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Sets

Sets are one of the most fundamental concepts in mathematics. A set is a well
defined class or collection of the objects. Set is denoted by the symbol A, B,C, ...

and its elements are denoted by a,b,¢, ... etc.

e.g., The numbers 2, 4, and 6 are distinct objects when considered separately but
when they are considered collectively they form a single set of size three, written

as {2,4,6}.

Roster Method (Listing Method)
In this method, a set is described by listing elements, separated by commas,

within braces.
e.g., A setof vowels of English alphabet may be described as {q,e, i,0.u}.

Set Builder Method (Rule Method)
In this method, a set is described by a characterizing property P(x) of its
clements x. In such a case the set is described by {x : P (x) holds} or

{x|P(x) holds} which is read as the set of all x such that P(x) holds.

The symbol ‘|’ or %! is read as such that

e.g., The set P ={0,1, 4,9,16,...} can be written as P = {¥* | x e Z}.
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Types of Sets

The set which contains no

symbol
a set is called singleton set.

¢ A set in which the
definitely comes to a
it is an infinite set.

¢ Two sets A and B are said to be equal set iff every element

of A is an element of B and also every element of B is an
element of A. j.e., A =Bif xe Ao xeB.

But in equivalent set, they have the same number of
elements, not exactly the same elements.

Two sets A and B are comparable, if one of them is a
subset of the other i.e.,either A c BorBc A.

e A set that contains all sets in a given context is called
universal set (U).

process of counting of elements is
1 end, is called a finite set, otherwise

e Let Aand B be two sets. If every element of A is an
element of B, then A is called a subset of B, i.e., A cB.

e If Aisasubsetof Band A # B, then A is a proper subset of
Biwtel, AV<B.

e The null set ¢ is a subset of every set. Every set is a subset
of itself i.e., ¢c Aand Ac A for every set A. They are
called improper subsets of A.

e If S is any set, then the family of all the subsets of S is
called the power set of S and it is denoted by P(S). Power
set of a given set is always non-empty. If A has n elements,
then P(A) has 2" elements.

» The set {¢} is not a null set. It is a set containing one
element ¢.

» Whenever, we have to show that two sets A and B are equal
show that A € B andB < A , then A =B.

» Total number of subsets of a finite set containing n elements
is 2",

Venn Diagram

The combination of rectangles and circles is called Venn

Euler diagram or Venn diagram.
b

In Venn diagram, the universal set is u

represented by a rectangular region and
a set is represented by circle on some
closed geometrical figure.

where A is the set and U is the universal set.

Operations on Sets

1. Union .
Let A and B are two sets. The union of Aand B is the set of
all elements which are in set A or in B or both A and B.
AUB={x:xeAorxeB}

ie.,
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element at all is called the null
set (empty set or void set) and it is denoted by the

‘0’ or {} and if it contains single element in

If Ay, Ay, ..., A, Is a finite family of
sets.

Then, union of sets is denoted by

n
U A;
i=1

or! AU A OILLIGEAL

2. Intersection

The intersection of A and B is the set of all those elementg
that belongs to both A and B.
ie., ANnB={x:xeAand x € B}.

A B Y

AnB

IfA, A, ..., A, is a finite family of sets.

n
Then, their intersection of sets is denoted by N A or
AP AT e VAN e =

3. Difference

The difference of set A and set Bi.e., A — B, is the set of all
those elements of A which do not belong to B.

ie., A-B={x:xeAand x ¢ B}
and B-A={xeB:x¢A}.
U u
A B A B
A-B B-A

4. Symmetric Difference

The symmetric difference of sets A B
A andBistheset(A—B)u(B—A]
and is denoted by A A B.

AAB=(A-B)U(B- 4

9. Complement 4a3

Let U be the universal set and A be a
set such that Ac U.

Then, complement of A with respect
to U is denoted by A’ or A° or C(A)
or U - A. It is defined as the set of all

those elements of U which are not
in A.
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Laws of Algebra of Sets Some of the laws are also given as

If A, B and C are any three sets, then (@), A-B=AnB’
(i) B = A=B.~ A’

1. Idempotent Laws (iii) A~-B=A© AnB=¢

) AuA=A (iv) (A-B)UB=AUB
(11]AﬁA=A (V) (A B]ﬁB ¢
2. Identity Laws ) A& 8 =" e A
; i) Auo=A (vii) (A~B)U(B-A4)=(AUB)-(An B)
(i) AnNU=A [Vlu]Am(B C)=(AnB)-(ANC)
3. Distributive Laws (ix) An(BAC)=(ANB)A(ANC)
(i)Au(BﬁC)=(AuB)m(AuC) ¥
L) e Cartesian Product of Sets
, Let Aand B be any two non-empty sets. The set of all
4. De-Morgan'’s Laws

ordered pairs (a,b) such that ae A and b € B is called the

(LIRPANTER)E=YA" ~ B cartesian product of the sets Aand B and is denoted by

(IR EAYaB) ="A" U B” A X B.
(i) A-(BnC)=(A-B)U(A-C) Thus, AxB=[(ab):acAandb eB]
(iv) A~-(BUC)=(A-B)n(A-C)

IfAz¢orB=¢,thenwedefineAxB=q).

If Aand B be two non-empty sets having n elements in

M (AuB)UC=AU(BuU C) common, then A X B and B x A have n® elements in common.
(i) An(BNC)=(AnB) nC

or 5. Associative Laws

Number of Elements in Sets
(Important Results)

all

() n(AuB)=n(A)+nB)—n(AnB)

(i) n(Au B)=n (A)+ n(B) < A and B are disjoint non-void sets.

(iii) n (A - B) n(A)=n(An B)

(iv)n(AA B)=n (A)+ n(B)—2n(An B)

MnAUBUC)=n(A)+nB)+nC)-n(AnB)-nBNC)-n(AnC)+n(AnBnC)

(vi) n (number of elements in exactly two of the sets A Band C)= nAnB)+nBnNC)+nCn A)-31(AnBNC)

(vii) n (number of elements in exactly one of the sets A B and C)
=n(A)+nB)+nC)-2n(AnBr2nBnC)-2n(AnC)+3n(AnBnC)

U (viiy n(& UB")=n(An BY =nU)-n(An B)

(IX)n( AB )=n(AuBY=nU)-n(Au B)

(]
Relation
Let A and B be two non- empty sets, then relation from A to B is a subset of A x B. Let R ¢ A x B and (q,b) € R, then we
7 say that ais related to b by the relation R i.e., aRb. If (a,b) € R, then we write it as aRb,
AZ
‘ DOmaln and Range of a Relation

Let Rbea relation from a set A to set B. Then, the set of all  second components or coordinates of the ordered pairs in
= = first components or coordinates of the ordered pairs R is called the range of R. Thus,
belonging to R is called the domain of R while the set of all  Domain (R) = {a:(a,b) € R} and Range (R) = {b :(a,b) € R}
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Types of Relations

I]?f] (1””("'“ nt {‘ es of 1 S I S glve )e.
. o c S ; y [
P £ , € ‘_/ l(v]”“()”. are qg él en I J]O Vi

1. Reflexive Relation
A relation R on a se

; t A is said to be reflexive,
element of A is rel

if every
ated to itself.

Thus, R is reflexive (a,@) €R,V aeA.

2. Symmetric Relation
A relation R on a se

5 t A is said to be symmetric relation
1t

(a.b) eR = (b,a) eR, Y a,b e A

or R on a set A is symmetric iff R = R, where B! is a
inverse relation of R.

3. Anti-symmetric Relation
Let A be any set. Then, a relation R on set A is said to be
an anti-symmetric relation iff

(a.b) eRand (b,a) eR = a=b,.a, bl A

4. Transitive Relation

Lel A be any set. Then, a relation R on set A is said to be
a transitive relation iff

(a,c) eR,V a,b,c € A

= aRc,V a,b,c € A.

(a.b) eRand (b,c) eR =

ie., aRb and bRc

5. Identity Relation

Let A be a
I,={(aa):aeA}

the relation
the identity

Then,
called

non-empty set.
onE AR s

relation on A.

Function or Mapping

If Aand B are two non-empty sets, then a rule. f which
associated to each x € A, a unique number y € B, 1s-caHed a
function from A to B. i.e., f : A— B. The set of A is cillled
the domain of f(Dy). The set of B is called the codomain of

f(C,). The set consisting of all the images of the elements of
the domain A(Ry).

Different Types of Function

1. One-One Function (Injection)

is sai -one function or an
tion f : A— B is said to be a one'one : .
il;jo{igfm if gifferent elements of A have different images in B.
Thus, f : A~ B is one-one, if there exist a,b € A such that

Print to PDE without this message b

6. Equivalence Relation
A relation R on a set A is said to be an equivalence

A

relation on A iff .

(i) itis reflexive i.e., (a,a) € R, V. a € A. ll
(ii) it is symmetric 7.e., 4

(ab)eR.= (b,a)e R,V a,be A
(iii) it is transitive
1.6., (a,b)e R and (b, ¢) € R

2. b

= (a,¢)eR,VabceA Afllf'l‘
fmoti0
’ji The intersection of two equivalence relations on a set is an {he sal"
equivalance relation on the set . This, f
* The union of two equivalence relations on a set is not ]
necessarily an equivalence relation on the set. aist 0
» IfRand S are two equivalence relations on set A, then R S myf.’/l
s also an equivalence relation on A. q.0ne-01
W If Ris an equivalence relation on a set A, then R~ s also an :
equivalence relation A. Graphica
finction &
7. Inverse Relation Inthree o
Let A and B be two sets and R be a relation from a set A to Qe

set B. Then, the inverse of R, denoted by R7', is a relation
from B to A and is defined by R~ = {(b, a) :(a,b) € R}.

(a,b) eR & (b,a) e R,

3, Onto

Clearly,

Ahunetiop
eechelemen
Composition of Relations Ay,
Let R and S be two relations from set A to B and B to ¢ 'l e
respectively, then we can define a relation SoR from A to C Codﬂﬂlaiu of
such that (a,c) eSoR © 3b eB such that (a,b) e R and J
(b,¢) €S. This relation is called the composition of B and S. "’Tn
But RoS #SoR. Also, (SoR)™ = R~10S™" f mn‘m;’n”,ml
/ng
b
ﬁ]ﬁenu’“bé
et
thotno
M ng(
azb= f(a) = f(b),Y a,b c A }}thodt
o fla)=f(b)=ta=b Yiaibies I“‘dme%"c
Graphically Any line parallel to mkc{) i s
x-axis cuts the graph of the function 4 Orllaiu
atmost at one point. ,nto :
§ .

§
f

¥ The number of functions from a finite set A into finite set \2::%&

f B =(n(B))"®. N
» The number of one-one function that can be defined from a %%prih% g

' "Bp R
finite set A into finite set B js P”(A)’ if DB =n(d) ¢ I{it .mﬂg

0, otherwise ls%

i 0

ki
;

» Any function which is entirely increasing or decreasing in the
whole of a domain is one-one function,
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Methods to Check One-One Function

» Method 1 If f(x)= = x= ¥, then f is one-one.

¢ Method 2 A function i one-one iff no Jine parallel to x-axis meets
the graph of function at more than one point,

¢ Method 3 If ' (x)<0, or J(x) 20/ Ve domain, then f is one-one,

2. Many-One Function
A function f: A — B is
function, if two or more
the same image in B.

said to be a many-one
elements of set A have

Thus, f:A— Bisa many-one function, if there (
exist a,b € A such that q = b but f(a) = f(b).

l1e,f:A- Bisa many-one function, if it is not
a one-one function.

Graphically Any line paralle] to

X-axis, cuts the graph of the
function atleast two points.

In three consecutive quadrants,

trigonometrical functions are always
many-one function.

3. Onto Function (Surjection)

A function f: A B is said to be an onto, if A B
each element of B hag its pre-image in A, a; f by
~ I 7 (y) € A.Vy €B, then function is onto, ( a, bs )
B s an inverse of f Range of f = as by /
Codomain of ¥, —

=

[ ¥ The number of onto functions that can be defined from a finite set A
containing n elements onto g finite set B containing 2 elements = 2" — 2.

? The number of onto functions that can be defined from a finite set A out g
finite set B = Number of ways of dividing n(A) things into n(B) groups, So,
that no group s empty, if n(A) 2 n(B) and is 0, otherwise.

Method g Check Onto Function
Find the range y = f(x) and show that range

flx) = codomain of f(x).

4. Into Function

A function f:A— B is said to be an into
“iction, if there exists atleast one element i‘n B
Ving no pre-image in A. 1.e., f :A— Bisan into

fuHCtion, if it is not an onto function.

>.0ne-One and Onto Function
(Bijection)
A function f : A — B is said to be a bijection, if it
is one-one as well as onto, Thus, f:A— Bisa
bijection, if
(i) it is one-one

fley ¥ NSlig e
= x=y,VxyeA.

(ii) it is onto
Le, V y eB, there exists x e A such that
&)=

6. Inverse Function

Let f be defined a function from A to B such that
for every element of B their exist a image. Let y be
an arbitrary element of B.

Then, f being onto, there exists an element x e A
such that f(x) = y. Also, f being one-one, this x
must be unique.

Thus, for each Y €B, there exists a unique
element x e A such that =y "So, we may
define a function,

fa B
=
Sf(®=y

The above function f-
of f.

® Inverse of bijective function is algo bijective
function.

is called the inverse

® If the inverse of f exist, then f is called an
invertible function Le., A function I lis
invertible if and only if f is one-one onto,

/. Composite Function

If f: A— Band g :B— C are two functions, then
the composite function of f and g

Le., gof : A— C will be defined as,
8 (N =gl f(X],V xe A,

Generally, 8of # fog.
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1.1f X={12,3456789%, A={xeN:30<x*<70},
B ={x: xis a prime number less than 10}, then which of the
following is incorrect?
(@) AuB={2 35678}
©) A-B=1{6 8}

() AnB={7,8

(@)VAVANB=4213,6,16,8}

2. let X be the universal set for sets A and B, ff
n(A) =200, n(B) = 300 and n(A n B) =100, then n(A' n B")is
equal to 300 provided n(X)is equal to
(a) 600 (b) 700 (c) 800 (d) 900

3. If two sets Aand B are having 80 elements in common, then
the number of elements common to each of the sets Ax B
and B x Aare
(a) 2%° (b) 807

4. If R is relation from {11,12,13} to {8,10,12} defined by
y = x — 3 Then, R'is
(@) {(8,11),(10,13)}

(©) {(10,13), (8,11}

5. Suppose A, As.oou Ago

3 elements and B, Blanesoy 1B E@ sets each having

3 n
3 elements. Let U Aj= Y B;=S and each element of S
=g =

(c) 81 (d) 79

(D) {(11,18), (13,10)}
(d) None of these

are thity sets each having

belongs to exactly 10 of A's and exactly 9 of B;'S. The value
of mis equal to [NCERT Exemplar]

(@ 15
(c) 45
6. In a town of 10000 families it was found that 40% family buy
newspaper A, 20% family buy newspaper B and 10‘?@ family
buy newspaper C. 5% families buy Aand B, 3% families buy
B and C and 4% families buy Aand C. If 2% families buy all

the three newspapers. Then, number of families which buy A
[NCERT Exemplar]

(b) 3
(d) None of these

only is
(a) 3100 (b) 3300
(c) 2900 (d) 1400

7. If Aand B be two universal sets and AuBuUC =U. Then,

{(A-B)u(B-C)u(C—A)}’ is equal to
AuBUC (b)Au(BmC)
EigAanC @ AnBYC)

PDE without this message by purchasing nova

8.

10.

11.

12.

13.

14.

15.

. If there are three athelitic teams in a school, 21

Practice Zone "}

The set (AuBuUC)N (AN BN C’Y nC’is equal to

[NCERT Exemplar]
() AnC
(d) None of these

(a)BnC
(@) /5577 €
are in the
basketball team, 26 in hockey team and 29 in the footbal
team. 14 play hockey and pasketball, 15 play hockey angd
football, 12 play football and basketball and 8 play all the
games. The total number of members is bi
(a) 42 (b) 43 o
(c) 45 (d) None of these

If L denotes the set of all straight lines in a piane anc &
relation R be defined by & RB & o LB, e, B € L. Then, R

(@) reflexive
(c) transitive

(b) symmetric
(d) None of these
lfX={8 -7n—1:neN}andY ={49(n —1): n € N}. Then

N =

(@ XcVY (Bl Y e X [NCERT Exemplar]

(&) 27207 (d) None of these

If P(A) denotes the power set of Aand Ais the void set, thef

what is number of elements in P{P{P{P(A)}}}? 20.;
@@ 0 (b) 1 E
(c) 4 (d) 16 7
If g(x) =1+ vx and F{g(x)} = 8+ 2V + x, then f(x)is equal 3
to }
(@) 1+ 2% ®) 2 + x2 §
(€) 1+ x (d) 2+ x X

Let f(x)=ax+b and g(X)=cx+d,a# 0,c = 0. Assumé

a=1b=2,if (fog) (x)=(gof) (x) for all x. What can you $&
aboutc andd? 3

(@) cand d both arbitrary (b) ¢ = tandd is arbitrary

(c) c is arbitrary andd =1 (d) c=1d =1 Q
kR w0 j:“
f g(x)=1+x~[x]and f(x)={ 0, x = 0,¥ x, then F{g(x)} & .
T, X > )
equal to :
(@ x (©) 1 o
(©) f(x) (d g(x) 4
i
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10 lifx)m2[x]+ cos x, then : R Rig 21, Iff: A= Randg:R - R be two mappings such that

(@) one-one and onto ; .
Statement | f(x) = sin x and g(x)= x,then fog # gof.

Statement II (fog) x = f(x) g(x) = (gof)x.

{1 oene-one and into
(@ many-one and into

q i b § b 4 ' ' .
(@ many-one and onto 22, Statement I A relation s defined by
; : ) , ] , &0 b :
Directions (. : NO&, 17 to 19) Let A {1.2,3,4), f(x) = {X 1 [ OSXESh e AT
3 ) ) y A
B={14,916), U [ 3 'l,‘),“*}.ll)(/l\b(',(,(-/.,“(,” defined on 2X, 3sx<9
A such that R = {(1,0,(2, 2), (3, 3,(1,2),(2,1,3,1,, )} Also, define Statement Il In a function, every pre-image must have an
dranction F : A B is f()) = x* unigue image.
17. Find the set (A ~ B) ~ 1 23. Statement | Let n be a fixed positive integer and a relation R
g 4 5) {2.3,9, 16) be defined in / (the set of all integers) as follows : aRb iff
@) {4} ) 12, 3,9, 16 n Miafiis, ety
© {1,283 4,9 16) (d) None of these . then (a—-b) is divisible by n. Then, relation is an
(@a-b)
18. Function f is a equivalence.
(@) one-one y \ " .
(@) one-one (B) one-one-onto Statement Il If R and R are Symmetric relation, then the
() many-one (@) None of these Ao /o i
relation R m R is not Symmetric.
19, Relation R is a ‘ - ;
e 24, Two sets A and B are defined as follows
(@) reflexive (b) symmetric A ’ 2x
1=1X Y) y=e* x e R} and
{C) transitive (d) None of these tyiy gl
i ; B={(x,y):y=x® x eR}, then
). Nos. 20 to 23) Fac Se questions contains ;
DITBCHOIIS (Q. Nos. 20 to Each of the ,\‘ questions contains @ AcB (b) BcA ©) AUB d AnB= (s
(WO statements : Statement | (Assertion) and Statement Il (Reason). Ll
tach of these questions also has four alternative choices, only one 25, Letf iR~ {n} - R be a function defined by f(x)= .
QFWAICH Is the correct answer, You have to select one of the codes where m # n . Then A0
W@, (0, (Q and () given below (@) fis one-one-onto (b) fis one-one-into
(@) Statement | is true, Statement |l is true; Statement Il is a (©) fis MAny=SneRelle (@) #is Iaglysoneinto
correct explanation for Statement | . 1+ X 1+ x° .
(ract explanation for Stateme f , 26. Iff(x)=| —= | and qgXi= , then fog (x)is equal to
() Statement | is true, Statement Il is true; Statement Il is not a 1= =i
Coirect explanation for Statement |, (@) ‘71; ®) _iQ
(€) Statement | is true; Statement Il is false b X
(d) Statement | is false; Statement Il is true (e) —15 @ - is
5 X
20. Let R be a relation from set A= {1.2,4} to set i STt
1by xRy, if and only if x divides 27. Iff(x) X, if x Is rational
8={12 3 4,6, 8 defined by x QLR ) : . = ; R
& ol 3, 4, 6, 8} define 0, if x is irrational
¥y, then ] i
‘ T i 0, if x is rational ;
YOrT and range of relation are respectively andighey ! 0 S R .Then; f-g.is
Statement | Domain anc g 9(x) X, if X is irrational g
the sets / !
Statement Il All subsets of Aand B are the domain and (@) one-one and into (b) neither one-one nor onto
(6) many-ene and onto (d) one-one and onto

range of the relation,

AIEEE & JEE Main Archive

ion deff 29. Let £={(39),(5 5).(9.9),(12,12), (5 12), (3 9), (3 12) (3 &)}
28. Let A= {12 R A— Abe the relation defined by :
T o be a relation on the set A={3 59 12}. Then, Ris

tement is
R={(11),2 9),(3 4. (4 2)}. The correct sta "JEE Main 2013 UEE Main 2013]

(@) reflexive, symmetric but not transitive
@ A does not have an inverse (b) symmetric, transitive but not reflexive
®) Ris not a one to one function (c) an equivalence relation
{© Ris an onto function (d) reflexive, transitive but not symmetric,

() Ris not a function

N/ WWW.NO
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30. = : 2
LetR ={(x,y):x,y € N and x® - 4xy + 3y2 = 0}, where N is

the set of all natural numbers. Then, the relation R is

: _ [JEE Main 2013
(a) reflextive but neither symmetric nor transitive :

(b) symmetric and transitive
QC) reflexive and symmetric
(@) reflexive and transitive

31. Let A={0:sin®)=tan®)} and B={0:cos@)=1} be two

sets. Then, [JEE Main 2013]
(@ A=B (b) AzB
(c) Bz A (d) AcBandB— A=¢

32. Let R be the set of real numbers.

Statement I'A={(x,y)e Rx R:y—x is an integer} is an
equivalence relation on R .

Statement Il B={(x, y)e R x R:x =0y for some rational

number o'} is an equivalence relation on R. [AIEEE 2011]

(a) Statement | is true, Statement Il is true; Statement |l is a
correct explanation for Statement I.

(b) Statement | is true, Statement Il is true; Statement Il is not a
correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement Il is true.

33. Consider the following relations

R = {(x, y)| x and y are real numbers and x = wy for some
rational number w};

5 = {(E —J) m, n, pand g are integers such thatn,g # 0
n g

andgm = pn} . Then, [AIEEE 2010]

(a) R is an equivalence relation but S is not an equivalence

relation.

(b) neither R nor S is an equivalence relation.

(c) Sis an equivalence relation but R is not an equivalence
relation.

(d) R and S both are equivalence relations.

34. If A B and C are three sets such that AnB=AnC and

35. For real x, letf(x)= x3 4+ 5x + 1, then

[AIEEE 2009]
(d)A=B

AuB=AUC,then
(@ A=C (b)B=C (©AnB=0
[AIEEE 2009]

(a) f is one-one but not onto in R

(b) f is onto in R but not one-one

(c) f is one-one and onto in R '
(d) f is neither one-one nor onto in A

36. Letf(x)=(x + 1> =1 x2—1

37.

38.

39.

40.

41.

Statement | The set {x: f(x)=f" ()} ={0 =1}

Statement Il fis a bijection. [AIEEE 2009]

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement I

(b) Statement | is true, Statement lis true; Statement Il is not a
correct explanation for Statement I.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement |l is true.

Let R be the real line. Consider the following subsets of the
plane R x R.

S :{(x,y):y:x+‘|and0<x<2}
and T ={(x, y): x — yis an integer}
Which one of the following is true? [AIEEE 2008]
(a) T is an equivalence relation on R but S is not
(b) Neither S nor T is an equivalence relation on R
(c) Both S and T are equivalence relations on R
(d) S is an equivalence relation on R but T is not

Let W denotes the words in the English dictionary. Define the
relation R by R = {(x, y) e W x W:the words Xx and y have at
least one letter in common}. Then, Ris [AIEEE 2006]
(a) reflexive, symmetric and not transitive

(b) reflexive, symmetric and transitive

(o) reflexive, not symmetric and transitive

(d) not reflexive, symmetric and transitive

IFR=4(3, 3),(6 6),(9 9), (12,12),(6,12), (3,9), (8,12), (3, 6)}

be a relation on the set A={3, 6,9, 12}. The relation is
[AIEEE 2005]

(b) reflexive and symmetric

(d) only reflexive

If R={(123),(42),2,4),@2,3),3, 1)} be a relation on the
set A={1,2, 3, 4}. Then, the relation R is [AIEEE 2004]

(@) reflexive
(¢) not symmetric

(a) an equivalence relation
(c) reflexive and transitive

(b) transitive
(d) a function

A function f from the set of natural numbers to integers
=1
(———, when n is odd

defined by f(n) ={ e is
——, Wwhennis even
2 [AIEEE 2003]
(b) onto but not one-one
(d) neither one-one nor onto

(@) one-one but not onto
(c) one-one and onto both

Answers
1. (@ 2. () 3. (b) 4. (a) 5. (¢) 6. (b) 7. (¢) 8. (a) 9. (b) 10. (b)
11' @) 12. (d) 13. (b) 14. (b) 15. (b) 16. (¢) 17. (b) 18. (b) 19. (b) 20. (0)
21. (©) 22. (d) 23. (b) 24. (d) 25. (b) 26. (d) 27. (d) 28. (c) 29. (d) 30. (a)
4 1: ® 32. (b) 33. (©) 34. (b) 35. (¢) 36. (c) 37. (a) 38. (a) 39. (¢) 40. (c)

41. (¢)
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Hints & Solutions

« Given, A={xeN:30<x* <70} = (g 7 8)

B={x.xis a prime number less than 10}
= {2, 3 5,7}
AUB=1{2 8567 8 and AnB= {7}
A-B={68}and B~ A= {2, 8,5}
AAB=(A-B)uU (B - A)
=88 uU235={23554 8}
* (A wB)=n(A) + nB)-n(An B)
“ N(A U B)=200+ 300 - 100 = 400
S AA"N B =n(A U BY = nX) - n(A U B)
—a 300 = n(X) - 400
: n(X) =700
« {(AXB)n (Bx A)}
=n{(AnB)x (B A)}
=n(AnB)xnBn A)
=n(AnB)x n(A N B)
= 80 80 = 802

« Ris arelation from {11,12, 18} to {8, 10, 12} defined by
Yy=X-83=x-y=3
R ={(11, 8), (13 10)}

Hence, R~ ={(8 11),(10,13)}

. If elements are not repeated, then number of elements in
AjUA, UAZU...U Az is 80x5 but each element is used
10 times, so

Sk 30x5:
10

Similarly, if elements in B, B,...., B, are not repeated, then total
number of elements is 8n but each element is repeated 9 times, so

15 ()

R %’7: e [from Eq. (i)]
= n=45

- Given, n(A)= 40% of 10000 = 4000

n(B) = 20% of 10000 = 2000
n(C)=10% of 10000 = 1000
(A n B)= 5% of 10000 = 500
n(BnC)= 3% of 10000 = 300
C ~ A) = 4% of 10000 = 400
NMANBNC)=2% of 10000 = 200
“ANB° NC°)=n[An(BUC)]
=n(A) - n[A A B UC)]
= n(A) - n[(A n B)u (A N C)]
=n(A) - [n(AnB)+ n(AnC)-n(AnBNC)]
=4000 - (500 + 400 — 200)
= 4000 - 700= 3300

7. From Venn Euler's diagram,

c u

0; AnBAC

'%l

A

Itis clear that, {(A -B)UB-C)UC-AY=AnBANC

8. (AUBUC)N(ANBN Clla s

= (AuBuC)m(A’uBuC)mC’=(¢ YBIG@aEE
=(BUC)NC’'=(BAC")Ud=BAC’

9. Given, n(B)=21, n(H) =26, n(F)= 29,

n(HmB):14,n(HmF):15,n(FmB)=12
and nBAH N F)=8
nB Y HUF)=nB)+ n(H)+ n(F)—n(B ~ H)
—nHnF)=nBnF)+ nB N HnNF)
=21+ 26+29—-14—-15-12 + 8=43

10. Here, 0RB < o, 1B

o0lB B La
Hence, R is symmetric.

11. Since, 8" —=7n—1= (7 + 1" = 7n - 1

=77+ "C;7" T ichris A o TG
=1C,7* + ot IR L er=tesiic Sl
= 49[°C, + 1C, @)+ G 702

Thus, 8" —7n - 1is a multiple of 49 for 4 neh.

- X contains elements which are multiples of 49 and clearly Y
contains all multiples of 49,

N

12. The number of elements in power set of As 1.
: P{P(A)} =2" =2
= P{P{P(A)}} =22 = 4
= P{P{P{P(A)}}} =2* = 16
13. Given, g(x)=1+ x and HaX)} =8+ 2/x + x (i)
= 1+ /x)= 8+ 24X + x

14.

Putl+ Jx =y = x=(y— 12

)= 8+2 (y— 1)+ (=1 =2 4 2
() =2 + x2

Now, (fog) (x) = Ho(x)} = alcx + d)+ b
and (gof)(x)= 9{f(x)} =c(ax+ b)+d

Since, CX+d+2=cx+2¢c +d (ca=1b=2)

Hence, ¢ =1andd is arbitrary.
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15. g =1+ x=[x]

aAdgX)=1+n+k—-n=14k

(put x=ne2)
(put x =n + k)
(Where, n e Z, O<k<1)

J—I gx)<0
Now, Hg(x)} = | 0 g=o0
(G (=10
Clearly, g(xX)>0, ¥ x
So, Ha(x)} =1,V x
COS X, )<y
16. Since, f(x) =2[X] + cos x = J2 HHCOS XN =R )
l4+cosx, =X <8

Since, cosx < 1and2 + cosx > 1,

So, f(x) never gives the value one. Hence, f(x)is into.
IfO<a<n-3 thenf(n~a}:f(n+0.)

S0, f(x)is not one-one,

17. Now, AnB={14}
=5 (An By =42, 3 9 16}
: (AnBYnU =123 9 16}
18. 7: A= B f(x) = x?
Here, we see that for every element x of A there exist a image in

B. 8o, it is one-one mapping . Also, for every element of B there
exist a pre-image, so it is onto. Hence, f is one-one-onto.

19. A=1{12, 3 4} Here, we see that (4, 4)¢ R, so it is not reflexive,
Also, (1,2)eR= (2 1)eRand (3 1)eR=(1,3)eR
Hence, R is symmietric.

20. Given, R ={(x y): x divides y, x e A, y e B}
~R={@2,2),2,4),@2 6),@2,8),(4 4,4 8} (i)
Domain of R = {2, 4}

Now, there are 8 subsets of A but every subset of A is not the
domain of relation defined in Eqg. (i).

Again, range of relation = {2, 4, 6, 8}
But there are 2° = 64 subsets of Bbut every subset of Bis not the

range of the relation defined in Eq. (i).
21. Since, (fog)x = f{g(x)} = f(x?)=sinx?
and (gof)x = g{f(x)} = g(sinx)=sin® x
fog # gof

2
X ()< A<8
filif(x)= )
22. Statement | f(x) {2)(‘ 5

Now, f(3)=9

Also, f(3)=2x3=6

Here, we see that for one value of x, we get two different values of
f(x). Hence, it is not a function but Statement Il is true.

23. I. (a) Ris reflexive
Let ael, thena—a=0
which is divisible by 7.
.aRa, Vael

24.

JEE Main Mathematics in Just 40 Days

(b) R is symmetric

Leta b el

a_bznk,kel

£ (b — a) = — ki, where — k €/
ie., aRb = bRa

(c) R is transitive
Now, aRb = a — b = k; nand
bRc = b —c = kon, Ky, ky €1
a-c=(a-b)+ (b-c)=K n+Kkyn
= (k; + Kko)n, where k; + K, €/

Il. As Rn R are not disjoint, then there is atleast one
ordered pair, say (g, b) in RU R’ But (@ b)e RoR =
(@ b)e Rand (a b)e R’

Since, R and R” are symmetric. Hence, R n R’ is symmetric.
Hence, both statements are true but Statement Il is not a correct
explanation of Statement |.

Set A represents the set of points lying on the graph of an
exponential function and set B represent the set of points lying on
the graph of the polynomial.

Take 2% = X2, then the two curves does not intersect. Hence,
there is no point common between them.

. Forany x, y e R, we have

26.

217.

28

29

0

(X) = f(y)
+ X=We Y=m SR
X=00 s y—n
So, f is one-one.
Leta e R such that f(x) = o,
el = oo s e
2= 1) 1-a
Clearly, x e R for o, = 1
So, fis not onto.
We have, A=t X ol gt it
= X i X3' 3
3 3,
fio 1+ Xs' ] ‘
fog()=HoWy=—1=2 _ 2 _ 1 r
Tilih X P 3 |
1— x3
Let (0 = ()~ gx)= { % X<Q (
—X X eQ y

Now, to check one-one

Take any straight line parallel to x-

axi i il i Xl
only at one point. S Which will intersect !

Now, to check onto Since, f(x) = { X xeQ A
Here, we see that every element i ;

¢ of t @
pre-image, hence it is onto. codomain there exis §
VaeA (aa)eR, soitis reflexive (5, 12) e Rbut (12 5 ¢R solllé N
not symmetric. A : (a)

(39).(512)eR= (3 12) e R so it is transitive.
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30. -a° ~4a-a+ 3% =4a% — 452 =
(a a) e Nis reflexive.
Also, (@ b) e N
= a -4ab+30°=0 = b2 _ 44 8a% %0
= R is not symmetric.
Now, (a b)eNand (b,c)eNqs(a,c)e/\/
=R s not transitive,
31. A{...-2%,— 7,0, 2Ty iy (B o = 20(0) 2
AzB
32. I.LA={(x,y)eRxR:y— xis an integer}
(a) Reflexive xRx: (x — x)is an integer
i.e., True
... Reflexive
(b) Symmetric xRy : (x - y)is an integer
= — (= x)is an integer = (y — X)is an integer = yRx
. Symmetric
(c) Transitive
XRyand yRz= (x — y)is an integerand(y — z)is aninteger.
Now, (X=y)+ (y— 2)is an integer
= (x — 2)is an integer = xRz
-~ Transitive
Hence, R is an equivalence relation.
Il-B={(x y) e R x R : x = a/for some rational number o}

Ifor =1, then XRy:x=y (to check equivalence)
(a) Reflexive  xRx: x = x (true)
.. Reflexive
(b) Symmetric xRy : x = y= y = x= yRx
- Symmetric

(¢) Transitive xRy and yRz=> x = yandy = z=> x= z = xRz
Hence R is an Equivalence relation.
Hence, both statements are true but Statement Il is not a
correct explanation of Statement I.
33. Since, the relation R is defined as R = {(x, Y)| x, y are real
numbers and x = wy for some rational number w}.
(@) Reflexive
Let w=1 eRational number
So, the relation R is reflexive.
(b) Symmetric xRy = yRxas OR1= 0=w
but 1R0 = 1=w-(0)
which is not true for any rational number.
So, the relation R is not symmetric.
Thus, R is not equivalence relation.
Now, for the relation S is defined as

S = {(Q ‘—))‘m, n, pandq eintegers such thatn,q # 0
n q

XRX= X = Wx

andgm = pn}

(@ Reflexive TR™ — mn=mn (true)
n o n

Hence, the relation S is reflexive.

m
®) Symmetric 7RP— mg=np= nmp=mq = LRT
h g G

Hence, the relation S is symmetric.

Day 1 Sets, Relations =nd Functions

(c) Transitve TRP andk 2R A= mq =np and ps =rq
n q qg s
= Mq-pS=np-rqg = ms=nr= T=£=> TRL
LS n s

So, the relation S is transitive.
Hence, the relation S is equivalence relation.

34. Since, ANB=ANC and AUB=AUC=B=C
35. Given, f(x) = x° + 5x + 1. Now, f/(x)=3x% + 5> 0V xR
= f(x)is strictly increasing function.
Hence, f(x) is one-one function,

Clearly, f(x)is a continuous function and also increasing on A.

lim f(x)=—=c and lim =eo
X— —oo X = oo

-f(x) takes every value between — e and e,
Thus, f(x)is onto function.

36. Given,  f(X)=(x+ 12 1, x> -1

= F(X)=2(x+ 1) > 0for x> — 1
f(x)is one-one.

Since, codomian of the given function is not given, hence it can

be considered as R, the set of reals and consequently R is not
onto

Hence, f is not bijective. Statement Il is false.

Also, f(x)=(x+ 17 ~12~1forx2-1= R, = [~ 1, co)
Clearly, f(x)=7f"(x)at x=0and x=— 1

Hence, Statement | is true.

317. Since, (1,2) eSbut (2, 1) &S

- S is not symmetric.

Hence, S is not an equivalence relation,

Given, T =A{(x y):(x— y)el}

Now, x — x=0¢l,it is reflexive relation.

Again now, (x— y)el

= Yy — Xel, it is symmetric relation.

Let XK= =i anel = =1,

Now, )<~z=(x—y)+(y—z)=/1+/2 e/

- Tis also transitive. Hence, T is an equivalence relation,
38. Let W = {CAT, TOY, YOU, o

Clearly, R is reflexive and symmetric but not transitive.

(8ince, car Rrov: 1oy Rvou carfvoy)

39. Since, for every element of A there exist an element
(8,9).(6.6),(99),(12,12) e R = Ris reflexive relation.

Now, (6, 12) e Rbut(12, 6) & R. So, itis not a symmetric relation
Also, (8 6),(6,12) eR = (8. 12) eR = Ris transitive.

40. Since, (2, 3) e R but (3, 2) ¢ R. So, R is not symmetric.

41

Let x, y € Nand both are even.
Then, f(X)=1(y) = -2§=_Ey = x=y

Again, x, y.€ N and both are odd.
Then, (X)=1fy) = x=y

Since, each negative integer is an image of even natural number
and positive integer is an image of odd natural number.

R.//AWWW. Novabd Ol1]
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Complex
Numbers

Complex Number angd
Its Representation

A number in the form of z = x + iy,

(2}
' L0 P(x )
where X,y €R, i =+/—1 is called a complex g !
number. The real numbers xand y are 1 5 y
respectively called real and imaginary parts o :
of complex number z. ‘\‘\g - 2 ,:
ie., x=Re(z) and y=Im (2 f o % o

axis

The complex number z = x + 1y is represented
by a point P whose coordinates are referred
to rectangular axes XOX’ and YOY” which are ty

called real and imaginary axes, respectively.,

This plane is called argand plane or Gaussian plane

The magnitude of the complex number z is \Gll=n 2 2

and O=tanet (XJ
A complex number z is said to be "

respectively. purely real or Imaginary, if y =0 or x=0

purchasing novaPDE (htto://www.novapndf.com
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Day 2 Complex Numbers

A complex number can be represented
forms

(i) Geometrical form z = x + iy

(ii) Vectorial form OP=z = x 4 1y

in the following

(iii) Trigonometrical form z — r(cos® + isin 0)
(iv) Eulerian form z = re® where =|z| and 6= arg(z)

» =3 d—5¢x/F5bUtx/??V—S:x/§i VSi== 5
T2 3 7 4
Wi=~N=|ic == ==jand =i

» Ifnis an integer, then

/'4"21,/4”*1:/',/'4”*2:—1andi4”+3:—/

" Jota (i) is neither O nor greater than 0 nor less than 0.

Algebra of Complex Numbers

Ifz,=x +iy,and z, = X, +1y, be two complex numbers,
then

X
'S

(i) Addition of complex numbers is
Z1+2,=(x;+x,) + (7 3= )
Its additive identity is 0 + 01.
(ii) Subtraction of complex numbers is
Z4 =2, :(Xl_XzJ*'j(JH”Yz)
(iii) Multiplication of complex numbers is
2425 = (X% — y13,) + i(x,7, + X, V1)
Its multiplicative identity is 1 + 0.
(iv) Division of complex numbers is
21 _ (%% + yay,) +1 (%7 — x07,)
7 oy

Zy

Conjugate and Modulus of a
Complex Number

fz=x+iyisa complex number, then conjugate of z is
denoted by 7 and is obtained by replacing y by —y.

.il}’ ie., Lty
1
I o if 7= ] magnitude of z is
l'/l' g urther, if z= x + Iy, then modulus_or g 2
= Re,z denotedby[z]andis given by |z|=|Z|=y%* + y
axl

Results on Conjugate and Modulus

L @)=z

2, 7+ Z =2Re(z),z— z = 2iIm (2)

3. 2=7 & zis purely real.

4 z2+Z=0c2is purely imaginary.
B 2oty 5

6.

7. [2J= Lt
Z

Zy 2
[a oG q @ o
8. Itz = b, by by theniz =\ bR S
G @ @ G &

where a;,b;,¢;; (i = 1,2, 3) are complex numbers.
9. [z|=022z=0

10. jz|=|Z|=|-z| =|-Z]|

11. —|z|<Re(z), Im (z) <|z|

12. ,ZIZZIZIZIHZZ,

13. —1=IIZII,1f[zzl+O
2| |2,]

5 |17 4 7 =z, e + 2.2, + 2,7,
:lzllz +] 2z, +2Rel(z,2,)
il oy = 7 =]z, iz ~ 2.2y = 2,7,
=|z,f s — 2Re(z,2,)
o iz +22'2 +|z, —22[2 :2”21‘2 +]22|2)
17. If a and b are real numbers and Z4,2Z, are complex
numbers, then , ‘
|az , +bz,[? +|bz, — az,[’ = (d +b?) (za]F == 8

18. Ifz,z, # 0 and |z, + 2, =z +|z,

Zq 3 ;
& — 1is purely imaginary.
Zy

iz = B N

Reciprocal of a Complex Number
non-zero complex number z =

AL 4 1
is given by z7! = =

19.

20. For an existing

X + 1y, the reciprocal

; z]2

» The sum and product of two complex numbers are real
simultaneously, if and only if they are conjugate to each
other.

|
» If|z| =|, then % Is purely imaginary.

Triangle Inequality

In any triangle, sum of any two sides is greater than the
third side and difference of any two sides is less than the
third side.

. lzl+zz|5,z1|+lzz'
2 |21+zz|2”21|_lzz“
. |Z1‘Zzlslzll+lzzl
. Izl"zz!?~||21l_'zz”

=

oW N

Complex numbers do not
3+2i>1+2i does not make

possess the inequality. j.e.,
any sense.

R.//AWWW. Novabd Ol1]
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Square Roots of a Complex
Number

Ifz=a+ibbea complex number, such that

\/a.+ ib = x+iy, where x, y are real numbers, then
S s A2 . z

a+ib=(x+iy) = a+ib=( - y*) +i2xy then square

root of z by equating real and imaginary part can be given
o e

Nz =% \/%(\/aerbz +a) + i %(\/a2+b2—a]},b>0
e
:1‘-|\!‘%[x/;7+b“+a)—iV%(\/aZ +b2—a]},b<0
V2 2

Argument or Amplitude of a
Complex Number

A complex number z=x+1iy &
: (%)
can be represent.ed geometrically x P(x, )
in a plane, which is called an = i
argand plane. Let 6 be the £ ly
argument of z, then NG |
V= (X] X Real axis
X

Argument of z is not unique.
General value of argument of z is 2nm + 6.
The principal value of argument © satisfies the inequality
-T<O<m.
(i) If x>0 and y > 0, then argument of z is 6.

(ii) If x <0 and y > 0, then argument of z is w — 6.
(iii) If x <0 and y <0, then argument of z is — (w — ).

(iv) If x>0 and y <0, then argument of z is —6.
Argument of 0is not defined.

if amp (z) > 0

me (@ amp(=2) = {_’fﬂ’ if amp () < 0

» The argument of a product is the sum of the arguments of
the factors.

Results on Argument
Ifz, z, and z, are complex numbers, then
(i) arg(z) = ~arg(7)
(ii) arg(z,z,)=arg (z,) +arg(z,)
(iii) arg(z,z,) =arg(z,) —a1g (z,)

(iv) arg (;1] =arg(z,) —arg(z,)
2

(v) the general value of arg (Z) is 2nm — arg (2).

JEE Main Mathematics i Jusr 20 Days

(vi) If|z, + 25| =| 2, — 2, then
Zq ]-_-_E
arg | — |or arg (z,) —arg (2, >
Zp
(vil) If|z, + 2, =]z +|2.|, then arg(z,) = arg (z,)

B r
(viii) If |z 1| =|z + 1|, then arg (2] is =~

(ix) If arg i 1]15 E, then|z|=1.
z+1 2
(x) If arg (z + 1) — arg (z — 1) is IZE then z lies on circle of

radius one and centre origin.

r;fz—1+cose+lsin6' arg (z):Q, |Z|=2COS(9)

1 T ' 2 2

] 6 6
» |[fz=1+cos® —isin®, arg (Z>:—§,|Z‘=2COSE

©

J,|z|:25in9
2 0

» Ifz=1—cos @+ isin®; arg(z)=(£—

7
» Ifz:1—cosG—/’Slneiarg(2)=(%—%]‘

/[
|z| :v’itcos e 9)
2 2

De-Moivre’s Theorem

A simple formula for calculating integer powers of
complex numbers in terms of cos ® and sin 0 is known as
De-Moivre’s theorem. If nn is an integer, then

(cos6 + 1sin 6)" = cos(nb) + i sin(n6)
If n is a rational number i.e., n = E,q #0

Then, (cos8 + i sin )P/

- cos{g (2kr + 6]} + i sin {B (2kr + G)J
q q

witere; eSS0 R o

The complex number €0s +isin@ is denoted by e'® or

cosfi.e., 9. 39
€ =cosH+isin@

» (sin® =+ jcos B)" # sin ng + I cos n@

42 (sinG HicOs 9)” = |:COS (E _9) + i sin (TC e):ln
2 D

= n
= cos (?" - ne) + i sin (1725 3 ”9)
P (cos 8 + isin ¢)" # cos ng + isin ng

i f Detroe
A T

g
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nth Roots of Unity

By nth root of unity we me

: ;i , nean any complex number z which
satisfies the equation z” =

(i) The nth roots of unity are 10,02 n-1

bt O
(i} The sum of the nth roots of unity is always zero and
product of nth roots of unity is (-1)7-1,

iii} The nth roots of unity form a GP with common ratio,

Cube Roots of Unity

he third or cube roots of unity satisfy the equation given as

Day 2 Complex Numbers

If second root be represented by w, then third root will be
w?.

—1+\’§1' 2 —1—\/51'
O=——— and ‘= R

o and o are conjugate to each other.

Results on Cube Roots of Unity (o)
1. 0®=1,1+0+w0?=0
2 xa—lz(x—lj(x—o)){_x—o)zJ
3. ®and o’ are the roots of x* + x +1=0
4G = :(a—b)(o—bo))(a—bwzJ
5. & +b® +c* ~bc —ca—ab

=(a+bo +co®)(a+bo? + co)

x =431 = X' —1=0 6. 03—b3+c7—30bc:(a+b+cj
= x—1{x*+ x+1) =0 (a+bo +co’)(a+bw? +cw)
1+iv3 —1-4./3 75 a}"~1:|'Q~1)(a—c)}fa+0)zj

= X = B ———— 3 3 - 9

2 2 8 fz‘~b’:fa~bj(a-bo))[a—‘b(:)L)
. . . :
Applications of Complex Numbers in :
° H
Coordinate Geometry :
() Distance between A(z 2)isgivenby AB=|z, — z
(i) The point P (z) which d ne segment joining A(z;) and B (z,)in the ratio m : n
mz , + nz ¥ iz :
a) For internally is given by z = — 2 O) For externally is given by z=—= 3
= m-n :
i (i) Let ABCbe atriangle with vertices A (z;), B (2 ,)and C(z ), then () centroid G (2) of the AABC is given byz:é(z. HZ5% Zg)i
(D) Incentre / (z) of the AABC is given by z= a2, 4 07, /here a, b and ¢ are the sides of a triangle
: it s E 2 a+b+c :
: Zy Za :
. 1 s £
i (iv) h vertices A(z,),B(z,)and C(z5)is given by A:Z Zo RZrasl ;
z3 z3 1 :

n

(¥} The general equation of a straight

i (Vi) I 2 and Z, are iwo fixed points, then |z —z,|=|z-z,| r
Az yand B(z.)

{

D) General equation of a circle is zZZ + aZz + a3z + b=0

pPerpendicular bisector of the segment joining A(z,)and B(z

E-2)(Z-Z,)+(z-2,)F-Z)=

e

For an equilateral triangle, z2 + =7 223+tZ2321+2z,

lineis@z + az + b=0,where ais a complex number and b is a real number,

epresents perpendicular bisector of the line segment

vil)  (2) An equation of the circle with centre at Z and radius r is

where, ais a complex number and b is real number and whose centre is —a and radius is yaa-b.

(i) i 7. ang Z, are two fixed points and k > 0, k # 1is a real number, then -

) i eng points of diameter are A(z;) and B(z ;) and P(z) be any point on the circle, then equation of circle in diameter form is

joining

Z-2z|=r or Z-zZ-Zz+ 27 ~r2=0

v i

2= Z4 . .
———— =k represents a circle. Fork =1,it represents
1Z =2,

2)-
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18
1.3 (" +i"")is equal to

n=1

(@) i b)i -1 () =i (d) 0
A
2. I f(z)=——2, where z = 1+2i,then| f(2) | is equal to
" =2 [NCERT Exemplar]
() =t b
) : () |z
() 2| z| (d) None of these

3. If 8z° + 1272 — 18z + 27i = 0, then the value of | z|is

3 2
= o) =
(3)2 <)3
(¢) 1 (d)§

4

4. If z, and z, are two complex numbers such that | z|=| 2, |

and arg (z;)+arg(z,)=m, then z is equal to
[NCERT Exemplar]

(b) z,

(@) 2z,
Z (d) None of these

(€) -z,
5. If E;% is a purely imaginary number (where, z = 1), then the
Z+

value of | z| is [NCERT Exemplar]

(@)=l (b) 1 () 2 (@) -2
6. The value of ,/— 861 is

(@) 1£ 3i (o) = (1-3i)

() + (1+ 3i) ((c)) == (@ =)
7. Ifarg (%11] = g then the value of | z|is

(@ 1 (b) 2

(c) 1/2 (d) None of these

8. If| z—1| =1then arg(z)is equal to

(a) %arg(Z) (b) %arg(z +1)

1

(c) —arg(z-1) (d) Noneof these
2

9. The multiplicative inverse of (6 + 50 is

1160, i 60
4 5176 ®) 5 %
o= (d) None of these

. my
Practice Zone o

z

lie on
=z

10. If|z|=1and z# £ 1, then all the values of

(@) aline not passing through the origin
() |2 =+2
(c) the X-axis
(d) the Y-axis
11. Ifa, band ¢ are integers not all equal and o is @ cube root
of unity (where, ®# 1), then minimum value of
|a+ bo + cw’|is equal to

(@)
(©

(b)
(@

5] i
N || =y =

1231z =1-Fces £5 + i sin ES then {sin(arg(2)} is equal to

(@) iD= o D=1
4 4
VB + 1
4

1
13. IfRe (;j = 3,then z lies on

©

(d) None of these

(@) circle with centre on Y-axis
b) circle with centre on X-axis not passing through origin

(0)
(c) circle with centre on X-axis passing through origin
(d) None of the above

14. If a complex number z lies in the interior or on the bounda

of a circle of radius 3 and centre at (= 4, 0), then the grealteSt
and least value of | z + 1| are i

(@ 5,0

(C) 6, 0 (b) 6, 1

(d) None of these
15. If arg (Z) =arg (z,), then
@ z,=kz' (k>0

b =
© 1z |=|z] ©) 2, =kz (k>0

(d) None of these

16. If 1,bu) and w? are the three cube roots of unity o B.yare the
cube roots of p,q <0, the ; i
LX_O‘_*'_YM n for any x,y,z the expr

XB + yy + zau

(@ 1

(©) w2

is equal to

) @
(d) None of these

18.



http://www.novapdf.com/
http://www.novapdf.com/

(22]

D

o

17.1fz, and z, be two
24 29
1 =1, then
2y Z
(@) z,,z, are collinear

1
). 24,2
(c) z,,2, and the origin form an equilateral triangle
(d) None of the above

complex numbers such that

» and the origin form a right angled triangle

18. If z4,z, and z

. 3,24 are two pairs of conjugate complex

Zq | Zs |
numbers, then arg J + arg | — J is equal to
Z \ Z35

(@ 0 (b) m/2 (c) 3m/2 (d) ©

19. The \ed t positive integer n for which

c == (sec™'— +sin~! x),where x £ 0: — 1< x < 1is
1 J X
(@) 2 (b) 4 (c) 6 (d) 8
20. If z=.[6+12/) + J({2/ - 5), then the principal value of

arg (z) can be

T 0 , 3
(a) (b) — (€) - (d) All of these
4 4

21. If o.and B are two different complex numbers such tha

=1, B| =1 then the expression i b e is equal to
| 1—ap
(@) - (b) 1
= )
> (
(c) 2 (d) None of these
227 :CIS; ,then z,z,... = is equal to
(@) 1 (b) — (c) —2 (d) =
5 25 1 \2
23, It x° + x + 1= 0, then > (x’ + —,J is equal to
r=1 X
(8) 25 (b) 250
(c) 25° (d) None of these
24. 11,04, 0y, ..., 01,,_; are the nth roots of unity, then

R-0)2-ay,)...2

@ n (b) 2" (d)2" -1
Directions (Q. Nos. 25 and 26) Let z=a+ib=(a,b) be any
complex number, ¥V a,b € R and i =~~1. If (a,b) # (0,0), then arg

—0a,_4)is equal to
(€ 2" +1

‘Z)=tan“(éJ, where arg (z2)<m and arg (2) + arg (-2)
d

={"' ifarg (z) <0
{

=T, ifarg (z)>

25. 1t arg (2)> 0, then arg(~z)—arg(z)= A and if arg(z)<0
aG(z) - arg(~z) = h,, then
@ A+, = (b) A=A, =0
(© 3y -2n, = (d) 2A, — 3%, =0

Day 2 Complex Numbers

26. The value of /{arg(2) 7)-2n} {arg(~z)+arg (2)},

Y z=x+1y, (Where, i =+=1)x,y > 0is
(b) -m (© 0
Directions (Q. Nos. 27 to 29) Each of these questions contains
two statements Statement | (Assertion) and Statement |l
(Reason). Fach of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (a), (b), (¢) and (d) given below.

+arg(—

(@) m (d) Not defined

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement I.

(b) Statement | is true, Statement Il is true; Statement Il is not a
correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement Il is true.

|2 +| 2, |, then 2
imaginary. “

27. Statement | If |z, + z, [° =| z is purely

Statement Il If z is purely imaginary, then z + z = 0.

28. Statement | If| z| <+/2 — 1 then|z%+ 2z sine| <.

Statement Il |z, + z,| <| z4| + | z,| and| sino | 1.

29. Statement | If z = /(6+ 121) + |/(12] — 5), then the principal

values of arg (z) are £ % + %,where/’ ==

Statement Il If z=a+ ib, then

]J\}(ng aj + /'\)w“(lzlga”forb >0
{

\/(]z[; aj = /'\)/(‘le—a)}forb <0

30. The maximum value of | z|, when z satisfy the condition
|z+8/z|=38is
@ 22 3—4/20 3+ /21

b
> (b) 5 (© 5 (d)

and/z ==+

3+ 420
2

31. If o+ iB =cot™'(z), where z=x + Iy and o is a constant,
then the locus of z is

(@) x* + y? — xcot20.—1=0

(b) x* + y? —2xcoto,~1=0

@) X + y2 2xcot2a+1=0

(d) x* + y? —2xcot20 —1=0
1+ ®? 1+ @?

32. Thevalue| ~o —(1+®?) (1+w)|, where @ is cube root

-1 -(1+0°) 1+

of unity, is equal to

(@) 2o (b) 3? (©) - 3a? (d) 3

33. For all complex numbers Z, 2, satisfying |z|=12 and
|z, =8~4i| =5, the minimum value of | z -z, is equal to
(@) 0 (b) 2 © 7 @ 17

AMWW. N0
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34.

35.

36.

B7.

38.

39.

AIEEE & JEE Main Archive

40. Ifo ( 1)is acube root of unity and

If z, # 0 and z, be two complex numbers such that 2 isa

purely imaginary number, then 22’—+32~2~ is equal to
by 22 =32, | [JEE Main 2013]
(@2 (b) 5 (c)3 (d) 1
If 2 complex number =z satisfies the eguation
Z++2|z+1|+i=0,then |z|isequalto [JEE Main 2013]
(@) 2 (b) V3 (©) V5 (d) 1
et 1T = .

a=Im| - 55 | where z is any non-zero complex
number. Then, the set A={a:|z|=1and z # -1} is equal
to [JEE Main 2013]
(@ (= 11) (b) [-1.1] () [0.1) @ =10
Let z satisfy| z| =1and z=1-Z.

Statement | z is a real number.

Statement Il Principal argument of z is % [JEE Main 2013]

(a) Statement | is true, Statement Il is true; Statement |l is a
correct explanation for Statement |,

(b) Statement | is true, Statement Il is true; Statement Il is not a
correct explanation for Statement I.

(c) Statement | is true, Statement Il'is false.

(d) Statement | is false, Statement Il is true.

If z is a complex number of unit modulus and argument 6,
(1+z
then arg L—_: eguals to
132 [JEE Main 2013]
(a) -0 (b) g-e ()6 (d) -6

2
If z#1 and —2——1 is real, then the point represented by the
Z p—

complex number z lies [AIEEE 2012]

(a) either on the real axis or on a circle passing through the
origin.

(b) on a circle with centre at the origin.

(c) either on the real axis oron a circle not passing through the

41.

42.

43.

44.

45.

46.

47.

(1+ )’ = A+ Bo. Then

(A B)is equal to [AIEEE 201)
@ (1, 1) (0) (1,0
© 19 (d) (0. 7)
The number of complex numbers z such that
lz—1| =|z+1| =|z-il, is [AIEEE 2010]
(@ 0 (b) 1
(©) 2 (d)
Iflz - 3 —2. then the maximum value of| z|is
z [AIEEE 2009]
(@) 3+ 1 (b) /5 + 1l
(©) 2 d)2+ 2 1
The conjugate of a complex number is — Then, that
complex number is "= 1 [AIEEE 2008]
1 1
Lo o)l i
(@) i (b) o
;
) ()= ——

+

i +

If| z + 4| < 8, then the maximum value of | z + 1| is

[AIEEE 2007]
) 4 (b) 10
© 6 o
10
. 2k
The value of Y (sm = cos 2N is [AIEEE 2006]
= 11 11
(@) 1 (o) -1
(c) =i (d)i
7
If o= ol and|e | =1, then z lies on [AIEEE 2005]
3
ig acircle (b) an ellipse
a parabola (d) a straight line
2
If| 2° ~1| =] 2|2 + 1, then z lies on [ATEEE 2004

(@) the real axis

origin. , (c) acircle (o) anelipse
(d) on the imaginary axis. (d) imaginary axis
| Answers
1. (b) 2. (a) 3. (@ 4. () 5. (b) 6. (b) 7
11. (b) 12. (b) 13. (b) 14. (¢) 15. (a) 16. () 17. g lg' E:; 9. (d) 13- Eg;
21. (b) 22. (b) 23. (d) 24. (d) 25. (b) 26. (a) 27. (2 o 19. (b) 20. .
31. (d) 32. (¢) 33. (b) 34. (d) 35. (¢) 36. (a) 37. (d) 38‘ ) 29, (b) 30. )
41. (b) 42. (b) 43. (d) 44. (o) 45. (c) 46. (d) 47. (& 1(c) 39. (a) 40.

4, Lgf
ang
Sing
A-’SO
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Hints & Solutions

et \ A
s 1=
e 13
~H4 )/(" )
1=
| (o 13 =
Given, {2)= —— and z = 1+ 2j
1.
o = (142 6-2/ _6-2j
1=(142)° 1-(1-4+4)) 4_4
B2l  1+] _6+4i+2
= d !
aa=r) (1+7) 4¢2_72
84 4
= =_Q2+1)
4(2) 2
> = va+1 V5 Z |
\”?\ )| = =
2 2 2
(- z=1+2}, given=|z|=/5)
Given, 8iz® + 1222 — 182+ 27/ =0
= 4z°Q2iz+ 3+ 9% Riz+3)=0
= 2iz+ 3)(4z° + 9))=0
= 2iz+ 3=00r4z° + 9 = 0
S
Zl==
2
L8l Z =r(cos 6. +ising,)
and z, = r(cos 8, +isin6,,)
Since Z,|=|z|
Also, arg(z)+arg(z,)=mn

arg(z,) = m—arg(z)
= arg(z,) = m—6,

Z, = r{cos(r —6,)+ /sin(m —6,)}
= I;(—cos 6, +/sin6;)
= —r(cos 0, —isin6;) =~z
g z=-2,
Let z=x+jy .
g Kbdy~1 (X—1)+/YX(X+1)—{Y
Z+1 x+iy+1 (x+N+iy (x+1N)-iy
_ =)+ )= iy(x— 1)+ iyx+ ) =12y
Ty G AR =17y
_ X =14 jy(x+ 1= x+ )+ )
BT
il (P9 iy
g T AR N R
Since, 21 purely imaginary.
Z# 1
Then,

Re(z—4)= 0
744

s LRt ot
(e B4R

= XryP =0

= X+yP=1

= fZ]2:1

[ezli=l
6. let z=,/-8-6/.Here, a=-8b=-6

Since, b < 0

=J

(Ja? + b2 + a)— /\/21 (e + BEjE a}

N | —

\/E —fac |
v

[ \/7\/644; 368 i \/’217/64 +36+ S)J

+
=

Il

N |

+ [\/! (o—e) \/Tmo + S)J

=+ (1= 3j)
‘ Zl T Z— 1% : :
. Since, argl =—— |= = then == s purely imaginary.
Zas il 2 Zar
Let sl
Z =l
W=-w (if zis imaginary, then z = — Z)
Z=1 Zoill
= ==
Z 55 Z3F
— Z=Nz+)==(z+N(EzZ-1)
= z?+z—§—1:—(z§—z+2—1)
= |z]2 =1

2z = Z]%)

. Given, |z 1| =1

= Z—i=¥ wherearg(z - 1)=6 ... (j)
= z=e® 14
= Zz=1+cos6+/sin®

0 s i
=20052§+2/ smg-cosg (we'® =cos @+ isin @)

= arg(z)= g = %arg(z =) [from Eq. (i)]

. Let z=(6+ 5/')2=36+2><6><5i+25/'2=11+60/'

Then, Z=11-60i

and |2'= (117 + (60)° = /127 + 3800
=+/8721 = 61

Multiplicative i‘n'.yerse of z = ﬁ
z
' b0 | e eANE
NIk e
(61) (61)°  (61)
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11. la+ bo+ce?? =(a+ bo+co’) @+ bd + co’)

= (a+ bo + cw®)(@+ bo® + ca)
(@ =0 and ®° = ©)

=g2 ¢ b2+ ce —ab- be —ca

1
= E[(a ~mE (b=0)2 ¢ (6=
So, it has minimum value 1 fora=b =1andc =2.
12. lf z=1+ cos 0 + isin 6, thenarg(z) = 9
2
T
drg(z\:é:i
2 10 B
= sin (argz)=s (l‘,\ = sin18° = \[L—i
o)) 4

13. Given, Re f 1J 3= e [_Z_]: 3
Kz
= —71—.—14: 3

- 852 3y2 — x=0
So. it is a circle whose centre is on X- axis and passes
through the origin.

14. Given, |z+ 4| <3
Now.‘z+‘x\=§z+4~31s[z+4{+13|
=|z+ 4]+ 3<3+3—-6
Hence, greatest value of |z + 1] =
Since, least value of the modulus of a complex number is O.
% [z il=0 = Z==1
Now, lz+ 4|=|-1+ 4] =3
| z + 4‘,§3|ssatisfiedbyz:—1.
- Leastvalue of|z+ 1 =0

B T\
15, Now, z =22 =|z|* z

4
= arg (21-71)23!'9 (z)=arg (z,)
= z, =kz' (k>0)
16. - p<0take p= ~q%@ >0
/% = g1 =—q, -, gt
Thus, a:’QvB=—CI(D,‘Y=-q0)2
2.
Given expression = Gl Be s o
o+ yo- + Z

. 27 By 8

17. Given, 2+ 2=1= Z +5=24%
Z &

= 2+ R+ =0t %t 2,25, Where z; =0

So, .2, and the origin form an equilateral triangle.

18. Since, z, = Z and 2, = Z3
22, = 47 =|z|? and 252, = ZZ3 =]z ®

JEE Main Mathematics imJust 20 Days

_arg[ﬁﬁ} =arg(‘z‘lz}

Now, arg[ 4]+af9(’;)“ 2423 1251 ®
| 2

:arg(ﬁ ]=0
|Z3

{since, 4'. is a real number}
Z3

i =
19. For—1< x < 1and x # 0,s€0 1(;)=COS X

=5 1 e =il s qin<1 = E
Sec |+ sin”’ X =0C0S X T S >
X

27
= {/{‘1‘;/) } =1=i" =1

So, the least positive integral value of n is 4.

= V?fzrs)(zﬁ

—_—
o)

\(3+4/)‘

20. Now, .\/r(-5—+ 121)

=+ (3+2i)
and fd2i —5)=-5+ 5+ 2(3)@1)
—Je+3if =@+

(@0}

)

z= 6+ 120) + (12 = 5)
=+ (8+2i)x @ + 3i)
=> z=5+5i,—1+i,—-5-5i1=1

Hence, the principal values of arg (z) eE‘Slva_t"_“_
7 o
ol M=l I e = W
|- oB lﬁ-ﬁ—dﬁ and|B|> =B =1
=1 B-o }:L@—‘X:\ S0
B -)| [BlIB—al [p-of
22. The argument of a product is the sum of the arguments of the
factors.
% arg(zfz?‘..):E et 10
2 22 23
13
H e ( 4
> _n . (=
1_1 \ S 1-14
2
2,2,2;... =Cist=—1{
23, X2+ x+1=0= x=ma2
SO — = Lo s
7~ @t =-10r2 according as ris not divisblé
by 8 or divisible by 3.
- Required sum =17 (-1)2 + 8.22 = 49
24, Since, (x — -
(x = a)(x a1)(x—a2),_,(x_(xn_1)=x"—1
Put x =2, we get
@C-0)@2-0) ... (2~a, )=2" —{

NLUD L/ WWW . NOVADQ Ol1]


http://www.novapdf.com/
http://www.novapdf.com/

Day 2

25. Given, arg(2) > 0 andarg(—z) - arg(z) = i, then
(@rg2) + arg(~z) = :
= —T=A = Ri==r
Again, given arg (2)< 0, arg (2)~arg(=2) = A
= -[-arg (2)+arg =2)]= NS
= Ny =i
Ay =2,
oo i e e B
26. \{arg(2) + arg(—z) - 213 @rg(=2) + arg(z)}
= V892 + n — arg(Z) - 27} farg ) —arg(2)}
=VEm={a9 @ - a9} = (T
=
27. Given, |z + z)|? = |z | + iz
=]z |? + |2, |? + 22, + Z, z, =|z|* + [,]?
= 22, + 22, =0
= i + 51, =10
Zy
= % + (i \‘ =0
Z \%

28. Now, | 22 +2zsina <| 2| + |2 zsinaf=| 2|2

Hence, 4 is purely imaginary.
2
(ifz+ z=0, then zis purely imaginary)

+ 2| z|[sin o]
<(V2 = 1) + 22 = hal=1
|Z% + 2 zsina| <1

29. Now, \/(fw\m/):ij/'13+5 / ,M |5+ 12i]=13)
V2 =
+ 3+ 2/)
5 183+ 5
and S5+ 127) = {(13 ) /V(;2Jfl
:i(2+3/)
5 :i(3+2/)+(2+3/)
= =5+ 5/,1—/,—1+i,—5-5]
T ﬁ

Hence, principal values of z are + . as 7

Also, Staternent Il is true, but it is not a correct explanation of

Statement |,
3

30. |z =|z+ 8/z-3/z|<|z+ 3/zl+]—3/zf:3+'—zﬁi

f2 =3 =1
t53+§ = =50

Let|z| =¢, - ;

2
= [l—l) Sgl
2 4
3-J2_1< 3+ /21
2

Hence, 5

3+ 21
2

Hence, the maximum value of|z | is

Complex Numbers

31. o+ iB =cot™'(z) or cot (o + /B): X+ iy

32.

and cot(a /B —Jy
cot 2 = cot [(a + i) + /B]
_ Cot(or + B): cot( [3
cot(o + /B) + cot( B)

X+ y? —2xcot 20— 1= 0

I1+(x) ®°
Usel+ o+ 0’ =0andA=[1+0? — o

J(l)?-f'(l) @

‘

Applying C, — €, + C,,

-0l

2|

2|

=13

-~

Bk i o)
2

0 o° -
A= J 0 Q) —wzyz((og+2m)(—w+w2):-3w2
;u)ﬂ +20 © - (02;

. Two complex numbers Z and z, describe radii of 12 and 5 with

centres O and (3, 4). The nearest distance between the circles is

12 —0=2}
34. Given, 2 s a purely imaginary i.e., .
7
| Z,
124822 | L
Now, | —— & |12+ Sl & /4 Fionies
2-3.22| [2-3ni [4iop?
35. Wehave, (x+ i)+ V2 | x+ly+d[ +i=0
= (x+nh\;\\7x‘+ﬁ1) +7F+/—O
X+ 2 \x+1) y‘—Oandy+1~O
= x+v2(x+ 12 + (-1F = Oand y = 1
= X2 =2 [x+ 12+ 1= %2
= X H+4x+4=0 = (x+22=0 = x=_
=2 = s IS S S
36. On simplifying, we get the set (-1, 1)
37. Let z:x+/'y
51 +y ALl a1 = = (e 1y)
= x+y—1and o= >
1 V3
= X=— = Y=k 2
2 - 2
z:liﬂi
D
Now, z:1+£i
e
O=tan[¥3/2)_m
1/2 8
38. Given,|z|=1argz=8
. z=e® putz=1
Z
Iz
arg B =arg(z) =
1 -

2

AWW.hovapdf.com

(Put z = x+ jy)
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' z
39. Since, £ (z 2 1)is purely real.

21
Hence, iz_z_z__
=it 2
= 2E-)=2(2-1)
» T2 PRy
= Z77 - 2° = zz7 - 7°
g il
= 2|z -z|zP=2-32
= 122 (z-2)=(z-2)G + 2)
= (2P = D) =) 2=
= z-2)(|z]?-@zZ+ 2)=0
0

Either (z-2)=0 or (|z|? - (Z+ 2)
Now, z = Z= Locus of zis real axis.
and (lzP-Z+ 2)=0
= zZ-(z+ 2)=0
So, the locus of zis a circle passing through origin.
Alternate Method

Put z= x + iy, then

7 (X + iy)?

_ (=) +i@xy)

=1 (x+h)-1 (x=1N+iy
_E =) +ixy), x=1-iy
(x=1)+ly (x=1)-1iy

Since, é (z # 1)is purely real, hence its imaginary part should

be equal to zero.
O = YP) (- y)+ Rxy)(x=1)=0
= y (P - y? +2x-2x%)=0
= y (¢ +y? -2x)=0
= Either y = 00r x* + y* —=2x=0
Now, y = 0=> Locus of zis real axis
and x* + y° —2x=0. Locus of zis a circle passing through

origin.
Hegnce, the locus of z is either real axis or a circle passing
through origin.
40. (1+ ©) = A+ Bo, we know that, 1+ @ + 0’ =0
1+ 0= -0
= (-0?) = A+ Bo
sy _ o= A+ Bo (o =02 .0 =o?)
= -w’=A+Bo
= 1+w=A+ Bw

On comparing both sides , we get A=1B=1

Z=X+iy
|z-1] = | z+1|=Rez=0 = x=0
|z-1 = | z-i|=>x=y
|z+1l =] z-1=y=—x

41. Let

JEE Main Mathematics mJust 20 Days I

i
Since, only (0, 0) will satisfy all conditions. |
-.Number of complex number z=1
Alternate Method
We have, |z—1| =|z+1| =|z-il
A
a0
(051 ;
X' 1,0) <l (1.0) E
(=
v

Clearly, z is the circumcentre of the triangle formed by the
vertices (1, 0) and (0, 1) and (- 1, 0), which'is unique.

Hence, the number of complex number zis one.

42, |z| = (z—f)+il = ||Zz| < z~£)+i =>|z|s2+i
Z) # z| |z| |
2
= |2|” -2]z| -4
|z|
Since, |z| >0

[Z[e=2lz =<0

= [lz|-(B+N[z|-(1-vE)]<0
= 1-V5<|z| <5 +1

43.Letz=#.Then,2=[-1_= VL ool
= === i

44. Now, |z +1|=|z+ 4-3|<|z+4|+|-3|<6

46-|(!)|=1=>‘zi_ Z—L
' : 3

t is th i
) e perpiendlcular bisector of the line segment joining
( , 0)to 0, — i.e., the “ney=_ 1_

z (A R |2 _ e
= (r?c0s 20— )2 4 (2. !

+

2 )< + (r Sin26)2 = (2 4 12

rt —or2
700820+ 1=r4 1 5,2 4 1

00329=_1 = e=n

Z=f(cos§+isin£=if)
2 2
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Outlines ...

O Sequence and Series
O Arithmetic Progression (AP)
Geometric Progression (GP)

Arithmetico-Geometric
Progression (AGP)

9 Harmonic Progression (HP)

Sequence
and Series

Sequence and Series

Sequence is a function whose domain is a subset of N i.e., a set of natural
numbers. It displays the images of 1,2,3,...,n,... as Tao o [ eees ot U Wb ere
fn = f(n). If the terms of a sequence follows certain pattern, then it is called a

progression. If a;,q,,a,..., a, is a sequence, then the expression gives the series
ay+ 0yt ay ..t a.

Arithmetic Progression (AP)

It is a sequence in which the difference between two consecutive terms is same.
ie,aqa+d,a+2d,a+3d,...

where, ais the first term, d is the common difference.
(i) The nthterm, t,=I=a+(n-1)d

(if) Sum of n terms, S, = 521‘ 2a+(n-1)d]= g[a + 1], where 1 is the last term.

» o =Sn _Sn—l
’ Wid=s, 25 o s

|
Wt = E[t”_k + t.. ] where k < n
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Insertion of Arithmetic Mean (AM)

If g, A and b are in AP, then A= 27 2 is the arithmetic of a
and b.
Ifa,A, A, ..., A, b are in AP, then Ay A ... A, arethe

n arithmetic means between g and b.

Hence, /o)
Ikl
A1=a+d:na+b
Tl il
A= ot 2d (n=—1)a+2b
-tk
An=a+nd:a+nb
k=l

(i) Sum of n AM’s between aand b is nA
TreATEL ANVASE NU0A L = nA

(ii) Any three numbers in AP can be
a-d,aa+d.

(iii) Any four numbers in AP can be
a-3d,a-d,a+d,a+3d.

(iv) In arithmetic series containing even numbers, we
assume, number of terms in such series as 2n, nth
and (n + 1)th terms will be two middle terms.

taken as

taken as

(v) In arithmetic series containing odd numbers, we
assume, number of terms in such series as (2n + 1),
then (n + 1)th term will be middle term.

(vi) Sum of terms from beginning and from end of
arithmetic series is constant.

» [f pth term of an AP is g and qth term is p, then T, , =0
» If S, =qand Sq = pfor an AP, then Soroa == (P+q)

(i) IfS, =S, foran AP, then S, =0

| I e
(if) If pth terms is —, qth term is —, then T, =I
q p

Important Results on AP

1. If the same number is added or subtracted to
each term of an AP, then the resultant sequence
is also an AP having same common difference.

2. If each term of an AP is multiplied or divided by the
same number k, then the resulting sequence is also
an AP.

3. In a finite AP, the sum of the terms equidistant from
the beginning and end is always same and equal to
the sum of first and last term i.e.,

a = (0 ay o a,,_(k_l),\fk = 1,2,3,...," -1

= JEE Main Mathematics inJust 40 Days

AP, iff its nth term is a lneg

e is an
4. A sequenc = An + B, where A and p -

expression in n,1.€., dy
constant.
5. A sequen
of the form /

difference is 2A. : | ;-
6. If the terms of an AP are choosen at regular intervgl,

then they form an AP.

Geometric Progression (GP)

he ratio of any two consecutiy

ce is an AP, iff the sum of its first n tepy, i
An® + Bn. In such case, Commg,

It is a sequence in which t
terms is same I.e., @, ar, ar , ...
where. ais the first term and r is common ratio.
n-1
(i) The nth term, {, = a
[ {1 r:.' \

‘<1¥
\ &1 )
(
|

" —1)

|
(ii) Sum of n terms, S, = ’

|a

:

r—1

(iii) If|r| <1, then sum of infinite GP is S,

. P, T =Q,then T, =| T
! o

Fora GP, T,

Insertion of Geometric Mean (GM)

If a, x and b are in GP, then x = v ab is t}

1€ geomelrnc mes

of aand b.

If a,x1,%,..,x,,b are in GP, then x v Xnyenen X aFG thO 8

geometric means between a and b

where,

I‘ZIVVI).\Ei‘
\a

C

and

) ‘ 7)_\.‘.»:
'\l =ar = qi

\Q
(i) Three numbers in GP

a
: P 2

,Q, ar.
»

can be taken as

(ii) Four numbers ;
Jers YEY e 7 )
In GP can be taken as -2 2 ar.af

==

(iii) Five n ke
umbers in Gp can be taken as 2. 2. a.an0"
1 r
{ ®IfA and G pe
| 1 G bL r.h-'? A/M and G/iv'? A‘J:‘“&\v(\ﬁ': S hars aond

"~

then g b o
b, then g, b gre given

» e .
The product of

|5 78 8 ¥ Gainge

oy[A % VA + GY(A ~ G}
Prce

St n terms of GP is

m{n -1}

P‘Q 3
= QOArear*  ph=l ’
- =gy

[
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Important Results on GP

1. If all terms of a GP be multiplied or divided by the
same non-zero constant, then it remains a GP with
the same common ratio.

2. The reciprocal of the terms of a given GP form a GP.

3. If each term of a GP be raised to same power, then
resulting sequence also forms GP.

4, If a,,a,0,...,a, is a GP of non-zero negative terms,
then log a,,log a,,...,log a, be an AP.
If a;,0,.0,...,a, be non-zero, non-negative numbers,

(51}

then their GM = (a,0,a;...a,)"".

6. In a finite GP, the product of the terms equidistant
from the beginning and the end is always same
and is equal to the product of the first and the last
term.

Summation of Series by the
Difference Method
LetT, + T, + T; +...be a given infinite series.

T, —T,,T; - T,,...are in AP or GP, then T, and S,, of series
may be found by the method of differences

Let SR Tt T ()
SCSe =T T+ T

Sn _Sn :T‘l +(T2 _T‘AJ +(T3 “TZ) t...t (Tn -Tn—l) _Tu
= T =0+ (T, ~T)+ (T —T) + ...+ (T = T
= T =l i U

wheret,,t,,t,,... are terms of the new series.

Arithmetico-Geometric
Progression (AGP)

A series in which every term is a product of a term of
AP and GP is arithmetico-geometric

progression.
Let the series of AGP be
a+(a+d)r+(a+2d)r* +...+ {a+ (n-1d}r".

Then,

@ s, =

known as

2 S M = M, r#l
1= I']Z =
dr
b
where, g and d are the first term and common difference of
an AP and r be the common ratio of a GP.

1-r

1 R Amlicd

_1—1

2

Dag 3 Sequence and Series

Harmonic Progression (HP)
A sequence is in HP, if the reciprocals of its terms form an

AP j.e.,3, 1%15 in HP, since%,l and g is an AP.

General sequence of HP is

l 1 1 il
a a+d a+2d’ T a+(n-1d

» Sum of HP series can not be determined by any formula
» Ifa,a,, a,...,a,are in HP, then
a, a,

0 Py + .t d, G Fa E

(0

3

Gl P @ o @ A oG

a >
— 1 areinHP.

aj+ ay+...+a

n—
Pl aayas - a, are in HP, then
a dy + dya3 + ... +a,a, =(n=Naa,

% [fmth term of HP = n and nth term of HP = m, then

mn
T =—,
) r
c mn
= )’
m+ n
THIH :1

Insertion of Harmonic Mean (Hm)

2ab . 5
If @, x,b are in HP, then x = 5 is the harmonic mean of a
: a+

and b.
Ol o5l D) LS T HP, then x,,x,,..,x, are the n
harmonic means between a and b.

These are the reciprocal of the n arithmetic means between

1l 1l
—and —.
aan b
o . :[n+l)ab
D 2 { a+nb
(n+1)ab
X2=———‘_,
2a+ (n-1)b
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2. Sum of square of first n natural numbers,

4. Sum of product of first n natural numbers taken two at a time is

JEE Main Mathematics inus+ 40 Days

Sum of Special Series

1. Sum of first n natural numbers, 5. (i)

1+2+...+I1:21]:MJ
2

) 2 2 2 n(n+1)(2n+1 :
1" +2°+...4+n :anzgg—] 6. Sumofntermsofserles

6 =P <)
3. Sum of cube of first n natural numbers, 12 -2 +3% — 4" +5° 6%+,
& - 2 .
1 508 +33+...+n3=zn3=[M} Case I When n is odd
2

Case Il When n is even —
%[Zn3 =] n(n + 1)(112:1 1)(3n + 2)

Sum of first even natural numberg
2+4+6+..+2n=n(n+y

(ii) Sum of first odd natural numberg

1+3+5+...+(2H—1)=n2

n(n+ 1)

Relation between Arithmetic, Geometric and
Harmonic Means

Let A G and H be arithmetic, geometric and harmonic means of two positive numbers a and b.

Then, A:%Q,G:\/%
and H = g

a+b
(i) AzG=2H

(i) A G andHformaGP i.e., G%=AH.
(iii) The equation having aand b as its roots is x2 —2Ax + G2 = 0

3
(iv) The eguation having a, b and ¢ as roots is x3 — 3Ax® + % %=E¥ =

|8 ]
a+b+c 1 [5+6+c]
, A=——and —=| ——
where 3 o 3

(v) If A G, H be AM, GM, HM between aand b, then
(A, when n=0

n+1 n+1
at'+b
———={G, when n= —

N —

Zilan o)
H when n= —1

(vi) If A, A, be two AM's; G and G, be two GM's and H, and H,
G1 Gg R A1 i ’42

,then ——=
b H H, Hy+H,

be two HM’s between two numbers a and

2, Iflo
el
W2
(04

3, Ther
st
(o) 67
1038

4t
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(b) 2n(n + 1)
nn+ 1)
®%f5~ (d) 1

2. Iflog; 2,log; (2* - 5)and log (2 X Z) are in AP, then x is
equal to 2
(@) 2 (b) 3
(c) 4 (d 2,3

3. The number of numbers lying between 100 and 500 that are
divisible by 7 but not by 21 is
(@) 57
(c) 38

(b) 19
(d) None of these

1l 7 .
4, If the sum of an infinite GP is > Sum of the squares of its

terms is 1% ,then the sum of the cubes of its terms is

. 315 700
Shrohded ) ==
@) 19 ®) 39
985 1029
et o) ——=
m13 (d) =

5. If the pth and gth terms of a GP are g and p respectively,

then (p+q)th term is [INCERT Exemplar]
1 g
, g

@[ P (b) [g—p)p g

pd p

il

(© (ﬁ_’ Jp E (d) None of these

qp

6.1f x=111..1 (20 digits), y=333...3 (10 digits) and

2
z=222...2 (10 digits), then & zy is equal to
1
(@) 1 ()2 e (d)3
7. If one GM, g and two AM’s, p and g are in‘serted between
two numbers a and b, then 2p —q)(p —2q)is equal to
@ g? (b) —gz
{©) 2g (d 39

8.If 5x—y,2x+y and x+2y are in AP and(x-17
(xy + )and (y + 1)? are in GP, x # 0, then x + y is equal to

(@) 3/4 (b) 3
(c) -5 (d) 6
9. The sum of the first 10 terms of§ 4 = + ° + 17 +...08

2 4 8 16

) o=z (b) 9-2710

©) 11=2"" (d) None of these

10. The sum of the series 1° + 3% + 5% + ... to 20 terms is
(@) 319600 (b) 321760
(c) 306000 (d) 347500

11. A man arranges to pay off a debt of ¥ 3600 by 40 annual
instalments which are in AP. When 30 of the instalments are
paid, he dies leaving one-third of the debt unpaid. The value
of the 8th instalment is

(a) 35 (b) T50
(c) 65 (d) None of these
12. The minimum value of 4* + 4%, x e Ris  [NCERT Exemplar]
(@2 (b) 4
(€1 (@0
13. ThesumtoSOtermsof—3—+ 3 + 7 +...0s
P22 P02y @
50 100
o o))
) 17 (©) 17
150 200
loo AR
© 17 (@) 17
14. The coefficient of x® in the polynomial
(x =1 (x —2)(x = 3)...(x —10)is
(@) 1025 (b) 1240
(c) 1320 (d) 1440
B .5 B5 665G :
15. The sum of the infinite series — + — + 2224 s
13 g s
31 65
a)i b) 22
@ 18 ) 32
65 i 75
Cli= d) —
(© %6 (d) %

int to PDE without this message by purchaging novaPDF (http://www.novapdf.com/)
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16. The Successive terms of gn &L gle a0 a; If
: \a3,... .

2
8 + 8+ a, + a5 =20, then > a, is equal to

=y

@ 75 (©) 120 (d) 150

(b) 100

(©) 6

(b) —12

(d) 3

18. If x‘.2y and 3z are in AP, where distinet numbers X,y and z
are in GP. The common ratio of GP js
(@) 1 (b) 1/2
(©) 1/3 (d) 2/5

19. mvan AP of which 1 is the first term, if the second, tenth and
thirty fourth terms forms g GP, then fourth terms of AP is
(@ 1/2 (b) 1
(c) 3/2 (d) 2

20. The values of x + Y+ zis15.1fa, x,yand zand b arein AP,

while the value of o + A + b is g Ifa, x, yand z and b are in
S

X
HP, then a® + b2 is equal to
(@) 48 (b) 50
(G} 52 (d) 60

21. If the function f satisfies the relation f(x + y) = £(x)- f(y)for all

natural numbers x,y,f(1)=2 and Y fla+r)=16@" -1 ,
=)

then the natural number ais

(@) 2 (b) 3

() 4 (d)5

22. 1S,S,,S5, ... are the sum of infinite geometric series whose

first terms are 1,2,3... and whose common ratios

21, % —.... fespectively, then SP+SZ+SZ+..+S2 s
4
eqgual to
(a) 485 (b) 495
(c) 500 (d) 505
23. For 0<6<ZX, if X=Y 005?76, y=Y sin*’g and
2 n=0 n=0
z= i cos?"0sin®" 6, then xyz is equal to
n=0
(@) xz+ y b) x+ y+ 2z
(€) yz+ x (d) x+ y—-2z
iti | numbers and m,n are positive
24. If x and y are positive rea s '
integers, then the maximum value of W is
(a) 2 (b) 1/4
(c) 1/2 (d) 1

JEE Main MathemaﬂCS in Just 40 DayS

Directions Q. Nos. 25 and 26) If A,G and H are respectively
arithmetic, geometric and harmonic means between a and b both

a+
being unequal and positive, then A = e =a+ b=2A,

b
C=w/§5:>62=ab,H= 2 = G2=AH.
a+b

25. If the geometric and harmonic means of two numbers are
16 and 12 g then the ratio of one number to the other is

(@ 1:4 (o) 208 () il (d) 2:1
26. The sum of the AM and GM of two positive numbers equal

to the difference between the numbers. The numbers are in

the ratio

@) 1:3 (b) 1:6 ©) 9:1

Directions (Q. Nos. 27 and 28) Each of these questions
contains two statements : Statement | (Assertion) and Statement ||
(Reason). Fach of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (a), (b), (9 and (d) given below.

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.

(b) Statement | is true, Statement Il is true; Statement I is not a
correct explanation for Statement .

(c) Statement | is true: Statement || is false.

(d) Statement | is false; Statement Ilis true.

Vo LEic i e/~ {0,1, =1} and n be an even number.
Statement I &, ar, ar?, ....ar" =" = (32,7 - e

(@) lid2

Statement Il Product of jth term from the beginning and
from the end in a GP is independent of /.

28. Statement | 0.3+ 0.03 + 0.003+...=1/3
Statement I} For each positive integer n. let a,=a+nd, a
andd are real numbers. Then,

a1+a2+...+an:g[2a+(n+1)d]

29. The length of a side of 4 Square is @ m. A second square is
formed by joining the middle points of these squares. Then,
a third square is formed By joining the middle points of the
second square and so on. Then, sum of the area of the
squares which carried upto infinity is
(@) a2 (b) 222 (©) 3a2 (@) 4a?

= 2
30. Iflog ;5 &® + 0 asa” + 109, o4, uptasie
then the value of ais

(a) £/3 (b) 22 () % (d) None of these

31

In an vquilatv.ar'al. triangle another equilateral triangle i
drawn ms:de_jom!ng the mid-points of the sides of given
equilateral triangle and the process is continued upto
7 times. If the side of a given equilateral triangle is a unt;
then the ratio of first ang fourth triangles is

(@ 254:15  (b) 256 : 1 (©) 256:7 (d) None of these
32. An infinite GP has first term x and sum 5, then x belongs t0

@ x<-10 (b) ~10<x<p © 0<x<10 (d) x>10
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b
(%3
5

7]
=3
e
a

j square’®
:res, Tnen’
ints of 1

rea of 1%

40. The value of 2 + 82 + 52 + ...+ 257 is

AIEEE & JEE Main Archives

42.

33. Leta, &, as, ... be an AP such that

g +a+..t+a p° e
. ==, p #q, then = is equal to
q b1
[JEE Main 2013]

41 i
@x By
11 1681
" 121
©) — @) L=
41 1861

34. The sum of the series

1

S(SE T SRR —— + ... upto 10 terms is
142 1+2+3 [JEE Main 2013]
18 22
@— (b) 22
11 13
20 16
G) == ol) —
9 )5S

35. @Given sum of the first n terms of an AP is 2n + 3n?. Another

AP is formed with the same first term and double of the
common difference, the sum of n terms of the new AP is

(@) n+ 4n° (b) 602 —n
(0) n® + 4n (d) 3n+2n?
3 5 7 ;
o TS S S e e ...upto 11 terms is
[ E2 = 2 -8 [JEE Main 2013]
7 o il
@) — () =
2 4
11 60
o) — o))
© 5 (d) -
37. The sum of the series @)% + 2(4)% + 3(6)° + ... upto 10 terms
is [JEE Main 2013]
(@) 11300 (b) 11200 (e) 12100 (d) 12300
38. If &, 8,85, ...., a,,... are in AP such that a, —a; + &o =,

[JEE Main 2013]
(d) 15 m

then the sumn of first 13 terms of this AP is
(@ 10m (b) 12m (c) 18 m

39. Given a sequence of 4 numbers, first three of which are in

GP and the last three are in AP with common difference six.
If first and last terms of this sequence are equal, then the
last term is

(a) 16 (b) 8 (c) 4 (d) 2

[JEE Main 2013]

(b) 1469
(d) 1456

(a) 2925
(c) 1728

41. The sum of first 20 terms of the sequence (00,7, (077 Q7T

S | [JEE Main 2013]

T eoat 4020 5 L 99 1072
() 81[179 10%] ) 9[

7
© —[17 40
)81[ 9 + 107%]

(d) 75[99 + 1077

43.

44.

45.

46.

47.

48.

Statement | The sum of the series

1+ (+2+4)+ 4+ 6+ 9)+ (9+ 12+ 16) + ...
+ (361 + 380 + 400)is 8000.

.
statement Il Y [k® = (k=1°]= n® for any natural number

n. k=1 [AIEEE 2012]

(@) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.

(b) Statement l'is true, Statement Il is true; Statement Il is not a
correct explanation for Statement I.

(c) Statement lis true; Statement [I'is false.

(d) Statement | is false; Statement |l'is true.

If 100 times the 100th term of an AP with non-zero common
difference equals the 50 times its 50th term, then the 150th

term of this AP is [AIEEE 2012]
(a) =180 (b) 150 times its 50th term
(¢) 150 (d) zero

A man saves % 200 in each of the first three months of his
service. In each of the subsequent months his saving
increases by ¥ 40 more than the saving of immediately
previous month. His total saving from the start of senvice will
be T 11040 after [AIEEE 2011]
(@) 19 months
(¢) 21 months

(b) 20 months
(d) 18 months

A person is to count 4500 currency notes. Let a, denotes
the number of notes he counts in the nth minute. If

a=a,=..=ay=150 and &g, &py,..« are in AR with
common difference -2, then the time taken by him to count
all notes, is [AIEEE 2010]
(@) 24 min (b) 34 min
(¢) 125 min (d) 135 min
The sum of the infinity of the series

13 & + 2 + 40 # L 4.8

GRG R SEL ek [AIEEE 2009]

(@) 3 (b) 4 (c) 6 @2

The first two terms of a geometric progression add upto 12.
The sum of the third and the fourth terms is 48. If the terms
of the geometric progression are alternately positive and
negative, then first term is [AIEEE 2008]
(@) 4 (b)—4

) -12 (d) 12

In a geometric progression consisting of positive term,
each term equals to the next two terms. Then, the common
ratio of this progression is equal to [AIEEE 2007]

Ui . 1
@) —2—(1 /5) (b) EJE
© V5 () %(«/5 1)
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49.

@ £ (b) ? © 1 1 d 4l
; ; y i @ 2 () Z(n=1°
~ = o a)l —(n+1) = iy
50.1tx=Ya"y=Y0" z= c" whereaband c are in AP 2 .
i g 0 2 n(n+1)
and|a| <1[b| <1jc| <1 then x,yandz arein [AIEEE 2005] © L(n-1) ) —>
(a) AP (b) GP (c) HP (d) AGP 2
Answers
1. (© 2. (b) 3. () 4. (d) 5. (a) 6. (a) 7. (b) 8. (@ 9. (©)
11. (© 12. (b) 13. () 14. (© 15. (©) 16. (b) 17. (a) 18. (© 19. (d)
21. (b) 22. (d) 23. (b) 24, (b) 25. (a) 26. (c) 27. (b) 28. (d) 29. (b)
31. (b) 32. (¢) 33. (b) 34. (c) 35. (b) 36. (©) 37. (©) 38. (© 39. (b)
41. (o) 42. (@) 43. (d) 44. () 45, (b) 46. (a) 47. (c) 48. (d) 49. (¢)
51. (@)
£ ] L]
Hints & Solutions
1. a2 + 242 + 32 + 42 + ... 4. Let GP be a,ar,ar’,...|r| < 1. Sequence
=V2 (1+2+ 3+ 4+. ntems) According to the question, am _82_ =
= g R ) T
V2 7 Eliminating a, we get
2. 2log, @* - 5)=log; 2+ lo (2*—,) e
0g; ( ) =log, 93 2 147( ,ﬁ:(lj =)
7 16 2
= (2x—5)2=2(2X—§J = 3(1+r):4(1—f)=>r=;,a:3
2 =Dh . X =
% & ke Ptz =t) 2. Sum ofcubes=ﬁa3 :& 1029
= 2_12t+32=0 @ & i ae
= t-8-4=0 (7j
2% =8or 2" =4 :
= o 9. Let first term be A and common ratio be .

3.

2
Let &,8,..., be terms of an AP, If 122"t & _ P

a+a,+..+
where p = q, then Zi is equal to § A [AlggE 2507]
21

At x = 2,log, (2% — 5)is not defined.
Hence, x = 3is the only solution.

The numbers between 100 and 500 that are divisible by 7 are
105, 112, 119, 126, ..., 490, 497.
Let such numbers be n.
o t,=a, +(-1d
= 497 =105+ (n— )x7

n-1=56

n=57

The numbers between 100 and 500 that are divisible by 21 are
105, 126, 147, ..., 483.

Let such numbers be m.
5 483 =105 + (m—1)x21
S 18=m-1

m=19

Requured number =n—-m=57 —19= 38

51. The
42.0248240.4245%+2.6°+
nis even. When n is odd, then the sum is

sum

of

JEE Main Mathematics inJust 40 Days

the first n terms
_is Z(n + 17, when

[AIEEE 2004]

Given, pth term, 1 —q and gth term, Ty =p
ARP =g and ARI" = p

=

On putting the value of R in Eq. (i

[ v

ARP~1 e
ARI-!

=

o

p=1.

= qu=g_
P

A
P-q

p=i

Now, (p+q)thterm, 75 il ARRGEI

1_3;”_&17\—1 P=q- p+1+p+q -

gRp s o e Y
e o
pE= e b Pa

), we get

of » ihe

147
16

series

10. (a)
20. (©)
30. (a)
40. (a)
50. (c)

poms S0V
w K- 1f
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Day 3 Sequence and Series

f]es
" : 1 iz
en 6. Given, X=-(999.9) = 20 _
| 9" ki Now, 2400 = %’ {2a+ (30~ 1)d}
04) 1,
y=-(999..9) ;(10”' =) 160 = 2a + 29d (i)
: E 5 g On solving Egs. (i) and (if), we get
and Z=-(999...9) = '(’(‘lo’“ =) a=51d=2
g o )‘ : Now, the value of 8th instalment = a + (8 - 1)d
sl g R =1 _ 10‘0.”_(10‘0_1) g =51+7-2=%65
- 1 = Se— — =
z 2010 = 1) 2 12. We know that, AM > GM
7. Since, g = Vab. Also, a, P.q and b are in AP L
B 5 faxx B
So, common difference d is 4 2 4
3 4 4
4+ " >0./4 S S
D=a+d:a4b*a:g,a+b 2 +4X 2J_2>4+4X :
; 3 ) 3 13. Here, t, = ,ﬁzr#«z__uz 6
q=b-d=p-_R=8_a+2b (PSP T ) )
3 3 6
Now, @p-q)(p-2q) = Bat2b-a —2b) (27aj-7t_):723;42) i[ = 62 Z (1 = i): 100
3 3 r(r+1 = sl il
=—ab=-g*
g ! : ; : 14. Coefficient of x® i
8. Since 5X—y+ x+ 2‘,’:2(2x+y):>2x:y o2 OClIGIeND bl
‘ 5 ; . (22 L SEE e O UG o R
and X=T1(y+ 1)°=(xy+ 1) 1 2 5 5
= (X=1)(y+ == (xy+ 1) 2~[(1-r2+ 4107 = SRS e 0]
i PEWRE T =2 +1) _1[(10x 11 _10x 11x 21
= 2X° — X—1=+(2x° +1) (taking +ve sign) 2 ( 2 6
e, y= 4 11552 _ 55x 7]= 55x 24= 1320
AIBH WEIRE = _ 0,2 _ 4 (taking —ve sign) é[ eSS ete
1 i o
= X=—y= (= x#0, given) 15. Let S= D 159 555 ()
4 Nl 13 12 e
3
X+ y=-60r- and é:io+é+ (D))
Ss 1 4 (8 a= TGS
9. 2” = 5 +... upto 10 terms On subtracting Eq. (ii) from Eq. (i), we get
4
> : 12 5 500
( 1 i) 1 =G el i S
= [t L P T Tf,,J+..10terms FEcki ey
[ 14| df = 18 18,45 1310
VG 1 which is a GP with common ratio —
=10+ St 701ermsJ at
2. 4 8
1 Siodl [5+[1—@)J w5 =
- - e b 12713 13 B
:104—1 —7—2'1* :1O+é(1721oj/2:”72 :@
< i~ 36
= x - 3 - 5 40° 16. Letd be the common difference.
0. + P+ +89°=1° 42+ 3 +--T' e 2 Given, 9 t 89 + 85 + a5 =20
%+ 42+ 6% +..+ 407 = a+50+&+8d+a +11d + a, + 14d =20
(i‘o_’i’ — 8 +2% + 3 +...4+20%) = 4a, + 38d =20
= 2a, +19d =10
. 21
= 20 41f ~ 8(20; Q‘J = 20°[41° - 2(21)*]= 319600 55 =22—0[2a +19d]=10x 10.= 100
11. Given, 3600 = 40 Pa + (40 - )d] 17. Let the four numbers in GP are a,ar,ar? and ar®.
4 e So, a-2,ar-7,ar”> - 9and ar® - 5arein AP.
= 3600=20(a + 390) ) = a-2+af -9=2(ar—7) (~2A=B+C)

= 180 = 2a + 39d 2
. : N)=11= -
After 30 instalments one-third of the debt is unpaid L I L 314

£ y 2 :
Hence, 3890 _ 1200 is unpaid and 2400 is paid. 2 R -0
3
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Further, ar -7 + ar® — 5 2@ - 9)

= ar(r® +1)-12=2a2 _ 18
: f2+1:2r—_6_ (i)
ar

From Egs. (i) and W), F=2 a=a
Hence, numbers are -3 —6,-12 —24.
Hence, the smallest number i isS—24 .

18. Since, x,yand z are in GP.

X = L Z=yr

= =

Also, x,2yand 3zare in AP. So, X,Zy and 3yr are in AP,
r

= %+ Syr= 4y (-2B=A+C)

= Y =l =)
= ‘],1
3
Since, terms of a GP are distinct, so we do not consider r = 1.

1
Therefore, we consider only r = —
3

19. Since, 7,7,y and T, are in GP. Also, 1+ 4,1+ 9d,1+ 33d are in

GP.
= @+ 9d) = (1 + d)(1 + 33d)
= 16 (3d —1)d =0
il
3
Then, Iy = 4 8o = ilr =2
4 =2
20 Since, a,x,y,zand b are in AP.
Then, y:a+b
Now, x+z=a+d+b-d=a+b

where, d is common difference.
% X+ y+2z=15

— a+b+(a+b)=15
2
a+b=10 )
Al Al
; S ) e in AP.
Also, a,xyz b arein HP and axyz 5
1
1,1 1,_ 1+l)+(1+—)
Now, ;T; e (a b a b

1l

(given)

Il

[from Eq. ()] ...(ii)

i
ol PO Noje Njw N =
QD
(@)

D
N w
X
2
o
Il
\S)

i S

i) and (ii),
From Egs. (i) and (ii) B g

a2 +b” =52

JEE Main Mathematics inJust 40 Days

21, Now, f2) = f1 + 1) = 1()-f()=2° and (&) =

Similarly,  ftm=2"

n
c = N A DR 2 R
16"~ 1= fla+ = e
r=1 =
_26 2” —, \ (GP Sench
= 7 ) |
:2“’(2” =)
pa+t=16=2"
.. a: 3
29. Here, S. is sum of an infinite GP, is first term and [\ is
common ratio
G = L LI
r 1 5 ]
r+1

e e e e
SIS Se R
6

l i)
23. Sum of three infinite GP’s are x= ————

1—cos%6 \\rr‘ri'é

1 1
W= e e 2 = e
cos?0 1~hob 9sin’0
Now, Lop A5 (- sin®0 + cos®f =1
Y
= X+ y =Xy
oS Ol o0 Lo I Xy = Xyz— 2
z Xy Xy

X)/Z:X)/+Z:X+')’+Z

24, Using AM> GM, 12 X" 5 om ooy 1427
2

— 2y

LA TR g A
1227 iaZB o5 S
25. Since, vab = 16and 222 —iiold
a+b 5
2xﬁ2§§;:§4 : Q.13
i = a+b=40=8+ 32
a_1
(ol
26. Since, & +J7>—a~b:> 2VJab=a-3b
= 4ab=a® - Gap + gp?
= a® ~10ab + 9p? = o
=

(@-9b)a - b)= o
a=9b=a:p=g. (oo
27. Statementhe have, a-ar .. g/ -

2 of

0 24 w0 1)

T=gy
ngn ~1)
=@l r 2 g0 P
Statement Il Also, (a. 7% =1y @-r" =Ky = g2 -t
which is independent of K.

NLUD L/ WWW . NOVADQ Ol1]
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Day 3 Sequence and Series oo s

28. Statement 1 0.3+ 0.03+ 0.003 +.

1 2
~=3[01+ 001+ 0.001+... 4. nth term of the series is, T, = =
3 : ekl "IN )
:5[0.9+ 009+ 0009 + ...] 2
1 - sl
=—[0=01+ (-0 = == (sl
3[( )+ (1= 001 + (1~ 0001) + ...] n {n n+ 1
=l[n—{o.1+o‘o1+o.oo1+..‘}] A TR b, 77:2(1_1}7122(1_1\
3 ! 1 52T U 4
=1{n_ 01 {1—(0.1)”}}
3 0.9 1 1)
T =2 el
n . (10 11/
gl il 01}
&) 2 Sip =h + oty
Statement Il Also, a, =a + nd TR e R S
. = ; Sig =21l =t = b SRaEE act =]
Lata,t+.ta, =at+td+a+2d+.+a+nd o 2] 2 W\ —gad 10 11}
= n(n + 1)
g (.5 Aive o sl0Raon)
2 :QU_.A):é =<,
=" pa+ (n+1)a] it U
2 85. Here, 7, =S, =2(1) + 3(1> = 5
29. ... The sum of all of the squares =928,
2 2 2
satap LSl e B =160l
2z A i Ao T
; 2
1 = 38= 1612
30. S, =loga? : L o by . Iy ... upto 8th term | ~.Sequence 5, 11,17
«-|Og3 log3 log3 ‘ a=5d=6
3 4 | = 5ad =6
For new AP
Ioga .
= +3+4+..9)=44 (given) A=5B=2b=
log3 x 3 .
= 44loga? = 44log3 S “212‘3““(”_])12] On =
4 =+ .3 5
2 *82 5 86. 7, = ="da Lo
31. The area of an equilateral triangle is ; , where a s side. (1 + 22 + .+ n®) " BOET @RS T Snfn s )
6
The side of the subsequent triangle will be U :6Ll_7"‘ 3
2' 4 8 16 i
n (n+1)
3 2
So, area of fourth triangle is ——\— 0 s gl el ekt
%% " 256 2 “‘6(?“‘5'5‘6 PR R FTRe T
A 5 i 3
. Requiredratio:s—‘:aV3x§26_>ﬁ:256:1 s <ebl 2T I 2tee e
S il KAt s T e, 2
Go8Eheo e X . 5 X 37. Series 2 + 2(4)% + 3(6)% +
5 2 ? >
L =412 +2.22 4+ 382 4+ .}
For infinite GP, [r] <1 T, = 4n:-n?
5—X 5 0 2
= -1< <1=-10<=Xx< S g [f?’? Tl'}
0<x<10
33 Given thay 21+ %2t % Sl = Sio =[10-(10+ NP = (110)®
8 ta, F q 38. Let ‘a’ and ‘0" be the first term and common difference of on AP,
s ] respectively.
b 5[a1+(p— =£,; 8 — B+ By A
%[282+(q—1)d] q = (a+3d)-(a+6d)+(a+ 9d)=
Where, d be a common difference of an AP. =2 a+6d=m 0!
f (a, —d)+ pd _ p°

Sis =1—§[29+ 12d] = 13(a + 60) = 13m
@a-d)+qd g2 >

NLUD L/ WWW . NOVADQ Ol1]
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39. Letthe numbers 2 & ar 2ar - a 0)
;

Given, common difference of an AP is 6.
5 ar-a==6 . (ii)

a_ . . a
Also, ; SRafeE = SPGB+ g
i
’q
S—a=12 =

r

i

a(l-r=12r

j oo 08
2

From Eq. (i), we get a[(1)—1]—~6 = ag=-4

~.Required series are 8, — 4,2, 8

40.7, =@n—-1° =4n® + 1—4n
13

Sh=Y (4n° +1-4n)

= {13,“319,&2}?11) 413 ‘iﬁixﬁ}
6
=4 (819) + 13 — 364 =2925
BBt = 074077 + 07774, =+ Zz+ ZU +...+ upto 20
term 10, 10® 10°
=7 [l + 11 + I 1+...+ upto 20 terms}
6 gE il
= {g + - + 79—997+“.+ upto 20 terms]
910 100 1000
Ll (1 o (1—717)+ (1; »7137>+...+ upto 20 terms}
9 1OJ (07 L
= (1+1+...+ upto 20 terms)
9
—(i + A_L~+ »l-+..‘+ upto 10 termsj
HONS(GZ 10
X {1( 1 )”1
10 10
9 e
10
i: 20and sum of n terms of GP,
=1 3
S, = 6—(1-:5—) where r <1
1=r
20
1
=—7- 20——1‘ 1'—("—)
9 9 10
20 5
= ‘_7_9+l(-1_) = 179+ 107%]
9] 9 9\10 81
42, Statement |

s.—.(1)+(1+2+4)+(4+6+9)+(9+12+16)+...+(361 +380+400)

S = (0+0+1)+(1 +2+4)v+(4+6+9)+(9+12+16)
+... +(361+380+400)

43

%@ggt this message by purchasing novaPDE (http://\www.novapdf.com/)

JEE Main Mathematics inJust 40 Days

Now. we can clearly observe the first elements in each brackg;

e L

In second bracket, the first element is 1= 1
& B2

In third bracket, the first clementis 4=2
3 2

In fourth bracket, the first elementis 9=3

In last bracket, the first element is 361= 19°

Hence, we can conclude that there are 20 brackets in all,
Also, in each of the brackets there are 3 terms out of which
the first and last terms are perfect squares of consecutive
integers and the middle term is their product.

-, The general term of the series is T, = (7= W+ (r=1r+(2)

The sum of the n terms of the series is

S =S (=17 + ¢~ D+ (2]

n

Ms

r

(28

. o lL;(f—nﬁJ
2L E

i=

[(@® =b)® = (a—b)(a® + ab + b?)]
= Sp= 20~ (=1
r=i

S =({B=02) iRt 1) st s
4 =1
Rearranging the terms, we get

Sp = =0 +(1° =)+ (2% —2%) + (3% - 8%)

ot [(=1)8 = (=T
S, =n°
Since, the number of terms is 20, hence substituting n=20
we get S,p = 8000
Hence, Statement | is correct.

Statement Il We have, already proved in the Staternent | that
n

Sp = z(fa—(r—ﬂs):n3

=i
Hence, Statement Il is also correc

tand iti nation
of Statement |. ditis a correct expla

Leta be the first term and ¢ @

' # 0)be the ifference of
a given AP, then ) common diffe

Bog = o (100-1)d = a+ 99d
Tsop =a+ (50— 1)d = 4 + 49d
| Tiso = @+ (150~ 1)qf = 4+ 1494
Now, according to the given condition

100x T100 = 50x 7-50

= 100(a + 99d) = 50(a + 494)
= 2(a+99d) = (a + 49¢)
=2 2a+198d = a+ 49¢

= a+149d =0

i Tiso =0
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44. Let the time taken to save ¥ 11040 be (

Day 3 Sequence and Series

n+3) months.
For first 3 month he saves ¥ 200 each month.

In (n+3) months,

n
3x200+ 5{2(240)+ (n=1)x 40} = 11040

» 600+g{40(12+n—1)}=11o40
. 600+ 20n(n + 11) = 11040
& 80+ n® + 110 = 552
e n®+11n-522 = o

= n® +29n-18n-522 = g

= n(n+29)-(n+29)=0

5 (n—18)(n+29) = 0

n'=18, neglecting n = — 29
Total time = (n + 3) =21 months

45. Number of notes that the person counts in 10 min

=10x150= 1500

Since, &g, &, &5,... are in AP with common difference 2.
Let n be the time taken to count remaining 3000 notes.

Then, g[Zx 148+ (n—1)x —2] = 3000

= n® —149n+ 3000 = 0
= (n—=24)(n-125)=0
n=24and 125

Then, the total time taken by the person to count all notes
=10+ 24 = 34 min

46. LetS=1+g+£+E+ 14+
8RN3?

BBaniBs
2 6 .10 14 o
= S—1=_3.+3_2+§§+3—4+... ()
5o el o ... (i
& R A
On subtracting Eq. (ii) from Eg. (i), we get
z L2 et O
S e
2 w2 2
= S_1=1+§+55+¥+“'
2
= 3=2+___31=2+1=3
i &
3
47. Since, 4+ ar=a(l+r)=12 (')
and ar? + ar® = ar?(1+ r)= 48 ()

49 SSincen2s o . S D

39

From Egs. (i) and (ii), we get
27
rc=4
‘ r=-2
(since, the series is alternately sign, so we take negative values)
On putting the value of rin Eq. (i), we get
a=-12

48. Since, ar"" =ar + g’

(since, r cannot be negative)

L (231—d)+pd=£>
@a, -d)+qgd q
E @&, ~d)(p-q)=0 (- p=q)
a:g
1T
g+5d
Now, $=a1+5d=2 =
@ &+20d d 50y 4#
50. Here, x:i,yzLandz=;
1-a 1-b 1-c
= J—a=L = p SEE
X y z
= a=1+1,b=1+l,c=1+1
X b4

Since, a, b and c are in AP,

1+1,1+1,1+1areinAP.
X y b4

= 1,land 4 are in AP.
Xy z

Hence, x,y and z are in HP,

S51. LetS=1?+2.224+ 32 +2.42 4 et 200 =12 + n?,

when nis odd, the last termi.e., the nth term will be n2 in this

casen — 1is even and so the sum of the first n — 1terms of the
series is obtained by replacing nby n — 1in the given formula

— 2
Q(n+1)2=L 1)(n_1+1)2=\(n—1)n
2 2 2
<. Required sum = [Sum of (1 - 1 ) terms] + nth term

1 o e 2
=—(=Nn“"+n°=_(n+1
2( ) 2(+)n

MWW . N0oVAD( olnn
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Quadratic Equation
and Inequalities

| . Quadratic Equation
An equation of the form ax® + bx + ¢ =0, where a %0, @ b and R is called
) @, ¢, x €R, is calleda

O Utl | n es i real quadratic equation. The numbers @, b and ¢ are called the coefficients of the
J 3 icients 0

- : squation. Tt ity D =h? — :
o Quadratic Equation equatior he quantity D =b" — 4ac is known as the discriminant of the

. 2 —
© Nature of Roots of equation ax” +bx + ¢ =0 and its roots are given by x = =5 D

Quadratic Equation 20

An equation of the fi z = 5
q orm az” +bz+c¢ =0, where a#0, a, b, ¢, and z, ¢ G

o Relation between Roots (complex)
and Coefficients is called a complex quadratic equation and its roots are of b bt 1)
€ giver 7l
o Formation of an  * N it a3
Equation ature of Roots of Q -
uadratic E -
quation

O Inequalities Nature of roots of a quadratic equation ax? + by +
X : =
are real or imaginary by analysing the quantity D
1. Let a, b, ¢ € R and a # 0, then the equation qx? i
X +¢ =

O Logarithm 0 implies whether the roots

(i) has real and distinct roots\if and only if D > g 0

A : : (ii) has real and equal roots if'and only if p = 0
- ‘ i (iii) has complex roots with non-zer ; P
“ _ L : ; 3 ~Z€ero imaginar 3 . 3
! i ey A : if p + ig (where, p, g € R, q #0) is one 1‘003t, g;;tjzli alr;d fnly iE ﬁl <0. smi:le.
< + ¢ =0, then seco

root will be p —ig

2. If a b, c eQand D is a perfect square, then ax? 4+ p ;
+TO0X+c=0 has rational roots: :

hasing novaPD Nt //ywww.novapal.com
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3. fab ceQ and p+ N/qr(p, q €Q) is an irrational
root of ax’+bx+c=0, then other root will be

p-a.

4. If a=1, b, cel and roots of ax* +bx+c=0 are
rational numbers, then these roots must be integers.

5. If ax* +bx+c¢=0 is satisfied by more than two
distinct complex numbers, then it becomes an
identity i.e., a=b =¢ = 0.

6. If the roots of ax* + bx + ¢ = 0 are both positive, then
the signs of a and ¢ should be like and opposite to
the sign of b.

7. If the roots of ax* + bx + ¢ = 0 are both negative, then
signs of a,b and ¢ should be like.

8. If the roots of ax* + bx + ¢ = 0 are equal in magnitude
but opposite in sign, then b =0 and ¢ < 0.

9. If the roots of ax® +bx + ¢ =0 are reciprocal to each
other, thenc = a.

10. In the equation ax* +bx+c=0 (ab,ceR). If
a+b+c¢=0, then the roots are 1, — and if

ca
a-b +c¢ =0, then the roots are -1 and — —.

a
W If a quadratic equation is satisfied by 1

I of x then it is satisfied by every value of x ar
identity.
» A quadratic equation cannot have more than tw:

Relation between Roots and
Coefficients

1. Quadratic Roots

If o« and B are the roots of quadratic equation

: b
ax* +bx +¢ =0, then Sum of roots = o+ =— = and

C
product of roots = off = —
a

2. Cubic Roots

If o Bandy are the roots of cubic equation
ax’ +bx* + cx +d = 0;a#0, then

b
(x+B+y=—a

d
By+ya+oc[3=% and OLBY-““E

- Biquadratic Roots

Also, if o, B,y and & are the roots of biquadratic
fquation ax* + bx® +cx* +dx +e =0;a# 0, then

Day 4 Quadratic Equation and Inequalities

g i

o+Pf+y+d=- 3

a
(o0 + B)(y +3) +of + 0= &
a

1

of (7 +8) + Y8 (c + ) =~ -

a
and oafyo= =
(0]

4. Symmetric Roots

If o, B are roots of quadratic equation ax” + bx 4

then to find the symmetric function of & and B use the

following results.
(i) o +B* = (o +PB)* — 20
(ii) (oo =B)* = (o +B)* — 4P
(iii) o +B° = (o0 +B)* =3P (ot + B)

(iv) o’ =B* = (e = B)* + 30 (ot - B)

5. Common Roots (Conditions)

Suppose that the quadratic equations

ax“ +bx+c=0and d x* +b’x +¢’ = 0.

(i) When one root is common, then the condition is

(d'c—ac’ ) =be” =b’c)(ab’ — a'b).

(ii) When both roots are common, then the condition is
a b
d bt

Position of Roots

Let ax* + bx + ¢ = 0 has roots o and B
(i) with respect to one real number (k).

S.No.; Situation 1 Require; Conditions
(@ |@<PB<k | D20.alk)> 0k > -
(b) 5 k<a<p | D20.af(k)> Ok < = 2
(¢) ; a<k<f D20 afk)< 0 o

(ii) with mspm:(«} two real numbers k, and k,
S e i
S.No. J Situation | Required Conditions

T e

(a) l ky<a<B <k, | D20afk)> 0
|
; | aftky)s 0k, <= 2 <k,

<

2a
| D20 aftk,) < 0.af(k,) < 0

i
(b) <k <k, <f |
{
i D 2 01tk }ik,) < ©

(o)) K <a <k, <f

D/ WWW.NO
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Formation of an Equation

1. Quadratic Equation

If the roots of a quadratic equation are o and B, then the
equation will be form of

X — (o +B)x + 0B =0.

2. Cubic Equation

If o, B and y are the roots of the cubic equation, then
the equation will be form of

X = (o + B+ y)x° + (of + By + yo) x — oy = 0.

oY)

. Biquadratic Equation

If o.p,yand d are the roots of the biquadratic equation,
then the equation will be form of

xt— (ot +B+7+8)x + (af + By + Yo+ ad + B + 18) X*
— (oBy + Byd + Yoo + dof) x + afyd = 0.

Sign of Quadratic
Equation
Let f(x)=ax’ +bx+c or y = ax” +bx +¢, where @b and
c eRand a#0.
(i) Ifa>0and D <0, then f(x) >0,Vx €R.
(ii) If a<0and D <0, then f(x) <0,Vx €R.

JEE Main Mathematics

in Just 40 Days

0, then f(x) 2 0,Vx € R.

dD=
If a>0an e

Ifa<0andD — 0, then f(%)
If a>0, D>0 and f(x)=0 have two real T00ts o, anq
B, where (o0 < B), then f(x) >0, V x€(=0,0) U (B«
and f(x) <0, v x e(o,p)-

If a<0,D >0 and f(x)=0 have two real roots o and
B, where (o < B), then f(x) <0, V x €(—>2,0) U ()
and f(x) >0, V X e (o, B)-

Condition for Formation of
an Equation

(iii)
(iv)
(v)

(vi)

Let equation be
gx" +ax" "+ .+ a X +a =0 ()
Then, to form an equation
«+ whose roots are k (# 0) times roots of the eq. (A), replacex
by X in eq. (A).
k
» whose roots are the negatives of the roots of eq. (A),

replace x by —x in eq. (A). Alternatively, change the signiof
the coefficients of x™~', x"=3, x"=°, ... etc., in eq. (A).

+ whose roots are k more than the roots of eq. (A), replace
X by (x —k)in eq. (A).

. whos;a roots are reciprocals of the roots of eq. (A), replace
X by > in eq. (A) and then multiply both the sides by x”.

Inequalities

Let aand b are two real numbers. If a — b is negative, we say that a is less than b (a < b)

greater than b (a > b). This shows the inequalities concept.

Important Resuiis en inequalities
1. If a>b and b>g,

al > “zr al > a.'}"“'("n-l

2 Ifa>b,thenatc>b+tc VceR

then a>c.
> a,,thenag > a,.

3. If a>b,then

b

a
(i) for m >0, am>bm,—>—
m m

a b
. <bm,__<__.
(ii) and for m <0, am e e

4, (i) fa>b>0,then
(a) & >b*

|
A
|

1
Glal>ll @

Generally, if

and if a - b is positive, then ais

(ii) If a<b <0, then

(a) @ > b? (b)|a] > |b|

@153

Q|-

5. Ifa<0<b,then
[i)az>b2,if|a|>|b|
6.1f a< x<b and a,b are
@ <2 <b?,
7.Ifa<x<p and a is ne
number, then
(1) 0 < x* < p?

(i) & <b?,if|a|<|b|

Positive real numbers, the?

gative number and b is posmw3 1

B> al (ii)0 < 52 Saz,iflar|>|bI

10

i
Arith
hneqy

ey
Iabers g

Uy,

MWW . N0oVAD( Ol1]
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7.1fa< x<b and q s negative
number, then

(o< x? <b2,if]bl>]al

Number and p js positive

(i) 0 < x* <d,if|a|>|b|
8. If§>0, then

() a>0,ifb >0 (ii]a<0,ifb<0

9. Ifq; >b; >0, where ; = 124858, ) then

4%G;...a, >b.b,b,.. b .
10. If | x| < q, then L

(i) if ais positive, thepn — a<x<a

(i) if a is negative, then x €0.
11. if a; > b;, where j = 1, 2,3,...,n,then

REEE a4 s, >by +b, + o0 iF 10): o

12. f0<a<1and nisa positive rational number, then

W< o] (ii)a " >1
\rithmetico-Geometric Mean
nequality

he Arithmetico-Geometric Mean (AGM) of two positive real
umbers a and b is defined as follows

a+b2 e 2 ;
1 1

1) If q, b >0 and a#b, then

a b
1.e., Arithmetic Mean > Geometric Mean > Harmonic Mean
) If @, >0, where [ = 52 S then

G +a+...+a, 1
R

n

n
2

ogarithm Inequality

ais a positive real number other than 1 and 'a" = m, then

s called the logarithm of m to the k.)gse a, written as log,,

Inlog, m, m should be always positive.

(i) If m <0, then log, m will be imaginary and if m =0,
then log , m will be meaningless.

i) log, m exists, if m,a>0 and a # 1.

Nportant Results on Logarithm

1. al°g41X=x;a¢O,¢1,X>0
2. alogbx=Xlogba;a,b>0’¢1'x>0

3. log,a=1,a>0,%1

i e

4. log, x=

X, a>0,%1
log

X

5. log, x=log,blog, x= S
log;, a

6. Form.n>0anda>0,¢1, then

;ab>0,21, x>0

(@) log, (m-n) =log, m +log, n

(ii) loga(ﬂj =log, m-log, n
n

(iii) log (m™) = n log ,(m)

7. Forx>0,a>0,=1

(i) Iog“,,[x) = % log, x

/

'm
Jil ./
X L —J log,, x

n

(i)

8. ForX>y>O

log .

(@) log, x>log, y,ifa>1
(ii) log, x <log, y, if0 < a<1
9. Ifa>1and x> 0, then
(@) log,x>p= x> qaP
(i) 0<log,x<p=0<x<qa?
10. If0 <a<1, then
() log,x>p=0<x<aP

(i) 0<log,x<p=aP<x<1

- Application of Inequalities to find

the Greatest and Least Values

s, G 17 positive variables such that |

X+t Xp+...+ X, =Cc (constant), then the product :
: Q47

Xi=Xp ..o Xy IS greatest when x; = x, =, = X, =—and the
n :

_e\"

greatest value is T
If X,X,...,x, are positive variables such thatf
X1 Xp,..., X, =C (constant), then the sum X+ Xpb., o X, S
least when x; = x, =..= X, =¢"" and the least value of the |

sumisn "™,

If X1, X5,..., X, are variables and myMmy,....m, are positive§
real number such that x, + Xo+...+X, =C (constant), themE

X" x32 ... xMis greatest, when
X, X X, Xy + Xp +..4X,
—a—— e e
my  m, My My +my +..+m,
PD Nt/ /WWw.No om
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Practice

1. The equation (cosP —1)x2 + (cosP)x +sinB =0 in the

variable x has real roots, then B is in the interval

(8) (0,2m) (b) (-, 0)
([ d) (0
& \\\ > 2\" (d) (0, m)

2 Eafo+c:0. then the roots of the equation

4dax< + 3bx + 2c =0, where a, b,c € R are
(a) real and distinct (b) imaginary
(c) real and equal (d) infinite

3. For the complex number z = x + i y, the number of solutions
of the equation z° +| z|* = 0is

(@1 (b) 2
(c) 3 (d) infinitely many.

[NCERT Exemplar]

4. If the equations x®+ax+12 =0,x° +bx+15=0 and
e (a+ b)x + 36=0 have a common positive root, then
the ordered pair (a, b)is
@ 6-7 (b) (=7,— §)
== ) (E&=7)

5.1f the equation K 6x2 +3)+ x+2x° —1=0 and
6/<(2><2 + 1)+ px + 4x? —2 =0 have both roots common,
then 2r — pis equal to
(@ 2 (b) 1
(c) O (d) k

6. If the ratio of the roots of A2 +px + v =0 is equal to the
ratio of the roots of %2+ x+1=0,then,pand varein

(b) GP

(a) AP
(c) HP (d) None of these
7. The solution set of II S —s |l _—; <0is [NCERT Exemplar]
2 o

() [0, 1]V [3, 4]

@0 1u@E 4
) (d) None of these

© 1 1Hu@ 4
36
8. lf ax® + 2bx — 30 — 0 has no real root and = <a+ b, then
the range of ¢ is

@ (=11
(©) (0. =)

(b) 0.1
(d) (=0

10.

11.

12.

13.

14.

15.

DAY
ne &y

.If a. band ¢ are real numbers in AP, then the roots of

ax2 + bx + ¢ = 0 are real for

(@) allaandc (b) noaande

(C)iig—?‘zélx/—é (d)‘§+7}22v§
a "l e ol
10
1
If x2 — 5x + 1= 0, then 2 ; is equal to
(a) 2424 (b) 3232

(c) 25625 (d) None of these

If a bandc are in AP and if the equations
(b-c)x2+( —ax+(@-b)=0and 2@ +a)x° + (b+¢)
x = 0 have a common root, then

(b) a? c?and b? are in AP

(d) None of these

(a) a® bandc? are in AP

(c) ¢? a?and b? are in AP

If &, b and ¢ are distinct real numbers, then the expression
fog—a? (x=b)x=¢) o X —C)<X —a)

(@-b)a-c) (b—c)(b-a)
2 (X =a)(x=b)

+c°——————isidentically equal to
c—a)c -b) e

@) x* —(a+ b+c)x+ abe

©) X (d) None of these

(b) x° + x— abe

2
If x e Rand b <c, then 2X 08

% has no value

(@) in (o2, b)
(c) between b andc

) in(c, =)
(d) between —¢ and —b

If the roots of the equation +

XiHk Qe X g

magnitude but opposite in sign, then the product of the
roots is

(@) —2(p° +q°)

1 :
=— are equal In
r

() ~(p* +g?)

e 2
e g @ ~pg
2
lfa® + b? +c? =1, then ab + bec + calie in the interval

(@ [1.2]

ofs3

© [— % 1} @ [0, 1]

MWW . 0VAD( Ol1]
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16. The solution set of the Mequality x + 1> [x+ 3 s
@I =T x<_ 31 (b){x:x>1}
€ {x:-8sx<-2 (d) None of these
17. If x, yand z are three positive real numbers then the
minimum value of ¥+ 2 i gl is
X y Z
(@) 6 (b) 3 (c) 2 (d) 1
18. Ifo.and B be the roots of x% + x + 2 — 0andv,8 be the roots
of X* + 8x + 4=0, then © + 7)o+ 8)@ + Y)B + 8)is equal
to
(@) —18 (b) 18
() 24 (d) 44
19. f P(x)=ax? + bx + ¢

and Q(xX)=-ax®+ax+c =0:
ac # 0, then the equation P(X)-Q(x)= 0 has
(@) four real roots

(b) exactly two real roots
(©) either two or four real roots

(d) atmost two real roots
20. The product of all the values of x satisfying the equation
(5+ 2468 4 (5 2V6)* % =10is

(@) 4 (b) 6 (©) 8 (d) 19

21. In APQRR=T" If tan /; are the roots of the
2

Q
and tan —
2

equation ax? + px + ¢ = 0, then

@ a=b+c (b) b=c+a (©c=a+b () b=c
22. If the roots of the equation (@ + 1)x°* - 3ax + 4a=0 (a = 1)

be greater than unity, then the values of a are

(a) [- 17,6,‘— 1/)

(c) [—1_6:’ q
7

(b) [0, —1]
(d) None of these

2

w

- The solution set of 1 <|x-2|<3is [NCERT Exemplar]

(b) [-1, (8 8]
(d) None of these

@ (=1, 1)u(3 5]
©[-1,1u[3 5)
24. Ify = g¢-1 4 g-x-1 (x is real), then the least value of y is
(@) 2 (b) 6
() 2/3 (d) None of these
25. ifa, bandc be the lengths of the sides of a triangle, then
b+c-a)c +a-b)@+b-c) isless than or equal to

1
(@) be (b) =i
(©ca (d) abe

26. f (i, xF +logs x <2, then x belongs to
Qs X) Js

1 5| _1__
@ (55 o3 7)
(©) (1, ) (d) None of these

Day 4  Quadratic Equation and Inequalities

27. What is the solution set of the following inequality?
,ng(xj_@) >0

1— 8x
(a)0<x<§ (b) x>3
(©) ;<x<1 (d) None of these

28. Iflog; 2, log (2% — 5) and log (2* —57) are in AP, then x is

equal to
(Gl (b) 3
202
(©) 4,5 (d) 8
29. Iflogg s (x - 1) >10g0,09 (X —1), then x lies in
(@) (1.2) (B) (= e, 1)
(©) 2, =) (d) None of these

30. The set of all real number's x for which x2 — | x + 2 [+ x>0

IS
(@) (=20, =2) U2, )
(©) (=e2, = 1) U (1, o0)

(d) (v2,0)
Directions (Q. Nos. 31 and 32)
(00) =5 byx + ¢,, real roots of f(x)

g(x) =0 be o, +93,B + 8.

(0) (= =0 ~2) U (2, )

Let fx)=x+bx +c,
=0 be o, B and real roots of

) 1
Also, assume that the least value of f(x) be — p and the least
value of g(x) occurs at x = %

31. The least value of g(x)is

]
s (o)
(@) 11 (b) %
1l @) =
(©) ] (d) 5
32. The value of b, is
@ 0 18) =7 (c) 6 (d) 8

Directions (Q. Nos. 33 to 36) Fach of these questions contains

two  statements : Statement I (Assertion) and Statement |

(Reason). Fach of these questions also has four alternative

choices, only one of which Is the correct answer. You have to
select one of the codes (a), (b), (0 and (d) given below.

(a) Statement [ is true, Statement ||

correct explanation for Statement |

(b) Statement | is true, Statement Il is tr

correct explanation for Statement |,

* (c) Statement I is true: Statement |l s false.

(d) Statement | s false; Statement Il is true.

S true; Statement l'is a

ue; Statement || is not a

33. Statement | Let f(x) be quadratic ex

f(0)+ f(1)=0. If =2 is one of the root of
rootis 3/ 5.

Statement Il If o and B are the zero's of fx)=ax® + px + c,
then sum of zero's = — b/a, product of zero's =c/a,

pression such that
f(x)= 0, then other
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34. Suppose both roots of f(x)=ax® + bx + ¢ are in syl
then D 2 0, f(k,) > 0 and f(kp)> 0.

Stgtement I If both roots of the equation
2X" = x+a=0(aeR)lies in(12), then-1<a<1/8.

Statement Il If f(x)=2x? - x + a, then D > 0, f1)>0,f(2)> 0
yield—1<a<1/8

35. Suppose if o is any roots of the equation, then it will satisfy
the equation.

Statement | |f cosgg is a root of the equation

X +ax+b=0, where abeR rational number, then
ordered pair (a, b)is (1, 1/ 8).

Statement Il If a + mb = 0 and m is a irrational, then a0=10.
36. Consider log, x is defined as a>0,a+1and x>0 and also
1
Ioga_2 X :—Eloga X

Statement | The equation
log 5+ x2)= !og(3 e (15 + +/x) has no solution.

2+[XT

Statement Il loga®” =2mlog|al,V.a>0,meN

37. If one root of the equation x* —Ax + 12 =0 is even prime
while X% + Ax + i = 0 has equal roots, then W is equal to

(@) 8 (b) 16
() 24 (d) 32

JEE Main Mathematics inus+ 240 Days

A
2 S —_——
38. If A be an integer and a, B be the roots of 4x 16x + - 0

such that 1< o <2 and 2 <P < 3 then the possible values of
A are

(@) {60, 64, 68}

(c) {49, 50,..., 62, 63}

(b) {61, 62, 63}
(d) {62, 65, 68, 71, 75}

39.1f S={aeN,1<a<100} and [tan®x]-tanx —a=0 has
real roots, where [.] denotes the greatest integer function,
then number of elements in setS equals to

(@ 2 (b) 6
©6 d 9
40. The roots of the equation 2** 2. 3**/(*=1 = g are given by
(8) 1-10g,3 2 ) ;092(2),1
)22 (d)' =2 1 (log8)

(log2

==

41. If o and B are roots of 375x% —25x -2 = 0 and'S,, =a.” + B”,

n
then lim X S, is equal to
1

n—oco =

7 1 29
E) —— 0) —= ©) — d) None of
()116 ()12 ()358 @
these

42. Let a,b and ¢ be the sides of a scalene triangle. If the
roots of the equation x°+ 2@+ b+c)x+ 3
(@b + bc +ca)=0, A € R are real, then

4 5 L5 45
) hs s b) A>2 e i)
(@) = (0) A (C)ke(S,gj (d)ke(:;,g)

AIEEE & JEE Main Archive

43. The values of a for which one root of the eguation
x2 —(@+1)x+a° +a—8=0 exceeds 2 and the other is

lesser than 2, are given by [JEE Main 2013]
(@ 3<a<10 ()

) a>10
() —2<a<3 (A)Rai==2

2

IN IV

44. If oo and B are roots of the equation X%+ pX + 3-% =0,

such that|o — B | =+/10, then p belongs to  JEE Main 2013]

(@) {2 -5} (b) {-382}
© {-2 8} @ {38 -5}
xX=5
45. The least integral value a: of x such that paes e > 0,
satisfies [JEE Main 2013]

() 0 - 50+ 4=0
(d) o + 50— 6=0

(8) o+ 30—-4=0
© o -70.+6=0

46.1f p and g are nonzero real numbers and

G [ = ~pof =g, then a quadratic equation, whose
roots are giand E is i

B = [JEE Main 2013]

@ P -gx+p?=0

. g (0) @ + px+ g2 =0
(© px= +gx+ p° =0

(@) 9x® - px+ g2 =0

47.1f the equations x2+2x+3= 0 and ax?+px+c =0,
ab,c R, have a common root, then a - b:cis [AIEEE 2013]
@1:2:3 (0)3:2:1
(©1:3:2 @3:1.2

48. Lgt oandB be real and z be gz complex number. If
2+ oz + B =0 has two distinct roots on the line Re (2)=1
then it is necessary that [AIEEE 2011]
@) B e(-1,0) (©) B |=1
©) B el =) @ Be@m

3

-3
o

T
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49.

50.

5.

52:

If e and B are the roots of the equation
a2 + 3% i5 equal to
(@ -2 (b) -1

L 0, then

[AIEEE 2010]
(c) 1 d) 2
If the roots of the equation bx? + cx + g = 0 be imaginary
then _ for all real values of X, the
3b°Xx" + Bbex + 2¢©

(a) greater than 4ab
(c) greater than — 4ab

The quadratic  equations x2—6x+a=0 and

2 3 A
X —cx + 6= 0have one root in common. The other roots of

the first and second equations are integers in the ratio 4 : 3,
Then, the common root is [AIEEE 2008]

expression
[AIEEE 2009]
(b) less than 4ab

(d) less than - 4ab

(@) 2 (b) 1
(c) 4 (d) 3
If the difference between the roots of the equation

X +ax+1=0is less than +/5 , then the set of possible

Day 4 Quadratic Equation and Inequalities

54.

55.

56.

43

. All the values of m for which both roots of the equation

X? —2mx + m? =1=0are greater than -2 but less than 4 lie
in the interval [AIEEE 2006]

(@ m>3 (b) -1<m=<3 () 1<m<4 (d) -2<m<0
The value of a for which the sum of the squares of the roots
of the equation x? —(a—2)x —a ~1=0 assumes the least
value is [AIEEE 2005]
(@ o (b) 1 (c) 2 (d) 3

If both the roots of the equation x? —2kx + k% + k =5=10
are less than 5, then k belongs to [AIEEE 2005]

(@) (6 =) (b) (5, 6] () [4,5] (d) (=0, 4)
If1— pis aroot of x* + px + 1- p =0, then its roots are

(@) 01 (b) =12 [AIEEE 2004]
() 0,-1 (d) 1,1

. If one root of (@° — 5a + 3)x° + (32— )x + 2 = 0 is twice the

values of ais [AIEEE 2007] other, then ais equal to [AIEEE 2003]

@ (=3 3) (B) (=8, ) (@) 2/3 (b) —2/3 (c) 1/3 (d) —1/3

(©) (3 =) (d) (oo, =3)

Answers

1. (d) 2:4(a) 3. (d) 4. (b) 5. (¢) 6. (b) 7. (d) 8. (d) 9. (c) 10. (c)
11. (b) 12. (¢) 13. (c) 14. (c) 15. (c) 16. (b) 17. (a) 18. (d) 19. (c) 20. (c)
21. (c) 22. (a) 23. (b) 24. (c) 25. (d) 26. (a) 27. (d) 28. (b) 29. (a) 30. (b)
31. (c) 32. (b) 33. (a) 34. (a) 35. (c) 36. (b) 37. (b) 38. (c) 39, (d) 40. (d)
41. (b) 42. (a) 43. (c) 44, (c) 45. (d) 46. (b) 47. (a) 48. (c) 49. (c) 50. (c)
51. (a) 52. (a) 53. (b) 54. (b) 55. (d) 56. (c) 57. (a)

Hints & Solutions

1. Discriminant, D = b — 4ac = cos®p — 4(cosp —N)sinf 20

=cos?pB + 4(1—cosp)sinB 2 0
So, it should be sin B> 0. (- cos?B 2 0,1-cos p 2 0)
=p €(0nr)

2. Here, D = (3b)? — 4 (4a) (2¢c)

= 9b? — 32ac = 9 (- a —c) - 32ac
2
14 a
2 2 _gp? APt Cey
=09a? —14ac + 9¢c“ = 9¢ {(c) 9 % ]

2
e T S G
c 9 81

Hence, the roots are real and distinct.

3. 2+|z/2=02z#0

Dy e =0 (putz= x+1)

= 252 +j2xy=0 = 2x(x+1iy)=0
= x=0orx+iy=0

Therefore, x=0and z# 0 "W
So, ycan have any real value. Hence, infi

(not possible)

nitely many solutions.

4.

On adding given equations first and second, we get
2x% + (@+ b)x+27 =0
Above equation is subtracting from given third equation, we get
X -9=0=x=3-3
Thus, common positive root is 3.
(3% +8a+12=0=a=-7
and 9+ 3b+15=0=b=~-8
Hence, the order pair (a, b)is (- 7, — 8).

. Given, (6k + 2)x*> + X+ 3k -1=0

and (12k + 4)x* + px+ 6k =2 =0

12k+4 p 6k-2
= (i) = 2r-p=0
P2
. Leto,p and o/, B’ are the roots of the equation of the given
equations. )
n \ -
o+pf==, af==
B = p A (0]
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and o' =pand B’ = o’
(Gl e ;
E—B—, (given)
= %=(Z—i =B =o0w
From Eq. (i), o+ oaw=-" o?o="
/9 A
= — 00 :_L‘}_Uzm:;‘ (o —0® =1+ o)
: A A
= H—/ = L= =y
A Y
7. Given, | x=2|-1 <0
=2 =
Let |x—2|=k
. Given equation becomes, S
£ k=16=2) o
=2
- (k—1)(k=2)<0= 1<k<2
= 1<|x=2|<2
Case | When 1<|x—2|= |x=2|=1
= x—2=lorx—2<—1
= x=3andx <1 o)
Case Il When |x—-2|<2
= 2 <x—2<2
= 2 +2<x<2+2
= 0<x<4 ..(i)

From Egs. (i) and (ii),
x e[0,11u[3 4]

. Here, D=4b?+12ca<0

= b? + 8ca < 0 ()
= ca<0
Ifc > 0,thena < 0
Also, 3C _ 2+ b= 3ca> 4a° + 4ab
4

= b2 4 8ca> 4aP + 4ab + b? = (@a+ bf 20 ... (if)
From Egs. (i) and (i), ¢ > 0, which is not true.

c<0
Since, D20
% b? — 4ac20

2
= (c+a) —4ac20 (& 2b=ta+0)

2
= c? —14ca+a°20
2
= (9 -14(9)”20
a a
2

W (9—7) > 48

a
= }9—7 > 443

a

11.

12.

13.

14.

15.

N/ WWW.NO
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iR 28

2
Bt 58 X gl

3

X

1

—T

)= 23% 110 = 2530
: )

sl o 1) =2525
= ot ;5_2500 (X+XJ

Since, x = 1is aroot of first equation. [fouis a root of first equation,

=l (product of roots)

theno =
_2a-2b_2a [@+C)_q
ob—-2¢c a+c-2¢

So. the roots of first equation are 1and 1.

Both the equations will have a common root, if 1 is also a root of
second

= 2c+a)+b+c=0

= 2@b)+ b+c=0 (since,a, b and ¢ are in AP)
= c=-5b

Also, a+c=2b

= a=2b-c=2b+ 5b=7b
: a2 = 49b?,c? = 25b°
Hence, a2, c?and b are in AP,
az,‘( b)= b?, flc)=c?

then g(a)=g(b)=g)=0

Here, f(a) =
Ifg(x) = f(x) =
i.e., f(x)— x* is a quadratic expression which vanishes at three
distinct points a, b and c.

Thus, f(x)— x* =0 or f(x) = X2

2
X< — bc 2
LG = —————— = & = 2% } — =
y AR yx+ (b +c)y—bc=0
Discriminant, 4y* — 4(b + ¢)y + 4bc > 0 (A2 0)

=  (y=b)(y=0)20=ye(-o,blU, =)

Simplified form of given equation @x+ p+ g)r = (x + p)(x + q)
=X +(p+q-2NXx—(p+q)+ pg =0
Since, sum of roots = 0

= —(p+g-2n)=0=r=RPEq
’)
and product of reots = - (p+ q)r + pg
_(p+qy 1
T+DQ=“§(P e
Sifeeas bt fco=ab 1
' +C" -ab-bc ~ca=-Z(a-bf 2
5 >
1-Zab20= Tab < 0
Now, @+b+cf =Xa®+2%ap
1
= Zabz—E ()

From Eqs. () and (i), Zab lie in [_l‘ 1}
2

1¢

16

{
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=

16.

17.

18.

19.

Since, x cannot be less than -3

Now, Gl b
= X+ x-2>0
= (X+2)(x~1)>0
& X>1
LHS:[X+5J+(E+5J+(X+5)22+2+2
X, Y X3 0z 2

=6 (- AM= GM)
Slnce,a+B=—10B:2y+6:—3,y5:4
et v+ 3B + Y@ +8)

= (o —3a+4)B’-3B+4)

= 4302 + 482 wmgoﬁqwﬂ«j - 1200+ 16

=4-32)B + 4B + 4o/ =3(2)o+9(2)-12 B + o)+ 16

=4-6f + 4o + B2 - 60+ 18+ 12 + 16
=50+ 6+ 4[(0 + B)? —208]
=56—12 = 44

Let D;and D, be two discriminants, then
Di+ D, =b? —4ac +d? + dac =p2+ g2 > o
So, either D, and D, are positive or atleast one D's is positive.

Therefore, P(x)Q(x) = 0 has either four or two real roots

20. 5"._\”6: =
5+ 246
J-10 whelef-(5+2x6\/ =2 (i)
t
= I =0
= l‘:5i2'\”g
or p={5 20 B! .. (i)

From Egs. (i) and (i),

X -3=t1=x2=24
= X:—\//§,\E,*2v2
- Required product = 8

-t _.p.o-_, P 0 =
2 2 2 N2 N
il Grten =
an— + tan— a
= 1=tan” = 2 2 _Lhe dC:_L:aer:c
4 1 tanCtanQ e 972
2o a
22, For roots greater than unity,
Discriminant > 0,
sum of roots > 2 and (a + 1)f(1) > O
= 92 —16a@+ 1202 >2
a+1
and @+1)(a+1-3a+4a)>0
a-2
= 16)< 0, >0
a(7a + 16) o
and

@+ NHRa+1)>0

Day 4  Quadratic Equation and Inequalities

= ,i§<a<Oa/~10ra>2
7
and a<—1ora>~-!
2
= r1§<a<—
7

23. Given, 1<|x-2/< 3
Case | When1<|x—2|

X=2 21and (x—2) < —1

= x23andx<1
= X€ (=0, 11U[3, =)
Case llWhen | x—2|< 3
= -3<x-2<3
=> —l<x<5
B
= x e[-1, 5]
From Egs. (i) and (ji)
X e[-1,1 J[3 5]
24, Since, 3 + 3T A= (g o)
2
> 2 I3%g=
=
2
- 3 G S
3
25. Lletb+Cc-a=xc+a-b=yanda+b-c=z
then 2a=y+ z2b=z+ xand2c = x +
Yy+z._ — —

Similarly, z + x>2+/zx and x + y>2.[xy
v+ 2)(z+ X) (X + y) = 8xyz

= abu>[ofc~av(f«a-o)a b —-c)
26. Putlogs x = a, then

a? +a-2=@r= @+2)@@a-1<0

= —2<a<l = -2<log, x<1

= G i = —< X<5
25

27. By definition of logx > 0.and ( AT

j> 0, multiplying
3x )

by (1 — 8x)in numerator and denominator both.
(x+ 5)(1-3x)

(1= 3x¢ W
= X+501-3x>0 = X+ 5@Bx-1)<0
= =5 X < 1/3
As x>0, 0<x<1/3
XD

<l e Lo

1- 8x

This does not satisfy 0 < x < 1/3,

Hence, there is no solution,

>

\

IV
(@]

{'x-»o\

5—3)</
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28. Since,  2logs(2* - 5) =logs2 + logs 2* - 7/2)

= @X =52 =2@2% =7/2)

= @Y -122X)+32=0

= @*-4@*-8=0

= 2 = e o)

X=3 ('.' X# 2)

29. Since, x—1> 0= x> 1

and logg. 5 (X — 1)>Iog(0.3)2(x— 1)

= logg 5(x=1)> > logg 5(x = 1)

= logy 3 (x=1>0

= xX<2

Hence, xe( 2)

30. |. Whenx>-2, |[x+2|=(x+2)
X —x—2+x>0 = x*-2>0
= xel-2,-2)uH2, =) )
. When x< -2, | x+2|=-(x+2)
X+ x+2+ x>0
= (x+12+1>0 = xeR
or Xe (=0, —2) ...(ii)
From Eqs. (i) and (i), x & (~e, = v2) U (2, =)
31. Now, B —a)=[@ + 8) — (@ + d)]
and (B + )P —4ap =[B+d)+ @+ &) — 4(B + 8)(a + d)

= (=by)? — 4c; = (-b,f’ — 4c,
= D, =D, ..(i)
: : D) _ = Al S
Since, least value of f(x)is =5 = 7 = D,=D,=1
Hence, least value of g(x)is -D, =— % ;
b, 7 ;
39, Leastvalueof g(x)oceursatx = == (given)
= b, ==7
33. Since, x = — 2 is a root of f(x).
f(x)= (x + 2)(@x + b) '
But f(0)+ f(1)= 0 (given)
; 2b+ 3a+ 3b=0
“oed
% a 5

3 34. Here, coefficient of x2 =2 > 0iis for the given condition D=0,

; 1) > 0and f2) > O.

i = 1-8a>02-1+a>0and8-2+a>0
i = as%,a>—1anda>-—6
|

1
—-{1<as—
i 8

2T _
35. cos%:Zcos2 (%)—1 = COS 5—(:/_5+ 1)

36.

317.

38.

1

N | =

Bl

am_1 l+1+i)=(§+ﬁ)
— coS §—4(2 =,°2

Given equation becomes

1(§+J§)+§[71_2—+1j+b=0

4\2
1
= (§+§+b)+«/§(—+§):0
8 2 4 4
Since, a and b are rational.
1+§=Q§+§+b=0
4 4 8D
= a:~1,b=%
Since,log ; (6+ X)=log,, ., 15+ Jx)
2+|x| i
= _|Og(2+x)(5+X2)Z|Og(3’xz)(15+ \/;)

Here, LHS < 0 and RHS > 0
Hence, no solution exist.

We know that, only even prime is 2, then ey -r2)+12=0.
= A=138 o)
and X2 + Ax+ p =0 has equal roots.
N = A =) (-D=0)
= (8% —4p =0
= p=16
Al e 2
4
o 16 £ /256 — 41) _ 8% J(64-1)
8 4
= a,B:Zi—\(M; 5
4
Here, 64—-A>0
A <64
Also,1<a<2and2<f <3
J64—% A
= 1<2 — <2and2 <24 ¥84-2 -
4 4 &

64 —
= '1<‘g<08nd0<_@<1
4
64 —
= 1>D>Oand0<@<1
4

4
i-e»| 0<_(64_h)\')<1
4
S 0<(64-2)< 4
= 0<64-A<16
= A>480r48< A < 64

A ={49,50,51,52, .., 63}
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39. [tan® x] = integer, a = integer

So, tanx is also an integer.
Then, tan® x ~tanx-a =0

= a=tanx (tanx - 1)
=[(l-1)

= Product of two consecutive integers
a=2, 6 12 20 30, 42, 56,72, 90
Hence, setS has 9 elements.

40. 2x+2_33,\v(‘x—1$ =19

Taking log on both sides, we get

(X + 2)log2 + ( 3X1)1093 =2l0g3
X_

= (X + x-2)log2 + 3xlog3 = 2(x—1)log3
= x°log2 + (Iog2 + log 3)x — 2log2 + 2log3 =0

= | + [{(log2 + log8)? — 4log2
N (1R 510y S) V (~2log2 + 2log3)}
eV 52192+ 2109 3))

2log2

e S SR
_ (log2 + log3) + [{(8log2)? - 6log2log3
= \ + (log3)°}
2log2
= (log2 + log3) + (3log2 — log3)
2log2
e log3
log2

41. Since, o and B are the roots of 375 x% — 25x — 2 = 0.

25 _ 1
a+fpf === off =—
P 375 15 375

lim ZS lim 2 +B)

Nn—er=1 n—ser=1

=+ 02 +0°+...00)+ B +B2+p5+

= =18 (1—a)(1-B)

i,
__a+p-20d _ 15 51
et B 2

( B) ! {5375

375-25-2 348 12

42. v a4+ b>c=ac + be >c?
b+c>a=ab+ca>a’
andc + a> b= bc + ab > b?
& + b2 + c? <2(ab + be + ca)
Here D> 0= 4(a+ b +c)? - 12A(ab + bc +ca) 2
e laxbrol 2 @#+bPict

B@brbo+ca) 3 Blab+bo+ca)

0
S ENED
573

[from

Day 4 Quadratic Equation and Inequalities Py

2
3
Eq.

= (x —2P(x + 7)? <3
- + = +
SETE R 0 T RO
() — €(-7,2) U (5, o

o A

43. If one root s less than a, then other root is greater than B.
Then, D > 0and (o) < 0, f3)< 0
Here, equation is
X —(@a+1)x+a>+a-8=0
@+ 17 -4@+a-8>0
a*+1+2a—4a° —4a+ 320
-8 ~2a+ 3320

32 + 11a—9a-33<0

aBa+ 11)-3(Ba+ 11)< 0
(Ba+11)@-3)<0

ey

SEIA R e

=
=
= 332 +2a—383<0
=
=
=

Again, f2)< 0

— A (G DI S )

= 4-2a-2+a°>+a-8<0

= at =226 <0
T

= EF =804 25 —-6<0

= al@-38)+2@-3<0

= @-3)@+2)<0

: E(=2 9)

44. . o+B =-pand a{j:%

Also, (@ —p)% =10
= (©+B)? - 40B =10
= p° —3p=10
= (o +2)(p—5)=0
; p=-2,5

45. LM O gy

>
X2 + 5x — 14

(X+7)(x =2)(x = 5)

So, the least integral value o of X is =6, which satisfy the
equation

o’ + 50— 6=0
]
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o
2 2
Product :%XB =aB=q

So, the required quadratic equation is

X2+q-px+q:0 = g+ px+g2=0

47. Given equations are
Wt D B1=00) (i)
and ax® + bx+c =0 ....(ii)
Since, Eq. (i) has imaginary roots.
So, Eq. (ii) will also have both roots same as Eq. (

Thus, a_b_c
2 3
Hence,a:b:cis1:2:3.

48. Letz= x + jy, given Re(2) =

X=il"= z=1+iy
Slnce the complex roots are conjuqa.e to each other
S0, z=1+ jyand 1 - jyare two roots of 22 + oz + =0
Product of roots =B = (1 + iy) (1 iy)=B
B=1+y’21 = Befi)

49. Since, ovand B are roots of the equation x% — x+ 1= 0

Then, o+B =1 of =1
= Re= 1+\/3/ ,],i\g or 1,‘,\,3,,

2 2 2
= X=-0 O0or —m°
Thus, a=-0° thenf =-o
= o=-0, thenp =-w? (2 oy =)
Hence, a2 432009 — (L2009 4 (_ 2 2008

= —[(@%)%% . 0 + (@%)1*%°.. ]
2

=-[0°+0]=—-(-1)=1

50. Given, bx® + cx + a = O has imaginary roots.

s —4ab <0
= c? < 4ab
= —¢2>—4ab 0
Let f(x) = 3b%x° + 6bex + 262
Here, 3b% >0
So, the given expression has a minimum value.
+. Minimum value = s M
4A

_ 4(3b%) 2 e?) - 36b%c?
K 4(3b?)

__lab%c? -c%®>-4ab  [from Eq. ()]

1262

51. Let the roots of x*—6x+a=0 be « 48 and that of
x? —cx+ 6=0bea and 3p.
Lo+ 4B = 6and4aB—aanda+ 3B =cand 30f =6

=S a=—13

5 3

E

(X—4)(»\'—2):O = x=24 and

Hence, the common root is 2

52. Since, o + B = —aand (45 =

Now, [at = B| = /(& + Bl - Jrqi = \d =
Thus, \d -4 <45
= a‘ <9
= lal <3
e L s
= —0<a<o
3. Conditions RS =D o 1 f(4) > 0and f{-
53. Conditions are D> 0, -2 < - — < 4,f(4)>0a 2
za
‘&.‘,'v \
=>4dm° —4m° + 4> 0 -2 < £ [l\ 4
\a.q)
16—8m+m® -—1>0and 4+ 4m+m° —1>0
4 0 X eR £ I 4 (nm \
and + 3)(m+ 1) > C
= ER -2<m< 4 —oco<ry 3ub
and <m< Jivg =1 ¥
= l<m<3
o4. Here, a+B=a-208=-(@a+1)
Now, o B o+ ) of =(a —2)
1 1+ D= (

Hence, o © + B < is least fora = 1

85, Given, x® —2kx+ k2 =5 k
=5 X—K=x= N
= X=k+t [5-k<5
= VO—k <5k
But vx < xfor x > 1
; 5—-k>1
= K< 4

56. Since, 1- pis a root of x° + B

(1—;))‘: +p-p)+ 1= D=0
== 2P+ 2 =0
= p=
So, the equation is x> + x - 0

Hence, the roots are 0 and -1
57. Leta and 2« are the roots
Then Spwe (BB 5 -7
(@ - 5a + 3)
Eliminating o, we get

9 < Srcange (0#_—1)

a’-5a+3 @ * 53+ 3p

()]

= c=

6=0
. 6=0 = X=L

e

e
HE -
Gl
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