Differentiating w.r.t. x, we get

dy

d
— =e"(ax + b) + €* 4
dx

‘a or —— =y +ae"
dx

Again, differentiating both the sides
2

dy _dy + ae”

dx*  dx
From Eq. (iii) - Eq. (1)

dly 2y

dx!  dx
is required differential equation.
Y dy 2y
xdx  x’

+y=0

14. dy =2ax =2x-
dx

Now, = = —=-—
ow dx 2y dx 2y

15, j’; f(ex) dt = n- f(x)
Put x=y = dt=ldy
X

i f:f(y) dy = nf(x)

[[f6)dy = x-n- f(x)

f(x)=n[f(x) + xf'(x))
f(x)(1 = n) =nx f'(x)
£ _1-
flx)  nx
1-n

Integrating, In f(x) = ( - )l.an In(Cx) " ;

Differentiating,

e f(:c):CJo.'T
16. (x*z2™ - 1)z 'dz + 2x 2% dx =0
or ofx? 227 = 2% ) dz 4+ 2x 2% dr =0

for homogeneous every term must be of the same degree,
Ja+l=0-1 = a=-1
17. Differentiate, xy (x) = x%’(x) + 2 xy(x)
or xy(x)+ x*y(x)=0
dy

x—+ 0
dx y=

(given)

(1)

(1)

-..(11i)

Iny+lnx=jhc
xy=C
At point (2, 3),
2x3=C=C=¢
xy =6

18.
J‘100 y = [ax
—ln(lOO-y)=x+C
hl(lOO‘y)z—x+C
AISO x=0vy"-'50
’ C=1In50
len50—1n(100—y)
= n 20—,
100 - y
50 .
= a
100 - y
= lOO-—y:Sﬂg"
= y =100 —50¢”"
2
19. Hcrc.x(ﬂ) -3y? (9)4,3:0
dx dx

has order 1, degree 2 and non-linear.

20. Here, (f'(x))* + 4f"(x)- f(x) + (f(x))* = 0

£ z 7
= (MJ + 4(f_(_x_)}+1=0
f(x) f(x)
- f(x) _ -4+ 164
f(x) 2
= 0 _ -2t 43
f(x)

Integrating both the sides
log | f(x)| =(-2£ V3) x + G

- f(x) = e(-—-?t s”i)l’ . C
dy
21. 2x+2y—=0
(a) Y i
- dy _ . __l6x
dx y
and 16y'5£1—k
dx
dy k
= _= =
T 16y"
__lex ko x
”‘l'nz— y 16}‘15 yi&
i y“
=—;lz-—;—=—l

(b) %=1-ce"=1 ~(-x=-(y-x-1) [usingee" =Y

and -dl—k-%e"=l

dx

dy -
—[1=-ke’]=1
![ e ]

ebooks.cybernog.com
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%)

_o 3y
or [1-(x+2 y)];;:;

[using ke~r =
sing ey_x_y+2]
B
dx ;"—::I
= 2’"|"1z=—1
Q:ZCX=ZX -Lz-——'—y——,ﬂ1
© g« x* x
A]SO 2X+4y—=0 — __=_'_X__=
X 2}' m,
Hence, mm, = —1
(d) xz_yzz
y dy x
2x -2y —==0 = X _X_
ax y ™
xy =k
X‘y+y-(} = d“y=—)‘,_m2
dx x

mm, = -1
Hence (a), (b), (c) and (d) are all correct.

22, Letm= % be the slope of tangent (x, y) to the required curve

m, = slope of the tangent at xy = ¢?

Sy
xZ x
2
m+c—2- nH'l
Hence, __—zx—=:t1 or X =+1 i)
l_iim 1—-;"1
Consider y'-2xy-x' =k
dy d)’) =
Z_2ly+x—|-2x=0
:zydx (J’ dx
= d_y(y—x)=x+y
dx
. dy _x+y _. (say)
dx y-x
From Eq. (i)
x+y Y
y-x X
()
+y?
x X =2 =1RHS
x+y

Similarly option, (b), (c) and (d) safisfy

23 x,_.. dy y (YJ uty-—'vx
dx ylog(x) dx log P

X
3 L

dx

dv: V"l)
v+xg=vlogv = xa-; v (log

ebooks.cybernog.com
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= (4 I— i
v(logv-l) ;_—1 ?
lﬂ‘l()gv—t
)
log (£=1) = log (x) + log €
= log (t —1) = log (xC)
= t=1+ xC
= l°Bl=1+xc
x
= y:x.cld’(‘x
o y=x¢
and log Z = lOg e+ Cx
x
=

y =ex-e™

24. Clearly, (a) and (c) are of the form % + Py =0, which is

linear in y.

dZ
Also, (d) is —lz = cosx, on integrating d_y =sinx+ C
dx dx

which is also linear in y.

25 ¥ -0t Jx-y'+axy
dx 2y

= d—y=1 or

| e

dy _
dx

N

= x-y+1=0 and x*+y*=25
26. (a) f(x, tx)=¢' + tan”'(t), independent of x.
= Homogencous differential equation.

(b)log( )d“ in? 2 ”dy =0

y
dy log ( x)

log (1) independent of x
= » p €
S ) = En )

=#Homogcneous differential equation.

() flx.y) =" +sinx-cos¥

i tof x.
flx, tx) = x% 4+ sinx-cos (tx), not independent ©

on.
— Not homogeneous differential equati

2
x+)’

@) fxy)=




T

e

|
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27. Integrating Factor=¢ "% ==~

or yre-'=1e'-"mix=—-e"’¢C
At pomt (0. -1).

~1ef=-"+C=0

-r =

y =-¢

y=-1

‘)r _ sax
— —yeotr=——
’ -

Integrating Factor =¢ =7 ©

. Requmred solution s ¥ =
y —=-=C

Asx 3=y 230=20=0

-n X
y=—— = hm fix)=1
X r—s¥

1=L““?n

Smgnm-'hm:>0
x

= fix) < fio)
=2 = 3

= (ric—and xr<—
J rie <G e

= ﬂxpL; - J;“f(x)dxn

29. (a) Order of the dafferential equation is 2

xdy — ydx
o, g &
vy f x

L mbe

Lr\

y N2y
x x

ie y+i'x2+yz=ctz

1+—| W|Cx]

=Cx

() y=¢"(Acosx + Bsinx)
& _
dx

=e¢"(Acosx + Bunx) + ¢"(-Asinx + Beosx)

=y +¢ (-~Aanx+ Beosx)

‘3
o ﬁ:%i—e‘(—.&.ﬁnxw&ﬂﬂ

* ¢ (- Acosx — Bsinx)

Ex—-=%+r (— Asinx + Beosx) -y
dy .oy _ dy
& & VYT Z(E;"J

)

31.

d) (1 + )':)% + 1:=&'5‘7J y

d-r 1 eh-.l ¥
dy 1+ )’: 1+ y‘I

=3(A + Bx)e™ = Re™™

d
= emy=0emAs B+ Bt

= é‘)""‘d_"‘y = +3m+n)(A+ Bx)e™

dx* dx

+B(6+m)e™=

= Im+n+9=0 and m+6=0
= m=—6 and n=9
Equation of tangent
Y-y=m(X-x)

Y=y -mx

PutX =0,

y—-mx=x-1

= mx-y=1-x
dy 1 1-x

= -—y=

dx x x

Hence, Statement I is correct and its degree is 1.

= Statement II 1s also correct. Since, every 1st degre}'
differential equation need not be linear, hence Statement II is
oot the correct explanation of Statement L

32. Statement 1 The order of differential equation is 2.

. Statement I is false.

33. Integral curves are y = ex — x°

The differential equation does not represent all the parabolas
passing through ongin but it represents all parabolas

origin with axis of symmetry parallel to y-axis and coefficient
of x* as -1, hence Statement I is false.

Statement [l is universally true.
yde —xdy X _
y: y
(
or foot X4 () frax

ebooks.cybernog.com



or
J‘Cotrd,tcnx+c
l )

“(M“')=nx+c.si X

» n——gcenx
35. Y =€ €082x + ¢y5in7 x 4 "

€3C08° x 4 ¢, px

Zxtey 1€ +c5

€

2

+ coe2¥
Cae™ + oo, 4t

=¢co82x + ¢, [‘ — cos 2x
-
2 * ey [E)iz}_f_l]

c .
:(C‘ ——'g + —C—‘) C082x+ Cy c!

2 2 }“"'? +(c‘+c’s)eh
= A cos2x + A,e?r 4 Ay

= Total number of inde
general solution is 3.

36. The given differential equation js

Pendent Parameters jn, he glven

d(ﬂ)
_Adx) | 2x
dy ~ ™
dx
dy
= ln(-@)=h(x‘+l)+ln(‘.(7>0
dy
= - =C@!
e (x*+1)
x.’!
— y=C(?+XJ+C’,C‘ER

Obviously y 5 e, asx — e, as C> 0
37. (x - h)* = 4b (y — k) here b is constant and h, k are parameters.

38. The general equation of all non-vertical lines in a plane is
ax + by =1, where b # 0.

Now, ax + by =1
= a+b % =0 (differentiating w.r.t. x)
dZ
= b—= =0 (differentiating w.r.t. x)
dxz
2
= d_sz =0 (as b #0)
dx
. . . dYy
Hence, the differential equation is :i? =0.
ents the family of all

39. The equation ax® + 2hxy + by’ =1repres
conics whose centre lies at the origin for di
hb.

. Order is 3.
Thus, Statement I is false and Statement I is true.
Hence, option (d) is the correct answer.

40. y =asinx + b cosx

fferent values of g,

dy =acosx — bsinx

= £%=-acosx—bsinx=-y
2
= E_y_..y:o
ol tion of theStatementI.
But Statement II is oot the correct explanatio

ebooks.cybernog.co
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41. f0)=»

fx)=(ex 4 o= X
(e*+ ¢ )cosx—Zx—\:fo'(t)dt—I:‘Lf'(l)dtj\
]

f(x)=(c*4 ¢
e*te )cosx—zx—[x(f(x)—f(o))-{x-f(ni; [ ften

f(x) =(e" 4 ¢ -
€ ")cosx —2x — xf(x) + 2x «[x flx) - I:f(ﬂ dt‘l

f(x) =(e* + e")cosx—rf(l) dt ‘.
| \ A1)
On djﬂcrcntinting Eq. (i)
f(x)+ f(x) = cosx (e — e ) = (¢* 4 e ")sinx (1)

Hence, %Y = i
e dx + ¥ =e"(cosx —sinx) - e* (cosx + sin x)

42. [(0)+ f(0)=0-2-0=0
43. TF of Eq. (i) is e*
y-e* = Ie”(cosr —sinx) dx — I(cosx + sinx) dx
ye¥= Iez'(cosx —sinx) dx - (sinx — cosx) + C
Let | =Ic"(cosx-sinx)dx=¢2’(Acosx + Bsinx)
Solving, A=3/5andB=-1/5andC =2/5

X 3 1 . -x 2
y=e gcosx—gsmx —(sinx — cosx) e +ge“’

Solutions (Q. Nos. 44 to 46)
. d?
Integrating, ;J; =6x —4,

dy

we get — =3x" —4x+ A
dy

Whenx=1, —=0sothat A=1
dx

Hence, d_y =3x’ - 4x+1 ...(i)
dx

Integrating, we gety = x° —2x* + x + B.
When x =1,y =5, so that B=5
Thus, we havey = x* —2x* + x + 5

1
From Eq. (i), we get the critical points x = 3 x=1

s . 1d% . .
At the critical point x = Pyns is negative.

1 ’
Therefore, at x = 3 y has a local maximum.

2
Atx=1, %x_); is positive. Therefore, at x = 1,y has a local

minimum.
1) 157 _ _
Also, f(1)=5. f(;] = > f(0)=5, f@)=17

Hence, the global maximum value =7.
and the global minimum value =5.

o —es RSV A
m
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47. xdy - ydx =4x" -y’ dx

o 4(2J=‘/‘"(‘”" J-d(y/x) j'g
x x /l—(y/x
= sin™' ——lnx InCorCx = e™ ¥*
48. (xy*+y)dx—xdy=0
=

xy'dx + y dx — xdy =0

A DEOR

y
4 1
= :Y_, + 1 ,1 =C
4 Ily
49. 2x cos ydx - x* siny dy + y' cosx dv + 2y sin x dy = 0
= [dx" cosy) + [diy*sinv) = 0
= x’ cosy + )’)5|n_y =C
dx d
50. —= = XY
X 1+ y
= lnx=£-ln(1+y’)+(‘
From the given condition, C =0
xi-yi=t
dy 1+y°
51. — + =0
dx \/l -x’
dx
= L =0

52.

gl 4

=(1+x)-(1+y)givesy=e 2 -1

§3. Tangent at point P(x,y),isy —y = f'(x)(x - x)
Q:(0,y - x f'(x))
Then, PQ=0Q
= X+ xX(f(x)* =y + x(f'(x))* - 2xy(f(x))
= x"=y’-2xy- f(x)

y? -
or dy/dx= , puty =tx
= t+xit-=d—y
dx dx
2
PSR
dx 2
- 2
= x£= (1+t)=>| dt = dx
dx 2t 1+ ¢2 x
2
= £=1+Lz=x2+y'-—cx=0
x x

C:xt+y*-x=0
Cz:x1+yz+x=0

G, and G, touch externally = number of common tangents = 3.

54. Cy:(x-5)" + y? =52

Tangent, bx + ay —ab = 0, len,
from centre = radius.

= bb_ab‘_gs a2+b2
= a’b? —10ab? =25q°
= ab? —10b? =25a

55. ¢, x"+y'-2x=0

gth of perpendicular to tangen;

Cypx’+y' =Cx=0

_——R WO (1,0

ZQRM =30°

sin30° = =0R=1

1+ OR

oM

sin30°= ———— = QM =1/3
1-OM

radiusofC,=1/3=>C=—2/3,C2:xz+y2+§x=0

Point (-1/3,1/3) will satisfy C,.
56. (A) Let x =rcosf, y =rsin@
x* + yz =r?(sin’0 + cos’ @) =r?

and tan9=1

X
d(x* + y*) =d(r?)
From Eq. (i), x dx + y dy =rdr
From Eq. (ii),
d (1) =d (tan®)
x

xdy — ydx

12

=sec’ 0d0
x dy —ydx=x"sec’0d®
=rcos’Bsec’0do=r'dd
From Eqs. (iii) and (iv)

rdr _ |a-r’
rkdo r?
dar
or —_—az — =do
sin_l (—’:) =0+C
a
= r= asin (9 + C)

= W:asin{c-f m"(%)}
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3
pt
3

dy
®) dx sec” x tan 2xy = cos x

tan x

IF = ej'tnnzx soc? xdx " lx-ec’ x dx
=¢ -

di
=e¢ ! wheret=tan? x — |
=Mt _

£ =[t|= [tan® x -1

Given that, | x | <X
4

tan? x <1

IF=1-tan’ x

Solution is y (1 - tan” x) = JC(\SJA‘ (1 - tan’ x) dx

- 2
= J.(Cus x - sin® x) dx

sin 2x

=Icoszx dx = + C

_ V3
8

/ f fa
5§L1—')=3x‘—3+c
2 2

y= sin2x
2(1 - tan’ x)

n
when x = —, ¥
6

© X 4yl-2ex=0 ..i)
2x + 2y fX -2c=0
dx

ydy .
or C=x+—7 ..(ii)
dx

d
From Eqs. (i) and (), x%+ y:l -2 (x+ y—dxz) x=0

or—x* +y*—2xy % = 0 is the differential equation

representing the given family of circles. To find the orthogonal

trajectories. dx
2 _ =—2 —_
y'-x =ty

yzdy=xz dy——zxydx

or
yd (x*) - x* dy
or - y = ———‘_—_'yz
xZ
or -dy=d [—)
Y y
2
x
or -y =—+ C
y
= 2 +y?+Cy=0
=» Orthogonal trajectory.

x, we get

(D) Differentiating the equation w.r.t- a
RV L

xy (@) +1 [y de=(x+ 1) xy (x

Again, differentiating, w.r.t. X, W€ get
y (x) = y'(x) + 200() xy(x)
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or (1-3x) y(x) = xdy(x)
dx
(1 -3x)dx _ dy(x) c
or o oxaer L -ux
x* y(x) xy=gt

57. (A)r =5cm, 8r = 0.06, A = nr?
OA =2nr 6r =107 X 0.06 = 0.67
(B) V= x‘

v =3x” bx

Sv dx
— X 100 =3 x100=3x1=3
v x

-T2 5 x4
dt dt
N

(D) A=y
4

dA V3 dx 31 3

o _ Y3 dx
dt 2 dt 2 10 4
d
58. (A) 9’5 = ¢* (Acosx + Bsinx) + e*(~Asinx + Bcosx)
X
=y + ¢ (~Asinx + Bcosx)

2
i—y; = & +e*(-Asinx + Bcosx) +e"(-Acosx - Bsinx)
dx® dx

2(-0) i)
= 4| = - —_—y=2|==-
dx | \dx y|-y dx y

So, degree =1 and order =2
(B) The equation of the family is y* = 4a (x — b)

where g, b are arbitrary constants.
dy (dy)z d?y
2y L =4 Dl yy=2Z=0
Y22 ) Ve

So, degree =1 and order =2
(C) The equation of the family is
(x—cf +y=¢
2, .2

x"+
or x2+y2—2cx=0 or ——x—y—=2c

(21+ 2y %)x—(x’ +yH)1

_________.————-—_—zﬂ
xZ

So, degree = 1and order=1
2 2
X y

_2 =1 Dbecause

(D) The equation of the family is m + Y

they have the same foci (£ -Ja2 - b%,0).
. e 2x 2y i)_/_ -0
On differentiating, m + ——__-b’ T3 dx

x yP =0 (Lttp=-—

o Zrh DA dx
or x(b’+x)+yp(¢'+k)=0

IE———
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_ ~b*x —a’yp
= T x4+

. The differential equation is
2

et Ty !
g2 g 2bx—awp p2 4y b XAy
x+ yp x+yp
xx+yp)  yix+yp) _
o a-b' (B -ad)p
So, order = 1 and degree =2

59. 2x%y dx —2y* dx + 2x’dy +3xy> dy =0
Dividing throughout by x°y , we get

2
zd—x—ldx 2. dy+5—'—-dy—0
x x y x’
dx dy 3y2x‘ dy - 2y x'dx
= 2= 42242 " o9
x y x
2.2 3
x“dy - dx
= 2E+2d—y+3yrd"2yx"=o
x y X
y?
= 2d(Inx) + 2d(ln y) + d [—2] =0
¥
¥
= 2In|x+2In|y|+==C
x

whenx=1y =180, C=1
60. Let the salt content at time ‘t’ be u b, so that its rate of change
isdu/dt.
=2galx2lb=41b/ min
If ¢ be the concentration of the brine at time ¢, the rate at which
the salt content decreases due to the out flow

=2galXclb/min
=2c]b/ min
du_ g i)
dt
Also, since there is no increase in the volume of the liquid, the
concentrations =4
50
du 2u
i) becomes = = 4 — “%
- Ea.0) dt 50

Separating the variables and integrating, we have
fde =25 [ 2
100 —

or t=-25In(100 - u) + K . (id)

Initially when ¢t = 0, u = 0

0=-25In100+ K ...(iif)

Eliminating ‘K’ from Eqs. (if) and (iii), we get

t=25In 190
100 — u

Taking t =t, when u =40 and ¢ =1, when u = 80, we have
10
20

60

. The required time (t, - ¢ )=25 (1.-, 5—1n §) =
1 3 251n3

=25%1.0986= 26mm28u
—16483-—206x8=206x)

A=8
61. f(x+ fO)+ xf(¥) =y + f(x) + yf(x)
Differentiating w.r.t. x and y is constant

L+ fO)+ xf OD A+ )= /(x) + yf'(x) i)

From Eq. (1) again differentiating w.r.t. y as x is constant

i)

[+ fO)+ fONA+x) fy) =1+ f(x) i)
From Egs. (i1) and (iii) '
14 f0) _(+y) f)
1+ x) f(y) 1+ f(x)
L+ f0) 1+ fl)
1+ f(y) 1+ x) f'(x)
1+f(y) 1+ f(x)
A and
ro)= andfx) = S0
A=l = =1 . LW 4 1
A 1+ f(x) 1+ x

Integrating both the sides f(x) = C(1 + x)*' -1

FromEq. (i) putx=y =0
fUf(0)) = f(0)
From Eq. (1), f(0)=C -1

So, flc-1)=Cc-1
. Cc=01 (taking +ve sign)
So, f(x)=—1and f(x)=(1+ x)-1=xandC =1
= -1 _ i
flx) =0+ x) o

1+f(x)=#

1

1+ f(2009) = —— .. (2010) (1 + f(2009)) =1

62. ¢'(x) + 2¢(x) <1
e ¢'(x) + 20 (x) e <™

4 (ez" O(x) - —ez’) <0
dx
. (ez" 0 (x) - %) is a non-increasing function of x.

1
= ¢ (x) - P is a non-increasing function of x.

7 2¢ (x) is always less than or equal to 1.
1 - a _y2 dy

63 —(+x)"?-—(1+y)"? =L =0
. 1+x) 3 i+y) I

a dy ,/l +y 1
= . —_ —
J+x fisy dx T itx dyldx
Putting this value in the given equation,

1+y =¢_iy_

& grx-1y
dx 1+ x \/1+x
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d
e ey i B
d

X

=3
- (1 + x—,/1+_£)2’-|+y
. Degree of the given equation is 1.
64, Here, 21 °(x) f/(x)-[1 + (f ()| = fr7(x)
LU (x)) = — L)

‘=’ -—
L+ (f(x))?
4

- [t codes oy = [dean " (xy)
R ALCI P ,
- = +C = tan '(f*(x)), as f(0) = £10) =0 =3¢ =0
=Y [ g") o tﬂ“ I(f’(l))
b n ” !h( x) - n

2 3 ) 2

16 m

5] <o)

= Number of integers between k; and k, are 3

65. Pul, dy /dx =t

dt/dyv—t+e™ =0, LF =¢ ¥~

Solution is, t-¢ " = I—f"~¢'“‘dr+(“
= ret==<"+Cy(0)=1=C=2
2-¢" )
dy i dx == [dy = [(2e* -™)dx
e— X

2x

= y=2u—-e—2-'+(‘l.y(0)=2=¢C'=]/2

2x

);(x)=2e”-c2 +% = y(x) SZforx=log2
[2x] = [2log2] = [log 4] =1
66. Let in time dt the decrease in water level in the tank is dh, then
dt =nr® - dh

amount of water flown out in time

Now, through the hole the amount of water flown
= (Volume of cylinder of cross sectional area ‘a’

and length vdt).

" -l l
ch
A
H
—g.v-dt=ap2gh dt
Hence, ua ,/Zgh dt =—mn r’dh
2

Chap 04 Differential Equations 301

Now,whent =0, h=Hand whent=t h=0

Thus, 'dtc:"’z 0
J, T f, n " dh
2
= (= 0
ha Vo5 2(Jh),;
= (= nr 2H
Wna N

o :;ferl time 1 the depth of water is h; the radius of water surface
Then, r' = R (R - W

r’ = 2Rh - K

Now, if in time di the decrease in water level

is dh, then
-nr'dh=06f2gh-adt
(a is cross-sectional area of the outlet)
-n dh
= —————(2Rh - k") —==dt
(06)a 2¢ ( T

(W ~2R W) dh =" dr

|

n 0

n 0
(0.6)an_gIn
O m | 2524
(os)an_g[sh 3Rh, N
ot [y pn(2-t

t (0‘6)a~/5g{° £ (s 3“
68. We have been given,
f(XY)=e"""{¢’f(ﬂ“’f(y)\-Vx.yER*
Replacing x =1,y =1in Eq. (i), we get
fO=e e fM+e fOR=FM=0
flx+h-fx)
h

_Trx10°

T 135 g

=

A0

Now, f'(x)= lim

f x(HED-f(X)

(e8)e

e, h
LI AN
ehf(X)‘i'C x -f(l+-x- 3
eave T TUTH
" h
bex (140 - m]
foE@-D+e U‘*J !
=h1i_1.n° h

= lim
h=0

=

= lim
h—>0

h_,|..h_0!.'
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69.

70.
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hl_bl.(f(li-
e N
S -

= lim +hhr:\u h

K= 0 U - Zx
X

2-ro)

X

"I-l'f:(l)z e’
=fE+—— f(x)+ x

= )= fx)=

ﬂ_
X
e fx-fxet
X
1
x

cl.\’
(x)

- i

Integrating both the sides, we get
f(x)
l

f)=0=C=0
f(x)=¢"In(x)

=In|x|+C

Since,
Thus,

Let P (x, f (x)) be a point lying on the curve in first quadrant.

Equation of normal and tangent at P are

(Y—f(X))=“}T)(Y—X) and

(Y = f(x)) = f " (x) (X - x) respectively.

= A-( x—%((%.o Be=(x+ f(x)f (x)0)

Since, the mid-point of segment AB is origin.

f () e
f’(x)+f(x) f(x)=0

= FERE @) +2x f/(x) - fx)=
-2x+\/4x* + 4f%(x) —x+\/x + f¥(x)

2f (x) f(x)
Negative sign been neglected as f “(x) > 0

Thus, we have, x + f (x)- f "(x) = \/xz + f2(x)

= L (e ron=yF 1T
A+ £2)

2-—,)1'2 + f2(x)

Integrating both the sides, we get J+ f ) =x+A
It passes through (1, /3).

Hence, A+1=2=A=1
. Curve is x3~l-f2(x)=(x+1)2 or y2=1+2x

= 2x -

= fix)=

=

We have been given,

Depy=0 i by -0

dx
dy dz dy
Now, = = Loy — + q.li-
Y2=h 2z ; b3 ; z !

dz
)’1d—+z—+P}’lz =Q

ebooks.cybernog.com

71.

72,

dz d
:}'l‘zx"l( d): *'P)’lJ‘Q
d
= Yol +2Q=0
d
= i 'd:“()“’z)
= Az B de
1-z Yi
=3 1n|z—l|:-_[ det?.,')\.'bcingrumlal fi
Y, : nolnlcgmﬂ(m
Odn
> z=1+4+ce N
We have, [(x)= x+ x"jlz[(z)dz-rle 2
. . .z f(z)dz
f(x) = X + Xl }\.‘ + xlz (say)
I 1
Now. M= zf@dze=[ (1+7)z+2"N)zd
zl»tl‘“f}"'
3 4
== 9%’41‘9:4 .-.(i)
1
Also, k,,:L 2 f (z) dz
=LI M+ Az’ +2* ))dz
=(1+hz)+}l
4 5
= 15&2—4)‘1=5 .(u)
From Egs. (i) and (i),
61
M= 2 R
80 , 61  20x
= =x 4 — + — ——4 +9x
f(X) X 1191 119x 119 ( )

S+ fO)+xf@N=y+fx)+y f(x)
Keep y constant and differentiating the expression w.r.t ', we
get

ffx+ f+xQ+ fOY=f"(x0+y) =
Similarly, differentiate the expression w.r.t. 'y’ and keep x
constant, we get

£+ f@) + x fON (@) A+ x) =1+ f(x) A
Dividing Eq. (i) by Eq. (ii), we get
1+ f(y) =f’(r)(“>’)
f'a+x) @+ f&)
- 1+ f(y) sf_'E‘)_(’_ii)=c
f'oa+y) @+ fx)
s 11+ f) 1+ f(x)
= f @)-E[—W] and f’(x)= ey (1+ %)
= C=é=>C=t1
€ B
1+ f(x) I+x
= f =M+~
[
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(a) lim f( )= Um.(l-Cxi)=[

x 0 x—0
. Option (a) is correct.

(®) Lm x[(l)= lim (1 + Cx*) =1

x—+0" X x - 0"

. Option (b) 1s incorrect.
(r:) lim xf(x)— hm (x*-C)=-C=20

l—iﬂ

", Option (c) is incorrect
C
(d) f(x)=x+—C=#=0
x

ForC >0, lm f(x)=e

=1
‘. Function is not hounded n (0, 2)
", Option (d) Is incorrect

75. Here, (M +e)y +ve* =1
= ﬂ'*r‘--‘!y+w‘=1
dx dx
= dy + e*dy + ye' dx = dx
= dy + d(c'y) = dx

On integrating both sides, we get
y+ely=x+C

Given, y(0) =
= 2+e"2=0+C
= C=4
yQ+e)=x+4
x+ 4
= y= p
1+e
—4+4
Now at x=—4y= =
y 1+t
y-4)=0
" . dy
For critical points, =0
dx
Le dy (1+€")1-(x+4)e* _
' dx 1+ )
= e“(x+3)-1=0
or ¢“'=(x+3)
Y4
y =e> y=x+3
(-1, 6) 7
(—1-2}
X’ 4— S E— ,
/_1 0 Vx
vy

Clearly, the intersection point lies between (- 1, 0).
.. y(x) has a critical point in the interval (~ 1, 0).

ebooks.cybernog.com

76. Since, centre liesony = x

77.

(i)

. Equation of circle 1s x* + y* - 2ax —2ay 4 ¢ =
On differenhating, we get
2x + 2yy’' -2a-2ay’ =0
= xtyy' -a-ay' =0
o a= Xty
14y’
Again differentiating, we get
0 YT+ yy sy - 1-(x+yy'). %)
1+ y)
Sy )1+ + ") -(x+yy' )y =0
=» L+ Yy ) +y +1]+yTly -x)=0
On comparing with Py” + Qy” + 1 = 0, we get
P=y-x
and Q=) +y +1
(1) Solution of the differential equation % + Py =Qis
y(IF) = [Q- (IF) dx + ¢

where, [F = eI P

) [ S0 de=2 [ f(x) d.if fi=x) = f(x)
Given differential equation
dy L X x +2x
dx x2 - ] Jl -
This is a linear differential equation.

I"'zx_"' LT
[F=e * ! =e¢? =J1-x*

= Solution is

x(x’ +2)
N

or ym=f(x‘+2x)dx=3;—s+xz+c
£(0)=0 = c=0

= f(x)ﬁ="_’+x2

NEVE

dx [using propm)']
4- ;i x

2

1-x*dx

Now, Lr flx)dx

J-JZIZ x

1-x*

= cosedi[ukiﬂg":‘me]

I"”Sinz 0

o cosO

=2 m,sinzﬂﬁ =Im(| — cos20) 8
o 0

-\t

sin20)"’_n_sinzn/3 _T_
(o g

2 ) 2
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78. Whenever we have linear differentia]
e

inequality, we shoylq always check for

quation containj n
decreasing, o .

increasing or

. dy
Le for = + d
ax TP<o o= ot Py>o

Multiply by integratin s
differential eQUagr;n_ g factor, ie. cj

Here, f'(x) < 2 f(x), mlﬂﬁplyi.ng by el 2ax

and convert into tota]

fr(x)‘e—Z.! -2 —-2x d
e flx)<0 = a;(f(x)-c‘z") <0
O(x) = f(x)e " is decreasing for x e[l l]
2

Thus, when x > 2
2

1
§(x) < @(5) = e-z'f(x) <e! f(é)

= flx) <e® 1, given j‘(l) =1
2
= 0< Jq f(x)dx < Il -1
- e € dx
. 2x-1)!
= 0 <L2 f(x)dx<(c ]
2 Jin
1 -
= 0<Imf(x)dx<e21

79. To solve homogeneous differential equation,
ie. substitute ¥ =v

y dv
y=vwx = —=v+x—
dx
Here, slope of the curve at(x, y) is
d_y, S,C(X)
dx x x
Put Yy
x
dv
+ x— =v + sec(v)
v xdx .
dv v _rex
= xE =sec(y) = 'rsecv I x
= Icosvdv =IE¥— = sinv =logx + logc
x
= sin(%} = log(ex)

n L (mY_
As it passes through (1, —6-) = sm(-;) =loge

—t

= loge =-
1
sin(lj =logx + 2

x

80. Let ¢(x) = ¢ *f(x)
¢’(x)<0-x€[°'%)

[ 3]

Here,

ebooks.cybernog.co
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and ¢'(x)>0.xe(1.l)
4

=e T fUx) - e flx) <0, x e (o. 1—)
4

2 )< f(x)0<x <t
4

81. Here, Frx) =2f'(x) + flx) 2 e*

= ["(x)e " =fi(x)e™ = flix)e ™ 4 fx)e* 20

d .. . d

= d:U(X)? }—E {flx)e™} 21
d ’ - X

= };{f (e - f(x)e™) 21
d!

= i ™™ fx)}21,¥x e[o0,1)

“ 9(x) =e™ f(x) is concave function.
fl0)=f(y=o
®(0) = 0= f(1)
d(x) <0
e* flx)<0
o flx)<o
82. Here, f(x)=(1 - x)?-sin’x+ x* 20,V x

and g(x) = L‘(z(“” -1og:J f(t)dt

L0l

t+1

’ - Kx—l)_ i
= g(x)-{(x+1) logx} {_({)
For g’(x) to be increasing or decreasing.
_Ax-1)

Let &(x) = evers log x
o4 1_—x-1
¢ (x)—(x+l)2 x x(x+1)
o' (x) <0V x>1

=5 d(x)<d(1) = ®x)<0

From Eqgs. (i) and (ii), g'(x) < 0, x €(1, )
. g(x) is decreasing on x € (1, ).
83. Here, f(x)+2x =(1—-x)"sin’x + x" + 2x
where, I: f(x) + 2x =2(1 + x)?
2+ xH)=(1- x)? sin® x + x4 2x
= (1-x)sin*x=x"-2x+2
= (1 —x)zsinzx=(1 -x)2+1 .
2

= (1-x)cos’x=-1

which is never possible.

-~ Lis false.

Again, let h(x) =2 flx)+1- ix(ll-r x)
z?; ;:(ﬁo: : -1— 4 = - 3as [AO)A(1) < 0]
=5 hx)must have a solution.

1L is true.

where,

(i)

(i)

m
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84. Lincar differential equation under one variable.
d)"’f'f"y =(). H],;'J}’nh
dx
. Solution is, y (IF) = [Q- (IF)dx+C

y‘—ytanx =2xsecx and y(0)=0

= 4X—ymnx=2xsrcx

dx
[F=J‘¢‘m"dx =™ oy

Solution is y-cosxr:'ersrc x-cosxdy+ O

= y-cosx=x)+(‘
As y(0)=0
= C=0
. y = x'sec x
2
n n
Now, y( )f- =
q &2
[R) n o n n) n
= yi-|= st \[ =
1 e &2 i 9
r) dm 2x'
= ‘lt ’I -
3 3 3

85. d +v () = g(x) g'w)
n:grh.(\)h =¢-‘“"
Solution is y (¢ &) = ng)-g’(x)-c*’") dx+ C

Put g(x) =t g'(x)dx=adt
W' =[tedt+ C=te' - [1oe'dt+ C

=t -e'+C
yeU =(gx) -1 e + i)
Given, y0)=0 g(0)=g(2)=0
Eq. (i) becomes,

0) &5 =(g(0) - 1)-¢8@ + C
= 0=(-1)-1+C = C=1

Yx) €5 = (g(x) - 1) 5™ 4+ 1
= ¥(2)-e5@ =(g2) - 1) 5@ + 1, where g(2) = 0
= y@)1=(=1)-1+1

y2)=0

86. From given integral equation, £(0) = 0.
Also, differentiating the given integral equation w.r.t. x

f(x)= f(x)
If flx)#0
= ';(())—1 = logf(x) x+c
= f(x) = ee”

flO)=0 = fr'-!@ vl‘.qconw‘lﬂntion
f(x)=0,Vx€R = f(ln5)=0

Alter
Given, f(x) = L:[(l)dr
= f(0) =0 and [’(x) = f(x)
U f(x)#o0
f'(x)
= , =1 3 In f(x) =
f(x) fixpexse
-> fix)=¢" "
f(0) = 0
> ¢ = 0, a contradicton
f(M)=0YV xcR = f(lns)=0
’ L}
B87. Given, dy » 2 JL '-l
dx ,‘/‘“ 1
I d_,!_; ’J” dx
v\fy’ 1 Wl
=» sec Yy =sec  x+toc
2 n _m
Al x =2 -, - —
Y N 3 ‘
Now, y - mu'.(n(\c" X - = cou[cos -

= COS | cos -
[ X

V3o

1
y=—+=+- 1——7

2x 2

X

88. Given differential equation is
y(1 + xy)dx = x dy

= y dx + xy*dx = x dy
= xdy —ydx g
y
dx
= SO xdy) gy o d() x dx
y y
On integrating both sides, we éet
X _x
- —=—4+C
y 2
*+ It passes through (1, -1).
1=1+C=>C=al-
2 2
. x x 1
Now, fromEq. (i) -—=—+-
y 2 2
2 2x 2x
= +tl=-— 2y=-—
y xt+1
1 4
f( E)_s

89. Given differential equation is
(xlog x)d-y +y =2xlogx,
dx

dx

ebooks.cybernog.com
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xlog x

=2

=1

)

V3

"3

-i)



This is a linear differential equation.

[

s IF=e ~l¥x =c1"‘"°")=|ngx

Now, the solution of given differential equation s given by
y'IOEx=IIng-2¢x

= J"'hgx:zflﬂgxdx

= y'k’g"=2[“°8r-xl+c

At x=1c=2
= y-]ogx:Z[rlogx—x]+2
At Xx=e¢
y=2e—-e)+2
= y=2
; : . . dp 1
90. Given differential ¢quation ; - ‘;'P(f) = —~200 is a linear
.

differential equation.
-1
Here, P () =—-.Q1) = ~200

W:ej{;)" =,—iz

Hence, solution is

p(0).IF = [QX1) IFdt

t
=j—200-e 24t
A !
p(t)-e 2=400e 2+ K

p(t) = 400 + ke "2

l'J|~

plt)e

=
If p(0) = 100, then k =-300

r

= p(t) = 400 —300¢?

91. Given, 55= (100 —12v/x)
X

= dP =(100 — 12v/x) dx
On integrating both sides, we get
[ap =J'(1oo -12/x) dx
P=100x -8x>*+ C

When x = 0, then P =2000
= C=2000
Now, when x = 25, then
P =100 x 25 — 8 x (25)¥% + 2000

=2500 - 8 x 125 + 2000
= 4500 — 1000 =3500

92. Given
(i) The population of mouse at time ‘t’ satisfies the

dp(t

differential equation p’(t) = -%2 = 05p(¢) — 450

(1) Population of mouse at time ¢ = 0 is
2(0) =850
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To find The time al which the population of the mouse will
become zero, i.c. to find the value of 't at which p(t) = 0

Let's solve the differential equation first
Pty = d’;(” = 05 p(t) - 450
t

, )
p(t) - 900
2dp(1)
- e ol LA
Ip(r) - 900 Id‘
= 2log | p(1) =900] =t + C, where C is the constant of
integration

To find the value of ‘'C’, let's substitute ¢ = 0,
= 2 log | M0) -900| =0+ C
= € =2 log | 850 - 900 |
= C =2 log 50
Now, substituting the value of C back in the solution, we get
2 log | p(t) =900 | =t + 2 log 50
Here, since we want to find the value of t at which pt) =0,
hence substituting p(t) = 0, we get
2log|0-900|=t+2log50
900

= t=2log

= t=2log 18

93, Here.:—y=y+3>0andy(0)=2
x

d
= I;_i'_a - Idx
= log|y +3|=x+C
Since, y(0) =2
= loge |2+3| =0+ C
C =log,5
= log, |y + 3| =x + log,5
When x =log,2
= log, |y + 3| = log,2 + log,.5= log, 10
= y+3=10
= y=17
94. Given, d—{:—‘(t—)l ==k(T-1)

d (V) =—-k(T -1 at
On integrating both sides, we get

_ -y
v =k C
= vit) = S(T -1+ C

Att=0V( =1
=’_‘(T-o)’+c
2
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