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Rectangular Coordinates

Let XOX’ and YOY” be two perpendicular axes in the
plane intersecting at O. Let P be any point in the plane.
Draw PM perpendicular to OX.

Then, the lengths OM and PM are called the i
rectangular cartesian. The ordered pair (x, y) is called

the coordinates of point P.

Distance Formula
When coordinates of two points are given in cartesian form.
Let P (x,, ) and Q (%, ¥,) be the two points.

Then,  PQ=d =4 - x,)° +(y, —y4)? or P

Distance between the points (0,0) and (x, y) is \/XZTYZ i
= % e s i

: X
Distance formula can also be given as -
‘ cos®  sin®

where, r is the distance of the point (x,y) on the line from the point (x,, y1-) and
6 be the angle making the line with the positive direction of X-axis.
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Day 24 Cartesian System of Rectangular Coordinates

Application of Distance Formulae
1. Collinearity of Three Given Points

The three given points A, B and G are collinear i.e., lie
on the same s.traight line, if any of three points (say B)
lie on the straight line joining the other two points.

e, AB + BC = AC

2. The Other Conditions for Collinearity
(i) Area of AABC is zero. It means

G
AZE Zo Vol (=10
X3 yy 1

i
= E[X'l (v, — 7)) X, (73 = ) +x5(y, = ¥,)]1=0

(ii) Slope of AB = Slope of BC
Three points (x4, y,), (x,,y,) and (x3,¥3) are collinear, if

e - Vs = Vs

X —X) X-—X

3. Ildentifying the Types of Triangles
If A, B and C are vertices of triangle, then it would be
(i) equilateral triangle, when AB = BC = CA.
(ii) isosceles triangle, when any two sides are equal.

(iii) right angle triangle, when sum of the square of
any two sides is equal to square of the third

side.

W If (x,, ) and (x3, y,) are the ends of the hypotenuse of a
! right angled isosceles triangle, then the third vertex is given
I by
(Xr +x, (i —y2) vt "Xz)}
2 : 2
W Given two vertices (x,y) and (xq.y,) of an equilateral
triangle, then third vertex is given by
[x| +x, %301 =1) uﬁiﬁwj
2 ' 2

w Triangle having integral coordinates can never be equilaterdl.

4. Position of Four Points
Let A, B,C and D be the four given points in a plane.
By joining these points following figure are formed
(i) Square, if AB = BC = CD = DA and AC = BD.
(ii) Rhombus, if AB = BC =CD = DA and AC # BD.
(iii) Parallelogram, if AB = DC, BC = AD, AC # BD.
(iv) Rectangle, if AB = DC, BC = DA, AC = BD.

301

Conditions of Diagonals in Quadrilaterals

Quadrilateral | Diagonals AnglesiBsiest
Diagonals

Parallelogram | Not equal Gl

2
Rectangle Equal (s

2
Rhombus Not equal H=2

2
Square Equal Ol

2

Section Formulae

Coordinates of a point which divide the line segment
joining two points P (x,, y,) and Q(x,,y,) in the ratio
m, :m, are

(i) [mlxz + m, X, ’m1Y2 +tmyy,

(internal division)
m; + m, m,; +m,

2o [ myz =Ty e e

(ii) 1% Tl - Wil Wi (external division)
my — m, m; — m,

When m, and m, are of opposite sign, then division is

external.

o Mid-point of the line joining (x,y;) and (x, ¥,) is
( X+ X% htW

Shere——— |y

% 2

o Coordinates of any point on one line segment which
divide the line segment joining two points P (x;, y;) and
Q (x5, y,) in the ratio A : 1 are given by

(X1+7»X2 y1+?uyzj B =)

Naedl O e

o Lines formed by joining (x,, y;) and (x5, y,)is divided by
Y

(i) X-axis in the ratio —
Yo

g P
(ii) Y-axis in the ratio — —~.
X5

If the ratio is positive, then the axis divides it internally
and if ratio is negative, then the axis divides externally.
e Line Ax + By + C =0 divides the line joining the points
(x;, 1) and (x, y,) in the ratio A : 1, then
poo| B FBY +E
Ax, + By, +C

If A is positive, then it divides internally and if A is negative,
then it divides externally.

e
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A\pplication of Distance Formulae

|. Collinearity of Three Given Points

The three given points A, B and C are collinear i.e., lie
on the same straight line, if any of three points (say B)
lie on the straight line joining the other two points.

156, aAb FBE=AC

2, The Other Conditions for Collinearity
(i) Area of AABC is zero. It means

X, yi 1
1
A= 5 Xy Yo 1|=0
X3 yg 1

ol
= ‘2‘[’*1 (72 =¥3) + % (73 = y1) + x(y, — ¥,)]1=0

(ii) Slope of AB = Slope of BC
Three points (x,,7,), (x,, v,) and (x;, y;) are collinear, if
Ve =Y

X3 — X

L e

XX

3. ldentifying the Types of Triangles
If A, B and C are vertices of triangle, then it would be
(i) equilateral triangle, when AB = BC = CA.
(ii) isosceles triangle, when any two sides are equal.

(iii) right angle triangle, when sum of the square of
any two sides is equal to square of the third
side.

f » If (x,,y) and (x5, y,) are the ends of the hypotenuse of a
| right angled isosceles triangle, then the third vertex is given
by
(Xr Tt =) el _Xz))
2 ‘ 2 j
»w Given two vertices (X, y) and (X5,¥,) of an equilateral
triangle, then third vertex is given by
(xl X0 £ V301 =2) % +y2 2300 —m}
2 7

» Triangle having integral coordinates can never be equilateral.

4. Position of Four Points

Let A, B,C and D be the four given points in a plane.
By joining these points following figure are formed
(i) Square, if AB = BC = CD = DA and AC = BD.
(ii) Rhombus, if AB = BC =CD = DA and AC # BD.
(iii) Parallelogram, if AB = DC, BC = AD, AC # BD.
(iv) Rectangle, if AB = DC, BC = DA, AC = BD.

Print to PDE without this me

Conditions of Diagonals in Quadrilaterals

;s A Angles between
Quadrilateral | Diagonals ;
Diagonals

Parallelogram | Not equal (il

2
Rectangle Equal S

2
Rhombus Not equal o= B

2
Square Equal o

2

Section Formulae

Coordinates of a point which divide the line segment
joining two points P (x;,y,) and Q (x,,¥,) in the ratio
m, :m, are

) (mﬂz +tm,xy myy, + n,y,

(internal division)
m; + m, m, + m,

\

o (Mm%, — My X, Mgy, —am

(ii) 1%~ Ta % -2 il R (external division)
my — mj m; —m,

When m, and m, are of opposite sign, then division is
external.

e Mid-point of the line joining (x;,y;) and (X, ¥,) is
x+X% Nt
( R )
# Coordinates of any point on one line segment which
divide the line segment joining two points P (x;, ;) and
Q (%3, ¥,) in the ratio A : 1 are given by

X+ Ayt (b =1)
e B

o Lines formed by joining (x,, y;) and (x,, ;) is divided by
b2

(i) X-axis in the ratio —
Y

(ii) Y-axis in the ratio — ~L.
X3
If the ratio is positive, then the axis divides it internally
and if ratio is negative, then the axis divides externally.
e Line Ax + By + C =0 divides the line joining the points
(%, y1) and (X, y,) in the ratio A : 1, then
v R Ax, By, +'€@
Ax, + By, + C

If \ is positive, then it divides internally and if A is negative,
then it divides externally.

e
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Locus and its Equation

t is the path or curve traced by a moving point satisfying
he given condition.

Equation to the Locus of a Point

"he equation to the locus of a point is the algebraic relation

vhich is satisfied by the coordinates of every point on the
ocus of the point.

Steps to Find the of Locus of a Point
Step | Assumes the coordinates of the point say (h, k)
whose locus is to be find.
« Step Il Write the given condition involving (h, k).
Step Il Eliminate the variable(s), if any.

« Step IV Replace h— x and k —s y. The equation so
obtained is the locus of the point which moves
under some definite conditions.

-

['ranslation of Axes

. To Alter the Origin of Coordinates
Without Altering the Direction of the Axes

Let origin O(0,0) be shifted to a point (a, b) by moving
the X and Y-axes parallel to themselves. If the
coordinates of point P with reference to old axis are
(x;,y4), then coordinates of this point with respect to
new axis will be (x; — a,y, — b).

. To Change the Direction of the Axes of
Coordinates without Changing Origin

Let OX and OY be the old axes and OX’ and OY’ be
the new axes obtained by rotating the old OX and

JEE Main Mathematics in ..+ 40 Days

O)./ through an angle 6, then the coordinates of Pz, v)
with respect to new coordinate axes will be given by

B s ) xl y i
L Ccos 6 sin &
y'— —-sin 6 cos 0

() x and y are old coordinates, x’, y’ are new
coordinates,

(ii) The axes rotation in anti-clockwise is positive and
clockwise rotation of axes is negative.

3. To Change the Direction of the Axes of
Coordinates by Changing the Origin

If P(x, y) and the axes are shifted parallel to the original
axis, so that new origin is (o, B) and then the axes are
rotated about the new origin (c, B) by angle ¢ in the
anti-clockwise (x’,y”), then the coordinates of P will be
given by

x=0+ x'cosd— y’sin ¢
Yy =B+ x'sin ¢+ ycos o
Reflection (Image) of a Point
Let (x, y) be any point, then its image with respect to
X-axis is (x,—y)
Y-axis is (—x, y)
origin is (—X,— V)
line y = xis (y, x)

To remove the term of xy in the equation
ax* + 2hxy +by® =0. The angel 6 through which the axis

= 2h
must be turned 6 = 1tan L ( J
2 a->b

Slope of a Line

Th n { j th the positive direction of the X-axis in
g ometrical tangent of the angle that a line makes wi end f X

fi Z;oéwise sense is called the slope or gradient of the line. The slope of a line is generally denoted by m.

anti- 3

Slope of a Line in Terms of Coordinates of any Two Points on it
P(x,,y) and Q(%,. 72) be two points on a line making an angle 6 with the positive direction of X-axis,
Let F{X1, V1 .

Then, its slope m is given by

v, — ¥, _ Difference of ordinates

m=

20— X " Difference of abscissae

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)
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Parallel and Perpendicular Lines on
the Coordinate Axes

A line parallel to X-axis makes an angle of 0° with X-axis.

Therefore, its slope is tan0°=0. A line parallel to Y-axis i.e.,

perpendicular to X-axis makes an angle of 90° with X-axis, so its

) : n
slope is tan 5 = Also, the slope of a line equally inclined with

&

axes is 1 or —1 as it makes an angle of 45° or 135° with X-axis.

Line Parallel to X=axis

Let AB be a straight line parallel to X-axis at a distance b from it.
The clearly ordinate of each point on AB is b.

‘Y
A Vil —
IEGY)
b
et s oy
"

Thus, AB can be considered at the locus of a point at a distance b
from X-axis. Thus, if P (x, y) is any point on AB, then 7 =),

Line Parallel to Y-axis

Let AB be a line parallel to Y-axis and at a distance a from it, Then,
the abscissa of every point on AB is a. So, it can be treated as the
locus of a point at a distance a from Y -axis. Thus, if P(x,y) is any
point on AB, then x = a.

Y A
A Ar
P (X, y)
<« a >
X' > X
X=a
<1
Y B

Intercepts of a Line on the
Coordinate Axes

The equation of a line which cuts off intercepts a
and b respectively from the X and Y-axes is
%
—+ % =1. The intercept made by a line on X-axis
can also be obtained by putting y =0 in its
equation. Similarly, y-intercept is the value of b4
obtained from the line when x is replaced by zero.

—— Image of a Point with Respect
to a Line

Let the image of a point (X5, 1) with respect to
ax+ by +c =0be(x,, y,) then
Xo = X _ Yo =y S2NEqi by R
a b G
+ The image of the point P(x, y4) with respect to
X-axis is Q(xy, = y3).
+ The image of the point P(Xy, y4) with respect to
Y-axis is Q(=xi, y;).
¢ The image of the point P(x;, ¥1) with respect to
mirror y = X is Q(v4, X;):
+ The image of the point P(x;, y;) with respect to the
line mirror y = x tan® is
X = X;C0S 20 + y,Sin26;
¥ = X;Sin26 — y, cos 20
+ The image of the point P(x;, y;) with respect to the
origin is the point (=x;, — ;).
+ The length of perpendicular from a point (x;, ¥q) to
ax; + by, +c¢

VAT

alineax + by +c¢ =0is

Coordinates of Different Points of a Triangle

The different coordinate system of a triangle at some particular points are given below.

1. Centroid

The centroid of a triangle is the point of intersection of its medians. It divides the medians in the ratio 2 : 1. If A( v
B (%,,¥,) and C (x;, y5) are the vertries of AABC, then the coordinates of its centroid G are

SEET

(X1+X2+X3 Vit Y, +Y3)
i 3

3
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2,

Orthocentre

The orthocentre of 4 triangle is the point of

intersection of its altitudes. If A(x;,5,), B(%,,y,) and

C(x3,7;) are the vertices of a AABC, then the
coordinates of its orthocentre O are

[xl tan A + x, tan B + x, tan C

tan A +tan B + tan C
V,tan A + y, tan B + y, tan C
tan A + tan B + tan C )

)

Circumcentre

The circumcentre of a triangle is the point of
intersection of the perpendicular bisectors of its sides.
It is the centre of the circle passing through the
vertices of a triangle and so it is equidistant from the
vertices of the triangle.

Here, OA = OB = OC, where O is the centre of circle and
A, B and C are the vertices of a triangle. The
coordinates of the circumcentre are also given by

{)

s X sin 2A + x, sin 2B + x, sin 2C
sin 2A + sin 2B + sin 2C

Y18in 2A + y, sin 2B + y, sin ZCJ
sin 2A + sin 2B + sin 2C

» Circumcentre of the right angled AABG right angled at A is
’ B0

2

» Orthocentre of the right angled AABG, right angled at A is A.

#» Orthocentre, centroid, circumcentre of a triangle are
collinear.

» Centroid divides the line joining the orthocentre and
circumcentre in the ratio 2 : .

» The drcumcentre of right angled triangle is the mid-point of
the hypotenuse.

» A triangle is isosceles, if any two of its medians are equal.

Coordinates of Incentre and
Excentre

1.

Incentre

The point of intersection of the internal bisectors of the
angles of a triangle is called its incentre. If A (x,,y,),
B(x,,y,) and C(x3,y3) are the vertices of a AABC such

' that BC = a,CA=b and AB =c, then the coordinates of

-
|

?ﬁg Print to PDE without this message by purchasing novaPDE (http:/www.novapdf.com/)
A

the incentre are

Il ax1+bx2 +CX3’GY1 + by, +CY3J
‘ a+b+c a+b +c )

=,

In

JEE Main Mathematics inJus+ 20 Days

Excentre

Coordinate of excentre opposite of £ A is given by
i, E[— ax, +bx, +cx, —ay, +by, +cy3J

— e bEe Sl EhERG
and similarly for excentres (I, and I;) opposite to ZB
and £C are given by
I _(axl—bxz+cx3 ayI—byZ+cy3)
2= )

a-b+e a=bie
o e +bx, —cx; ay, +by, —cy, J
a+b-c a+b-c
an  equilateral triangle, orthocentre, centroid,

circumecentre, incentre, coincide.

!
i
I
i
1
!
1
|
1
v

Area of Some Geometrical Figures

+ Suppose a and b are the adjacent sides of a parallelogram

and 6 be the angle between them, then area of

parallelogram ABCD = absin®.

D, d @
b b
0
A . B

+ If length of perpendicular from one vertices to the opposite

sides are P and P, and angle between sides is 6, is given

by area of parallelogram ABCD = i
sin e

D &
P

Py

A u B

+ Area of convex quadrilateral with vertices (X1 Y1), (Xo, ¥a),

(Xs: ¥a). (e, Va)in that ordler is | 17X Y1= Vs

2| Xo =X, Yo =Va|

* A tiangle having vertices (at?2at,) (at22at,) and

(at?, 2aty), then area of triangle = az[(t1 ~tp)ts ~t3) s —t))]

+ Area of triangle formed by coordinate axes and the lines
2

ax+by+cis S
2ab’

R e
——
——
——

e
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. Let
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equation of the side BC of a AABC be

x.+ y+2=0.If the coordinates of its orthocentre and
circumcentre are (1, 1) and (2, 0) respectively, then radius of
the circumcircle of AABC is

@ 3 - (b) V10
(c) 2v2 (d) None of these

- A straight line with negative slope passing through the point

(1, 4) meets the coordinate axes at A and B. The minimum
value of OA + OB is equal to

(@ 5 (b) 6
(c) 9 (d) 8
. Ifa>0,b>0. Then, the sum of the distances of the point
(a, b)from the lines = + ¥ —1and = + X:ﬁs
a b b a
@ 222 (b) &b
© 22 (d) ya® + b?
a+

. The points (1, 8) and (5, 1) are two opposite vertices of a

rectangle. The other two vertices lie on the line y =2x +c¢
remaining vertices are
(a) (2,0)and (4, 4)
(c) 2,0)and (- 4, 4)

(b) (2,0) and (— 4, —4)
(d) (=2, 0)and (4, 4)

. The eguation of the base of an equilateral triangle is

x + y =2 and the vertex is (2, — 1). The area of triangle is

(a) 243 (b) V/3/6
) 1/3 (d) 2/A/3

If the points are A(0, 4)and B (0, - 4), then find the locus of
P (x, y)such that| AP —BP | =6.

@ 9 -7y’ +63=0

(b) 9 +7y° —63=0

(c) 9x° +7y° + 63=0

(d) None of the above

The area of the region bounded by the lines

y =| x =2|, x =1 x =3and the X-axis is
(a) 1 (b) 2
() 3 (d) 4

8.

10.

115

12.

13.

14.

DAY
2

The vertices of a triangle are A-1,-7), B(5, 1) and C(1, 4).
Find the equation of the bisector of £ ABC.

(@ x+7y-2=0 b) x=7y-2=0

() x=7y+2=0 (d) None of these

. The orthocentre of the triangle whose vertices are

{atity,alty +1,)} {atots,aly +t3)}h {atzty, a s + 1)} is
(@) =EheE () arlin o g iy ab il

(9) al=en 6 ([t 55 lig 35 ity Sp il 1)

(© {-a,al; —t, =ty —tit,t5)}

(ENEEL G Rl =ty = i)

Without change of axes the origin is shifted to (h, k), then
from the equation x°+y’~4x+6y—7 =0 the terms
containing linear powers are missing. The point (h, k)is

@ @6 2 () 3, 2)

© @ -9 (GRE2 RIS

The orthocentre of the triangle formed by the points
(0,0), (4 0)and (8 4)is

3 3 2
die b) | .2 =38 el e
@ @0 ()[2) (c)(4) ()(4j

If the coordinates of the vertices of a triangle are integers,
then the triangle cannot be

(@) equilateral (b) isosceles

(c) scalene (d) None of these

If the coordinates of two points A and B are (3 4)and (5,—2),
respectively. Then, the coordinates of any point P, if PA = PB
and area of APAB =10, are

(@) (7.5),(1,0) (b) (7.2), (1,0)

(©) (7, 2), (=1,0), (d) None of these

The line x + y =1meets X-axis at A and Y-axis at B. P is the
mid-point of AB, P, is the foot of the perpendicular from P of
OA, M, is that of £, from OP, P, is that of M, from OA, M,is that
of P, from OP, P is that of M, from OP and so on. If P,
denotes the nth root of the perpendicular on OP from M,
then OP, is equal to

1 1
@ s

(d) None of these
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15. The point A divides the join of P = (-5 1)and Q = (8,5)in the 22. Let 0<a <= be a fixed angle. If P =(cos®,sing) and

ratio k :1. The two values of k for which the area of AABC, 20).si i
Q ={cos(a —8), sin(c. —8)}, then Q is obtained from P b
where B=(15),C = -2)isequalto 2 s ' : :
an ) g a)is eq & gliniistre (a) clockwise rotation around the origin through angles o
@ [ 9) (b) (73) (b) anti-clockwise rotation around origin through angle ot
a1 (c) reflection in the line through the origin with slope tana:
© (4—) )
9

(d) (7%1) (d) reflection in the line through the origin with slope tan a/2
16. If A, is the area of the triangle with vertices (0, 0),

23. A line joining A 0) and B(3 1) is rotated about A in
: . anti-clockwise direction through 15°. Find the equation of
Rtame, beota), (@sina, bcosa), A, is the area of the the line in the new position. If B goes to C in the new

triangle  with  vertices (a,b) (asec?a, bcosec®n), position, then coordinates of C are
(g+asin®o,b+bcos®a) and A, is the area of the @ [2+ i [@_j o) [2_ e
triangle with vertices (0,0), (atana,—bcot o), V2" 2 2 EJ
(@sino, beos a). Then, (© [2 ot e ﬁ) (d) None of these
(@ A;,A5,A;arein GP (b) A,A,, A, are not in GP 2 2

(c) Cannot be discussed (d) None of these

24. Two points P (a, 0) and Q (-a, 0) are given, R is a variable

17. The line x + y =a meets the axes of x and y at A and B, point on one side of the line PQ such that ZRPQ — ZRQP is

respectively. A AAMN is inscribed in the AOAB, O being the
origin, with right angle at N. M and N lie respectively on OB

and AB. If the area of the AAMN is % of the area of the AOAB,

then gl is equal to
BN

20, then
(a) locus of Ris X2 — y? + 2xycot 20, — a% = 0
b) locus of Ris X2 + y* + 2xycota. —a? = 0
) locus of R is a hyperbola, if o = /4
) locus of R is a circle, if o = /4

(
(
(d

Directions (Q. Nos. 25 to 27) Suppose we define the distance

(@) ':13, (b) %'3 (©) %’3 € between  two  points P (x,y;) and Q(x,y,) as
d (P, Q =max {|x=x1,|y; =y}
18. A line L intersects the three sides gg %?Dan/?RAB of a AABC 25, For a point P alongiheiine y=nExialere [ i
at P,Q and R, respectively. Then, 0 T is equal to @) ) TR G A
(@ 1 (b) 0 26. The area of the region bounded by the locus of a point P

(c) -1 (d) None of these

19. The middle point of the line segment joining (3 —1)and (1,7)

is shifted by two units (in the sense of increasing y)
perpendicular to the line segment. Then, the coordinates of
the point in the new position are

a) 2-42,2) ) 2,2-+/3)

©) @++2,2) (d) None of these

20. ABC is a variable triangle with the fixed vertex C(1, 2) and

A B having the coordinates (cost, sint), (sint, —cost)
respectively, where t is a parameter. The locus of the
centroid of the AABC is

@) 3(x* + y*)-2x-4y-1=0 (b) 3
(©) 3(x* + y*)+2x+4y—-1=0 (d) 3

(4 + y?)-2x—4y+1=0
(% +y?) +2x+4y+1=0

21, 1 X4, Xp, Xa and yi, Yo Y3 are both in GP with the same

common ratio, then the points (x;, ¥4), (X2, ¥2). (X3, ¥3)

(a) lie on a straight line

(b) lie on an ellipse

(c) lie on one vertex of a triangle
(d) lie on a circle

27

satisfying d (P, A) =
(a) 64 sq units
(c) 16m sq units

4, where Ais (1, 2), is
(b) 54 sq units
(d) None of these

Suppose that points A and B have coordinates (1,0) and
(—1,0) respectively, then for a variable point P on this plane
the equationd (P, A)+d (P, B) =2 represents

(a) aline segment joining Aand B

(b) an ellipse with foci at Aand B

(c) region lying inside a square of area 2

(d) region inside a semi-circle with AB as diameter

Directions (Q. Nos. 28 to 31) Each of these questions contains

two

(Reason).

statements : Statement | (Assertion) and Statement Il
Fach of these questions also has four alternative

choices, only one of which is the correct answer. You have to
select one of the codes (a), (b), (c) and (d) given below.

2& Print to PDE without this message by purchasing novaPDE (http:/www.novapdf.com/)

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.

(o) Statement | is true, Statement Il is true; Statement Il is not
a correct explanation for Statement |.

(c) Statement | is true; Statement |l is false.
(d) Statement | is false; Statement Il is true.
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28. Statement 1 If (2a 4a) and B(2a 6a) are two vertices of a
equilateral AABC and the vertex C is given by (2a+ a+/3, 5a).

Statement Il An equilateral triangle all the coordinates of
three vertices can be rational.

29. Statement | If the circumcentre of a triangle lies at the origin
and centroid is the middle point of the line joining the points
(2, 3) and (4, 7), then its orthocentre lies on the line
ox -3y =0.
Statement Il The circumcentre, centroid and the
orthocentre of a triangle lie on the same line.

30. Statement | If the origin is shifted to the centroid of the

triangle with vertices (0, 0), (3, 3) and (3, 6) without rotation
of axes, then the vertices of the triangle in the new system
of coordinates are (-2, 0), (1, 3)and (1, — 3).
Statement Il If the origin is shifted to the point @2, 3) without
rotation of the axes, then the coordinates of the point
Pl —-1a+1) in the new system of coordinates are
(@ -3 a-2).

31. Let the equation of the line ax + by +¢ = 0.
Statement | If g, b and ¢ are in AP, then ax+by+c =0
pass through a fixed point (1, —2).
Statement Il Any family of lines always pass through a
fixed point.

32. Consider three points
P = {—sin(B — ), —cosp}
Q = {cos(B —a), sin} and
R = {cos(B —a.+ 8),sinp —6}

where 0< ., 3,0 < g, then

(a) Plies on the line segment RQ
(b) Q lies on the line segment PR
(c) R lies on the line segment QP
(d) P, @ and R are non-collinear

33. Let 0(0,0), P(3 4)and Q(6,0) be the vertices of the AOPQ.

The point R inside the AOPQ is such that AOPR, APQR and
AOQR are of equal area. Then, Ris equalto

2
) || &=
& (35)
4 4
= ) =
<c>[ j Ol
34. The incentre of the triangle with vertices A(1,«/§)

B(0,0),C@,0)is

e Rt e

@ [1% (b) (33%]
S

35. If by rotating the coordinate axes without translating the
origin, the expression ax? +2hxy + byy® becomes

a,X? + 2h XY + b,Y?, then

(@ a —by=a, — b,
(©) a; + b, =a, + by

(b) a; + by =a, + by
(@Fay—bi=as + b
36. The point (4, 1) undergoes the following transformations
(i) Reflectionintheline x —y =0
(i) Translation through a distance of 2 units along
positive direction of X-axis.
(iii) Projection on X-axis.
The coordinates of the point in its final position are
(@ (3.4) (b) (3,0)
(c) (1,0) (d) (4.3
37. If the areas be turned through an angle tan~'2, then what
does the equation 4xy — 3x® = a® become?
() X2 - ay® =a (b) X2 + 4Y2 =&
() HE A = (d) None of these

'AIEEE & JEE Main Archive

38. If the extremities of the base of an isosceles triangle are the

points (2a, 0)and (0, a) and the equation of one of the sidesv

is x = 2a, then the area of the triangle, in square units, is
[JEE Main 2013]

5 0 S
(@) 78 (b)zd
o (@ 5a°

39, If the image of point P2, 3) in a line L is Q(4,5), then the
image of point R(0, 0)in the same line is [JEE Main 2013]
(a) 2.2) (b) (4. 9) () (34) @ @.7)

Print to PDFE without this message by purchasing novaPDF (http://www.novapdf.com/)

40. Let A(-32)and B(-2,1) be the vertices of a AABC. If the
centroid of this triangle lies on the line 3x + 4y + 2 =0, then
the vertex C lies on the line [JEE Main 2013]
(@) 4x+ 3y+5=0 (b) 8x+ 4y+2=0
(c) 4x+ 3y+3=0 (d) 8x+ 4y+5=0

41. The x-coordinate of the incentre of the triangle that has
coordinates of mid-points of its sides as (0, 1), (1, 1) and

(1, 0)is [JEE Main 2013]
(@)2+2 (b)2-+2
(©) 1+ V2 (d)1-+2

e
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42 i - | gt
- Ifthe line 2x + y = k passes through the point which divides distance from the point (=1 0) is equa 3 il
the line segment joining the points (1, 1) and (2, 4) in the : i [ATEEE 2

ratic 3 : 2, then k is equal to ) ([A:IEQE 2012] circumcentre of the ABC is at the point
29 5 5 0)
@ < ) 5 ©) 6 @) 151_ @) (Z‘Oj (b) (2
5 (d) (0,0)
\ : = 0 {
43. The lines L,:y-x=0 and L,:2x+ y =0 intersect the line © (3 ) o
e ; | : - €
Ly:y+2=0 at P and Q, respectively. The bisector of the 46. Let Ah,k), B, ) and C(e, 1) be the vertices of a right aan
acute angle between L, and L, intersects L4 at R. ' o s ‘%h A’C s its hypotenuse. If the area of the triangle
e wi : I3,
fEmmant| The ratio PR:AQ equals 22145 igin?hen the set of values which Kk can take is given by 07]
Statement !I In any triangle, bisector of an angle divides ’ [AIEEE 20
the triangle into Mo similar triangles. [AIEEE 2011] @ {1,3} (b) {0, 2}
(a) Statement | is true, Statement Il is true; Statement Il is (©ki=il 6l @ {-3-2}
a correct explanation for statement |. i i f two
i ~ mid-point O
(b) Statement | is true, Statement Il is true; Statement Il is 4Z: 'f, g ver‘iex Of giiangelly (15»1) a:tgxt2$p (= 2) and (8 2),
not a correct explanation for statement |. sides of a lr|a|jgle through ! IS-Ve 3 ’ [AIEEE 2005]
(c) Statement | is true, Statement Il is false. then the centroid of the triangle is :
(d) Statement | is false; Statement Il is true. (@) (_ . Z) (b) (—1. 5)
3 3
44. | A(2-3)and B(-2, 1) are two vertices of a triangle and third © 47 ) (1 Zj
vertex moves on the line 2x + 3y =9, then the locus of the (8' 3) &
centroid of the triangle is AIEEE 2011 :
@) 2x— 3y =1 Sk oy [ | 48. Let A2, - 3)and B(-2, 1) be the vertices of & AABC. If the
(c) 2x+ 3y =1 (d) 2x+ 38y =13 centroid of this triangle moves on the line 2x + 3y = 1, then
the locus of the vertex C is the line [AIEEE 2004]
45. Three distinct points A B and C given in .the two (8) 2x+ 3y =9 B 2 =7
dimensional coordinate plane such that ’Fhe ratio of the (0) 3x+2y=5 (d) 3x—2y=23
distance of any one of them from the point (, Q) i@ ine
Answers
1. (b) 2.0 3. (d) 4. (a) 5. (b) 6. (a) 7. () 8. (o) 9. (b) 10. (c)
11. (d) 12. (a) 13. (b) 14. () 15. (b) 16. (b) 17. (b) 18. (c) 19. (¢) 20. (b)
21. (a) 22. (d) 23. (c) 24. (a) 25. (d) 26. (a) 27. (¢) 28. (c) 29. (¢) 30. (d)
31. (c) 32. (d) 33. (c) 34. (d) 35. (b) 36. (b) 37. (@) 38. (d) 39. (d) 40. (b)
41. (b) 42. (c) 435(c) 44. (c) 45. (a) 46. (c) 47. (d) 48. (a)
® ®
Hints & Solutions
1. Since, reflection of the orthocentre of AABC in base BC will 2. Let ZOAB=6
always lie on the circumcircle of the AABC, therefore coordinates
i i the circumcircle are [1— 1A T—M) g
of a point lying on the C ( o > -
i e., (1, —1)and coordinates of the circurncentre are (2, 0).
0
.. Radius of the circumcircle of AABC e > x
=@ + 17 + (f Then, OA + OB=1+ 4cot8 + 4+ tan@
=4/10 =5+ 4cot@+ tan®=5+4=9 (using AM > Gl
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a+b_1 39‘+9_1
=_4a b % b 8
2 2 2 2
ORERERE
ke “\b b a
:[i+9) 1 S e
b a 1 1
e
a®  b?

4. The diagonals meet at the mid-point of AC, i.e, at (3, 2) which
lieson y=2x+c.
C ==
Let B = (o, 200 — 4)

BEl B0 = S0 (2050, - g
@h= o—-5

o — 60+ 8=0=0=2 4

D C (1)

A B
(1, 3)

The other two vertices are (2, 0) and (4, 4).
5. The altitude his |12 =1 =21 _ 1

WA
A(2,-1)
h
60°
8 D x+y=2 C

In AABC, BE@=2lcoNbZ=n =

NS

1
22

STl

o|&

Area of triangle = I BE=
2 3

6. BP— AP=1t 60rBP=AP£ 6
= V/x7+(y+ A = = ) A B
On squaring and simplifying, we get

4y-9==%3x% + (y- 47

Again squaring, we get 9x° =7y’ + 63=0

7. y:]x-2|=>y=x—2andy=2—x

y=x-2

D

1
TR

Area of shaded region =2 ABC =2._21_.1.1 =4

Ol 1A 2

Day 24 Cartesian System of Rectangular Coordinates

8. BC =5 BA=10
Let D divides AC in the ratio 2:1.
i, =1)
A

B C
(5.1) 9 (1,4)

So, the coordinate of D is (1 ; 1)
3 3

1
e ?
Slope BD, 13___ =1
Ll 0 4T
&
The equation of the line joining Band D'is
y——1=1-_—>x—7y+2=0
N=8 7
9. Letthe vertices be C, A and B, respectively. The altitude from Aiis
y—a(t, +tj) =5
R e i 1
X—atyts
= Xty + y=att,ts +a(t, +1t3) .. ()
The altitude from B is xt, + y=att,ts + a(t; +1t;) ()
On subtracting Eq. (i) from Eg. (i), x=—a
Hence, /= a(ty + o+ fat Gitots)
So, the orthocentre is {— a, alt; +t, +t5 + tyt,t3)}.*
10. Letthe new coordinates be P(x’, y’)after shifting origin to P(x”, y*)
je,x=x+handy=y+k
o (X P+ (Y k)P =40+ h)+ 6(y'+ k) =7 =0
= (X)?+ ()P +2(h-2)x+2(k+ )y
+(h%+k®—4h+ 6k—7)=0
According to the question, h—2 = 0andk+ 3= 0

= (hk)=@-3)
11. Let H (3 o)is orthocentre.
i C(3,4)
(0)
0, 0)] A B@O

. Slope of BH. x Slope 0of OC = -1

3
=l Rt ==
3 4

Hence, the orthocentre of a triangle is (3, 3/4).
12. Let A= (1) B = (X,Y). C = (x3,y5)be the vertices of a triangle
and X;, X, Xgand y;, ¥, ¥ be integers.
S0, BC? = (X, —X3)? + (Yo — Y5 is a positive integers.
If the triangle is equilateral, then AB = BC = CA = a/(say)
and ZA = £B = £C = 60°.

R/ WWW.Novapd O[]
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1
=_P
. Area of the triangle = (%j sin A. be = (Vljaz sin60° = P 5
2 1 1 1
2\/ [ = SR R
— (ﬁ: j[:/_s_] e £a2 OPn == Pn 2 Pn—1 2n—1 2/1
Bl 4 | 15. Coordinates of A, dividing the join of P = (-5,1)and Q = (3,5)in
which is irrational. (since, a® is a positive integer) ) A 3k—5 5k+1
j A - : the ratio k : 1are given by e e )l
Now, the area of the triangle in terms of the coordinates &
1 o o
= é[’ﬁ(yz = Ya)* Xa(Ya = Y1)+ X5 (% ~ o)) Also, area of AABC is given by P
1 i
which is a rational number. A= IEZX1 (V2= Ya) (
This contradicts that the area is an irrational number, if the
) 1 8 .
triangle is equilateral. = 5' [, (V5 = Vo) Xo(¥3 = Y1)+ Xa (¥ = Yo )]
13. Let the coordinates of P be (x, y). ) ’ b 1{3k — 5(7) - 1(_2 _ Bk + 1) [5k+ 1 5)} g
Then, PA = PB=s PA® = PB° 2| k+1 k+1 k+1
= (X=8) + (y~ 4P = (x— 52 + (y+2)? o) {Sk 5( )+(—2—5k+1) (Skk+11 )} i
= ¥-3y—-1=0 ) e i Sy g
il = 14k—66=4k+4
Now, areaof AFAE- 10> |3 4 11=%10 = 10k=70 = k=7
5 T2 or 14k —66=—4k—4 = 18k = 62
4 7
- X+ 2y —26 = +20 i k:Lﬂ) 2
= BXx+2y—46=0 or 6x+2y—6=0 9
= 3x+y-23=0 or 3x+y-3=0 () Therefore, the values of k are 7 and 5. e
On solving, x—3y—1= 0and 3x+ y—23 = 0, we get 9 :
=T =2 16. We have, !
On solving x—8y—1=0and 3x+ y—3=0, we get 0 0 1
| X= =0 A1=1 atano.  bcotor 1 =1ab|sina—cosa g
Thus, the coordinates of Pare (7,2) or (1, 0). el foeesar 2
14. Let x+ y = 1meets X-axis at A(1, 0)and Y-axis at B(1, 0). 4 s 1 5
The coordinates of P are G%j and PP, is perpendicular to OA and A, = % asec®a b cosec’o 1 !
a+asinfa. b+ bcoslo 1
Y
i Applying C; — C, —aC, and C, — C, — bC4, We get |
B 0 O ‘
A 1 2 2 1 830 2 |
o =—ab|tano. cot°or 1 = —ab|sin“o—cos 1
sin“ec cos“ar 1 |
e | o 0 1
o M and A; = —|atano. —bcoter 1| = lab |sinet + cosa
2 asino.  bcosa 1
- Ol PP, P AR X So that, A, A, = 1abA
. e ¢ )
i
Suppose, A;,A, and A, are in GP. ’
=2 OP, =RP =21 Then, AA, = = %am2 =4y i
aze :::/ :quatu())r;w of line OP is y = x. e e i 4
=OPn? + PM2_, = 20pr2 — 5 P2 ) 21 g
e (say) 2 . = Eab(sinzoc—coszoc)=§ezb o a8
e OF1 =OM7_ + (FosM, 42 " 2 =
1 => sin“o.—cos o =1 g
=2P2+“Pnz-1 ices of
2 i.e..oo=@m+ 1)~ m el But for this value of , the vertices
= P2 = 1P 2
4" the given triangles are not defined.

Hence, A, A, and A, cannot be in GP for any value of @
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17. Let % = A, Then, the coordinates of N are [L ﬁj

e, Ty
where (a,0)and (0,a)are the coordinates of Aand B, respectively.

Vi

T

B (0, a)
N
M
< O A > X
(a, 0)

Y.

Now, equation of MN perpendicular to AB s

s - o
1+ A 1+ A
1-A
- Xy =
/ 1+ A
So, the coordinates of M are (O, ﬁ . aj, therefore area of the
+
2
AN =1 a( 5 )+ U e
2| \A+1) @+AP [+ L)

2
Also, area of the AAOB = %
So that according to the given condition,
2
7\6 5 = § 132
(14 A)

8 2
= Sieslo s 10— 2.=3
oy et
3
Earh= 1 M lies outside the segment OB and hence the
8

required value of A is 3.
Let A(x;, ¥;) B(Xz, ¥,)and C(xs, y3)be the vertices of AABC and let
Ix+ my+ n = 0be the equation of the line. If P divides BC in the
ratio .1, then the coordinates of P are
(Axa + X ,kya 3 yz)l
A+ 1 A+ 1
A

18

B G

Also, as Plies on L, we have

(2% +m(—————7"y3+yz]+n=o
| A+1 )

Print to PDF without this message by pvurchasing novaPDF (http://www.novapdf.com/) :

19.

20

_otmpp+n_BP _ o 0

= =
Xy +mys+n  PC

Similarly, we obtain

CQ_ bstmys+n .. (i)
QA I, + my, +n
and AR g Sl ... (i
RB I +my,+n
On multiplying Egs. (i), (ii) and (i), we get
RO AR
PC QA PB

Let P be the middle point of the line segment joining A(3,— 1)and

B, ).
Then, Pe (ﬁ,‘1+1)= ©,0)
2 0

Let P be shifted to Q, where PQ =2 and y-coordinate of Q is
greater than that of P (from question).

Q
A@B 1) B(1,1)
P
Now, sIopemofAB:u %2 L 1
=8 -2
s.omof PQ=+1

Coordinates of Q by distance formula are (2 + 2cos8,0+ 2sing),
where tan@ = 1 :

1 1
= (2i2-$,012-$)
=@2£42, £2)
As y-coordinate of Q, is greater than that of P.
Q=2 +~2,2)
This is the required point.
Let G(o,B) be the centroid in any position.

Then,
= [1+Cost+smt ,2+S|nt —cost)
3 3
1+ cost + sint
(0f =3t e o T
8
e e 2 + sint —cost
8
= 3a—1=cost +sint )
and 3B —2 =sint —cost i)

On squaring and adding Egs. (i) and (ii), we get
(Boi—1)? + (8B —2)° =(cost + sint)? +(sint —cost)?
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=2(cos®t + sin’t) =2
. The equation of the locus of the centroid is
(Bx=1°+ (3y-2R2 =2

= 9(.x3+y'2J—6x—12y+3=0
= 3(x* + y*)—2x—dy+1=0
X 2|
21. Area of triamgle=2_1 X, 1]=0
e e

So, points are collinear,

OPis inclined at angle Owith X-axis 0Q is inclined at angle o — 20
with X-axis. The bisector of angle POQ is inclined at angle
o 0= g with X-axis,

22,

23. Since, AB= AC = N2

The slope ABis 1. Hence, ABis inclined at 45° with the X-axis and
AC is inclined at 60° with the X-axis.
Equation of AC is y = /3 (x—2).

(6

B (3, 1)

152
45°
A(2,0)

The coordinates of C is (2 + V2 cos60°, 0 + V2 Sin60°)
1 [3)

(2 T

Let ZRPQ =0 and £RQP = ()

06— 0=20

Let AM L PQ, so thatRM:k,MP:a—handMQ:a + h

Then,

=

24,

RM _ &

et

and

inJust 240 Days

Again, now 20=6- ¢
: tan 20/ = tan (6 — )
_ fan®—tang
il tané tan ¢
_kw+M—k@—m
a® —h? + k% = 2hk cotog,
Hence, the locus js
X° = V2 + 2xycot2e - 42 — 0

—

25. Clearly, [yl<|x|, if9<§
e
[yl > x|, ife> %
= | =£
and Il =[x ife >
= dOP) =]y [ 0>1
= dOP)=y y>0
26. We have, max{[x=1[,|y-2|} = 4

27

lf{[x—1]2]y—2|}, then|x—1|= 4,

liew it Y=3)(X=y+1)> 0, then X=-3or5,
lf[y—2[2[x—1], then|y-2|= 4

lieNiber Y=8)(x-y+ 1) <o

then y= -2 or 6

So, the locus of p bounds a square, the equation of whose
sides are x = -3 x = Sy=-2y=g

So, the area of square is 64 sq units,
Considera Square with vertices at (Ol 0). (0, 1) and (0,=1).

If we select a point £, in the region BCLM, then AAP) =1+ x
dB P)=y

d(A,P)+o’(B,P) =1 Xt ysn
However, for points £, and Py lying respectively on the line BC
and below the line 2@,

d(P,A)+d(P, Bi=2
The same argument holds for other quadrant also.

B i : .novapdf.com/)
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Hence, the d(P, A) + d(P, B) = 2, represent the regions lying
inside the square ABCD.

Let A(x;, v4),B(x,,¥,)and C (X, y5) are all rational coordinates.
2
Xo Yo 1
X3 Yg 1

[

LHS = rational, RHS = irrational
Hence, (x;, ;) (X5, ¥») and (x5, ;) cannot be all rational.

28

.. Area (AABC) =

_X2)2 + (¥4 _)/2)2]

29. The orthocentre lies on the line joining the points (0, 0) and (3, 5)
ie.,b5x—3y=0

Also, Statement Il is true.

Statement |l is true as the coordinates of the point P in new
systemare (@ —1-2, 0+ 1- 3).

In Statement |, the centroid is (2, 3), so the coordinates of the
vertices in the new system of coordinates are (-2, —3),
1, 0), (1, 3).

Statement Il is false as L+ AL, = 0

30.

31

— Family of concurrent lines, if L and L , are intersect.
= Family of parallel lines, if L andL , are parallel.
= Family of coincident lines, if L;andL , are coincident.
As g,b and c are in AP.
= 2bi=a+ec
= a-2b+c=0
On comparing with ax + by + ¢ = 0, it passes thorough fixed
points (1,—2).
-sin@-o) —cosp 1
cos(B —o) sinp  1|#0Va,fpand6
cos(@ —a.+6) sin@-6) 1
Hence, the points P,Q and R are non-collinear. -
If the centroid is joined to the vertices, we get three triangles of

equal area.
S (3, f)
3

34. A32 =4=BC2 =CA2

So, the triangle is equilateral.

! 1
- Incentre = Centroid = | 1,— |
. Incentre ( ﬁ)

32. NOW, A =

33.

Print to PDE without this message by purchasin

35. Let the axes be rotated through an angle 8 in anti-clockwise

36.

37.

38
39

40

41

direction, then
X=Xcos6-Ysin@and y= X sin+ Y cos®
© ap® + 2hxy + byy? = a, (X cos8 - Y sing)?
+ 2h(X cos® — Y sin®)(X sin@ + Y cos 6)
+ by(X sin@ + Y cos 0)
= (a;c08°0 + b,sin?6 + h,sin26)X>
+ XY (2h, cos26 — a;sin26 + b;sin26)
+ (a,5in”@ — h;sin26 + b,cos?6)Y? )
It is given that the expression a;x* + 2hxy + b,y? transforms
to
@, X% + 2h,XY + b,Y? ...(ii)
by rotating the axes. Therefore, Egs. (i) and (i) are the same
a, = a,c0s0 + b;sin’6 + h,sin26 ...(iii)
2h, =2h,cos26 — a,sin26 + b;sin26 (%)
and b, =a,sin®@ - h;sin260 + b,;cos’H )
On adding Egs. (i) and (v), we get
a, + b, =a, + b,
Image of (4, 1) in the line x = yis (1, 4) on translating this point
along positive direction of X-axis by 2 units, this point is

transformed into (3, 4) and projection of the point (3, 4) on x-axis
is (3, 0).

Here, tan6 =2
So cosB:i sinezi
| 75 75
For xand y, we have x= Xcos® — Ysin@= A4
NG
: 2X + Y
and y = Xsin® + Ycos6 = e

The equation 4xy — 3x? = a° reduces to
2
4X—2Y) @X+Y) S(X = zy) ¥

V5 V5 V5
= 4@X% —2Y? - 3NV~ AN+ AF)=5a"
= 5X° —20Y2 ='5a°
X2 - 4y% = o

Area of required triangle = 5a°
Mid-point of Pand Q is (3, 4). Slope of P and Q is BRe N

-, Equation of line lisy—4=-1(x-38) = Xx+y=7

Let third vertex be C(x;, y;).
».Centroid (—3 =0 F 2a 1t J lies on line
3x+4y+2=0

Given mid-points of a triangle are (0, 1), (1, 1) and (1, 0). Plotting
these points on a graph paper and make a triangle.

So, the sides of a triangle will be 2, 2 and 2 52° e, 242
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2X0+2+2.0+ 22
PERORSON D)

2 2 \/— o 5
2+\E o

42. Using section formula, the coordinates of the point P, which
divides ABinternally in the ratio 3 : 2 are

P(3x2+2x1 3><4+2><1) (8 14)

340 W 34D 55

Also, since the line L passes through P, hence substituting

the coordinates of P(g T_SJ in the equation of L :2x+ y =k,

we get 2(§j+(1—4)=k = =0
5 5 .

43. Here, L, :y—x=0and L,:2x+ y=0and g
as

X-coordinate of incentre =

LY+ 2 = 0shown

>~<

Bisector

[PO|= 4+ 4=22;|0Q|= 1+ 4 =
CRINERS PR 2.7

Since, OR is angle bisector = = "1 — ™1
. NBa - F@ 5

Hence, Statement | is true.
But, it does not divide the triangle in two similar triangles.
Hence, Statement Il is false.

44. The third vertex lies on2x+ 3y=9. /e, (x,
A(2,-3)

9—2x)

B2

ofresz]

JEE Main Mathematics i Just 40 Days

9—2x 1

o 2+x T

. Locus of centroid is 5 = (Ak)
h=2 and k=23z2X

3 9
= 9k = 3-2(3h)
= 9% =3-6h
= 2h+ 3k =1

Hence, locus of a point is 2x+ 3y = 1.
45. Let(x y)denotes the coordinates in A, Band C plane.

Then Qﬂ:l
’ (x+12+y> 9
= 9+ 02 —18x+ 9= X% + )2 + 2% + 1
=5 8+ 82 20X e
= x2+y2—2§x+1=0

Hence, A Band C lie on a circle with C(5/4, 0).

46. Now, AB=(1-h)?+(1-K?2;BC=/@=1)2+(1-1)2=1

and  CA=,/h-2)% + (k- 1)2

Since, AC? = AB? + BC?

= P+ 4-4h+ K2 1 1—2k=14 2 —oht kP f Dl
= h=1 (i)
.. Area of AABC:lx ABx BC

2
= 1:%2 (1—h2+ 1= K)2 x1
= 2 (lke=)= [from Eq. (i)]
= A e = ik
= (k-3)k+ 1=
k=—118

47. Let ABC be the triangle with A(1, 1). The mid- -point of ABis =1,2).
Then, B(- 3, 3)
The mid-point of AC is (8,2)= C(5, 3)

Hence, the centroid is (ﬂ lﬁ)= 1 LY
3 3 3
48. Let the third vertex be C (x;, ;).
2-2+% —8+1+y
g 3

The centroid is (

e’ (ﬁ L‘z)
5248

It lies on the line 2x + 3y =1.
2 ¥ =2
=(x)+ 3= I=1
3(><1) ( 3 ) :

Hence, the locus of C is 2x + 3y = 9,
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Day 25
Outlines ...

©)

(@]

Concept of Straight
Line

Various Forms of
Equations of a Line
Angle between Two
Lines

Point of Intersection
Two Lines »

of

Straight Lines

Concept of Straight Line

Any curve is said to be a straight line, if any two points are taken on the curve, such
that every point on the line segment joining these two points lies on the curve.

Y
A (x1, ¥1)

Y& B (XZ! y2)
The slope of a line AB is
Yo =

m=tan 6==—="——
X = X
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Various Forms of Equations of a Line

The equation of a line in the general form acn be written as ax +by +¢ =0

1. Slope Intercept Form

The equation of a line with slope i ani ¢
intercept ¢ on Y-axis is

wking an

W= G

2. General Form to Slope Intercegt Form

s n | . .
The general form of the equation of a line is

Ax+ By +C=0=By=-Ax-C =
y ( A\ ( G
e
LB B
This is of the form, y = mx + ¢, where mz—% and

G —% Thus, for the straight line Ax+ By +C =0

having slope m = —% and intercept on Y-axis = —% :

3. Point Slope Form

The equation of a line which passes through the point
(35, v,) and has the slope mis y — y; = m(x — e

4. Two Points Form
The equation of a line passing through two points

— XZ’—XL) (X - Xl)'

(x4, ¥71) and (x,, ) is (y—y4) o

5. Determinant Form

(i) The equation of a line passing through two .points
(x,,v7,) and (X, y,) can also be written in the

determinant form

X/
Ky Vit =10
oy

(ii) Equation of the median through A(Xy, y4) is

A (X4, Y1)
0
B N (X3 ¥3)
(X, ¥2) X+ X3 Y2+YS)
( op 12

E without this message by purchasing novaPDE (http:/

' x ¥ 4SS
Yo s dlarlag g7y A =0.
XZ yz 1 X3 _V3 il

(iii) Equation of internal and external angle bisector of A

are
x e Xi
bix, yi 1|xc|x ¥y =
ol X3 y3 1
(x2.¥2) B D C (X3, ¥3)
b+c | Pz o

b+c /

(iv) Equation of the altitude through A is

A (X4, ¥3)
AR
B ccos B C
(X, ¥2) N  bcos C (X3, Ya)
o el Al xSy Al
bcosC|lx, vy 1|tccosB|x; y; 1 ={0).
% Yo 1 X ¥z 1

6. Intercept Form of a Line
The equation of a line which cuts off intercepts a and b

respectively from the X and Y -axesis >+ L =1,

a

7 General Equation of a Line
to Intercept Form
The general equation of aline Ax+ By +C =0 is

g

& =1
B
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3. Normal or Perpendicular Form

The equation of *he straight line upon which the
length of the perpendicular from the origin is p and
this perpendicular makes an angle o with X-axis is

XCOosSO + ysino = p, where 0 <o < 7.

9. General Equation of a Line to the
Normal Form
The general equation of a line is
Ax+ By +C =0.
Now, to reduce the general equation of a line to normal
form, we first shift the constant term on the RHS and

make it positive, if it is not so and then divide both
sides by

\/ (coefficient of x)* + (coefficient of y)?

N [x/AZA+ B )X . [\/AZB+ B’ \Jy - [\[A;fBZ j

10. Distance Form

The equation of the straight line passing through
(x4,7,) and making an angle 6 with the positive
direction of X-axis is

X — X

= iy———_ Y1 = I
cos sin 6
where r is the distance of the point (x, y) on the line

from the point (x;, v,).

» The area of triangle formed by the lines
y=mx =+ Cp, Y =mX +Cy,
|

(=)
Z——“m] ‘

l
= SRS
e s =

» The foot of the perpendicular (h, k) from (x;, y;) to the line
ax + by+ ¢ = 0 is given by
h=x; k= __(ax1 + by, +¢)
o % TR abt b

w Area of the parallelogram formed by the lines

ax + by +¢; =0 ayx +byy+c, =0
ax + by +d; =0; ayx + byy+d, =0's

(di=ci)(d; =¢)
ab, —ayb,

¥ Foot of perpendicular from (a, b) on

b aED
x—y=0is S i

» Foot of perpendicular from (a, b) on

Angle between Two Lines

The angle 6 between the lines having slopes m, and m, is
given by

il

[

oy, — 0l

1+ mym,

tan 6 =

Parallelism of Lines
If two lines of slopes m, and m, are parallel , then the
angle 6 between them is 0°.

tan 6 =tan0°=0
m, — m

- _"—l_zo
1+ mym,
= my; = m,

Thus, when two lines are parallel, their slopes are
equal.

Perpendicularity of Two Lines

If two lines of slopes m, and m, are perpendicular, then
the angle 6 between them is 90°.

coll0=0
1+ mm

= —12-9
my —

= m,-m, =1

Thus, when two lines are perpendicular, the product of
their slopes is —1.

If m is the slope of a line, then the slope of a line

perpendicular to it is (— l)
m

Conditions for Concurrence of
Three Lines
Three lines are said to be concurrent, if they pass through a
common point i.e., they meet at a point.

Thus, if three lines are concurrent, the point of intersection
of two lines lies on the third line.

ax+by+c,;=0 i
- (i)
.. (iii)

aX+byy+c, =0
asX+byy+c3=0
a b c
= a b, 6,|=0
as by c3
This is the required condition of concurrence of three lines.

K
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Point of Intersection of Two
Lines
Let the equations of two lines be

X +by +c, =0 ()
and @Xx+byy +c, =0 ()

Suppose these two lines intersect at a point BEya)
Then, (x,, y,) satisfies each of the given equations.

@GX; + by, +c,=0
and %X +b,y +¢, =0
On solving these two equations by cross multiplication
method, we get

4 o Y i 1

bic, —=bye;  ¢yq —Ca;  ab, - ab,

bic, - b,c,

= o=
a;b, — a,b,
c,a, — c,a

S y, =% "G4

3
a;b, — ayb,

which is the required intersection point.

Distance of a Point from a

Line

The length of the perpendicular from a point (x;, V1) to a

line

ax, +by, +c¢
vV +b?

(i) The length of the perpendicular from the origin to
le]

Ve +b?

(ii) Distance between parallel lines ax +by +c¢, =0

and ax+by+cz=0is—lcz——cll

Ja +b?

Equation of Internal and External Bisectors
of Angles between Two Lines

The bisectors of the angles between two straight lines are
gle locus of a point which is equidistant from the two
ines,

The equation of the bisector of the angles between the
lines

ax+by +c=0is

the line ax + by +¢ =0 is

Gx+by+c,=0 )
&Gx+b,y+c, =0 .. (i1)

and

JEE Main Mathematics i .+ 40 Days

Gx+byy +c, _ 1 Bx+bhy+g

JE b2 T @ +b?

are given by,

where, if

@@ +bib, >0 = the positive sign for obtuse and negative
sign for acute.

@,a, +b1b, <0 = negative sign for obtuse and positive sign
for acute.

Equation of Family of Lines Through the
Intersection of Two Given Lines
The equation of the family of lines passing through the
intersection of the lines
ax+b,y+¢, =0

and GXx+b,y +c, =0is

(@x+byy +¢;) + A(ax+b,y +¢,) =0,
where A is a parameter.

----- Important Results

* The image of the line ax+b,y+c,=0 in the line
ax+by+c = 0is
2(aay + bby)(ax+ by +c)=(a® + b?)(@;x+ b,y +c,)

+ The position of a point (x4,¥4) and (x,,y,) relative to the line
ax+by+c=0
(@) If (ax; + by, +¢)
ax, + by, +¢
(b) I Zit by, +¢
aX, + by, + ¢

> 0, then points lie on the same side.
< 0, then the points lie on opposite side.

+ The slope m of a line which is equally inclined with two lines of

slopes m, and my, is given by L s
1+ mm, 1+ mm,

* A point (x;, y;) will lie on the side of the origin relative to a line
ax+by+c =0, ifax, + by, + ¢ and ¢ have the same sign.

* A point (x,y;) will lie on the opposite side of the origin relative
to the line ax+by+c =0, if ax + by, +c¢ and ¢ have the
opposite sign.

* The equation of a line parallel to a given line ax+ by+c =0is
ax+ by+ A = 0, where A is a constant.

¢ The equation of a line perpendicular to a given line
ax+ by+c = 0is bx—ay+ A = 0, where A is a constant.

¢ The equations of the straight line which pass through a given

point (x;,y;) and make a given angle o with the given straight

line y = mx+c are (y—y1)=Ti—mn_a(x—x1).

17F tana
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The line parallel to the X-axis and passing through the
intersection of the lines ax+ 2by+3b=0 and
bx —2ay — 3a =0, where (a, b) # (0, 0)is

(a) above the X-axis at a distance of (2/3) from it

(b) above the X-axis at a distance of (3/2) from it

(c) below the X-axis at a distance of (2/3) from it

(d) below the X-axis at a distance of (3/2) from it

. If the two rays x + y =|a| and ax — y = 1intersect in the first

quadrant, then a € (g, =), where &, is equal to
@ o (b) -1
() 1 (@) 2

. The image of the lines 2x — y =1in the line x + y=0iis

@ x+2y=1 B) x=2y=1
©) x+2y=-1 (d) 2x+ y=1
The image of the curve x® + y? =1inthe line x + y =1is

@ X* + y? +2x+2y+1=0
(b) X+ y? —2x-2y+1=0
© X°+y*+x+y+1=0

d X+ Y2+ x+y+2=0

The sides BC,CA AB of AABC are
X+2y=18x+y+56=0 x-y+2 =0. The
through B is

(@ x-8y+1=0
() 3x—y+4=0

respectively
altitude

(b) x—8y+4=0
(@) x=y+2=0

The equations of the straight lines through (-2,-7) and
having intercept of length 3 between the lines 4x + 8y =12
and 4x + 3y = 3is

(@) 7x—24y—-182=0
() 7x+24y—-182=0

(b) 7x+ 24y + 182 =0
(d) None of these

A straight line segment of length ¢ moves with its ends on
two mutually perpendicular lines. The locus of the point
which divides the line in the ratio 1 : 2 is

(b) 92 + 4y2)=— 42

(d) 90& + 4y°) = 4t?

@) 9(x* - 42)=4t> .
(©) 902 — 4y%) = — 42

8. Find the equations of the lines through the point of

10.

11

12

13

intersection of the lines x —y +1=0and 2x — 3y + 5= 0 and

. ’ N7
whose distance from the point (8, 2) is z [NCERT Exemplar]

(@) 3x—4y+6=0and 4x—3y+1=0
(b) 8x+ 4y+6=0and 4x+3y+1=0
(€) 3x—4y—6=0and 4x+ 3y+1=0
(d) None of the above

. If P is a point (x, y) on the line y = — 3x such that P and the

point (3, 4) are on the opposite sides of the line 3x — 4y = 8,
then

8 8 8 8
a) X>—,y<—— b) x>—=,y<—
@ x> 2y <2 ®) x>y <
8 8 :
Q) M=, == = d) None of these
© T (d)

Aline 4x + y = 1through the point A2, — 7) meets the line BC

whose equation is 3x — 4y + 1= 0. The equation to the line
AC so that AB = AC is
(@) 52x-89y-519=0
(c) 52x—89y+ 519=0

(b) 52x + 89y — 519 =0
(d) 52x + 89y + 519 =0

For all real values of aand b lines
(@a+ b)x +(@+ 3b)y + (b—3a)=0and mx +2y + 6=0are
concurrent, then m is equal to

(@) -2 () -3

Consider the family of lines
(x+y-"N+A@x+3y-5=0

(©) -4 @ =5

and (Bx +2y —4)+ W (X +2y - 6)=0,

equation of a straight line that belongs to both the families is
(@ix=2y=8=0 (b) x—=2y+8=0

() 2x+y-8=0 () 2= o)

tP[1+ =2+ % | be ' ‘
T any point on & line, then the range

of values of ¢ for which the point P lies between

the
lines x + 2y =1 and 2x + 4y =15is paralle|

@) =22 e B2 (b) 0o < 2
5 & 6 . A
(© "‘2@ <0 <0 (d) None of these
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14. A ray of light coming along the line 3x + 4y—8=0 gets

reflected from the line ax + by -=1=0 and goes along the
line 5x — 12y —~ 10 = 0, then

(a)a:,§i.b:112, (b)a:-ﬁyb:i
118 15 111)ls) 1i1ls

(c\,a:ﬁi, :_i (d)a:_,siy :_.i
115 115 115 s

15. Given n straight lines and a fixed point O, a straight line is

drawn through O meeting lines in the points Ry, Ry, Rs,..., R,

and on it a point R is taken such that —— =i+—L
OR, OR,

+...4 , then the locus of R is

(@) astraight line

(b) acircle
(c) aparabola

(d) None of these

16. One side of a square of length @ makes an angle o with
X-axis and one vertex of the square is at the origin. Then,
the equations of its diagonals are
(@) yleoso + sina) = x(sino: + cosa)

and (sino. + cosa)y + x(coso; + sino) = a
(b) ylcoso —sina) = x(sino; + Coso)

and (sino. + cosa)y + x(coso —sina) = a
(€) ysino.—cosa) = x(sina + cosa)

and (sino. + cosa)y + x(coso. —sina) = a
(d) y(cosa —sina) = x(sino. + cosa)

and y(sino. —cosa) + x(coso, + sina) = a

17. Ifu =ax + by +c, =0,V=aXx+byy+c, =0

andﬁ=ﬁ=c—‘, thenu +Av =0is

a b, c
(a) family of concurrent lines (b) family of parallel lines
() u=00rv=0 (d) None of these

18. If (h,k) be a fixed point, where h > 0, k > 0. A straight line
passing through this point cuts the positive direction of the
coordinate axes at the points P and Q. Then, the minimum
area of the AOPQ; where O being the origin, is
(&) 4hk sg units (b) 2hk sq units
(c) 3hk sqg units (d) None of these

19. Abscissae and ordinates of n given points are in AP with
first term a and common difference 1and 2, respectively. If
algebraic sum of perpendiculars from these given points on
a variable line which always passes through the point

¢ 12—3 7 1) is zero, then the values of aand n is
'3
£ (@ 2 10 (b) 420  (c) 3,9 (d) 0, 1
/¢ 20. Consider the point A= (3 4)and B = (7,13). If P be a point of
o the line y=x such that PA+PB is minimum, then
i coordinates of P is

LY 0(22) (22 028
3 (a)(7.7) (b)(7:7 (©) 77 ()7'7

JEE Main Mathematics in_us: 20 Days

21. In the adjacent figure, AABC is right angle at B. If AB = 4and
BC =3 and side AC slides along the coordinate axes in
such a way that B always remains in the first quadrant, then
B always lies on the straight line

Y4

Xr— X

@) y=x
(¢) 4y = 3x

(b) 3y = 4x
(d) x+y=0
22. Adjacent figure represents a equilateral AABC of side length

2 units.
Y

i

Locus of vertex C as the side AB slides along the
coordinates axes is

@) X2+ 2 —xy+1=0
© X2+ y? =1+ xy /3

(b) X%+ y? + x/B =1
@ xE 2 —xyB+1=10

23. If the four lines with equations x + 2y — 3= 0,
3X+ 4y —7=02x+3y—4=0, 4x + 5y —6=0, then
(a) they are all concurrent
(b) they are the sides of a non-cyclic quadrilateral
(¢) they form a cyclic quadrilateral
(d) None of the above

24. A variable straight line drawn through the point of

intersection of the lines i3 o i/ =1and > + o 1 meets the
a b b a

coordinates axes at A and B, the locus of the
ABis

(@) 2xy(a+ b)=ab (x + y)
(©) 2xy(a+ b)=ab (x- y)

mid-point of

(b) 2xy(a - b)=ab (x - y)
(d) None of these
25

Two equal sides of an isosceles triangle are 7x - y + 3=0
and x+y—-8=0 and its third side passes through the
point (1, — 10). Find the equation of the third side.

(@ x=38y=-31 (b) x~38y=31

(©) x+ 8y=31 (d) x+ 3y=-31

2
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Day 2% Straight Lines

26. The equation of the line passing through the point (2, 3) and

making an intercept of length 2 between the lines y + 2x = 3
andy +2x=5

(@) x=-23x+ 4y=18
(€) x=2 3x+ 4y=18

(b) x=2,3x-4y=18

(d) None of these

27. The point Q is the image of point P(a, b)in the line x — y = 0.
Then, the foot of perpendicular from Q on the line x + y = 0is
(@ (@=b,b-a) (b) (b —a a->b)

e 0[50

28. Find the equation of one of the sides of an isosceles right
angled triangle whose hypotenuse is given by 3x + 4y =4
and the opposite vertex of the hypotenuse is (2, 2).
(@ x+7y+12=0, 7x+y—-16=0 [NCERT Exemplar]
(b) X=7y+6=0, 7x+y-16=0 LB
(€) x=7y+12=0, 7x+ y+16=0
)

(d) None of the above

29. Find the equation of the lines through the point (3, 2) which
make an angle of 45° with the line x -2y =3. [NCERT]

(b) 3x=y-7=10

(d) None of these

(@) 8x+y+7=0
() 3x+2y-7=0

30. A ray of light passing through the point (1, 2) reflected on
the X-axis at point A and the reflected ray passes through
the point (5, 3). Find coordinates of A. [NCERT]

13 13 13
@ (E’OJ (o) (_?O) © (o, Ej (d) None of

these
31. For all values of 8, the lines represented by the equation
(2 cos® + 3sin ) x + (3cos 6 — 5sin6) y
—(5c08 0 —2sin0)=0
(a) pass through the point (1,2)
(b) pass through the point (0, 1)
(c) pass through a fixed point, where reflection in the line
X+ y=J§is(J§—1,J§—1)
(d) pass through the origin

Directions (Q. Nos. 32 to 34) Let the lines are
L: 3x+4y—-8=0 and L,: 2x+7y-1=0.

32. If L, L, represent the sides AB and AC of the isosceles
AABC with AB = AC =2, then the coordinates of
(a) Bare (28/5, — 11/5)
(b) Bare (28/5,1/5)

C are 14+ 458 _4_J§]
% 7 R

14+ 4 /53 4-J§]

(d) (O} are( 753 NG

33. Equation of the line through B parallel to AC is
(@) 2x+7y+21=0 (b) 10x + 35y =63
(€) 10x + 35y + 21=0 (d) 2x+ 7y =63

34. If D is the mid-point of BC and £ is the mid-point of CA, then
DE is equal to
1 1
&) = o)) =
@) 7 (b) > () 1
Directions (Q. Nos. 35 to 38) Each of these questions contains
two statements : Statement | (Assertion) and Statement Il
(Reason). Each of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (a), (b), (¢) and (d) given below.

(d) 2

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.

(b) Statement | is true, Statement Il is true; Statement Il is not a
correct explanation for Statement |.

(c) Statement | is true; Statement Il is faise.

(d) Statement | is false; Statement Il is true.

35. Statement | Each point on the line y—x+12=0 is
equidistant from the lines 4y + 3x =12 =0, 8y + 4x —24=0.

Statement Il The locus of a point which is equidistant from
two given lines is the angular bisector of the two lines.

36. Let (1+ax)" =1+8x+24x? +... and there exist a line
through the point (a,n)in the cartesian plane.
Statement | If the line through (a,n) cuts the circle
x? + y? = 4in Aand B, then PA-PB = 16.
Statement Il The point (a,n)lies outside the circle.

37. Statement | Consider the points A(0, 1)and B(2, 0)and P be

a point on the line 4x + 3y + 9=0, then coordinates of P

such that | PA — PB | is maximum, is (—_—;—2— %7 ‘

Statement || PA—PB| <| AB|

38. Statement | If point of intersection of the lines 4x + 3y =\
and 3x — 4y =,V A, 1 € Ris (xq, y4), then the locus of (A, )
isx+7y=0V Xy =Y.

Statement Il If 4A + 3 > 0and 83X —4u > 0, then (xy, y4)is
in first quadrant.

39. A straight line through the origin mests the parallel lines
4x+2y =9and 2x + y = -6 at points P and Q, respectively.
Then, the point O divides the segment PQ in the ratio

(@2 () 84 (N2l - (@)
40. Area of the parallelogram formed by the lines

y=mx,y=mx+1,y=nx,y=nx+1isequalto

[m+n]| 5 2
) (m—-n)y* (bl |m+n|

1 1
d

© |m+n| @ |m=-nl|
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41.

42.

43.

44.

45

46

47.

AIEEE & JEE Main Archive

Equation of the line passing through the points of

intersection of the of the parabola x° = 8y and the ellipse

o 2 :

_3_ Ly =—is {JEE Main 2013]
(@ y-3=0 (b) y+3=0

() 3y+1=0 (d) 8y—1=0

A light ray emerging from the point source placed at P(1, 3)

is reflected at a point Q in the axis of x. If the reflected ray

passes through the point R(5, 7), then the abscissa of Q is
JJEE Main 2013]

@)

(©)

(o)
(d)

N~ —
N | or W

If the three lines x — 3y =p,ax +2y=q and ax = y =r from
aright-angled triangle then [JEE Main 2013]
(@ a®-9%+18=0 (9) &8 =B =12 =@
(€) a® -6a-18=0 (d) @®-9a+12=0

If the x-intercept of some line L is double as that of the line,
3x + 4y =12 and the y-intercept of L is half as that of the
same line, then the slope of L is [JEE Main 2013]

3 L
@ -3 (b) =% (d) T

3
(©) _E

Let 8; be the angle between two lines 2x + 3y +c¢,=0and
—X+8y+c,=0 and 8, be the angle between two lines
2x+8y+cy=0and — x+ 5y +c; =0, where ¢y, C,,C5 are
any real numbers.

Statement | Ifc, and ¢, are proportional, then 8,.= 0.
Statement Il 8; =6, for allc, andcs,. [JEE Main 2013]
(a) Statement | is true, Statement Il is true; St_atement ll'is a
correct explanation for Statement |.

Statement | is true, Statement |l is true; Statement Il is not
a correct explanation for Statement I.

Statement | is true; Statement Il is false.

Statement | is false; Statement Il is true.

(®)

©)
(@)
If two lines L; and L, in space are defined by

={x=vA y+ WA -1),z=(A =1)y+ A} and '
Z={x=ﬁy+(1—vﬁ), z=(1-)y+u}, then L is

perpendicular to Ly, for all non-negative reals A and p, such

that [JEE Main 2013]
@ ~A++=1 (o) A #p
© A+u=0 (d) A=p

A ray of light along x++/3y=+/3 gets reflected upon
reaching X-axis, the equation of the reflected ray is

(a) y=x++/3 (b) VBy=x—+/3
(0) y=+[3x—+/3 (d) VBy=x~1

48. The lines x + y=|a| and ax -y =1 intersect each other in

49.

50.

51

52

53.

54.

55.

the first quadrant. Then, the set
the interval

(@ (=11] (B) (0,%)
(©) [1.=) (@) (1)

The line L given by g+%=1 passes through the point

of all possible values of ain
[AIEEE 2011]

(138, 32). The line K is parallel to L and has the equation

S + Y 1. Then, the distance between L and K is
a3 [AIEEE 2010]

23 i)7/ 23
@ = (b) V17 ©) = & ——
The lines p (p® + 1) x -y +q =0

and (0% + 1% x + (0% + 1)y + 29 = 0 are perpendicular to a
common line for [AIEEE 2009]

(a) exactly one value of p (b) exactly two values of p
(€) more than two values of p (d) no values of p

. The perpendicular bisector of the line segment joining P(1, 4)

and Q(k, 3) has y-intercept — 4. Then, a possible value of k
is

(@) 4 (b) 1
(c) 2 (d) =2
Let P=(-10),Q=(0,0)and R =(3 3+/3) be three points.
The equation of the bisector of the ZPQR is [AIEEE 2007]

[AIEEE 2008]

(a)§x+y=0 (b) x+By=0
(@ V8x+ y=0 (d)x+§y=o

A straight line through the point A(3 4) is such that is

intercept between the axis is bisected at A, lts equation is
[AIEEE 2006]

(b) 8x + 4y =25

(d) 3x-4y+7=0

(@) 4x + 3y =24
(© x+y=17

_ X

If (8, &%) falls inside the angle made by the lines Y==,x>0
2

and y=3x,x>0, thena belong to
1
) = ]
@ (3.9 © (-3 s
1
0, -
© (0]

If non-zero numbers a bandc are in HP, then the straight

MR Yl
line = + v + = 0 always passes through a fixed point. That

[AIEEE 2006}

(@) (8 )

point is

(i

© 1-2

[AIEEE 2005]
(b) (11 = 2)

@ (=12

NWW. NoVaDg
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Day 25 Straight Lines

56. The equation of the straight line passing through the point
(4, 3) and making intercepts on the coordinate axes whose

57. A square of side a lies above the x-axis and has one vertex
at the origin. The side passing through the origin makes an

sumis -1, i
== 1S IEEE2002] angle o (where, O<a <£) with the positive direction of
(a)5+Z=—1,i,+X=—1 . 4
2 '3 =p 4 X-axis. The equation of its diagonal not passing through the
®) Ryl . B = : origin is [AIEEE 2003]
2. 8 -2 1 (@) y(cos o —sina) — x (sinow — cosa) = a
© B s, e vl (b) y (cosa + sina) — x (sina —cosa) =a
2SWEI WG 4 (€) y(cosa + sina) + x (sine + cosa) = a
) 25 - %’ = % i %’ = (d) y(cosa + sina) + x (sina — coser) = a
Answers
1. (d) 745 ((©) 30(b) 4. (b) 5. (b) 6. (b) 7. (d) 8. (a) 9. (a) 10. (d)
11. (a) 1254(b) 13. (a) 14. (¢) 15. (a) 16. (b) 17:8(c) 18. (b) 19. (a) 20. (c)
2124(b) 220©) 23. (d) 24. (a) 25. (b) 26. (c) 27. (d) 28. (d) 29. (b) 30. (a)
31. (c) 32. (a) 33W©) 34. (¢) 35. (a) 36. (b) 37. (d) 38. (b) 39. (b) 40. (d)
41, (d) 42. (d) 43, (a) 44, (d) 45, (a) 46. (d) 47. (b) 48. (c) 49, (d) 50. (a)
51. (a) 52.(c) 53. (a) 54. (a) 55. (b) 56. (d) 57. (b)

1. The intersection of lines is
ax+ 2by + 3b + A (bx —2ay — 3a)=0 ()
or  (a+ Ab)x+ (2b—2al)y+ 3b—3ak =0
which is parallel to the X-axis.

= a+Ab=0 or 7L=_g

; 3
. Eq. (i) becomes, y=_5
2. Since, x+ y=|a|,ax— y=1

Ial—+1 and y:M

= Xx=
gl a+1

Butx>0 y>0

= a+1>0o0ra>-1and ala|-1>0a>0
— 2E =10

= a>ilie,a, =1

3. The image of the point (o, 2. — 1)lying on the first line is given by
X=1-20,y=-a
xX=-2y=1
4. Any point of the curveis x = cos 6, y = sin 6. Its image is given by
x—cos8 _ y—sin®

1 1
_—2(cos@+sin6-1)

2

Hints & Solutions

& X=1-sin6 y=1-cos O
On eliminating 6, we get
P e (=) =1
= X+ ¥R —2x-2y+1=0

5. The required line is
X+2y=1+ A (X=y+2)=0 sae(()
Itis perpendicular to 8x + y + 5= 0
; 3+A)+2-A1=0
=> A=—

N | o

From Eq. (i),
0

x+2y—1—2§(x-y+2)

= X—=8y+4=0

6. Let m be the slope of the line and angle 8 it makes with the
parallel line.

sin6=§ortane=%

Hence, slope of the parallel lines is — g

4
m+ —

8
1_@ tan @ 2

3
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3m+ 4
3-4m

—

&
U

The lineis y+7 = —2l4 (X+2)or7x+24y+182 = 0,

7. Taking the perpendicular lines as the coordinate axes, let the
ends be A(g, 0)and B(0, b), we have

82 4 b2 =12 . ()
If P(x, y) divides ABin the ratio 1 : 2, we have
3x=2a3y=>b (i)
On eliminating a, b from Egs. (i) and (i), we getthe locus of Pas
9(x° + 4y?) = 4t2

8. Equation of a line passing through the point of intersection of
lines is
X—=y+1+A@x—3y+5)=0
= X(A+2X) + y (—1-3A) + 1+ 51 =0 (i)
Its distance from point (3, 2) :%

13(1+20)+2(—1-3A)+ 1+ 5 7
N -
|2 + 574 7

ez on e ©

On squaring, we get 25(4+ 2532 +201)=49(13)\> + 10A+2)

= 6A° —5A—1=0 = A=1, — %

=

On putting 7»=1,—% in Eq. (i) respectively, we get

3x—4y+6=0 and 4x—3y+1=0
9. letl, =3x-4y—-8
AlG 4), L, =9 16-—8==156<0
For the point P(x, ¥), we should have L > 0.
= 3x—-4y—-8>0
= 3x—4(-3x)-8>0
[~ P(x, y) liesony =~ 3x]

— x>8/15 and—y-4y-8>0= y<-28/5

(- y=-3x)

10. Let mbe the slope of AC, then
A7)

4x+y=1

B 3x—4y+1=0 C

tan B= tanC
3 8
Z+4=m Z
= =3 14-§T
4
19 _ 4m-3
= "8 4+0m

t JEE Main Mathematics inJus+ 240 Days

= == 2
89
. : : 52
- Equation of ACis y + 7 = o (x=2)
= 52x+ 89y + 519=0
11. Given equations,
@a+ b)x+ (a+ 3b)y+ (b-3a)=0

and mx + 2y + 6 = Oare concurrent for all real values of a and b,
so they must represent the same line for same values of a and b.

Then,
2a+b _(a+3b) b-3a
m .2 WG
Taking last two ratios,
gj;gézz‘&a+b = b::_ga
2 6 4

Taking first two ratios,
_2@Ra+b)_2{2a-(3/4)a}
a+ 3b a+ 3(-3/4)a

m

Lo B
5

12. The family of lines
(x+y=-1+A@x+3y—-5=0
passes through a point such that
X+ y—-1=0
2x+ 3y—5=0
i.e., (=2, 8)and family of lines
Bx+2y—4)+pun(x+2y—6)=0
passes through a point such that
3x+2y—4=0

and x+2y—-6=0i/¢e., (— 1;)

. Equation of the straight line that belongs to both the families
passes through (- 2, 8)and (- 1,7/2) is

5-3
— 8= X+ 2
y _1+2( )
= y_3=X: = X-2y+8=0
<
13. ~.~P(1+%,2+%) lies between the paralle! lines X+2y=1
and2x + 4y =15, then
o o
1+—)+2(2+—)—1
( f f <0
241+ —=|+4]2+— |=15
G IR
4y 3 ((HE]
= ‘[62— SRS 2 <0
-5+ % a-§!§)
2 6 )
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Day 25 Straight Lines

14. Equation of bisectors of the given lines are

3x+ 4y -5 . 5x—12y—10\
=3 i R L ey
V3 + 4 V5® + (=12

(39x + 52y — 65) = + (25x — 60y — 50)

= 14x + 112y —-15=0
=¥ 64x - 8y—1156=0
= 1—4x+ugy—1=0
15 15
=> gi —iy_1=0
118 115
ol ki
15’ 15

15. Let equation of the given lines be ax+ by+c;=0,i=12...n
and the point O be the origin (0, 0). Then, equation of the line
through O can be written as

o e B

cos® sin®
where, 6 is the angle made by the line with the positive
direction of x-axis and r is the distance of any point on the line
from the origin O.
Letr,r,5,....I, be the distance of the points R,R;, Ry, ..., from
O= OR=randCR; =4,...,
Then, coordinates of R are (rcos®,rsind) and of R; are
(rcos®,rsing);i =12,...,n.
Since, R, lies on ax+ by +¢; =
= afrcosb+ bsing+c; =0, fori =12,....,n.

= —icose-&sinezl,/ |2
Cl C/ [;
n 1 n n'-l n b "
= 2_:-— 23_‘_ COSG— 2—’ Slﬂe
=11 i=1Ci =Y

Hence, the locus of R is

E n
i_a_f X+ 22 =100
i=1Ci i=1%i

which is a straight line.

16. Let the sideOQ make an anglea with X-axis and since the side of
the square OABC is a, therefore coordinates of point A are
(acoso,asino). :
Now, the diagonal OB will make an angle of (45°+ &) with
X-axis and pass through origin 0.
Hence, its equation is

y = tan(45°+ o)X

P 1+ tana. |

or X
1—tano

= y(cosa —sino)— x(coso. + sina) = 0 =

ke %

The other diagonal AC will be perpendicular to Eq. (i) and
pass through the point A.

Hence, its equation is

y(coso + sina)+ X(coseu—sina) =k, wherek =a
17. The given lines are

U=ax+by+c,=0 (i)

and V. =a,X+boy+6, =0 ()]

Also, given that
@1 o Pre Sinuy (say)
a, b, ¢

& a = a\, by = byA 6 =CoA

Now, U = aX+ biy+e;

= (a,X+ byy+Cy)A = VA

.Lineu = 0becomes Av =0
or v=0 o (1])]
If condition (iii) is satisfied, thenu = 0 and v = Orepresent the
same straight line.
Also, the curve u + kv = Qs

A+ kv=0=A+KV=0
=) V=0
Hence, the curve u + kv = 0is nothing but any of the given
straight lineu = 0orv = 0.

18. Let the equation of any line passing through A(h,k) be

y—k=m(x—nh)
Y4

A

O\

A (h, k)

S R0) NG A
Y

Let this line cut the X and Y-axes at P and Q.

Then, P =(h—L, 0)andQ = (@ k~mh)
m

LetS be the area of AOPQ, then
s =lopPxoQ = 1(h-£)(k-mh)
2 2 m

i 1(mh—k)(k—mh)

2 m
= 2mS = hkm—k? — h?m? + khm
= hem? —2(hk —S)m+ k? =0
Since, mis real.
So, its discriminant D = 0.
% 4hk -S)? — 4hPk? 2 0
= S —2hk 2 0=S 2 2hk
Hence, minimum value of S is 2hk sq units.

19. Let the n given points be (@.a), @+ 1a+ 2)@+2a+4),...

ey {a+i—1,a+2(i—1)};i=1,2,3,...,.~,n
Let the variable line be ;

px+qy+r=0 (0
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326

Since, the algebraic sum of perpendiculars drawn from these n
points on the variable line (i (i) is always zero.

zpa+/»1 +q(a+_2{ 2)+r

= Sl iy
\/;3 +q°
= Y [pl@+i-N+q@+2i-2)+r=
= pZ(a+i—1)+qz(a+2i—2)+rn=0
a+r-1 a+2i-2
= : -+ = S0
s L

Hence, the line (i) always passes through a fixed point

(\Zai+i~14'2a+2i—2).

n n

But it is given that this passes through the point (1?3 11)

a+i-1 1 a+2i -
= el _11
52 yaraze

On solving the two equahons, we geta=2andn=10

20. Let A, is the reflection of Ain y = x.

= A =(43)
B(7,13)

1A18,3)

Now, PA+PB= AP+ PB

which is minimum, if A;,P and B are collinear.
Equation of ABis

=)= 13"43()(_4) = 3y = 10x- 31
31 31
On solving it with y = x, we get P = ( - )
21. AB=4,BC =3=AC =5
Let ZCAO=9 :
A = (5¢c0s 6, 0), C =(0,5sin0)
Y
A
B (h, k)
(o}
§ e
X' < 5} A
¢
r)

JEE Main Mathematics i Jus+ 40 Days

If BC and AB make the angle 6, and 8, with X-axis, then
6,=C-66,=n—(A+0)

=n-(E—C+e)=E+(c-e)
> >

Using parametric equation of line for BC, we get
h _ K-5sing - ()
cos (C -6) sin(C - 0) E:

Similarly, using parametric equation of line for AB, we get
LR =0 55 0
-sin(C-6) cos(C-9)

From Egs. (i) and (ii),

cos(C —8)= ﬁ = 5
3 4
So, the locus of Bis 4x = 3y.
22. AB=BC =CA=2
4
C (h, k)
B
C)
oL > X
e A
J;]
Let Z£BAO =6
— A = (2cos8, 0)
= (0, 2sin6)

BC makes an angle (g —0) with X-axis and AC makes an

angle [n = (-g + e)) with X-axis.

IfC = (h k), then

h o, K —2sin® iy
cos(ﬁ—e) sin(f—ej
3 3 J
o h-2cos8 k P g

—cos(f + 6) sm( + e)

3 3

= 2cos(§ -e) h, 2sm( + e) K
3 3

= €080+ v/3sind = h, V/3cos8+ sing = k

= 20086 = (v/3k - h), 2sin@ = (hV/3 - k) o

Thus, locus of (h,k) is :
1= X2+ y? - xy3

or X+ y? =1+ xyJ/3
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Day 25 Straight Lines e

23. Given lines are x + 2y = 3 2x + 3y=4 4x+5y—6=0. @ 2m+ 4=+ (1-2m)
':OV\; £ . = mzworm=—§
i 2 = ; =1-18+20)-2(-12 + 16)- 3(10-12) The desired lines passing through (2, 3)are x = 2, 3x + 4y =18,
27. The image of P(a, b)in the line x — y = Ois Q(b, a). The image of
=0 Q(b, a)in the line x + y = 0is R(- g, — b). The mid-point of QR Is
They are concurrent at (=1,2)and line 3x + 4y — 7 = 0does not [? 2 ; b].

pass through it.

. , 28. LetABCbeani i i i —AC:
24. The intersection of given fines is X + % oy (g LY ) B nisosceles right angled triangle at A with AB=AC

a G = ZABC =/ ACB=45°

Now, we have to determine the angle between AC and BC.
The slope of line BC j.e., 3x+ 4y=4is

meets the coordinate axes at

e e ) ;
libe T _
= e At 5 7
a b b a
The mid-point of ABis given by Let the slope of the line AC is my = m.
e Y “» Angle between two lines is
2x= 2= it
LIRoieg =N o ’”-(;3)
a b B & tanf= 1m7 M| tandse= ﬁ‘ls
T +mym, =3
:(1+k)[1+1=2[1+1]+2[l+&] 1+m 4)
Xy a b b a z
3
1 1 =
:2(1+7»){—+Ejl = e +124m+3
: 1 3_m 4—-3m
(x+ y)ab =2xy (a+ b) 4
; s 4m+ 3
235. The third side is parallel to a bisector of the angle between the Taking positive sign, 1:4’”;)L .
equal sides. —-3m
The bisectors are = 4-3m=4m+ 3
7X=y+38=%5(x+y-23) = 4-3 =4m+ 3m
= 2x—-6y+18=0 = P
or 12X+ 4y—-12=0 s m=l
= x-=3y+9=0 7
or 3x+y-8=0 Taking negative sign, —1=:m;' 8
-3m
ird si — 3y =kor3x =L
Let the third side be x — 8y = kor 3x + y o L SR A B
It passes through (1, — 10).
- k=31L=-7 " e e o
Hence, required lines are x—3y = 31, 8x+ y = -7. Hence, equation of line AB and line AC are
; 1 odh
26. The distance between the parallel lines is % If 8 is the angle )’-2=7(X—2) and y-2=-7(x-2)
between the desired line and the line y+2x=3 then = Ty A =X =2 apd §—2=-7x+14
L = X=7y+12 =0 and 7x+y-16=0
sinB=— =—.
W ? 29. Equation of line /; is
Y2EKE® X—-2y=3 )
2 of Eq. (i),
2 4 5 Slope of Eq. (i) 1
~ e
0 +2x=3 Mo 5
e 2 ; i 1
. ; m+2 = =
If mis the slope of required line, then = =+ 5 5 i
Print (o PDE witho NIS messade DY D Nasin aPD Nttp://ywww.novapdi.com
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X' ) —» X
.
Angle between two lines is
tane=| M=z
1+mm,
Given, 8=45°, mF%' my=m (let)
1_,,7‘
tan45°=| -2 . =>1=‘|1‘2mi:>1‘2’”=i1
1+—m| |2+m| 2+m
2
Taking positive sign,
1-2m _
2+m
= 1-2m=2+m = 1-2=3m
= e
3
Taking negative sign,
1-2m ey
2+m
= 1-2m=-2-m
= 2m—-m=1+2
= =18
Now, equation of line /, by using
Y=y =m(x—x)
1
43 o= _1()(”3) when m-—5
3 x;=3and y;=2
= 3y—6=—x+3
= x+38y—9=0
. FOT when m=3
Again, y=2=3(x=3) x=3and y,=2
= y—2=38x—9 = 3x—y-9+2=0
- 3x—y—7 =0

30. In afigure, PAis the incidentray and AR is the reflected ray which

makes an angle 6 from the X-axis.

it is clear from the figure that 5
AS LOX Is

it means AS bisect the ZPAR. ,2) P A

Then, £PAS=ZRAS

= ZRAX = ZPAO=6 (let) ) X 0) >y

= Z XAP=180°-6

QR y2 y‘l _3 E |
s f -ta“e———'—'—-—— ...(l)

[where, point Ais (k, 0)]

JEE Main Mathematics i Just 20 Days

Slope of AP=tan(180°-6)

Sl e 0
Xo=% 1=K
From Egs. (i) and (ii),
g L i
5-k 1-k
= 3-3k=—10+2k
= k= 18= k= ?

Hence, the coordinate of A is (go)

31. The given equation can be rewritten as

@x+ 3y —5)cosh + (Bx — 5y + 2)sin6=0

or (@x+ 3y—5)+ tan6 (3x— 5y +2)=0
This passes through the point of intersection of the lines
2x+ 3y — 5= 0and 8x — 5y + 2 = 0for all values of 8. The point
of intersection is P(1, 1). LetQ(h, k) be the reflection of P(1, 1)in the
line

X+ y=A2 ()
Then, PQ is perpendicular to Eq. (i) and the mid-point of PQ
lies on Eg. (i), we get

Q=1:k=h
h—1

and ﬂ-f-ﬂ: 2
2 2

= = k=2 =1

32. The intersection point of L; and L, is A4, — 1). '

Equation of a line through A is

ST - (0)

Coordinates of any point on this at 2 units distance from A is

(2 cos6 + 4,2 sind — 1) o (1)}
From Eq. (i), L; represents AB, then
tan@ = — §
4
= sinG:ig,cosezi3
5 5

On taking cos@= g sin@ = —

o]

in Eq. (i), we get the
coordinates of B are (@. - 1—1)
5 5

33. Let the equation parallel to AC is 2x + 7y =k

Since, it passes through B (28/5, — 1 1/5).
2(@)+7(_1_1)=k
5 5
= == a

5
So, the required equation is 10x + 35y + 21=Q,

34. Since, DE = .AZ_B =
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Day 25 Straight Lines

35. Equation of bisector of

4y + 3X—12 =0and 8y + 4x - 24 = Ois
4y + 3x - 12 e 3y + 4x —24

J16+ 9 VO +16
SN REE2 = O and 7y =186 =0
So, the line y — x + 12 = 0iis the angular bisector.

36. From Statement |, na = 8

@ = = a=2 and n=4

2 64
B
From Statement Il, PA-PB=(|/S,)? =2%+ 42 —4=15

37. Equation of line ABis y — 1= sl (x=0)

N
o

= a2y =2 =0
Here, |PA—PB| <|AB|

Thus, [PA - PB| to be maximum, then A, B and P must be

collinear.

38. The point of intersection of lines 4x + dy=Aand 3x— 4y =1 is

x1=4}”+3”andy 3\ — 4u
25 25
4\ + 3 3L -4
=y = Ko P
25 25
= N =10

Hence, locus of a point (A, w)is x + 7y = 0.

39. Now, distance of origin from 4x+2y—9 = 0is

e
V42 122 20
and distance of origin from2x+ y+ 6 = 0is
o] THCS
e
; . _9/+20 _3
ce, the required ratio = ==
A 5 6//6 4
40. Letlines OB:y = mx
CA:y=mx+1
BA:y=nx+1

and @GRV =X

So, the point of intersection B of OB and AB has x-coordinate
1

m—n

Now, area of a parallelogram OBAC = 2 x Area of AOBA
=2x%xOAxDB

=2X-1X 1
2 m-n

T

m-n |m-n|

depending upon whether m > nor m < n.

41. On solving both the equations, we get

8
?y+y2:1
= 3y2+8y—3=0
= By-10(y+3)=0
=> y=-3,%herey¢—3

At =l =+2\/2
g
5

2 25 i
So, the point of intersection is | 2.[<, — |and | -2/, = |
53 V3 3

From option (d); 8y—1=0 is the required equation which
satisfied the intersection points.

42. Here, AS L OX

S
= R
(1,3) 6,7)
; 0 \A
X X
A(k, 0)
It means AS bisect the angle PAR.
Then, PAS = RAS
= RAX = PAO =9 (let)
= XAP = 180° - 6
Slope of AR =tang=2"% _ ()
Xp = X 6 k
Slope of AP = tan(180° ~ 8) = — tan6
S =W 8l

veo
X=X =K o

..From Egs. (i) and (ji),

1
AT TR NP o)
Bk b ek

10k=25 = k=

o

Hence, the coordinate of A is (2§ 0).

43

Case | Let line =x-3y=p and ,=ax+2y=p are
perpendicular, then %x—§=—1 = a=86

Case Il Let line /, =ax+2y=p and /,=ax+ y=r are
perpendicular, then -“é'ix -a=-1=a° = -2 (not possible) !
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Case il het line /;=ax+y=r and ly=x-8y=p are

perpendicular, then —ax 1 =-1=8=3
3

o : 2 )
S0 formation of quadratic equation in a, whose roots are

3 and 6.
&’ ~(6+3a+(63)=0=4a>-9a+18=0
44. »)5 + X = l
4 3
For line L, x-intercept =2 x 4 =8

y-intercept= i s = =
2 2

LineLis X+ Y =1
8 32

3
Slope, m=- =
16

45. Here, angle between the
X+ 5+c, =0is0,

lines 2x+ 8y+c; =0 and

i | ;
tang, = 71/5+ 20 = —13/15 == tan45°
=215 13/15
= 6, = 45°

Also, the angle between the lines 2x+ 3y +c, =0 and
—X+ By +cy =0is8,.
|
tane, = 1/6+2/3 _13/15 _ 4 _ 10450
1-2/15| |[13/15

= 6, = 45°
Here, we observe that the value of ¢;, ¢, andc, is not depend to
measuring the angle between the lines.

So, ¢, andcg are proportional or for alle, andc,
6, =6,
46. We can written the given lines in symmetric form
_x=(WR=1)_y-0_z-X

" 1 JA-1
L x=li=Al) _y=0_z-4b
c A T 1=

S‘ince, L and L, are perpendicular.

; VA 11+ W -1 (=) =0
= Vh+p=0= A=u Tl

47, Take any point B(0,1)on given line.

B(0, 1) Ay =x-=1

/A3, 0)

s
/
/

FB(0,-1)

/

JEE Main Mathematics i Jus+ 40 Days

Equation of AB’is
yo=== s

0-+/3
= —/3y=— x++/3
= X-\/§y=\/§
= V8y=x-+/3

48. As x+ y =|al and ax— y = 1. Intersect in first quadrant.
So, x and y-intercepts are positive.
oH) = M >0
i+a
and y= ﬁ >0
a+
= 1+a=0andalal-120
= a>-1and ala=1 e ()
If -1<a<0
= & > 1 (not possible)
If az20
= g =1
= a2
a>1 oraele)

49. Since, the line L is passing through the point (13,32).
18T 32

Therefore, —+ —=1= EQ_:—-S- = b=-20
5 /9 5

The line K is parallel to the line L, its equation must be
{ = l =El O i = L =1
5 20 52 20a

On comparing with A é =1, we get
©

3

20a=-8,c=ba=——

4

Hence, the distance between lines
-3
1|
TR T
25 400 400
50. Line perpendicular to same line are parallel to each other.
= Pt £ = e
= p=-1
So, there is exactly one value of p.
1

81. Since, slope of PQ = C e wills
1-k 1-k

Slope of AM = (k — 1)
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Day 25 Straight Lines

- Equation of AM is

L)

For y-intercept, x=0, y= - 4
i k+1
—4——=—(k=-1)| —

L=—-9(*)

2
2
= 1_5=k =
2 2
= K2 -1=15= k=16
— k=14

52. Now, slope of QR = gJi—_Q =J3=tang=0=—

3-0 3
Y
M R (3,V3)
s /3 G
X500 " A
(=1, 0) 2n/3
Y
v

.. The angle between ZPQR is ? so the line QM makes an

angle = " from positive direction of X-axis.

Slope of the line QM = tangsE =3

Hence, equation of line QM is
y=—-+3x = J3x+y=0

53. Since, Ais the mid-point of line PQ.
e

3

\1P(0, b)

A(3,4)

and 4i=ss 0 =8

Hence, the equation of line is
5+X=1 or 4x+ 3y =24.
6 8

5 . . .
DE without {his message by purcnhasing novaklPD

54. The point (a, a*)lies in the sector pounded by the lines x =2y =0
and 3x—y=0.

(a-24%)(3a—2a?) <0 = [a—ﬂ(a-sko

29

55. Since, a, b and ¢ are in HP. Then, l -:; and 1 are in AP.
a ©

Hence, straight line i % + L =0 is always passes through a
a
fixed point (1, — 2).

56. Let the line intercept the X-axis ata and Y-axis atb distance.

Since, a+b=-1
=2 b=-(@+1)
Equationoflineisf—_._y =1
a a+1
dx OB
a a+1
4a+ 4-3a
= ST R |
a@+1
= a+4=a°+a
= =2
Hence, equation of lines are
2 ) = Y =
2008 =2

5. Slope of the diagonal = tan (%ﬂ + ot)

sino. — cosa
sina. + cos o

=—1+tana=
1+ tana

X l
Yl
The equation is
y—asina _ sino —Ccos o

X—acoso. sino + cos o
= y(cosa + sina)+ x(cosa —sina) =a

NWWY.N0VADJ O[]
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Day 26
Outlines ...

O Concept of Circle

o Standard Form of
Equation of a Circle

o Equation of Tangents
o Equation of Normals

o Pole and polar
o Family of Circles

The Circle

Concept of Circle

Circle is the locus of a point which moves in a plane so that its distance from a

fixed point in the plane is a constant. The fixed point is the centre and the
constant distance is the radius.

Standard Form of Equation of a Circle
The equation of a circle whose centre is at
B (=) e — 7 Tniskallso) Koyt oot e
circle.

(h,k) and radius r is given, is
central form of the equation of a

Important Results
1. When the circle is at the origin and radius is r,
isx’ +p° =7". When the ocircle
in this case, h=k =r
< Equation of the circle is (x — r)? + Vv —1)? =2

then the equation of the circle
touches both the axes then

=  X+y-2m-2mp+2=g
2. When the circle passes throu
In this case, k =0and h = r.
+ Equation of the circle is (x — r)? + =)= nt "=l Y2 —2rx =0

gh the origin and centre lies on X-axis.

N/ /WWW. NOoVADQO O[]
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Day 26 The Circle

3. When the circle passes through the origin and centre
lies on Y-axis. In this case, h=0 and k = r

. Equation of the circle is
(x-0"+(y-nf=r* = X +y*-2y=0.
4. The equation of the circle passing through the three
non-collinear points (x,, y,), (%, y,) and G i
X+ yz Xy
s !
%+ % ¥ 1
X4y X Vs 1|

=0.

Different Conditions for Radius
of a Circle
The equation x° + y2 +2gx +2fy+c¢ = 0 always represents a
circle whose centre is (—g, —f)and radius isyg? + 2 —c.
+ If g° + 2 —c >0, then the radius of the circle is real and
hence, the circle is also real.
» Ifg®+ % —c =0, then the radius of the circle is zero. Such
a circle is known a point circle.

« If g2+12—c <0, then the radius g2+ % —c of circle is

imaginary but the centre is real. Such a circle is called an
imaginary circle as it is not possible to draw such a circle. /

Equation of Circle when the end Points of a
Diameter are Given

If Aand B are end points of a diameter of a circle whose
coordinates are (x,,y,) and (x,, v,), respectively.

Then, the equation of circle is
(x=x)(x= %)+ (7 - y)(y—y,)=0
» The general equation of second degree represent a general
equation of a circle
ax® + 2hxy+ by* 4+ 2gx + 2fy+c =0, ifa=band h =0,
v Parametric equations of a circle (x — h)* + (y — k)> =r?,
where x =h+ rcos6, y=k+ rsin6,0 <6 < 2m.

Intercept on Axes
The length of intercepts made by the
L+ +2gx +2fy + ¢ =0 with X and Y-axes are 2\g*—¢

and 24/ f* — ¢, Tespectively.

circle

(i) If g®=c then the roots of the equa‘tion
x* +2gx+c=0 are real and equal, so the circle
touches x-axis and the intercept on X-axis is zero.

(i) If g®>c then the roots of the equation
x* +2gx+c¢=0 are real and distinct, so the circle
meets the X-axis in two real and distinct points and
the length of the intercept on X-axis is 2,/ gZ S,

(iii) If g?<¢c, then the roots of the equation
x* + 2gx + ¢ =0 are imaginary, so the circle does not
meet X-axis in real points.

Similarly, the circle cuts the Y-axis in real and distinct

points, touches or does not meet in real points according as

i 0= o< e

Position of a Point with Respect to a
Circle
A point (x,,y,) lies outside, on or inside a circle
Si=x 7 2oty e =0
according as S, >,=,0r<0,
where S, =X+ yi +2gx, +2fy, +¢

Greatest and least distance of a point A(x,,y,) from a
circle with centre C and radius r is| AC + r | and | AC — r|.

Ay, y1) c

Equation of a Circle Circumscribing
Triangle and Quadrilateral
1. Equation of circle circumscribing a triangle whose
sides are given by I, =0;1, =0 and /; =0 is given by
1L, + ALI; +ul,l, =0. Provided coefficient of
x*= coefficient of y* and coefficient of xy = 0.

A

2. Circumcircle of a triangle with vertices

(X1, ¥1): (%5, ) and (x,, y) is given ahead.
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X Vg gl

2 g

B vy & 7o
(% = x,) (% - x,) + s = y1) (75 - 7,) Xy
XN

OB Vol

3. Equation of a circle circumscribing a quadrilateral
whose sides in order are represented by the lines
l;=0,1, =0,1, =0; 1, =0 is given by

Ll + AL1, =0 ()
represents a second degree curve and also
A, B,C and D satisty Eq. (i) provided coefficient of
x* = coefficient of ¥* and coefficient of xy = 0.

Points of Intersection of a Line and a Circle
with the Centre at the Origin

Let the equation of the circle be

2+ y? =2 ...(i)
and the equation of the line be
Yy=mx+¢ ...(1i)

On substituting the value of y from Eq. (ii) in Eq. (i), we get
+ (mx +¢)? = r?
... (i)
(i) When points of intersection are real and distinct. In
this case, Eq. (iii) has two distinct roots.

= X2(1+m2)+2mcx+(c2—r2)=0

a5 D>0
= 4m’c? —4(1+m2)(c2 —1%)>0
= 4% (1 +m?) - ac? >0
= r* (1+ m?) > c?
2
c
= i =
1+ m
@
BN r>—
V1+ m?

(i) When the points of intersection are coincident. In
this case, Eq. (iii) has two equal roots.

D=0
C
= r=
V1+ m?

JEE Main Mathematics indust 40 Days

(iii) When the points of intersection are imaginary. In
this case, Eq. (iii) has imaginary roots,

c
V1 + m?

[TLinesL] = aiX + by + ¢; = Oand L =ax + by + ¢, =0
cut the axes at concyclic points, if a; a, = byb,.
* Circle through the concyclic points s
(ax + by + ;) (apx + by + ¢3)=(aib, + a,b) xy

D<0 = r<

Length of the Intercept Cut off from
a Line by a Circle

The length of the intercept cut off from the line Y =mx+c¢
by the circle x* + y? = 12 i

2 2D
Pyt L 2l
1+ m

Condition for a Line to be Tangent "
to a Circle '

The line y =mx +c touches the circle x? + 2 = T,
if the length of the intercept is zero.

2 B
ey PG =0 =2 '_%=0
(1+m")
= rAl+mP)—ec?=0'= ¢ =t 1T mE

\._Which is the required condition.

Equation of Tangents

A line which touch only one point of a circle is called its
tangent. This tangent may be in slope or point form as given
below.
1. Slope form
(i) The equation of a tangent of slope m to the circle
Xryi=risy=mx+ri+m.
The coordinates of the point of contact are

(_,_ rm_ -y J
Vi+m? V14 m?
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(ii) The equation of tangents of slope m to the circle
(x =@ +(y - b)* = r* are given by

y-b=m(x=atrl+m’.

and the coordinates of the points of contact are

La e —,b+ A }
\/1+mz \/1+1n2
(i1i) The equation of the tangents of slope m to the circle
X +y° +2gx+2fy +c=0

@+ 2 - +m?)

arey+ f=m(x+g)t

(iv) Point of intersection of the tangent drawn to the
circle x* + y* = o at the point P(cr) and Q(B) is

acos¥ asinM
il = — ol = — ——
cosa_B cosmmﬁ
2 2
P (o)
R
{h, k)
Q (B)

2. Point Form
(i) The equation of the tangent at the point P(x;,, y
circle ¥* + y* +2gx + 2fy + ¢ =0 is
XX, + yy, + 8(x+ %) + f(y + y,) +c =0.
(ii) Equation of tangent for
el o
at (a+ rcos6,b + rsin 6) is
(x—a)cos®+(y —b)sin@=r
(iii) Equation of tangent for x* + y* =1* at (x,, Vq) is
Xy + Yy = T '

Jtoa

Equation of Normals

The normal at any point on a curve is a straight line which
is perpendicular to the tangent to the curve at that point
and it is always passes through origin.

1. Point Form
The equation of normal to the circle x* + y? + 2gx
+2fy+c=00r X +y* = at any point (x;, y,) is

i Al S e e

%y T8y N

Day 26 The Circle

el 5.8

2. Parametric Form

The equation of normal to the circle by
X LY
point (acos 6, asin 6) is -
¥

=d at

Pair of Tangents

From a given point, two tangents can be drawn to a eircle
which are real and distinct, coincident or imag .iary
according as the given point lies outside, on or insic e the
circle.

The combined equation of the pair of tangents drawn from
a point P(x,,y,) to the circle x* + y* = o® is SS, = T*
WihieTe, 15 = x2 [y S RS S

and T=xx,+yy,—d

Length of the Tangents

The length of the tangent from the point P(x,,y,) to the
circle X + y* + 2gx + 2fy + ¢ =0 is equal to

\/X§+Y§+23X1+2fy1+c=\/§

Coaxial System of Circles

A system of circles is said to be coaxial system of circles, if every
pair of the circles in the system has the same radical axis.

+ Since, the lines joining the centres of two circles is
perpendicular to their radical axis. Therefore, the centres of
all circles of a coaxial system lie on a straight line which is
perpendicular to the common radical axis.

+ Circles passing through two fixed points P and Q form a
coaxial system because every pair of circles has the same
common chord PQ and therefore.the same radical axis
which is perpendicular bisector of PQ.

» Ifthe equation of a member of a system of coaxial circles is
S = 0and the equation of the common radical axis is L = 0,
then the equation representing the coaxial system of circle
isS + AL =0, where A €R.

¢+ IfS;=0andS, = 0are two circles, then S; + AS, = 0
S1+ M8 =S,)=0 or S, +AS;=S,)=0,A €R
represent a family of coaxial circles having S; —S, =0 as
the common radical axis.

+ Limiting points of a coaxial system of circles are the

7 members of the system which are of zero radius.
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Common Tangents of Two Circles

Let the centres and radij of two circles are G,,C, and

fi, I>. respectively.
* When one circle contains other,
NO common tangent is possible.

Condition CCs <t ~r,.

* When two circles touch internally,
one common tangent is possible,

‘A

Condition, CC, = n—r,

* When two circles intersect, two common tangents
are possible.

==

Condition, [, —r,| <CC, <1, +1,

* When two circles touch externally, three common
tangents are possible.

A
c; B Cy

Condition, C,C, =1+ 1, i
A divides C,C, externally in the ratio r;: r,. B divides
CC, internally in the ratio r; : 1,.
+ When two circles are separately, four common
tangents are possible.

JEE Main Mathematics

in Just 40 Days

Director Circle

: n of two perpendicular tangents
to a given conig is known as its director circle,

The equation of the director circle of the circle x* + y? = & is
5 y2 =20,

Chord of Contact

The chord joining the points of contact of the two tangents from a
point is called the chord of contact of tangents. The equation of the
chord of contact of tangents drawn from a point (x,, y,) to the circle
X +y’=cis XX+ yy,=c® orT =0,

I AB is a chord of contact of tangents from G to the circle

x* + y* = 1 and M is the mid-point of AB as shown in figure. Then,
B

TZXl Iy, ]
X +y5 B+ p
(ii) AB=2r S
xi +y3
ER O = s ) =
(iv) Area of quadrilateral OACB = rm
(v) Areaof AABC=— T (52 4 2 _ r2y002

(i) Coordinates of M (

2
1

i / 2 2
2 X§+Y‘1_r

1t Y3

1

(vi) Area of AOAB =

(vii) Angle between two tangents £ ACB is 2tan ! —\/;=
1

Chord Bisected at a Given Point
The equation of the chord of the ircle x2 + ¥* = & bisected at the
point (xy, y,) is given by

X+ P = 22 2 o e,
Of all the chords which passes through a given point M(a,b) inside
the circle the shortest chord is one whose middle point is (a,b).

Pole and Polar

If through a point P(x,,y,) (inside or outside a circle) there be
drawn any straight line to meet the given circle at Q andR, the
locus of the point of intersection of the tangents at Q and R is
called the polar of P and P is called the pole of the polar.
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The polar of a point P(x,y,) with respect to the circle

2 2 2 i
> B =G~ISX7(1+}’_Vl=GZOI‘T=O_

R

Q
1. Conjugate Points
Two points Aand B are conjugate points with respect to a
given circle, if each lies on the polar of the other with
respect to the circle.
2. Conjugate Lines

If two lines be such that the pole of one line lies on the
other, then they are called conjugate lines with respect to
the given circle.

Angle of Intersection of Two
Circles

The angle of intersection of two circles is defined as the angle
between the tangents or angle between the normals to the two
circles at their point of intersection is given by

2 -

2r 5,

cos0 =

where, d is distance between centres of the circles.

Orthogonal Circles

Two circles are said to be intersect orthogonally, if their angle of
intersection is a right angle.

(Radius of Ist circle)* + (Radius of IInd circle)’> = (Distance
between centres)’ = 2(g.8; + fifs) =¢, + 6,

which is the condition of orthogonality of two circles.

The circles having radii r, and 1, intersect orthogonally.

205

Length of their common chord is —J;—_—_
o

Radical Axis
The radical axis of two circles is the locus of a point which moves
in such a way that the lengths of the tangents drawn from it to the
two circles are equal.
The radical axis of two circles 5; =0 and S, =0 is given by,
S,—8,=0.
(i) The equations of radical axis and the common chord of two
circles are identical.

Print to PDFE withouy

(ii) The radical axis of two circles is always
(iii) The radical axis of three circles, whose

(iv) The centre of the circle cutting two given

(v) Radical centre The point of intersection of

(vi) The circle with centre at the radical centre

--------------------- { Family of Circles |

+ The equation of a family of circles passing through

perpendicular to the line joining the centres of
the circles.

centres are non-collinear, taken in pairs of
concurrent.

circles orthogonally, lies on their radical axis.

radical axis of three circles whose centres are
non-collinear, taken in pairs is called their
radical centre.

and radius equal to the length of the tangents
from it to one of the circles intersects all the
three circles orthogonally.

the intersection of a circle X + y2 +2gx +2fy +¢ = 0
andline L=/x+my+n=0is

X2+ y2 +2gx +2fy +¢ + A (x+my+n)=0

or S+AL=0

where, A is any real number.

The equation of the family of circles passing through
the point A(Xy, y;)and B(Xy, Y2 )iS

e YR
(X=X)(X=Xo)+ (Y =y (Y =Y2)+ A | Xy 1[=0
Xo Yo 1
= (X =X) (X =Xp)+ (Y =YY —Y2)+ AL =0

where, L=0 represents the line passing through
A(Xq, y1)and B(Xz, yo)and A € R.
The equation of the family circles touching the circle
S = x2 + y? +2gx +2fy +¢ = 0 at point P(x, ;)is
X2+ y2 +2gx +2fy +C
A LXK + Yy +gx+ X))+ fly+y;) +cF =0
or S+AL=0
where, L = 0 is the equation of the tangent to S =0
at (xq, yy)and A € R.
The equation of a family of circles passing through
the intersection of the circles
Sy =x2 +y? +2gx+2fy+c1=0
and S, =x%+y?+2g,x+2hy+0, =018
Sy +AS, =0where (A #~1) is an arbitrary real
number.
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3. From

=

1. Acircle passes through the points of intersection of the lines

M-y+1=0and x - 2y + 8= 0 with the coordinate axes,
then A is

(@ 0 (b) 1 (c) 2 (d) 1/2

2, The number of tangents that can be drawn from the point

LS,T to the circle passing through the points

(1/3), (1 = 3)and (3 - V3)is
(@) 1 (b) 0
(c) 2 (d) None of these

Lhe origin chords are drawn to the aircle
el y2 =1The equation of the locus of the mid-points

of these chords
@ x®2+y2-x=0
© x>+y-x=0

) ~x2-y?+x=0
(d) None of these

4. Find the equation of the circle whose radius is 5 and

which touches the circle x° + y? —2x — 4y —20=0 at the
point (5, 5).

(8) x? + y? —18x — 16y + 120 =0

(b) x? + y? -27x-19y +130 =0

(¢) x* - y? —18x —16y + 120 =0

(d) None of the above

5. The equation of circle which passes through the points (2, 0)
and whose centre is the limit of the pomt of intersection of
the lines 8x + 5y =1and (2 + c)x + §¢ 2y =1asc — 1is

(@) 25(x% + y?)-20x + 2y + 60 =0

(b) 25(x% + y?)—-20x + 2y —60=0

(c) 25(x® - y?)-20x -2y —-60=0
(d) None of the above
6. ABis chord of the circle x? + y? =25. The tangents of Aand

B intersect at C. If 2, 3)is the mid-point of AB, then area of
the quadrilateral OACB is

px apaiie ' 3
@ 502 (6) 50,72

(c) 5043 (d) %

10.

11.

12.

- Let Abe the centre of the circle X2 + y? —2x — 4y —20 = 0. If

the tangents at the points B(1, 7) and D(4,—2) on the circle
meet at C, then find the area of the quadrilateral ABCD.

(a) 78 (b) 75 (c) 79 (d) 85

. Flnd the equation of a circle concentric with the circle

x2 g — 6x + 12y + 15= 0 and has double of its area,
(a) x? + 2 —6x+ 12y —-15=0

(b) X2 +y? —6x-12y +15=0

© X2+ y?—6x+12y +15=0

(d) None of the above

5 The apscissae of two points A and B are the roots of

x% +2ax-b?=0 and their coordinates are the roots of
T 2py —q° = 0. Find the equation and the radius of the

circle on AB as diameter.
(@) a2+ o2+ bE HaP OV HE" =3 =57 =
(d) None of these

(¢), —a® +b% - p? —g?

The tangent to the circle x® + y? = 5 at the point (1,—2),also
touches the circle x? + y? —8x + 6y + 20 =0 and find its
point of contact.

&) =2 V=1 (9) =8 7=~
(=5 =7 (d) None of these
Two vertices of an equilateral triangle are (- 1,0) and 1, 0)

and the third vertex lies above the x-axis. Find the equation
of its circumcircle.

(B) x2=y2+ 2 440 (b) x2+y2—31-1=0

7 i
©) 3¢ = = % =10 (d) None of these

The APQR is inscribed in the circle x2+ y2 =25. If Q and R
have coordinates (3, 4) and (-4, 3), respectively, then ZQPR
.is equal to :
T T
a) — b
(@) > (b) 5
T T
rhd G 2
©Z @ 2
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Day 26 The Circle

13. The equation of a circle with origin as centre and passing
?hrough the vertices of an equilateral triangle whose median
is of length 3ais [NCERT Exemplar]

(@) x* +.y* =08 (b) x* +y* =16a°
(© x* + y? =4a° @) X2+ y2 =4

14. For the circle x° + y° =, find the value of r for which the

area enclosed by the tangents from the point P (6, 8)to the
circle and the chord of contact is maximum.

@ r=4 (=5 =3
15. The lines 8x-y+3=0 and x-3y-6=0 cut the

coordinate axes at concyclic points. The equation of the

circle through these points is

@ x2+y2—Bx—y—6=0 (b) x*+y?+5x+y+6=0

©) x>+ y? +2xy=0 (d) None of these

(@ur=1

16. Equation of a circle through the origin and belonging to the
coaxial system of which the limiting points are (1, 2) and
(4, 3)is
@ x®+y>—8x—6y=0
(©) 2x2 + 2y —x -7y =0

(b) X%+ y? —2x+4y=0
(d) None of these

17. Find the equation of the circle which passes through the

points (2, 3)and (4 5) and the centre lies on the straight line
y—4x+ 3=0.
@ x®+y?—4x—-10y+25=0
(b) x>+ y? —4x—10y —25=0
©) X+ y? —4x+10y-256=0
(d) None of the above

18. Let L, be a line passing through the origin and L, be the line
x+y=1 |If the intercepts made by the circle
X%+ y? —x+ 3y=0o0nL and L, are equal, then &; is

(b) x+y=2
(d) x=7y=0

(@ x+y=0

() x+7y=0
19. Circles are drawn through the points (a,b) and (b, —a) such

that the chord joining the two points subtends an angle of

45° at any point of the circumference. Then, the distance

petween the centres is

(a) /3 times the radius of either circle

(o) 2 times the radius of either circle

(@) .Y times the radius of either circle

2

(d) 2 times the radius of either circle

20. Ifa,, n=12, 3, 4represent four distinct positive real numbers

other than unit such that each pair of the logarithm of &, and
the reciprocal of logarithm denotes a point on a circle,
whose centre lies on Y-axis. Then, the product of these four
member is

(@ 0 (d) 3

(o) 1

(© 2

21, The set of values of a for which the point (2a,.a+ 1) is an
interior point of the larger segment of the circle
x2 + y? =2x -2y —8= 0 made by the chord x—y+1=0, is

WGy e

ol el

22. Three concentric circles of which biggeét circle is
x2 + y2 =1have their radii in AP. If the line y = x+1cuts

all the circles in real and distinct points, then the interval
in which the common difference of AP will lie, is

-
© (1 (@ [O% (1——}5)}

23. Let a circle be 2x(x—a)+ yRy-b)=0, a# 0,b# 0. Then,
the condition on a and b, if two chords each bisected by the

X-axis, can be drawn to the circle from a,g— Jis

(b) a® <2b?
(d) None of these

(a) a° >2b°
(c) a® =2b?

24. The length of the common chord of two circles
(x—a) +(y-b}? =c2 and (x=b)* +(y—af =c*is

(@) 4c? +2(a—by (b) 4c?~(@—by
(©) y4c? -2(a—b)f (d) y2c? —2(a~by

25. A circle touches the hypotenuse of a right angle triangle at
its middle point and passes through the mid-point of the
shorter side. If aand b(a < b)be the length of the sides, then
the radius is

(a) —Z—\/a2+b2 (b) 2% & (o
. (© %\/az-sz

26

(d) None of these

et P.Q and R be the centres and 7, and iz be the

corresponding radii of the three circles form a system of
coaxial circle, then /2 -QR+ r2 -RP+ r - PQ is equal to

(@) PQ-QR-RP (b) -PQ-QR-RP
(c) PQ+QR+RP (d) -g—ngP

27, The limiting points of the coaxial system of circles given by
X2 4+ y? +2 g +c + K(x? + y? +2fy + k) = 0. Subtend a right

angle at the origin, if

gel
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28. The equation of the circle of minimum ragjyg which contains
the three circles

Xy —gy-5=g
X“+y"‘+12x+4y+31:0

and \<3+_v3+6x+12y+36=0is
_31 [ 232

) 3.5 =)
G Sl = e
(y 7 [ 36‘/949)

{
N2 2 o)
(b) (x+—J +(y—ﬂ) =(3+£J§T9
\ 18 36
31)? 23)? 2
(x+7) +(y+~) =(3+%\/949)
(d) None of the above
29. The equation of the circle circumscribing the triangle
formed by the lines X+y=62x+y= dand x +2y = 5is
@ X%+ y2 +17x+19y+ 50 = ¢
(b) x2+y’-—17x—19y+50=0
©) x*+y? —19x—17y+ 50 = ¢
d) None of the above

(
(
30. The equation of the circle circumscribing the quadrilateral

formed by the lines in order are 5x + 8y — 9= 0, x=38y =0,
2x—y=0,x+4y—2:0, is

) 5 .2
(a) 2x‘+2y2—1§°‘/.+§y:0

16 2
Bl Bty sty — 0
(b) ety ol
16 1
e
+yY +—x+—-y=0
(© x“+y i
16 1

() 5 byR =t 2y =0

Directions (Q. Nos. 31 and 32) P s a variable point on the line
L =0. Tangents are drawn to the circle x* + y? =4 from P to touch

itatQ andR. The parallelogram PQSR is completed.
31. IfL =2x + y = 6 then the locus of circumcentre of APQR is

(b) 2x+ y =3

—yv=4
2y (@2 =8

(c) x-2y=4
32. if P = (2, 3), then the centre of circumcircle of A QRS is

Directions Q. Nos. 33 and 34) Let the point to AG,7) and
B(6, 5) and equation of circle, C = x* + y* — 4x~6y =3 =0,

33. The chords in which the circle C cuts the members of the
family S of circles through A and B are concurrent at

@ @3

03

@ 32

JEE Main Mathematics .+ 40 Days

34. Equation of the member of the family S which bisects the

circumference of C is
@ x*+y?—5x_1=0¢ () X%+ y2 —5x 4 6y-1=0

© X*+y2 —Bx 6y ~1=0 (q) X+ YR 4 Bx—gy_1=g

Directions (Q. Nos. 35 to 38) Consider the two circles
GGy = andley, S = T i A B fixed point
on the circle C,, say Alr,0) and Bbe a, variable point on the circle
Cy,. The line BA meets the circle C, again at C.

35. The maximum value of BC2 is
(a) 412
(©) 415 ~4r?

(b) 4rf
(d) None of these

36. The minimum value of BC2 is
(@) 45
(©) 4rf—ar?

() 415
(d) None of these

37. The set of values of 042 + B2 +BC?s
(@) [55 — 82, 512 + 2] (b) (415 —4r2, - 472]
(©) [4r7,4r2] (d) [575 =3¢, 5r2 + 32

38. The locus of the mid-point of AB,O being the origin

2 D 2 2

f 2B h 2_ 5

a) | X=—| +yc=22 D) [x—2| +y2="2
()( 2) 4 2 ()( 2) / 4
2 2 2 2

( _f_z) 20 il d ( _@) sy Rl
(© (x Sl = (@) | x o) =

Directions (Q. Nos. 39 to 44) Fach of these questions contains
two  statements : Statement | (Assertion) and Statement ||
(Reason). Fach of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (@), (b), (9 and (d) given below.

(@) Statement | is true, Statement |l is true; Statement Il is a
correct explanation for Statement |.

(b) Statement | is true, Statement Il is true; Statement Il is not
a carrect explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement [l is true.

39. Tangents are drawn from the point (17, 7) to the circle
SE = ) ;
Statement | The tangents are mutually perpendicular.
Statement Il The locus of the points from which mutual.ly
perpendicular tangents can be drawn to the given circle is
x* + y2 = 338,

40. Consider the radius should be zero in limiting points.
Statement | Equation of a circle through the origin gnd
belonging to the coaxial system, of which the limiting points
are (1, )and (3 3)is 2x* + 2y — 3x — 3y = 0. ;
Statement Il Equation of a circle passing through the point,
(1, 1) and (3, 3) is x*+y? —2x — 6y + 6= 0. |

Cyre
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. Statement | A ray of light incident at the point (- 8 = 1) gets
reflected from the tangent at (0, - 1) to the circle x2 + y2 =1
If the reflected ray touches the circle, then equation of the
reflected ray is 4y — 3x = 5.

Statement Il The angle of incidence = angle of reflection
e, Zi =

. In three collinear points, no circle can be drawn.

Statement | Number of circles passing through
(=2,1),(-10), (-4 3)is 1.

Statement Il Through three non-collinear points in a plane
only one circle can be drawn.

Statement | The circle of smallest radius passing through
two given points Aand B must be of radius % AB.

Statement Il A straight line is a shortest distance between
two points.

. Considerly =2x + 8y + p—3=0, L, =2x+ 8y + p+ 3=0,
where p is a real number
and C = x2 + y° + 6x=10y.+ 80.=0,
Statement | If line L, is a chord of circle C, then L, is not
always a diameter of circle C.

Statement il If line L, is a diameter of circle C, then L, is not
a chord of circle C.

. Let ABCD be a quadrilateral with area 18, with side AB
parallel to the side CD and AB=2CD. Let AD be
perpendicular to AB and CD. If a circle is drawn inside the
quadrilateral ABCD touching all the sides, then its radius is
(a) 3 (b) 2 (c) 3/2 (d) 1

. The centre of the circle which circumseribes the square
formed by x* —8x +12 = 0 and y? — 14y + 45= 0 is
@ (3,7 (b) 4,7) (@ 25 (d) (6,9

. Let PO and RS be tangents at the extremities of the diameter

PR of a circle of radius 7. If PS and QR intersect at a point X
on the circumference of the circle, then 2r is equal to

Day 26 The Circle

ol two circles

PQ + RS

(@) \/PQ-RS (b) 5

2PQ-RS /PQ2+RSZ
c e d v
© PQ+RS @ 2

X2+ Y2 + 4x + 6y =0 and
e y2 + 29’ x + 2f” y = 0 touch each other, then
(a) 8g"=2f" (b) 8f' =29’ (o) I"+g'=6(d) -9 =1

. The point of contact of 4x+5y+6=0 and

X2+ y? —2x -4y —-8=0is

@ (2 i_) (b) [%75;) (© 3-2) (d) Noneof

these

. The equation of the circle described on the common chord

of the circles, x®+y?—12x+2y-10=0 and
X2 + y? - 8x + 5y — 37 = 0 as a diameter is

() 25(x2 + y?)— 348x + 14y —74=0

(b) 25(x® + y?)— 348x + 140y —74=0

(©) 25(x® + y?) — 300X + 14y + 70 =0

(d) None of the above

)
)

. A point P moves such that the sum of the squares of its

distances from the sides of a square of side unity is equal to
9. The locus of P is a circle whose centre coincides with the
centre of the square. Find its radius, also.

i i
(a)L[3 2)r~2 (b)C(2 2)r—2
() C[1 7J =2 (d) None of these

5 3

. If the straight line ax + by =2; a, b # 0, touches the circle

x? + y? —2x = 3and is normal to the circle x2 + y2 —4y = 6,
then the values of aand b are

(@Fa=i=2 (b) a=1, b=-1

(@)¥a= —g. for= 1 (d) None of these

AIEEE & JEE Main Archive

if each of the lines 6x + 8y =13 and 4x — y = 3 contains a
diameter of the circle x? + y? —2(a® —=7a+ 11)x

~2(a° ~6a+8)y + b + 1=0,then  [jee main 2013]
(@) a=5andbe(=11)  (b) a=landbe(-11)
(©) a=2andbe(-=1)  (d) a=5andbe (- o, 1)

If a cnrcle C passing through (4, 0) touches the circle
%2 + y? + 4x — By —12 = 0, externally at a point (1, =1) then

the radius of the circle C is [JEE Main 2013]
(@) 5 (b) 245 () 4 (d) 57

55. If two vertices of an equilateral triangle are A(-a, 0) and

B(a, 0), where a > 0 and the third vertex C lies above X-axis,
then the equation of the circumeircle of AABC is

[JEE Main 2013]
(@) 3x? + 3y? —2v/3ay = 3a% (b) 3x® + 3y? —2ay = 34°

© X* + y? —2ay=a° (d) x° + y* —JBay=a®

56. If the circle x®+ y? —6x -8y + (25— a%)=0 touches the

axis of x, then a equals to [JEE Main 2013]
(@) 0 (b) £ 4 ()2 (@)
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57. Statement I The only cire

diameter along fine 2 4+ Y=Sisx®+ )2 gy 2y=0

S}aterr}ent il 2x + Y=56 is g normal to  the circle

DEE Main 2013j
(&) Statement | IS true, Statement Ilis true: Statement || isa
Correct explanation for Statement l.

(b) Statement | is true, Statement s true: Statement s not

JEE Main Mathematics in Just 40 Days

64. The point diameterically opposite to the point P(1,0) on the

65.

circle X + y? + 2x + 4y — 3=0s [AIEEE 200
@ (3.9 s
© (-34) )

Consider a family of circles which are passirjg through the
Point (-1, 1)and are tangent to x-axis. If (h, k)is the centre of

i AIEEE 200
a correct explanation for Statement |. i : 4
(C) Statement | s true; Statement | is false. ((S; i 12/21/5/( <12
(d) Statement | is false: Statement || IS true, ©) k< 1/5 -
58. Tﬁ? circle Passing through (1. —2)and touching the x axis to CIUS e
at {3" 0)also passes through the point DEE Main 2013] 66. Any chord of the circle X%+ y? =25 subtends a right angle
‘,83 ‘-g S S ) (B) 2,-5) atthe centre. Then, the locus of the centroid of the triangfe
962 @ (-2 5) made by the chord and g moving point P on the circle is
59. The length of the diameter of the circle which touches the [ATEEE 2007]
X-axis at the point (1, 0) and passes through the point 2,3 (@) parabola (b) circle
is [AIEEE 2012] (c) rectangular hyperbola (d) ellipse
e 1D 3 6 5
@ > (b) E (c) = (@) g 67. Let C be the cirgle with centre (0, 0) and radius 3. The
: b O . €quation of the locus of the mid-points of the chords of the
60. The two circles x* + y? = g« and x2 + V=t e s 0) touch circle C that Subtend an angle 2m/3 at jts centre is
each other, i [AIEEE 2011] o7 [AIEEE 2006]
@ |a]=c (b) a=2¢ @) x* 4 y2 ==/ (B)o e
(@ |a]=2c d) 2|a|=c 34 4
2 2 2 25 -
61. The equation of the circle passing through the point (1,0) o) Eeiay =5 @ x= + y2 =1
and (0, 1) and havin the smallest radius is [AIEEE 2011] ; 5
= X(2+})/2+X+y 92_0 el L o 68. If  the circles x‘+y2+2ax+cy+a=0 and
T P 2 2 . 5 i ’
(©) x2+y2—x—y=0 (d) x2+y2+2x+2y—7=0 AtV -38X+d}/—1=0mterseot In two distinct points P
( b ‘ _ and Q, then the line 5x + by —a=0passes through P and @
62. The circle x2+ Y*=4x+8y+5 intersects the line for [AIEEE 2005]
3X —4y =m at two distinct points, if [AIEEE 2010] (@) no value of 5
(@ -85<m<-35 (b) —35<m <15 (b) exactly one value of g
(©) 15<m <65 (d) 35<m<85 (e) exactly two values of g
: | (d) infinitely many values of 5
63. 1 P and Q are the points of intersection of the circles .
x2+y2+3x+7y+2,0—5=0and 69. ”2 tth two  circles (X‘1)2+(Y—3)2=f2 and
x2 & Y2 +2x+2 ¥y —p? =0, then there is a circle passing X" Y BN Opig 0 intersect in two distinct points,
through P, Q and (1, 1) and [AIEEE 2009] then [AIEEE 2003]
(a) all values of p (b) all except one value of p ((ca:)) r2 _< 2r <8 ) r<b
(c) all except two values of p (d) exactly one value of p 5 @ r>2
Answers
1. (c) 2. (b) 3. (a) 4. (a) 5. (b) 6. (b) 7. (b) 8. (a) 9. (a
11, (b) g2 (C) 13. (C) 14. (b) 15. (a) 1e. (C) 17 (a) 18. (C) 19. (d)
21. © 22. (d) 23. (a) 24. (¢ 25. (c) 26. (b) 27. (d) 28. () 29, (b)
31 (b) 32. () 33. (b) 34. (0 35. (b) 36. (c) 37. (@ 38. (b) 39. (a)
4L () 42, () 43, (b) 44. (c) 45. (by  46. (b) 47. (a) 48. (a) 49. (b)
28 iy ' 64. (d) 65. (a) 66. b) 67. (b) 68

© 62 () 63. (c)

Rttt o

Lo

i

b
=
5
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1. Using the condition, if the circle passing through the intersection

of WO lines a,x+byy+c,=0 and a,x+b,y+c, =0 with
coordinate axes, then

a-a, = by b,
A= (-1)(-2)
= Ni=2
2. The triangle is right angled. lts circumcircle is X% + y2 — 4x = 0.
B, (1502 5
At point [ =, 1|, ~) +1-4.=-<0
2 2 2
Hence, point is inside the circle.
3. Circleis X2 + y? —2x=0
Let (X, y;) be mid-point of the chord, T =,
X6+ W — (X + X)) = X2 + y2 —2x,
It passes through (0, 0), whose locus is X2 + y? — x = 0.

4. The centre of the required circle is such that (5, 5) is the mid-point
of the two centres. Hence, required equation of circle having
centre (9, 8) is (x—9)% + (y—8)° =25

ie. X2 + y? —18x— 16y + 120=0

5. Givenlines are 3x+ 5y =1 o)

and @ +c)x+ 5cly=1 ....(ii)
From Egs. (i) and (ii),
(—c)x+5(1-c?)y=0

e =il x+ 10y=0

Centre = (g - i)
50 25
N2 2 2
. Equation of circle is (x = gJ it (y+ l) = [2 = E) o
5 25 5 25°
- 25(x% + y?)—20x + 2y — 60 =0

6. Area of quadrilateral OACB,

i
WV

A=0B-BC =5%coto

=5o\/§
13

( sin@ = @)
5

Hints & Solutions

7.

10.

11.

12.

. Centre of given circle x* + y? — 6x + 12y + 15=0is (3 — 6).

. Let x; and x, be the roots of x* + 2ax — b® = 0and y;, and y, be

S0, the equation of circle is X2 + y2 - 2 _1=0

The tangent at B(1,7)is y =7

and D(4, — 2)is 3x — 4y —20= 0.

Then, meet at C(16, 7).

Now, AB=1,80 =19
Area of quadrilateral ABCD = AB-BC =75

Radius = /(3% + (=6)2 — 15 = /30
Area of circle = nir® = 1 (v/30)? = 30x
Area of require circle = 2 (Area of given circle)
TR? =2 x 30r = 60m
= R =60 = R=2415

..Equation of required circle is

(x= 3P + (y+ 67 = @V15)
= x®+9-6x+y2+ 36+ 12y=60
= X2+ y2 —6x+12y—15=0

the roots of y* + 2py —q? = 0. Then, coordinates are A(x;, ;)
and B(X,, ¥»).

AB=(x=X)X=X)+ (Y= Y1) (y=Yo)=0

2 X=X (4 + Xo)+ XX + V2 — V(s + Vo) Yi¥a = O

@, 5 & o 2a: By —oF @7 =0
fi=lE s for & Jof 4t e)”

Equation of tangent at (1, —2)is x =2y — 5= 0.
For lind circle centre (4, — 8)and r = /5.

Now,

Point of contact is i s s
1 -2
% Aok o
1B EE
X=38 y=~=1

Length of side of triangle is 2.

The equation of circle passing through (-1,0) and (1,0) is
(x+ 1) (x=1)+ y?> + kA= 0.

The coordinates of third vertex will be (0, ¥/3), which is passing by
the circle.

VS

73
V3

QR subtend g at the centre and QR subtends % at P or

2QPR=".
S
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13. Let equation of circle be X2 + y2 = /2

Since, in an equilateral triangle, the centroid coincides with the

centre of the circle.

~.Radius of circle, r = % (3a) =2a

On putting r = 2a in Eq. (i), we get
X + y? = (a)?

= X+ y? = 4a?

14. Now, OP =/6° + 82 =10

PA=S; =100/
Let f(r) = APAB= % PA. PB-sin2e

= (100 — r?)sin@-cos

(e = 22
100

Put f'(r)=0
g, §(1oo—r2)”2 (= 2r2)+ (100 r2)

= V100~ r? (3% +100-7%)=0

= r=x100rr=5

3/2

Hence, =15
15. Here, 3x 1= (-1)(-3)=3

Hence, the points are concyclic.

- L, + M&xy=0
= Bx-y+3)(x-3y-6+Axy=0
Now, Coefficient of xy = 0

N—l0=0="r =10
3% + y?)—15x— 8y — 18=0

= X+ )P ~Bx—y-6=0
16. Point circles of the coaxial system are
{ 3 (=12 +(y=-2)2=0

- X+ ¥ —2x~4y+5=0

s message t}y_. pu{ﬂcmg povaEDF (http://wwyv.n.ovapdf.co
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and (=2 = (= Q)2 =0
= X2 + y? — 8x— 6y +25=0
.. Equation of coaxial system is

(P + y2 —2x— 4y + 5)

+A(C + Yy — 8x— 6y +25)=0 0
Since, its passes through (0, 0).
BEL25N=0)
= N== 1
5

From Eq. (i),2x° + 2y2 = x—7y =0
17. Let the equation of circle be
X2+ Y2 +2gx+2fy+c=0 0,

Since, it is passing through the points (2, 3)and (4, 5).
22 + 32 + 2g(2) + 2f(8)+ ¢ = 0

= 4g + 6f + ¢ + 13=0 (1))
and 4% + 52 + 2g(4) + 2f(5) + ¢ = 0 ...t
= 8g + 10f +¢ + 41=0
On subtracting Eq. (i) from Eg. (iii), we get

4g + 4f + 28=0
= g+f+7=0 Aiv)
Also, centre (—g, —f)lies on line y — 4x + 3= 0
&, — i+ 49 + 3=10 (V)
On solving Egs. (iv) and (v), we get

g=-2f=-5

On putting g = -2, f = - 5in Eq. (i), we get
4(-2)+6(-5+c+13=0= ¢ =25
From Eq. (i), x* + y* — 4x =10y + 25=0

18. The chgrds are equal length, then the distances of the centre
fromthe lines are equal. Let L, be y — mx = Ocentre is (1 = §)
2

2 @
JmP + 1 V2
= 7m? —6m—1=0
= m=1 -4
7
Hence, L, be V+ lx=0
7
=2 XY= ()
19. Let P(x,y)be any point on the circumference of the circle.
Then, m, =Slope of PA= L=V
a-x
and m, = Slope of PB= 22 Y
b—x

T R ——

1
1
|
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<7 P(x,y)

(a,b) A
M
P

(%, y) (b, —a)

We have, ZAPB= 45° or 185°

M =Mz _ tan45° or tan135°
1+ mm,
ol =l =y
= el 0 b“L:i‘]
e
a=Xt DX
_ b=yb-X+@+y@-x__,
@-x)b-x-b-y@+y)
e Xy =at +b?

= {x—(a+b)}®+{y—(b-a)}?=a*+b?
The centres of these circles are 0(0,0)and C(a + b,b—a).
.. Distance between the centre

= J@+ bR +(@-bP =+2ya®+b?
— 2 (Radius of either circle)

20. Let(0,b)be the centre and r be the radius of the given circle, then
its equation is

(x=0 + (y=b)f =r°
= X2+ Y2 —2yb+b? —r* =0 ()

It is given that the point P,,(Iogan,I I ]; n=1234lie on the
0ga

n
circle given by Eq. (i).
Therefore,

oo o

5 +b?-r?=0n=1234
(loga,)* (loga,)

Since, loga,, loga,, loga; and loga, are roots of the equation.

then, A+ (b2 —r* N2 —2bA+1=0

Sum of the roots = 0
= loga, +loga, +logas +loga, = 0
=5 log (aya,a;8,) =0
= aa,asa, =1

21. The point (2a,a+ T)will be an interior point of the larger segment
of the circle X2 + y? —2x—2y—8=0

(i) The point (2a,a + 1)is an interior point.
(ii) The point 2a,a+ 1) and the centre (1,1) are on the same side of
the chord x—y+1=0.

(af + @+ 17 -2(a)-2(a+1)-8<0

and (2a—a—1+1)(1—1+1)>0
= 542 —4a—-9<0anda>0
=5 (5a—9)(a+1)<0anda>0

= —1<a<§anda>0

— ae (Ogj
5
22. The equation of the biggest circle is
S =i
Clearly, it is centred at O(0, 0) and has radius 1. Let the radii of

the other two circles be 1—r, 1—2r, where r > 0.

Thus, the equations of the concentric circles are

sE a2 =4 {0
& P = (=) ..(ii)
X2+ 2 =(1-2rf ....(iii)

Clearly, y = x+ 1cuts the circle (i) at (1, 0) and (0, 1). This line will
cut circles (ii) and (iii) in real and distinct points, if

1 1
= | <l=reneli—< =2l
7
= l<1—r and i_<1—2r
V2 V2
1 1 1
= r<i==Tandr<=(i==—
2 2( @)
1 1
=5 oz (=
2( «/5)
= relio,l@—i) (=10)
2\ B

23. The equation of the circle is
2x(x—a)+ yRy—b)=0
= 5y —ax——zb-y =0

S

P (a, bl2)

Xt B > X
Q
R

<<
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24.

LetPQand PR be two chords drawn from P(a,g) such that they
2

are bisected by X-axis.
Let At,0) be the mid-point of PQ,
Then, its equation is

D<+0)’—2§(X+f‘—%(y+0)=12—at (Using T =S7)
= (T—E)X_Eyth_ét
2 4 2

This passes through P (a, 9)
2

2
Therefore, (i ~ E) g8 % 72,
2 8 2

o
= 2 S SRl =0
2 2 8

This should give two distinct values oft for points A and B.
24 2

9a2_4/& P s
2 8

4
2 2
= 97 2 9— >0
4 2
= G
The equations of two circles are
S;=(x—af + (y-b) =c? ()
and S, =(x—b)? + (y—a)? =c? . (i)

The equation of the common chord of these circles is
S =95, =0

= (x-af —(x=bf+(y-bf ~(y-a =0
= @x—a-b)(b-a)+ Ry—b-a)(a-b)=0
=5 2X—a—-b-2y+b+a=0

= ;x—y=0

The centre coordinates of circles S;andS,, are C,(a,b) and
C, (b,a), respectively.

Now, CM =

In right AC;PM, we have
PM = /C,P? —C,M?
2

2 _(@a=by

=,/C (—-——

. N2
PQ=2PM =2 |c? ~ (a p)

JEE Main Mathematics

in Just 40 DayS
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25. The equation of the circle touching X+ Y = 1 4 p(a b) is
G o)

F P (al2, b/2)
S A@0) .
\\//o/ ;
%? £+!=1
9 “a b

!

Since, it passes through Q(S,O).

<

2
k:b_
2

On putting the value of A in Eq. (i), we get

o 2 0
[X_EJ +(y_9) +P_(§+X_1)=o
2 2 2\e o

2 2 o
= 2 e e |V o D
2a 4

Therefore, [from Eq. (i)]

2

Let r be the radius of this circle.

2
T, & = a—b—E) oD _[&-b7) PRl +bf)
4l 2a) 16 4 16a°

= r=4£\/a2+b2
a

26. Let equation of circle be x* + y2 + 2gx+¢ = 0.

where, g is a variable andc is a constant, be a coaxial system of
circle having common radical axis as x-axis.

Letx* + y? +29; x+C =0/ = 12,3
be three members of the given coaxial system of circles.
Then, the coordinates of their centres and radii are
P(=91.0),Q(=g,, 0), R(-g5, 0)
and f=gf-c,if=g3-c, s e
Now, 72 -QR+ 2 -RP+ 12 - PQ
=(07 ~¢) (@2 - 94)+ (0% -G)(g, - gy)
+(93 -0) (g1~ )
=g12 92 -93) + Qg(gs =) 9’3 (9, fgz) '
—C {(9, —g3)+ (@5 — ) + (91 -92)}
—(91-92) @2 -95) (@5 “Qi)'- ,m‘- l'”
=-PQ-QR-RP e

§

[P R
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2%7. The equation representing the coaxial system of circle is
X+ 2 +20x+C+ A+ Y2 +2f+ K)=0

2 2g 2f L C+ kh ;
— e g B AR Sl U S0}
1+ A 1+ky 1+ A 0

The coordinates of the centre of this circle are

(_L,_l ...(ii)
1+A 1+ A
: g2+ 2% —(c+ kKM(I+ 1)
and radius =
{1+
For the limiting points, we must have
Radius = 0
= g2+ —c+k\)I+A)=0
= A2(f2 —k)— A + k)+ (g% —c) =0 ....(iii)
Let A, and A, be the roots of this equation.
k
Then, e
1 2 fz i
gkse ;
and MA, = o ..(iv)

Thus, the coordinates of limiting points L, and L, are,
—0) S
L] Q : 1
1+ A 1+

and e i
1+ A, 1+ 4,

[from Eg. (iv)]

Now, L,L, will subtend a right angle at the origin.
If slope of OL, x slope of OL, = —1

I S L NN =g
g g
2
= f2 6/~ =@ ey
( e | =
= f2(g? —c)+ g2(f? —k)=0
= % + fi(f =2
g
28. The coordinates of the centres and radii of three given circles are
as given
'I
C1(0,2)
C3(-3,-6
e 3 ( )

29.

347

Circle Centre Radius
Ist Circle C4(0,2) A=
lind Circle C,(-6,-2) 7y = 3
llird Circle C4(-8-6) =3

LetC(hk) be the centre of the circle passing through the centres
of the circles Ist, lind and llird.

Then, €, =CC, =CC;
= Ce = (06; =(6C;
= (h—07+ (k=2 =(h+ 67+ (k+2)
= (h+ 3 + (k + 6)
= —4k+ 4=12h+ 4k + 40=6h+ 12k + 45

=12h+ 8k +36=0 and 6h—8k—-5=0
= 3h+2k+9=0and 6h—-8k—-5=0

g% N0
= = _,k =
8 12
2 2
o= [0+ ) +[2+ )
18 12
-5 Joa9
36
Now, CP=CC,+C,P
= cP= (3_56,\/949 + 3)

Thus, required circle has its centre at (_1—?;_1—223] and radius

o (%«/949 + 3).

Hence, its equation is
(o8 o o]
Consider the equation
(X+ y—6)2x+ y—4)+ A@x+ y—4)(x+2y—5)
+U(X+2y—5)(x+ y—6)=0...()
where, A and p are constants.

This equation represents a curve passing through the vertices of
the triangle formed by the given lines. We have to determine the
values of A and p so that the curve given in Eq. (i) is a circle.

The curve given in Eq. (i) will be a circle, if

coefficient of x? = coefficient of y* and coefficient of xy = 0

= 2+2h+pw=1+2A+21
and 3+50+3u=0
= p=1and 3u+51+3=0
6
= =land A =—=
. 5
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30.

31.

On substituting the values of A and u in Eqg. (i), we get
(X+ y - 6)@x + y-4)—(g)(2x+ y—4)(x+ 2y 5)

+(X+2y—5)(x+ y=—=6)=0

= X* 4 y? —17x-19y+ 50=0
This is the equation of the required circle.

The equation of the sides of the quadrilateral are
L, =5x+3y-9=0
L, =x-8y=0

Ly=2x-y=0
Ly=x+4y-2=0

and

The equation of the curve passing through the vertices of the
quadrilateral is L,L; + AL,L, =0

=  (Bx+3y-9)@x—y)+ A (x- 3Y) (x+ 4y—2)=0
This will represent a circle, if

coefficient of x* = coefficient of y? and coefficient of Xy =0
= 10+ A==-3-12 A

= A=-1

On substituting the value of A in Eq. (i), we get

(5x+ 3y=9)@x—y)— (x—3y)(x+ 4y —-2)=0

o 16 1
DERE SR ()

which is the equation of the required circle

Length of tangents from a point to the circle are equal.
RE=IER

Then, parallelogram PQSR is rhombus.

- Mid-point of QR = Mid-point of PS and QR L PS

So, S is the mirror image of P with respect to QR.
u L=2x+y=6
Let P=( 6-21)

ZPQO = ZPRO = 12

JEE Main Mathematics i, _..; 20 Days

S;Poe, OP is diameter of circumcircle PQR, then centre is
(£5-1)

A
X== = A=2
5 5
and y=3-1
Then, 2X+y=3
32. Since, P= (2, 3)
So, the equation of QR is 2x + 3y =4,
Let S =(a,B)
-Jr,:} £E=5—3=—2<4+9-4)
2 3 (4+9)
:—E
13
(x:—‘I“O
13
=5
13

33.

34

.

Now, equation of circumcircle of AQRS is
OC + ¥~ &)+ A @x+ 3y - 4)=0,
- E, - 1_5) then
SIS

(0. 25 _ g (2l
169 169 1S/ S A

= (—@) + A
169
A

Since, its passes through S = (

Hence, circumcentre is (— A, — ﬂj/ﬁe., (—3—3)
2 13526

Equation of a member of the family S with AB as
diameter is (x — 3) (x — 6)+ (y=7)(y-5=0
Equation of line ABis2x + 3y —27 =0.
Equation of the family S is 3

(X=3) (x=6)+ (y - 7)(y - 5)+ A @x+ 3y-27)=0
= X+ rer-gx+ (BA —12)y + 53-274 =0 ...()
Equation of the common chord of Eq. () andC is

@A -9+ Ax+ (BL—12 + 6)y+ 53~271 + 3=0
= (Sx + 6y — 56) — A @x + 3y-27)=0. B (D)
which passes through (2,23/3), for all values of A.

Eq. (i) bisects the circumference of C, if the centre (2, 3) of C
lies on the common chord of Eq. (if).
; —28+ 141 =0 = }‘=2.
From Eq. (i),

XP P B by - Ty
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35. Let the equation of ABbe,
Y

h

X'a—

XY

S = SN Sy

cosO  sin®

-.Coordinates of any point on this line are
(1, + rcos 6,rsin 6)

If it lies on x° + y° = 2. Then, we have
(; + rcosB) + (rsind)* = =
= 12 +2mcos8+ - — 15 =0 ()

lLet AB=rz and AC = 5.
Then, 1z and i, are the roots of Eq. (i), we get

Iz —Ip = —26,COSH
and e =l
= (BCR = (i — ) =6 +16)° ~ 45k

= 472 c0S? 0~ 47 + 475
which is maximurm, when cos®6 = 1.
(BC)zmax = 4[’;’
36. Again, (BC)? is minimum, when cos?0 =0

(BC) min = 45 = 45

37. Now, OA? + OB + BC*

72 412+ A cos?0— 412 + 4rf

—

= 512 — 3r + 41 oS ®

Now, 0<cos’0<

= 0< 4r2cos?0 < 41
‘, = 52 — 3 < 5iF =3 + 42cos? o < 55 + i
: = OA2 +0B? + BC? e[52 - 37, 52 + 2]
| 38, Let (hk) be the mid-point of ABand let () be the coordinate
1 of B.

: o+h _
! Then, - h
‘ and Pk
y 2
=21

=

Day 26 The Circle

and B =2k

where, (0, B)lies on X2 + y =15
oo

= @h—n)f + @KF =55

- Locus of mid-point of ABs

2 2

h _
g ALl oy = 2
( j v 4

2

39. Since, the tangents are perpendicular. So, locus  of
perpendicular tangents to the circle X% + y? =169is a director
circle having equation x* + y = 338

40. Equation of circle, when the limiting points are (1, 1) and (3, 3)is

x=N2+(y-12=0

and =P (= 8F =0
= X+ P —2x—2y+2=0
and X2+ )2 —6x—6y+18=0

Equation of the coaxial system of circle is
X2 + y? —6x—6y+18

LA+ Y2 —2x=2y+2)=0

[t passes through origin, therefore
rA=—9

Hence, required circle is 2x% + 2% =3x8y =0.
Statemnent Il is also true but it is not a correct explanation for
Statement |.

41. Equation of tangent to the given circle is
y=mx+ 1+ m’

If it passes through (=8, = 1), then we have
= 1~ & gt

14+ m?=@m-1°

= 8m? — 6m=0
3

m=0m=—
4

Thus, reflected ray is y + 1= % (x+ )

= 4y —3x=95

42, letP=(-21.Q=("1 0)andR = (- 4 3)
0=

Slope of PQ=——+=—
—-1+2

3-0
lope of QR = ——=—1
and slop %

Slope of PQ = Slope of QR
Hence, P,QandR are collinear i.e., no circle is drawn.

NWW.N0VADJ O[]
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43. Let C, be a circle which passes throu
diameter is ABand C, be another

JEE Main Mathematics .., 40 Days

gh Aand Band ¢ Whose
circle which passes through A

and B, then centres of C; and C, must lie on perpendicular

bisector of AB. Indeed centre of
centre of any other circle lies som

Then,

So, C, is the circle whose radius is least.

Thus, Statement | is true bu

1 C1

Cy Is mid-point M of AB and
ewhere else on bisector,

M.A > AM (hypotenuse of right angled AAMM.,)
= Radius of C, > 21AB

Statement Il which is certainly true.

44. Equation of circle C is

ie.,

(x+8)2+ (y—52 =94 25_30
(x+8)2 + (y-52=4
Centre is (8 -5).

If L; is a diameter of a circle, then

=

~ Liis 2x+ 3y + 9=0 and Lyis2x+ 38y +15=0,
Distance of centre of circle C from Ly

2(3) + 3(-5) + 15

428 4 @82

2(3)+ 3(-5)+ p-3=0

p=12

Hence, L, is a chord of circle C.

45. LetCD=x AQ=r

Area of quadrilateral = 21(x+ 2x)x2r=18

=
=
=5
=

A Q f
i
i
|
i

=
N

D

22

xX=6
CB=CR+ RB=PC +QB
X—I+2xX—r=3x-2r

t does not actually follow from

= VA2 + x2 = 3x_op

8r

= == ...(i)

2
=2

46. The sides of the square are

X=2,X=6y= 5y=9
The centre of the circle is the centre of the square (4, 7).

47. PQ = 2rtan6,RS = 2rcote

4S
Q

73
&

2r = /PQ-RS

48. The centre of the first circle is (- 2, - 3)and radius ; = 18 and

centre of second circle is (- g/, - ) and radius =™ & 72

CCr=+l@’+ 27 + (" + 3)2

> Circles touch each other CC, =t

9%+ 44+ 9+ 49"+ 6 =TT+ g P s (7

On squaring both sides, we get
g’ + 3P =139 + 12)

= 12g°F = 42 4 g9g72
— (391_2’(,)2 =0
= Se=2

49. Let the point of contact be (x;, y1).

.. The equation of tangent to the circle
X —2x—-4y—8=0is
X+ Wy = (X + X)) —2(y + ¥1)—-8=0
or X(x; = 1) + 07 =2)= (4 +2y, +8)=0

But4x + 5y + 6= 0, also represents the same line

(x1-1)=(y1-2)=—(x1+2y,+8)
4 5 6
SX; — 4y, + 3=0 ()
and 5X, + 16y, +28=0 (i)

On solving Egs. (i) and (ii), we get
2 5
=—andy ==
AT o dleiay

So, the point of contact is (g %‘5)

e ——
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Day 26 The Circle

= The equation of common chord of two given circles S, and S,
is
S$;-S,=0 (i)

and the equation of circle passing through the end points of
common chordis S, + NS o)

“-Common chord = (x2 + 2 — gx 4 5y — 37) —

(X + ¥ ~12x+ 2y ~10)= 0
= 4x+ By —-27 =0 .. (iii)

Therefore, the equation of circle passing through end points of
4x+ 3y —27 = Qis

(¢ + y? —8x+ 5y— 37) + Méx + 8y -27)= 0,

= X+ + (@h-8)x+ (5+ SNy —(@B7+270)=0 ...(iv)
The centre of the circle (iv) is{ (& ——ﬂ B Sx}a nd it
2

lies on the common chord.
—4@A— 4)— 3(5+237‘) 70

= — e e e e
2 2
= = NS
)
_o5\ g7
= = G
>0 b
= K=~z
25

Therefore, the required circle is
i ol 3¥
X+ 9f | ax]-2 8—# o+ ’4( )
}/2 ’: L 45) J l: 25 v

L, 37+27[—3_7\}=
25 )
il 2y yp 348X 1Ay 74

25 25 25
= 25(x2 + y?)— 848x + 14y —74=0

Let the sides of the squares be x=0, y=0, x=1, y =1
Locus of Pis x° + y? + (x =102 + (y=1)2 =9
= x2+y2—x—y—£=0

Centre of square C (21 21) and radius r =2,

=
=

Forcirclex® + y* —2x =3
Centre = (1, 0)and radius = 1% + 02 + 3 =2
and for circle x° + y? — 4y = 6 . (ii)

Centre = (0, 2) and radius
Since, line ax + by =2 (i)
Touches the circle (i), then

54. Let centre and radius of circle C is

a(l)+ b(0)-2
va? + b?
= a-2=2+a"+p? (V)

Also, line (iii) is normal to the circle (ii), so it will pass through the
centre (0, 2) of the circle (ii).

a—2=2+va’+1

= @-2)2 =4@%+1)
= 3%+ 4a=0
= a=0-4/3

Thus, a = —4/8and b = 1according to the given choices.

53. On solving the equation of diameters, we get

X ="Tlandy =1
i.e., centre of circle is (1, 1),
2(@° —7a + 11)x
~2(a® —6a+ B)y+ b +1=0 0

So, centre of the circle is {a® - 7a + 11, a° — 6a + 6}.

Given, & =

ac = alt =

and % — 6206
= EF =7+ 0= 0
and a2’ —6a+5=0

cl=2,9  enel @=1.5
On putting a = 5in Eq. () , we get
QO 4 o e = )

= (=12 + (y =1 = (1= )2
Here, radius = \/1——bs_> 0

= b= i<i0

= (b—1)(b% + 1+ b)< 0

= b<1ie,be(=e,1)

(h, k), and r, respectively.
... Centre if radius of circle

(-2,8)andr=,4+9+12 =5

55. In an equilateral triangle circumcentre

lies on the centroid of a triangle.
Centre of circle = Centroid of triangle

a
e
( ~/§) z
el !
1B a
g \Cali2o ‘%a (e,@)
2 i Sl \
(x=0) +(y «/5) (ﬁ) 7 ‘ s
R el

=  3+8/°-2/3ay=3a"
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86. When the circle touches abscissa (X-axis), then

the equation of circle is
(x=h)? + (y= k) = k2, where (h, k)— centre

= X* 4y —2hx —2ky + B2 = @ (i)
Compair with, x* + y — 6x — gy + @5-a%)=0

= h? =25 - g2 (ihi=~3)
- a®=25-9=16

: a=+t 4

57. Statement | Centre of circle= (3, —1)

Now, 2(3) + (-1)=5=5 (true)
Statement Il Centre = (8, = 1), which lies on given line.
Simplify it and get the resuit.

58. Let the equation of circle be

(x=3 + (y- 02 + Ay=0

Y
A(3, 0)
X’g —
L, T®
(1 ) _2) J
{,,

As it passes through (1,=2).
(1-3F + (-2 + A (-2)=0
= 4+ 4-2)=0
=> M=
~.Equation of circle is (x — 3 + y? + 4y =0

Now, by hit and trial method, we see that point (6, —2) satisfies
equation of circle.

59. Let us assume that the coordinates of the centre of the circle are

C(h,k)and its radius is .
Since, the circle touches x-axis at (1, 0), hence its radius should
be equal to ordinate of centre.
= =%
Hence, the equation of the circle is
(x=hp + (y—kP? =K?

Also, given that the circle passes through the points (1,' 0) and
(2, 3). Hence, substituting them in the equation of the circle, we

get

(=hP +(0—k) = K? ()
@—-hP +(@B-kF =K ()
From Eg. (i), =l

On substituting in Eq. (ii), we get 2
-1 +@-kP =K'= k =§

So, the diameter of the circle is 2k = %0 :

JEE Main Mathematics indust 40 Days

60. x*+ 2 —ax=0and 2 + ¥? =c? touch each other.

(i) If circles touch internally,

Y,
p—1C
al
— o —- X
X o) al2 ©
v
gLl g
2| 2
- C—E:_a_
2 2
= e —=aic0)
lal=c

(if) If circles touches externally,

Y,

/ - -a/2
S m/cﬁ/ B
.

o2 a

2| 2

= (G I
2

. C =0,.e.,not possible asc > 0

Hence, the circles should touch internally, when|a|=c.

61. Circle whose diametric end points are (1, 0) and (0, 1) will be of

smallest radius.
= (X—1)(X—0)+(y—0)(y—1)=0=> Xty —x-y=0

62. Since, the coordinates of the centre of the circle are(2, 4).
Also, r2=4+16+5=25

The line will intersect the circle at two distinct points, if the
distance of (2, 4) from SX—4y=m s less than radius of the

circle.
[6-16—m)]
—  l<¢5
5
= —25<10+m<25
-35<m<15

e e e

.
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B3. Let S=x"4+ y° + 3x+7y+2p-5=0
andS’ = x® + y* 4+ 2x+2y-p2 =0
S0, equation of the required circle is S + AS" = 0.
As it passes through (1, 1), the value of
A=~ +2p)/ (6~ p°)
Here, A is not defined at p= + /6
Hence, it is true for all except two values of p.

64. Given equation can be rewritten as
(x+ 1 + (y+ 27 = (242
Let required point be Q(o, B).

Then, mid-point of P(1, 0) and Q(e, B)is the centre of the circle.

ot B3+ 0 _

ie., —1and[77 -2
2

"
= a=-3and f=-4
So, the required point is (- 3, — 4).
65. Circle with centre (h, k) and touching x-axis is
X2 + y? —2hx—2ky + h? =0
Since, (-1, 1) lies on it.
2 -+
Sk A R ke P
2 2
66. Let the centroid of the triangle be Then,
0+ 5cosB+ 5 5+ 5sin®+ 0
=— ~ —andk=—-—-——
3 3
= 3h=5(1+ cosB)and 3k =5 (1 + sin8)

@-S_ﬂ=coseandL5—5)=sine

(h, k).

h

Y
(0, 5)

A
A
X'+ C\(s O, x

X

(5 cos 6, 5 sin 6)

4
y!

Day 26 The Circle

67.

68.

69.

9h® +25-30n  Ok? + 26— 30k _

1

=

25 25
—  Oh? + 9k2 + 50— 30h — 30k —25=0
= 9(x% + y?)— 30x — 80y + 25=0

Hence, it represents a circle.

The locus is the circle with centre (0, 0)and radius
3003E = §
3 2

s

Bz

Hence, its equation is x* + y* = %
The common chord of the circles is
S-8=0
=> Sax+ (@ —-d)y+a+1=0
But it is same as 5x+ by—a=0
52 _c-d _a+1
5 b
= a®+a+1=0

has no real value of a.

Centres and radii of given circles are
CA5) (=1, CHlE = 1)

and ’2=\/Z2+1—2—8=3

Since, [-nL<CC,<f+1h

= =G =P = )% <4 8
= r-3<5<r+3

B r-3<5and5<r+3

= r<8and2<r

= 2<r<8
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Day 27
Oitlines ..

©  Conic Section

) .Par;ab@l.a, , PR
< o E Equation of _Tang?'nt'f» Sl

O Equation of Normal
tor Circle

Parabola

Conic Section

A conic is the locus of a point whose distance from a fixed point bears a

constant ratio to its distance from a fixed line. The fixed point is a focus S. The
fixed line is the corresponding directrix, /

The constant ratio is the eccentricity denoted by e.
(i) If 0 < e < 1, then conic is an ellipse.
(ii) If e = 1, then conic is a parabola
(iii) If e > 1, then conic is a hyperbola,
(iv) If fixed point of a curve is (x,,
equation of conic is

(@ +b?) [(x = %)% + (y - y,)?]

V1) and fixed line is (ax + by +¢)?, then

=6’ (ax + by + ¢)?
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Day ‘# 7 Parabola

General Equation of Conic Section

A second degree equation ax® + 2hxy +by* + 2gx + 2fy + ¢ = 0 represents

Case | When the focus lies on the directrix Case |l When the focus does not lie on the directrix
¢ a h g (i) Circle :a=b,h=0,e =0and A #0
i) Pai i i = =
(i) Pair of straight lines A g l} ]c[ 0 (if) Parabola : 1 = ab,A % 0,6 =1
; 2

(ii) If e > 1, then the lines will be real and distinct (i) Ellipse : i <ab,A#0,0<e<1

intersecting at fixed point. (iv) Hyperbola : h* >ab,0A #0,e>1
(iii)) Ife=1, then the lines will coincident passing (v) Rectangular hyperbola : a + b=0,A#0,

through a fixed point. e>1,h* >ab

(iv) Ife <1, then the lines will be imaginary.

Concept of Parabola

Parabola is the locus of a point which moves in a plane such that its distance from a fixed point (focus, S) is
equal to its distance from a fixed straight line (directrix, L).

Let S=(x,y,) and L=ax+by+c=0. Definitions Related to Parabola
Then, equation of parabola is 1. Vertex The intersection point of parabola and axis.
(@ +b%) [(x— x,) +(y - y2)*]=(ax + by + ). 2. Centre The point which bisects every chord of the
S y conic passing through it.
3 A ) 3. Focal Chord Any chord passing through the focus.
a|m 2 4. Double Ordinate A chord perpendicular to the axis
XS S} of a conic.
g w 5. Latusrectum A double ordinate passing through the
! focus of the parabola.
V7 6. Focal Distance The distance of a point P(x, y) from
If S lies on L, parabola reduces to a straight line through S the focus S is called the focal distance of the point P.

and perpendicular to L.

Some Related Terms of Parabolas (In Standard Form)

y? =4ax y? = —4ax X2 = 4ay X2 =—4ay

| T/ i A

‘ S.No. Related Terms X I J » l - E S f A

! ZI AI\S i & %A |Z i A TR

! w}z "S

f 1. | Vertex A, 0) A0, 0) A0, 0) A(0.0)
2 Focus S(a, 0) S(-a, 0) S(0, a) S(0, — a)
3. Equation of axis y=0 V=0 x=10 X0

‘ 4. Equation of directrix X+ ai=0, x—a=0 y+a=0 y—-a=0
8. Eccentricity @ =1 e=1 e =il e=1

| 6. Extremities of latusrectum (a £ 2a) (-a, £ 2a) (£ 23, a) (x 2a, - a)

% 7 Length of latusrectum 4a 43 4a 43

! 8. Equation of tangent at vertex x=0 x=0 y=0 y=0

i 9. Parametric equation {X = at® {X Sl {X i 262 { X nidl 5

| y =2at y =2at y=at y=-at

| 10. | Focal distance of any point h+a h-a k+a k—a

1 P(h, k) on the parabola

1 7 i Equation of latusrectum = X+a=0 y=a Vi = )
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Results on Parabola y2 = 4ax
1. The general equation of a parabola whose axis is parallel to X-axis, is x = ay® + by +c and parabola whose axis
is parallel to Y-axis, is y = ax* + bx +c.
2. The parametric equations of (y — k) = 4a(x — h) arex = h + at? and V =k +2at.
3. Length of latusrectum = 2 (Harmonic mean of focal segment)

4. If y,, y, and y, are the ordinates of the vertices of triangle inscribed in the parabola y* = 4qax,

: 1 '
then its area = 2 V1= 3) (72 = ) (vs = y1)

5. For the ends of latusrectum of the parabola y* = 4ax, the values of the perimeter are + 1.
6. Vertex is equidistant from focus and directrix.

Position of a Point

The position of a point (h, k) with respect to the parabola S lie inside, on or outside the parabola, if S, <0,5, =0 or Sy >0.

Equation of Tangent

A line which intersect the parabola at only one point is called the tangent to the parabola. The different forms of

the equation of the parabola for different sections are given below.

(i) In point (x;, y,) form, yy, = 2a(x + ) 5. If the tangents at the points P and Q on a parabola
(ii) In slope m form, y = mx + £ meet in T, then ST is the GM between SP and
m SOC, ST = §250)

(iii) In parametrict form, ty = x + at? ‘ 3
L ouchos.n by it 6. Tangent at one extremity of the focal chord of a

a parabola is parallel to the normal at the other
extremity.

3

¢=-2 and the point of contact is | —, == |,
m m° m
7. If the tangent and normal at any point P of the

n Tan ent parabola intersect the axis at T and G, then
ReSUItS 2 g ST = SG = SP, where S is the focus.

. 1 : .
1. The equation of a tangent of slope m to the parabo;a B paraholi and e prasEaru
(¥—k)* = 4a(x~h) is given by y — k = m(x - h) + £ on it from the focus meet on the tangent at the
vertex.
The coordinates of the point of contact are
e 20 ’—“ A
2 F, m) » The tangent at any point on a parabola bisects the angle
! between the focal distance of the point and the
2. Points of intersection of tangents at two points Tl T ;
P(at?,2at,),Q (at?, 2at ) on the parabola y2 = 4ax is Perpendicular on the directrix from the point.
2 00, G » The orthocentre of any tiangle formed by three tangents to
Riatt,, a(t, +1,)} (where, R is GM of x-coordinates a parabola lies on the directrix.
of P,Q and AM of y-coordinates of P,(Q). » The dircumcircle formed by the ieieeciE b
3. Angle 6 between tangents at two points :fa)ng;nts at any three points on g parabola passes through
e
P(at?,2at,),Q(at?, 2at,) on the parabola y? = dax is ocus of the parabola,
e . * The length of the sub ¢ ik
by 1€ subtangent at any point on a parabola is
given by tan§=| -2 ; : g equal to twice the gbscissa of the point.
1172 " Two tangents can be drawn from a point to a parabola. Two

4. Locus of the point of intersection of perpendicular tangen.ts are reg/ and distinct or coincident or ima;gian}'"  .'
according as given point lies outside, on or inside the
parabola.

tangents to the parabola is directrix.
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Equation of Normal

A line which is perpendicular to the tangent of the parabola is called the normal to the parabola.

The different forms of the equation of the parabola for different sections are given below

B i
- -

(i) In point (x;, y,) form, (y - y,) = - %—1 (x—x).
a

(ii) In slope m form, y = mx — 2am — am®.

(iii) In parametrict form, y + tx = 2at + at®.

Results on Normal

i L
2.
3.

Normals at¢, and t, meet at the point {2a + a(t; +t7 +t,t,),~ att,(t; +1;)}.
If the normals att, and ¢, meet at the parabola, thentt, = 2.

If the normals at two points P and Q of a parabola y* = 4ax intersects at a third point R on the curve, then the
product of the ordinates of P and Q is 8a”.

The normal chord at a point ¢ on the parabola y* = 4ax subtends a right angle at the vertex, ikt =2

Normal at the ends of latusrectum of the parabola y* = 4ax meet at right angles on the axis of the parabola.

. If the tangent and normal at any point P of the parabola intersect the axis at T and G, then ST = SG = SP, where S is

the focus.

Tangents and normals at the extremities of the latusrectum of a parabola y* = 4ax constitute a square, their points of
intersection being (—a,0) and (3a,0).

. The normal at any point of a parabola is equally inclined to the focal distance of the point and the axis of the

parabola.

The normal drawn at a point P(at?,2at,) to the parabola y* = 4ax meets again the parabola at Q(at3,2at,), then

2 Y
£ = o iy
2 1 tl A 2 26“\
P \9“ i
\\
& r
2523
¥ =25
\

PQ is normal to the curve at P and not at Q.

w The tangent at one extremity of the focal chord of a parabola is parallel to the normal at other extremity.
w The normal chord of a parabola at a point whose ordinate is equal to the abscissa, subtends a right angle at the focus.

» Three normals can be drawn from a point to a parabola.
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Equation of a Pair of Tangents

The equation of pair of tangents drawn from an external point P(x,, y,) t

the parabola is SS, = T2,

where, S=y*—4aax
S;=y% - aax

and T = yy, =2a(x+ x,)

Equations of Chord of Contact
1. The equation of chord of contact is

ST 2 (X )=

(0]

2. The equation of chord of parabola, whose mid-point (x1,54) is

T =S,
.65 ViR e e - 4ax,
3. Length of the chord of contact is

;- VT + 4ax) (52 + 4d)
a

4. Area of the APAB formed by the pair of tangents and their chord of

contact is

e A
2a

’» Equation of the chord Joining  points P(at,z, ZGt,),Q(at%, 2aty) s

(6 + t))y =2 + 2at; t,,
» For PQ to be focal chord tty=—1.
" Length of the focal chord having t, t,, as end points is a(t, — t,)%

» Semi-latusrectum of the parabola y* = 4ax is the HM between the segments of

any focal chord of the parabola.

Director Circle

The locus of the point of intersection of perpendicular tangents to a conic

is known as director circle.
The director circle of a parabola is its directrix.

<&

The points on the parabola at which the
normals pass through a common point are
called conormal points.
points are called the feet of the normals,

Conormal Points

Points A, B and C are called conormal

points.

* The algebraic sum of the slopes of the
normals at conormals point is 0, -

* The sum of the ordinates of the conormal

points is 0.

* The centroid of the triangle formed by the
conormal points on a parabola lies on its

axis.

Diameter

Diameter is the locus of mid-points of a
system of parallel chords of parabola.

¢ The tangent at the extremities of a focal
chord intersect at right angles on the
directrix and hence a circle on any focal
chord as diameter touches the directrix.

¢ A circle on any focal radii of point a
P(at?2at) as diameter touches the
tangent at the vertex and intercepts a
chord of length av1+t2 on a normal at

the point P,

without this message by purchasing novaPDFE (http://www.novapdf.com/) EEEEE

The conormal

The diameter bisecting chords of slope m
to the parabola y? = 4ax is y=%§.

|
i



http://www.novapdf.com/
http://www.novapdf.com/

Practice Zone "}

. If the normals at the end points of variable chord PQ of the

parabola y? — 4y —2x=0 are perpendicular, then the
tangents at P and Q will intersect on the line
(@ x+y=3 (b) 3x-7=0
(© y+3=0 (d) 2x+5=0

. If two distinct chords of a parabola y? = 4ax passing

through the point (g, 2a) are bisected by the line x + V=1
then the length of the latusrectum can be

(@ 2 () 7 (c) 4 (@) 5

. The parabola y = x> — 8x + 15 cuts the x-axis at P and Q. A

circle is drawn through P and @, so that the origin is outside
it. The length at a tangent to the circle from O is

(@) 15 (b) V8 () V15 (d) 8

. The curve described parametrically by x =t? +t + 1,

y =t? —t + 1represents

(@) a pair of line
(c) a parabola

(b) an ellipse
(d) a hyperbola

- The locus of the mid-point of the line segment joining the

focus to a moving point on the parabola y? = 4ax is another
parabola with directrix

o £
(@ x=-a (b) x ;
(@)8=10 @) %=

. If the chord of contact of tangents from a point P to the

.

parabola y? =12x touches the parabola x2 =24y, then the
locus of P is

(a) straight line
(c) parabola

(b) circle
(d) hyperbola

A parabola of latusrectum / touches a fixed equal parabola.
The axes of two parabolas are parallel. Then, the locus of
the vertex of the moving parabola is

(a) A parabola whose latusrectum is 2/

(b) An ellipse

(c) A hyperbola

(d) A circle whose radius is 2/

10.

11.

12.

13.

14.

/

. Set of values of h for which the number of distinct common

normals of (x—2)* =4 (y-3) and x+ y2 —2x—hy—c =0
where, ¢ > 0)is 3, is
(@) @ %)
© @ 4

(B) (4,20)
(ch) (10, 20)

. The equation of the common tangent touching the circle

(x = 3 + y® = 9and the parabola y = 4x above the x-axis is
(@ By =3x+1 (b) V8y =—(x+23)

© VBy=x+3 (d) V8y =-3(3x + 1)

The locus of trisection point of any double ordinate of the
parabola y2 = 4ax is

(b) y* =ax

(d) None of these

@ y? =9ax
(©) 9y? = 4ax
At any points P on the parabola y2 -2y —-4x+5=0, a
tangent is drawn which meets the directrix at Q the locus of
the points P which divides QP externally in the ratio 21 s

@ x+Nd-yP+4=0
© (1-yP-4=0

b) x+1=0
(d) None of these

The area of the triangle formed by the tangent and the
normal to the parabola y? = 4ax, both drawn at the same
end of the latusrectum and the axis of the parabola is

(8) 22 a® (b) 2a?

() 4a® (d) None of these

Find the lengths of the normals drawn from the point on the
axis of the parabola y? = 8x whose distance from the focus
is 8.

(a) 10 (b) 8

(€) 9 (d) None of these

P is a point on the parabola y? = 4x and Q is a point on the
line 2x+y+4=0. If the line x-y+1=0 is the
perpendicular bisector of PQ, then the coordinates of P is
(@) (8,9), (10, 11) (b) (1,-2),(9 -6

(¢) (7,8), (9, 8) (d) None of these
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15. If x + Y=k is a normal to the parabola y?® = 12x, p is the
length of the perpendicular from the focus of the parabola
on this normal, then 3k° + 22 is equal to

(@) 2223 (b) 2224
(c) 2222 (d) None of these

16. The line x-b+iy=0 cuts the parabola y? =4ax at
P(at,® 2at,) and Q(at3,2at,). If b e 23, 4a] and \ e R, then
{;t, belongs to

@) [-4,-2] (b) [4,-3]

(© [-3-2] (d) None of these
17. The parabola y? = Ax

and 25[(x=8)" + (y +2|= (3x — 4y —2)2

are equal, if A is equal to

@ 1 (b) 2 © 3 @) 6

18. The centre of the circle passing through the point (0, 1) and
touching the curve y = x? at (2, 4)is

—16 27 —16 53
@ (3 %) © [ )
(© (——16.5—3) (d) None of these
5 10

19. Consider two concentric circles Cix*+y?-1=0 and
Cp 1 X* +y? —4=0. A parabola is drawn through the points,

where C; meets the x-axis and having arbitrary tangent of C,
as it's directrix. Then, the locus of the focus of drawn

parabola is
i SA
(@) i (b) i) =
3
© 5x*+y?= (e =

20. Aline is drawn from A(-2, 0)to intersect the curve y2 = 4x in

1 1

1
i i —+— < —, then
Pand @ in the first quadrant such the e

slope of the line is always
(@) <+/3
(c) 2+/3
21. Vertex A of a parabola y? = 4ax is joined to any point P gn it
and line PQ is drawn at right angle to AP j[o meet the axis at
Q. Then, the projection of PQ on the axis is always equal to
(a) 3a (b) 2a
(c) ~/3a (d) 4a
If on a given base triangle be described such that the sum
of the tangents of the base angles is constant (k), then the
locus of third vertex is
(@) ahyperbola
(c) acircle

(b) >+/3
(d) None of these

22

(b) an ellipse
(d) a parabola

JEE Main Mathematics inJust 240 Days

Directions (. Nos. 23 t0 25) y = (Y is a parabola of the form
Y =X+ ax+1 its tangent at the point of intersection of Y-axis and
parabola also touches the circle Xay?=r2 tis known that no
point of the parabola is below X-axis.

23. The radius of circle when a attains its maximum value is
1 1

a o

(@) Vi

V5
(c) 1 (o) V5
24. The slope of the tangent when radius of the circle is
maximum
(@ 0 (b) 1

(©) 1 (d) Not defined

25. The minimum area bounded by the tangent and the
coordinate axes

(@) 7 (b) (0) > (© 1

Directions (Q. Nos. 26 and 27) Consider the equations
C:y:x2—3,D:y=kx2,L1:x=a, L ,:x=1(where, a = 0).

1

W[ —

26. If the parabolas C and D intersect at a point A on the line L,
then equation of the tangent line L at A to the parabola D is
(@ 2@ -3x—ay+a®-3a=0
(b) 2(a® ~3)x—ay —a® + 3a=0
(©) @ -~ 3x —2ay —2a° + 6a=0
(d) None of the above
27. If a> 0 then the angle subtended by the chord AB at the
vertex of the parabola C is
(@ tan~'(5/7) (b) tan~'(1/2)
(c) tan~'@) (d) tan~'(1/8)
Directions Q. Nos. 28 to 31) Fach of these questions
contains two statements Statement | (Assertion) and
Statement 1l (Reason). Fach of these questions also has
four alternative choices, only one of which is the correct

answer. You have to select one of the codes (a), (b), (c) and (d)
given below.

(@) Statement | is true, Statement || is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true, Statement || is true; Statement |l is not
a correct explanation for Statement |,

() Statement | is true; Statement Ilis false,
(d) Statement | s false: Statement Il is trye.

28. Statement | The perpendicular bisector of the line segment

joining the points (-a, 2at) and (@ 0) is tangent to the =

parabola y* = —4ax, wheret e B

Statement Il Number of Parabolas with a given point as.

vertex and length of latusrectym equal to 4is 2.

NWW.N0VADC O[]
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Day 2 [ Parabola

29. Consider the equation of the parabola is y? = 4ax.

30

31.

32

33.

39.

Statement | Length of focal chord of a parabola having
focus (2, 0) making an angle of 60° with X-axis is 32,
Statement Il Length of focal chord of a parabola y? = 4ax
making an angle ot with X-axis is 4acosec?a.

Consider the equation of the parabola is y? = 4ax.

Statement | Area of triangle formed by pair of tangents
drawn from a point (12, 8) to the parabola having focus

(1,0) and their corresponding chord of contact is
32 sq units.

Statement Il If from a point P(x;, y;) tangents are drawn to
a parabola then area of triangle formed by these tangents

and their corresponding chord ¢, contact s
(V2 — 4ax.)B/2 :
M—4|—a1l)ﬁsq units.

Statement | The latusrectum of a parabola is 4 units, axis
is the line 3x+ 4y —4 =0 and the tangent at the vertex is
the iine 4x -8y +7 = 0, then the equation of directrix of the
paraboia is 4x =3y +8=0.

Statement Il If P be any point on the parabola and let PM
and PN are perpendiculars from P on the axis and tangent
a1 the vertex respectively, then (PM)= = (latusrectum) (PN).

Consider the two curves
Cyiy? =4x,C, X2+ y? —6x+1=0, then
(@) C;and C, touch each other only at one point
(b) C,and C, touch each other exactly at two points
(c) C;and C, intersect (but do not touch) at exactly two
points
(d) C,andC, neither intersect nor touch each other

The axis of a parabola is along the line y=x and the
distance of its vertex from the orgin is ¥2 and that of its

34.

35

36.

870

38

focus from the origin is 2./2. If the vertex and focus lie in the
first quadrant, then equation of the parabola is

@ (x+yf =x-y-2 O) (x=yP=x+y-2
© (x-yP=4(x+y-2) () x-yF=8(x+y-2)

The focal chord to y? =16x is tangent to (x—6)* + y® =2,
then the possible values of the slope of this chord are

(@ {-11 (b) {22}

o {2 ] @ {2 %}

Find the area of the triangle formed by the lines joining the
vertex of the parabola x?=12y to the ends of its

latusrectum. [NCERT]

(@ 19 sq units
(c) 20 sq units

(b) 18 sq units

(d) 17 sq units

If the area of the triangle inscribed in the parabola y? =8x,
then the ordinate of whose vertices are 1, 3 and 4 is

@) 12 @3 (dis

Find the length of the line segment joining the vertex of the
parabola y? = 4ax and a point on the parabola, where the

line segment makes an angle 8 to the X-axis.
[NCERT Exemplar]

2acos 0 4acos 6

a b

@ sin®e ®) sin®6
i@_g%s_e (d) None of these
3sin< 6

If the normals at three points P, Q and R of the parabola
y? = 36x meet at (x, y), then the centroid of the A PQR lies
on the

(a) latusrectum
(c) axis

(b) tangent at vertex
(d) None of these

AIEEE & JEE Main Archive

Statement | The line x—-2y =2 meets the parabola,
y? +2x = 0 only at the point (-2, —2)

Statement Il The line y =m —51;”- (m+ 0)is tangent to the

o it sl ~1)
parabola, y 2x at the pomt( S miRs iJEE 1o S
(a) Statement lis true, Statement Il is true; Statement Il is
a correct explanation for Statement |.
(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.
(d) Statement | is false; Statement Il is true.

40. The point of intersection of the normals to the parabola

y? = 4x at the ends of its latusrectum is

(@) (0, 2) () (3.0
(©) (0,3) (@ @0

[JEE Main 2013]

41. Given A circle, 2x? + 2y? = 5and a parabola, y* = 4/5x.

Statement | An equation of a common tangent to these
curves is y =X + V5.
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42,

43.

Statement 1l If the line, y=mx + VES Where, m# 0 is the

com:T £n tangent, then m satisfies m* — 3m? + 2 = g,

[JEE Main 2013]
(@ Statement | is true, Statement Il is true; Statement Il is
a correct explanation for Statement |.

(b) Statement | is true, Statemen Il is true; Statement Il is
not a correct explanation for Statement |.

(€) Statement | is true; Statement Ii is false.

(d) Statement | is false: Statement | is true.

If two tangents drawn from a point P to the parabola y? = 4x
are at right angles, then the locus of P is [AIEEE 2010]
[y B) 2x+1=0
) x=-1 (@ 2x-1=0

If a parabola has the origin as its focus and the line x =2 as
the directrix. Then, the vertex of the parabola is at

[AIEEE 2008]
(@ (2,0 (d) (1)

(©) (0.2 (©) (1,0)

JEE Main Mathematics i . 40 Days

45. The locus of the vertices of the family of parabolas

ax?® a2
Vis et 2 alS
3 2 [AIEEE2006]
35 64
(@ xy 13(?5 (b) 1305
€ — N e
(©) = (d) xy i

46. Ifa= 0and the line 2 bx + 3¢y + 4d = 0 passes through the
points of intersection of the parabolas y? =4ax and

x? = 4ay, then [AIEEE 2004]
(@) d®+ @b+ 3cP =0
O)d?+ @b +2eR =0
2 0
0

(c) d® + 2b—3c)?
(d) d® + (Bb+2¢c) =

47. The normal at the point (btf, 2bt;)on a parabola meets the

parabola again at the points (bt3, 2bt,), then

[AIEEE 2003]

44. The equation of the tangent to the parabola y? =8x is el 2 B 2
¥ = X + 2. The point on this line from which the other tangent iy ! b c L b
to the parabola is perpendicular to the given tangent, is B2 2
[AIEEE 2007] (©Olz=tt == (d) tp =t; + 0
4
(@ (0,2 (0) (2 4) © (20 (@ 11
Answers
- . : 10. (c)
1. (d) 2. (c) 3. (¢) 4. (c) 5. (c) 6. (d) 7. (a) 8. (d) 2. (0)
11. (a) 122 (c) 1125 (o) 14. (b) 15. (a) 16. (a) 17. (d) 18. (¢) 19. (d) 20. (b)
21. (d) 22. (d) 23. (b) 24, (a) 25. (a) 26. (b) 27. (b) 28. (c) 29. (d) 30. (c)
31. (d) 32. (b) 33. (d) 34. (a) 35. (b) 36. (b) 37. (b) 38. (c) 39. (b) 40. (b)
41, (b) 42. (c) 43. (c) 44, (c) 45. (c) 46. (a) 47. (a)

Hints & Solutions

1. The tangents and normals c." - a rectangle.

Hence, tangents meet on the diiectrix.
Now, (y—2)2 =2(x+2)

Vertex = (-2, 2) and directrix, x = —

N | en

= 2x+5=0

2. The chord whose mid-point (0., 1—a)is S; = S;4.

y(-a)-2a(x+a)=(1-0)? - 420
Since, it passes through (g, 2a).
(-2 =2a(1-a)>0
= ae(01) = 4a€(04

3.

4.

5.

m without this message by purchasing novaPDEF (http://

Since, the points P and Q are (3, 0) and (5, 0).
Equation of circle is (x — 3) (x — 5) + V2 + Ay =0,

So, the length of tangent from (0, 0) is /S;; = V15,
2N eyl
2

Xehhy SRR
2

= x=yP=2(x+y-2),

Hence, it represents a parabola.

Let P(x, y) be the mid-point of (a, 0) and (at?, 2at)
2x=a(1+t%) and y =at

Then,
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2 a(1 + .y;] =a+ ﬁ 8. The equation of any normal of (x —2)2 = 4(y-23)is
| @ 4 (x=2) = m(y—8)—-2m—m°.
i 3 _a
s i ; 2a(x 2) If it passes through (1, g) then

Veﬂex:(g,o) h 2
| 2 1—2=m(5—3)—2m—m

and directrix, x = )
| 2 2 = 2m® + m(10—h)—2 = 0 = f(m) (say)
! .
6. Let there be a point P(x;, y,). This equation will given three distinct values of m.
e RGN G = 61(X ) If (m) = 0 has two distinct roots, where
= x=>%’1_x1 (i) f(m) =2m® + m(10—h)—2

Now, f/(m) = 6m? + (10— h)

s _ ., |h=10
m=%,c=—x1 Put f(m=0= m=%+ >

| On comparing Eg. (i) by x = my +c, we get

So, the values of m are real and distinct, if h>10 i.e.,
Now, x = my + ¢ touches

. h e (10, ).
X2 =24y, ifc = > ! : 1 ‘
m 9. Equation of tangent to the parabola is y=mx+ = which
6
= TS 7 = — XY, =36 touches the circle.
5 3m+
] m—+ 3
i Therefore, the locus of (x, ;) is hyperbola xy = — 36. e
7. Let the fixed parabola iz = Bm? + 1)% = 9m?(m? + 1)
y? = dax 0! 2 1
= S =2 l= =2 —
X V3
5%
X .3
S| \[é
________ s = JBy= x+8
! " R 2 % 10. LetP(o, B)be the tris;cztiotn ;oc;inté t
| \ o e=at?, B=—(a)+ Cech)
‘ 3
: Y
f \ 2 (aAtE' 2at)
and moving parabola is ‘lf .
o R
(y—K)? = ~4a(x~h) ) / 0
: 4 X< > X
On solving Egs. (i) and (i), we get |\ L
i \.,
(y—kf =—4a _yi_h ¥ .8
43 Y' (at?2 -2at)
| " a2 _ %
, = y2 —2ky+ k? = —y? + 4ah = B—gat Ba
; = 2y? —2ky+ k? —4ah =0 36\
| a:a(—-—) = 9B2 = 4a0
‘l Since, the two parabolas touch each other. 2a
So, D=0 Hence, the locus of Pis 9y° = 4ax.
~ 2 _8(k?—4ah)=0
! = 4k (2 ) 11. Given, (y—1)%= 4(x — 1). Phas coordinates x =1+ t2 y=1+2¢.
} = SO SRS Y Tangent at Pis (x - 1) = (y— 1)t + 2 =0,
' = K? = 8ah So, the directrix is x = 0.
Hence, locus of the vertex of the moving parabola is Q= [Qt +1- l:l
y? = 8ax whose latusrectum = 8a =2(4a)=2/. t
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IfR(x, ¥)divides QP externally in the ratio 1- 2

&

X=—{1+t%)and Va 1_2,
= t = =
Crallt
. 4
X+ 14 sz ()
(1=y)
= (x + 1)(!,}/)34‘ 4=0

12. The coordinate of end of the latusrectum is (a, 2a). The equation

of the tangent at (a, 2a) is y-2a=2a(x+a) e, y=x+a. The
normal at (&, 2a)is y+ x=2a+a,i.e,, Y+ X = 3a.
On solving y=0and y = x+ a, we get

X=-ay=0
On solving y=0and y+ x = 3a, we get
X=3ay=0

’
I

The area of the triangle with vertices (a,2a),(-a, 0),(3a, 0)
= lx 4a x 29 = 13‘0
2

13. Here, a =2 normal att is xt + y=2t% + 4t. Focus = @, 0).
So, the point on the axis is (10, 0)
normal passes through (10, 0)
=041 =3
So, the normal is at the point (6, 4v/3)
So. the required length is

V10~ 6)% + (43)” = [I6 + 48=8
14. Any point on the parabola is P = (2,2 1),
Qs its image of the line x — v+ 1=10.
B Y 28 ey )
1 —1
=5 Q=@¢t-1t° + 1)

Since, itliesonthe line2x+ y+ 4=10
i R
= 124 4t + 3=0
= =~ 3
So, the possible positions of P are (1, —2)and (9, — 6).
15. The equation of normal to the parabola y? = 12xwith slope —1is

y=—x-2(@3) (1) -3 (1

=5 y:—-X+9
= X+ y=9
2 k=9
Hence, the focus of the parabola is (3, 0).
p=|3_9
-l
. 28 w36

3 + 207 = 39)® + 36 =2223

JEE Main Mathematics .+ 40 Days

16. Line x-b+ Ay =0 always passes through (b,0).
Y

P(at?, 2at,)

@

o) R(B,0) "X

oﬂ?,é?

%)

Minimum value oftt, = —4
and maximum value of t.t, = -2
17. Let us recali that two parabolas are equal, if the length of their
latusrectum are equal.
Length of the latusrectum of y? = Axis A.
The equation of the second parabolais
25 {(x~ 3P + (y+2)°} = (3x—4y—2)°
= (o (ap =
V3% + 42
Clearly, it represents a parabola having focus at (8, —2)and
equation of the directrix as 3x—4y—2 = 0.
. Length of the latusrectum
=2 (Distance between focus and directrix)
3x3-4x (-2)-2
P (af

=2

=6
Thus, the two parabolas are equal, if A = 6.

18. The siope of the tangent to y = x? at (2, 4) is 4 and the equation
of the tangent is

4dx—-y—-4=0
Equation of the circle is

(x=2)% + (y= 42+ Mdx—y-4=0

e

Since, it passes through (0, 1). S
Hence, = g : ’

So, the centre of the circle is ('_'? %)
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19. Clearly, the parabola should pass through (1, 0) and (10

Let directrix of this parabola be xcos8 + ysing = 2.

Y

X P (2 cos 6, 2 sin 8)

e L o

y!

If S(h, k) be the focus of this parabola, then distance of
(&1, 0)from S and from the directrix should be same.

Then, (h=1)? + k? = (cos8—2)? ()
and (h+1)? + k? = (cosO + 2)? . (i)
On subtracting Eq. (i) from Eq. (i), we get
4h = 8cos6
h
= cosf=—
2

On adding Egs. (i) and (ii), we get
2(h2 + k2 + 1) =2(cos®8 + 4)

2
= h2+k2+1=4+%:>2h2+k2:3

Hence, locus of focus is %xz +y? =3

20. Let P(=2 + rcos6,rsing)and P lies on parabola.

e
- 7
(=2,0) 4 -
Y
v
e r2sin?0— 4(—2 + rcosé) =0
Ll 4cosb e
5 e Tl "2 " sin?e
nth = _1_. =5 _1_
o AP AQ
1
= cos6 < %
tan® > +/3

=

m>«/§

=

’ o 4 : T
[because cos 6 is decreasing and tan 6 is increasing in (0. 5)]

Day 27 Parabola

21. Let P = (at® 2at)

23.

Equation of the line PQ is y—2at = —é—(x—atz)‘

Y
2 =
X'« 7 \LQ X
i
Y,

On putting y = 0, we get x = 4a+at*

So, the coordinates of QandN are (4a + at 2, 0) and (at*, 0),

respectively.
So, length of projection = 4a+ at” —at® = 4a

. Let ABis the given base.

Then, tanA+ tanB=k
tanA = E,tanB = L
o

o—-a
Now, 9+~_B—=k
o o-a
= —af = k(o —ca)
e
ﬂ C (ov, B)
e — X
X A B (a, 0)
L
v
2 a
=——y+ax
= X ky

which is an equation of a parabola.
Since, no point of the parabola is below x-axis.
5 a®—4<0
So, the maximum value of a is 21
Equation of the parabola when a = 2is
y=x2 +2x+1
Since, it intersects y-axis at (0, 1).
Equation of the tangent at (01)is y=2x+1
Since, y = 2x+ 1touches the circle wy?=r

r=

i~

MWW, N0VADJ O[]
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24, Equation of the tangent at (0, 1) to the parabola

y=x2+ax+1isi/_+_1=§(x+0)+1
2 2
= ax=y+1=0
1
=
a®+1

(Since, perpendicular distance from centre to the circle is equal
to the radius of the circle.)

Radius is maximum when g = 0.
Hence, equation of the tangentis y =1,
So, the slope of the tangent is 0.

25. Equation of tangentis y = ax + 1whose intercepts are U and 1.
a

= Area of the triangle bounded by tangent and the axes
=l

==

2| a

_

la|
Since, it is minimum when ai=2;

Minimum area = %

26. C and Dintersect at the points for which x2 — 3= ke,

. & =3
But x = a (given), therefore k = —
a

So, the coordinates of A are (a, a% - 3).
Equation of the tangent L at Ato D : y=keis
1 P a® -3
=y/fas —8)—
2 v g
= 2@ -3)x-ay-a®+3a=0

Xa

27. Ifa > 0,thena = 3 Coordinates of Aand Bare (8,6)and (1,-2)
respectively.
Equation of curve Cis y = x2 — 3
or =y+3
So, coordinates of the vertex O of the parabola C are (0, — 3).
Slope of OA = 3, slope of OB = 1
. Angle between OA and OBis

_1(3-1 =il
tan”!| 2= | = tan (——)
n (1+ 3) 2

28. Image of (, 0) with respect to tangent yt = x+ at? is (~a, 2at).

So, perpendicular bisector of (a, 0) and (-a, 2at) is the tangent
line yt = x+ at? to the parabola.

Hence, statement | is true.

Statement Il Infinitely many parabolas are possible.

Hence, Statement Il is false.

JEE Main Mathematics indust 40 Days

29. Let ABbe a focal chord slope of AB = _ &

——— = tano
i)
Y2
i
2
A (aty, 2at,)
; (a, O) N\
‘\
A O S
B
(&%)
# 2 R
v
=> tangzlz f=COtg
2 2

2
Length of AB = a(t = ;) = dacosec’o

When a =2, o = 60°

. Length of AB = 4(2) cosec?(60°)= 32

3

30. Statement Il Area of triangle formed by these tangents and their

- 3/2
corresponding chord of contact is M

2|al
Hence, Statement Il is false.
Statement | x, = 12,54 = 6
3/2 3/2
Area = \(yf = ‘;@ﬁ) - (64 _248) =132

Hence, Statement | is true.

31. Let P(x, ¥) be any point on the parabola and let PM and PN are

perpendiculars from P on the axis and tangent at the vertex
respectively, then

I gt 5 RN e

(PM)? = (latusrectum) (P)

2
¥ [MJ =4[w]: O

V32 4 42 V42 + (=32

A=1,y=w,x=4x—%7_

So, the directrix is X + A= 0.

= 413%“:0 = 4x-3y+12=0

F without this message by purchasing novaPDE (http://www.novapdf,
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Day 27 Parabola

32. For the points of intersection of the two given curves,
Cii¥*=4x and C,: x? + Y2 —6x+1=0
VY

(1,2)

We have, x®+4x—6x+1=0

= (x=12=0

= =ikl (equal real foots)
= y=2,-2

Thus, the given curves touch each other at exactly two points
(1,2) and (1, —2).

33. Vertex = (1, 1), Focus = (2 2). So, the directrix is x+ y = 0.

= =2

8(x+y=-2)

Then, equation S

= (x—y) =

34. Here, the focal chord to y? =16x is tangent to circle
(x—6)7 + y? =2,
So, the focus of parabola is (g, 0)/.e., (4, 0).
Now, tangents are drawn from (4, 0)to (x=6)? + y* =2

Tangent
as focal chord

Since, PA is tangent to circle.

AC 2 BC
= Slo f tan ent=>-—____1 = 2
tan® pe o g e 5 =

Hence, slope of focal as tangent to circle = + 1.

35. Clearly, latusrectum is a line perpendicular to the axes and
passing through focus whose lengthiis 4a.

Given, x* = 12y, which is of the form x® = 4ay.

= 4a =12 = Length of ABC
Focus, C = (0, 3)
. Y
A
B (0, 3)jc /i
7 —-X
(o o

3867

Area of AOAB = zix ABXOC

:1><12><3
2
=6x 8=18 sq units
36. Given parabola is y° = 8x.
=> a=2

When y,,y, and y5 are the ordinates of the vertices of triangle
inscribed in the parabola y* = 8x then area is

1

m[(}’ Yo )(¥o i( ¥l
= 5l1- 3@ 44~ 1]
= 16(6)— g sq unit

37. Let any point (h, k) will satisfy

¥ = 4daxie. k® = 4ah ()
Let a line OP makes an angle 6 from the the x-axis.
e
P (h, k)
EII(
v @
X'« 5 5 : > X
V]
In AOPA, singi= 24
OP
= sin® = é
= k =!sin®
and cosf = QA
©)2
= cos0 = ?
= h=1lcos® =
From Eg. (i),
[? sin? 8 = 4ax [ cos @
(putk =1/sin®, h=/cos 6)
e e 4acos 8
sin @

38. Any normal to the parabola y* = 36x is
y=mx —18m-9m®
=  9m’ + (18— X)m+ y=0
my + my + my =0
18— x ]

Here,

mms + MpMg + My My =

©I< ©

mmyMy = =
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So, the feet of normals are (9m,? - 18m,),(9m,* - 18m,)and
Om,* - 18m;) and if (x, y) be the centroid of the triangle, then

%= 9m® + m? + m?)

X
3
y= 18(my + m, + my)
3
= Fa 28 = %) =0

S0, y = Ois the axis of the parabola,

39. Statement | Intersection point of x—2y =2 and y* +2x=0is
(-2,-2).

Statement Il Here, a = —%
Equation of tangent y = mx +

<l
m
1
W=l —=
m

And point of contact is [—iz-,—l).

2mc m
40. Given, y* = 4x
Yy P(t2-2t)=(1,2)

X< oK

yr P2 -2t)=(1,-2)

y_2 (i)
ax y

-*S is the mid-point of PP".
it == =

-2
Equation of normal PQ is (y—2) = (?)(x —1)

= X+y=3 (i)
Equation of normal P’Q(y+2)=1(x-T=x-y=3 B (11)
On solving Egs. (i) and (iii), we get

2x=6=Xx=3
and y=0

So, the required intersection point is (3, 0).

41. Equation of circle can be rewritten as

ol
ey = 5
Let common tangent be
=mX 4 —
y=mx+—

S0, the perpendicular from centre to the tangent is equal to

JEE Main Mathematics inJus+ 240 Days

L [ [
3

(m? + 2 #0,as meR)
=% (x4/6),

Both statements are correct as
==z 1)

satisfies the given equation of Statement |,

42

We know that, the locus of point P from which two
perpendicular tangents are drawn to the parabola, is the
directrix of the parabola.

Hence, the required locus is x = —1.

43. From the figure, it is clear that vertex of the parabola at

({il, ).
Y
v \f\w 0)

< > X Ji
(0,0) (2,0) &
b =2 = ‘}‘;
44. Perpendicular tangents can be drawn only from a point on
the directrix, X ==2. -
So, the paint is (=2, 0). 7
2 5. A
& on B B ( 3 j 105 i~
3 ==Xt ———==|X+—| - .
48 a° 2a a&° 4a 16a° R .
SRS 35a 8
XEERE= | Ry 2
= ( 4a) a® (y 16 ) "B
3 35a é >
If (e, B)is the vertex, thenor = — = B = — 222
(o B) = B — £ <
; 105 6 #
Hence, the locus of (a, B)is xy = L -

46. The common chord is the line x — y = 0.

But given line is2 bx + 3cy + 4d =0
d=02b+ 3c=0.

47. Normal at a point (btf, 2bt,)is xt, + y = bt + 2bt,.
Since, it passes through (bt3, 2bt,).
btst, +2bt, = bt} + 2bt,
= bty +t)=-2
= to=—t, - 2
1 3
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Concept of Ellipse

Equations of Ellipse in
Standard Form

Tangent to an Ellipse
Normal to an Ellipse

Auxiliary Circle and
Eccentric Angle
Diameter and Conjugate
Diameters

Pole and Polar

Ellipse

Concept of Ellipse

Ellipse is the locus of a point in a plane which moves in such a way that the
ratio of its distance from a fixed point (focus) in the same plane to its distance
from a fixed straight line (directrix) is always constant, which is always less
than unity.

Equations of Ellipse in Standard Form

Different forms of an ellipse and their equations have been given below

2

2
1. Ellipse of the Form X—2+%=1,O<b<a
a

If the coefficient of x* has the larger denominator, then its-major axis lies
along the X-axis, then it is said to be horizontal ellipse as shown below.
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(i) Centre : 0(0,0)

(ii) Goordinates of the vertices : A (a, 0) and Ai(-a,0)
(iii) Equation of the major-axis, y = (

(iv) Equation of the minor-axis, x = @ \()(f Eccentricity : e = /1 = i
e . b?
(V) Focal distance of a point (

X,y)1is a + ex.

g{] Length of latusrectum :
DLy = IPT gl;i

(vi) Major-axis, A 4y = 2a, Minor-axis, B By =2h () : ur(?ir?tf (f}({)ca]l ic'isi;;)ance o
(vii) Foci are S (ae, 0) and Si(-ae,0). : X .
)

(viii) Equations of directrices are / : x = = e

e e : ‘ oy,
(ix) Length of latusrectum : I — T & » Thfe line segmen't thrgugh thelfoa ofthe ellipse with its end
B L a points on the ellipse, is called jts major axis,
(%) Eccentricity : o — 1 b? Y The line segment through the centre and perpendicular to
s i ? i the major axis with its end points on the ellipse, is called ts
(xi) Sum of focal distances of a point (x, y) is 2a, TORGE

. D 2 , 2 b
2. Ellipse of the Form =, /°_, ;_,_, Jés“'ts on Ellipse (57 " o U b)
a

57
If the coefficient of x has the smaller denominator, /The parametricv Celelion of  an elhpse' be
; ; bl : i ) ; X=acosb, y=bsin® and hence the coordinates
then its major axis lies along the Y-axis, then it is said (acos 8,bsine), where  is the parameter
to be vertical ellipse as shown below. / : : y
: ) ¥ The location of a point (h, k) with respect to ellipse ‘S’ lie
(i) Centre : (0, 0) inside, on or outside the ellipse, if
(ii) Coordinates of the vertices : B (0,b) and B, (0, - b)

S1<0,S;=0 ‘er ;>0
(iii) Equation of the major-axis, x = 2

2
7 ) where,81s%+%—1
(iv) Equation of the minor-axis, =0} a

(v) Focal distance of a point (x,y) isb + ey. ¢ Locus of mid-points of focal chords of an ellipse
(vi) Major-axis, BB, = 2b, Minor-axis, AA, =2a X222 PR 5

(vii) Foci are S(0, ae) and 5,(0,~ ae). =y el 1is 2t o
(viii) Equation of directrices are /:y = ;—,1’ iy =- > v

W)

Tangent to an Ellipse

The equation of tangent to an ellipse for different forms at the particular coordinate system are given below.

i Ly Results on Tangent to an Ellipse
. f =l A Sy 1 ;
1. In point (x,, y,) form i ke Tine Yo o fon et (TR
2 Iﬁ slope ‘m’ form, y = mx + /d*m* +b*. ¢’ =a'm® +b* and the point of contact is
. . B dm _ p?
bZ (i‘y ar —J. ,}
at the points + 2 c c ki

oE
T sy | 1
\/azm +b \[az m J/ The equation of pair of tangents drawn from an q\@

’ external point P(x,, ipse i =T2

\;./ In parametric (acos 6, b sin 6) form, h p (x1,74) to thlze ellilpse 1s SS; yf , g -
; where Si===ar IR = RS <

Ecose+%sin(-)=1. i 1.5 2 el

w0F R
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3. The equation of chord of contact of tangents is EX—;— + —% =llor T =0:
a

3/ The equation of chord of an ellipse, whose mid-point is (xy, y4), is
: XX V¥4 x> YZ
TZSII.G“. —,,1+:—_1‘ 1

i Died-al whe
5. The chord joining the points (acos®;,bsin®,) and (acos,,b sinb,) is
ACOS (wj oS Xsin (m) =cos (91 —92 )
a 2 b 2 2
6, @4l

6. If the chord passes through the focus, then tan%Ltan ARl
=

7. The locus of the point of intersection of perpendicular tangents to the
ellipse is a director circle i.e., x* + y* =a* +b*.

Normal to an Ellipse

The different equation of normal to an ellipse at the particular coordinate

system are given below
2

2
(i) In point (x4, y;) form, (08 > —bi:
Xq i
(i) Im slope ‘m’ form, y=mx= M
2 2 @t A= ot
(i a 4 bm j
& +b*m* \/§+b2m2
(iii) In parametric (acos@,b sin6) form, axsec 6 —by cosec 6 = =h

(iv) The point of intersection of normals to the ellipse at two points
(acos®,,b sin6,)and (acos 0,,b sin®,) are (A, ), where

Cos((il:izj
2

60801:€0810, ———— =
; . cos(el—ezj
2

sin (&’F—ezj
2

at the points

)\’ . (az _bZ)

2 2
e
=
COSTI=— =
Reflection Property : 5
The tangent and normal at a point P on T
the ellipse bisect the external and i
1 71

internal angles between the focal
distances of P. This refers to the well
known reflection property of the ellipse
which states that rays from one focus

C
S, (~ae, 0 G S, (ae/0)
are reflected through other focus and

vice-versa, Hence, we can deduce that the straight lines joining each focus

to the foot of the perpendicular from the other focus upon the tangent at

any point P meet on the normal PG and bisects it, where G is the point,

z where normal at P meets the major-axis.
| ) 8(2 o,

8, _ex+ae atex; .. PS, e _atex;

GS, ae-é’x; a-ex PS, e(g-xl) a-ex,

—— Results on Normal to an

Ellipse

+ The line lx + my +n=0is a normal to the
2 2
ellipse X—2 4 _y_2 — i then n? = b?m? + &1
a b
+ Four normals can be drawn from a point P
to an ellipse.

+ If the line y=mx+c is a normal to the

2 2 2,0 WEOND

. X o il EE =)

i & L =1l hene =% 75 5
3 e o a2 + b°m?

is the condition of normality of the line to

the ellipse.

+ [f the normal at any point P on the ellipse
with centre C meet the major and
minor-axes in G and g respectively and if
CF be perpendicular upon this normal,
then

(@) PF-PG =b?

(b) PF-Pg =a"

(©) PG RPg =SR-SR

(d) CG-CT =(CS)

(e) Locus of the mid-point of Gg is another
ellipse having the same eccentricity as
that of the original ellipse.

+ The points on the ellipse, the normals at

which to the ellipse pass through a given
point are called conormal points.

;/If the normals at four points  P(Xy. Y1)
Q(Xp Vo) R(xs,¥s) and S(x4ys) on the
2 2
ellipse % - %5 =1are concurrent, then
a
(Xq+ Xo + Xg + Xg)
(l e i = .1_ e i) =4
M e S o

» Tangent at an end of a latusrectum (Ist

Jil=a® 2
b

xq“*

quadrant) is e =
a
or ex+y=a
: Loax by
and normal is = — =a? - b?
e Ji-e?
or X—ye =ae®
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: ;Alﬁiary Circle and

Eccentric Angle

The circle described on the major-axis of an
ellipse as diameter is called an auxiliary circle. é
Y

A

/ZQ\\\
K
‘A'% N X
2
2:32 ﬁz-i-%:‘]

‘q a
e

X
E
2

Y

Here, the equation of auxiliary circle s
X2 = yZ = aZ

So, the coordinates of Q and P are
(acos ¢,asin ¢) and (acos 0,bsin¢), where ¢ is
an eccentric angle.

Results on Eccentric Angles

* Eccentric angles of the extremities of

X2 )P
latusrectum of the ellipse =k 55:1 are
a
tan™’ (i —b—)
\ ae

« A circle cut an ellipse in four points real or
imaginary. The sum of the eccentric angles of
these four concyclic points on the ellipse is an
even multiple of . :

« The sum of the eccentric angles 20f the
conormal points on the ellipse a—2+g—2 =1is
an odd multiple of .

+ 1f6,,08,,6; and 8, are eccentric angles of four
points on the ellipse the normals at which are
concurrent, then

(@) Zcos (0;+6,)=0
(b) Zsin (0,+86,)=0
(c)sin (61+865)+sin (B, +863)
+sin 0;+6;)=0
+ If 8,8, and 0, “are the eccentric anglezs of
i . X
three points on the ellipse ?+§ =)
such that :
sin(®, +86,)+sin@®, +63)+sinB; +6,)=0,
then the normals at these points are
concurrent.

\-I’{iameter and Conjugate Diameters

The locus of the middle points of a system of parallel chords is called a
diameter. If y = mx +¢ represents a system of parallel chords of an
: ,2 2
ellipse — + J—q =1, then the line y = ——b~x is the equation of the
GRDE m
diameter.

The two diameters are said to be conjugate diameters, when each
bisects all chords parallel to the other.

If y = mx and y = m,x be two conjugate diameters of an ellipse, then
bZ

aZ

mm, = —

J(esults on Conjugate Diameters

. The area of a parallelogram formed by the tangents at the ends of
conjugate diameters of an ellipse is constant and is equal to the
product of the axes.

. The sum of the squares of any two conjugate semi-diameters of
an ellipse is constant and equal to the sum of the squares of the
semi-axes of the ellipse i.e., CP? + CD? = o* + b2.

3. The product of the focal distance of a point on an ellipse is equal
to the square of the semi-diameter which is conjugate to the
diameter through the point.

" The eccentric angles of the ends of a pair of conjugate diameter of an
ellipse differ by a right angle.

» The tangents at the ends of a pair of conjugate diameters of an ellipse form
a parallelogram;

Conjugate Points

Two points Pand Q are conjugate points with respect to an ellipse, if
the polar of P passes through  and the polar of Q passes through P.

Conjugate Lines

Two lines are said to be conjugate lines with respect to an ellipse, if
each passes through the pole of the polar.

Pole and Polar

Let P be a point inside or outside an ellipse. Then, the locus of the
point of intersection of tangents to the ellipse at the peint, where
secants drawn through ‘P’ intersect the ellipse is called the polar of

point P with respect to the ellipse and the point P is called the pole of
the polar.

The polar of a point (x,, ¥,) with respect to the ellipse
Xy TR T
?+b—z=lls-a2—+:%—é;=1
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Practice

ok

2 2

. If equation of ellipse is % + )2/—5 =1, then coordinate of the

foci, eccentricity and the length of the latusrectum are
respectively [NCERT]

(a) (o,i@,@. (b) <o.wé?>.@ L

5 oG
21 8
©) 0,21, =2 (d) None of these
. If vertices and foci of an ellipse are (0, £ 13) and (0, £ 9)
respectively, then the equation of an ellipse is [NCERT]
2 2 2 2
(e e = B e
144 169 169 144
X2 P
) —+=—== (d) None of these

. Find the equation of an ellipse, if major axis on the x-axis
and passes through the points (4, 3) and (6, 2). [NCERT]
2 2 2 2
O e et ) Sy Loy
f8mn52 40 10
X2 yP
) =—=+-=—==1 (d) None of these
520 L8

. If CP and CD are semi-conjugate diameters of an ellipse

5 e
%(Z i Xé— —1 then CP? + CD? is equal to

(a) 20 (b) 22 (c) 24 (d) 26

. If the chords of contact of tazngentzs from two points (X4, Y1)

and (xp, y») to the ellipse %5+ y_2 =1 are at right angles,

(6)
then XX jg equal to
Y1Y2

4 4 4 4
5 6 6) [5)
ol D= Sl a2
@Y o o g of
If @ and ¢ are eccentric angles of2 the gnd of a pair of

conjugate diameters of the ellipse % + Z—; =1then® — ¢ is
a

equal to

4
(a) i—z—

(b) £ m () O (d) None of these

/0Ne

10.

11.

08

. If tangent at any point P on the ellipse 7x% + 16y2 =12 cuts

the tangent at the end points of the major-axis at the points
Aand B, then the circle with AB as diameter passes through
a fixed point whose coordinates are

(b) (& a2 +b? 0)

(d) (0, + ya® + b%)

@) (& a®-b%0)

(©) (0,+ ya° - b?)

. The length of the common tangent to the ellipse

2 2
& 2l yT =1and the circle x* + y? =16 intercepted by the

25

coordinate axes is

@ 5 (b) 247
7 14

(©) Ne (d) 73

. The minimum area of triangle formed by the tangent to the

ellipse i + ZT =1and coordinate axes is
= 2
2 . p2
(@) ab (b) a”+b”
2
(@+ by a® +ab+ b
© ) ()
2 3

PQ is a chord of the ellipse through the centre. If the square
of its length is the HM of the squares of major and
minor-axes, find its inclination with X-axis.

T T
et b} —
(@) 7 (b) -
(©) 2——:1; (d) None of these

The distance of the centre of ellipse x* +2y* -2=0 to

those tangents of the ellipse which are equally inclined from
both the axes, is

S
@ % ®) Jf/i
(c) \2/3 \ (d) i;

i
3
£
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2 2
12. Let £ be the ellipse %+y7:1 and C be the circle

X*+y2=9 If P ang Q be
respectively. Then,

(@ Qlies inside C but outside £
(b) Q lies outside both C and £
(©) P lies inside both C and £
(d) None of the above

the points (12) and (2, 1)

2 2
13. Image of the ellipse % + % =Tinthe line x + y =10 js

(@) X=107 oo i)
16 25
() ¥=10°  (y-10? &
25 16
2 2
(C) (X_S) 4 (y_5) =
16 25
2 2
(d) (X_S) 2 (y‘s) =
25 16

2 2
14. The eccentric angle of a point on the ellipse % + y? =1

whose distance from the centre of the ellipse is 2, is

T 3 om T
(@) 2 (b) > (© 3 (@) =
: . 52 )2
15. If the normal at the point P®) to the ellipse ﬁ-l- ?=1
intersects it again at the point Q(29), then cos g is equal to
(@ 2/3 (b) —2/3
(c) 1/3 (d -1/3

16. If any tangent to the ellipse is cut by the tangents at the end
points of the major-axis in T and T, then the circle Whose
diameter is 777 wijl| pass through the
(@) centre of ellipse
(b) foci of the ellipse
(c) other end point of minor-axis
(d) None of the above

17. If the focal distance of an end of the minor-axis of any
ellipse (its axes as x and y-axes respectively) is k and the
distance between the foci is 2h, then its equation js

2 o~ 2 2
% X e
@ = +—-/{2 = ) = i
2 2 2 AT
5 5 e i
© R @ o s

18. From any point P on the ellipse PN is drawn Perpendicular
to the major-axis and produced at Q, So that, NQ equals to
PS, where S is a focus. Then, the locus of Qs the
(@) y—ex—a=0 (b) ytex+a=0
(©) y+ex—a=0 (d) None of these

23

20.

21.

228

JEE Main Mathematics indust 240 Days

O to the tangent at ZAIS
2 2
a b
@ [ % \J
Var T he N Ee
2 2
a b
(b) ( +t— + \J
=2 b2 /az e
2ef 2o
(©) (i — 4+ \)
VER o S AEE i
@ ( 242 2h2 )
/2 5 /az e

perpendicular distances from these
points on any tangent to the ellipse is

(a) 232 (b) 322
(©) 422 (d) None of these
In an ellipse, the perpendicular from g focus upon any

tangent and the Jine joining the centre of the ellipse to the
point of contact meet on
(a) tangent at vertex

(b) corresponding directrix
(©) tangent at (0, b)

(d) None of these

A parabola s c21rawn whose focus s one of the foci of the

; 5 ;
ellipse a7+L_ and whose directrix

e (wWhere, a>b)

@ 2 -1

(b) 2v2 + 1
()24

(d) 242 -1

g 2 2
- Ata point P on the ellipse X—2+ t))% =Ttangent PQ is drawn.
a

X2 y2 1
a) = e R
(@ - +a2b2
Dibaks
Xy 1
(b) aT_bT—1_azb2
Yol wzpl g
(©) a?+b7_a2b2
eyt
a® b 22 s

AWW. NOovabDgo

Wy sed

= " )
= A, ¢

£ oz
S
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. ‘ X2 2
24. Given an ellipse = 4 é =1(a > b)with foci atS and S” and

vertices at Aand A'. A tangent is drawn at any point P on the
ellipse and let R, R’, B, B’ respectively be the feet of the
perpendiculars drawn from S,S”, A A on the tangent at P.
Then, the ratio of the areas of the quadrilaterals S”R” RS
and A' B’ BAis

(@ e:2 (b)e:3 (©) e :1 (d)e:4

25. A triangle is drawn such that it is right angled at the centre

2 2
. X
of the ellipse a—2+% =1(where, a>b) and its other two

vertices lie on the ellipse with eccentric angles o and B.
1—920032(9—19)

cos? (“é@j

> 5. 42 2 5 2

a a“+b a a“—-b
b © d

a°the ) a° © 2l =lof* @ a?

Then,

is equal to

26. If the tangent at a point (acos®,bsin®) on the ellipse

2 2
X 26 ! s .
S y—2=1 meets the auxiliary circle in two points, the
a b

chord joining them subtends a right angle at the centre,
then the eccentricity of the ellipse is given by
(@) (1+ cos?e) "2 (b) (1+ sin®6)
(©) (1+sin?0) "2 (d) (1+cos?6)

2
27. Tangent is drawn to the ellipse %+y2=1 at

(3\/3cos 0,sin6) (where, 8 €(0, ©/2)). Then, the value of 6
such that the sum of intercepts on axes made by this
tangent is minimum, is

e ¥ T T
(a) 3 (b) r (© 3 (d) 7
; a2 R
28. The equation of normal to the ellipse e + e 1at the end
of the latusrectum is
(@) x—ey -2e°=0 (b) x +ey +2e® =0
©) x+2ey+e°=0 (d) x—2ey+e3=0

Directions (Q. Nos. 29 and 30) Consider the standard
equation of an ellipse whose focus and corresponding foot of
16

directrix are (\/7,0) and (-ﬁ,o) and a circle with equation
2 +y?=r% If in the first quadrant, the common tangent to a
circle of this family and the above ellipse meets the coordinate
axes at Aand B.

29, The equation of the ellipse is
(@) 16x% + 9y =144 (b) 9x2 + 16y2 =144
(c) 16x% + y* =144 (d) x® + 9y? =144

30. If mid-point of A and B is (xy,y4) and slope of common

tangent be m, then
(@ 2mxq+ y1 =0 (b) 2my; + x4 =0
(©) my;+x;=0 (d) mx;+y,=0

Directions Q. Nos. 31 and 32)

31.

322

2 2

C:x% + y? =9,E:%+ y7=1,L:y=2x

P is a point on the circle C, the perpendicular PQ to the

major-axis of the ellipse £ meets the ellipse at M, then -gg is

equal to

(@) 1/3 (b) 2/3

(c) 1/2 (d) None of these

If L represents the line joining the points P on C to its centre
O, then equation of the tangent at M to the ellipse E is

@ x+3y=3/5 (b) 4x + 3y =+/5

©) x+3y+8/6=0 (d) 4x + 3y ++/6=0

Directions (Q. Nos. 33 to 35) An ellipse E has its centre C(1,3)
focus at S(6, 4) and passing through the point P (4 , 7).

33.

34.

35.

The product of the lengths of the perpendicular segments
from the foci on tangent at point P is

(@) 20 (b) 45

(c) 40 (d) Cannot be determined

The point of intersection of the lines joining each focus to
the foot of the perpendicular from the other focus upon the
tangent at point P, is

By wlsy wEd wEg

If the normal at a variable point on the ellipse (E) meets its
axes in Qand R, then the locus of the mid-point of QR is a
conic with an eccentricity (), then

’—_3 /=—5
i = A0 D=

b ,_~10
(c) e =T (d) e =

Directions (Q. Nos. 36 to 39) Each of these questions contains

two

statements : Statement | (Assertion) and Statement |l

(Reason). Each of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (a), (b), () and (d) given below.

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |. ‘

(b) Statement | is true, Statement Il is true; Statement Ilis
not a correct explanation for Statement [.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement Il is true.
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37. Statement | |f P[?j]

36. LetS,=(x-1°+ (y-22 =0and

So=(x+2F + (y - 12 =0be the equations of two circles.
Statement | Locus of centre of a variable circle touching
two circles Sy and S, is an ellipse.

Statement Il If a circle S4=0 lies completely inside the

circle S, =0, then locus of centre of variable circle’ S =0
which touches both the circles is an ellipse.

iS a point on the ellipse

4x*+9y° =36 Circle drawn AP as diameter touches
another circle x° + y2 = 9 where A = (—/5, 0).

Statement Il Circle drawn with focal radius as diameter
touches the auxiliary circle.

JEE Main Mathematics in_us+ 240 Days

38. Statement | The product of the focal distances of a point on

39.

an ellipse is equal to the square of the semi-diameter which
is conjugate to the diameter through the point.

Statement Il If y=mx and y=myx be two conjugate
2

diameters of an ellipse, then mmy = b~2
a

Statement | The condition on a and b for which two distinct
2
! X y .
chords of the ellipse = + £ —1 assing through (g, — b
p 5P o p g gh ( )
are bisected by the line x + y = b is a2 + 6ab - 7b2 > 0.

2
Statement Il Equation of chord of the ellipse X—2 i
a

!

whose mid-point is (x;, y4), is T =S,

AIEEE & JEE Main Archive

40. If a and ¢ are positive real numbers and the ellipse

2 2

% + y_2 =1 has four distinct points in common with the
@ R C

circle x2 + y? = 932, then

(@ 9ac -9 -2c2<0

©  CEe =EsE —2d =)

[JEE Main 2013]
(b) ac — 9% —262 <
(d) 6ac + 9a° —2c2 > 0

41. Let the equations of two ellipses be

X2 2

Eii—+ L —1and

g 2

A ; s R
I BT 4 s 1. If the product of their eccentricities is >

then the length of the minor axis of ellipse E, is

[JEE Main 2013]
(@) 8
() 4

(b) 9
(@) 2

42. A point on the ellipse, 4x® + 9y? = 36, where the normal is

parallel to the line 4x —2y —5=0, is

w8 e
o(2

[JEE Main 2013]

03

43. The equation of the circle passing through the foci of the

e . ‘ .
ellipse = = T 1and having centre at (0, 8) is

[JEE main 2013]

@x* +y*-6y-7=0
(b) X2 + y? -6y +7=0
(©) x* + y? —6y —5=0
(@) x*+y? -6y +5=0

44. Statement | An equation of a common tangent to the

45.

46

parabola y*=16v3x and the elipse 2x2+ y2=4 is
V=22 B
43

Statement Il If the line y = mx + ——, (m# 0)is a common
m

tangent to the parabola y° =16v3x and the ellipse

2x% + y? = 4 then m satisfies m* + 2m? =24 JAIEEE 2012]

(@) Statement | is true, Statement || is true; Statement Il is a
correct explanation for Statement |.

(b) Statement I is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |,

(c) Statement | is true: Statement Il s false,

(d) Statement | is false; Statement Il is true.

An ellipse is drawn by taking a diameter of the circle
(x=12+y? =1as its semi-minor-axis and a diameter of the
circle X + (y—2)2 = 4 as its semi-major-axis. If the centre of
the ellipse is at the origin and its axes are the coordinate
axes, then the equation of the ellipse is [AIEEE 2012]
@) 4% y2 =4

(b) x2+4y2 =38

(@) 4xaty2 =8

(@A) x2+4y2 = 16

Equat!on of the ellipse whose axes are the axes of
coordinates and which passes through the point (-3, 1) and

has eccentricity \/g is [AIEEE 2011]

(a) 5x% + 8y2 —48 =0

(b) 3x® + 52 _15=0
(c):5x" + 82k gpiai

(d) 8x% 4 5y 23p2ig
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Day 28 Ellipse

The ellipse x* + 4y® = 4is inscribed in a rectangle aligned
with the coordinate axes, which is turn in inscribed in

another gllipse that passes through the point (4, 0). Then,
the equation of the ellipse is [AIEEE 2009]

(@) x® +12y2 =16
(b) 4x® + 482 = 48
(©) 4x® + 64y? = 48
(d) x* + 16y2 =16

377

49. In an ellipse, the distance between its foci is 6 and

minor-axis is 8. Then, its eccentricity is

(@ 1/2 (o) 4/5
(©) 14/5 (d) 3/5

[AIEEE 2006]

50. If the angle between the lines joining the end points of

minor-axis of an ellipse with its foci is g then the

eccentricity of the ellipse is [AIEEE 2005]

(@ 1/2 (b) 12
48. A focus of an ellipse is at the origin. The directrix is the line (©) 3/2 d) 1/2+2
£ 0r ) 1
X=4 and the eccentricity is > then length  of 51. The eccentricity of an ellipse, with centre at the origin, is % If
Sengl-major-axis is [AIEEE 2008] one directrix is x = 4, the equation of the ellipse is
(@) - )2 [AIEEE 2004]
S 3 (@) 3x2 + 4y® =1 (b) 3x2 + 4y? =12
© 3 (@) g () 4x® + 3y? =1 (d) 4x2 + 3y2 =12
Answers
1. (b) 2. (a) 3. (c) 4. (b) 5. (a) 6. (a) 7. (a) 8. (d) 9. (a) 10. (a)
11. (d) 12. (d) 13. (a) 14. (a) 15. (b) 16. (b) 17. (b) 18. (b) 19. (a) 20. (a)
21. (b) 22. (a) 23. (a) 24. (c) 25. (b) 26. (c) 27. (b) 28. (a) 29. (b) 30. (d)
31. (b) 32. (a) 33. (a) 34. (d) 35. (b) 36. (d) 37. (a) 38. (b) 39. (a) 40. (c)
41. (c) 42. (a) 43. (a) 44. (b) 45. (d) 46. (d) 47. (a) 48. (b) 49. (d) 50. (b)
51. (b)
® ®
Hints & Solutions
1. Given equation of ellipse is a% =b>(1-e?)=169 (1 - 1365_9) =144
L3 + i =1 = a® =144
4 25 ol
Here, a% =4, b% =25 So, the required equation of ellipse is o + e =
ie., a<b

2.

So, the major-axis is along Y-axis.

25
Here, major-axis is along Y-axis.
Fooi= (0, + e) = (0, + +21)

Given vertices = (0, £ 13)and foci = (0325)
Here, we see that x-coordinate is 0, it means major-axis is lies
Y-axis.
along 2 y2 po>
=] >
Let 7 oy
Here, b=13 and be=5

)

3. Since, major-axis is along X-axis.
Hence, equation of ellipse will be of the form

e ;
s A ()
g

Given that, Eq. (i) passes through the points (4, 3) and (6,2)
i.e., they will satisfy it.

> 2 .
_(_41.+ﬂ=1 = lg+%= (i)
Ga b a
8 " Clage 86 .44 (i
and —a7+7)2—_1 = a2+ 3 (i)

On multiplying Ed. (ii) by 4 and Eq. (iii) by 9, then subtracting, we
get
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T 9 16 9l 152 16
FromEq. (PRt o ER] = Y e
b 52 b2 52
== % =36 = p2= M =13
be 5 36
Putthe values a® = 52 and b2 = 131n Eq. (i), we get
2
L -+ _y_2 ==
52 13
4. Cf and CD are Sémi-conjugate diameters of an ellipse
:_4 + —8—= 1and let eccentric angle of Pis ¢, then eccentric angle

of Dis 25 + ¢, therefore the coordinates of Pand D are

(acos ¢,bsing) and [\/ﬁcos(g +0 J Jgsin(g + 0 H

1.6.,CP? + CD? = (a2cog? 0+ b?sin? ¢) + (asin? o+ b2cos? ¢)
=a® 1 p2
=14+ 8=22
5. The chords of contact are
ﬁ+m=1and&+&=1.

25" “86 25" 36
Product of the slopes = — 1
s _ X%/25)( _ x,/25 =¥
Y4136 )\ /36
o X X (36 _
625 vy, y,
4
Leg XiXo (5)4 ( E)
¥ (6) 6

6. Lety= m,x and y = m,x be a pair of conjugate diameters of an
elhpse —2 + ﬁ = 1and let P(acos@,bsing) and Q(acos ¢,bsino)
a b?

be ends of these two diameters. Then,
2

b
Ty S
a

bsing—0  bsing-0 _ _b?
acosh — O acoso—-0 g2

=> sinbsing= —cos@cos ¢
= cos(0 - ¢)=
™
e =)= i —_
= (0 5

7. Equation of tangent at any point P(acos6,bsing) s
Xcoso + Eysine = 1. The equation of tangents at the end points
a

of the major-axis are x =a,x = —a.
= The intersection point of these tangents are

6 0
A=|abtan= | B=|-apcot?
(a 2) ( 2)

Equation of circle with ABas diameter.
(x—a)(x+ a) + (y btan~) (y beot— ) 0

378 JEE Main Mathematics i Jusr 40 Days

= Sy by(tang+cot2)+ b2 =0

=

Xt P — a2y p2 —2bycosec § =0

which is the equation of family of circles passing through the
point of intersection of the circle

x2+y2—az+b2=0andy=0

So, the fixed point is (£+/a? — b2, 0).

X2
8. The tangent to X_ +
25

y2

tangent to the circle, then

6=

=  sin?9=
2

1 _ 100

cos®0 sin2§ 4+ 21sin?0
25 4
,C0S%0 = 25
28

If the tangents meets the axes at A and B, then

=

A= (i,o) and B= (o.ij

cos0 sing
ABgzi-ﬁi2 =28 + f.zg:@
cos?0  sin2e 3 3
14
AR
V3

9. Equation of tangent is fcose + %sine =
a

Meets the axis at A(§ OJ and B(O L)
Ccos6 sin®
Area of AA08=104.08= 8 p
2 sin26

10. The straight line x= rcos6,y=rsin® meets the ellipse

X2

a

= o =1, where ris given.

0s20  sine 0
o b2

ButPQ? = 4r2 = of 4a2, 4p?

1

r

Al (i)

2a®  2p2

ol
From Egs. (i) and (i, @+ w 2

a b 222 2p%

Itis possible when g = &

2 %
11. Given equation of ellipse is x? 4t ? =1. General equation of

tangent to the ellipse of slope mis y=mx + \/5_'7’2—:1_

Since, this is equally inclined to axes, som=%1
Then, tangents are

Distance of any tangent from origin = I———*—T
it

NWW. N0VAD(

y=%xt P+ '—ixi‘/—’,,
0+0£+43 _¥8

=1is X cost+ Ysing=1. If it is also
5 2
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Day 28 Ellipse

12. The position of the points (1.2)and (2, 1)with respect to the circle

X+ =0i81? +22 =5<9and22 4 2 =5 < 9 Thus, both P
and @ lie inside C.

Ttxe po§ition of the points (1, 2)and (@, Wwith respect to the ellipse
2y

w— G L
9 4

=1i8

and

Since, Plies outside £andQ lies inside E. Thus, Plies inside C but
outside E.

3 o » g " X2 y2
13. Given equation of ellipse is 2—5 + F = 1and equation of line is
6

X+ y =10 Replace xby10 — yand yby10 — xinthe equation of
ellipse, we get
_1m2 _10)2
LR 0
16 25
which is the required equation of ellipse.

Let point is (Jécose,ﬁsine) and it's distance d from origin.

d =+/6c0s?0 + 2sin0

14.

= 2= /2 + 4cos?6
— 2 + 4c0s°6=4
= ppsfo= | =5 o=
2 4
2

15

Given equation of ellipse is :_4 + é =1l

Any point on the ellipse is (v14cos6,+/5sing).
. Equation of normal at (v14cos6,+/5sin)is
J14xsecH — +/5ycosech = 9.
It passes through (+/14c0s26,+/55in26).
J14-/14cos28sec 6 — /5+/5 sin20cosecd = 9

o) 14C08 20 M —g)
cos0 sin®

= 14(2c0s?6 — 1) — 10c0s?6 = 9c0sh

= 180086 — 9c0s0—14=0

~—

cos6 = —%.COSG #* -

o~

16.

Let the equation of an ellipse is ﬁz + fz- =1
a

loy

Any tangent to the ellipse be
Xc0s0+ sing =1 o (0)
a b

Tangents at the vertices are

x=aand x=-a.
On solving with Eq. (i), we get the points TandT” as

17.

18

- and y=NQ=—(a+ex)

o

e

T[a. b1 - oose)]' 7 [_ 3 b(1+ cose)J

Sin® sin6

T[a,b tanQJ, T’[—a,bcot 9]
2 2

..Equation of circle on 7T’ as diameter is

(x—a)(x+a)+ (y—btang) (y—bcotg) =0

ie.,

= x2—a?+ Y2+ b? —by[tang + cotg] =0

Since, it will pass through the foci (+ ae, 0).
EREE =P 4 6 =0

= b?=a’(1—e?), which is true.

Let equation of ellipse is X—i+ bﬁe =1 and e is eccentricity of
a

ellipse.

Therefore, 2h=2ae

= ae =h sl

Focal distance of one end of minor-axis say (0, b) s k.

Therefore, a+e (0)=k

= a=k .. (ii)

Now, b? =a?(1-e?)  [from Egs. (i) and (ii)]

oF =l —re” = I8 = liF i
Therefore, equation of ellipse is
X2 ¥
BT TS A |
(& =l

2
Let any point P on the ellipse X—2+2;2—2=1 be (x;,y;) then
a

NQ = PS = a+ex.
Let the coordinates of Q be (x,y), then
X=CN = x, (i)

—> X

sl
On putting the value of x; from Eq. (i) in Eq. (ii), the required L
locus is

y=—(a+ex)
= y+a+ex=0
Taking S”instead of S the locus of Q will be y+ a—ex = 0.
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19. Equation of tangent at P is
AB08Y . Jeine _
a b
Vel

t
Sl
N
/‘ P (acos 6, b sin 6)
5% A
\_jl/

/

X'e—

Normal l
v
@N =1 1 )
00s°0 , sin‘o
V g2 [of?
ab

Vb2cos?0+ a2 sin®o
Equation of the normal at P s axsecO- by cosec @ = 52 — b2,
2 =fof
Ja?sec?6+ b2cosec?e
(@ - b?)sindcoso
Va?sin?0+ b2cos2e
where, L is the foot of perpendicular from O on the normal.

O =

Area of APON = %x ONxXOL (NP = OL)
_ (@ ~bPabtand _  (a® - p?)ab

a’tan’0+ b2  a2tand+ b2cote
which is minimum when &2 tané + b2 cotis maximunm.
b

Thus, for area to be minimum, tanf = =
a

b

a iy
oS =+— Sin=£——
B Bl e o

So, the required coordinates is ( -+

ar . LRI
\/az + b2 Jaz + h2
2

2
20. Let the equation of the ellipse be :—2 + Z_z =1,

21.

22

.

JEE Main Mathematics inJust 40 Days

Then, the distance of a focus from the centre = ge

v

2
=4 1—b—2 = g% — h?2
a

S0, the two points on the minor-axis are
51(0,Va® ~b?)and S, /(0, - Va2 -b?)

Now, any tangent to the ellipse is y = mx + Va?m? + b2, where
mis a parameter,

The sum of the squares of the perpendiculars on this tangent
from the two points S;and S,

e 2
(R e o Va2 b2 —faPm? 4 b2 -
= e R N R
Vi+m? i+ m?

=l +amP+b%) . »
B

2 2
Let the equation of the ellipse be X—2+ th =1and O be the

a
centre.
2
Tangent at Plx;, y,)is %1 + ﬁ; =1, whose slope = —bzi
s b asy
Focus is S(ae, 0).
Equation of the line perpendicular to tangent at S is
2
_an i
=== {b=cn) -=(1)
bk
Equation of OPis y =Y« ... (ii)
X

Since, Egs. (i) and (i) intersect,
2

i S ] (x—ae)= x(@°-b%)=a%

% bR
= x-a%e’=a%—x=2

e
which is the corresponding directrix.
‘ : 2E P
Equation of the ellipse is St
g 9

Equation of the parabola with focus S (ae, 0) and directrix
X+ ae = 0is y? = 4aex,

2
Now, length of latusrectum of the ellipse is ﬂ and that of the
a

parabola is 4ae.

For the two latusrectum to be equal,
Y

A

(ae, 0)
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2 . 2
gb_ = 439;32_6_(1_9_)=4ae
a g
= 1-e® =2e=e°+26-1=0
Therefore, e= —Q—i‘/—g =—1+.2

Hence, e =2 —1as 0 <e < 1for ellipse.
X—acos@ _ y— bsin6
asin® —bcose

23. Equation of the tangent at P is

—> <

S

—
Y

Y

vy

The distance of the tangent from the origin is
ab }
Jb?cos?0+ a2sin? 0|

i
Jb2cos?0+ a?sin?6

(a cos 8, b sin 8)
X

-

./

X'<—

Eil

| 42l
|

= 53
jo} ab
‘ Now, the coordinates of the point Q are given as follows,
‘ X—acos y—bsin®
—asind - bcos6
Jb?cos?0+a’sin?e  yb2cos?0+ a°sin?6
_ 1 _bPcos®o+ a?sin”6

: kL
! P ab

bcoso

| asin®

= Xx=acosé— and y = bsind+

2 2
{ X y 53 i 20 5
— (X} +[2) =1+ —— is the required locus.
(a ) ( b j ath?
24, Equation of tangentatPis y = mx+ Natm? + b? (i)

- S’R’RS is a trapezium and its area A; = %(SR +S’R")xSD

Day 28 Ellipse

Equation of the line S“R"is
W= ——1—(x+ ae)
m

= x+my+ae=0 .. (i)
Therefore,  SD=|22t&
il i

aem+ a2m?® + b?

1+ m?
|_aem + +a2m? + b2 I

14

SR =

and S’R’=

Then, A= %(S’R'+SR)><SD

= IN=28e
1 [ 1+ mP

Area of A’B'BAis A, = —(A'B'+AB)x AE

i
2

Equation of A’B’is y = —l(x+ a)
m

= x+my+a=0 .. (i)
Therefore, AE = 2y
S me

ma+ a2m? + b2

and AB =
i+ P
ER-2 o 5P
e A'B'= —ma+~am-+b
i+ m?
Then, Ay = %(A’B’+AB)>< AE
RO o8
= I e ST £ O
1+m
Hence, A :A,=e:l

. Equation of the chord with eccentric angles of the extremities as
oand P is

icos(a_+_[3 )+ Zsin(a_iﬁ_) = COS((X _B )
a 2 b 2 2
L& A, and Gl A,, so that
2 2
fcosAI i XsinA1 =C0SA,
a b
As the triangle is right angled, homogenizing the equation of

the curve, we get

2 : 2
52_+ % _(xcosA1 » ysmA1_] i

@ b acosA, bcosa,

Rl GOSE Ay lews SIEA,
= |2 2cosia b2 b2cos?h, )
2 >

(as coefficient of x* +coefficient of y* = 0
)
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= b?*(cos® A, -cos? 4)+a°(cos? A, - sin? A)=0

= 008°Ay(a? + b2)- p20ps2 4 -a® + a®cos2 A, =

= Cos‘?Az(az+b2)=a2(1—ezcoszA1)
1—ezcosz[q+ﬁ) .
) 2 acth
R
cosz[q_ﬁ») a®
2

26. Equation of tangent at (@cos6,bsin) to the ellipse is

5cose + Xsine =1 ()
a b

The joint equation of the lines joining the points of intersection of
Eq. (i) and the auxiliary circle x2 + ¥2 = a?tothe origin, which is
the centre of the circle, is

2
et 1P =[f cos + XsineJ
a b

Since, these lines are at right angles.
2 Ol
1—32(C0L29J+1—a2(.8_'ﬂ~6J=0

a \wos
(. coefficient of x2 + coefficient of y° = 0)

oD 82

= sin“ 1—‘2 + 1=0
b

= sin“0 (b2 — 22) + p2 = g

= (1+ sin6)(a%e?)= a2

S e =(1+ sin?g) "2

27. The equation of tangent from the point (3v3cos8,sing) to the
curve is
XCos@ 7 ysin® "
3J/3
Thus, sum of intercepts = 8v/3secH + cosecH— 1(®)
#(6) = 3V3sin’0—cos®6

(say)

i sin®6cos20

Put  £@©)=0

=  sin®0=_1 cos3p =tanf= | —gT
@iz NE) 6

Now, f“(8) > 0, for6 = . /6 (.e., minimum)
Hence, value of 9 is g

28. Since, end of latusrectum is (2e, 2§)

(-3)
Normal at (2 e, g) g X2 L)

2e/4 3
: 2x3
= 2x~2e) =2(y)-4(1-e?) [:p2=g? (1-e?)
ol , = 3=4(1-e2)]
= 2X—4e =2ey+ 46% _ 4¢
= 2x-2ey=4¢3
= (x~ey)=2e= x—ey 263 - ¢

JEE Main Mathematics in Just 40 Days

e V7
= a®=16=a=4
Then, e=£
4
and b2=32(1_e2)=16(1_1)
16
=16-7=9
2
- The equation of ellipseis X~ + z =1
16 @
= 9x® + 16y2 = 144,

30. Given, mid-point of A and Biis (x5, ).
A=(@x, 0)and B= (0,2y,)

and slope of ABis m, (given)
2y, -0 a
0-2x

= Yy + mx; =0

= mX; + y; =0

31. Let the coordinates of P be (3cos, 3sing), then the eccentric

angle at the point M. where the ordinate PQ through P meets the
ellipse is @ and the coordinates of M are (8cos 6,2 sin 6).

Here, PQ = 3sing
MQ =2 sing, so@ —C
F0) g

32. Line Ly = 2x meets the circle C:x® + y2 = 9at points for which
X+ 4% =9 x=+ 315
= Coordinates of Pare (+ 3/4/5, + 6/7/5).
Coordinates of M are (+ 3/4/5, + 4/A/5)
Equation of the tangent at M to the ellipse E is
95 = 45
= X+ 8y=+ 3,5
Solutions (Q. Nos. 33 to 35)

2 e .
> Equation of ellipse is M + u =l .(i)
45 20 )

R.//AWWW.Novabpd O[]
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Day 28 Ellipse

PS + PS’=2a
PS’= 64+ 16 = 45
and PS’= 4+ 16 =25
* 2a=6/5=a=235
and ae=6-1=5
= ex3J€=5=>e=f§
3
2
e2 =
a2
2
= b_2=1—§=£
a 9 9
b2 :£x9><5
9
= b=25

32. Now, product of the length of the perpendicular segments from
the foci on tangent at P(4, 7)is b® = 20.

34. Since, lines joining each focus to the foot of the perpendicular
from the other focus upon the tangent at P(4, 7) meet the normal
PG and bisects it.

Hence, required point is the mid-point of PG.
».Equation of normal at P(4,7)is given by
3x—y-5=0

39
3
So, the required point is mid-point of PG /.e., (% 5).

35. Locus of mid-point of QR is another ellipse having the same
eccentricity as that of ellipse (€).

= e'=e= ﬁ
3
86. LetC, and C, be the centres and Ry and R, be the radii of the
two circles.

LetS; =0lie completely inside in the circle S, = 0.

Let ‘C’ and '’ be the centre and radius of the variable centre.

Then, CC,=R,—r and CC=Ry+r
CC+C,L=R+R, (constant)

So, the locus of C is an ellipse.

Therefore, Statement Il is true.

Hence, Statement | is false. (two circles are intersecting).

i X y
=1.
37. The e"HDSGIS —+ —=

So, auxiliary circle is X* + y2 =9 and (- /5, 0) and (5, 0) are
focii. :
Hence, Statement | is true, then Statement Il is also true.

38. Let PCP’ and DCD' be the conjugate diameters of an ellipse and
let the eccentric angle of P is ¢, then coordinate of P is
(acos ¢,bsing).

- Coordinate of Dis (~asing, bcos o).
LetS and S’ be two foci of the ellipse.

Then, SP-S’P = (a — aecos ¢)- (@ + aecos¢)

D __P(acus g, bsing)
/"‘f‘ﬂ/
P 1
== 4
& S
P D’

=a? — a%e?cos® § |i=> s —62)}
- = g2 - b? =a%?
=a? — (a® - b?)cos? o
= a?sin® ¢ + b?cos® o
=CD?
39. Let (t,b —t) be a point on the line x + y = b, then equation of
chord whose mid-point is (t,b —t), is
& (b=t g RSO OE 0
2:F Pl 28z W2bF
Since, point (a, — b) lies on Eq. (i), then
ta _bb-t)_t*  (b-tf
2a2 | 2b2 2o b
= t2(a® + b?)—ab(3a + b}t +2a°h* =0
Since, t is real.

- B? - 4AC>0
= a?b%(3a+ b)2 - 4(@a° + b%)2a*b* 2 0
= 922 + 6ab + b? — 8a% — 8b% >0

2% + 6ab—-7b%20

Rt 2 il
41. E, : Eccentricitye, = [1-==—
! e =S e

5 / 2 6=
E, : Eccentricitye, = 41— ?_ =N e

6 4
[16 — b2
Also, _J_.x __19______

= b? = 4
Minor-axis of ellipse, E, =2b=2x2 = 4
42. Let(x, y;)be a point on the ellipse.
4x2 + 9y? = 36 0]
Now, apx)+ 18y =0
ax
& Y ega . W
».Slope of normal = N
4x
which is parallel to 4x —2y = 5=0

Mo
4x
= 9y, = 8x L. (i)

On solving Egs. (i) and (ii), we get

53)

BB .
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43. Given equation of ellipse is

£+£:
16 9
Here,a=4 b=3¢e = p.%:ﬂ
Lol
Fociis (= ae, 0)
=[i4x?,0]:(¢ﬁ,0)
Y

Radius of the circle,

r=q(@e)f +b?=7¥9=6=4
Now, the equation of circle is
(x- 0P + (y— 32 =16
e - 6y 7=0
44. Statement | Given, a parabola y? =16v3x and an ellipse
D5 4 y? = 4. To find the equation of common tangent to the
given parabola and the ellipse. This can be very easily done by

comparing the standard equation of tangents. Standard
equation of tangent with slope 'm' to the parabola y? = 16+/3xis

y=mx+% (i)

Standard equation of tangent with slope ‘m’ to the ellipse
2

%+§=1isy=mxi\/2m2+4 ... (ii)
If aline L is a common tangent to both parabola and ellipse, then
L should be tangent to parabola /.e., its equation should be like
Eqg. () and L should be tangent to ellipse /.., its equation
should be like Eq. (i) i.e., L must be like both of the Egs. (i)
and (ii).

Hence, comparing Egs. (i) and (ii), we get

M3 _ +v2mP + 4
m

On squaring both sides, we get

m?@2m? + 4) = 48

m’ +2m? -24=0
(m? + 6)(m? - 4)= 0
m’ =4
m=x%2
On substituting m =+ 2 in the Eq. (), we get the required
equation of the common tangent as
y=2x+23 and y= -2x-2./3

Hence, Statement | is correct.

(- m? % —6)

|0 R R
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Statement Il In Statement Il, we have already seen that if

. 88
the line y = mx + % IS @ common tangent to the parabola

2" b
y? =16y3x and the ellipse X?+ yj =1, then it satisfies the

equation m* +2m? —24 = @,
Hence, Statement Il is also correct but is not able to explain
the statement I.
It is an intermediate step in the final answer,
45. Given
(i) An ellipse whose semi-minor-axis coincides with one of
the diameters of the circle (x =12 + y2 = 1,
(i) The semi-major-axis of the ellipse coincides with one of
the diameters of circle x2 + (y —2)2 = 4
(iif)y The centre of the ellipse is at origin.
(iv) The axes of the ellipse are coordinate axes.
Now, diameter of circle (x — 1) + y = 1is 2 units and that
of circle X + (y —2) = 4is 4 units.
Semi-minor-axis  of elipse, b=2 units and
semi-major-axis of ellipse, a = 4 units,
Hence, the equation of the ellipse is

>
X_+ﬁ=
ee o
2y
= X—+y—:1
16 4
= X2 + 4y? =16

X
46. Let the equation of ellipse is —StI=1
as b?

Ve

(=3, 1)
%
X'« Qi_/ —- X

YI

It passes through P(-3, )ande = |=.

STl

©) .l ;
52_+b_2=1 (l)
2
and 62=1—b—2
a
2 bf
= ...:.1—__
5 er
0% _3
a 5
o) it .
From Eg. (i), é—2+§_1 B
27+5 _
= = =1
i o= 22 and then
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. Equation of ellipse is
2 2
ST
32 32

= 3x° + 5y? = 32

: 2
47. Let the equation of the required ellipse be :—6 + é =1,
b

But the ellipse passes through the point (2, 1).
1 1

= =
,+F_1
= =l =50
b 4
= b2=f
8

'Y
Hence, the equation is
2 2
D) -
16 4
= & 2 =S

48. Given, ? —age =4ande = %

2a-2=4
2

Day 28 Ellipse

=

Now, sl o i~
9 a%’ a’e® e?
=4 62:3_—_>e=§_
26 5

ZFBE'=

ZFBC =

~la oja

. Z/CFBis also an angle of %
= BC =CF=b=2ae
= b? =a’e?

We know, that ~ b%=a?(1-e?)
a%?=a(1-¢e?)

= e?=1-¢€?
= 27 =1
= e:J_
2
51. Given,2=4 = 2a=4= a=2ande=%
Now, b% =a?(l-e?)= 4(1 —%): 3

2
So, the equation is XT + -ysi =1or 332 + 4y =12,

0

[from Eg. (i)]
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Hyperbola

ag 29 Concept of Hyperbola

: : O t, & i o In Mathematics, a hyperbola is a type of smooth curve, lying in a plane,
N\ u ' 'nes e defined by its geometric properties or by equations for which it is the solution
A & don Cépt oF Hyperbola ' - set. A hyperbola has two pieces, called connected components or branches,

that are mirror images of each other and resemble two infinite bows. The

hyperbola is one of the four kinds of conic section formed by the intersection
of a plane and a cone.

o Equations of Hyperbola in
Stan S e

or

Hyperbola is the locus of a point in a plane which moves in such a way that
the ratio of its distance from a fixed point (focus) in the same plane to its
distance from a fixed line (directrix) is always constant which is always

greater than unity. Mathematically, ‘;—]CI =e, wheree > 1.

X=-a
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1. Hyperbola of the Form X _ V% _ 1
I o
When the hyperbola is in the given form, then it is also

called the the equation of auxiliary circle. The

Important parameters are

(i) Centre, O(0,0)

(ii) Foci :S(ae,0),S,(- ae,0)

(iii) Vertices : A(q,0), A,(-a,0)
)

(iv) Directrices ! : x = 9—,]’ Te=t
e e
2
(v) Length of latusrectum, LL 4= e ﬂ
a

b 2
(vi) Eccentricity, e = .[1 + [~j
a

or bt =lai(cd—1)
(vii) Length of transverse axis, 2a
(viii) Length of conjugate axis, 2b
(ix)
(x) Equation of conjugate axis, x =0
(xi) Focal distances of a point on the hyperbola
isex t a.
(xii) Difference of the focal distances of a point on the
hyperbola is 2a.

Equation of transverse axis, y =0

2 2
X y =%
= =1

2. Conjugate Hyperbola - —ah e

The hyperbola whose

transverse and conjugate axes }/

are respectively the conjugate L1\<37/L
and transverse axes of a given ~
hyperbola is called the G ;
conjugate hyperbola of thg . L T
given hyperbola. Boda

(i) Centre, O(0,0) Aq

(i) Foci, S (0,be), S, (0, be) Lq/%%u
(iii) Vertices, A(0,b),A,(0,~b) .

'. in and foci are on the X-axis or Y-axis, then that types of equation are
ifferent forms of hyperbola and their equations have been given below

/

(iv) Directrices
1:y=é,1’:y=—é
e e

(v) Length of latusrectum

Ty e %

(vi) Eccentricity,

(vii) Length of transverse axis, 2b

(viii) Length of conjugate axis, 2a

(ix) Equation of transverse axis, x = 0
(x) Equation of conjugate axis, y=0

(xi) Focal distances of a point on the hyperbola is
ey = b.

(xii) Difference of the focal distances of a point on the
hyperbola is 2b.

X2 y2
Results on Hyperbola = - 2~ - 1
a b

1. The foci of a hyperbola and its conjugate are concyclic
and form the vertices of a square.

2. The points of intersection of the directrix
with the transverse axis are known as foot of the
directrix.

3. Latusrectum (/) = 2e (distance between the focus and
the foot of the corresponding directrix).

0 _ .8 0
4. The equations, X=a(e -;e ] and y=b[e ze ]

are also known as the parametric equations of the
2 2

hyperbola ‘:—2 = %’2— =1

5. The parametric equation of a hyperbola be x = asec 6
and y =btan 8, where 6 € (0, 27).

6. The position of a point (h, k) with respect to the
hyperbola S lie inside, on or outside the
hyperbola, if S; >0, S; =0 orS; <0

2
where, S; E—Xi—&—
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LT SR

There are some important terms related to
hyperbola are given as follow.

* Vertices The points Aand A, where the
Cunve meets the line joining the foci S and S’
are called the vertices of the hyperbola.

* Transverse and Conjugate Axes
Transverse axis is the one which lie along the
line  passing through the foci and
perpendicular to the directrices and conjugate
axis is the one which is perpendicular to the
transverse axis and passes through the
mid-point of the foci /.e., centre.

+ Centre The mid-point C of AA’ bisects every
chord of the hyperbola passing through it and
is called the centre of the hyperbola.

+ Focal Chord A chord of a hyperbola which
Is passing through the focus is called a focal
chord of the hyperbola.

+ Directrix A line which is perpendicular to the
axis and it lies between centre and vertex. The

. - ) a
equation of directrix is x =+ —.
(=}

c

+ Double Ordinates If @ be a point on the
hyperbola draw QN perpendicular to the axis
of the hyperbola and produced to meet the
curve again at Q. Then, QQ" is called a
double ordinate of Q.

+ Latusrectum The double ordinate passing
through focus is called latusrectum.

Yk Directrix Latusrectum
Directrix

e

\

A S’ [(~ae, 0)/A’ 2|C /(4) S| [(ae, 0)
Za,0) & (2,0) Double
O o ordinate
Latusrectum

x=-a/ey x=ale
v

w The vertex divides the join of focus and thg
point of intersection of directrix with axis
internally and externdlly in the ratio ez: ],

¢ P y —[
» Domain and range of a hyperbola ? _ET =

are x < —aorx 2 aandy € R respectively.

» The line through the foci of the hyperbola is
called its transverse axis.

» The line through the centre and. perpendicular
to the transverse axis of the hyperbola is called
its conjugate axis.

Tangent to a Hyperbola

A line which intersect the hyperbola at only one point is called the
tangent to the hyperbola.

(i) In point (x;, y,) form, ﬂzl - Jgil— =1
5 2

(ii) In slope ‘m’ form, y = mx * \/@*m® — b>
(iii) In parametric form, Esec 60— %tan 6 =1 at (asec 6, btan ).
a
(iv) The line y = mx + ¢ touches the hyperbola, iff ¢ = a?m? — b?

2 2
am b
,i—} where

and the point of contact is [i
c G

6= aimt =7,

Results on Tangent
1. Two tangents can be drawn from a point to a hyperbola.
2. The point of intersection of tangents at ¢, and ¢, to the curve

2ct t, 2c
it £ tboy)

g = is(

3. The tangent at the point P(asec®,,btan 6,) and Q(asec8,,b tan 6,)
intersect at the point

-

(acos(ﬁj Pt (M)
2 2
cos(—e1 +&) cos (_61 +22~j
2 )

4. The equation of pair of tangents drawn from an external point
P(x,,¥,) to the hyperbola is SS, = T*
2 2

where S = X; —y—z—l,
@'

S0 W
St ehe

XXy _ W

and T="A-221
af e

5. The equation of chord of contact is}jz—l—%=lorT=0.

6. The equation of chord of the hyperbola, whose mid-point is (X0, 77)
iIsT =5,
2 XXy YVa _ le_ = ﬁ
R

7. Equation of chord joining the points (aseco,btano) and
(asecB,btan B) is

%cos (a_z—_ﬁ) = %sin (9—;—B) =Cos (‘XT*B)
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Normal to a Hyperbola

A line which is P

erpendicular to the tangent
hyperbola is called t} 4 \ i

1¢ normal to the hyperbola.

. . 2 4 2 A
(i) In point(x,,y,) form f{} + &4 =.q" 4H?}
Xy 7
(ii) In slope ‘m’ form

2 2
_ m(a +
Vy=mx¥F ( i)

and the point of intersection is

\a@ - m°b?

( 2

2 24
iki a = b“m

," . 2 o % -
. N -bBimE A - b

(iii) In parametric form,

axcos® + by cot 6 = a* + b? at (asec6,b tan 6)

Results on Normals

1. If the straight line Ix + my + n =0 is a normal to the

% e 2 2 2 22
% V
hyperbola = — < =1, then 2 o b_ . ((z_JrZILL
« b S n
2. Four normals can be drawn from any point to a
hyperbola.

3. The line y = mx + ¢ will be a normal to the hyperbola
Xy mA(d +b?)?

e e’ = — ===
b ot =it
4, If the normals at four points P (xy,y4), Q (%, ¥2),
A 2
R(x,,y,) and 5(x,, y,) on the hyperbola ? - i—z =

are concurrent, then

1 il il 1
Rt — =
(%, + X% 3 4)[X1 X % X4J

Pole and Polar

Let P be a point inside or outside a hyperbola. Then, the
locus of the point of intersection of two tangents to
the hyperbola at the point where secants drawn thr'ough
P intersect the hyperbola, is called the.polar' of point P
with respect to the hyperbola and the point P is called the

pole of the polar.
Conjugate Points and Conjugate Lines

If P(x,,y,) and Q(x,,7,) are conjugate points with respect

® v lies on the
to the hyperbola = - --=1, then Bl 7)) lies

polar of Q(%,, ¥2)

1.e.,0n &_szL
T/

Therefore, 20 gl 1
a bt

Two lines are said to be conjugate lines with respect to a

2 2
hyperbola T %[ =1, if each passes through the pole of
the other. '

Diameter

The locus of the mid-point of a system of parallel chords of a
hyperbola is called a diameter.

(i) The equation of a diameter bisecting a system of
parallel chords of slope ‘m to the hyperbola
2 2
i = y—z =1lisy = b
a b am
(i) Two diameters of a hyperbola are said to be
conjugate diameters, if each bisects the chord parallel to

- X

the other.
(iii) Length of chord cut off by hyperbela
2
Ly Vo
at e bt

from the line y = mx + ¢ is

2ab4/[c? = (@m® —b*)] (1 + m?)
(o = @it

Director Circle
The locus of the point of intersection of the tangents to the

2 2
hyperbola % —% =1, which are perpendicular to each
a- b

other, is called a director circle. The equation of director
circle is X2 + y? =a? — b,

P(h, k)

Y
—T o0~
XF) Cl \AX
v

=~

The circle x2 + y? = a% is known the auxiliary circle of both

hyperbola.
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Conormal Points

Points on the hyperbola, the normals at which passes through a given point are called conormal points

(i) The sum of the eccentric angles of conormal points is an odd multiple of 7.

ii) If,,6,, i ; T
(i) If8,,8,,6, and 0, are eccentric angles of four points on the hyperbola = - y_z =1, the normals at which are
concurrent, then (a) X cos (8, + 6,) =0, (b) Zsin (0, + 0,) = 0. b

s . 2
(iii) If8,, 6, and 8, are the eccentric angles of three points on the hyperbola § = y—z =1such that -
. . b
sin (6, +6,) +sin (8, + 6;) +sin (8; +6,) =0, then the normals at these points are concurrent,
. r . ; . ] X 2
(iv) If the normals at four points i) @G ), R(x3, y3) and S(x,, y,) on the hyperbola g—' Y —1ame

bZ
concurrent, then (x, + x, + x, + ) [i s et i ij =4

262G g g,

Rectangular Hyperbola

A hyperbola whose asymptotes include a right angle is said to be rectangular hyperbola or we can say that, if
the lengths of transverse and conjugate axes of any hyperbola be equal, then it is said to be a rectangular

hyperbola.
Rectangular Hyperbola of the Form 4. Foci S (v2¢,/2¢), S, (- 26, - +20)
X*—y?=3° 5. Vertices, V,(c,c), V,(=¢, - ¢)
1. Asymptotes are perpendicular lines i.e.,x + y =0 \F
2. Eccentricity, e = 2
Y S
3. Centre, O(0,0) NL p L. Vs
. N\ i X'« > X
@ailloen, ST S andy S \L Jf/ ,
(/2 a,0) X iBcfaalA X V2
81 7 O\\ S S :
a / S 1
5. Directrices, x=# — /)’ RN ¥
\/5 ,/ \\\ W7
vz L’1 i J / L‘] eN : ]
6. Latusrectum = 2a v 6. Directrices, x + y = + V2¢
ZaBoint form, s = x, = V4 7. Latusrectum = 2+/2 ¢
Equation of tangent, xx, - yy; = @ 8. Pointform,x=0, =y,
0 gy
Equation of normal, 21 + Jig e Equation of tangent, xy, + yx; = 2¢
x ¥y X ¥
= — ==
8. Parametric form, x = asec6,y = atan 6 S
Equation of tangent, xsecf — ytan6 = a Equation of Normal, xx, — yy, = x2 — y2
X i
. L + =2a 3 . = — g
Equation of norma secH tan® 9. Parametric form : x =ct, y -

. Equation of tangent, x + yt* = 2t
Rectangular Hyperbola of the Form xy =c

1. Asymptotes are perpendicular lines i.e., x =0 and
=
2. Eccentricity, e =

Equation of normal, *x — y = ¢ (t3 £ tl)

i » Equilateral hyperbola &> rectangular hyperbola.

» If a hyperbola s equilateral, then the conjugate hyperbola is
3. Centre, (0,0) also equilateral,
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Asymptotes

An asymptote to a curve is a straight line, at a finite distance from the origin, to which the tangent
to a curve tends as the point of contact goes to infinity.

Results on Asymptotes

1. If from any point on the asymptote a straight line be drawn perpendicular to the transverse
axis, the product of the segments of this line, intercepted between the point and the curve is
always equal to the square of the semi-conjugate axis.

2. Perpendicular from the foci on either asymptote meet it in the same points as the
corresponding directrix and the common points of intersection lie on the auxiliary circle.

2

3. If the angle between the asymptote of a hyperbola —;(27 - %2— =11s 26, then e = sec6.

4. A hyperbola and its conjugate hyperbola have the same asymptotes.
2
5. The angle between the asymptotes of hyperbola § - Z—Z =1is2tan™ (é]
a
6. Asymptotes always passes through the centre of the hyperbola.
7. The bisectors of the angle between the asymptotes are the coordinate axes.

8. The asymptotes of a hyperbola are the diagonals of the rectangle formed by the lines drawn
through the extrimities of each axis parallel to the other axis.

Step to Determine the Asymptotes

+ Step | Determine the degree of the equation of the curve. Let itis n.

« Step |l If X" is presentin the equation of the curve, then there is no asymptote parallel
to X-axis.

+ Step Il If the term of x" is missing, then equate to zero the coefficient of x"~", this
will give the asymptote parallel to X-axis.

Similarly, we can find the asymptote parallel to Y-axis.
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Practice

1. Length of the

latusrectum  of the hyperbola
Xy—=3x—-4y+8=0is
(@) 4 (b) 4v2
(c) 8 (d) None of these
. x 2 y2
2. The equation ~— — ¥ _1 |r| < 1represents
I=rA+r
(@) an ellipse (b) a hyperbola
(c) acircle (d) None of these
3. The angle between the rectangular  hyperbolas
(Y =mx)(my + x)=a° and (m?® —1)(y? — x2) + 4mxy = b2 is
T T T T
a) — b) — c) — d) =
(@) 5 (b) 5 ©) y (d) 5

4. The eccentricity of the hyperbola Whose latusrectum is 8
and conjugate axis is equal to half of the distance between

the foci is [NCERT Exemplar]
4 4

& = e

(@) 3 (b) 73
2

Cc) — (d) None of these

¥R

5. A rectangular hyperbola whose centre is C is cut by any
circle of radius r in four points P,Q,R and S. Then,
CP? +CQ? + CR? +CS? is equal to
(@) r? (b) ZrZ
(c) 3r® (d) 4r

6. Given the base BC of AABC and if £B-ZC=K, a
constant, then locus of the vertex A is a hyperbola.

(@) No (b) Yes
(c) Both (d) None of these

7.1t a line 21x+ 5y=116 is tangent to the hyperbola

7x? — By? =232, then point of contact is

(@ (-63 (b) (6,-2)
() 82) (d) None of these

8. If the equation of hyperbola is 9y? — 4x° = 36, then vertices

and length of latusrectum is [NCERT]
(@ (0,+2),0 (b) (0,£2),9
{c) 0.-2),0 (d) None of these

9. Equation of the hyperbola with eccentricity

10.

11.

127

13

14

§ and foci at
2

(2, 0)is [NCERT Exemplar]
(a)X—2_y_2=ﬂ, ()_)(_2_}/_2:5
4 5 9 9 9 9
X2 y2
€ ——2—=1 (d) None of these
4 9
The product of the length of perpendiculars drawn from any
point on the hyperbola x* —2y? —2 = 0 to its asymptotes, is
1 2
a) — b) £
(@) > (b) .
8
C) — d) 2
©) e (d)

A hyperbola, having the transverse axis of length 2sin®, is
confocal with the ellipse 3x* + 4y® =12. Then, its equation
is
(@) x®cosec?6 — y2sec?o =1
(b) x°sec?6-y?cosec? =1
(c) x*sin®0—-y?cos?0 =1
(d) x?cos26-y2sin?0 =1
‘ = _ Y :
Ifey is the eccentricity of the ellipse 6 4 b =1lande, is the

eccentricity of the hyperbola passing through the foci of the
ellipse ande; e, =1, then equation of the hyperbola is

2 2 2P
X5 XS
a) ———= b e —
(@) 92 12 (b) Bl
XY

e 3
If the line 2x + +/By =2 touches the hyperbola x2 — oyt
then the point of contact is

(d) None of these

(@) (-2.46) (b) (-5, 24/6)
© (%%) (@) (4-+6)

The common tangent to 9x® — 4y? = 36 and x2 + v? = 3is
@ y—2v3x-+/39=0

(b) y+2+3x ++/39=0 -
(© y—2v8x++/39=0

(d) None of the above
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15. The locus ofnthe points of intersection of perpendicular

tangents to oy =1is
1 9

(@) x°-y2 =7

Sal (6) x* - y2 =25
(C) X"+ y° =25

@) x®+ y2=7

2 2
16. 1f P is a point on the hyperbola % - yj =1and N is the foot

of the perpendicular from P on the transverse axis. The
tangent to the hyperbola at P meets the transverse axis at
T. If O is the centre of the hyperbola, then OT -:ON is equal to

(@) 9 (b) 4
() e? (d) None of these
17. Let P(asec 6, btan®) and Q(asec ¢, btan¢), where
e . X2 P
0+0= E,be two points on — — = =1 it (h, k)is the point
a
of intersection of normals at P and Q, then k is
2 2 2 2
a“+b b
() (b) _(EJL__)
a a
2 2 2 2
(C)a+b (d)~(a—+b)
b b

18. If x =9 is the chord of contact of tangents of x? - y* =9,
then the equation of the corresponding tangents is
(@) 9x2 —8y? +18x+9=0 (b) 9x" —8y* —18x+9=0
(c) 9x% —8y? —18x—9=0 {(dj 9" ~8y* +18x~9=0

19. || .. stusrectum subtends a light angle at the centre of a
nyiesiani, « onits eccentricity is
81 B
) b
@ — (O
J5+2 JBrtnp
(O (d) G

20. Tangents are drawn from points on the hyperbola
2

2
i<——y7=1 to the circle x°+ y?>=9. The locus of the
9
mid-point of the chord of contact is
2 W
2 294 iy
Gl ]
. J)

(0) 0 +y*)P =G5 -
2 2
O Yz)z:‘”[%"y?]

2 2
@ (& + Y7 = 9(59— —y;]

21, Equation of a rectangular hyperbola whose asymptotes are
x = 3and y =5and passing through (7, 8) is
(a) Xy =8y+ 5x+3=0
(c) xy—3y+ 5x-8=0

(b) xy + 3y +4x+3=0
(d) xy —8y—-5x+3=0

2 2
22. If two points P and Q on the hyperbola gz— - % =1, whose

centre C ﬁ)e such that CP is perpendicular to Cl, a < b, then
+ —— is equal to
cQz o

cp? 7
1 1 1 1

R o b2
1 1 1 1

©F Z

23. A series of hyperbolas is drawn having a common
transverse axis of length 2a. Then, the locus of a point P on
each hyperbola, such that its distance from the transverse
axis is equal to its distance from an asymptote, is
@ (/2 ~ x°F =42 (6 =) (o) (:® = y°F =x* (< = &)
(©) (X2 = y?)=4x® (x* —a®) (d) None of these

24. If the lines x = h and y = k are conjugate with respect to the
hyperbola xy =c?, then the locus of (h, k)is

(@) xy =2c?
() 2xy =c?

(o) xy =c?
(d) xy =4c?

25. A triangle is inscribed in the rectangular hyperbola Xy =c?

such that two of its sides are parallel to the lines y =mx
and y = myx. Then, the third side of the triangle touches the

hyperbola
[Py + my)? _[cBm =m,)?
@ xy= {———%mg } (b) xy = {_—4m1m2
2 2 2
(C) Xy:{c2(m1_m2) } (d) Xyz{c (m1+m2) }
myms mym,

2 2
26. From the centre C of hyperbola %—% =1 perpendicular

CN is drawn on any tangent to it at the point
P(asec®,btan®)in the first quadrant. Then, the value of 6,
so that area of ACPN is maximum, is
el L ) 1 a L_1(b
- b) sin™'|=| (c) cos™'|—| (d i
@sm!(2) man(E) © &) @ (2
27. A point P moves such that sum of the slopes of the normals
drawn from it to the hyperbola xy = 4 is equal to the sum of
ordinates of feet of normals. Then, the locuis of P is
(a) aparabola (b) ahyperbola
(c) an ellipse (d) acircle

28

1 W &
An ellipse has eccentricity 5 and one focus at the point

2 [% 1). Its one directrix is the common tangent nearer to

the point P to the hyperbola x* —y® =1 and the circle
x2 + y? =1. Find the equation of the ellipse.

@ @x+ N2 +12(y+ 1> =1

(b) @x -2 +4ly -2 =(x~-1?

(©) 9x? + 6x + 12y +1=0

@ @x+12-12(y+ )% =1
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29. Atangent to x2 = 4ay meets the curve Xy =c* at two points
Pand Q. The locus of the mid-point of PQis

(@ ay-2x2 =0 (b) ay +2x2 = o
(€) ~ax+ by? =0 (d) None of these

30. If tangent and normal to a rectangular hyperbola xy =2 gt
off intercepts & and a, on one axis and b, and b, on the

other, then
@ a =b (b) a, =b,
i S o, d
'az—bg ()a1a2+b1b2=o

31.1f a variable circle x? + y¥ =28 + day = 0 intersects the
Nyperbola xy = 4at the Points (x;, ), =12, 3 4 then locus of
the point (M | LASEYe G Vabh, i
4 4
(9) 2 =25t 5= 0
d y+4x-7=0

(@ y+2x=0
(€) v—2x=0

32. The diameter of the hyperbola 9x® — 16y2 = 144 which is
conjugate to y =2x is

8 9
a =—X b = —
(@) 5 (b) y 5~
(©) y= g b (d) None of these
33. The normal at P to a hyperbola of eccentricity e, intersects
its fransverse and conjugate axes at [ and M, respectively. If
locus of the mid-point of LM is hyperbola, then eccentricity
of the hyperbola is
e+ @
a) | —— (b) ——
@ (2] —
(c) e (d) None of these
34. Consider a branch of the hyperbola

X2 ~2y® —2\/2x — 42y — 6= 0 with vertex at the point A Let
B be one of the end points of its latusrectum. If C is the
focus of the hyperbola nearest to the point A then the area

of the AABC is
[3 :
— —1]sqg unit

’ @(1—@) $q unit
(© (1+ \E) Qg units (d) (/g + 1] sq units

Diraetions (Q. Nos. 35 and 36) Let the curves be
H:x’ —y?=9,P.y? = 4(x~5),L:x=9.

35. If L is the chord of contact of the hyperbola H, then the
_ equation of the corresponding pair of tangents is
v (@) %P -8y +18x-9=0
(b) 9x*—8y2 —18x + 9=0
(c) 9x* - 8y? —18x-9=0
(d) 9x* -8y + 18x + 9=0

JEE Main Mathematics i, ., 40 Days

36. If R is Fhe Point of intersection of the tangents of H at the
extremities of the chord L, then equation of the chord of
contact of R with respect to the parabola P is
@ x=7 (b) x=9
© y=7 @ y=9

. - XZ 2
Directions Q. Nos. 37 1 39) For the hyperbola —2—% =1 the
a

normal at P©) meets the transverse axis AA” in G and the conjugate

axis BB’ in g and CF be perpendicular to the normal from the
centre,

37. PF?2.pG2 = K'sec6-tanBCB*, then K is equal to

(a-b) (b-a) ab ab
(@) R (b) e (©) @-b) (d) -3
38. PG :Pg is equal to
@) b?:a? () & /67
©) fo:e (@) a:b

39. Locus of middle point of G and g is a hyperbola of
eccentricity.
1 e

s b
S Y FS
(©) 2ve?—1 =

Directions (Q. Nos. 40 to 43) Each of these questions contains
two statements : Statement | (Assertion) and Statement Il
(Reason). Fach of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (a), (), (c) and (d) given below:.

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.

(b) Statement |is true, Statement Il is true; Statement Il is not
a correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement Il is true.

40. Statement | A bullet is fired and hit a target. An observer in
the same thunder plane heared two sounds the crack of the
rifle and the thud of the bullet striking the target at the same
instant, then locus of the observer s hyperbola where
velocity of sound is smaller than velocity of bullet.

Statement Il If difference of distances of a point P from the
two fixed points is constant and less than the distance
between the fixed points, then locus of P is & hyperbola,

41. Consider e ande’ are the eccentricities of hyperbola and its

conjugate hyperbola

Statement | Ife =2, thene’ =

Statement Il + 1~
e e

@™
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42, Consider the director circle to the hyperbola 2

Day 29 Hyperbola

22
B
by S EETIe

ey =gt b & b

Statement | The equation of the director circle to the

hyperbola 4x? — 3y? =12is x? + y? =1.

Statement Il Director circle is the locus of the point of
intersection of perpendicular tangents to a hyperbola.

43. Statement | A hyperbola and its conjugate hyperbola hé&}e

the same asymptotes.

Statement Il The difference between the second degree
curve and pair of asymptotes is constant.

AIEEE & JEE Main Archive

2 2

44. A tangent to the hyperbola % - y? =1 meets X-axis at P
and Y-axis at Q. Lines PR and QR are drawn such that OPRQ

is a rectangle (where, O is the origin). Then, R lies on
[JEE Main 2013]

A O 1
Ll et oy o) i v

@ =tz ©) 72
2 4 e B0

©) ===l @)t =y
X2 y2 ()XZ y

45. A common tangent to the conics x? = 6y and 2x° — 4y* =9

is [JEE Main 2013]
@) x=W=
(o) xar =
© x+y=

Njo—= N|w

(==

46. The equation of the hyperbola whose foci are (=2, 0) and

(2, 0) and eccentricity 2 is given by
@res e =3

o) =y =8

sy =8

(d)=x=+3yF =3

[AIEEE 2011}

47. For the hyperbola A
@

48.

49.

50.

2

2
e o e
os o sin“o

following remains constant when o varies? [AIEEE 2007]
(@) Directrix (b) Abscissae of vertices

(c) Abscissae of foci (d) Eccentricities

The locus of a point P(e, B) moving under the condition that
the line y = ox + B is a tangent to the hyperbola % - %2— = 1|
a

is [AIEEE 2005]
(@) circle (b) ellipse
(c) parabola (d) hyperbola

X2 y2
The foci of the ellipse e + 5 =1 and the hyperbola
X2 y2 1 , >
2 _ 2 —__ coincide. Then, the value of b= is
144 81 [AIEEE 2003]

(@ 1 (b) 5 (c) 7 (@) 9

The equation of the chord joining two points (x4, y4) and (X, )

on the rectangular hyperbola Xy =¢ 2s TAIEEE 2002]

) =2 o e
Y=o X5 So BYaaYe

X1+X2
G

Y1+ Y2 X1+X2_ Yas o X=X
Answers
1. (b) 2. (b) 3. (a) 4. (c) 5. (d) 6. (b) 7. (b) 8. (b) 9. (@) 10. (b)
11. (a) 12. (b) 13. (d) 14. (a) 15. (d) 16. (a) 17. (d) 18. (b) 19. (b) 20. ()
21. (d) 22. (d) 23. (a) 24. (a) 25. (a) 26. (b) 27. (a) 28. (b) 29. (b) 30. (d)
31. (a) 32. (d) 33. (b) 34. (b) 35. (b) 36. (b) 37. (b) 38. (@) 39. (b) 40. (a)
41. (a) 42. (d) 43. (b) 44, (d) 45, (a) 46. (c) 47. () 48. (d) 49. (¢) 50. (a)
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Hints & Solutions

1. Given equation can be rewritten as (x—4) (y— 8)=4
which is a rectangular hyperbola of the type xy =c?,

o =2
Then, a=b=0c\2 =2./6

)
2

< Length of latusrectum = 22° 2a= 4.2
a

2, As|ri<1then1-r>0 1+ =10
Hence, it represents a hyperbola.

3. On differentiating first €quation, we get
ay ) n [dy )
SMX) M=+ 1|+ (my + x =0
v ) ( - (my + x) a
ay 2 2
= OT(my+ X+My—mX)+ y—mx—m W= liye= Q)
X
N 2
= d_y = MK =my (say)
ax  2my+ x—m X
On differentiating secong equation, we get
(m? 1) (2yd_y—2x)+ 4m(xd-y+ y): 0
ax ax

&/

= Z—y(2y(m2 = 1)+ 47X) = ~ dmy + 2 (2 — 1)
X

ay _ —2my + mPx - x

- = m,(say)
i X mfy— y+ 2mx %
mymy =—1
So, angle between the hyperbola = g
4. Let equation of hyperbola be
B 0 ’
a2 p?
b2
Given, 2b” _ 8
a
2 5
- —b_=4 and2b=1(2ae)
a 2
= 2b=ae = 4b® =g%"2
b? 2
M2 =g
= 42 ~1)=g? [ib® =& fef —1)]
= 362 =4
2 _‘} =T 3
i S V3
5. Let equation of the rectangular hyperbola be !
xy =c? o)
and equation of circle be x? + y2 = 2, o Alh)

From Eq. (i) and (i) eliminating y, we Co
Tl RSt =0 - (i)

LetX;, X, x; and X4 are the roots of Eq, ().
4
Sum of roots = ):1, =0
I=
Sum of products of the roots taken two at a time
=X XiXp =~ 12
From Eq. (i) and (ii) eliminating x, we get
Vi —r2y2 e =0 2o (i)
Lety;, ¥,, v, and Ys are the roots of Eq, (iv).
4
Ey,:o and I yy, =2
Now, CP? + CQ? + CR? + CS2
=2+ y2 4 2 ¢ Vot + P P k2 e

2 20 2 2
=()<12+x22+x3‘+x42+(y1 T £ stk ,2)

4
:[(é SF =257 x1x2J+ [(Z F =253 )qng

=
=(0+2r%) + (0+ 272
[ (_% Xi) =032 xx, :-rz,é;. Yi=0.Z vy, =— 2]
= 4

6. Let B(-4, 0, C(x 0)and A (x, y)

Given, K =B-C
V7
I A(x, y)
B 0] 6 X
- Are——9 — %
Y i

tanK = B0B=tanC A+ x A x
= o S BT X AT
1+ tanB-tanC

N =&
= =X+ y? = —2xyc0tK
= X% —2c0tK-xy— )2 = )2
which is a hyperbola.

7. Here, a? =272,b2 =2%and y= —%x+ 11?Gwith slope Al

1167 i
Now, a2 m? - p2 = [?) (since line is tangent)

If (%, y4) s the point of contact, then tangent is S (0]
; 7XX = Byy =232
On comparing it with 21x -+ Sy =116, we get
X =6y =-2
So, the point of contact is (6, -2).
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8. Given equation is 9y* — 4x” = 36,

Divide it by 36, we get

s -
g6 386 36
- Low o
4 8
fow L2 e oo
Now, comparing Y X —qwith y_,) - X.o =1, we get
4 9 S
b? =4 and a* =9
=5 b=2 and a=3

Here, in hyperbolic equation coefficient of y? is positive, s0
transverse axis is along Y-axis.

Vertices = (0, £ b) = (0, £ 2)

and latusrectum=="-=="—-=9
b 2
9. Let the equation of hyperbola be
2 2
Sl )
a b

Given, e = g and foci = (= ae, 0)= (£ 2, 0)

= 2 and ae =2
2
= So=p — @ 19
2 9
Now, b2 =ae® 1)
— [)2:1‘(9—1) :Ex§=@
9 \4 9 4 9
On putting the values of a2 and b? in Eq. (i), we get
o
16/9 20/9
= o gl
4 B =0
10. Given, equation can be rewritten as
e Vi
2 1
Here, a? =2,b% =1

We know that, the length of perpendicular drawn from any point
2
on the hyperbola % - {2— = 1to the asymptotes is
a
* o N
a2 + b?

11. Here, a =sind
Since, foci of the ellipse are (£ 1, 0).

+1=q/a® + b? = b? =cos? 0
2

Then, equation Bl ol yz =1
sin® cos?
— x2 cosec?0— y’sec?0 =1

12. Here e, = 1~1§=§
26 &
eg,=1=¢ > 2
2 2 3

Since, foci of ellipse are (0, £ 3).

ey
Hence, equation of hyperbola is o R = =1

13. As we know, equation of tangent at (X, ¥4)is Xx; — 2% = 4, which
is same as 2x + /6y =2

X

7

= x=4andy=-6

SI=
I}
N

14. Suppose the common tangent is y = mx +¢ to
0x? — 4y2 =36and X + y° =3
o2 = a?m? — b? = 4m* - 9 .. (i)
c? =3+ 3m° ....(ii)
From Egs. (i) and (i), we get
4m? - 9=3m + 38
= m? =12=>m=23

c=.3+3x12=4/39

Hence, the common tangent is
y=2+/3x + /39

15. The equation of tangent in slope form to the hyperbola

2
i --yi=1isy=mx+,l16m2—9

16 9
» Since, it passes through (, k).

k= mh + y16m? — 9
= (k — mhy? = (16m” — 9°)

= K2 + mRh? = 2mkh —16m? + 92 = 0

and

It is quadratic inm and let the slope of two tangents be m, and

mj, then
2

.

h? —16

2
= —1:5__*_&
i =6

= h? + k2 =7

The required locus is X2 + y* =7
16. The point on the hyperbola is P(x;, ), then Nis (x, 0)

- Tangent at (x;, yy)is 2t - Y1 — 1
9 4

This meets x-axis at T (g, 0}
X

or-onN=2.x =9
X

MWW, N0VADJ O[]
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17. Equation of normal at8is — = + & = 22 & b2 and normal
secH tan6
Mgt 05— _ o B o a®
2 cosec® cote

Eliminating x, we get

by (—L - Lj =@+ bz)(L —i)
sin@ coso cosO  sind
= by = (e + b2)or k=& +5°)
b
18. Let P(x,,y;) be the point from which tangents are drawn.
The chord of contact is S; = — 8.
hes X5 =y =9,
ltissameas x=9.
e X=1y=0
Equation of tangents is 72 = SS,.
(x-9)2=-8(x*-y* -9
= 9x% — 8y? —18x+ 9=0

19. Since, ZLOS = 45°

LS SO
= ae? - 1)=ae
e’ —e—-1=0
Y L
X % S x
(0]
L1
Yl
o 1 5
So, the required eccentricity, e = +2*/_

20. Any point on the hyperbola is (3sec 6, 2tan®). The chord of
contact to the circle is 8x sec 8 + 2ytand =9 (i)
If (x,, y;) is the mid-point of the chord, then its equation is
: X+ Y=+ ....(ii)
From Egs. (i) and (i), we get

3secH _2tand _ 9
% i RN
g ; 1.0 2 X12 y12
g =14
Eliminating - 0E + v2) =
2 X Yz
Hence, the locus is (x° + y?)? = 81 —9———4—’ g

21. The equation of rectangular hyperbola is
(x=8)(y-5+Ar=0
which passes through (7, 8).

22.

23.

24

JEE Main Mathematics inJusr 20 Days

& 48 =10
= A=—12
Then, Xy —6x-3y+16-12=0
= Xy =8y 15X+ 8I=10)

Let CP =1, and CQ = r,, CP be inclined to transverse axis at an
angle®, sothatPis (7 cos 6,1 sin 8) and Plies on the hyperbola.

2 D)
=, r12 cos29_sm29 -1
a b

o) 2
Replacing 6 by 90° + 6, we get r2 [sm co> GJ =

& b?

1 1 _cos?0 sin@ . sin®® cos’8
= SIS = e e s e
I a b a b
1 il 2 1 1) ? (‘I 1)
=> — L e —= = — RSO == —
GZ f22 (aZ b2 32 bZ
— Ll IR
GZ ,22 32 b2
1 1 1 1
——ak =—2——

2
The equation of a hyperbola of the series is X—2 — g = 1where, A
a
is a parameter.

The asymptotes of this hyperbola e %
a

Suppose (x’, ¥’) is a point P on the hyperbola which is
equidistant from the transverse axis and asymptote. Then,

,2 2
:2 -?=1 ()
i
and y=ﬁ*7~1 ..(ii)
2 R
2 ’2
iich 5}%: 22 _1 [from Eq. ()] ...(ii)

72 2 ’
and 2 (i+ 1)=X + ¥ _2XY fiom Eq, ()] ...(v

e
On simplification the second relation gives :

2 22 2
2 v 4XCyca
(}/ _x)_—z__

So, thelocus of Pis (y* — x°)? = 4x? (x® — a?),

= 4x?(x® - a%) [using Eq. (iii)]

Let (x;, y4) be the pole of the line x — h = 0 with respect to the
hyperbola xy=c® Then, the equation of the polar is
Xy, + yx =202,

Thus, the equations X — h = 0and xy, + yx, = 2¢? represent the
same line.

s 2O
e =
2
= x=0 and y =22
h

13 B na/21/2014 17:0015



http://www.novapdf.com/
http://www.novapdf.com/

Day 29 Hyperbola

Since, the lines x—h = 0
) =0and y- k=0 are conjugate lines
Therefore, the pole of the line x — h = 0lies on the IinJe)?— =0 .

2
=0 ZCT—/(=O

= hk = 2¢?

Hence, the locus of (h, k)is xy = 202,

G ©
25. Let P(ct1| t_],o [ctz, r),R [cts, ?] be the vertices of a APQR
1 2 3

inscribed in the rectangular hyperbola xy=c? such that the
sides PQ and QR are parallel to y= mix and y=m,x,
respectively.

m; = slope of PQ and m, = slope of QR

= m1=—i and r772=—__‘I

i e
m

e [_1}1
my

X+ ylitg =c(ty +t5)

= o
my 4

The equation of PR is

= X+ y(ﬁ]t$=c[t1+ﬂt1]
ms m,
= x+y[ﬂ]t$=c(1+ﬂ]t1
My ms,
2
B e o lclni ) T
m, 2. Jmm, \'m,
= X+ yt? =2,
where, li= fﬂﬂ
my
i 7b~=c(m1 + m,)
2. /mm,

Clearly, it touches the hyperbola,

4 2 2
_lem+m)| o - o(rn1+m2)}
i {2,/m,m2 } i 4myim,

26. Equation of tangent is
bsecB-x—atan@-y—ab=0

CN = ab
\ﬁ)z sec? @+ a° tan? 6

Equation of normal at P is ax cos 8 + by cot 8 = & ok o
ac b’
\Ja? cos? 8 + b? cot” 8
areaA=%CMxCN

CM =

(:CM = NP)

I ab (a® + b?)
Ja?b? + b* cosec? 8 + a* sin” @

S S o
So, A is maximum when b* cosec? 0 + a’ sin® s minimum.

27.

399

Now, b* cosec? 6+ a* sin® 022a%% (- AM>GM)
bi(@% +b2) _ &t + b? b
A =8 = here @ = sin~! [ 2

ol o0 T where 6 = sin (a)

Any point on the hyperbola xy = 4 is (22‘. tg) Now, normal at
2\
(21“ t_) is y — }2- =12 (x - 2t). (its slope ist?)
If the normal passes through P(h, k), then
k—?:tz (h—2t)

= 2 = [ = D = 0 o)

Roots of Eq. (i) give parameters of feet of normals passing
through (h, k). Let roots bet;, t,,t, andt,, then :

t1+t2+t3+t4=g ()

o +toty ity +tt, +t50, +td, =0 B ()
...(iv)
(V)

tibotai bttty tylaty ittt = —g
and titotat, =—1
On dividing Eg. (iv) by Eq. (v), we get
A g NG
ty STERGTR

= R Vo V=S (y=t3)
From Egs. (i) and (iii),
2
1241241242 =T
4
H2
Given that, 5 = /%

Hence, locus of (h, k)is x? = 4ay, which is a parabola.

28. Ellipse has directrix, x — 1= 0, focus (-21-1)

Equation of the ellipse is
2
1 2 1 2
X——| +(y=10"=—(x~-1
(x-3) +=12=26=1

= @x=17% +4(y-1%=(x-12

29. Let (x,, ;) be the mid-point of PQ. The equation of PRis T = S,

XYy + YX =2XY, ()
Eliminating y between Eq. (i) and X = 4ay, we get

X2 =4a[2 --’iJ}q
X
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= x2+4aﬁ-x—8ay1=0
Xy

Put, discriminant = 0

2
- 16a2[ﬁ] +32ay, =0
X

2
S0, the locus of the mid point is % i Zeli=0)
X

ay+2x° =0

30. Since, tangent and normal are at perpendicular,

~.Product of slopes is — 1,

)

= aa, + bib, =0

Ve
(0, by)
(a2, 0)~|

X+— > X
[0)
0’ b2) (31, O)
‘Y’

31. On Putting y:i1 in the equation of the circle, we get
X

x* —2ax® + 16ax + 16=0
If %, %, x; and x, are the roots of the equation.
Nt X+t Xt X, _a_,

h
Then, 7 -
Similarly, LW o
a
h==,k=—-a
B 2
e
2

Hence, locus of a point is y + 2x = 0.

32. If y=mx and y=m,x be two conjugate diameters of a

£ g
hyperbolaa—z—z-z—- )
2

Then, mym, = 9-2—
a

Here, the hyperbola is 152 - % = 1and diameter is y = 2X

% my =2, ga =16b%=9m, =?

Then, 2m, = 6

34.

JEE Main Mathematics in_us+ 20 Days

" L

32

The required diameter is Vi %x.

Equation of nermal at P(a sec ¢, btang)is
axcosé+ bycotd = a2 + b2

Hence, coordinates of L and M are

2 2
Ls[a e Sec ¢, OJ
a

and M = [O, % tamp) respectively.

A,
Let mid-point of ML is Q(f, k) then h= w seco
a
2ah :
— Sec ¢ = m ()
2 2
and _@ 406, o
2b
2bk ..
= B =—==_ (D)
L &F -+ [5P)
From Egs. (i) and (i), we get
2,2 b2k2
Sec? (panai ol
’ : EElRE (GF )R
2
Hence, locus is & - v =1

2 2
at bt a? + b2
2a 2b

Let eccentricity is e,

2 b2 (2 5
2b Z 2a Gl

& =07 (7 = 1))

=
—p 82 = a2 (92 -k 1) (812 B 1) [ b2 2l a2 (62 g 1)]
= e%e? —e? —e? + 1=1
= ef @2 -1)=e?
&= &
€% - 1)
The given equation can be rewritten as

()(—«/2)2 iy \2)? 1
R Npo
For A(x, ¥), v/

e o s
A BN,

<[

X=R2=2=x=24./

B

1 40 Days C144 Web 23X36 DR.job 13 D 09/21/2014 17:00:15
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ForC(x, y), X=+2 =ae =46
: =B P
Now, AC =B+ 2 2 —Z =+ -2and BC=2" -2 _1

= Area of AABC = % x AC x BC

ol - B :
—ZX(JE 2)x 1 [\/; 1]squn|t

35. Let R(h, k) be the point of intersection of the tangents to the

extremities of the chord L : x = 9to the hyperbola, then equation
of Lishx—ky=9= h=1and k = 0.

.Coordinates of R are (1, 0).
Equation of the pair of tangents from R to the hyperbola is

(X —y? - 9)(1-9)=(x-9? (2 S8, =77
= 9x% — 8y? —18x+ 9=0

36. The equation of chord of contact at (1, 0) to the parabola is
yx0=2(x+ 1)-20
"=
3. Equation of tangent of hyperbola at P@) is
Xseco— Y tang = 1 ()
a b

and equation of normal of hyperbola at P©) is
ax cos6 + by cot =a? + b* (i)
B (0, b)

A
28 g
a“+b
L Tangent
<0‘ b cot 6 > &

g
P (a sec 9, b tan e)

a +b2
acose

A’ C|(O0 A (a, 0)
Normal

VB,

By foot of perpendicular formula
X=X _ YW _ l(ax1+by1+c)]
a b | a? + b?
x=0- y=0 _ s b
acosd bcotd  a2cos?0+ b2cot?e
(@ + b?)bcote }

For point F;

{ (@ + b?)acos@
_.9
(a

200520 + b2cot?8) (a®cos?8 + b?cot?6)

401

B o2 z
PF2 = g (@ + b<)acoso
cos (acos?6 + b2cot?6)
2 2
Ly b (a“+b")bcote
cotd  (a®cos?6 + b?cot?8)

ab (b — a) (cot?6 — cos?)
cos6- (a°tan’0 + b2sec>6)-cotO
ab (b —a)
cos8-cot (a®sec? 6 + b tan?8)

SN
and PG2=]_8 _@+D7L 4 iangp
cosB acos6

= PF?sec®d-tan’6 =

b2

= —-(b®sec®8 + a tan"6)
a
B, B z
2 - a2ccoin) Pry innk b” _ btane
bcoto

2
= Z—Z(bzsecze + a®tan®6)

4
So, pF2.pG2 =P 0 =8) o0 tane -..(if)
a
4
s PF2RgR = _E.’*(lfb__a)-sece- tan® (V)
a

PF2.PG? =CB“(b—;a)-sece-tan9 (-CB? = b?)
a

b-a
ab

=

38. Now, from Egs. (iii) and (iv), we get
2 4
PG B . peiPg=b2 e
PQ2 a4

; 2
39. Locus of middle point is ); i =
e

40. Let P be the position of the gun p Q
and Q be the position of the target.
Letu be the velocity of sound, v be
the velocity of bullet and R be the
position of the man then, we have

PR_QR , PQ R
s v
EEE N QRSEP®) hy
= Ul i R
Wi v
= PR-QR=2pPQ
v
PQ = Constantand £ PQ < PQ. (cu<v)
v

Hence, locus of R is a hyperbola.
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41. Statement Il is true.

2
Since, l ﬁ =
& 2
Hence, Statement | is also true.
42. Now, 4x2 82 =10
2
= X_ _ f_ = 1
8 4

Then, director circle is x2 + 2 =3 4 _1

Does not exist for existence a > b.

2
43. Let hyperbola is x—z—ﬁzzl then pair of asymptotes s

2 a
L~ ﬁz +1=0
8~ b
Then, A=0
A=0
2
=.Pair of asymptotes is X_ _ ﬁ =0
b2

and equation of conjugate hyperbola is — % y_2 =

a b
: . X2 y2
Then, pair of asymptotesis—— + L4y =0
& [P
Then, A0
n=0
2,
- Pair of asymptotes is . bﬁz =
a

2
44. Given hyperbola is XT - § =1

Here,a? =4,b2 =2=3=2 p =42
The equation of tangent is
5sece - Xtane =)
a b
X W =
—secOH—-—tanf =1
¢ 7z

So, the coordinates of P and Q are P (2cos6, 0) and
Q (0, — v/2 cot6), respectively.
Let coordinates of R are (h, k).

h=2cos6, k = —J/2coto

k_ -2 . —2h
== Ssin=T——
i h sin@ 2k
On squaring both sides, we get
2
sin@ = g-h—=>1 —c0s®f = 2h
e
h? 2/72 h?
= 1-—= +—=1
4w
_. B . o4 e 2
s S k—z*”_“n? it
Mﬁﬂ@&@n——— =1
; yzu w""

- s

45, % - Wy

JEE Main Mathematics inJust 40 Days

2
9/2 9/4

Equation of tengent in y = mx + [9m2 =
2 4

This equation also intersect the conic x2 = 6y. This will give us a
quadratic equation, whose discriminant is zero.
Simplify it and get the result.

486. Let equation of hyperbola be

Y
S e
(=2, 0) ©) (2, 0)
v
2y 1
e |
a b 1
where,2ae =4 and e =2 = g =1
Now, a%?=2a2 + p2
= 4=1+bp% =5 p2=3

2
Thus, equation of hyperbola is XT - § =1

= 3% -2 =3

2
47. The given equation of hyperbolais —X_ _ A =1

48. Since, y=ox+B is a tangent, then B? =322

49. Foci of the ellipse = (£ /16 — b2, 0).

50. The mid-point of the chord is ( 2 ; 22 %)

cos?a sin?q,
Here, a® = cos?a and b2 = sin? o,
So, the coordinates of foci are (£ ae,0).

f sin? R |
1+_ =@ = il 2 1+ tan® o =seco 4
cos? (x i

Hence, abscissae of foci remain constant when a; varies.

- b%. Hence,

- y? =p2

locus of Piis a hyperbola a2x?

AP et

)t e

144 190N ﬂ
25

According to the question, 16— 62 = § = p2 - 7

Foci of hyperbola:[i O) +/9,0)

30 115 )

So, the equation of chord when mid-point is given, is 4

x()ﬁ‘*’)’z)_,_y(’ﬁ*'xz):g(’ﬁ‘*'Xz)(}ﬁ"'}’z)
2 2 2 2
= W) X X) = (X + x) (1 + 1) i
L L =1
XN+ X Y+

ANWW. NOVADQ
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1. If in a A ABC (whose circumcentre is origin), a<sin A, then

for any point (x, y) inside the circumcircle of A ABC
(@) ] < () byl> 1

(©) l<xy<1

d) N f th
8 > (d) None of these

2. If A(n,n?) (where, n e N) is any point in the interior of the

quadrilateral formed by the lines x =0, y=03x + y —4=0
and 4x + y —21=0, then the possible number of positions
of the point Ais

(@ 0 (b) 1 (© 2 (d) 3

3. The range of values of r for which the point

(—5+ %,—3+ 7%—] is an interior point of the major
segment of the circle x? + y? =16, cut off by the line
X+ y=2,is

@) (~=,5V2) (b) (42 — V14, 5V2)

(©) (42 — 14, 4J2 + ~[14)  (d) None of these

4. The parabola y? = 4x and the circle (x — 6)° + y2 =r2 will

have no common tangent, if 7 is equal to

(@) r>~20 (b) r<~/20
(© r>+18 (d) r e(~20,4/28)

5. Set of values of m for which a chord of slope m of the circle

x2 + y? = 4touches the parabola y? = 4x, is

3 P
& (“"’" %‘1]“[\/%—'”] »

(b) (==l )
© (=11
@R

6. AB s a double ordinate of the parabola y* = 4ax. Tangents

drawn to parabola at A and B meet Y-axis at A1 and By,
respectively. If the area of trapezium AABB is equal to
2442, then angle subtended by AB; at the focus of the

parabola is equal to i
(@) 2tan'(®) (0) tan”'@) (0 2tan” @) (d) tan~ )

Unit Test

(Coordinate Geometry)

10

7. The equation of the largest circle with centre (1, 0) that can
be inscribed in the ellipse x? + 4y =16, is

(@) (k=12 (= At

3
(0) (x~ 12 ~(y- 0 =11
8
2 2 _ il
© (x+ 107 =(y+0) T
> ol
(@) (x+ D)=+ (y+ 0 =3
8. If o is one of the angles between the normals to the ellipse
2 2
X—2 + y_2 =1at the points whose eccentric angles are 8 and
a
o + 0, then 2(_:0“” is equal to
2 sin20
2 2

e e
(@) (b)

i=es J1+e?

2 2,

e e
© @
O = iy

9. If the latusrectum of a hyperbola through one focus
subtends 60° angle at the other focus, then its eccentricity e

is
@ v2 o (b) VB
©) V5 (@ V6

If two tangents can be drawn to the different branches of
2 2

hyperbola XT = 14— = 1from the point (at, &%), then

11. The lines +my+n=0  mx+ny+/=0 and

nx + ly + m = 0 are concurrent, if
(@ [+ m+n=0 i
b) [+m-n=0

() [-m+n=0

(d) 2+ m? +n® =Im+ mn+nl
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18. Let

12. fP10) Q (=10)and R 2, 0) are three given points, then

the locus of S satisfying the relation SQ2+SR2=08p2jq
(@) a straight line parallel to X-axis

(b) acircle through the origin

(€) a circle with centre at the origin

(d) astraight line parallel to Y-axis

13. The point @, a+ 1) lies in the angle between the lines

38X —y+1=0and x + 2y —5=0 containing the origin, if
(@ ae(-30) u(%ﬂ) (b) @ e(= o —3) u[ln)
3

(©) ae (— 3 %) (d) ae (% oo)

14. The locus of poles with respect to the parabola y? = 12x of

tangent to the hyperbola x? - y2 = gi
(8) 4x* + y? = 36 B+ 42-9
(© X%+ 4y = 36 () 4x% + y? = 81

15. A point moves such that the area of the triangle formed by it

with the points (1, 5) and (3, 7) is 21 Sq units. Then, locus of
the point is

(@ 6x+ y-32=0
() Bx—y-32=0

(b) 6x—y+32=0
(d) x+6y-32=0

16. If the straight lines 2% =il =00 R 2 == ) il

a +by—-1=0 form a triangle with origin as orthocentre,
then (g, b)is given by
(@ (-33) (b) (6 4)

©(-88 (@ (©7)

17. If two vertices of an equilateral triangle are (0, 0) and (3 3V3),

then the third vertex is

@ (8 -3 (b) (-3 3)
(©) (-3 3V3) (d) None of these
ABC is a triangle with vertices

A(=14),B (6 -2)and C (-2, 4). If D, E and F are the points
which divide each AB, BC and CA respectively in the ratio
3 : 1 internally. Then, the centroid of the ADEF is

(@) (3,6) (b) (1,2)

(c) 4,8 (d) None of these

19. The four distinct points (0,0),(2,0), (0,-2) and (k, —2) are

coneyclic, if k is equal to

{a) 0
c) 2

(b) -2
(d) 1

20. If a point P (4,3) is rotated through an angle 45° in

anti-clockwise direction about origin, then coordinates of P
in new position are

21

22

23.

24,

25.

26.

27.

28.

29

JEE Main Mathematics .., 40 Days

The coordinates of the cireumeentre of the triangle with
vertices (8 6), (8, — 2)and 2, - 2)are

(@) (6, %) (b) (8,2

(© (5~-2) (@ 5 2)

The exhaustive range of values of ‘a' such that the angle
between the pair of tangents drawn from (g, a) to the circle
N\

e = e O e the range (g nJ is

(@) (0, =)
© 2 -Hue 3

(0) 3 -1 u(@ 5)
(@ -@0ou(2
A variable circle through the fixed point A (P, q)touches the

x-axis. The locus of the outer end of the diameter through A
is

(@ (x=p)? = 4qy
(© (x=p)® = 4gx

) (x-q)® = 4py
(@) (x-q)% = 4px

The diameter of 16x2 - 9y2 =144 which is conjugate to
X=2yis

@) =L (b) :%X
= 16 - 32y
(@) 5% 5 (d) x 5

The number of integral values of A for which the equation
X e o 2\ +14=0 represents a circle Whose

radius cannot exceed 6, is
(@ 9

(c) 11

The slopes of tangents to the circle (x — 6)% + y2 =2 which
passes through the focus of the parabola y? = 16x are

(@ +2 (b) 1/2, -2

(c) =1/2, 2 (d) 1

(b) 10
() 12

The range of values of n for which (n, = 1) is exterior to both
the parabolas y? =| x| is
(@ (1)

© (1,0

The length of the latusrectum of
169[(x = 1) + (y = 8)2]=(5x 12y + 17)% is

®) (=11
(d) Nene of these

the parabola

4 28
(a) = (b) -
12 16
(c) r (@ 3

The parameters t and t’ of two points on the pParabola
y? =4ax, are connected by the relation t=k%. The

tangents at their points intersect on the curve
(@) y* =ax

(c) y2=éx(k+]%)2

(b) y* = K*x

(d) None of these
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30.

The angle of intersection between the curves x 2 =

s 4(y +1)
and x“ =-4(y + IS
(@) 7t(6 (b) m/4
(©) O (d) mp2

31. The eguatign of common tangent touching the circle
X=3)° + y* =9and the parabola y? = 4x above the X-axis
Is
(@) \?y = 8ra (®) VBy=—(x+ 3
(€©) V3y=x+3

(d) 8y =—(@3x + 1)
32. The equation of the ellipse having vertices at (+ 5, 0) and
foci at (+ 4, 0)is
P 2
@) - 4 Ve =
28 16

(©) 9x2 + 25y2 = 205

(b) 4x? + 5% =20
(d) None of these

2 2
33. If the tangent at the point 9" on the ellipse )1(75+ 122/6 =

touches the circle x 2 + =2l 0, then ¢ is equal to
(@ =2 b) + X o)+ & d +Z
) 5 (b) 5 (© 5 (@) 6
34. The radius of the circle passing through the foci of the
D D
ellipse %6 + % = 1and having its centre at (0, 3) is

7
(d) 5

(a) 3 (b) 4 () V12
35. The foci of an ellipse are (0, + 1) and minor-axis is of unit
length. The equation of the ellipse is
(@) 2x% + y2 =2 () %2 w2y =2

(c) 4x? +20y° =5 (d) 20x° + 4y2 =5

36. The locus of a point which moves so that the chord of
contact of the tangent from the point to two fixed given
circles are perpendicular to each other is

(b) parabola

(d) None of these

(a) circle
(c) ellipse

i lipse X4 2o a
37. Tangent is drawn to the ellipse i I

19
(33 cos 8,sin6) {where(-) e (O, Eﬂ Then, the value of 6

such that sum of intercept on axes made by this tangent is
minimum, is

@ % ) % O S

38. The condition for the line px +qy +r = 0 to be tangent to

Gk
the rectangular hyperbola x =ct, y = i is

(b) p>0,g >0
(d) None of these

) p=0a="0
© p>09<0

39. If the line x + 3y+2=0 and its perpendicular line are
conjugate w.r.t. 3x * - 5y 2 =15, then equation to conjugate
line is
(@) 8x—y=15
(©) 8x—y+10=0

(b) 3x-—y+12=0
(d) 3x—y=4

40. A hyperbola has the asymptotes x +2y =3and x — y =0
and passes through (2, 1). Its centre is
(@ (12 b) @2) © (1.1 @ @1

41. The product of the lengths of perpendicular drawn from
any point on the hyperbola x2-2y2-2-=0 to its
asymptotes, is

(@) 1/2 (b) 2/3 (c) 8/2 d 2
2

2
42. Tangents at any point on the hyperbola X—2 - Z—Q— =1cut the
a

axes at A and B respectively, if the rectangle OAPB, where
O is the origin is completed, then locus of the point P is

given by
2 2 2 2
@ 2 by (e
3y a2
2 2
() a_2 - 92- =1 (d) None of these
Y

Directions (Q. Nos. 43 to 45) P is a variable point on the Jine
L =0. Tangents are drawn to the circle x* + y = 4 from P to touch
it at Q and R. The parallelogram PQSR is completed.

43. If L=2x+ y —6=0, then the locus of circumcentre of APQR

is
(@ 2x—y=4 (b) 2x+ y=3
(€) x=2y=4 (d) x+2y=3
44, If P = (6, 8), then the area of AQRS is
196V5 ; b) 1966 e
(a) > sq units (b) — qu
1926 . q) 196V6 o
(c) o= Sq units (d) o qu
48¥irp = (3 4), then the coordinate of S is
46 _63 o) (51 @J
@ ("E"EE) ( )( L
46 68 o (_ 68 _51 )
© (_E’ Es') Uhero

Directions (Q. Nos. 46 to 48) A AABC is given where vertex A
is (1,7 and the orthocentre is (2,4). Also, side AB and BC are
members of the family of lines ax+ by + ¢ =0, where a, b and ¢

are in AP.

46. The vertex Bis
@ (1)
© (=1.2)

b (1, -2)
(d) None of these
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49. If

47. The vertex C is

(@) (4,16)
© (4-17)

(b) (17, - 4)
@ 17,9

48. AABCis a/an

(@) obtuse angled triangle
(b) right angled triangle
(¢) acute angled triangle
(@) equilateral triangle

Directions (Q. Nos. 49 to 55) Fach of these questions contains
two statements :
(Reason). Fach of these questions alsc has four alternative
choices, only one of which js the correct answer. You have to
select one of the codes (@), (b), (c) and (d) given below.

Statement | (Assertion) and Statement ||

(@) Statement | is true, Statement II'is true; Statement Il is a
correct explanation for Statement |.

(b) Statement i is true, Statement IIis true; Statement Il is not a
correct explanaticn for Stale

sinent |

(c) Statement | is true; Statement i is raise,
(d) Statement | is false; Statement Il is true.

P X, X, X3 and g, yy, o, Vs form  two arithmetic
progression with common differences a and b.

Statement | The centroid of triangle formed by points
(1, ¥4), (X5, ¥») and (X3, ¥3), lies on a straight line.
Statement Il The point (h, k) given by h = X1 Xo + ... + X,

n
P oy,
n

b (x — p)=a(y —q)for all values of .

and always lies on the line

50. Statement | A is a point on the parabola y? = 4ax. The

normal at A cuts the parabola again at point B.
If AB subtends a right angle at the vertex of the parabola,

i
f ABis —.
then slope o 7

Statement Il If normal at (at?, 2at,) cuts again the parabola
2

at(at3,2at,) thent, = —t, — B

1

51. Suppose ABCD is a cyclic quadrilateral inscribed in a circle.

Statement | If radius is one unit and AB-BC-CD-DA > 4,
then ABCD is a square.

Statement Il A cyclic quadrilateral is a square, if its
diagonals are the diameters of the circle.

52.

53.

JEE Main Mathematics i, .+ 40 Days

IfacircleS = 0intersects a hyperbola xy =c? at four points.
Statement | Ifc =2 and three of the intersection points are

2 2), (4, 1) and (6, g) then coordinates of the fourth point

are (1 16).
4

Statement Il If a circle intersects a hyperbola att,, t,, t5, t,,
thent, -ty ty-t, =1,

The auxiliary circle of an ellipse is described on the
major-axis of an ellipse.

Statement | The circle x2 + y2=4is auxiliary circle of an
2 2
. X
Glliilose = 4+ £ = where, b < 2).
PsCer 7 ( )

Statement Il A given circle is auxiliary circle of exactly one
ellipse.
2

2
54. The tangent at a point P on the ellipse X—2 + g—z =1, which is
a

not an extremity of major-axis meets a directrix at 7.

Statement | The circle on P7T as diameter passes throuah
the focus of the ellipse corresponding to the directrix on
which T lies.

Statement Il PT subtends a right angle at the focus of the
ellipse corresponding to the directrix on which T lies.

55. Statement | If the perpendicular bisector of the [ine

segment joining P (1, 4) and @ (k, 3)has y-intercept — 4, then
k? -16=0.
Statement Il Locus of a point equidistant from two given

points is the perpendicular bisector of the line joining the
given points.

56. Iftwo circles that passes through the points (0, 4)and (0,-4)

and touch the straight line y =2x + ¢, cut orthogonally, then
¢ is equal to
() £27
() 249

(b) + 35
(@) + 46

57. If one of the diagonal of a square is along the line x — 2y

and one of its vertices is (3, 0), then its sides through this
vertex are given by the equations

(@)= 8x+19=10/8)F 3=

(b) y+8x+9=038y+ x-3=0

(© y-8x+9=08y-x+3=0

() = S D=0 Gt = )= )

MWW, N0VADC O[]

NI ot
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Answer with Solutions

1. (@) Given,a <sinA= b 5%

sinA
= 2R <1
- Bl
2

So, for any point (x, y)inside the circumcircle,

|
ekt < —
A7
2
Using AM > GM, (X_;_VZ >| xy|]

1
= | xy| < =
yl 5

2. (b) Origin is on the left of PS.
o 0+0-4<0

At point A (n, n?),
Quna =40

= eEa =40
= (n+ 4)(n-1)>0
= n>1
or n—-1>0 )

Now, A and O lies on the same sides of QR.
4x+ y—-21=0+0-21<0
At point A (0, 1),

4n+n®-21<0

= n? + 4n—-21<0
— (n+7)(n-38)<0
- 0<n<3-wneN .. (i)
From Egs. (i) and (ii)
l<n<3
= =,

Hence, A (2, 4)is only one point.

3. (b) The given point is an interior point.

(-5+7’§-)2+(-3+ 7’5_)2 ~16<0

= 2—82r+18<0
= 43— Td <r< 42 + 14

So, the point is on the major segment.
Since, the centre and the point are on the same side of the line
X+ y=2.

r r
=G = G ——=2< 0
N2 NE
= <52
So, 42 — T8 < <52

4. (b) Any normal of parabola is y = —tx+ 2t + t8,

Y/

A

A ¥2=4x

©

X < t

—

\
If it pass through (6,0), then — 6t + 2t + t3=0
= =0 =4

Thus, A=(44)

Thus, for no common tangent,

AC=.[4+16>1 = r < ~/20

5. (a) The equation of tangent of slope mto the parabola V2 = 4xis

y=mx+ —1—
m

This will be a chord of the circle x* + y* = 4, if length of the
perpendicular from the centre (0, 0) is less than the radius.
1

el —_ 2D
m~m? +1
= am* + m?-4-1>0
= s il (21 a2
2
= [2-—_@__1)>0
2
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=@’y 2at)), B=(at}, - 2at,) Equation of tangents at

AendBae vty = x+ at} and yt, = x - at?, respectively.
Now, A =(0at,),B, = (0 - at,)

Area ol trapezium AABB = 1 (AB+ AB).OC
2

N
4&
A/
Aq
/ \
\
N
\
(0] //’S © X
B4
B\.
= 24 a° = ;(4&1 + 2at,) (at?)
= ty =8 =t =2= A =(0,2a)
If ZOSA, =6, then
tan = 2a 2
a
— 0 =tan'(2)

7. (a) The largest circle inscribed in the ellipse x* + 4y® =16 will

touch the ellipse at some point. So, let r be the radius of the
largest circle centred at (1, 0) and inscribed in the ellipse

X* + 4y =16. Suppose it touches the elipse at
P (4 cos6, 2 sinb). Then, the equation of the tangent to the ellipse
atPis
4xcos6 + 8y sind =16
— xcos0 + 2ysinB=4 ...()
i

S P (4 cos 6, 2 sin 6)
/
/’m
i, 4 X
Kot c(1,0/ /A /7“
XcosB+2ysind=4

Clearly, CPis perpendicular to Eq. (i).
2sin -0 % —c:ose=_1

Therefore, m 550
= —cosf=—4cos6 + 1
1
cosf = —
= 3

OfEi=f

JEE Main Mathematics i s 240 Days

= /(4006 — 12 + (2 sin — 02
2 2
= (E_O 4 2xa—2——0
3 3
= /1+%=P
9 9 Vs

Hence, the equation of the circle is

sl
x="N%+(y-10) =

2 2
8. (a) The equations of the normals to the ellipse % + 2/—2 =1at
a
the points whose eccentric angles are 6 and g- + Qare
axsecl — by cosec 6 = a° — b?
and — ax cosec 0 — by sec 0 = a® — b2, respectively.
Since, wis the angle between these two normals.

Therefore,
a tan6 + icot (c)
tano = 9
2
a
=
} be
_|ab (tanB + cot8)
- 6" =ar
2 ab
= tanm =

sin26 (b® — a?)

- 2ab _2a° \[1-¢?
@ - b?)sin20  a%? sin2e
2

2 cotm e
sin 26 1...e2

9. (b) Let LSL’ be a latusrectum through the focus S (ae, 0) of the

2 2
hyperbola X—2 - Z—? = 1. It subtends angle 60° at the other focus
= >

S’(- ae, 0).
e
il
L (ae, b?la)
7 30° .
R 30°|O St
(~ae, 0) (ae, 0)
L’ (ae, —b?/a)
Y
Y'
We have, AISILG=602
. ZLS S =802
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In ALS’S, we have

tan30° = LS
S
N J: . i/a
J3  2ae
= et ks
NS ok e
= Vel = o - /3 =10
= e —+/3)3e+1)=0
" e=+3
10. (¢) Given that,
e
1 4

1

Y

Since, (o, o2) lie on the parabola y = x?, then (o, o?) must lie
2 2
between the asymptotes of hyperbola 11 = yT =1in 1stand

2nd quadrant.
So, the asymptotes are y = + 2x.
. 20 < 0
— a<0oro>2 and —2 o <a?
a<—20ra>0
0 € (—o0,—2)0r (2, o)

11. (a) Since, lines are concurrent.
1 (Ix + my + n)+ 1(mx + ny + /)
+1(nx+ ly+ m)=0
= x(+m+n+y(l+m+ n)+ (+m+n)=0
/+m+n=0

12. (d) Let the coordinates of a pointS be (X, ¥).
Since, SQ2 + SR? =2SP?
o (x+ D2+ yPex—-2)%+ V=2 [x-12+ y?]
= 2x+3=0
Hence, it is a straight line.parallel to Y-axis.
13. (a) Since, origin and the point (& 2 a+ 1)lie on the same side of

both the lines.
- 3a2—-(a+N)+1>0anda’+2@+1)-5<0

ie. a(@a-7>0anda®+2a-3<0

i.e., a G('TW,O)U(%,N)
and (@-1)(@+3)<0=ae(-31)

Then, 2 (=310 (% 1)
14. (a) Letthe pole be (h, k), so that polar is

ky=6(x+ h) = y=-6k_x+6_h

k
Since, it is tangent to the hyperbola,
X2 — y? = 9then
c2=9m* -9
2

iy 86h =%_9(-.-c=§*’_,m=§j

P k K
= 4h? + k® = 36

Hence, the locus is 4x° + y* = 36.

15. (a) Let(x y)be the required point.

284
. Then, 11 8 =21
28 =i
X
=  5xi—y— i — 5= SRS
= 6X 4y =132

16. () Equation of AOis2x + 3y —1+ A (x+2y—1)=0.
Since, it passes through (0, 0), then A = — 1.
o x+y=0
Since, AO is perpendicular to BC.

(—1)(-%):—1 b

Similarly, @x+ 8y—1)+pn @ -ay=1)=0 will be equation of

BOferw=—1.
Thus, BO is perpendicular to AC.
2 =4 (—1)_ 1
= =i ol R | e
3+a 2
= 2-a=-6-2a
= a=-8and b=8
17. (c) Since, ZAOM is 30°.
Y,
B M A(3,3\3)
000

Henoe, the required point Biis (- 3, 3V3).

NWW.N0VADJ O[]
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18. () Let(x, y,). (X, y,)and (X3, v3) are coordinates of the points

D, E and F which divide each AB, BC and CA respectively in the
ratio 3:1 (internally)

A(=1,4)
(x1,y1)D F(x3, y3)
(6,-2)B E(x2,y2) C(-2,4)
X1:3><6—1><1:1_7
4 4
)/1:—2><3+ 4x1
4
B2t
4 2
Similarly, % =0 LS
2
and X3: Syys =4

and

So, the coordinates of centroid are (1, 2).

19. (¢) Let the general equation of the circle be

X%+ y2 +20x+ 2fy+c =0,
The eqguation of circle passing through (0, 0), (2, 0)and (0, — 2).

Then, o= ()
44+ 49 +c=0 (1)
and 4—4f+c=0 .. (iii)

On solving Egs. (i), (i) and (jii), we get
G =0 ef==1hi=1
. The equation of circle becomes
X2+ P —2x+2y=0

Since, it is passes through (k, — 2),

K? + 4-2k—4=0
k? -2k =0

= [i =10} 2

We have already take a point (0, — 2), so we take only k = 2.

=

20. (a) Slope of line OP = % let new position is Q (X, ¥).

Slope of 0Q = Y also 52 + y2 =0Q? =25=(OP?)
X

i
0 x 4 1=4y_3x
ladse = 1+ 4%+ 8y

21

.

22.

JEE Main Mathematics i us+ 40 Days

= 4x + 3y =4y — 3x
or — 4x - 3y =4y — 3x
1 ;
= X== (
= @)
or —X=Y (i)

Correct relation is x=;y as new point must lies in Ist

quadrant.

3 X2 + 49x% =25
1 7

= =, =l
BTE

(d) Given triangle is a right angled triangle. In right angled
triangle mid-point of hypotenuse is circumcentre.

(8, 6)

v (2-2) ®8,-2)

So, the coordinates of the circumeentre are (5, 2).

(b) Given that,

X2+ y? —2x—-2y—-6=0
Centre = C (1, 1), radius = 2v2
Since, point (a, a) must lie out side the circle.

(a a)

So, 2a° —4a-6>0
= a<-1 or a>3
Now, in APAC,

tang = 22

2 2l = da =

As given that, % <0<m

=

A
N | @
A

ola
t5l i

2.2
282 — 4a -6
= Jer=2a =3 <245

>

e == e
= ac =250
= -3<a<h

ac(-3-1u(@35)
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23. (a) The circle touching the X-axis is
x2 4 y2 4 2gx+ 2fy + g° =0,
Since, it passes through (p, q).
P +q° +2gp+2fq +g° =0
If (x, y)is the other end of the diameter, then
p+ x=-20.9 + y=—2f
Now, Eq. (i) gives

P +q2—plp+XN-9@+ N+t

(p+2° _o
4

= (x+ p)% = 4px + 4qy
= (x=p)* = 4qy
24. (b) Diameters y = mxand y = mpxare conjugate diameters of
2 2 b2
the h perbo\ax_—_— =1,ift mm, = —-
M 2 b2 e P

Here, a> = 9, b> =16and my = il

2
b2
myms =
t2; 82
1 16 82
= ) === B —
2( 5) 5 >

Thus, the required diameter is y = %9’(

25. (¢) Since, (radius)® <36 = 22+ N2 —14<36
= 2<25 = -5<A<5
= 7»=O,i1,i2|i3,i4,i5
Hence, number of integer values of Ais 11.
26. (d) Tangentto the circle with slope m'is
y=m(x—6)% ./2 A+ m?).
Since, it passes through (4, 0)
—o4+2mP=>m=%1

27. (b) Since,1-|n|>0 = |n|<lorne(=11

2
928. (b) Given parabola is (X = )2+ (y — 3= (@:1—123)/—111)

Focus = (1, 3), directrix is 5x — 12y + 17 =0
5-36+ 17\ ___?_q

¢ f latusrectum =2
-, Length O ) 3 5

29. (c) Tangents att and t meét on the point (X, y) given by
= )

i y=al +t’ )—a(kzt’+t')=at’(k2 S i)
Erom Egs. (i) and (ii)
2 2 2
T e B
a?k2+12 ak +1
—/——ax(kz + 1) =ax(k+ 1)2
= = P 7

2
33. (¢) Given equation e —’yz__ =1

e 1

30. (¢) The point of intersection between the curves x2=4(y+1)

and x2 = — 4 (y + 1is (0, = 1)

Since, the slopes of curve first and curve second at the point
(0,—T)are respectively, then
my = 2X _ 0 and m, = 2880
4. 4

e g §=0F
1+ mym,

31. (c) Anytangentto y2 = 4xis of the form y = mX + rln (a =1),this

touches the circle (x = e -y =Y

So, the centre of the circle is (3, 0) and radius is 7.
m (3) + 150

|f i =

T

3mP + 1= £ 3m 2
= om® + 1+ 6m? =9m? (M + 1) (squaring on both sides)

1
= =1 = m=%f—+

B
If the tangent touches the parabola and circle above x-axis, then
slope mshould be positive.

1l

_ ! and the equationis y=—=+ J3

3 =

Jé
= J3y=x+3
which is the required equation of tangent.

32. (¢) The line joining foci and vertices is x-axis and the centre is

(0, 0). So, axes of the ellipse coincide with coordinate axes.

Here, a = 5and ae =4=e=—

5
2
Nowi b2= a2i(l=eR) =25[1-(%) }:9

Hence, the equation of the ellipse is X XE =
5@

or 9x2 + 25y2 =225

+
16 (16A11)2

Thus, the parametric coordinates are (4003(1) —_— sm(p) The

e
equation of tangent at this point is XCZS‘D + -‘/—_——m =
16
This touches the circle x2 + y* =2x=15=0
cos¢ _ 1\
o LA e
cos’d . 11sin® &
16 256

ANWW.hovapd
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g 2 hoeed
=c0s” ¢ + 16 - 8cos ¢ =256[m+ Ul ¢]

16 256
=>15coszq>+11(1~cos2<p)+ 8cosd - 16 =0
= 4cos® ¢ + 8cosh - 5= @
1 5
= COSp = — 5 (elols —
0= [ o¢¢2)
T U
=5 M= ey
3

34. (b) Since,a® (1-e?)=9 = 16-a%? =9 = g6 =7

So, foci are at (v7, 0)and (- /7, 0).
e
= Required radius = w/(_ﬁ -0°+(B-02=4

35. (0) Given,2b:1:>b:%anda‘e=1

Biiite va® 1-ety= 12 _2 7 = g2=9%
4 4 4
; . %2y
Hence, the equation of the ellipse 2 + - =
a
2 2
is X—+L=1or20x2+4y2=5.
1/4  5/4

36. (a) Let the equations of two given circles
are x2+y2+291x+2z§y+c1=0

and X+ yP +29,%4 26y + 0, = 0

Now, the equations of the ciiords dFcontacts from P (h, k

Egs. (i) and (i) are
x(h+g)+ y(k+l§)+g1h+f1k+c1=0
x(h+g,)+ y(k + L)+ gh+ 1t k+c,=0
According to given condition,
(h + Q1)X (h+g5,)
k+5) " (k+15)

= h+ (g + 9o+ 949, + K2 + K(f + )+ £f, =0

and

Hence, the locus of point is
X+ Y24 (G + 9K+ + By + Gig, + i, =0
which is the equation of a circle.

()
... (i)

)to

27. (b) Equation of tangent at (3 +/3cos8, sin®) to the ellipse

¥ rxcose B
= s —ic + ysind = 1.
27 7 33

This intercepts on the coordinate axes.
.-.Sum of intercepts on axes is

3 /3 sech + cosec 6= f(0)
On differentiating w.r.t.6, we get
/(8) = 3+/3 sech tand — cosec O cotd
343 sin®6 —cos®H
T si0c0s%0

For maxima and minima, put (6) = 0

(say)

JEE Main Mathematics inJust 40 Days

3/3sin’6 - cos®g=

1
= En= -
NE)
= B= 2
6
At 6=" 160
3
So, f(6)is minimum at@ = ™
38. (b) Given, x=ct, Y=l
Then, Q/:-——candgzc
at  ¢? at
o)
XN
But equation of tangent is px + gy + r= 0,
PR
GRS
= B:.l>0
q t?
= B>0
q
= P>0q>00rp<0gqg <0

39. (b) Since, the lines x + 3y+2=0 and 3x—y+ k=0 are

2 2
' Conjlgatelin /A ik
5 &

- 5((1)(8) = '31(8)(= 1)=2k

= =12

Hence, equation of conjugate line is
3x—y+12 =0

40. (o) Given equations of as asymptotes are
N2 =3
and XS=10
On solving Egs. (i) and (ii), we get
X=1y=1
So, the centre of hyperbola is (s 1)

2
41. (b) Given, equation can be rewritten as X? = ﬁ
1

Here, 2=2p2 =1

The product of length of perpendicular drawn from any point on

the hyperbola to the asymptotes is

22057 220) L2
aes SHREE N

42. (a) The equation of tangent is
& seco—J tan@ = 1,
a b

So, the coordinates of Aand B are (a cosg, 0
respectively.

Let coordinates of P are (h, k).

=1

()
.. (ii)

)and (0, - b cote),
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h = acosé, k = - b cotd
k b b2h?

= e 2 oain?e
h  asin® a°k?
2,2 g2
o R (+sin®0 + cos? @ =1)
ghes e
D
o d e e
P Ik
ad o
Hence, the locus of Pis = — — =1
s R

43. (b) - PQ = PR, so parallelogram PQSA is a rhombus.

. Mid-point of QR = Mid-point of PS and QRILES
So, S is the mirror image of Pw.r.t. QR.

L=2x+y=6
Let P = (k, 6 - 2K)
4PQO=4PRO=§

So, OP is diameter of circumcircle of APQR, then centre is

(g,a—k} ;

P
M
S Ak
= K = R=2
2
and y=83-k=>y=38-2x = 2X+ Y=
44, (c) Given, P (6, 8)
So, the equation of QR is 6x + 8y = 4.
= 3x+ 4y-2=0
PM = 4_: and PQ = /96
Then, QM = 96— 48)
QR = 2\/@
25

Wy

2 25
Since, PQRS is a rhombus.

192 f
- Area of AQRS = Area of APOR = ——— 9 units
45. (b) Given, P=(34)

S0, the equation of QR is 3x + 4y = 4.
Let S = (x5, %) ool

Since, S is the mirror image of Pw.r.t. Eg. (i), then

46. (b) Slope of AO = g; =3

49. (o) Since, p, X, Xp, - and @, Vi, ¥y, .

1
-1

Also, (—i)3=—1=>3a=o=>b—3a=o
b

A1, 1)

i :

(@, =2) (17, 4)

Also, a, b and ¢ are in AP. So,a+c=2b = c=2b—a
If vertex B= (1,—2), thena (1) + b(2)+c=a-2b+c¢C
—a-2b+2b—-a=0

47. (d) From option (d), ifc = (=17, 4)

then—17a+4b+c:—17a+ 4b +2b—a=—18a + 6b

=6(b—3a)= [from Eq.]

48 (1) S lopelol AG () SIS N

1

TR

and slope of BC (m,) = iTA' s 963
7 1

vl
3

(,ol—t

m —
EA = 2 LS

8
i
— 6
1+ mm, 1+( )( )<O

Hence, AABC is an obtuse angled triangle.

.- are in AP with
differences a and b, respectively. _nrgn
L8 Xi=p+aiandy =q + jb

X o
s =2l E TR0 ) el o YT W 3

Ve
n n i
A nh="% x and nk =
K U
=3
= (p+ ia)and
> nk = 2{q+b/
=
s nn+1
5 nh_np+¥a and Nk=ng 4 NN+ 4
# =19 _ ma T)b

s, Sl k—gqg
5 5 and e

s
2
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h—p:k—q
a b
Hence, locus of (h, K)isb (x-p)=a(k -q).
Hence, Statement Il is true and since for Statement |, n = 3

So, Statement | is true and Statement Il is a correct explanation
of Statement |,

50. (d) Ift, andt, are parameters of a and b, then

Also,

On solving Egs. (i) and (ii), we get

L= V2
Also, Myg = 2_=—t1=——\/2_
t, + 1

51. (o) Since, ac + bd = AC-BD < 4butac + bd > 4 (- AM> GM)
= AC =BD=2andac = bd =2

52. (d) Statement Il is true.
For the point (2, 2), t, =1
For the point (4, 1), t, =2

For the point (6, 2/3), t, = 3
: 1 1
For the point | =, 16 |, t, = —
P (4 ) 4173
3
Now, t1-t2~t3-t4=z¢1

Hence, Statement | is false.

53. (¢) The auxiliary circle of an ellipse
2
f—+ﬁ=1,b<2isx2+ V=4
A

54. (a) The equation of tangent to the ellipse is g cosH + % sin6 =1

— cos6
and meets the directrix x = 2 at T [9. Eﬁe___)]
e e e sind
Since, focusis S (ae, 0).
b sind
SlopelofiSP=r———=—
e a (cosB —e)
b(e —cos)
d SlopeloicE=—= ==
i R asind(1—e 2)
b2
Product of slopes = - ———
: a? (1-e?)

55. (a) Statement Il is true, using in Statement |,
x=D2+(y-42=(x-kK?+(y-23)?
= 2 (k—1)x—2y=kK> -8

y-intercept=~——==-4 (given)

= k=16 =k?-16=0

JEE Main Mathematics inus+ 240 Days

56. (d) Since, the given points lie on the y-axis.

So, the centre of two circles lie on the x-axis.
Let (g, 0) be the coordinate of centre of one of the circles.

Then, its radius is /g2 + 16.

* It touches the given straight line.

20+Cc 29 +c i [
= =% 4g° + 16
2 J5 o

NI+ m
= @g +c)? = (5)(g® + 16)
= 4g® +c® + 4gc =592 + 80
= g%-4gc+80=c2=0 (1)

Let g, and g, be two roots of Eq. (i).
Then, equations of two circles are
X+ y? —2g,x-16=0

and X+ 2 -2g, x-16=0
Since, it cut orthogonally, then

2919, =— 82 ... (i)
From Eg. (i),

00y = 162 5—6"
Again from Eq. (ji),

-16=80-c® = 96=c?
= c=++/96 =+ 46
57. (a) Equation of diagonal AC isy—0=-2(x-3)
= 2X+ y=6
On solving 2x + y = 6and x =2y, we get
6 12
—an P =
Y 5 5)
Y/
n
(0; X =2y
B
D o
X £y,
%) A
(3,0)
Y
Yl

So, the centre of square is (% g)

Let slope of side ABor ADis m, then

m”(_z) =1
1+ m(=2)
= (Mm+2)=+1-2m)
= m=—landm=3
3

Hence, slopes of ABand AD are 3 and — l, respectively
3 :

-.Equations of sides ABand AD are
y=0=3(x-3)
and y—0=—%(x—3)

ory—-3x+9=0and8y + x~ 3= 0, respectively.
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