- Matrices

A matrix is an arrangement of numbers in rows and columns. A matrix of order

OUtllﬂeS e m X n is of the form

Ay Qp Qg ... Gy
Matrix ; / A| @ B2 By oy

O —_
O Algebra of Matrices
o

Qp1 Ay Qg oo Gy

Transpose of a Matrix

e Its element in the ith row and jth column is a;;. If m = n, then matri
p % ek oY Types Of; Ma’t‘ﬂceg J 1" X is a square

- o Adjoint of a Matrix

matrix. In a square matrix A, the diagonal elements are a,,, a,,, ygiossps

Some Definitions

1. If all elements of a matrix are zero, then it is called a null zero matrix.

2. A matrix which has only one row and any number of columns is called a
row matrix and if it has only one column and any number of rows is
called a column matrix.

3. If in a matrix, the number of rows is less/greater than the number of
columns, then it is called horizontal/vertical matrix.

4. If all elements except the principal diagonal in a square matrix are zero, it
is called a diagonal matrix. The number of zeros in a dzagonﬁl matrix is
given by n® — n, where n is the order of matrix. ;

5. In a square matrix, if non-diagonal elements are zero and dlnal
‘ elements are all unity, then it is called an unit (ident

6. In a square matrix, if non-diagonal elements are
elements are all same real number, then it is called a Scé
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3.

- Multiplication of Matrices Let A=

4 Bt el o

it is called a lower triangular matrix.

8. Equality of Matrices Two matrices A and B are said
to be equal, if they are of same order and all the

corresponding elements are equal oA =B

Algebra of Matrices

1. Addition of Matrices Let A = (@], and B = Byl mx n
are two matrices of same order, then

A+ B =|[a; +byl,Vi= L2,...,mandj=1,2,.. n

Let A, B and C are three matrices of same order, then the
properties of addition of matrices are
(1) Commutative A + B = B+ A
(ii) Associative (A+B)+C=A + (B+C)
(iii) Additive Identity A+0=4=0+ A
(iv) Additive Inverse A = E4) =@ 5 A)+ A
(v) Cancellation Laws
(a) A +B:A+C:>B=C(

left cancellation law)
(bJB+A=C+A:B:C[

right cancellation law)

7] Subtractign of Matrices Let A and B are two matrices

of same order m x n, then A — B=lay=b 1,

Multiplication of a Matrix by a Scalar Let A =
dan m X n matrix and k be any scalar. Then, the matrix

obtained by multiplying each element of A by k is
called the scalar multiple of A by k.

a;] be

Let A and B be two matrices of same order, then the
Properties of multiplication of a matrix by scalar are

(i) k(A +B) = kA + kB
(ii) (k; + k,)A=k,A + k, A

ai/‘]m xn and
B =byl,,, are two matrices such that number of
columns of A is equal to the number of rows of B, then
the product matrix is C = [c;j] of order m x D

11
where, Cy = Z (7% bkj
k=1

Let A B and C are three matrices of order
mxnnxp and nxk, then the Properties
of multiplication of matrices are

0]

- 7. In a square matrix, if @; =0, Y i>j, then it is called
an upper triangular matrix and if @; =0, Vi< j,then

5. Skew-symmetric Ma

Le.,

] ’ W If A and B are two skew-symmetric matrices, then
B B AR BA are skew

: #» Determinant of skew-
AL T Ay ’

s
7 wl

ays

Transpose of a Matrix ®
Let A be mx n matrix. Then, nx m matrix obtained }y,
interchanging the rows ang columns of A is called
transpose of A and jg denoted by A’ or A€ op AL

* If Aand B be two matri
i then (A + BY =A+ B
If k be a scalar, then (KAY = kit
fo (Ay=n

[+ (ABY =B A

ices of order m x n,

Types of Matrices

There are several ways of classifying matrices depanding
on symmetry, sparsity etc. i

The list of types of matrices and the situq

tion in which they
may arise is given below

1. Idempotent Matrix A Square matrix A is called an
idempotent matrix, if it satisfies the relation A? = 4

If A and B are idempotent m

atrices, then A + B is an
idempotent iff AB = BA.

- Nilpotent Matrix A Square matrix A is called nilpotent
matrix, if it satisfies the relation A = 0 and A**1 20,

- Involutory Matrix A Square matrix A is called an
involutory matrix, if jt satisfies the relation A% = I

- Symmetric Matrix A square matrix A is called k
Symmetric matrix, if it satisfies the relation A’ = A,

I W IfA andB are Symmetric matrices of the same order, then
(1) AB'is symmetric if and only iFAB = BA,
(i) A £B, AB + BA are also symmetric matrices,
 If A is symmetric matrix, then A= will also be symmetric matrix.

trix A square matrix A is called
skew-symmetric matrix, if it satisfies the rel

A= Every square matrix can be unique
expressed as the sum of  symmetric
skew-symmetric matrix.

A=%(A+A')+—;-(A—A’)

-Symmetric matrices
(il) AB + BA is a symmetric matriy '

AMWW.N0VAD(
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6. Orthogonal Matrix A square m
orthogonal matrix, if it satisfieg
AA'=1.

If Aand B are orthogonal matric

orthogonal matrix. Every orth ogon

atrix A js called ap
the relation 8iven ag

es, then AB js also an
al matrix js Invertibje.

Trace of a Matrix
The sum of the diagonal elements of 9 o
called the trace of A and is denoted byiri?;fue matrix A4 jg
(i) tr(AA) = A tr(A)
(i) tr(A) =tr(A")
(iii) tr(AB)=tr(BA)

Adjoint of a Matrix

Let A = [a;],, « , be a square matrix of order n and C;; be the
cofactor of g; in the determinant | A | Then, the adjoint of A

is defined as the transpose of the cofactor matrix and it is
denoted by adj (A).

Properties
Let A be a matrix of order n, then
(i) (adj A)A= A (adj A)=| A| -1,
(ii) [adj A|=| A|"!,if|A]| 20
(iii) adj (AB)=(adjB) (adj A)
(iv) If| A| =0, then (adj A) A = A (adj A) =0
(v) adj(A") =(adj 4)"
(vi) | adj(adj 4)|=| A"
(vii) Adjoint of a diagonal matrix is a diagonal matrix.

(viii) adj(adjA)=|A|" %A

Equivalent Matrices

Two matrices A and B are said to be equivalent, if one is
obtained from the other by one or more elementary
operations and we write A ~ B.

Following elementary operations are given below :

1. Interchanging any two rows (or columns). This
transformation is indicated by

R < R;(C; o C))

2. Multiplication of the elements of any r

a non-zero scalar quantity and indicated as
R; & kR, (C; & kC))

3. Addition of constant multiple of
row (column) to the corresponding €
other row, indicated as

R, — R, + kR; (C;— C; +kCy)

ow (column) by

the elements of any
lement of any

PDE without this message by purchasing |

'.I‘hls elementary transformation is used to
Inverse of a matrix A. i.e., AB= BA=I = B=A"

In  this transformati il
rmation, we u . ; Sl o
transformation. P el Sy (cg,;l;]mn)

o N
s TR

Inverse of a Matrix
Let A be a non-singular (where,| A|#0) square matrix.
Then, a square matrix B such that AB = BA=1 is called
inverse of A. je, A1 = L adj (A)

| \

Al

Properties

Let A and B are square matrices of same order, then

(i) A square matrix is invertible if and only if it is
non-singular.

(i) (A) 7 = (A7 (iii) (AB) = B'A™! (iv)| A7 =] A

Solution of a System of Linear
Equations
Let system of linear equations in three variables are
ax+byy +cz=d,,
X +byy+c,z=d, and g,x +byy +c;z=d;
It can be written in the matrix form
ap bl
@ b |ly|=|d
a by ¢ ||z dy

= AX=B = X=AB

Test of Consistency

Non-homogeneous Equations (B # 0)

+ If| A| # 0, then the system of equations is consistent and
has a unigue solution given by X = AT'B.

+ If|Al=0and(adjA)-B# 0, then the system of equations
is inconsistent and has no solution.

+ If|A|=0and (adjA)-B=0, then the system of equations
is consistent and has an infinite number af solutions.

Homogeneous Equations (B =0)
o If |Al#0, then system of equations have only trivial
solution and it has one solution.
o If |A]=0, then system of equations has non-trivial
solution and it has infinite number of solutions.
+ If number of equations is less than to number of
unknowns, then it has non-trivial solution.

. A homogeneous system of equations is never m,cons:s_tent. v

o,
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il 3 A=[? 1] and B = l:(: —;} then which of the following is

correct? [NCERT Exemplar]

(8) (A+B)-(A-B)= A® + B?
(b)(A+B)-(A-B)= A> - B®
) (A+B)-(A-B)=1
(d) None of the above
2. If A and B are square matrices such that A2 = A, 8% = B and
A B commute, then

(a) (AB? =1 (b) (AB? = AB
c) (ABZ =0 (d) None of these
el =T
3.IFA=|-1 1 2| thendet {adj(A)} is
% =il
(@) (147 (b) (137
() (14° (d) (13°

2 )
4, fA= [Z a] and det A® =125 then o is equal to

(@ =1 (b) £2
() £3 (d) £56

e gt st e D o
5. IfA= [t o 5 2 ] and / is the identity matrix of order 2,

then (/ —A)[GOS el “] is equal to

sino. Cos o [NCERT Exemplar]
(a) A
) !
(c)l+A
(d) None of the abcwe

...ois equal to

e, I gt

T

2Rl al nER
[1 - thenA [S eq[JaH:O .l;‘»-nu'

12 2
T T =/, then xy is &
- 1 sA=2 1 —2|and ATA=AA YIS s
o 2
b) 1 AN
(@) -1 ( s g
(c) 2 @) =2 .
Pty o '
8.1 A=l2 1 -3 |andA=—|-5 0 o thenic
. 10 ol
gl E s 1 =2 .
equal to 19 :
(a) —2 (o) 5 s
© 2 (d) ~1
9. Choose the correct answer. : '_",
() every scalar matrix is an identity matrix .
(b) every identity matrix is a scalar matrix "ﬁ"';_ i
(©) every diagonal matrix is an identity matrix i
(d) a square matrix whose each element is 1, is a& d
matrix
-
10. If the equations a (y + A)=ylolz =)=, © gF
4 1
have non- trlvral solution, then i— 4 —1— + .1 .
lial S RS
to :
a) 1 ki
(d) -2
i 5
11. If A= s
A=I0E2 i hen thelvalueter Ao 6A2»-J;
20 08
to
(a) / AL
(C) -2/ XA £ (b) o HOSe

()20 5

(@) 271 4 (n =) e milese

T ’(((70)!%?41 A
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| then/ + A + A2+...§oisequalto

-3 ar el =8
i b s

L 4] & 7[-1 4]
sl ¥ 8

© :,7[__1 4]

15. The value of A such that the system x =2y +z=-14,
2x—y+2z2=2 X+ Y+ Az =4has no solution, is
@ o (0) 1
(c) =1 d 3

16. If the system of equations x—ky —z=0, kx—y -z =0,
X+ y -2z =0has anon-zero solution, then k is equal to
@ 0,1 (9) 1= i
() =12 ©) 2, =2

17. If x=cy + bz, y =az + cxand z = bx + ay, where x, y and z
are not all zero, then &° + b2 + ¢ is equal to

NN o

(d) undefined

(@) 1+ 2abc (b) 1—2abc
(¢) 1+ abc (d) abc -1
—1+iy8 -1-/3
2 2] '
A= = = %) = X2
18 R i =~/=1 and f(x)= x> + 2, then
21 2]
f(A)is equal to
= 0] (3—ji i ©
@ 5—i/3 | (b)|3 i3 [ }
> Jlo 1] Tl

; 1
© (d) (2+.:J'§)[0 1]

o

19. ”[ cos’ 6 cosesine}[ cos?¢  cososing
G

s is zero
sin© ¢

0s0sin®  sin6 | |cos ¢sino
matrix, then 6 and ¢ differ by
. T

() even multiple ofg (b) odd muliple of ~

(e) even multiple of (d) odd multiple of 7

il T2 3
20 The matrix| 1 2 3 |is
o o =3

(b) nilpotent

(a) idempotent
(d) orthogonal

(c) involutary

St CEs iy sinx: O
fA=|-sinx cosx O|=f(x) then Alis equal to

0 -

() 1x)
(@ -9

22. Let &b and ¢ be positive real numt
system of equations in x, y and z.

PRl
Leliegen
a b e R
2
a b ©
2 22
and—_2-+F+c_2-=1has

(@) no solution

(b) unique soclution

(c) infinitely many solutions
(d) finitely many solutions

Directions (Q. Nos. 23 and 24) Let A and B are two matrices of

1 3 A+2 oI
same order3 x 3, where A=|2 4 G ap=lig 25
I3 2 B4
23. If Ais singular matrix, then tr (A + B)is equal to
(@) 6 () 12
() 24 (d) 17
24. If matrix2A + 8Bis singular, then the value of 24 is
@) 11 (b) 13

(c) 15 (@17
Directions (Q. Nos. 25 to 27) Each of these questions contains
two statements : Statement | (Assertion) and Statement |l
(Reason). Each of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (a), (b), (9 and (d) given below.
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.
(b) Statement | s true, Statement Il is true; Statement Il'is not a
correct explanation for Statement |.
(c) Statement [ is true; Statement Il is false.
(d) Statement | is false; Statement Il is frue.

25. Statement | If A is skew-symmetric of order 3, then its
determinant should be zero.

Statement Il If Ais square matrix, then
det (A) = det (A") = det(~ A)

26. Let Abe a square matrix of order 3 satistying AA" =/, then

Statementl  A'A=/
Statementll  (ABY =B'A
3 -8 4
27. Statement | [f A=|2 -3 4|, then adj(adj A)= A
Qu=il 1

Statement Il [adj(@dj A)|=|Al"", A be n rowed
non-singular matrix,
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c‘os% 0 sin%

0@
equal to
[
BE i ES N
2920 P > b &
2 278 B
@ - R o ST EE
2
e SR -7 S0
L
1
1 = @
V2
@l 0 (d) None of these
Spalin s
v2' 5

. then [A(r/6)-B(r/4)]™" is

29. The system of equations x + y + 3z =1
3x + 2y + 5z = 3have
(@) unique solution
(c) inconsistent

) R J_‘.
(b) infinite solution
(d) None of these

RHOES0
30.1fA=/0 1 0 [and A" =/, then the value of n is
3 4 -1
(@ 2 (b) 4
() 6 (d3
Ye
31.11P=| 2 2 A =[1 1] and Q = PAP", then PTQ0sp
A o
2.0
is equal to
@ [1 2005] ) [4+ 20053 6015 J
U 2005  4-2005/3
© 1{24“/5 1 } @ J[zoos 2-45]
4 =1 23 42+3 2005

AIEEE & JEE Main Archive

32. The matrix A2 + 4A-5l, where / is identity matrix and
A= e is equal to
Tl s
27 0 =
b) 4
@ 4[2 0] ®) [2 2]
20 i
d) 32
© 32[2 o] (@) [1 o]

33. If the system of linear equations

IJEE Main 2013]

[JEE Main 2013]
Xj +2X, + 33 =6
Xy + 3%, + 5x3 =9
2%+ 5%, + ax; = b
is consistent and has infinite number of solutions, then

(@) a = 8 b can be any real number
(b) b =15, a can be any real number
(c) aeR-{8tandb eR - {15}

(d) a=8b=15
34. If p.q,r are 3 real numbers satisfying the matrix equation,
o G ' 7
[pgr1|8 2 3/=[3 0 1] then2p+q -ris equal to
20 2|

UJEE Main 2013]

(c) 4 (d) 2

35. Let A other than / or -/, be a 2 x 2 real matrix such that
A% =1,/ being the unit matrix. Let Tr(A) be the sum of
diagonal elements of A [JEE Main 2013]
Statement | tr (A)=0
Statement Il det (A)=—1
(@) Statement | is true, Statement || is true; Statement Il is a
correct explanation for Statement |,

(b) Statement | is true, Statement |l is true; Statement Il is not a
correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement I is true.

36. Consider the sysiem of equations x +ay =0,y +az=0
and z +ax =0. Then, the set of all real values of ‘a for

which the system has a unigue solution is  [JEE Main 2013]
(@ R~ {1} (b) R —{-1}

o

37. The number of values of k, for which the system‘Of 77’
equations e |

(k+1)x + 8y = 4k
and kx+ (k + 8)y =3k -1
has no solution, is
() infinite
(c)2

[JEE Main 2013

(b) 1

B W R &

iy .novapdf.com
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| . 13 3isthe adjoint of a 3x 3matrix Aand| A4= 4 then

(b) 11
do
39. Let P and Q be 3x 3 matrices P £Q. | p?

=@° and
PQ =Q%P, then the determinant of (P? + Q2

)iS [AIEEE 2012]

fon= (b) 1
©0 (d) -1
1" D .0
40.1f A=|2 1 0|andu, ,u, are column matrices such that
Bo1g 3 2 0
<. 1 0
3 Auy=|0 |and Au, =| 1| thenu, + u, is equal to
0
05 £ [AIEEE 2012]
= o ] 1
(@ | 1 (b) | 1 (c) |1 (d) | -1
0 —1 0 =
41. Let Aand B be two symmetric matrices of order 3.
Statement | A (BA) and (AB) A are symmetric matrices.
Statement Il AB is symmetric matrix, if matrix multiplication
of Awith B is commutative. [AIEEE 2011]
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.
X such fa (b) Statement | is true, Statement Il is true; Statement Il is not a
correct explanation for Statement I.
the smg
E Main 27 (c) Statement | is true; Statement Il is false.
(d) Statement | is false; Statement Il is true.
42. The number of values of k for which the linear equations
T 4+ ky +27=0kx+ 4y +2z=0 and 2x+2y+z=0
posses a non-zero solution is [AIEEE 2011]
. b) 1
ot (a) 2 (
ent I8 (c) zero d 3
43. Consider the system of linear equations
X +2X; + X3 =3
2% + 3%+ X3 =3
4 2
O,Y":' 3x, + 5% +2x3 =1
22 d = The system has [MEEE2010]
EE - (a) infinite number of solutions

(b) exactly 3 solutions
(c) a unigue solution
" (d) no solution
¥ 44, The number of 3x 3 non-singu‘lar m
as 1 and all other entries as 0, i

(a) less than 4 (b) 5

_ o ©) 6 (d) atleast 7

atrices, with four entries
[AIEEE 2010]

Directions )

two statements : State
(Reason). Each of th

choices, only one of v

select one of the cod

(a) Statement | is true,

correct explanation et ’

(b) Statement lis true, Statement Il is true; Stafa?ﬂe%m

correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement Il is true.

L
45. Let A be a2x2 matrix with non-zero entries and let A* =/,
where [ is 2 x 2 identity matrix.
Define tr(A)= sum of diagonal elements of A énd
| A| = determinant of matrix A. .

Statement | tr (A)=0

Statement Il | A| =1 [AIEEE 2010]
46. Let Abe?2 x 2 matrix.

Statement | adj (adj A) = A

Statement Il |adj A|=A [AIEEE 2009]

47. Let Abe a2 x 2 matrix with real entries. Let / be the 2 x 2
identity matrix. Denote by tr (A), the sum of diagonal entries
of A Assume that A® = /.

Statement | If A# [ and A# —/, then det (A)=-1
Statement Il If A= [ and A# — [, then tr (A)# O [AIEEE 2008]

48. If A be a square matrix all of whose entries are integers.
Then, which one of the following is true? [AIEEE 2008]
(@) If det (A)= = 1, then A" need not exist
(b) If det (A)== 1, then A™! exists but all its entries are not
necessarily integers
(©) If det (A)#=+ 1 then A™! exists and all its entries are
non-integers B v
(d) Ifdet(A) =+ 1, then A™' exists and allits entries are integers
5 Bl @
49, letA=|0 o 50 | Ifdet(A*)=25,then|a|is equal to
0 O 15 [AIEEE 2007]

1
() £
(d) 52

such that
[AIEEE 2006)

50.f A and B are 3x3 matrices
A2 — B? = (A-B)(A+ B), then
(a) either A or Bis zero matrix

) either A or Bis unit matrix

)
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has no solution, if o is
(@ -2 ort
() 1

Answers 1
L 2 () 3@) (@) 5. (c) 6. (0) 7. © 8. (b) 9. (b) 10. (b)
v 11. () 12. (b) 13. (d) 14. (c) 158(c) 16. (b) 17. (b) 18. (d) 19./(b) | £1208 ()
el@ 22O 28:(5) 20 () 25.()  26.(b)  27.() 28 (a)  F2o(cREEEORCH
3L @y, w32 33. () 3. () . 35.(b)  36.()  37.() 38 (G)FS0N0) REIORE
| B o) 42  a3.(d) 44 45.() 86 (b) 47.() 48 (@) ARG
: 51. (d)  52. (b)

Hints & Solutions

1. Now, A+B= SRS W 1070 5. Here, A= ey ,wheret:tan(g)
1 0 1 © 2 1 i 0 2

et o) () e
il ik @ 4ol Now, cos o = 2
A2=A_A=[o 1][0 1}=[g+1 o+1]=[1 1} 1+tan2(%) il

A +1 141 i+ 2
P D : 2tan(9)
hﬁ ande=B-B= Okl 9 L = L2 and" Sinel = 2 = 2t
1 @)l © 0 —1 2
ym d 1+tan2(9) Ua
201 A2_82=[1 1]_[—1 o}z[z 1} 2 '
127 O Now, we have ( —A)[C(,)SG —sma}
sino.  coso
and (A + B)(A—B):[O 0][0 2] .
;180 2 e : il= 2 »
@0 00 [0 0 = T2 .
ot = }:[ 5} = gl o= - B <
s 0+02 4+21 0 amfi® Alani®
i Hence, (A+ B)(A-B)# A~ =B [ 1—¢2 4 0t2 ot +t(1=t%)
2. Now, (ABY? = (AB)-(AB)= A(BA)B = A(AB) B (+ AB=BA) ST 1+12
(A A)BB) —t(-t?)+2t 2% +1-12 :
1+t2 1+t2 | l.';

= AP.B? = AB ] -
T ) 1_+_fi =) ol
adj(A) =] A" , T e

il ey ey t+6%) 1412
( 1 e e
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e
6. A —]'_—4

- I+2A+3A% +  =140p

1

<
Il

Dﬂy 5 Matrices

7. Ais orthogonal. Each row is orthogonal to the other rows.

R1-93=O:>x+ 4+2y=0
and F?Q«F?3:O:>2x+2—2y=0
On solving, we getX=-2 y=_1

Xy =2
8. Here, AA™" =/
If R, of Ais multiplied by C, of A~ we get
28 =0 — =15

9. Every identity matrix is a scalar matrix.

-1 a a|
10. Here,| b -1 pl=0
el
Applying, C, —» C, ~C;; C3 > C5-C, we get
| =T a+1|
o =5 i)
c 0 —(’1+c)i
Appl R ! i R Ay
n - — —_ —— ==
Y + 1 b+ 1 c+1
12 e By
| a+1
|
ik g ol =20
Jb 1 |
LR ) &
| @ =1 ]
1 b ©
4 4 =
i a+1 b+1 c+1
—4L+1— ! +1—L:O
a+ 1 b+ 1 c+1
o e e 48
i a+1 b+1 c+1
i 2@ 2
11. A?=AxA=|0 2 1]||0 2 1
2. e e Td
[5 0 8
=42 kg
8 013
fe n@ wai 02 Wizt 0.84
AP =APxA=l2 4 5]|/0 2 1|=[12 8 23
8 0 13(|2 0 3 34 0 85
Print to PDE without this messaage by purchasing novaPD

_12} 8 8]20 o AS 6% 4 7 Al
g 210 34] [30 0 48] [7 0 14] [2 0 0
=12 8 23|12 24 30[+| 0 14 7 |+]0 2 o
) 1 - 05 340565/ |48 0 78| [14 0 21| |0 02
‘4}_—8 *3} f000
=lo 0 0[=0
000

S AP =GP T =

TR
<

I
==
@5 =
= IS
(e}

13. Now, BB = (/- A\ '(I+ A) (I + A [(/- A
=(I= A7+ A) (1= A) (I + A
== AT (= A) I+ A+ A = [ /=
Hence, Bis an orthogonal matrix,

14. 1+ A+ A% + o= (= A

gt B
o 2| oo
1 0 7o e e
L2 2 2
1 -2 1
15. Forno solution, [2 =1 2|# 0= A #1
i 5 ‘
1 -k -1
16. For non-zero solution, |k -1 —1|=0
1 1 -1
1 -k -1 A R n
= g g e (2—’ Bl e
0 k+1' 0 Rwii
= K? —1=0=k=1-1

17. Given, —x+cy+ bz=0,cx—y+az=0

and px+ay—z=10
=l (6 0}
= e =1 zal=0
Oy a1l
o af ¥ bF+ cf =& Pabo

R.//AWWW. Novabd Ol1]
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o
18. Thus, REE T e o
o ]

e iR 10
0 1— w2

2[— o + o 0
0 - + o

|-’ +o 0 2 0

= ; i
0 —of o |0 2
:(—0)2+m+2)[1 O}
0 1

1 1 0} : 1 0
—(3+2m)[0 J_@HJ@)[O J

cos0 sine} { cos®¢  coso sinﬂ

cososing  sin®o

19 cos’0
cos@sin®  sin?6

cos ¢ sin@ cos (6— ¢)

£

2 8
20. Let A=|1 2 3
| =1 -2 -3
[0 0 O
A= @O
LO 0 O
Hence, Alis nilpotent matrix of index 2.
21. Since, |Al=1
cosx sinx O
Given, A=|—sinx cosx O = f(x)
0 Ol

cosx —sinx O

A“=1 sinx cosx 0|=f(=x)
1
0 0 1
2 2
R e
22. Le’(—E—X,b2 Y,cz

- Coefficient matrixis A= 1
=i

] Here,|A| #0 ‘
’ Hence, it has unique solution.

cos0 cosdcos(6—¢) cososing cos(® — ¢)
sin® sing cos(® — ¢)

|

[ife—q):(znm)g,nel]

JEE Main Mathematics in Just 40 Days

1 @ ANe2
23. Since, A is singular, therefore |2 4 8 =0
s v
= 1(40 — 40) — 3(20 — 24) + (A +2)(10~ 12)=0
= }\, =4
4 5 10
Now, A+B=|5 6 13
6% B4
tr(A+ B)=4+ 6+ 14 =24
11 12 2A+ 16
24. Now,2A + 8B=|18 14 il
218 32
Since, |2A + 3B| =0
= 11(448- 403)—12(416- 372)+(@2A+ 16) (169
= 3 =l
25. Statement | is true.
But det(A’) = det(—A")is not true.
26. Statement | Given, AA’ == |A| 2=
Hence, A is an invertiable matrix.
= A= A= AA=ATTA=
97. Since, adj(adjA)=| A" ¢ A
Here, =48
adj(adjA)=| Al A
Now, | Al =3(-3+ 4)+ 3@) + 4(-2)=1
adj(adj A)= A
284 (ABy 'L Bt A

[A(n/6)- B(n/4)]™" = [B(n/4)] '[An/6)]"
It is known that, [A(r/6)]”" = A(- t/6)
[A(m/6)- B(n/4)]" = B(- n/4)- A(- 1/6)]

168) =0

COS(E) 0 sin(—E COS(‘E) Sm(_ﬁ
4 4 6 8
n
6

0

—, 0 1 0 Sin(—E) L
0 0 1 6
! 0
.
(J_ f?] [1 1 1
_ 2 2 Jé’(A 2)] 2
o V3
2 o 0
0 0
L 1
03 e b0k sl ;
2.2 2y2 2
o {2§ 5
0 0 1
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29. The coefficient matrix for the linear equations is
L
e B
32 5
where, | A| = 0 and (@djA) B« 0O
Hence, the given equation is inconsistent.
30. Since, square of involuntary matrix is equal to identity matrix.
(L8400 0 07 1 0 0
e AA:{Q1001O:010
13 4 -1){8 4 «1| |0 0 1
= A’
On comparing, n =2
31. Pis orthogonal matrix as PTP = |
Q%% = (PAPT) (PAPT ) (PAPT )= pA2005pT
5 PTQ2%p — pl . pa P = A2005
S0 il 2
Now A = | =l
{EORELI] B 40 i
o bl it Gl B B
“ lo 1]lo 1/7]o 1
s ol 2005“}
LR
. [Fi=ep ] 2 1. 2 9 -4
82, = A= [A°=A-A= -
o C H -SJA {4 73J [4 —BJ [8 +7J
4 Pl AL B EEE
L *4/4‘*5/'[78 e T =5
2
_[8 41:4
8 0f [20
33. For consistent in| A| = 0and (adj A)B=0
Ltz Sl
}‘I s Sl =10
.2 5 a
= 1(8a-25)-2(a—-10)+35-6=0 = a=8
On solving, (adj A)B =0, we getb =15
84. [3p+ 3g + 2r, 4p+2q + 0, p+ 3q +2r]=[301]

35.

=>3p+3q+2/=3‘4p+2q=O,p+3q+2r=1
=0=10q =-D27r=8
L 2p+q-r=2-2-3=-8

i a bandA2=/ (given)
o o
AaipE a9f 90
[c g om

& +be ab+bd}=[1 0]
ac +cd bc +d? 0 1

Day 5 Matrices

= b@+d)=0c@+d)=0

and a®+bc=1bc+d2=0

= a=1d=-1b=c=0
1 0

If A= ,thenA2=1 | R O =/
0 1 0 -1(]0 -1 0 1

Azl A%~/

det(A)=—1and tr(A)=1-1=0

1 a 0

36.|0 1 alz0

& o

1(1-0)-a(0-a?) #0

= 1+ a0

Hence, for unique solution a R - {~1}.

37. Given equations can be written in matrix form as AX = B

where, A= al. 9 ,X:X
k k+3 y
and BE 4
3k—-1
For no solution, | A|= 0and (adj A) B 0
Now, |A|= K+ 1588 =0
| k k+3
= (k+1)(k+3)—8k=0
= k? + 4k + 3-8k =0
= k?®—4k+3=0
= (k=1 (k-3 =0
k=1k=3
k+3 -8
AL
Now, adj [ e b J
k+3 -8
el ) B‘{ —k k+1][3k J
_ [k + 3) (4k)- 8 (3k - 1)
| —4K2 + (k+ 1) (3k=1)
_|4K®-12k+8
—k2 + 2k —1
Put k = 1, then
4-12+8 0
not true
adi A8 { 1P 1] [o]
Put k = 3, then
36-36+8 8
# Otrue.
s A
Hence, the required value of k is 3.
Alternate Solution
Condition for the system of equations has no solution,
a _bi 2 (o
a, b, ¢,
k+1 8 4k

R.//AWWW. Novabd Ol1]
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Take oot gt
K k+3
= k® + 4k + 3 = 8k
= k® ~4k+3=0
= k=N0)(k-3) =0
K=12
fk=1 then -8 L 41
en o # 7 (false)
gosrdite 8 4.3
ana K = 3, then = =
S (true)
& =3
Hence, only one value of k exist.
1 a 3
38. Given,P=|1 3 3
2 4 4

(given)
|=ladjA|=|A|>=16

39. On subtracting the given equation we get
PE y PZQ :QB _QZP
= PAP-Q)=Q%*@Q - P)
= P-Q)(P* +Q%=0

[P2 +Q%|=0

40. Since, both Au, and Au, are given, hence adding them, we get

[1 lFO 1+ 0
Au; + Auy, =10+ |1|=]| 0+ 1
lo [o 0+ 0|
]
= Aty +Up =1 1|
o]

Since, A is non-singular matrix, i.e., |A| # 0, hence, multiplying
both sides by A~ , we get
1

AT Ay +up)= AT 1

0
1 oy =
= U1+U2-2 )t i)
] 1 0
1 0 0
Now, |[A|=|2 1 0|=1(10-0)-0+0=1
? 3.5 4
| 1o sl (8-1m 0 0
% - Adjoint of A= P el T
8 48 <1 g2 1

41.

42.

43.

JEE Main Mathematics »us+ 240 Days

e
A= e R (|A=1)
i is2
From Eg. (i), ( AN 1
Uy =|-2 10
i =2 il Y

1 +0+ 0] 1
2 4= O =[——1
1 =20 =1
Given, AT = Aand B’ =B
Statement | [ABA)] = (BAI-AT

— (AL BT)AT

= (AB) A = A (BA)
So, A(BA)is symmetric matrix.
Similarly, (AB) A is symmetric matrix.
Hence, Statement | is true.

Also, Statement Il is true, as if A and B is symmetric.
Hence, (AB) is symmetric iff (AB = BA)/.e., AB is commutative.

= Uy + Uy =

Since, equation has non-zero solution.

A= 0
a2
k 4 1/=0
22
= 4(4-2)-ktk-2)+ 22k -8)=0
= 8-k + 2k + 4k —16 =0
= k? —6k+ 8=0
= k-2)k-4)=0 = k=24

So, number of vaiues of k is 2,

The given system of linear equations can be put in the matrix

form as
12 3
28 Xo =3
3 5 2)lx| |4
1 2 R s e
= o e =|—3 RZ—)Rz—Zﬁ])
MRS R el
T2 X, 3
=2 ORI | RZ—?-&)
100 0]x| |5 i
Clearly, the given system of

€quations has no solution.
dition of first two equations from
= =5, Which is an absurd result.
m of equation has no solution.

AI.iter Subtracting the ad
third equation, We get 0
Hence, the given syste
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4

.

On comparing with A% — [ = 0, we 991
tr (A) = ou\‘ :
Aliter
~ [a b]
Le A=| | where a,b,c,d # 0
;‘C GJ
‘ S a2l e b
NOW A :1 i i
le djlc d]
4 e [a2+bc ab+ bdl
| ac +cd be +d? |
= B o be=1bec+d =1
and ab+ bd =ac+cd =0
Also, c#0and b#0=a+d=0
tr(A)=a+d =0
and | Al =ad —bc = —a° —bc = -1
46. Statement | adj (adj A =| A" 2 A=|A]° A=A
Statement Ii |adj A| =|A|" " =|Al?7 =] Al
- [a b]
47, Let A=| dJ
lc
a bw i O ("'/-\2 28 /)
LC c/ 0 1
R ab+bd [1 O}
lac +cd bc +d? G

e Print to PDF without this message by purchasing novaPDFE (http://www.novapdf.com/) &

Day 5 Matrices

{1 * % )
Consider |« 1 =« ‘ By placing 1 in anyone of the 6*

b - 4

position

and 0 else where, we get 6 non-singular matrices.

* ‘W
v, 1 1 |gives atleast one non-singular matrix.
{ o« %)

A gatisfies A°

-tI(A)-A+(detA)/T» 0

bla +d)= 0. c(a+d 0

and &% + bc=1bc+d?=0
= a-:ﬁ)d:——1,b:C:O

48.

49

51.

52.

ta=| O,thenA2= VL ORAS
0 —1 O =1 el = T NSOl

Azl Az=I
det (A)= -1
Hence, Statement [ is true.
Statement ll tr (A)=1-1=0
Hence, Statement |l is false.

+ 1, A" exists
i
et (A)
All entries in adj (A)are integers.
So, A™! has integer entries.

5 50 o |2

As det (A) =

and A == (adj A) =  (adj A)

det (A%) = (det A)? \o o b5a| =25
[O 0 5‘
= (@500)% =25
= e
25
o =1
A2—B:":(AfB)(A+B):/—\2+AB—BA—82
AB = BA
| 0 a 2b
oels 4 ol o
SN B RS
4 3b 4b
= AB = BA
— a=b=1238,
@ 1 1
letA=1 o 1|=0®—-8a+2=0
o
= (@-N@E*+a-2)=0
= @-1? (@+2)=0= a=1or-2

o=1
x+ y+ z=0gives infinite number of solutions.
Hence, oo = —2 has no solution.
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Day 6
Qutlines ...

WG O

Concept of Determinant
Properties of Determinants

Cyclic Determinant
Minors and Cofactors

System of Linear Equations
in Three and Two Variables

Determinants

Concept of Determinant

Evgr)cfl Square matrix A is associated with a number, called its determinant and
it is. enotefi by det (4) or |A|. Only Square matrices have determinants. The
marices which are square do not have determinants.

Corresponding to each square matrix

ayq A, ... aln

A @G @G, ... @

a5y Ay a,,

4y @, ae
detl(A)= RN R TG

e.g., (i) If

(ii) If
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Day @ Determinants

Properties of Determinants

1. If each element of g row (
A=0.

2. If two rows (columns)

column) is a zero, then

are proportional, then A = 0.

3. If any two rows (columns) i

3 ) are interchan i
then A becomes —A. it

4. If the rows and columns are inter

changed, th :
unchanged i.e.,| AT | =| Al ge en A is

5. If each element of a row (column) of a determinant is
multiplied by a constant k, then the value of the new
determinant is k times the value of the original

determinant
ka kb kc a b ¢
LesDEN g |=kip q =&
u Vv w u vV w
bl ¢l la; b c| o™ ¢
6-!P1+P2 LR B B T il 10, BN G RRT
lm+ty, v o w| |y, v w| |y, v w

7. If a scalar multiple of any row (column) is added to
another row (column), then A is unchanged

ambh e ‘ a b c
ie., i ip+1<a q+kb r+ke
‘ u Vv W \ w
8.Let A(x) be a 3rd order determinant having
polynomials as its elements.
(i) If A (a) has two rows (columns) proportional,
then (x — a) is a factor of A (x).
(ii) If A(a) has three tows (columns)

proportional, then (x — @) is a factor of A(x).

9. Product of two determinants ’
1 T
ie, |AB|=|A||B|=|BA|=|AB"| =|A"B|=| A"B'|

f(x) f(¥) £ (%)
10. IfA(x) = g,(x) 8(%) 8(%) ,then
a b (¢
3 A Z AR Z AR
Z s x: n 1
(i) X=1A(x) s z—:1g2(X) lega[x)
x=la X = b s
I £ A0 LA
2L x=1 o ;
(i) xl;IlA(x) = I"_I ) lj[ 2,(%) I;I g3(%)
x=1a = >
Nt 10 PDE witho his messaae bv D hasing APD 8

11. det (kA) =
12. det(A™)

k™ det(A), if A is of order n x n.
=(det A)", ifnel®
13. | A"|<| A|, where AT is a transpose of a matrix. 4

» Symmetric Determinant

@
h b f|=abc+2fgh—af*—bg*—ch®
ZNAC
» Skew-symmetric Determinant
0 h —g
= O 7 =0
g -f O

In a skew-symmetric matrix of odd order, the
determinant is zero.

value of

Cyclic Determinant

The determinant of the circulant matrix is described
below.

A circulant matrix is one in which each row vector is
rotated one element to the right relative to the preceding
row vector.

1 s #
1.1y 2 = mlasa e
Nz Z
%
2 y ¥V |=Ex-nr-2@E-xEx+ty+2
z z°
1 2 2
3 7 P =x-y)(y-2(z-x)(xy+yz+2zx)
s
@ ) @
4. |b ¢ al=-(a+b+c)(@ +b*+c*—ab-bc—ca)
a b|=-(a®+b® +c® —3abo)
a bc abc @ @r. @
5. |b ca abc|=|b b* b

ab abc| |ec & ¢

=abc(a-b)(b-c)(c-a)

cos(A—-P) cos(A-Q) cos(A-R)
6. |cos(B—P) cos(B-Q) cos(B-R)|[=0
cos(C —P) cos(C—-Q) cos(C-R)
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| 1 cos(B—a) cos(y-o)
7. |cos(o—B) 1 cos(y—B) =0
jcos(a =) cos(B-y) 1
(a, =b,)? (ay=by)? (a, —by)?
8. (@, =b,)° (@,~b,)* (@, =bg)*|=0
( (

ag _bz)z ((73 _bg)z

Minors and Cofactors

The minor M; of the element a; is the determinant

1

obtained by deleting the ith row and jth column of A.

ayp Qg Qg

If A=|a,; @, a, | then minors are
G317 G35 Qg3
% s | QG Oy
M4 :11 M, = T e
|3y G | a3y Qg3
The cofactor C;; of the element a;; is (-1)"*/ M.
Here, cofactors of A are
e (s Gy Chpa|
C,, =| % 23| 0, =% Bet,
Q35 Q33 a3 Q3|
3 ) 3 fony
0, i g7l 0, ifi#k
2 Z(Ijlcik:j or _Za‘-/-Ck/:J sl
1= AT =k j=1 Ay it i=T

ALk
The sum of products of the element of any row with their
corresponding cofactors is equal to the value of determinant.

ie, A=a;CytapCr+a;Cs

=ay G+ ay Cutdyly
=3, C3+ a3 C3p +033 C3

Area of Triangle by using

Determinant
Let three points in a plane be A(xy,74), B(%,,¥,) and
C(%,¥3)-
1 o g
S Ared ofAABC=E 5 ol
X ¥z 1
=% [x1(y2 = y3) + % (73 =y + % (71— 72l
X1 V1
If three points are collinear, then | X, ¥, 1|=0.
X ¥ 1

Ut this message by purchasing novaPDE (http://www.novapdf.com/) §
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System of Linear Equations in
Three and Two Variables

: solving the system of lineay

i be used fo .
Determinant can be ey checkmg the

equations in two and three variables ¢
consistency of the system of linear equations.

Let the system of non-homogeneous eguationssingthecs

variables be
@1 X + QoY T G132 =b,

Ay X + 0o} + Tp3Z = b,

(131X+a32y+0332=b3

Cramer’s Rule
In this method to solve such a linear equations by using
Cramer’s rule method.

Firstly, determine

D=lay a; a3

azy Qzp Qg3

Then,usex:%, y:&’ z:&

D D

Similarly, in this method we can determi
linear equation in two variables.

Test of Consistency

» IfD # O, then it is consistent with unique solution

¢ If D=D;=D, =D; =0, then it is (©
many solutions and it
solution.

+ If D =0and atleast one of
is inconsistent (no solution).

ne the system of

. onsistent with infinitely.
IS also called as non-trivial

1 D, and D, is non-zero, then it
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1. The value of third order determinant is 11, then the value of

the square of the determinant formed by the cofactors will
be

(@) 11 (b) 121 (c) 1331 (d) 14641
b+c ¢ +a a+bi la b c|
2.1flc+a a+b b+c|=k|b ¢ a|, then k is equal to
2 O oletie c+a‘ ‘c a b‘
@ 0 (b) 1 ) 2 (@) 3
Xp+ y X Vol i
SVt z y % E:O,if
0 Xp+y yp+ z‘
(@) x,yand z are in AP (b) x,yand z are in GP
(c) x,yand z are in HP (d) xv,yzand zx are in AP
4. Ifa, band c are positive and not all equal, then the value of
ia b c |
the determinant|b ¢ alis
ic a b‘
(@ >0 (b) 20
() =0 (d) =0

5. If the coordinates of the vertices of an equilateral triangle
with sides of length a are (X, y1), (X2, ¥2) @and (xs, y3), then
%k w1

% Y 1} is equal to [NCERT
Xs Y3 1]
Exemplar] -
(@) % (o) 3%
© %ﬁ @ 92—4—
23 1+ =

6.1fA={1—/ -31 4-5/|thendet(A)is
R4 s T

(@ complex number with positive real pgrt

(b) complex number with negative imaginary part
(¢) pure imaginary

(d) real

COS AN .
Zo i) =2 i 2i ,thenlimgis equal to
; t—0 t
sint t t [NCERT Exemplar]
@ o (b) 1
() 2 (@ 3
Jn n+1 n+2
nPn m+1)P(n+1) (H+2)P(n+2) is equal to
nCn (n+1)c(n+1) (n+2)C(n+2)
(@ n(nh)
®) (n+ N+ 1!
©) (n+2)(n+2)!
(d) (n® + n+ )n!

10.

11.

. If the determinant

cos 2x sin®x cos 4x

sin?x cos2x cos?x
cos 4x cos®x cos2x

is expanded in

powers of sin x, then the constant term is

(@) 0
() —1

‘a—-b-c 2a

If 2b
2c
equal to

(@ 0
(¢) 2

b-c —a
2¢c

1

The value of |cos (o — B)
cos (o — )

cosa.
(@) |cosp
cosYy

cosa

(c) | sinp

sino. 1
sinB 1
siny 1

sine 0
0 cosP
cosy siny

2

(b) 1
@ 2
2a
2b |=k(a+b+c)d thenkis
c—-a-b

(b) 1
(d) 8
cos B —a) cos (y—o)
1 cos (y—P)|is
cos B -7v) 1

sino. cosa OF
(b) |sinB cosB O
siny cosy 0

(d) None of these
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BB

12. ita, bang C are cube roots of unity, then

'ed - Al 633_1‘

3b .
€™ —1lisequal to
egc egc _1I

a a 1+a°|

13. it|bp p2 il 2
‘ b,, 1+ b | =0andthe vectors (1, 4. a®), (1,b, b%)and
G e° s
(L&, c% are non-coplanar, then abc is equal to
(@ 2 (b) —1
(c) 1 (d) o

14. The number of distinct real roots of the equation
SinXx cosx cos x|

COS X sinx cosx:OinLEf]‘s
4

COS X cosx sinx | ¢
(@ O (b) 1
(c) 2 (d) 3

15. Consider the set A of all determinants of order 3 with entries
0 or 1 only. Let B be the subset of A consisting of all
determinants with value 1 and C be the subset of A
consisting of all determinants with value —1. Then.

(a) Cis empty
(b) Band C have the same number of elements
(c) A=BuC
(d) Bhas twice as many elements as C
16. If A, B and C are angles of a triangle, then the determinant
-1 cosC cosB|
lcosC -1 cos Alis equal to

|
lcosB cosA -1 | [NCERT Exemplar]

(@ 0 (b) —1
{c) d (d) None of these
1 X X+ 1 J
17. £ f()=| 2x x(x = 1) (x+ x| then £(50)

|3x(x—1) x(x=Dx=2) (x+Mx(x-1)

is equal to
(@ 0 (b) 50
© 1 (d) —50

18. If w is an imaginary cube root of unity, then the value of

a bw aw!

|
| ot .

E bo ¢ bofis

;’cwe an ¢

(@ a°® + b® +c? - 3abc (b) ajb i SZC |
© 0 (d) a“+b° +c

o PDF without this message by purchasing novaPDF (http://www.‘novapdf.cgr‘_‘ntl
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19. If x, y and z are positive, then
[t log, y logyz

log,x 1 log,zfis equal to
log, x log, y*= 1
(a) 0 (b) 1
éc)) —1 (d) None of these
1+sin’6  cos®# 4sin46
20. If| sin?0 1+cos?6 4sin4@ |=0then@is equalty
(‘ sin® o cos’@ 1+ 4sin486
7m 11 b @71
e ( 24'24
11 & £7_7t
2424 24'24
21. If px* + gx> + X° + sx +t
!X2+3X =il st g

=[x —2X X —4|,where p, g, r, sandt

x—383 Xx+4 3x

are constants, thent is equal to

22. If o, B and Y are the roots of the equation x3 + PX +q =0,

o By
then the value of the determmant‘B Y ofis
7 e
(@) 0 (b) -2
() 2 (d) 4

Directions (Q. Nos. 23 to 25) Consider the determinant

P q rf
A= VA
i’/ m n

Mj denotes the minor of an

element in ith row and jth column and
G denotes the cofactor of 3

n element in ith row and jth column.
23. The value of P-Co+q-C,

250 1G5 18
(@ o0
D)=

(c) A Ed; AZA
24. The value of X:Cort . C3,, 4 Z:C,qiis

(@ 0

(©) 4 f§§ &
25. The value ofg-Mm,, - Y-My, + m-Ms, is

(@) 0 b

iy (0) ~ A

(d) A2

28

2

th
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Dlreqtlons (Q. Nos. 26 and 27) Each of these questions
contains two statements : Statement | (Assertion) and Statement ||
(Reason). Each of these questions also has four alternative
choices, only one of which is the correct answer. You have to

select

26.

27.

28.

29.

35.

36. Statement | The system

one of the codes (a), (b), (¢) and (d) given below.

(a) Statement | is true, Statement |l is true; Statement Il is a
correct explanation for Statement |.

(b) Statement | is true, Statement Il is true; Statement Il is not a
correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement Il is true.

=

Consider the determinant of a skew-symmetric matrix of

even order may or may not be zero.

Statement | The determinants of a matrix A=[8;lsx s,

where g; + &; = 0 for/j and j are non zero.

Statement Il The determinant of a skew-symmetric matrix

of odd order is zero.

Consider set of rational equations
X+ky+3z=0,3x+ky-22=0 and 2x+3y—4z=0.

Statement | The system of equations posses a non-trivial

solution over the set of above rationals equations, then the

value of k is 3;7.
7=
Statement Il For non-trivial solution, A = 0.
1 1 1
The value of the determinant | °C; 4c, °C|isequalto

i oC2 402 5CQ

(@ 1 (b) 2 ©) -1 (d) None of these

4+ x 4

Determine the value of X, ifla—x 4
4-Xx 4

(€) x==1 (d) None of these

X
s |1=0
- X

(a)pxe /2 (b) x=0

Day 6 Determinants

30. If  is a cube root of unity, then a root of the following

31.

32.

33.

34.

X -0 -0 o) o?
® x—0-—1 1 =0is
©? 1 x-1-w°
(@ x=0 (b) x=-1
© x=w (d) None of these

2r x  NN+1)
f A =| 6r2-1 y N?@N+3)|, where Ne
43 —2Nr z N3N +1)

N
number. Then, 21 A, is equal to
=
@ N (b) N
(c) Zero (d) None of these

natural

Ifa, bandc are pth, gth and rth terms of an HP, then

bc ca ab

RIS equal to

1 il
(a) term containing a, b,c, p.q and r
(b) a constant

(c) zero
(d) None of the above

The points A(@ b +¢),B(bie + a)andC(c,a+ b)a
(@) vertices of an isoscele triangle

(b) vertices of an equilateral triangle

(c) collinear

(d) None of the above

If the system of equations X+ ay= 0az+y

re

=0 and

ax + z = 0 has infinite solutions, then the value of ais

(@)
g

0 (b) 1
(e) 1

(d) No real values

AIEEE & JEE Main Archive

If a, band c are sides of a scalene triangle, then the value of

G ol o)
b c alis

¢ akh
(a) non-negative (b) negative (c) positive (d) non-positive
of linear equations

[JEE Main 2013]

X + (sina)y + (cos o)z=0
X + (cos @)y + (sina)z=0
X —(sina)y — (cos )z = 0
has a non-trivial solution fo

T
interval | 0, = |-
‘ ( 2)

r only one value of o lying in the

Statement |l The equation in o
coso Sina cosa

sino. coso sino |=0
coso —Sina —COoSo

has only one solution lying in the interval (0, %)

[JEE Main 2013}

(a) Statement | is true, Statement |l is true, State
correct explanation for Statement 1.

(b) Statement lis true, Statement Il is true, Stateme

correct explanation for Statement .
(c) Statement lis true; Statement Il is false.
(d) Statement | is false; Statement Il is true.

NWW.Novandf.com

ment Il is &

nt Il is nota
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37. Cs):géfrg(iasnt I Determinant of a skew-symmetric matrix of v : : 1X : ‘for 4y 0, then D'is divisible by
ZEr0, k = +
Statement Il For any matrix A det(A”)=det(4) and [ SR [ATEEE 2007
det(~A) = - det(A). (&) Both xand.y (b) xbutnot y
Where, det(B) denotes the determinant of matrix B. (©) ybut not x (d) Neither x nor y
Then, [JEE Main 2013] sl .
(a) Statement | is true and Statement |l is false 41. Ifa® + b% +c° =—2an 2
(b) Both statements are true 1+a2x  (d+b2)x (+c°)

(c) Both statements are false
(d) Statement | is false and Statement Il is true
38. Leta bande be such that(b+c)= 0. If

X
fx)=|@+a®x 1+ b2x [@+c)x|,
(= a2)x [({+B2)x " 1 e X

4 @il el e S e ey then 7(x)is a polynomial of degree b L
| 1
‘ b b+1 b-1+\ gr={ b-1 Cﬂ—‘..[:O @0 ES;\?
JC c -1 C1—1 l{~172 (;1)”*“‘{) (__])f’c! (€) 2
Then, the value of ‘n’ is [AIEEE 2009] 2. If&,, 85,8;,...are in GP, then
(a) zero (b) any even integer llog a, loga,,; loga,. J
(c) any odd integer (d) any integer A=lloga, ., loga,,s loga,, s isequalto
39. Let a,b and ¢ be any real numbers. If there are real

“ ’Og an + 6 |Og (ZHJ 7 |Og af?—réj!

numbers x, y and z not all zero such that x =cy + bz, [AIEEE 2004]
y=az+cx and z=bx +ay. Then, a® + b2 +c2 + 2abc is @) 0 (b) 1

equal to [AIEEE 2008] © 2 () 4

(@ 1 B) 2 () =1 (d) 0

Answers

1. (d) 2 (c) 3. (b) 4. (c) 5. (d) 6. (d) 7. (a) 8. (d) 9. (¢ 10. (b)
11. (b) 12. (a) 13. (b) 14. (b) 15. (b) 16. (a) 17. (a) 18. (c) 150 20. (2)
21. (a) 22. (a) 23. (a) 24. (c) 25. (b) 26. (a) 27. (d) 28. (a) 29, (b) 30. (2)
31. (¢) 320 33. (¢) 34, (b) 35. (b) 36. (d) 37. (a) 38. (c) 39, (a) 40. (a)
41. (c) 42. (a)

Hints & Solutions

1. Required determinant|adj A|? = (11%)? = 14641 = 0= (xp? + 2y0 + 2) (y2 — X2)

[loi&e a( 'C a br‘ =
— ol c ¢
X LetA~}Z Z :;ﬂ; : af 4. r:xpandmg by the first row, we get
SRS albe - a2)— p (b2 T Oa)+ e (b - o2) L gap ) DasEL RGN
=bie a+,fb Mg =*(3+b+c)(az+bg+02~8b—b0-ca)
¢ a e a bl o e Y
. C; > [(a-b) tb-c)?+c-a)?
b ; a‘ Which is Negative,
A S.If (x
3. ApplyingC, = C; — pC, ~Cs, thoa(n1'y‘)'("2'y2) and (x,,y.) are the vertices of a triang®
y ¥ 7 S 1|
: s Aeaslly ] A
(P +2yp+ 2) Xpty Yo+ 2z 2X3 y; 1

message by purchasing novaPDF (http://www.novapdf.com/}) |
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Day 6 Determinants

Also, we know that, if @ be the length of an equilateral triangle

| then
' B
Area= 7a (“)
From Egs. (i) and (i), we get
\)\ 11
_1/:82:1)(1 ¥ 1
4 D) 2 y2
Xz ¥s 1|
- i Xy
Efd =X Yo 1
On squaring both sides, we get
A X ¥ 1‘?
Ea‘l:‘x 1|
i K2 Yo i
X3 Vs 1!
|F 23 i == I 1
6 ?:l1+/ — A
7 slg4—5i. 17 |
(A = A
= det (A) =det (A)
= det (A \) =det (A)
= det (A) =det (A)
So, det (A) is real
D) leosit ot |
7. Given that, r(f)w)Os'ﬂt i 2
. ST e
‘ [NcOsT t =
fit)=|2sint —cost O 2t —1
| i =eomi s O =Tl

Expanding along C,,
/{Z’)——tf(Qsiné—co'%t)( —1)—(2t —1)(sint —co st)}

= — t{2tsint —t cost — —2sint +cost —2tsint
+2tcost +sint —cost

= Ly —cint)
t sint —t COSt

4

{t)=
= _)zs_ —Cost
£2 t

L
t—0 ¢ =0 t2
. (sint ] . 8in® _
= |im¢Z— —cost lim =——=
r'-»o{ t } ( 80 @
ST Ly
fim 2= — limcos{
wz({f 1|—>ot t—>0
=1-co0s (0)
=1-1=0

n+1 n+2
(n+ N (n+2)
1 1 |

| n
8. LetA:in*
1

gl 1 \

n! n-nl (+ 1) 0+ DU

il 0 o

=N+ 1N+ H=n-n!

=[(n+ 1?2 =n]n!=(n? + n+ 1):-n!
11 0 1

04 silindl

il

(Ca Mo —CE')
6, ek,

9. Put x =0, then we get

10. Applying R, — Ry + R, + Ry, We get

Il 1 1 '
A:(a+b+c)12b b-c-a 2b
|2c 2c c—a—bl

Applying C, — C, = C;,C5 — C5 = C;, We get

1 0 0
A:(a+b+c)\2b —-{(@a+b+c) 0
|2¢c 0 —(a+ b+c)
—(@+b=ro)
G =1
icosa sino OHcosoc sinec 0]
11.A:"\cos,&‘- sinf 0l co&ﬁ sinf O‘
|COS v siny OMLOS‘{ siny O
‘6‘ 829 d3a|‘ ‘ea eZa 1‘
12. A= 1e a2 eso"-eb Al
‘e e?c 301 lec ez: 1
\1 el eZal !ea 1 ezd!
—e?.gb.ef 1 e 62'3‘H Heb 4 eebl_
|1 o° echl iec 1e£’cI
= (:a+b+c=0=e?tP* =9
a ateltary “a ga ia gE G
13. Now,|b b2 1+b%|=lb b? fi+1b b2 b°
10 AR e c® 1‘1 !c o st
1 a @] \‘1 2 a
=D 02\|+abc1 b. k¥
'1 c cz' e 621
i
h a &
=(1+abc)|t b b*|=0
file
= 1+ abc =0 (since, determinant # 0)
abc = -1

Print to PDFE without this message b
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14. ApplyingC, - C, + C, + C; and taking common from C;,
1 cosx cosx
= (sinx+ 2 cos x)[1 sinx cosx|=0
1 cosx sinx

Applying Ry — R, — R, Ry = Ry - Ry,

1 COS X COS X
= (SinX+ 2 cosx)|0 (sinx —cosx) 0
0 0 (sinx — cos x)
=10
= (sinx + 2c0sX)(sinx —cosx)® =0
= tanx =1
T
==
4

15. If we interchange any two rows of a determinant in the set
B, its value becomes —1 and hence it is in C. Likewise,
for every determinant in C, there s corresponding
determinant in B.

So, Band C have the same number of elements.

16. Given, A, B and C are the angles of a triangles.

: A+B+C=m

= A+B=n-C

Now, let cos(A+ B)=cos(m—C) = —cosC

= cos AcosB—sinAsinB = —cosC

B cos AcosB+cosC =sinAsinB i)
Similarly, cos AcosC + cosB = sinAsinC o (D)
and sin(B+C)=sin(n—A)=sinA ... (iii)

—1 cosC cosB

Now, let A=|cosC -1 CcosA
cosB cosA -1

Expanding along R;, we get
=—1(1- cos? A)+ cosC(cosC +cos AcosB)
+cosB(cosB +cos AcosC)

— _sin? A+ cosC(sinAsinB)+ cosB(sinAsinC)
[using Egs. (i) and (i) andcos? A+sin® A=1]
— —sin? A+sin A(sinBcosC + cos BsinC)
_ _sin? A+sinAsin(8+C)

[ sin(x+y)= sinxcosy+ casxsiny]
— _sin? A+sin?A=0 [using Eq. ()]

17. Taking common tactors x from Cp, (X + 1) from C4 and (x - 1)

from R, we get

1 1 1
f(x)=x(x2—1) 2x x-1 X
3x x—-2 X

oy

JEE Main Mathematics mJus+ 40 Days

1 0 0 C3—>03_C
= x (x> = 1)|2x —(x+1 1 c -Cz
3x —2(x+ 1) 2 2
f(50) = 0
al+w) bof ao
18. A-|be+e?) ¢ bo (C;—C +Cy)
c?+1) aw ©
_a0? bo® aw —a b aw?
| 2p o boil=ot-o=b e bw?
—co am C _¢c a co?
a b a
=—w’|b ¢ bl=0
cha ¢
logx logy logz
logx logx logx
19. |09 logy logz
logy logy logy
logx logy logz
logz logz logz

1 Lto PDE withou;__ t,hisf message by purchasing novaPDE (http://www.novapdf.com/) &8

By taking common factors from the columns and the rows, we
get

111[
11 1=0
11 1]

20. Applying R,— R, — R andR,— R, — R,

1 0 =
0 1 -1 =0
sin®8 cos?6 1+ 4sin 48
= sin?0+cos®0+ 1+ 4sind0=0  (expanding along A
= sin 40 = — l
2
= g=I% 1
24" 24
21. Put x = 0in the given equation, we get
@ =i &
t=|1 0 -4l=-12+12=0
= SENAR()

22. Since, a0+ B + y=0

Applying C; — C; + C, + C, in the given determinant,
ot+B+y B Y
A=(1+ﬁ+‘y Y o
a+B+y a B
0.8 -
=10y =0
0 o B

gt %t

[1

|
97, LetA=3
2

|

Applying R,

= 2k+3

8, Apaying C,

& Using
1

|
|
14

FC
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23. Since, p,g and r the entries of first row and C,1,/Cyy and Cyy are
cofactors of second row,
P-Cp+q:Cpy +r:Cpy=0
24. Since, x, yand zare the entries of second row and Cy, Cyp and
C,, are cofactors of second row.
x-Cpy + y-Cpy + ZICoa= A

25-Q‘M12_Y'Mzz+m'M32=_Q'C12‘,V'sz‘m'caz
=@ Cip + y:Cpp + m-Cyp)
=—A
20, g, +8,=0=A=-A"
" Al==1AT | =-|A
= 2|A| =
: |A|=0
i 3
27. letA=|3 k -2(=0
2 3 -4
Applying R, — R, — 3R;and R; — R; — 2R;, then
1 k &
A=|0 -2k =11
0 3-2k -10
= 20k + 33-22k =0
e 29
2

28. ApplyingC,; —C, —C,,C, > C, —Cy,
Sleing G, +.9G. =510,
1 0 0 170 ©
e e L G =80 Ty =1
feC, 0083

1S

29. Applying row operation Rz — Rz — R,

44 x 4 X
A B4 va=10

0 0 —2x
L —16x% =0
=10

30. ApplyingC,; —» C; + C, + C3,
2

X (0] w
o mr s L= (1+o+0’=0
X 1 X+ ®
1 (0] o’
= x[1 x+ o 1 |=0
1 1 X+ ©
x=0

31. Now, 212r— (N+ 1)
)% (6% = 1)= 6N[_~___—-—(N+1)(2N+1)]—N='2N3+3N2
= 6
% oy = MW 12NN S8 gy
: 4 2
NN +1) X NV )

N
};1 A =[2NP + N2y N2 2N+ 3)|=0
- NN+1) z NN+

r

392. Let A be the first term and D be the common difference of the
corresponding HP, then

1:A+(p—1)D,%:A+(q—1)D and
a

=A+(-1)D

© [

|

=¢ HO) (Gr || =t

o lme
a ©
Now, A=abc|p r
1 1

‘A+(,o—1)D A+@g-10D A+ (-1)D

= abc 7o) q r ;
‘ 1 1 i &k 3
[0 0 0]
=abclp g r| [+R; = Ry =DRy)~(A—D)Rs]
o1
=0
a b+c 1»
33. Now, area of (AABC) = o c+a
2 | |
e a+b 11
il
-1 |
=—(a+b+e)fb 1 1
2 :
e i
C,—>C, +C)
=0
11 a 0
34. For infinite solution, (0 1 a|=0
a 0 1
= ol =0 = al= |
al b
35. LletA=b ¢ a
© gl e
=a(bc — a®) - p(b? —ac)+ c(ab —c?)

=abc - a® - p® + abc + abe —c*
~ (@ + b® + ¢ — Zabo)
SlE DR (EE o

*%@ +b+c){(a- by

c2 — ab - b&'—ca)

+(b-cf +-ar}

< Q;where a # b =¢
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« Statement | The coefficient matrix A = |1

JEE Main Mathematics ind*"

1 sinoy  cos

coS o sin o

1 —sino —COSQ

For non-trivial solution, put |A] =0

-

|coso

Statement 11| sin

b
cos2a.=0= cos5 = 0=

~|a

SIN o cos o |

o Ccosd sin(x\

lcoso, —sino. —cos o

of even order is p

. Determinant of skew-symmetric m

= 2coso2cos® o —1)=0

1
coso. =0 —
2

g W2

2 4

o=

erfect square

det(AT) = det(A)and det(-A) = (-1)" det(A)

Hence, Statement |l is false.

a a+ |

a-1|

la+1 b+t c—1|

n | : \
38.-b b+1 5= ez =i e = c+1\

o [ e | | a = @ |

a a+1 a

=|-b bl 16

le ¢-1 c+li

|
= \‘a+1 a-1 a|
| T o = i —b\

lo—1 6+ c|

C| A= AD

g a1 a=li 1a+1 a a-1|

| 1+ ‘ i
=|-b b+1 bwﬁm; Bl —lo el
e 1 e+ [ = GEe + |

| A el el

Akl B b —1|

e el e

This is equal to
integer.

ero only, if n+ 218 an odd i.e, nis an odd

atrix of odd order is zero and

40 Days

o=
aneiarenEOY
39, Given, UalOM = oy 4 a2 =0
Ay = 2= 0.
and :
For non-zero solutior R S b‘
) PP TR
S el

(_’C__ab)——b(ac'*'b):o

2
ihe e A8 G
= 1( 2_abc~ab0*b230

aee

= az+b2+c2+23bc=1

LR R o A
\1 ]

e |0 Y =

@ @

40. Applying Rz = i3

which is divisible by both X and y.

ﬁ 2 2 0 o
41. Applyingc1—>c1+cz+c3andputa + b HeE =0

‘\1 (+ b2 x (1+c)x|
f(x)=|1 1+ b2x  (1+0°)X|
F -+ bR e

Applying R, = Ry = Ry, Rz — IRl = Ak

'11 ([(EB X (1 +c2) x|

0 1-x 0
0 0

1-x

|
|

i ; ;
42. a, = a,s" "', wherer is the common ratio.

log a, =log a, + (n — 1)logr

Applying R, = R, — Ry, Ry — R4 — R, in given determinait

loga, loga,. , loga, .,
= 3\ogr 3\09[— S‘ng =0
6logr 6logr  6logr

Sinee, R, and R4 are proportional.,

‘AP‘DF without this message by puLchasi,ngllnpvaPDF (htto://www.novapdf.com/)
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Binomial Theorem

Binomial Theerem for
Positive Index

Applications of Binomial
Theorem

Binomial Theorem for
Rational Index

Principle of Mathematical
Induction

nial Theorem
and Mathematical
induction

Binomial Theorem

In Binomial theorem describes the algebraic expansion of powers of a Binomial.
According to this theorem, it is possible to expand the power (x + 7)” into a sum
involving terms of the form axb_v", where the exponents b and ¢ are non-negative
integers with b + ¢ =n and the coefficient a of each term is a specific positive
integer depending on n and b. When an exponent is zero, then the corresponding
power is usually omitted from the term. The coefficient a in the term ax y° is

known as the Binomial coefficient (b j

Binomial Theorem for Positive Index

An algebraic expression consisting of two terms with + ve or —ve sign between
them, then it is called binomial expression.

If n is any positive integer, then (x+@" ="Cox" +"C,x" 'a+..+"C,a"
n
= Y "C,x"""d’, where x and a are real (complex) numbers.
r=0
(i) In the expansion (x + @)" it contains (n + 1) terms.

(i) In the expansion (x + a)", the sum of the powers of x and @ in each term is
equal to n.

NLUD L/ WWW . NOVADQ O[]
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(iii) The coefficient of terms equidistant from the beginning and
the end are equal.

(iv) The values of the binomial coefficients steadily increase to
maximum and then steadily decrease.
) = = ey et = "Cix" at. 4 (- 1) C 0"
) (s 0P = ek o Cio e e
(Vi) If n is a positive integer, then the number of terms in

(X + ¥+ Z)” is ﬂw
2

| ¥ The number of terms in the expansion of
(n+2

J
5

The number: of terms in the expansion of

y ifnis even
x+a)" +(c—a)l =

if nis even

N‘:L

n L ¥
-, ifnis even

|

+ N

n

I
x+a)"—(x—a) :]J
t if nis odd

(\S)

General Term and Middle Term

1. Let (r +1)th term be the general term in the expansion of
(X L 0} n i = ”Cr o

1

If expansion is (x — @)", then the general term is
(__ 1)“ ‘17 (71 _\"” it (1‘

2. The middle term in the expansion of (a + x)".

o ‘n ) S J1
Case 1 If n is even, then ( = +1 Jth term is middle term.

N (n+3)

(n+ 1)

Case II If n is odd, then — & tienmiande=———thitenms
are middle terms. 2
3. In the binomial expansion of (x + @)", the r th term from the
endis(n+1-r+1)ie., (n-r+2)th term
R / B\
» Coefficient of x™ in the expansion of(ax” + ﬁ) is the coefficient of
X

i s,
I’ T . wherer = 20kl

A O 18 Sta - 8 By
» The term independent of x in the expansion of | ax” + oS s
np X
where r = ——
ptg
» If the coefficients of rth, (r + 1) th, (r + 2)th term of (I + x)" are in AP,

then n® — (4r +1)n + 42 =7

Greatest Term

If 7. and T, , , be the rth and (r + 1jth terms in the expansion of
i Nt n—r+1

e =3 then ~~5 1 = = x

TJ‘ i r-1%

Let numerically, T, , , be the greatest term in the above expansion.

Thon' T > F or >l
Tl'

T

ANWW. N0

JEE Main Mathematics inJust 40 Days

n—r+1

[x|=1 or r < B Lo x +ofi)

r @a+|xp
Now, substituting values of 1 and x in Eq. (i), we gg
r<m+ f orr <m, where mis a positive integer apgd

f is a fraction such that0 < fisl. ,!H’j
When n is even T,, , , is the greatest term, when n g o
odd T,, and T}, ,, are the greatest terms and both are ‘,’__’%
equal. The coefficients of the middle terms iy )
§é

(a+ x)" are called greatest coefficients.

Properties of Binomial
Coefficients

i In the Binomial expansion of (1+ x)’,
+ "Cx" #,.0CK i

11

@t X =Gy G I E X E T

where, "Cy,"C,,...," C, are the coefficients of various

powers of x are called binomial coefficient and it is i
i n) (n) (n)
i also written as Cy, C;, ..., C, or ;+{ ¢+...+i |
: O} \ 1) ./')) ai
G ="C. = =5
i firS =1 ="1C, + e, =" 3.Di
| Y‘C, R flﬁfj ,-,c’ iz’f{
il g
S
G r
Or
i ¢+ Cu+Ci+Cy+..4+C =20
R CO+C2+C4+,..:C.‘+CE+C5+_H:2""‘ h
120 Gy =G50, =@ o (e 1.C,=0
W Ce Ol aict C =4 — ‘(2"’)} 3
(n1)"
* CCHCC 4. +C,_C,=%C ‘
___ ) By
(0 =)t +r)! R&
C\h2C2+%3—...,:0 ' |
s CO+2c1+$2'+,,.+(n+1)~Cn:(n+2)2n—1 Eng
5 G C ©: :
Co + X+?2X2+—“x3+...+ G, -l : fi.
4 n+1 :

(1+X)n+1_1
T e e
(n+1n

* G=G+Cy ~Cyt. = 3" oo T



http://www.novapdf.com/
http://www.novapdf.com/

Day T Binomial Theorem and Mathematical Induction

Applications of Binomial
Theorem

1. R-f Factor Relation

HQEe. \-\fe are going to discuss problems involving
(VA +B)" =1+ f, where I and n are positive integers
0<f<1]|A-B*|=kand|JA - B|<1.

Approach for these type of problems can be learnt from
following examples.

2. Divisibility Problem
In the expansion,
WSO =1+ Chov+ 7 G0 +.. 420 0™
We can conclude that,
(1+0)" —1="C,0 +" Co*+...4+"C,a" is divisible by
o L.e., it is a multiple of o

3. Differentiability Problem

Sometimes to generalise
differentiation.

2
(8 =0, +1Cox +1Cx+., +7C %"

the result we use the

On differentiating w.r.t., we get
n1+x)"1=0+"C;+2 -x-"Cy+... 40" C,x""

Put x = 1, we get
nd + 1) ="¢,+2-"C, +..+n"C,

= =R 2 Gyt 4 PGy

Binomial Theorem for
Rational Index
If n is any rational number, then
=1 nn-1)(n-2) 3
(1+x)" =1+nx+———————n[f'2 ) 2 s s e

(i) For|x|<1,
(@ 1-x2=1+ [3jx+(:)xz +...00

1
1
(b) (1- X)‘"=1+(:)x+(n: )x2+...<>o

(ii) (a) The coefficient of x" ~* in the expansion of

(x=1) (x-2)...(x - n) =_@

(b) The coefficient of x"~* in the expansion of
(x 2 0x 1), e ]

General Term
Let (r + 1)th term be the general term in the expansion of
1+ x)™,

Then, Tr+1:1'1(11—-1](1'1—2)....(I1—1‘+1)Xr

r!

(i) If in the above expansion, n is any positive
integer, then the series in RHS is finite otherwise
infinite.

1-2-3

(i) 1-x"=1+nx+

If n is a positive integer, then
DM+ 27t ST o R
@) (@12t = 1l e A
(i) (1 + x)72 =1 —2xan
(iv) Q-2 =1+2x+3% + 4%° +...

P If n'is a positive integer, then (I + x)" contains (n + 1) terms

e, a finite number of terms. When n is general exponent,

then the expansion of (I+x)" contains infinitely many.
terms.

» When n is a positive integer, the expansion of (I + XS
valid for all values of x. If n is general exponent, the
expansion of (I+ x)" is valid for the values of x satisfying the
condition | x| <.

Multinomial Theorem
For any n e N,

n! 7
T X1 %

() O +x)"= |
n+n=n SRR

() (% +x +..4 x,)"
n!
= 2 ——'—'——' X;’ X;z iy X;k
£y iy ok L DT
The general term in the above expansion is
n!

—'x{’xz’z...x{,*.
rlnl...n!
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. ion
Principle of Mathematical Induct

where n is a positive integer,
ciple of mathematical

; for
In an algebra, there are certain results that are formulated in termsnoas the prin
Such results can be proved by specific techniques, which is know
induction, |

First Principle of Mathematical Induction

It consists of the following three steps !
Step | Actual verification of the proposition for the starting value 1: i for e
Step Il Assuming the proposition to be true for k, k > i and proving that it is true fo
(k + 1) which is next higher integer.
Step Hl To combine the above two steps. Let p(n) be a statement involving the natural number n
such that

() p(1) is true i.e., p(n) is true for n = 1.
(ii) p(m + 1) is true, whenever plm) is true i.e., p(m) is true = p(m + 1) is true. Then, p(n)
is true for all natural numbers n.

Second Principle of Mathematical Induction

The second principle of mathematical Induction consists of Jollowing steps

Step | Actual verification of the proposition for the starting value j and (1+1).

Step Il Assuming the proposition to be true for k — 1 and k and then proving that it is true for the
value k + 1,k > +1.

Step Il Combining the above two steps. Let
such that

(i) p(1) is true i.e., p(n) is true for n = 1 and

p(n) be a statement Involving the natural number n

(ii) p{m + 1) is true, whenever Pl

m) is true for al] 5 where ; <
’ Sn<m
all natural numbers, - Then, D

(n) is true for
For a#b, the expression a” - p” is divisible by

(a) a+b,if n is even,
(b) a—b, if n is odd or even,

" Product of r consecutive integers is diyisiple by ri
'y The sum of first n natura| numbers = 3y, — w

2

» The sum of squares of first n natural numpeps ¥h2 _n(n+ D (n+ )
. \

» The ;um of cubes of first natural numpers Y 5t

2
n 2
=&4L'>\

aNT


http://www.novapdf.com/
http://www.novapdf.com/

Practice Zone

1. #f the term rom x In the expansion of | v X * | is 405

[NCERT Exemplar]

+ ris equal 1o

4.1 1+ x =2 1+ a.x + ax 4 s a , then the
O
{r (r 1 N\
4 3
€ b) 7 (c) 8 (d) 9
10
"
” - =
6. Tne term independent of x in the expansion of ( 3X —— 1 is
3 I ’ \ Ke )
[NCERT Exemplar]
( e a0y 4
5 ~-8003(3™)2") (b) —3003(37)2")
(c) 3008(3")2%) (d) None of these

7. ¥ p is a real number and if the middle term in the expansion

ofl P 421 is 1120, then the value of p i '
\2 / [NCERT Exemplar]
(@) £3 (o) +1
fcy £2 (d) None of these
\ 6
8. The constant term in the expansion of (1 + X+ ;J is
(a) 479 (o) 617 (c) 569 (d) 581

DAY

e e e NP
e o e
9. If the (r + 1)th term expansion of | 8z + Jz= | has
\vb | ¥a )
the same power of aand b, then the vaiue of ri
a) 9 ) 10
(c) 8 dy 6
10. If in the expansion of |2"% + —= | , the ratio of 7th term
3=
n the beginning to the 7th term from the end is 116 then
jual to
Q { 1/
) X
- ;‘\ R
11. If( | then ¥ C, is equal io

12. If n e N. then 1217 —257 + 1900”7 — (= 4)" is divisible by

(a) 1904
(b) 2000
(c) 2002
(d) 2006

> f
13. If x =@ + J3)", n e Nand f = x - [x], then e is

(@) an irrational number
(b) a non-integer rational number
(c) an odd number

(d) an even number

n n - 4 \

14. ) Ep [mj LZJ is equal to

p=1m=

(o) 2"
(d) R of

n r
15. fd+x\' = ¥ Cx',then Y (-0 -s+1C; isequalto
r=0

5=0
o (170
@ v ("78)

D/ WWW.NO
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78

40\ B (n+r).
16. The value of[qu. > ( ),S

=10 30
45
o 2(15)

50 50 51
b
(b) 2 [20) © [20) (d) (20)

€y  ©
174 @ —?2+i—,..+(—1)”“%”isequalto

3
Il =yt .1 1
@ 1-——+_——.+ 53 el e U 1
573 = (b) +2+3+4..+n
il 1
@C©1+—+_—+ ..+ —
>3 — (d) None of these

18. The coefficient of x in the expansion of (1—3x+ 7x2)(1—x)'®
is [NCERT Exemplar]
(b) =19 (c) 18 (d) =18

r 2r 23r
e iz

b
Bl e

20. If @, =+[7 + /7 + 7 ... having n radical signs, then by

method of mathematical induction, which of the following is
true?

(@ a,>7,Vvnz1
(c) a, <4.Ynz1

n n 1 4 r
ek 5 &) [ j{—+§2—r+7—+.‘.tomterms is equal to

=m0
2M -1

—mn
q 1-2
1+ 2"

(b) a, >3Vnz1
(d) a, <3Vn=1

21. Ifg, =2 + 1,then for n >1,last digit of a, is

(@) 3 (b) 5 () 7 (d) 8
22. For eachn e N,2%" —1is divisible by
(a) 8 (b) 16 (c) 32 (d) None of these

23. If P(n)=2+ 4+ 6+...+2n,n €N, then Pk)=k (k+1)+2
= Pk+)=k+Nk+2)+2 for all keN. So, we can
conclude that P(n) = n(n + 1)+ 2 for

‘(a) allneN (b) n>1
: () n>2 (d) Nothing can be said
24. For all n e Ncos o cos 2. COS 40 ... COS " 'a)is equal to

sin@" o) ) sin"a)

2sina. 27sina
: n
oy 2 (d) None of these
2" cos o,

25. The statement
P(n):1><1!+2x2!+ 3% 3+ ... +nxn!=(+)-1is

(a) true foralln>1 (b) not true for any
(o) trueforallneN (d) None of these

1 1 1 )
ini lue of 14 — + — +...+—,Vn e Nis
26. The minimum value "k e

(o) (n+1-1)

(d) None of these

(@) 2 Wn-1)
(©) (,/n+ 1+ 3)

JEE Main Mathematics i Just 40 D3YS

Directions (Q. Nos. 27 and 28) Let us consider the serjgs

5n=2.7”+3-5”—5-

27. S, is divisible by the multiple of
(o) 7

% 24 (d) None of these
28. IfS,, is divisible for every /. thenS,, is
(b) > 1

Ei; ig (d) None of these

Directions (Q. Nos. 29 to 32) Each of these questions contains
two statements : Statement | (Assertion) and Statement II (Reason)
Each of these questions also has four alternative choices, only one
of which is the correct answer. You have to select one of the codes
(@), (b), (0 and (d) given below.
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.
(b) Statement | is true, Statement Il is true; Statement Il is nota
correct explanation for Statement |.
(c) Statement | is true; Statement Il is false.
(d) Statement | is false; Statement Il is true.

29. Consider a binomial theorem
(sl = Gy el & G e fpas 2= CL 6
Statement | If nis even, then
2/’JC1 de ZHC3+'”+ZHCH = 22/) 71.
Statement Il *’C, + 2'C, +.. + 27C, _, =221~}
2 | v
30. Statemegt'l The coefficient of x” in the binomial expansion
of (1—x)"=is (n + 1).

Statement Il The coefficient of x” in (1= x) when neNis

n+r —1C
.
31. Statement | Ug2) Erets
=] s divisible by 6.
Statement Il P : isi
o roduct of 3 consecutive integers is divisibe
32. Consider a mathematical : i
P (1)and P (k) matical induction such that it is true fof
Statement | Fo i
i ral nen, 3.52n+1 + 0% +1 s divisible
Statement Il Forallp < py 1g2n-1 + 1is divisible by 11
33. The coefficient of 3 i
of x . ik
; In the expression of (1 + x + X2+ X
c) 211 o
(d) None of these
34. The value of (2,2 ~(3C,R + (2¢, 2 120 Vi
& e 1 5)" — ...+ (°Cpp) 18
€ 0, o

(d) None of these

38.

39.

40

41
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1 10
35. If the coefficient of x* in [ax" + b1 } Is atimes and equal to
X

10

the coefficient of x™ in {ax = ng;l , then the value of ab
is

(& by
(b) - (b)®

(©) (b)

(d) None of the above

AIEEE &

38. The ratio of the coefficient of x'° to the term independent of

X in the expansion of (xg + gj is

X [JEE Main 2013]

(@ 7:16 (b) 7: 64

© 1:4 d) 1:32
39.1f the 7th term in the binomial expansion  of

3 %
= ++/31In xj , X > 0is equal to 729, then x can be
[W [JEE Main 2013]

(a) &2 (b) e €=

2
40. The sum of the rational terms in the binomial expansion of
(V2 + 85y js [JEE Main 2013]
(a) 25 (€) 9 (d) 41
41. It for positive integers r >1,n >2, the coefficients of the

7(3r) th and (- + 2) th powers of x in the expansion of
{1+ x)?" are equal, then n is equal to [JEE Main 2013]

(d) 2e

(b) 32

(@ 2r + 1 (b) 2r -1 (c) 3r (d) r+1
42.The term independent of x in expansion of
10
(‘Lﬂ_ e = ) is
e R [JEE Main 2013]
(@) 4 (b) 120 (c) 210 (d) 310

43. Ifnis a positive integer, then (va + 17" — (3 — 1" is
(@) anirrational number
(b) an odd positive integer
(€) an even positive integer
(d) arational number other than positive integers

[AIEEE 2012]

44, The coefficient of x” in the expansion of (1— x — x? + x*)% is
(8) =132

(b) —144 [AIEEE 2011]
©) 132 (d) 144
45. The remainder left out when 827 — (62)*” * " is divided by 9 is
[AIEEE 2009]
@ 0 (o) 2 (©) 7 (d) 8

Binomial Theorem and Mathematical Induction

. (B) -0 ()8 - @)

equal to
30 60 30 65
(a) (11} (b) (10) (©) (10} ©) (55)
37.1i"7'C, =(k® = 3).-"C, , , thenk belongsto = ¢
@) (=, ~2] (0) 2, =)
(©) [-+/3,4/3] (@) (/3,2]

lain Archive

Directions (Q. Nos. 46 and 47) Each of these questions
contains two statements : Statement | (Assertion) and statement I
(Reason). Each of these questions also has four alternative
choices, only one of which is the correct answers. You have to
select one of the codes (a), (b), (c) and (d) given below.

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.

(b) Statement | is true, Statement Il is true; Statement Il is not a
correct explanation for Statement |.

(c) Statement lis true, Statement Il is false.

(d) Statement | is false, Statement Il is true.

46. Statement | For every natural number, n >2
+ ; +o4 —>An

N2
Statement Il For every natural number, n > 2.

N (n+1)

1
7

<n+1 [AIEEE 2008]

47. Statement | Y (r+1)-"C, =(n+2)" "
r=0

Il
Statement Il Y (r+1)7C, - X" =(1+X)" + nx(1+x)" "
r=0 JAIEEE 2008]
48. In the expansion of (@—b)’, n 25, the sum of 5th and 6th

; a.
terms is zero, then 5 is equal to [AIEEE 2007]

()]
S
|
IS

n_
(a) T 5
5
C e
© n-4
49. If the expansion, in powers of x of the function

is @y + ax +ax° +...,thena, is

[AIEEE 2006]
P bn an+1_bn+‘l
(@) &= ) hi~a
b-a 5
bn+1_an+1 d 1o e
e W

b
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50. il ; i ; - g
0. 1f the coefficients of x7 in (axz +i) and x7in 53, The coefficients of x” in the expansion of (1+X) i xf'ig

it bx Al [ALEEE 5
=% | areequal, then [AIEEE 2005] (@ n—1 ) gy £
(b) 1" (1‘”
(@ a+hb=1 (03] 2115 =4 (©) 2o = (d) ab =1 © ) 1)
0 100 ENS =
51.1fA= [1 1} and / =[O :l then which one of the following S
. 54. The coefficients of the middle term in the bfnorma
Bol8s Sior vl n 1l by the principle! of -mathematioal expansion in powers of x of (1 + o x)* and of (1~ xPis g
Induction? , [AIEEE 2005] me. ifa is equal to [ATEEE 2094 6.
(a) AH=22n—1A+(n_1)I (b) A" = samne,
=nA+ (n—1)/ 5 (b)g
© A =2""TA—(r—1) (&) A" =pA-(n1) S 5 T,
1
52. [{S(K)=1+ 3+ 5+ ...+ 2k —1)=3+ k2 Then, which of the e C) —3(—) For i
following is true? [AIEEE 2004] 10 putt
(@) S(yis correct 55. The number of integral terms in the expansion ¢ oo
(0) S(k)= Sk + 1) (/34 518P s [AIEEE 2003
(©) S(k)=S(k + 1) (a) 32 s 7. Gver
(d) Principle of mathematical induction can be used to prove (c) 34 (d) 35
the formula Here,
= Mi
Answers
1l (©) 2. (a) 3. (b) 4. (d) 5. (b) 6. (a) 7 (e) 8. (d) 9. (a) 10. (¢)
11. (a) 12. (b) 13. (d) 14. (d) 15. (d) 16. (d) 17. (b) 18. (b) 19. (c) 20. (¢) »
21. (c) 22. (d) 23. (d) 24. (b) 25. (c) 26. (a) 27. () 28. (a) 29. (d) 30. (a)
31. (a) 32. (b) 33. (b) 34. (c) 35. (b) 36. (c) 37. (d) 38. (d) 39. (b) 40. (d) W
41. (a) 42. (c) 43. (a) 44, (b) 45, (b) 46. (b) 47. (a) 48. (b) 49. (c) 50. (d)
51. (d) 52. (b) 53 (b 54.lc) 55, (h) "
8(1s
\
° ®
Hints & Solutions
10 3. Now, e s s ¢
1. General term of (\/— ——kz—j (’ * 1) [’) 28 el
8 . A=
el = K = r+ o
7'r+1 = C’( X) ? "
101 10-5r =2 n=3r+2 = \
e 2 T EOTENe Ehie i n i OB e :
_tog g2 (kY and (,j (“1)_5:5 e
The term free from X. o nEk
Pt10 5f_0=>/'=2 3 _‘7__—5
2 = D 0¥ 2 8 3
100 (K = 405 = X9 k? =405 = k=13 } 9r~2 S
) 2 On solving Egs. (i) and (ii), we get Y
ionof 1+ X" is T, a5
9. Greatest term in the expansion O e n=g, reg S
. AT 1)x] M+ =10 : g
el e ) 3 g
whe 1+ X 4., Onp"‘m”gx=1aﬂdx=~1mspectivelymget ! B
o 1 O=1+a +a, +. -
L =20 X=— 1 2 ~t+ g,
= =[10.5(J'3‘—1)]=(7~69)=7 On adding.weget
i, I = J§+1 : s A

84210140, ¥ 504, fra,z)
o+ By hunt Bgte Bl ol 8

" (f) (ZQ) T
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5.(;|vr:|x,(":,’ I]i (”4 IJ (“J

. N=441
Y- 4 > 1 A Al 1t
) 16
} 18
| V%
(Bx)!6~" 2N 16~ ay16-r Ay
IX) iy J 2 (8)7 (=2Y x

For independent term of x,

put 156

31

Coefficient

7. Given expre

Here, n

¢
6]

0 > et

; f
:'.',mm:(/ 2
")

» Middle term (’1’1 IJIM

Constant term is 1 + (f’J (

()

r
H\o ”

\
)

5th

[RES@ () 2)E =6 (04

IXTXBXE [
%

4% 3%2%1

Fot (;jJ

2

)

4
) v
%2

n4

|

003(3'%)(2%)

7/]'/‘ o [(’Jm"’/"‘

4

1+ 60+ 360 + 160

=681l

r

it

1 7
C,a

.+ Power of a = Power of b

=

10. Here, [g) {gsJ (311/3)

=5

1

N _a 0 _ 4

6.2% .38 =9

21=r
[a (
I)J

c ; A
9. .Generaltermis T, , = “'C, (" 7
Vv

2r 7

2ps

V¥a )

-6

=1

Day [ Binomial Theorem and Mathematical Induction

X)
r(;v(')‘,
6){3)"
R

(given)

11. Since, (1+ %)/°=C, + C,x + C,x® +..+ G

and 5 C
and f 14— =C, % 4 + ik
X X 5
50, Cr G @ C.Li +.+ G 2 iathas cient of x in
he product (1 + x et
X %
J [Z C J P A A
(20Y _ (20)
) o]
¢ ; B e s R
12. Case | 12 25" = (96 + 25)" — 25" is divisible by 96
4 4 4 livisible by 190
Case Il 121 4 125-4 4)" is divisible by 12
9]
9
l-). <
3 . -
& b8 d 7
%
1 4+
Sc = 1, an even number
m
14. EJV’/: ( 1 : = (
P (r 7] W (-

.. Given series can be rewritten as

Z & (nY(n—=p
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s ARSI

B an o

Sy T

S —

e =t x+ 384 04
%diﬁuentiating,weget

(-2 =142x4+ 32 4.
But HEA *C—Cx+ Cp ~C ..

On muttiplying the above two and considering the coefficient of
X', we get

r+NCy —rC, +(r- NC, =(r=2)Cq .4 (1Y C,
= Coefficient of X" in (1= x)" =2 = (-1y (n72)
16. Given series is
(40) . & (40+r)_(40 . ,
(»31) - L 30 )= (31)+ Coefficient of x*° in

r=0

[0+ 0%+ [0+ 0 +.+ 1+ 0]

11
) = 1](~.- GP sum)
X

31\) + Coefficient of x in (1 + x)* [
3y
J

+ Coefficient of x*' in [(1 + x)°' — (1+ x)¥]

+

= (20)+ (81) - (40)= (31 (5!
~(31)7(81) (31 _(_31 20
17. Since, (1- x)" =C4 - Cyx + Cpx* ~Cyx° +...
= 1-(1-x)" —C.)(—C;x2 + C3x3 =
b 1-0- x;
X

= j;(C.: = CpX# CaXP—...)Ox =

=Cy —Cox+ Cyx* -

11-(1—X)"dx
01-(1-x

C C2 3 - 11_
= T‘ . 2 "3 IO 1-X
[',. J’O f(X)dX: J; f(‘] - x)dx]
=I;(1+ X+ X2 +.4 X" ") ax
: it 1
= x+ﬁ+.‘.+fn- =1+ —+ —+..+—
2 > 2o

n n

75 )(1- x)"°
e '?x‘t ‘v’:a 3x+ 7x8)(°C, —"0 Cx+"0 C i +..)

After multiplying the term containing x is ~ WL B0 .
de=~1s-a=-1a ;

20. We have, a, =7 < 4

Assume a, < 4 for some natural number k S

B q =T + 3 < fJT+4<4

= a, <4vnx1

21. Forn=2,a, =22 +1=16+1=17

£
Assumethat,a, =22 + 1=10m+ 7, wherek > 1and mis somg

positive integer.
ok ok 2
Now, 8,1 =2 +1=(2 ) o

=(10m+ 6)2 + 1
=10(10m? + 12m+ 8)+ 7
Hence, last digit of a, is 7,¥n > 1.
22. Now, 2%7 —1=(2%)" —1
=(1+7) -1
=1+ C,7)+ Co(1)% + ... £ C i
=7Cre Gy ¥ iG]
Hence, 7 divides 2" — 1for alln e V.

23. Here, P(1) =2 and from the given equation,

PK)=kk+ 1)+2
= Pl)=4
So, P(1)is not true.
Similarly, for P(2)is not true.
Hence, mathematical induction is not applicable.

24. Putn=1in option (b), we get STB 0 cos o
2sina

Again, putn =2, we get
sind4a _ 4sino. coso. cos2a,
S S Rl e 0P

- - = COS0. COS20,
4sino 4 sina

25. Given, P(n): 1x 11 + 2 x 21 + 3x 3+ ... +nxn!

: =(n+1)l—1

Put n=123....n is RHS, which is equal to

respectively,

26. LetP(n)=1+ i+ i 1 .
" J§+"'+ﬁ' YneN i

Forn=1, .

' P)=1>2(2 — 1) . ,
Again forn=2, :
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27. LetP(n):2-7" + 3.5" —5

Then, P(1):2-7+ 3.-5-5=24
Let P(m) be true

P(m):2-7" + 3-5" - 5=24k k e N (i)
Now, P(m + 1) = P(m)

2(7m+1_7m)+ 3(5m+1 = 5m)

me =2-7"( - )+ 3-5™(5-1)=12(7™ + 5™)
Since, 7™ and 5™ are odd integer and for all m e N, their sum
must be even say 7™ + 57 =20 A e N
P(m + 1) — P(m): 24\

= P(m + 1):24A + P(m)
== P(m + 1):24(A + k)
Here, P(m + 1)is divisible by 24.

[from Eq. (i)]

28. Hence, S, is divisible for every n greater than zero.

29. Since, nis even, putn =2
LHS = *C, = 4and RHS =2° = 8
Hence, Statement | is false, but Statement Il is true.
n+r-— 1C,
. Coefficient of X in (1- x)2=2*"""c, ="*'C, =(n+1)

1 (n+2)! _(n+2)(n+)nn - 1)!
“ (=1 (n—1)!

30. Since, coefficient of x in (1 — x)™" =

=(n+2)(n+ N)n
Itis a product of 3 consecutive integrals and it is divisible by 3!.
32. LetP(n):3-5%"* " + 23!
P(1):3-5°% + 2% = 3(125) + 16 = 391
P(@):3-5° + 27 = 3- 3125 + 128 = 9503
So, it is divisible by 17.
LetPy(n): 102"~ '+ 1
P,(1):10 + 1=
P,(2) :10° + 1=1001
LHS: So, it is divisible by 11.
83, (1+ x+ 2+ ) 0=(1+ x° (1+ e
= (9%C, + °Cix + 190,%% + ...)
x (°C, + 1%C ¢ + Vet & o)
The coefficient of x* in given expression is
’°C1 LG ¢, 10, =10x 10 + 120x 1=220
84. .+ (x+ 12 = 20 x'2 + PCX'"+ 120,%0 +...+'2Cy, o)
: and (1- x)'2 = 12c, - ""Cix+ ot 126 i ... (i)

On multiplying Egs. (i) and (ii), we get
(x® —1)2 = (1200 X2 4 ""C,x" i 12C2x10 Lot 12C12)

XU(2C, =12 130x° ik 12Cyex'%)

Day T Binomial Theorem and Mathematical Induction

On comparing the coefficient of x'2, we get
1206 o (12C0)2 L (12C1)2 L (12C”)2 s (12c‘2)2
35. The general term is

el
T"+1=1OC/'(aX2)1O (&)

=19¢, . (@)!° ~/(J J’(X)zo-sr

r

b

Since, x° oceursinT, | ;.

20/=3r =158 =8 =S
= = 5]
So, the coefficient of x° is '°C(a)(b)™°.

10
Again, let x° oceurs in T , , of [ax 2 } is

100 (ax)m"(— LI IR @°-" _L\[ (x)l0-3
: [ b?)
10=8r=-5 = 15=8I = =95
5 10 a®
So, the coefficient of x> is — “Cy ——.
b\O
According to the given condition,
100 a® e 100 a’
5,5 2 5ip
= -b°=a = -b®=ab
: 30 _(30Y_(30 30N,2 . L S0NTe
36. Since, (1-x) '(O] [1 Jx+(2 ]x e KSO)X

30 _ (30) .30 30Y , 29 30Y ,28
and (1+ X) —(O)x +(1)x +(2Jx

301,20 (30

+o+ (mjx +..+ L30r

Multiply above two and consider the coefficients of x* on both

sides, we get the given series is the coefficient of x* in
30 30 _ 2480 -t e (R (0) 30

(1= x> (x+ )™ = (1= x°)* which is [2O)or (10]’

87. Since, =16, = (k& —3)— E=ic
r+1

o N g
n
= ke =a <t [-:nzr:fi—151andn,r>0]
n
= 3<k?®<4
= ke[-2,=V8)uvs 2]

r
38.7,,= 196 (x2)R (%) =150, xR o g

= oOLN S ()
For coefficient of X'°, put 30 - 3r =15 = 3r=15=r=5
~.Coefficient of x'* = "°C -2°
For coefficient of independent of xi.e., x°, put 30 - =0

=r=10
.Coefficient of x° = '5C,,-2'°

R.//AWWW. Novabd Ol1]
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By condition = Coefficient of x'5 "0y 2*

= 44. Here, (1 - %~ + P = {(1 - Q) - 2 =15
COE'ﬁIC!('m of 59 o I )}
i ""c PL ={(1- )0~} =(1=xP- (1= 12
y . g .10 =1:82 '8 : } 4
5o 2 =13 cvc | coenn e
¢ 3 ;! =0 j[s:o
. 7=7C 3\% | W3Inx)® =729 S Y (1f*EC SC .2
S ) = (=Y £ %5 5 =
84 x 3 : / IZ? ;ZO . .
= 84 N Sy =720 For coefficient of X/, +7 +2s =7 1
= =1= x=¢ /',5..(5=1,/=.))Ol’(s:2,/:3)01’(3:3,{:1) !
8. Generaltenm, 7, = C, 2V/2)0-1 (3/5y .'.Coefﬁc;:pnt of ¥ is
R e {(=1P*1.2¢; Se )PP ae Baliae :
= "C, 2 e +{(_ 1)1+3-6C1-603} t
;/,;. _,_:_ ‘,,—r_ "i«a:,:'";' of radical sign if /2 and r/ 5 = (36) - (20) (15) + 6(20) : . ‘l
e 2 =36- 300+ 120=—144 ) 48
L=t =%C,2%.20=3 45. 87" — (62" * ' = (1+ 63) — (63 120+
hoos =1, =%C, 2% =9 =(1+63f" + (1- 63"+ ;:
- By ined Cagn = 20+ O= 41 =[1 + nC1 63 + "C2 (63)2 G (63)"] f ‘ !
: e o s i [1 Al (2.’I+1)C1 63+ (2}'l+1)C2 (63)'? \ 2543;‘\
L L — ot (- 1) (caE o
bs WL B 6 =2+ 63["C, + "C, (63)+ ... + (63! '
’//'l” L B : "{'//}/ ) (2n +11) 2(2n+1) (1)
L L P o e - C, + C,(68)—.5—1(63) =
A ’_'(/,,, . (Wrxen]” So, the remainder is 2.
: Jx 46, Lot Pl pal e SR e
(19 o g 2y10 Vi 42 NG g
1 1 ke
So, the general term is Now, PR2) = T V2 L g
7 . g . 10w 1 #
Toor ® X" (ox12) w 10C o x 3 2 Let us assume that P) = —— + 4+ 4+ 1 5 [Fistue
1 2 KR
For indopandsnémx put : ’ ! e
10=r r §
e e () 3 20 2 By ) KK e e ol G
& g y: ‘ N I Py e
20m br wy w4 2 o
= T
1o 10X0xBx7 B 2 /R el o ORI |
Ty = °Cy 'm—r'i’w Jk+1 \/k+\1v 3 vzl il

Q&Wﬂy‘”-”co B + e, (,/5)“"-1 ! z Sirios; |
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Day { Binomial Theorem and Mathematical Induction

47. Since, i 08 X = (e X
r=0

On multiplying by x, we get
n
2 /7Cr_xr%1:><(1+x)n

r=0

On differentiating w.r.t. x, we get

Y, C+D"CooxX =04+ X"+ nx(1+ x)" !

=0

Hence, Statement |l is true.
If x =1, then

(’, G 1)'”6, :211 i {7(2)” = (ﬂ e 2)2n =i

ha

P

0

n

So, Statement | is true, Statement Il is true; Statement Il is a
. correct explanation of Statement |.

48. Since, Ty = - T
= (2)‘ a4 (= b = - (gj a"=5(-b)®
2l - (R - Siul B0SlA
b (5)/ (4) 5 5

49. Since, a,, = Coefficient of X" in (1= ax)™ (- bx)
_ %7 + ab? 1+ + a’b°

50. T,Hin(ax2+-1—) =

1 11 11—r (_pY " A1-3r
Also,T,Hin( —F) =(r)a (b X

Tl =

- ey ¥ -
(i
So, the coefficient is (161) aPhit (i)

From Egs. (i) and (i),
a=b"

= ab=1

51.HereA2=1010:1 0
’ 1T [ S A FOR

o i @
Similarly, A" = {n 1:[ can be verified by induction.

Now, taking options

o) [1 O}:[n O}r[nq o}
sl n n n n-=1
{1 O} {2n—1 0 }

= =
n 1 n 2n—1

iz O]_ =1 @
(@) nA-(nq)/_L 3 [ ! n_J

=10=A”
n 1

52.Sk)=1+3+5+ ...+ Gk-1)=8+ k2

Put k = 1in both sides, we get

LHS =1andRHS =3+ 1=4

= LHS #RHS

Put (k + 1)in both sides on the place of k.
LHS =1+ 3+ 5+ ...+ @k = 1)+ 2k + 1)
RHS = 3+ (k+ )2 =3+ Kk® + 2k + 1

Let LHS=RHS
14 34 54 k= 1)+ @kt )= ke

= 14+ 3+ 54 ...+ @k —1)=8% 1k

IfS(k)is true, then S(k + 1)is also true.
Hence, S(k)= Sk + 1)

58. The coefficient of x” in
(+ X {1 = (’17) ot e
Sl == D =17

54. Since, (gj a? = (g) o)

= 602 =—200°
3
= o=——
10
256 —r

55.7-,+1=(2?6)3 2 .5r/8

Gives integer forr = 0, 8,16, ..., 256

The number of integral terms = ggﬁ +1=32+1=33
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Permutation and
Combination

Day 8 \ Fundamental Principle of Counting

s : The fundamental principle of counting is a way to figure out the total number of
Out, laes ... ways different events can occur. If a certain work A can be done in m ways and
5 B Principle another work B in n ways, then
u

f Counting (i) the number of ways of doing the work A or
‘ | © Factorial Notation
o rmutations Factorial Notation

The product of first n natural numbers is denot

ed by n!and read as ‘factorial n'.

TRhite nl=n(n-1q) (n—-Z)...S-Z-l
- BlS Soedaator i
ol 4!=4><3!=4><3><2!
‘ =4><3><2x1=24 i
~ Properties of Factorial Notation

X



http://www.novapdf.com/
http://www.novapdf.com/

time is "P..

Meaning of "P,

n!

B Rn = Un =2 sn=rtlj=——,0< rsn and
. (n-=rn)!
Eps 1l'Pi—n,"P, =n!
e.g., The permutation of a,band ¢ taken 2 at a time is
Sp,=3-2=61.e.,ab, ac,bc,ba,ca and cb.
7 B £ 7R, =""'P,

e P—n" P

(iii) "P.=(n—-r+1) "P, _,

Important Results on
Permutations

1. Number of permutations of n different things taken r
at a time when a particular thing is to be always
included in each arrangement is r-""'P,_;.

2. Number of permutations of n different things taken r
at a time, when a particular thing is never taken in

each arrangement is "~ 'P,.

ent things

3. The number of permutations of n differ
time, allowing repetitions is n". e.g.,
3-digit number formed with the
with repetitions of digits is

taken r at a
The number of
digits 1, 2, 3, 4 and 5
52=—175;
4. The permutations of n things of which p are
f one sort, g are identical of a|second sort,

identical o
, where

r are identical of a third sort is ol

yrial 11 g!r!

p+g+r=n

5. Arrangements

(i) The number of ways in which m different things 'and
n different things (m+ 12 n) can be arrarllged in a
row so that no two things of second kind come

together is m! " VP,.
(ii) The number of ways in

(n - 1) different things can
that no two things of same ty
n!(n -1

which n different things and
be arranged in & row, so
pe come together is

Permutations

Do tati 3 ans : .
Permutations means arrangement of things. In other words, the number of permutations of n different thi

ngs taken r at a

6. Dearrangement
Suppose n letters are to be kept in n directed envelopes, the
number of ways in which they can be placed, if none of the
letters goes into its own envelope is

-
[ 2t 0 =T [_1],,1}

n!\ —+——...
|F2I g laad n!

7. Sum of Digits

(i) Sum of numbers formed by taking all the given
n digits (excluding 0) is (sum of all the n digits)
X (n—1)!x(111...n times).
Sum of the numbers formed by taking all the given n

(i)
digits (including 0) is (sum of all the n digits)
x|[(m— ! x ([@A11...n" times) =i(n== 2 Rl = 11)
times}].
(ii) Sum of all r digit numbers formed by taking the
given n digits (without zero) is
(sum of all the n digits) x = PP, _; x (111...r times).
(iv) Sum of all the r-digit numbers formed by taking the

given n digits (including 0) is
(surn of all the n digits) x [ ~ PP,_; x 111...r times)

(n-2)
£ Pr—

———

| » Ifthere are m items of one kind, n items of another kind and
so on. Then, the number of ways of choosing r items out of
coefficient of x" in

, X {111... (r —1) times}]

' these items =
(4 %+ 52 & £ XD X e e

If there are m items of one kind, n items of another kind and
so on. Then, the number of ways of choosing r items out of
these items such that atleast one item of each kind is
included in every selection = coefficient of x" in

(x %2 ot XD Gl e ) S

14

v

Circular Permutations

Thenn'umber of circular permutations of n different things
is -n— =(n-1). These includes both clockwise and
anti-clockwise permutations. The number of circular
permutations of n different things taken r at a time is
s AP or 4 "P according as the arrangement is clockwise

r n
or anti-clockwise is considered or not.
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t Results on Circular Permutations can be arranged i
. number of ways in which m different things and n different things (where,m >n) P
: ﬁm 10 two things of second kind cojp. tugelher is (m - 1)! ™B,. d in a circle so
2. The Iiimnberfof Ways in which m difierent things and n different things can be arrange ]
second type o things come together is m! n!, ‘ i ( 'I
3. The number of ways in whicgh m different things and n different things (where, m 2 e the;fon;;%
garland so that no two things of second |

kind come together is (m — 1)! "'P,/2. ; f of garland so 1.
4. The number of ways in which m different things and n different things can be arranged in the form of garland so thy

all the second type of things come together is m! 1! 2.

; : o
Combinations
o n
Combination means selection of things or the number of combinations of n different things taken r at a time is “C, or (rJ
. n
Meaning of ",
r! rla—0! " o

€.g., The combinations of q, b, cand d taken 3 at a time are

-,

e _n(n—l](n—z)...(n—r+1)_ n! o
c(2)- L

( g‘) = 4,namely abe, abd, acd and bed.,

i ()G, =40, = x= yorx+ y=n () "G, + “CrersgFie]

Important Results on Combinations

1. The number of combinations of n different things, taken r at a time, where p particular things occur is =P Gy
€ p particular things never occur is *~ A Cy
elisH®

2. The number of combinations of n different things, taken r at a time, wher.
3. The number of combinations of n identical things taking r(r < n) at a tim
4. The number of combinations of n different things taken r at a time al

e.g., The combination of ¢, band c taken 2 at a time allowing repetitions ag € 6,namely aq,bb, ¢, gp, qc and bc
3, 5. The number of ways of dividing x identical things among r persons s

. g . + I‘ N 1
lowing repetitiong jg n+7 - 'C. or o r J

(xid ' : uch that each ope 8ets atleast one is (n —11}
. which is also the number of positive integer solutions of the equation SRR Al
l . T = .
é W The number of ways of selecting r items fiom a group of n items in which p are ‘dentieal,is
% B TG < and RGO o SR Bl
g ez I 2> 0D)

g - , ol
» The number of ways of answering one or more of i questions is "G + CE ~|

» The number of ways of answering one or more n questions when each question has gn alternatiye 20

ons of P,engul;ati
¥ 22l spi e M».- ‘:
cal applications of permutai

9

T U g s AR By
Moty b F-ﬂmﬁ
(W - : :
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Day 8 Permutation and Combination
‘t»,

2. If the sets A has m elements and
(i) the number of functiong from A to B is n™.

Qi) the number of one-one functions from A to B is"P._ m<n
(iii) the number of onto functions from A to B is .

nm = (111) (n E . 1)m i

has n elements, then

(g] n-2"-.. m<n.

(iv) t};e number of Increasing (decreasing) functions from A to B is
<

m)msn
(v) the number of non-decreasing (non-increasing) functions from A

T ESShTY:

tOBiQ m+n-1
i m )

(vi) the number of bijections from A to Bis n! ,if m
(vii)

= 7L
the number of bijectiqns from A to A such that B9 7= 5%\ s @ A

’1 i m
e el
ZE )] m!

; 1
Ism!f——-— 4+ —
4!

Geometrical Applications

1. Number of triangle formed from n points, when no three points

are collinear is "C,. ;

Out of n non-concurrent and non-parallel straight line, the points )

of intersection are "C,.

3. Number of parallelogram in two system of parallel lines (when Ist
system contains m parallel lines and IInd set contains n parallel
Ines)i =@ > 2E,.

. The number of diagonals in a polygon of n sides is “C, — n.

5. The number of total triangles formed by joining the n points on a
plane of which m are collinear is”"C; — "C;.

. The number of total different straight lines formed by joining the
n points on a plane of which m are collinear is “C, — "C, +1.

n
. 3 . 3
I size in a square of n X nis Y r’and
7. The number of rectangles of any i q FEZ 1

: 3 2 2
number of squares of any sizeis Y r°.
r=1

Prime Factors

Any integer > 1 can be expressed as product of primes

2 1
el ol 3602285

™ b e
ea) 'p%r, where p;i'=12...,I" are distinct prime

Let n=p§ll .pz‘xz DS
and @;,i=1,2,...,r are positive integers.

(i) Number of divisor of nis (0t + 1) (0 +1) (o5 + 1)---(0%1 +1)
( a1+1_1) (pzaz+l—1) (p;lr’r —1)

P
(lpl — 1) w(ip ) (o= 1)

n n
: . =il = |lh
T e R divides !. Then, r [p] e [pz]

(ii) Sum of divisor of nis

AMWW. N0

89

Division of Objects into Groups

The division of objects into groups are taken place
as when the objects are different and identical as
given below,

Objects are Different

1. The number of ways of dividing n different
objects into 3 groups of p,g and r
(o+qg+r=n)is

(i)

n!
ﬁ;p,qand r are unequal.
prq:ir:
I

(i) —"— g =

pl2i@?’
(iif) S pP=q
The number of ways of dividing n different
objects into r groups is

ri![r” -(5) =1+ (5)e-2r
o @ (= 9P +J

3. The number of ways of dividing n different
objects into r groups taking into account
the order of the groups and also the order
of objects in each group is

(05D = i) (2 R

Objects are Identical

1. The number of ways of dividing n identical
objects among r persons such that each
gets 12,3 ... or k objects is the coefficient

of x"7 in the expansion of

A+x+x2+ . +x50

The number of ways of dividing n identical
objects among r persons such that each
one may get atmost n  objects is

(”“;51—1) In other words, the total

number of ways of dividing n identical
objects into r groups, if blank groups are
allowed, is "*"'C, _,.

The total number of ways of dividing n
identical objects among r persons, each
one of whom, receives atleast one item is
"=C. _;. In other words, the number of

ways in which n identical things can be
divided into r groups such that blank
groups are not allowed, is " ~'C, _,.

The total number of selections of some or
all out of p + g + r items, where p are alike
of ane kind, g are alike of second kind and
rest are alke ©of third kind s
[+ )@+ D+ -1

Vi o et


http://www.novapdf.com/
http://www.novapdf.com/

Practice Zone g

» 'C,+2"C,_,+"C,_, is equal to

[NCERT Exemplar]
(a) n MC,

5

& ee,

(b) m—‘lCH‘-1
(d) n+2c/+|

. A sports team of 11 students is to be constituted, choosing

atleast 5 from Class X| and atleast 5 from Class XlI. If there
are 20 students in each of these classes, in how many ways
can the team be constituted? [NCERT Exemplar]

(@) FE. x 26, (9)2(E%C, % 2 )
(@20 )

S

(d) None of these

. The vertices of a regular polygon of 12 sides are joined to

form triangles. The number of triangles which do not have
their sides as the sides of the polygon is

(@) 96 (b) 108
(c) 112 (d) 220

. Out of 8 sailors on a boat, 3 can work only one particular

side and 2 only the other side. Then, number of ways in
which the sailors can be arranged on the boat is

(a) 2718 (b) 1728
(c) 7218 (d) None of these

. There are 4 balls of different colours and 4 boxes of same

colours as those of the balls. The number of ways in which
the balls, one in each box, could be placed such that a ball
does not go to box of its own colour is

(a) 8 (b) 9

(© 7 (d) 10

The number of words which can be formed wit.h two
different consonants and one vowel out of 7 different
consonants and 3 different vowels, the vowels should be

between the two consonants is

a) 92 (o) 172
EC) 126 (d) 136
The number of zeroes at the end of 2007! is
a) 499 (b) 500
gc; 501 (d) 502

It 4 dice are rolled, then the number of ways of getting the

sum 10 is
(a) 56 (b) 64 (@) 72 (d) 80

10.

11.

12.

13.

14.

15.

16.

o

. The number of positive integer solution (x,Y,z) of the

equation xyz =24is
(a) 18

(c) 24

A guard of 12 men is formed from a group of n soldiers in all
possible ways. If the number of times two particular soldiers
Aand B are together on guard is thrice the number of times
three particular soldiers C, D, E are together on guard, then
nis equal to

(@) 18 (b) 24 (c)E82 (d) 36

In a cricket match between two teams X and Y, the team X
requires 10 runs to win in the last 3 balls. If the possible
runs that can be made from a ball be 0, 1, 2, 8, 4, 5 and 6
the number of sequence of runs made by the batsman is
(@) 12 (b) 18

(c) 21 (d) 36

(b) 20
(d) 30

A person is permitted to select atleast one and atmost
n coins from a collection of (2n + 1) distinct coins. If the total
number of ways in which he can select coins is 255, thenn
is equal to
(a) 4

®) 8 (c) 16 (d) 32

The number of ways in which a mixed double game can be
arranged from amongst 9 married couples, if no husband
and wife play in the same game is

(a) 756 (b) 1512

(c) 3024 (d) None of these

The sum of all the 4-digit numbers that can be formed using
the digits 1, 2, 3, 4 and 6 without repitition of the digits is
ey 299900 (b) 288860

g bleo0 (d) 420210

Thedtota! number of natural numbers of 6 digits that can be
made with digits 1, 2, 3 and 4, if all digits are to appear in
the same number atleast once is
(a) 1560 (b) 840 (¢) 1080 (d) 480

:I'r\r;e number ’of ways of arranging the letters of the word
ALGONDA' such that letters of the word ‘GOD' oceur i
that order (G before O and O before D) is

(&)l (b) 1440
) el (d) 1680

19

20,

n
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17. Out of 5 apples, 10 mangoes and 15 oranges, the number
of ways of distributing 15 fruits each to two persons is
(a) 56 (b) 64
(c) 66 (d) 72

18. The number of divisors of the form 4n+1n>0 of the
number 10'° 1111 13'8 js

(a) 750

(c) 924 12 g

(d) 1024

19. The number of positive integers formed with atmost 10
digits using 0, 1 and 2 is
(a) 59048

(c) 56011 ke

(d) 7431

20. Two players P, and P, play a series of 2n games. Each
game can result in either a win or loss for P,. Total number
of ways in which P, can win the series of these games is

equal to

(a) 1 (22f7 A ZHCN) (b) 1 (2;‘ _2_’ R
2 2

(© %(2” =BG ) (d) None of these

N

21. Total number of functionf : {1,2, 3 4, 5} — {1,
are onto and £ (i) # i is equal to

@ 9 (b) 44
(c) 16 (d) None of these

. 3, 4, 5} that

22. The number of ways in which an examiner can assign
30 marks to 8 questions giving not less than 2 marks to any

question is
(a) 108120 (b) 124320
(c) 116280 (d) 144240

23. The number of n-digit numbers which contain the digits 2
and 7, but not the digits 0, 1, 8, 9is
(@ 6" —2.5" + 4" (b) 67 —5" + 4
(c) 6" — 5" — 4" (d) None of these

24. A student is allowed to select atmost n books from a
collection of (@n + 1) books. If the number of ways in
which he can select atleast one book is 63. Then, n is

equal to
@) 3 (b) 4
(©) 6 el

25. The number of ways in which any four letters can be
selected out of the letters of the word PCBDCC is
@8 (b) 5
©) 7 (d) 6

26. Given that n is odd, the number of ways in which three
numbers in AP can be selected from 1.2, 34..,0nIs

2 (n+1)2
(a)(_”__z)_ (bl =
A (n-1°
CRE ey

SN

27. A candidate is required to answer 7 questions out of 12
questions, which are divided into two groups, each
containing 6 questions. He is not permitted to attempt more
than 5 questions from either group. Find the number of
different ways of doing questions. [NCERT Exemplar]
(a) 779 (b) 781 (c) 780 (d) 782

28. The number of parallelograms that can be
set of four parallel lines intersecting another se
parallel lines is
(@6

formed from a

(b) 18

Directions (Q. Nos. 29 and 30) Consider the letters of
word ‘MATHEMATICS'. There are eleven letters some

identical. Letters are classified as repeating and non-répe
letters. Set of repeating letters ={M, A, T}.
letters = {H, E, 1,C, S}

(c) 12 d) 9

yet of

29. Possible number of words taking all le
atleast one repeating letter is at odd pos
9! 0 1!
(@ — (b) (€)
212121 212121 2124
30. Possible number of words, taking all letters a

that in each word both M's are together
together but both A's are not together, is
il

Gk (b)

31. If the letters of the word ‘SACHIN
possible ways and these words
order, then the word ‘SACHIN' app

(@) 600 (b) 601

(c) 602

32. The number of ways of distributing 8 identica

distinct boxes so that no box is empty, 1S
(8 ol
(@) 5 (b L_J (©) 3
. 3

Directions (Q. Nos. 33 to 36) Each of these questions contain
two statements : Statement | (Assertion)
(Reason). Each of these questions also has four
choices, only one of which is the correct answer. You ha
select one of the codes (a), (b), (&) and (d) given below

ana >Staten

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true, Statement Il is true; Statement il is not &
correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d) Statement | is false; Statement Il is true

-

33. Consider a rectangle chess board, having 8 horizontal anc
8 vertical lines.

Statement | Number of rectangle on a chess board Is
6

Statement Il To form a rectangle. we have to sefect any
two of the horizontal line and any two of the vertical line.
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34.

37a

38.

39.

40.

41

42.

43

N——

0 PDFE without this messa

Consider ten-digit numbers, with the helpat?2, 3, 4,5
Statement | The sum of the digits in the ten places by using
the above numbers all at a time is 84.

Statement 1l The sum of the di
numbers formed
time is (nh - DI
allowed),

: gits in the units place of all
with the help of &, dp,...,4a, taken all at a
&+ & + ..+ a,) (repetition of digits is not

- Consider a group of some men and women in a team.

Statement | From a group of 8 men and 4 women a team of

JEE Main Mathematics in Just 40 Days

5 members, including atleast one woman can bg formeg .

736 ways. e
Statement I Number of ways of se egtrngmatleast Ong

g g
woman from m men and n women is e

36. Statement | A 5-digit number divisible by 3 is to ba formeg

using the digits 0, 1, 2 3, 4 and 5 with non-repetition, The
total number formed are 216.

Statement Il If sum of digits of_ any number is divisiblg by3
then the number must be divisible by 3.

AIEEE & JEE Main Archive

44. Assuming the balls to be identical except for difference iy

A committee of 4 persons is to be formed from 2 ladies, 2
old men and 4 young men such that in includes ‘atleast 1
lady, atleast 1 old man and at most 2 young men. Then the
total number of ways in which this committee can be

formed is UERAinR2013]
(@) 40 (b) 41
[€) 16 (d) 82

The number of ways in which an examiner can assign
30 marks to 8 questions, giving not less than 2 marks to any

question, is [JEE Main 2013]
e e, (5) #1C,
(0) #'c, (d *C

On the sides AB, BC, BC, CAof a AABC, 3, 4, 5distinct points
(excluding vertices A B,C) are respectively chosen. The
number of triangles that can be constructed using these
chosen points as vertices are [JEE Main 2013]

(a) 210 (b) 205 (c) 2156 (d) 220

5-digit numbers are to be formed using 2, 3, 5, 7, 9 without

repeating the digits. If p be the number of such numbers
thét exceed 20000 and g be the number of those that lie
between 30000 and 90000, then p:q is [JEE Main 2013]
d) 5:3

(@) 6:5 (D)R82 () 4:8
LetS = J(aﬂ amj 13, €{0,12}, a4 :azg}
l dp1 G2

Then. the number of non-singular matrices in the setS is
(a) 27 (b) 24 [JEE Main 2013]
(c) 10 (d) 20

Let Aand B two sets containing 2 elements and 4 glements
respectively. The number of subsets of AxB haV|r'19 3 or
more elements is [JEE Main 2013]
(a) 256 (b) 220 (c) 219 (d) 211

Let T, be the number of all pgssible triangles formed b?;
joining vertices of an n~s:d§d regular polyg?oni]13
~T, =10, then the value ofnis [JEE Main 2013]

s (©) 5 (c) 10 (d)8

@7

45.

46.

47.

Directions (Q. Nos.

contains two statements -
(Reason). Each of these
choices, only one of whic
select one of the codes (a)

48. Lets, =3 ;;
=

colours, the number of ways in which one or more balls ca

* be selected from 10 white, 9 green and 7 black balls s

[AIEEE 2017
(a) 880 (b) 629 (c) 630 (d) 879
Let X={1,2,3 4 5}. The number of different ordered pals
(Y, Z) that can formed such that Y € X, Z c X and Yn Zs
empty, is [AIEEE 2012]
(@) 52 (b) 3° (c) 2° () 5°

Statement | The number of ways distributing 10 identical
balls in 4 distinct boxes such that no box is empty is °C;.

Statement Il The number of ways of choosing any
3 places. From 9 different places is 9C3. [AIEEE 2011]

(a) Statement | is true, Statement I is true; Statement lis
correct explanation for Statement |.

(b) Statement I is true, Statement Il is true; Statement Il is nota
correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement Il is true.

There are two urns. Urn A has 3 distinct red balls and um8
has 9 distinct blue balls. From each urn two balls are taken
out at random and then transferred to the other. The
number of ways in which this can be done, is  [AIEEE 2010

(@ 3 (b) 86 () 66 (d) 108

48 and 49) Fach of these question:

* Statement | (Assertion) and Statemen!

questions also has four alternati®

h is the correct answer. You have ©

(@) State S (b), (¢) and (d) given below]AIEEE g

ment | is trye, Statement Il is true: Statement Il i@

: correct explanation for Statement | .

(b) Statement | jg true, Statement || is {rue' Statement i1
a correct explanation for Statement | '

(c) Statement | is true; Statement || is faI:se

(d) Statement | is false: Statement || is true:

_ 110 10 10 400
D7CS2 =3 j1°c, angs, =3 /2"

J=1 j=1

Statement | S =55x 29
Statement || g

1=90 x 2% gng S, =10 x 28
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49. In a shop there are five types of ice-creams available, A

child buys six ice-creams.

Statement | The number of different ways the child can buy
the six ice-creams is '°C;.

Statemeqt !I The number of different ways the child can
buy the six ice-creams is equal to the number of different

51. The set S ={12,3,...,12} is to be partitioned into three
sets A Band C of equal size. Thus,
AUuBUC=S,AnB=BNnC=AnC=¢.
The number of ways to partition S is
(@) 121/31(a)® (o) 121/31(3N* (c) 121/(4!)’

[AIEEE 2007]
(d) 121/(3Y*

ways of arranging 6 A's and 4 B's in a row. 52. At an election, a voter may vote for any number of
. didates not greater than the number to be elected.
50. How many differ : e g . .
s yth ent words can be formed by jumbling the There are 10 candidates and 4 are to be elected. If a voter
s in the word MISSISSIPPI in which no two S are " - " . ‘
adjacent? votes for atleast one candidate, then the number of ways in
6 8 L [GIEEE LG | which he can vote, is [AIEEE 2006]
EIERE, 0, (fereiG) U« A _ o TSR
©6'7 %, @687, (@) 6210 (b) 385 (c) 1110 (d) 5070
Answers
1. (©) 2. (b) 3. (¢) 4. (b) 5. (c) 6. (b) 7. (d) 8. (d) 9. (¢) 10. (d)
11. (a) 172 (©) 13. (a) 14. (a) 15. (d) 16. (¢) 17. (¢) 18. (a) 19. (b) 20. (b)
21. (b) 22. (c) 23. (a) 24. (a) 25. (c) 26. (d) 27. (c) 28. (b) 29. (b) 30. (a)
31. (b) 32. (d) B3 (c) 34. (a) 35 (C) 36. (a) 37. (c) 38. (b) 39. (d) 40. (b)
41. (a) 42. (d) 43. (c) 44. (d) 45, (a) 46. () 47. (b) 48. (b) 49, (d) 50. (b)
51. (a) 52. (b)

Hints & Solutions

12
1. Total number of triangles is ( 5 j = 220, the number of triangles

with two sides common with polygon is 12. The number of
triangles with one side common with polygon = 8-12 = 96
So, the required number of ways is 220 — (12 + 96) =112

2. Using the number of dearrangements

n 1)

ie. n! I1-—1+_1._J.,+_“+(_1)‘ bl

IR n!J
Here, n=4 iy )
So, the required number of ways = 4! 2 5 + Z!}

=12-4+1=9

7,
of 2 consonants from 7 consonants = G, =21

3. Selection
S= 3C1 =3

Selection of one vowel from 3 different vowel
Now, we have 2 consonants and a vowel
should be between consonants

i.e., co’nsonant-vowel—consonant
So, two consonants can change t
Hence, by the product rule, number o

gl 16
4. [@] = 401,[591j - 80, [%9] =16 [3} =3
5 5
: 2007|=(53+‘“8°+4°‘)<2“~3f‘...=5500-2“-33,..
2007! ends with 500 zeroes.
n
5. "C. +27C, +"C,p="Cr " Cra o T e
4 = n+1 Cr +n+1C,_1 = n+2C!‘

and the vowel

heir positions in 2! ways.

fwords =21x 3x2 =126

6. Let the particular side on which 3 particular sailors ¢
2 P 'S

named A and on the other side by B on which 2
can work. Thus, we are left with 3 sailors only
sailor for side A = °C, = 8and then we are
the other side. Now, on each side, 4 sailors can be arranged n
41 ways

. Total number of arrangements = 3 X :

7. Coefficient of X% in (x+ X* +..+ x°)°
= Coefficient of X® in (1 + x +..+ x°)*
4x°

=(1-x8) (1-x"*=(1-

Hence, coefficient of x° is L :\J -4=80

8.24=1.1.24=12.12=1.88=1.4.6 =2.2.6=2.3-4

Each of (1,2,12), (1, 3 8), (1, 4 6)and @
in 3! ways.

3 4)can be permuted

Each of (1,1,24) and (2,2, 6) can be permuted in 3 ways
So, required number of ways is 4 x 6+2 x 3=30 .

{n-2)

9. Number of times A and B are together on guard 1S L 10

Number of times C, Dand £ are together on guard is (n 9 3)’

According to the question, {” 1-02) £ 3(1:~ 2 3)

= n-2=30 = n=32

MWW . N0VAD( O[]
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10. Required number is the coefficient of 10 in
(4 X+ X2+ 4 x6)2

RS- e (1=3x7 +...)[1 i (?))ﬁ [g] X }

Hence, coefficient of x'° js {13] R 3(5J - 36

{ 3
2n+1 2n +
11. Wehave, 27+1c, 4 20 (Gt el 16 =065 ()
2n +1 2n +1 2
But (GRSt O eoil S e 2 vy

:(1+1)2n+1

< 20+ 2n +1 2n +
=3 Cc_+2( C1 + 2n 1C2+...+ 2n+1ch)

&y 2’”“’Cj‘ <=22F+1

= 145 2R 1| =230
[from Egq. (i)]

= 1+ 255=22"
= 2% =2 = =

12. Two men can be chosen in °C, ways. Since, no husband

and wife are to play in the same game, so we have to select
two women from the remaining 7 women. This can be done
in ‘C, ways. If M;, M, and W,, W, are chosen, then a team

can be constituted in 4 ways r.e., M\W,, M\W,, MW, and M,W,.
Hence, the number of ways of arranging the game
=50, % 0 %A= D% 21 A= BoRn
13. Required sum= (Sum of all the n digitsx"~'P._, x (111... rtimes)
(%2 +3+4+ 5)4P3><(1111): 16x24x 1111 = 399960

14. There are two cases arises
Case | Any one of the digits 1, 2, 3, 4 appears thrice and
the remaining digits only once/.e., of thetype 1,2, 3, 4, 4, 4

etc.
- Number of ways of selection of digits which appears

4
thrice =G

. 6!
- Number of numbers of this type = al X 4C1 — 480

Case Il Any of the digits 1, 2, 3, 4 appears twice and the
remaining two only once,
je., ofthetype 1,2 8,3 4, 4 ete. : :
- Number of ways of selection of 2 digits which appears twice
4.
T
6! x4c, =1080

.. Number of numbers of this type = 212]

~.Required number of numbers = 480 + 1080= 1560
(8
15. G,0,D can be selected in (3) = 56ways
Bl
AANN,L can be arranged in S 30ways

. Required number of ways = 56x 30 = 1680

JEE Main Mathematics in Just 40 Days

16. Required number is the coefficient of x'® in the product
({50 e s e sON A 25 X, X Y1 e T X5

= (1= By (1= X1 (1= X0 (1= 27
(il = sl ) (1 a5 (?J X+ (g) x2+...]
wenis ()= (8)-(0)-(2) ()6
=136—55—15=66

17. 2195911111313 has a divisor of the form 2% - 5P - 117.18% whera
a=012,.10:8 =0,12,..10vy=12,.,156="1,2,.18

01 =080 =0 210 7= 02, 4 10O = 01,2, 116
. Number of divisors =11x 6x 14 = 924

18. Each of the 10 digits can assume any of the 3 values. The
number, so formed includes all zeroes.
..Required number of positive integer = 3% _ 1= 59048

19. P, must win atleast (n + 1) games.
Let P winn+ rgames (r=1,2, ..., n)

n
N = 2n, —on 2n 2n
~.Number Ofways_,; Crir= G, - 1CE T E

= 22,7 2n 1 2n 2n
S eie @ 2P

20. There are two cases arises
Case |l Choose six from class X| and five from class Xl
Number of ways = 2°C x 2°C,
Case ll Choose five from class Xi and six from class XlI
Number of ways = 2°C, x 2,

Required number of ways = 2 Fexaen)

21. Total number of required functions
= Number of dearrangement of 5 objects.

e . B
=5 [ e
(2! Sl 51)‘44

22. X + Xp +..t Xg =30
Xi=Xi—1= 28140 K s Xg =22

Number of ways = 2-1c,  _ 210 _ 116280
— 7 =

23. ;’ostal g‘uGrzt::jrs? | :(ttsr;ozuts nany restriction containing the digits

Total number of numbers which contain 3,4,5,6 and 7, n(A)

Total number of numbers which contain2,3 4.5 and 6, n(B)

Total number of numbers which contain 3,1’1,I5and 6
n(AnB)= 4"

Total numbers which does not contain digit 2 and 7
=504 50 _gn

=5
=l

. Total numbers which contain 2 and 7 = 67 — 57 — 57 + 4’
=6"—2.5"+4

gf, o T
= ghersd

Selectio
Al d
(ij2 all
(ij3all
Therefo

96, Letn="
i, S
Hence;
Since,
even e
«Reg

Ny
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24. He can select either 1,2, ... . or n books.
The number of ways is
(en+ 1, (2n+ 1 (2
1™ ,‘*L 2 ‘ B n;])
112 +1 2n + 1 2
= e (2n+1
R )
L (2 2lls |
i \\n+1}F "( 2n ﬂ
¥ o 2aREN 27 =Rl 2]
) 0 } (\2/7+1)
= pESi=p] (given)

= 28" =64 =25 = n=3

25. As, there are three letters alike out of six letters and the three
others are different
Selection can be done in the following manner
(i) All different *C, =1
(ii) 2 alike, 2 different 'C,-°C, = 3
(ifi) 8 alike and 1 different 'C,-°C, = 3
Therefore, total number of ways =1+ 3+ 3=7
26. Letn=2m + 1. Ifa, band c are in AP, then2b=a + ¢
j.e., sum of two numbers is even.
Hence, m + 1is odd and mis even number.
Since, sum of two numbers is even, then both numbers are
even or odd.

. Reqguired number of ways
r n4 — 1
= ”C2 dr ‘1C2 :@erm(L_)
2 2
e
S TnT

=m

27. Total number of ways
= (Attempt 3 from group | and 4 from group l)
+ (Attempt 4 from group | and 3 from group II)
+ (Attempt 5 from group | and 2 from group )
+ (Attempt 2 from group | and 5 from group Il)
= 8c, % %C, + °Cy % 6C, + Csx °C, + °C, % °Cs
2 (8C,4% °C,)+ 2 (*Csx €C,) =2(20x 15)+2 (6x15)
= 600+ 180 =780

928. Total number of parallelogram formed = e i@ =688

29. Since, there are 5 even places and 4 pairs of repeated letters,
therefore atleast one of these must be at an odd place.
11!
212121

nd another of T's. Then, except A's
o M's, T's and the letters exceptA's

+. Number of ways =

30. Make a group of both M's a
we have S letters remaining
can be arranged in 7! ways.
- Total number of arrangements = 71x 3C2

31. The letters of given word are A, G, H, L, N, 8.
if first letter is A, C, H, I, N, then are 5- 5! = 600 words

Day 8§ Permutation and Combination

Then, next word is SACHIN.
So, the required serial number is 601.

32. Required number of ways is equal to the number of positive
integer solutions.of the equation

R W z=8which(g:”::{gjz21

33. In a chess board 9 horizontal and 9 vertical lines.
Number of rectangles of any size are “C, x e
34. Sum of the digits in the tens place
= Sum of the digits in the unit's place
=(4-1)@+ 3+ 4+5=6-14=84
35. Required number of ways = ‘C, x 8C, + “C, x ®C;
+ iexdie e Pde
=280+ 336+ 112+ 8=736
Hence, Statement | is true. Statement Il is false

36. Statement | Number form by using 1,2, 3, 4, 5= 56! =120 i
Number formed by using 0, 1,2, 4, 5= 4-4-3-2-1= 96
~.Required number of ways = 120 + 96 =216

37. Ladies =2, old men = 2, young men = 4 ‘ a
Case | 1 lady, 1 old man, 2 young man g
=2%c,-2C,-4C, =2-2-6=24 4
Case Il 2 ladies, 1 old man, 1 young man
; =26 G iC =N EPRATS
Case lll 1 lady, 2 old man, 1 young man
= %€ -4C, G =RNITAIE
Case IV 2 lady, 2 old man, 0 young man
=G @ Ty = il b=
-.Required number of ways =24 + 8 + 8 + 1= 41

38. Let x;, Xy, ..., Xg denote the question.
s Xi+ X5 + ..+ Xg =80
Also, X g2
Let Up =X —2,Up = Xp =2 ...Ug = Xg—2
(Ut il =2k R U SRl =E8 0
= Uy + Uy + .+ Ug =14

. Total number of solutions = “**8-'C, | = ?lc,

39. Required number of triangles that can be constructed using
these chosen points as vertices = '?C, — 3¢, — *C, — °C,

(here, we subtract those triangle in which points are collinear)
=220-1-4-10 =220 - 15=205
40. p = The number of such numbers that exceeds 20000= 5! = 120

g = The number of those that lie between 30000 and 90000, then,
=5l—41-41=120-24 -24=72
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41. A matrix Whose determinant is Non-zero is called g non-singular
matrix. The‘re qre f[otal 27 combinations, in those of them 20
Such combination, in which determinant IS non-zero.

42. Given, n(A) =2, n(B)= 4, hence n (Ax B)=g

The number of Subsets of Ax B having 3 or more elements
=G e e,

B 8
= (8C0 B e o ea *Ce)~ (5C, + C o teh)
k. 8
=27~ 0y = Ngple, =256-1-8-28=>219g
(2% = C, + st e
43. 7, = "C,, hence Ty =00
So, T-T,= IC, ~ "Cy =10

(given) .
3 (n+1)/7(/7—1)_n(n-1)(n~2)
T = =10
3! 3!
= ”(‘;ﬂ)(nﬂ—mz)—m
= aia=l) 3= 10
3!
= nf=n—20=0= n=5

44. The number of Wwaysto choose zero or more white balls

=0+ 1) (- all white balls are mutually identical)
Number of ways to choose zero or more green balls

=9+ 1) (- all green balls are mutually identical)
Number of ways to choose zero o more black balls

=(7 +1) (. all black balls are mutually identical)
Hence, number of ways to choose zero or more balls of any
colour = (10 + 1) (9 + 1) (7 +1)
Also, number of ways to choose a total of zero balls = 1

Hence, the number of ways to choose atleast one ball
(irespective of any colour)

=10+ 1)(9+ 1) (7 +1)~1
=880— 1= 879

45. The number of different ordered pairs (Y, Z) such that
YeX ZcXandYnZ=0¢.Since, Y = X, Z c X, hence we
can only use the elements of X to construct sets Y and Z.

Number of ways to

nc) | Number of ways to
make Z such that

make Y
WaZ=(0
0 s 22
1 e 2
n3
2 2o 2
3 %, 2
4 ee 2!
0
5 s 2
Hence, total number of ways to construct sets ¥ and Z such that
YnZ=¢ .
o St e S e e
=@+ =8

JEE Main Mathematics i Ju+ 240 Days

46. Letthe number of ways of distributing nidentical objects, amon
r persons such that each person gets atleast ong object js Sa,-';:
as the number of ways of selecting (7 — 1) places gy of (n\'f‘

different places, i.e., "='C, ;.

47.

9distinct

3distinct
blue balls

red balls

Umn A UmnB

The number of ways in which two balls from urn A ang two bali
from urn B can be selected =°C, x°C, = 3x 36=10g

48 S S ) 0|
R
=90 S _*ﬂﬁx =90.28
Z(=2)8=(-2)}
10 . 10}
and S, =
S

10 | :
=10 LB
j=1 U =149 -1}!

Also, S i 10
AISO, 3= U=+ /]’s
= J110— j)!

10 oo 10 10
=Y jli-1) G e
=1 =il
=90-2°+10:2° = 9028 4 20.28 = 110.28 < 55.9¢

49. Since, the number of ways that child can buy the six ice-cream
'S équal to the number of different ways of arranging 64’ an
4B s in a row,
~.Number of Ways 1o arrange 6A's and 68’ S in row

_ 1ol 5
614
and number of integral solution of the equation
X+ X+ Xy + X, + Xs =6 is ‘5+5“c5_1 = 19¢, = °C,

Hence, Statement | is false and Statement Il is true.

a o

4

50. Given word is MISSISSIPP].
Here, | = 4 times S = 4 times, P =2 times, M =1 time
P

M1 J40] [53 pie -
-~ Required number of words = 8¢, x 7!
© 4l
% SC4><7XB"=7~ %y
4121
51. Required number of ways ='3¢, x G Tl
o Rt e T

e 3
8lx 4l 4ix 4] (4!)

52. Tota number of ways =19, +10(;2 00 llis

=10+ 45+ 120+ 210 = 385
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Unit Test

(Algebra)

1. Which of the following is the empty set?
(@) {x:xis a real number and x* —1 = 0}
Lb\,' {x:xis a real number and x? + 1= 0}
(e) {x:xis areal number and x* — 9 = 0}

(d) {x:xis a real number and X2 = X+ 2}

2. From 50 students taking examinations in Mathematics,
Physics and Chemistry, 37 passed Mathematics, 24 Physics
and 43 Chemistry. Atmost 19 passed Mathematics and
Physics, atmost 29 passed Mathematics and Chemistry
and atmost 20 passed Physics and Chemistry. The largest
possible number that could have passed all three
examinations is
(a) 11 (b) 12
(c) 13 (d) 14

3. Let A be the non-empty set of children in a family. The
relation ‘x is a brother of y 'in Ais
(a) reflexive
(b) symmetric
(c) transitive
(d) an equivalence relation

4. The inequality | z — 4| <]z - 2| represents the region given
By
(a) Re(2) (b) Re(2)< 0
(c) Re(z)>3 (d) None of these

5. it X be the set of all complex numbers z such that |z| =1
and define relation R on ooy zZRizy B

larg z, —arg z, | = gg— then R'is

(b) symmetric

(a) reflexive i
(d) anti-symmetric

(c) transitive
6. 1f 1 wandw® be the three cube roots of unity, then
(+ @)(1+ 02)(1 + ©*)...2n factors is equal 10

(@ 1 (b) —1
¢) O (d) None of these

7. The common roots of the equations 294 2 e = (0)
andiz =z e = aTe

(o) —1, ®

(d) None of these

@ -1 o
©) ®, ®°
8. Let , z, and z, be three points on | z| =1. 1f8;,6, and 8 be

the arguments of z,z, and zz respectively, then
cos (0; —8,)+ cos (B, —63) + cos 05 —6;)

3 3
g = B 5=
(a) > (b) >
(©) 5;23_ (d) None of these

9. If the roots of the equation
@ + bP)x% +2(be + ad)x + €% +d?)=0
are real, then a2, bd and ¢ are in
(@) AP (b) GP
(c) HP (d) None of these
10. If a<0, then the positive root of the equation
X3~ 2al| x —a| =8ar=iulis
@) a(=1-+/6) (b) a(l—+2) () al—+6) (d) a(+~2)
11. If o and B are the roots of the equation ax®> —2bx +¢ =0,
then ®B° + a?B® + a°p? is equal to

o
o

(8) < - 2b) (b) S +2b)
a a
2
(©) -t;% (d) None of these
12. If the roots of the equation x® = 2ax + a° + a— 3= 0 are real
and less than 3, then
(@) a<2 (k) 2<a<8 (c) 83<a<4 (d)a>4
13. The integer k  for  which the inequality
X% =2 (4k —1)x + 15k — 2k — 7 > Qs valid for any x, is
(@) 2 ®) 3
(c) 4 (d) None of these
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14.

15.

16.

1174

18.

19.

20.

2

22

It6 > a, then the equation (x=a)(x-b)-1=

(@) both the roots in [a, b]
(b) both the roots in (=e0, @]
)

0, has

(€) both the roots in (b, =)
(d) one root in (e, a)and other in (b, o)

Lietﬂ gbandceR and a#0 If o is a root of
ax“+bx+c=0 B is a root of a®x2 —bx—c =0 and
O <o <P, then the equation of a2x? + 2bx + 26 = 0 has a
root v, that always satisfies
@y =0

©) y=@+B)/2

(b) y=8
d oa<y<p
The value of x satisfying l0g,(8x —2)=log, x is
o1
(a) —— ¢
3 (b) 2
Al

(€) = (d) None of these
z

3 ;
If f(x,n)=" log, (;] then the value of x satisfying the
| NS

equation f(x, 11) =f(x, 12)is
(@) 10 (b) 11
(c) 12 (d) None of these

The set of all values of x satisfying xX°9(1=0" = gis
(a) a finite set containing atleast three elements

(b) a subset of R containing Z (set of all integers)

(c) a finite set containing atleast two elements

(d) afinite set

(x — 1) <logg 05 (X — 1), then x lies in the interval
(b) (3, ) © (=0 () (03

Iflogg

(@) 2, )
; 1 O

The maximum sum of the series 20 + 195 + 185 +18+ ...

is

(a) 310

(c) 320

The number of common terms to the two sequences

17 21, 25, 4l and 16,21,26, ..., 466is

(a) 21 (b) 19 (c) 20 (d) 91

Between two numbers whose sum is 2 — an even number of

arithmetic means are inserted. If the sum of these means

eir number by unity, then the number of means

(b) 290
(d) None of these

exceeds th

are
(o) 10
;?)) :32 (d) None of these

t three terms of @ GP is 21 and the sum
rms is 168, then the first term and the

If the sum of the firs
of the next three te
common ratio is

(a) 3,4

(c)i8.2

(b) 2,4
(d) None of these

JEE Main Mathematics i Just 20 Days

24. The three numbers &, bandc between 2 and 18 grg i
that their sum is 25, the numbers 2,aand b are CO”SECutive
terms of an AP and the numbers b,c and 18are CONSecyg
terms of a GP. The three numbers are

b) 2,9, 14
14 (
53 g g 12 (d) None of these
Ll 1 i —Qandb=za+c,thena, p
e s = > , ©and
25'Ifa+c+a—b =t :
arein
(a) GP (o) HP
(c) AP (d) None of these

26. Sum of n terms of series 12 + 16+ 24 + 40 + ... will be
(b) 22" = 1)+ 6n
(d) 42" — 1)+ 8n

(@) 2" = 1)+ 8n

(c) 832" = 1)+ 8n
27. Let R be a relation defined by A ={(x,x%):x is a prime

number < 10}, then which of the following is true?

(@) R={@1),@, 8).(3.27), (4, 64), (5, 125),(6, 216), (7, 343),

(8,512), (9, 729)}

(b) R={@,8),(8.27), (5,125), (7, 343)}

© R={(,8), (4, 64),(6,216), (8 512)}

(d) None of the above

28. 150 workers were engaged to finish a piece of work in a
certain number of days. Four workers dropped the second
day, four more workers dropped the third day and so on: It
takes 8 more days to finish the work now. Then, the number
of days in which the work was completed is

(@) 29 days (b) 24 days
) 2aceye (d) 26 days
29. The sumton terms of the series
Sc VGRS e L _
R e
2 C2)
B ) L anil
2(n‘+n+1) 2(n2+f7+1)
© n® +n
2% —n+ 1) (d) None of these

10
30. If A= L 1} then which of the following is not true?

- il e 0 0 0
(@) llm_A”=|: L T i 0
A el D o

Sl n i E0)
(c) A —[—n 1],Vn;tN (d) None of these

31.1f C is a skew-symmetric matrix of order n and Xis nX!
column matrix, then X’ G X is a
(@) scalar matrix

b ; .
(€) null matrix o

(d) None of these
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« 32
o aer
‘ (o
33.
a )
34. 14 1 B are square matrices suct B=- A 'BA,then
35. T oL
;’lv) +
A v.zare in GP
Z xy, yz,zx are in AP
- o
36. If f(x)= 2 : ()
X
37. The value of k, for wi of equation
x+ky+32=0,3x+ky—2z=0 and2x +3y—-4z=0
2SS r trivial solution over the set of rationals, is
8) -2 5
1 (d) None of these
38. If o, p and yare the roots of the equation x%(x + a)=e(x + 1).
[1+ 0 1 st
Then, the value of the determmam; 1 14+ B 1 |is
oo 1 1+ y
& o7 { 3) 1 (b) 1 . 3
1 1+ —+ —+
_ i (¢) O (d) = i
o lex+1 4 8|
29 fx=-5is arootof] 2 2x 2|= 0, then the other
‘, i Gl 22X
5 two roots are
b ’ (a) 3,35 (b) 1,35
nd (c) 38,6 (d) 2,6

Day 9 Unit Test 1

40.

41.

g8

12
The 8th term of [3x + S%j when expanded in ascending
Xy

power of X, is

nnQ 2
228096 (b) 28%96
X X
) 928174 (d) None of these
%)
1
The greatest term in the expansion of (3 — 5x)"" when x = 2
is
(@) 55x 3° (b) 46x 3°
c) B5x% 3¢ (d) None of these

. For all natural number i > 1, 247 —15n —1is divisible by
(@) 225 (b) 125
(c) 3285 (d) None of these

43. If x is so small that its two and higher power can be
neglected and if (1—2x)7"2 (1—4x)>'% =1+ kx, then k is
equal to

= (b) 1 (e) 10 (d) 11

44.1f n is an integer greater than 1, then
a-"Ca-10+"C,(@a-2)+..+ (1" (@a—n) isegualto
a) a (b) 0 (©ras (d) 27

45. The greatest integer less than or equal to (VE RS
(@) 196 (b) 197
(c) 198 (d) 199

46. In an examination a candidate has to pass in each of the
papers to be successful. If the total number of ways to fail is
63, how many papers are there in the examination?

@) 6 (b) 8 () 10 (d) 12

47. The number of seven letter words that can be formed by
using the letters of the word ‘SUCCESS' so that the two C
are together but no two S are together, is
(a) 24 (b) 36
(c) 54 (d) None of these

48. Ais a set containing n elements. A subset P of A is chosen.
The set Ais reconstructed by replacing the elements of P. A
subset Q of A is again chosen. The number of ways of
choosing P and Q, so that P nQ contains exactly two
elements is
(@) 9" C, (b) 38" = "C,

(@)i2 ey (d) None of these
49. The number of groups that can be made from 5 different

AMWW. N0

green balls, 4 different blue balls and 3 different red balls, if
atleast 1 green and 1 blue ball is to be included is

(a) 3700 (b) 3720

(c) 4340 (d) None of these
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50. If the sets Aand B are defined as
1
A={(x,y): =;,0¢ X € R}

and B:{(x,y):y:—x,xeﬁ‘},then

@ AnB=A (b) AnB=8

(c) AnB=¢ (d) None of these
51.

to
('a) 1120 (b) 560
(c) 652 (d) 504

52. The value of the natural num
2" >2n +1is valid, is

(@ forn>3

e (b) forn<3
¢) for mn

(d) foranyn
Directions Q. Nos. 53 and 54) Let w = cos(%’t) + isin (@J
ando=w+w?+ w* andB =w? + w’ + wb.
53. o + B is equal to
(@ o (b) -1
(© -2 (d) 1
54. o and B are the roots of the equation
@ x°+x+1=0
© X +3x+5=0

(o) 53 2=
(d) None of these
Directions (Q. Nos. 55 and 56)

f(x)

Let FY=1(X+ g, G =1f(0—-gKx and H( = ng), where

b =1=2 sinzxandg(x) =€0s2x,Vf:R—[-11land g :R — [—1,1].

55. Domain and range of H(x)are respectively
(@ Rand {1}
(b) Rand {0, 1}
©) R~{@n+ 1)_2_} and {1}, ne/

@ R ~{(2n + 1)5_} and {0, ,n e/

56. If F:R— [-2,2],then

(@) F(x)is one-one function
(b) F(x)is many-one function
(¢) F(x)is onto function

(d) F(x)is into function

There are 16 points in a plane no three of which are in a
straight line except 8 which are all in a straight line. The
number of triangles can be formed by joining them equals

bers n such that inequality

JEE Main Mathematics inJust 40 Days

Directions (Q. Nos. 57 to 61) Fach of these q“ssﬁons COntajng
two statements : Statement | (Asse;t:on})) an)r Statemeny I
(Reason). Each of these questions aiso has four alternyyy,
choices, only one of which is the Correc{ answer. You haye o
select one of the codes (a), (b), (¢) and (d) given below.
(a) Statement | is true, Statement Il'is true; Statement || is
correct explanation for Statement .
(b) Statement [ is true, Statement Il is true; Statement || js not
correct explanation for Statement |.
(c) Statement | is true; Statement Ii is false.
(d) Statement | is false; Statement Il is true.

|

57. Statement | The number of natural numbers which divide
102°% but not 102°% is 4019.

Statement Il If p is a prime, then number of divisors of P’
e ol 1! =,

58 A L dB—QOLetXb 2
. Suppose g an =l e a 2x2

matrices such that X AX = B.

Statement | Xis non-singular and det (X)=+ 2.
Statement Il Xis a singular matrix.

59. The general term in the expansion of (a + x)" is "C, g1~ ¥’

Statement | The third term in the expansion of r2x + i
A b
does not contain x. The value of x for which that term equal

to the second term in the expansion of (1+ x%)%0 js 2,

n
Statement 1l (a + X)n = E '7Cf a/7~fX/.
=i0);

60. Sefs Aand B have four and eight elements, respectively
gtatement I The minimum number of elements in AUBIS

Statement || A AR =5

61. Letgx 0,0 % 0ang
a bp c’
A=10 'p q|
P q o
State
PX + VAR cquations  ax? 4 py 1 ¢ =0 and
9 =0have 5 common ropt thenA =0
Stateme |
> DL 1A =0, then the equations ax? + bx+6=0
n PX+Q=0havea
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. (@) Given,n(M L P

< (@) (1+ o)1+ 0?)(1+ 0*)[1 + of) ...

Answer vjth

) Since, x2

Asxisreal soitis a empty set,

+* 1=

= XN=13

Y C)=80.n(M)=87,n(P)=24, n(C) = 43
nM N P)<19 n(M ") =29 n(PnC)<20
nMuUPuUC )= =n(M) + n(P) + n(C)
=nMnP)-nm NC)

~n(PNC)+nMm OHFANE))

= 50=37+24+ 43-np A P)~nM ~C) - nP nC)
+ n(/\/lumC)
= nMnPANC)=nwm mP)+/7(MmC)+u P i) =
" MAPAC)L 19+29+20-54=14
(€)
Reflexnve Let x e A if xis a girl, then we cannot say that x
IS @ brother of x. It is not reflexive.

() Let(x, y) eR, then xis a brother of y.
be a boy
Hence, we cannot say that (y, x) e R.
R is not sy

But y may or may not

mmetric

(iii) Let (x, y

Le JeRand(y, z)eR
- XIS @ brother of yand yis a brother of z.
h mplies xis a brother of z = (x; 2)eR

Hence, R is transitive.

@ [(x=4)+ iyl® <|(x—2)+ jy2 (letz= x+ jy)
— {/~4f—y2<(x—2)2—y2
= —4x<—12
= x> 3
Re(z)> 3

(b) “|Z|=1= z=cos8 + / sind

arg(z)=6
Then, arg (z)=6,andarg (z,) =0

2
‘ | _2m
ZRz, = |arg z —arg z, | = ==

= ZhRz, =0 -6, ,,,,

= ZhRz butz # z, 2
(-when z = z,, then 0= —375 is not possible)

Hence, it is symmetric.
to 2n factors

=(1+ 0)(1+ 0?)(1+ w)1 + ©?)... to 2n factors

to n factors]
[+ 0?)1+ &?)...

=1+ o+ o’ + 0%

=[(0+ o)1+ )...
to n factors]

=1+ o)f’( + o)
=0+ =0 =1

Solutions

7. © Z+22+27419=0
= (z+l)(zz+z+1)=0
= Z=-lw?

But z = —1does not satisfy the second equation
Hence, common roots are ®and ©®,

8. (b) We have, | z| =|z)| =]z =1
Now, 2+ 2, + z| >0
=iz 2 E [z +2Re (22, + 2,7, + 2,2)2 0
= 3+ 2[cos(® —6,) + cos(6, ~8;)+cos®; —6,)]20
=Cos(®, - 6,) + cos®, —8,;)+ cos(8; —8,) >~ S

9. (b) Here, D> 0

4(bc + ad)® - 4(a® + b?)(c? + d2) 2 0

= b%? + 802 + 2abcd — a%? - 222 - p22 - p2g? >0
= (ac - bd)? <0
= ac —he=0
. square of awy express;on cannot be negative)
bZ%d? = 222
Hence, a2, bd and c2are in GP.
10. (b) If x> a then x2 —2a(x—a)- 832 =0
= x% —2ax—a2=(
28 ’4a“ + 427 S
2
Since, x> a
=a(l+ +2),itis Impossible because a < 0
- X =a(1-+2)
lfx<a then X® + 2a(x — a)— 332 = @
= X2 + 2ax — 5a? = 0
-1+ J6)a
(impossible x < aand a < 0
11. (b) Here, o+ B = _;?andaﬁ _S

3

12. (@) According to the question,

D>0andf(3)> 0
= 48® ~4(@® +a-3)>0
¥ -2a3)+a+a-38>0
=" =2+ 8>0 anda’ = 5atle 0

and

= a<3anda<2ora>3
a<2

AMWW. N0
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13.°(b) Letf(x)= x® — 24k - Ox + 16k% — 2k — 7, then f(x) > 0

. D<0
= A4(4k-1)° - 4(15k2 ~2k - 7)< 0
= k? —6k + 8<0
= 2 =gz

Hence, required integer value of k is 3

14. d) Let f(x)=(x — a)(x = b) -1

We observe that the coefficient of x2 in f(x) is positive and
f(@) = f(b) = — 1. Thus, the graph of f(x)is as shown in figure given

below

) W
=)= =)

Y'J,( '

Itis evident from the graph that one of the roots of f(x) = Olies in

(===, @)and the other root lies in (b, ).
15. (d) Let f(x)=a’x® + 2bx + 2¢

. fle)=2a%0? + bo.+c =0

and a2 —bB-c=0

Now, f(or) =

f(B) =a*B? + 2bB + 2c = 3(bP + c) = 3a%p>
ButO< o < = a,p are real number.
fle) < 0, fB)>0

2
202 + 2ba + 2¢ = bo. + ¢ = — &’

Hence,a <y < B

16. (d) Given, log,(3x —2) =log;,, x= ~log, x =log, X’

= 3x—2=x"
= 3x2 —2x—-1=0
= @Bx+ 1) (x=1)=0
- 1

=il @ S===
A 3

=l

(- negative of x cannot satisfy the given equation)

17. (@ 1 n)= 2/7: (log, r —log,x)
r=1

i (log, r—1)=log,(1-2 ...ny—A=log,n! —n
r:

Given, f(x, 11) = f(x, 12)
i log,(111) — 11 = log,(121) — 12
= lon(12) 1
11!
ey log, (12) =1
=12

JEE Main Mathematics i Just 20 Days

18. (d) Taking logarithm with base 3, we get
log,(1— X)?logs x =2

2
loga(l= X" o, x=2

logs X
= logs(1— X)? =2
= (1—x8=9
= X=4 -2
A= (b
19. (@) Given,logys(x — 1) <10gg 05 (X = 1)
= loggs (X — 1)<log(05)2(x— 1)
= %fogos(x —1)
= logps(x =1 <0
=z X—=1>1
X2

20. (@) Here,a=20,d = —25

As the common difference is negative, the terms will becore

negative after some stage. So, the sum is maximum, if onf
positive terms are added.

Now, T, =20+ (7 1)[-%} > 0= 60-2(7—1)>0

= 62 >2n

= 3l=n
The first 31 terms are non-negative.
Maximum sum,

31
Shey = 2
31 5 [2 X 20 + (31 — 1)(—§J}

r\J[CAJ

(40 20) = 310

21. (¢) Firstseries has commo
common difference 5.

Hence, the Series with com flere™
mon terms has common differe
is equal to the LCM of 4 ang 5i.e., 20
*. The first common term jg 21,
The series will be 21 41, 61,

ndifference 4 and second series®

- 411 which has 20 terms.

22. (@) Leton arithmeti %
C m a1
ool eans be A A,,..., A, betweend
AL A Al o
2
- Z/Gxen 13n
: T
Given, A + A+ 4 Aon =2n 4 1
= 2n + 1:&7
6
= 12n + 6=13n
n=g6

FomEq
FomEq:

35,0 Gien,
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23. () Given, a + @, + a, =21

=0 a(l+ r+r?)=21
and d, + a + a; = 168
= ar’(l+ r+ r?)= 168
r = 8=r=2
and a(l+2 + 4)=21
Z a=3
24. (©) Given,a+ b + ¢ =25 § )
W 2,gbareinAP .. 2a=2 + p (i)
'+ b,c,18areinGP... ¢? =18ph ... (i)
From Egs. (i) and (ii), 3b = 48 - 2¢
From Eq. (iil), ¢® = 6(48 —2¢) =288 — 12¢
= c® +12c-288=0
= c+24)c-12)=0
=5 c=12asc #-24
b=8 and a=5
25. (b) Given 1 - 1 - L
&, C=bb=ag 't
begs a+c-b _c-b+a
By —
IXHMUM alc -b) c(b-a)
=> alc -b)=c(b - a)
> == 2ac =ab + bc
2ac
=0
a+c
26. (d) Let S, =12 + 16+ 24+ ... + T,
Again, S, =+12+16+ ...+ T,
0=(12 + 4 + 8+ 16+... upto nterms) —T,
=1 _ 1 )
e te U oy
: 5
On putting n = 12,3,..., we get
¥ 71:2?+8,T;=QS+8vf3:24+8"'
ond ¥ By Tt Ty 4ok T
o =22 +2° + ... upto n terms)
non +(8+ 8+... upto nterms)
_2%R71 -1, gn=apn - 1)+ &
’ 2-1
20 {6\'@
0 27. (b) Given, xis a prime < 10
e
i - x=1{2,35,7)

Now, from R = {(xx%): x=2,8 5,7}
= {2, 8),(3,27), (5.125), (7, 343)}
28, (é') Here,a = 150andd = - 4
8. =g[2><150+(n—1)(~ 4)]
=n(152 —2n)

Had the workers not dropped, then the work would have finished
s (n ~ 8) days with 150 workers working on each day.

Day 9 Unit Test 1

i n(162 - 2n) = 150(n ~ 8)
= n? ~n-600=0

=5 (n=25)(n+ 24)=0
n=25 (.n cannot be negative)

29. @) T, =

= =l = 2R
147+ r

_ N 1 o T
CPrr+ )P =r+1) 2(2—r+1 P+r+1

4 1 "’L, 1 1

= o VRRRE P

1"( 1) (1 1 ( 1 1)
= 1—=|+ ‘7'J+ ot | —
2 3 37 W= ﬂz-rﬁ+7J
:171__ R e

2 P+n+1| 20 +n+1)

J%().(b)/\‘:r OJ:;(A")Z:[1 OM1 OJ
-1 1 Rl | =T

1
Similarly ATy = [ OJ
-n 1
Now, lim 1A'”: lim IO
n— e n n— o | =1 1/n
o w
=10
! 1/n?
and 0 AT e g | = L
nﬂwnz n— e —; 1/n (0)22(0)

31. (¢) Here, X is nx1,C is nxn and X’ is 1xn order matrix.
Therefore, X’C X is 1x 1 order matrix. Let X’C X = K

Then, (UE Q) = e
= X/(=C)X=—K
= 2K=0
K=(0)

32

(€) Since, the determinant of a skew-symmetric matrix of an odd
order is zero. Therefore, the matrix is singular.

33. (b) We know that, if Ais a square matrix of order n and Bis the
matrix of cofactors of elements of A. Then,

|8 =] A"
A=|AR" =5"=25

34. (a) Given, ==~ A"BA
= AB=— A(AT'BA)
= AB=— [(BA)

AB+ BA=0

D/ WWW.NO
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35. (b) Applying R, — Ry=pRy =R

| XP+ y Y

P 1 yp+ z y z|=0
~(Xpf +2yp+2) 0 0

= —(x0° +2yp + 2z~ y?)=0

Hence, x,yand zare in GP.

36. (d) Applying R, — R,-R

3
cosx—tanx 0 O

f)=| 2sinx 5E D%
| tanx X%l

= (cosx — tanx)(x® — 2x°)
= — x*(cos x — tanx)
"(X)= —2x(cos x — tanx) — X(=sinx — sec®x)

lim ) lim [-2(cosx — tanx)+ lim x(sinx + sec?X)]

x—>0 x x—0 x— 0
=—2%x1=-2
37. (b) For non-trivial solution, we must have
1 % 8
3 k =2(=0
.2 3 -4

ApplyingR, = R, -8R,R3 = Rz —2R,,

“ e |
O =2 =iill=0
0 8-2k —10|

33
= 20k + 1183-2k)=0 = k=?

38. () Given, equationis x° + ax* —ex—e =0

Applying R, = R, —Ryand Ry — Ry = Ry,

(=) 1
A=l =@ 0
(O =T

= (1 + o) By — 0)+ a(y)+ ap
—op +By+yu+apy=-e+e=0

39. (b) Applying R; = Ry + Ao + R we get
ox+10 2x+10 2x+10
2 2x D=1
7 6 2x

Taking 2x+10 common from R, and applying
'Cz—>Cz~C1,C3-—>Ca~C1,weget
1 0 0
2(x+5)|2 2x-2 0. |=0
A= 2
20 ol Bk 2)0x =0
; x==5,135

|
|
i {
!
i
i
i
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ake the expression

40. (@) For ascending pOWer of x, we t i

(,2_ + SXJ
3%

12-7
2

12 7
12 22t 8
o Uy () (f3i2 + SXJ = c’(sz) (54)

5
zﬁ(i) @Bx)"
7151 \ 3x%
12x 11x10x 9x 8, 2°x 3
. l2xiiRgloRc s
Ex 4x 3% 2 X2

_ 228096
s

X

556 4 i 1 4
41. @ (3—5X>”=3”(1*? v (1’§j

n
.. Greatest term = I-X|H )

\-,i(ﬁﬂ)

N

=

i

=

dx
L

wi= =X

=3

1 2

Now, e il (—5)

_ 3" (j%x %j: 55% 3°

42. (@) Now, 27" =+ 15)"
=14 C, 15+ 1, 152 + 1G5
2t = f5n=152[0C, + "Cy 15+ .. ]=225K
Hence, it is divisible by 225,
43. (d) (1-2x)7"2 (1 - ax)5/2
=1+ x)0+ 10x)
=1+ 11x

=1+ kx
=l

(neglecting higher powel
(neglecting higher powel

44. b) LHS=a[C; -G, + C, = C, 4.4 (-1 C,]

+[C,-2C, + 3C, —..+ (-1 Gl

=a-0+0=0
45. (b) Let(V2 +1° =/ + F, where /is an integer and 0 < F <!
Let f= (2 - 1P
Now, N2

o 1
—1—_~/§\+1=> 02 =

AR SR
=2[6C0 pSiEs GCZ 22 4 604 2+ 6C5]
=28+ 60+ 30+ 1)=198

Hence, F+f=198

= lis an integer.
But 0<F+fco Y

F+f=1andthus /=197

ja¢eha
aePd
%, PnQc
Eq ) and
~Required n
49,0 Measto

P-1ig, 3
$eected fror

(e 0rnot re
1008, fhe e

i, 0 ks Cleg

Nihere

"'A"\B:¢
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3
. X=
15° +
5k
( po¥
y nigheP

46. (a) Let the number of papers be n
- Total number of ways to fail
=G

U
.~ Total number of ways to fail = 2"

(’;irFFACJ I

eTe Is only one way to pass
According to the question
=SSl=68 = 20 =08 s g g
47. (a) Considering CC as single letter, U,CC,E can be arranged
3lways
Here, x Ux CCx Ex
Hence, the required number of ways = 3I.4C, =2
48, (d) LetA={a, a,,..,a.},1<i<n
() g eP,a e
(i) g, P a Q
(i) & ¢P,a €0
(V) g, eP,a «Q
S0, P n @ contains exactly two elements, tak ng 2 clements ir
Eq. (i) and (n — 2) elements in Egs. ( ) and (
~.Required number of ways = "C,, x 3
selected from 4 blue balls in 2% —1=15 /ays and atleast one
red or not red can be selected in 2° = 8ways
Hence, the required number of ways = 31x 15x 8= 3720
50. (0 It is clear from the graph that two curves do not intersec

anywhere,
L ANB=¢

lY' e

o1. (d) .. Required number of ways = "°C, — 8C; = 560 — 56 = 504

52. (@) Check through options, the condition 2” >2n + 1is valid
forn > 3.

6
53, (b) Here,o. + B = 26: szw_(::_:\/./_)=_1
k=1

54. (b) Now, of =W+ w + W + w® + wo)
=3+ (@ +p)=2
. Required equation is
X —(-x+2=0
or

*#+x+2=0

Day 9 Unit Test 1

99. (C) v H(x)= 1
Butcos2x# 0
— 2X#NR+ —ne
&
xeR~{@Pn+1Zne
4
= - 4 2
56. (0) - F(x)=1f(x) + g{x)=1—2sin® x + cos2x
2 —1<cos2x <1 = -2 <2c0s2x
Range of F(x) = codomain of Flx
Hence Flx)ic oo fiinction
9{. (€} The number of divisor of 10” =257 is (m + 11
28. (C =0, then X’ AX =0 = B =0, a contradictior
Let det =g, then det(X’)=a
do AX) =det(B
= a(-1ja=-4 det (X’AX = det (X”) det (A) det
a=+2
As det (X) # cannot be a singular matrix
59. (b) T, = "o, px-2(LNE= G2 e
Forindependent of x, putm—-6=0=m=6
T, = °C,(2)f 2 = 15x 16=240
According to the question, *C.x® =240
= =8 = X=2

60. (©) n(AuUB)=n(A)+ n(B)- n(A

Since, maximum number of element is n{A ¢

A
—

=12-n(An

+ 8-n(A

g)
o)

. Minimum number of element is

61. (b) If & is a common root of

then

n

(AuB)=12-4

=8

c'iX;

+0X+C=

]
H»

and px+q

al’ +bh+c=0ph+q=0 and pA2 +gh=0

Eliminating A, we obtained A = 0

For Statement II, expanding A along C,, we obtain
aq® + p(bq ~cp)=0

or

S
L p

)<+bf—9]+c=0
L\ p

Thus, ax® + bx + ¢ = 0and px + g = Ohave a common root.

AWW. N0
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o Real Valued Function
© Basic Functions
© Composition of Function

Inverse Function

O

Real Function

Real Valued Function

Lelt f (:iS = b.e 4 fF‘FlCtiofl and S, ¢ S, such that f(S,) ¢ R, then f is said to bered
valued on S;. i.e., f is defined as real valued on S, iff the imaqé of S, under f lies

]S "

z ftlreli\. W 1t;111; the set of real numbers R. In other words, a real valued function’
unction f : ain i :

: ion f — R whose codomain is the set of real numbers R. i.e., f is 18

valued iff it is real valued over its entire domain ’ B

Domain
The domain of y = f(x) is the set of all real x for which f(x) is defined (real).
Method for Finding Domain
If domain of y = f(x) and y = g(x) are D, and D, respectively, then
(@) T;e:ol)ilaji;f;(fojg(x) or f(x) - g(x) is D, n D,, while domain Ofi
(ii) Domain of [/f(x)] = D; M {x: f(x) > 0}

X} i
B
X

)

Range

Range of y = f(x) is collecti p 1
number in the domain. o ShAll butpus J(x) corresponding to each ™

g of ndepe!
s o

 Palynamial Fung

oy ,;qi_\n
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f lies
ion #
is 16%

C

Method for Finding Range
First of all find the domain of y = f(x).

(i) If domain € finite Number of

points, = Ranp
(i) If domain € R or R

— {some fj

(iii) If domain € a finjte interval, find the least and

Day 10 Rear Function

greatest v

8¢ € set of corresponding f(x) values.
nite points}, then express x in terms of y.

From this find y for x to be defined.
alue or range using monotonically.

Basic Functions

Different basic functions have been given below

1. Algebraic Function

Those functions which are made from square root.
power of independent variable and four fundamental
operations (addition, subtraction, multiplication and
division) are called algebraic function.
Any polynomial function f :R— R is onto, if degree of f is
odd and into, if degree of f is even.

Some algebraic functions are given below

(i) Polynomial Function
FH=0px™ + a,x" '+ q,x" 2 4 4 a,_,x+a,

where, a,,q,, q, ,..., a, are real numbers and defined by
% #0,n €N is known as polynomial function and n is
a degree of polynomial function. Its domain €R.

(i) Rational Function
f(X)=%X)J, where p(x) and g(x) are polynomial
qlx y ;
functions ‘and defined by g(x) #0 is called rational

function. Its domain € R — {x|q(x) =0}

(i) Irrational Function

The algebraic functions containing one or more terms
having non-integral rational power x are called
irrational functions.

eg., y=f(H=2/x-Yx+6

2. Reciprocal Function
I
If x is non-negative real numbers, then = is the

Teciprocal function of x. Its domain € R — {0} and range
€R - {0}.

- Constant Function .

If only single element in the range of the funct'lon ];
en f is known as constant function. Its d'omau.l ;
and range e {k}, where k is a constant. It is periodic

With no fundamental period.

4. ldentity Function

Let f(x)=x,V xeR, known as identity function. Its
domain € R and range € R. It is not a periodic function.

5. Equal and Identical Function
Two functions f and 8 are said to be equal, if
(i) the domain of f = the domain of g
(ii) the range of f = the range of g

(iii) f(x) = g(x), V x € domain

()

Power Function

A function f :R — R defined as f(x) = x*™, where n is
finite number, known as power function. Its domain
€ R and range € R* U {0}. It is not a periodic function.

7. Absolute Valued Function (Modulus Function)

Xy X
v = x| it

Its Domain € R and Range € |

0,]. It is not a periodic
function.

Y

[ y=Ix

!

Properties of Modulus Function

(1) lxlSa:—anSa(cEO)

(i) |X]20:>xs—aorxza(a20)

(i) |x+y|<|x]+|y|
W) [xty|2||x|-|y]|
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8. Exponential Function

The function f (x) = &*, g > 0,a# 1, a € constant, is said

to be an exponential function. Its Domain €R and
Range € (0, ).

4 i
\\ 0<a<1 W/
1 1
e T ]
5 X X = > X
fa>1
Y~ e

It is a one-one into function.

9. Logarithmic Function

The function f(x)=log,x (x,a>0) and a=1 is a
logarithmic function. Its Domain € (0, <) and Range € R.
It is a one-one into function

Y Y.

A

0<a<i

e ! RN XS 7

e

ST

Y Y

y V2 ®

Intervals of a Function

» The set of real numbers x, such that a <x <bis called a
closed interval and denoted by [a Bl e,
{x:x €R asx<bh :

» The set of real number x, such that a <x < b is called open
interval and is denoted by (a b)
2 " {x:xeRa<x<b

w [ntervals [a b)={x:x €eR asx< b}
and (a,b]:{x:xeR,a<x£b}

are called semi-open and semi-closed intervals.

i

10. Trigonometric Functions

() Sine Function ' o o g
ction f(x) = sin x, the domain of sine . unction is
gu:nd the{ range is [-1,1]. It is @ periodic function

with period 2.

JEE Main Mathematics m.ust 240 Days

(i) Cosine Function
Function f(x) = cos x, the domain of cosine function
is R and the range is [~ 1, 1]. It is a periodic function
with period 2.

"
_______ (©f N .
& \=p 2 =X
S s e
7

(i) Tangent Function

Function f(x)=tan x, the domain of tangent

. ; : 2+ 1 g
function is R — {[—-Jir,n €1} and range is R.#
2

is a periodic function with period r.

YA
o X'« =1t 03 e
—3n/2 -n/2 O mi2 7 3x2

4
v

(iv) Cotangent Function

Function f(x)=cot x, the domain e R-{nm|n&l
: : R 5«
and range € R. It is a periodic function with permd

Y
A
(39 B\ |Z
X'<— o &
(39
: =20 X=-n \;' X=r x=2n

Range
period

(v) Cosec
Functi
eR-
perioc
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(v) Secant Function

Function f(X) =sec x the

€R- {[211+1)Tf:ne[

2 [

domain

(2m, 1)
X"—‘-—“_‘T\%}X
(=m, -1 (m, 1
______ e DT S P ot ———p Y = —

Y
X==3m/2x=—n/2 Y'x=qn/2 x=3n/2

Range e R—(-1,1). It is a periodic function with
period 27.

(vi) Cosecant Function

Function f(x) =cosec x, the domain

et i n é]} and range R - (- {1551 RNt A
periodic function with period 27

r T p f
_____ E\(_XB?/){.___-H—-——————YQ
L ___________ _ {;’5 )| gy 3 ii)___.;
N

% " A function is said to be an explicit function, ifit is expressed
‘ in the form y = f(x)
¥ A function is said to be an implicit function, if it is expressed
in the form f(x, y) = C, where Cis constant.
eg, sin (x +y)—cos (x +y)=2

11. Inverse Trigonometric Function
@ y=sin'x

}/y= sin' x
ipalE= = | y=x
o e
/7 y=sinx
~ml2 4 i M e
o O Pt
I I 77
e gt
i

R e —70/2
Y
v

T
Here, domain e[~ 1, 1] and range € {— 5 EJ .

(i) y=cos™' x

Here, domain €[~ 1, 1] and range 0, 7]

(i) y =tan™' x

/2

Here, domain € R and range € (— g, gj
(v) y=cot™' x

Here, domain € R and range € (0, i)

(v) y = sec™' x

Yy =secx

Here, domain € R =(=1,1) and range €[0, 7] - {g}
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(Vi) ¥ =cosec'x

1 Y = cosec x

Here, domain € R — (- 1, 1) and range € (— gg} — {0}

12. Signum Function y = sgn (x)

[|X| b’s
y =sgn (x) = Xo !—;l if x#0
10, it x=0)
I ifsexs >0
=4 =1, W sx 20
W, i x =0
Y2
iz

Its domain € R and range € {- 1,0, 1}.

13. Greatest Integer Function

The symbol [x] indicates the integral part of x which
_is nearest and smaller integer to x. It is also known

! Its domain € R and range € 1.

JEE Main Mathematics inJust 40 Days .-

Properties of Greatest Integer Function
(o) [Pear = [x] + I, where I is an integer.
(i) [x+y]12 K+ Y]
(i) If[0(x)]= I, then ¢(x) 2 I
(x)] €1, then o(x)<I+1
o(x¥]>1 = o(x)=2I+1
)

— x] = — [x], if x € integer

[
i) [p(¥]<I=0(x)<I
[
[

—x=-[x]-1, if x ¢ integer

=

(viii

14, Fractional Part Function
The symbol {x}. t indicates fractional part of .

Y4

-2 -1 0 R 2N

S

Inx=1I+f, I=[x]and f = {x}
¥ ={x}=x—[x]

L0y VY Exiel
F) {x—n, n<x<n+1, nel

Its domain € R and range € R — I.
Properties of Fractional Part Function
T {x, if xefo,1)
O bt sz
(R = e O e

(21, if xel

I (iii) {X}‘*'{-X}:{O’ if xel
as floor of x. f(x) =[x]= {;ansex <n+1, nel Lt e
v
i : 15. Least Integer Function
7/ .
2 4 :' The symbol (x) indicates the least integer part of ¥
(= f(x):[x]={x, V xel
i Al o N+l n<x<n+1 nel
‘; o e .0 e Its domain e R and range e |
4 ,4——4 —1 f(x) =[xl - i
4 ca Pl‘tl.pernes of Least Integer Function
( ’/"'—'6 -2 (1] (X+k]=k+(x)' kEI
| 2 W Cx={2(0 i xer

DF without this messade by purchasina ngvaPDE (h
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(i) (x + x;)

Day 1@ Real Function

IA

(%) + (x,)

- N W B

16. Odd and Even Functions
A function f(x) is said to be an odd function, if
=== F(:, ¥ x

A function f(x) is said to be an even function, if
f(=x) = f(x), ¥V x. Every function can be expressed as the

e N T T & sum of an even and an odd function
et
|
Sl ) = (x) : :
) —8 | ¥ Graph of odd function is symmetrical in opposite quadrants.
Al » Graph of even function is always symmetrical about Y-axis.
IY'
of x
Different Conditions for Even and 0dd Function
W | 90 | f9vee) | f-e) | fmet [ f0/ee) ] @oned | v
Odd | Odd | Odd ‘ Odd Even E Even 4 Odd | Odd
Even Even Even | Even | Even Even ‘ Even } Even
Odd | Even ‘ Neither odd nor even ‘ Neither odd nor even ] Odd Odd ] Even |  Even
Even | Odd | Neither odd nor even Neither odd nor even ! Odd Odd } Even { Even
17. Periodic Function
A function f(x) is said to be periodic function, if tl}ere (iii) If f,(x)and f,(x) are periodic functions with
exists a positive real number 7, such that f(x +T) = f(x), periods T, and T, respectively, then we have
V x€R. Then, f(x) is a periodic function with period T, () = fi(x) + f,(x) has period as
where T is least positive value.
: gz ] o P
ol . nctions ~LCMof{T,,T,}, iffi(x) and f,(x) are
Periods of Some Type of Fu - J 2 g complementary pairwise
, = or comparable even functions.
S. No. Function Periods ‘ :
ST LCM of {T;, T, }, Otherwise
1. |sinx, cosx, secx, cosec x, (sinx) ] 2n 2 :
2n + 1 2/7—»1’ cosec X)2r7+1 o |
(cos x) , (sec x) ( ; it (a) LCM of (—I,E,i & LCM of '(a,z,,e‘)
2 NGOt fane X s cotdx s (sinx)E?, n bisds /S FIGE of (b,d, f)
2 21 (cosec x)*7, |sinx| : :
[((C:OS X) .t (secl )l()Ot xl( | sec x |, | cosec x| (b) LCM of rational with rational is possible. LCM of
és x|,| tanx]|, C ! i ; = irrational with irrational is possible. But LCM of
3. |[sinx + cos x|, sin®x + cos*x, 5 rational and irrational is not possible.
| sec x| + | cosec x|,| tan x| + |cot x| s
4, = 1 i
X = [x] . ' Poriod (P» If f (x) is periodic with period T, and g (x) is periodic with
; 5. | Algebraic functions oo ! period T, then f(x) + g (x) is periodic with period equal to
P art 0f Ao exist LCM of Ty and T, provided there is no positive K. such that
' P . flk+x)=g(x)and g (k + x) = f(x) _
ol Foperties of Periodic Function W If f(x) Is a periodic function with period T and g (x) is any
|

and f(x) + ¢ is periodic with period T.

(i) If f(x) is periodic with period T, then cf (x), f(x +¢)

(i) I f(x) is periodic with period T, then kf (cx +d) has

period 1—
lc|

function, such that domain of C domain of g, then gof is also
periodic with period T.

R.//AWWW. Novabd

Pl

L



http://www.novapdf.com/
http://www.novapdf.com/

Print to PDE without this message by purchasing novaPDFE (http://www.novapdf.com/)

112 JEE Main Mathem

Testing the Periodicity of a Function

1. Put f(T + x) = f(x) and solve this equation to find the positive
values of T independent of x.

2. If no positive value of T independent of x is obtained, then f(x)
1S a non-periodic function.

3. If positive values of T independent of x are obtained, then f(x)is
a periodic function and the least positive value of T is the period

of the function f(x).
18. Inverse Function

Let f : A— B be a one-one and onto function, then there exists a
unique function.

o o 9 N

{vs]
>

o o H» N

g:B— A, such that f(x) =y o g(y)=x V¥V xeAand y €B. Then, g is
said to be inverse of f.
Thus, g= f"\1 :B— A

— (), 9 G f) € £}
Inverse of an even function is not defined and an even function cannot
be strictly monotonic.

Composition of Function
: functions, then th
A B ande g B =G be any two' . Nt
I:Jgrnp{)sition of f and g denoted by the function gof, defined by gof
:A—-)C:gof(x)=g|f(x)|,VxeA. ‘
Also, gof is defined only when range (f) € domain (g). Clearly, domain
(gof) = domain (f)

atics inJust 40 DayS

It can be verified in genera] thy i
one-one implies that f is one-one, Simj] i

gof is onto implies that g is onto. aly
LT
gof

Operations on Real
Functions

let f:X > R and g : X —— R be'iwoied

i functions, then

+ Sum The sum of the functions fandg &

defined as
f+g:X—— R such that
(f + @) (x) = f(x) + g(X).
» Product The product of the functions fandg
is defined as
fg: X—> R,
such that (fg) (x) = f(x) g(x)

Clearly, f + g and fg are defined only, if fandg
have the same domain. In case, the domen®
fand g are different. Then, Domain of f+8 &
fg = Domain of f n Domain of g.

* Multiplication by a Number

Letf:X—— R be a function and letc bea®
number.

Then, we define

cf : X—— R, such that
©f) (x)=cf (x),V x eX.
Composition (Function of Function)

Le’[fiA\%B andg:B-——%CbeM
functions.
We defne  gof: A——C

Such that gof (¢) = g{f(x)},V x €A
Alternate There exists y e B, such thet
TH(x)=y and g(y) = z, then gof (xX)=%

R, A

A
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1. Let r

R— R be defined by f(x)= x2 +1. Then, pre-images
17 and -3, respectively are
(@ ¢.{4-4}

A

(c){4-4},¢

~F
Ol

[INCERT Exemplar]
(b) {33} &
(@) {4-4} {2-2}

2. lfe* =y + {1+ y? then yis equal to

e’ +e A= ik
= (=
2 2
(c)e " +e™ (d) eX —e7
3. The function f satisfies the functional equation
[ x +59)
3f(x) + 2f| 17—51—9 | =10x + 30, V real x # 1. The value of £(7)
\ X — /
is
(@) 8 (b) 4 © -8 (d) 11
: X ,
4. Iff:R — R be defined by f(x) = = ,then (fofo)(x)is
N1+ X [NCERT Exemplar]

i (b) ———
NP v 1+ 3x°
() x, (d) 1
n log,(x + 3) i
= i = 2B TS g
5. The domain of definition of 7(x) T e
e il (b) (=2,/=2)
=12 (-3 o)
R i)
o e L5 O) =
e e

6. If £(8) = sin 6 (sin ® + sin 36). Then, f(6)

(a) = 0only, when® 20
(b) <0,V reald
(c) 20,V real®
(d) <0only, when® £0
7.0f f:R— R satisties f(x + y)=f0)+fly) ¥V x¥ eR and

f(1)=7, then zn: f(r)is

e
@ 10 & 10
2
7n (n +1)
©) 7n(n + 1) (d) )

Practice Zone "

/< i
N Y

e ‘
w0

/
/&
/&
7
/
g

X =X
" =0 poin
———— + 2is given by
X =X
el e

\1/2
X =1
(b) ’098[3_XJ
-2
(d) log, (E] .
X+1

X 5
+—+1is
2

8. The inverse of the function £(x) =

9. The function f(x) =
eX -1

(@) an odd function
(b) an even function
(c) a periodic function
(d) None of these

10. The period of the function
f(x)=sin® x + cos® x is
(@ 2m (b) m
©) = (d) None of these

11. Domain of f(x)= —£1—, where {} denotes the
X —2{x}

fractional part of x, is
(@ (=<2, 0)u(0,2]
(b) [, 2)
(€) (=2 20)~[0,2)
(d) (=2 00U (0, 1]V [2, )
12. If [x?]+ x —a=0 has a solution, where a e N and a <20,
then total number of different values of ‘a’ can be
(@) 2 (b) 3
(c) 4 (d) 6
13. Range of f(x)=[|sin x|+ |cos x|] where [] denotes the
greatest integer function, is

(@) {0} (b) {0, 1}
(e {1} (d) None of these

14. Let f : (2, 3)— (0, 1) be defined by f(x)= x — [x], then £~ (x)
is equal to -
(@) x-2 (b) x+ 1
() x~1 d) x+2

MWW . N0oVADC Ol1]
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{} denotes the greatest | :
3 est integer f i ;
respectively, is equal to ger function and fractional part

(@) 2

(© 6 (©) 4

) (d) None of these
16. 1f f(x)= SO8° X +sin* x
sirm for x € R, then 1(2002)is equaI to

(b) 2 (d) 4
F e
17. For a real number x, [x] denotes the integral part of x. The
1 1 1
value of[*}+{~+‘}+[l+i T, 997,
L ST R +§+WJ'S
(@) 49 (b) 50 (c) 48 (d) 51

Directions (Q. Nos. 18 and 19) Let fx=y2 = Oy=3,
8 = 1f(| x|), h(x =| g | are three functions.

(@ 1 © 3

18. The interval in which f(x)> 0 is

<a) R —[-1 3] (b) -1, 3]
(C) (—oo, ) (d) None of these

19. Number of solutions of g(x) =0 is/are
(@ 2 (b) 3 (c) 4 (d) 0
Directions Q. Nos. 20 and 21) Let f:X = ¥ be 2 bijection.
We define g:Y — X such that f(x) =y gly)=x xeX,yeY,
then g is called the inverse of f and is denoted by .
20. If the function  : (1, =) — (1, ) is defined by f(x)=2*~1
then f~'(x)is equal to

1
@ (3)
(©) 21 (1—/4log, x + 1)

If f : R — (—eo, 1) such that 7(x)
(8) 1+ logs(—x)
() log,(1-Xx)

(b) 21(1 + y/4log, x + 1)
(d) not defined

1-27% thenf(x)is
b) 1-log,(=x)

214. =
(
(d) —log,(1-x)

Directions (Q. Nos. 22 to 25) Each of these questions contains
two statements : Statement | (Assertion) and Statement ||
(Reason). Each of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (), (b), (¢) and (d) given below.
(a) Statement | is true, Statement Il is true; Statement Il js g
correct explanation for Statement |.
(b) Statement | is true, Statement Il is true; Statement || is not
a correct explanation for Statement .
(c) Statement | is true; Statement |l ig false.
(d) Statement | is false; Statement Il'is true.

22. statement | f()=|x~2|+|x-8|+[x~5] is an oqq
function for all values of x lie between 3and 5.
Statement 1l For odd function f(-x) = —f(x)

JEE Main Mathematics 1, jusr 40 Days

23. Statement | The period of

24.

25.

26.

27

28.

29,

30

1 S L
f(X)"=2cos§(x—1r)+4sm3(x n)is 3n

Statement Il If T is the period of f(x) then the P

il
fax + b)is —

|al
If domain of f(x) and g(x) aré Dy and D, reSpeCtiveW‘ b
domain of f(x) + g(x)is Dy 0 D,, then
Statement | The domain  of
fx)=sin™! x + cos ™! x + tan™' xis [=1, 1]

S : ;
Statement Il sin™' xand cos™' x is defined in | X[ <1 ang

tan~! x is defined for all x.

If the range of f(x) is collection of all outpyts flx)
corresponding to each real number in the domain, thep

1 :
Statement | The range of log [ 2] IS (= o9, o0),
1+ %

Statement [l When 0 < x <1, log x € (= =, 0]
4 2
If £(x) = X_Z_M
X° = X+ _ 3 ] i
the non-real root of the equation ®® =1and n is a multiple
of 3

 then find the value of f(®™), where s

(@ o0 (b) 3
(c) 9 (d) Does not exist
2 1—x
It £20x)-f (1 5 XJ =x°, [where, x # — 11 and f(x) = 0] then
find | [f(-=2)]| (where [.] is the greatest integer function)
1
(@) —

p DRSS () (d 2

If £(x) = sin x + COs X, g(x) =

in the domain
@ |o E:’ Tz
R EHTIEE T

Domain of definitj : n
real valueg x i 0N of the function = /sin“(2x)+gfor
@ [—1 1
| o -1 il

22

4'2
(@) [J,lJ
4'%

© [_l, i
2 9
for x> _q g(x) is the functio®

Suppose f(x)=(
S teflection of e
N 9(X)is equar ¢ 9raPh Of f(x) wirt. the

X2 —1, then g { f(x)} is invertte

X + 1)

Y=x th
< “/;‘lxao

ST e

\2,X>—1

(b)
(X + 1)
(d) \/;-1,x20

i i i rchasing novaPDF (http://www.novapdf.com/)
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2 3L =-1and I' (x)24.2 o 1S % <6 then the possible
value of f (6) lies in the interval [JEE Main 2013]
5 0B) (-, 12)

(d) [19 o)

A=sin x + cos? x, then for all real x

[AIEEE 2011]

- b) 1sA<2
e 13 3
, 5’*76 (d)4sAs1
33. The domain of the function f(x)= ;?J:_,,:i IS [AIEEE 2011]
VX[ =x
: a) (0, ) (b) (~ e, 0)
C) (= o, o) — (0) (d) (= oo, o)

34, Leti(x)=(x+ 12 =1 x> [AIEEE 2009]

e atement |l is true; Statement Il is a
tion for Statement |,

true, Statement Ilis true; Statement Il'is not
planation for Statement |,

o))

3
o
b

- -
C oD g

Q

AIEEE & JEE Main Archive

35. Let f: N — Y be a function defined as f(x) = 4x + 3 where
Yo={lyle N:y=4x+3forsomexeN}.
Show that f is invertible and its inverse is
@ gy)=(y-23)/4
(b) g (y)=(3y +4)/3
(©) g () =4+ L3

[AIEEE 2008]

g
el

36. The largest interval lying in (-g g) for which the function

fx)= 4 4 cos’{i = 1) + log (cos x)is defined, is
2 [AIEEE 2007]

(@) [0,7] (b) (—g gj

37. The domain of definition of the function

2
f(X)=_llogy (5X;X Jis

[AIEEE 2002]

{c) Stat s true; Statement || f; false. @ [1, 4] (b) [1,0] © [0, 5] (d) [5,0]
(d) Statement | is false; Statement Il is true.
Answers
1. (@) 2. (b) 3. (b) 4. (b) 5. (d) 6. (c) 7. (d) 8. (b) 9. (b) 10. (a)
11. (d) 12. (c) 13. (c) 14. (d) 15. (b) 16. (b) 17. (b) 18. (a) 19. (a) 20. (b)
21. (d) 22. (b) 23. (d) 24. (a) 25. (d) 26. (b) 27. (d) 28. (b) 29. (a) 30. (d)
31. (d) 32. (d) 33. (b) 34. (c) 35. (a) 36. (d) 37. (a)
® ®
Hints & Solutions
' = e —1=2ye*
e 1.’..‘;!/:,(/4»1
.ﬁ-'f’ - _82)(_1_ X i
g = x=#Jy-1 = 2y= i
/"‘/X)= iw/;:—_‘]v y_ex_e—x
L 7)== /17 -1 = £14 z
and f7(-8) = +/~3 -1 3. 3(x) + Zf[x L 519j = 10x + 30
S X_
= - R
3 V-4 e For x =7, 3(7) + 2f(11) = 100
U“{"Wg =4 For x = 11, 8f(11) + 2f(7) = 140
it 2. Given, e  =y+ 1+ ) )
y —_— = — . =
& Rt \/””1 ey DOME=000

= e 4 2 oyt =14y

- =4
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4. Given that, flx)= X

1+ x
(fof)x = {f(f(x))}
~ N .¥H,X“_
v =f£/X Jz R
2 I -
V1+ x k _iz_ Vi+2:2
1
Now,  (fofof)x = {f(fof)x} x i
X
g ,{\/ X ]z V14252
14+ 252 g
A \/1+ o
e 1+ 2x2
1+ 3x2
5. For numerator, x+ 3> 0
=> x>-3 ()
and for denominator (x + 1) (x + 2) # 0
= e, =2 . (i)
From Egs. () and (i), we get "%
=ih =2

6. f(6)=(sin® + 3sind — 4sin®6)sind
=sin®0 (4 — 4sin6)
— 4sin®8 cos?6 = (sin28)® 2 0
n
73 2 f(r) = f(1) + f(2) + f(3) + ... + f(n)
L = f(1) + 2f(1) + 3(1) + ... + AL f(x + y) =)+ f(¥)]

=(1+2+3+..+n)f()

:n(n+1)v7
2
_ 700+
2
n —-X
8. Given, y=§X i‘*+2
e +e
i y—_—ezx_1+7
g H |
o =
s S e
1 y—
x=—10g.| =——
= 2 E[S—y]
1/2
)= log, | L—
= =(y) Qe(s_y)
] 1/2
X__
1) =log, | ——
() 99[3~X)
X X X+ Xe 1
i :-—————’+"+1=—/+
9. Given, f(x) o 5 5 26" - )
Lxs e x+xe* 4
e e i
Now, f( X) 2(6—)(‘1) 2(ex_1)

f(=x) = ()

_Print to PDE withoy

JEE Main Mathematics inus+ 20 Days

3sinx—sin3x 3c0S X + COS SX]

10. f(x) = [___r— :

+. Period of f(x) = LCM of {sinx, COS X, sin3x, cos 3x}
_LCMof @m2m o,

HCF of {1, 8}
11. We must have = > 0, there are two cases arise
P >
Case | x>1and x> 2 {X}

=> X222
Som the Common part is X & [2, ).

Case Il x<1and x <2 {X}
= x<land x# 0.

Common part is x € (— =, 0) U (0, 1).

Finally, x = 1is also a point of the domain.
12. [¥*]+ x-a=0

Since, x has to be an integer.

= a=x2+x=x(x+1

Thus, a can be 2, 6, 12, 20.

18. y=|sinx|+|cos x|

= y? =1+ |sin2x|
= = =2

= y e[l +2]
’ fx)[yl=1VxeR

14. (2, 3)— (0, ) and f(x) = x — [X]

)= W= x =2
= X= it 2
= i )=x+2
15. [xP = x + 2{x}
= X =[x+ 3{x}
2 3!
=, {x}=M:>0§___[X123‘[X]<1
= [x]e[1_m‘o]u{1l1+~@)
\ 2 2
N [X]=—1,0.1,2:>{x}=g|0|01g
3 3
X=- l, 0, 1l §
3 3
16. Given, f(x)= 208" X+ sin* x
sin® X+ cos* x
- fx)= C(.)s2 X + sin? x(1 — cos® X)
sin® x + cos? x(1 - sin? X)
= f(x)= sinZ X + cos? x — sin? x-cos” X
sin® x + cos? x — sin? x-c0s> X
=2 f(X):']
f(2002)= 1

=
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Day ]_ 0 Real Function _'[17

17. - [x]denotes the in

3

tegral part
eg of x (x2+5+1)(x2—x+1)

e
26. Now, f(x) = ,X.,?‘ii i

Hence, after term | ! , 50 ' s S
e T 100 each term will be one. Hence, G Sl
B et i & = ) =x"+ x+1
Wi SUM O given series will be 50 n 2, ot
Now, ") ="+ +1=3
18. Since, f{x) = x* — 2x - 3 X+ 1) (x - 3)0 ol = i Ulti
(. ®" =1,when nis a multiple of 3)
101 »‘\\\ s 0 “7'.\”\»: {=c0, e (3 oo =
", . e DT 1200 et )
Wen ~[<1 3] 1+ x
19. ¢ g = f(| x| Replacing x by lfl, we get
1 X
s X“ =~ 2| x| -3=0 3
ST A 5 el e .. (ii)
; g 1+ x 14 x
B (! From Egs. (i) and (i),
X 8
3
20. S s RBrg=x8 [1EX) 4 f)= 2 [ 1EX
1—x 1—x
= log V=10 A
N Bt il e il 2):§:>[f(—2)]:—2
ol | (f=2)]] =2
15 i ‘H T 4 28. g{f(x)} = (sinx+ cosx)2 — 1 is invertible.
= S B (rx>1) = g{f(x)} = sin2x
1+ 1+ 4log, x We know that, sinx is bijective only when x e[—g, ZEJ
: Thus, g{f(x)} is bilective, if =& < 2x < &,
21.1,‘:'(;:‘:*2‘:- 2'—11—}/ 2 2
= ~z:!0g:,(1~y) _nggf
= x =~log,(1-y) 4 #
(%)= —log,(1 - X) 29. For f(x)to be defined, sin™!(@2x) + g >0
10 V/SQF = ~F<sinex) <sin®
|-x+6Y2<x<3 6 2
22. Here, f(x) = { 5 h = -
| xV3<x<5 = sin{——)SZXSSin[~)
|3x—10, ¥V x>5 \ 6 2
1 1
=%V 3<x<b = —ZSXS-z—
= fl=x)=—x=~1(X) i
: 1 d & Xe[_?ﬂ
23. Period of 2 cos z (x — m)an
_ 2 =
T PR 2n 2% o o 6n 30. Lety=(x+ 1)? for x> —1
HAT 1/3 1/3 = = x+ 1
= Period of their sum = 61 =2 \/;jg 1 o
» =3 i O X >
24, Since, sin”' xis defined in [-1, 1], i X=+ly 1
cos™' xis defined in [-1, 1] = )=y -1
and tan™" xis defined in R. = i) =vx-1x20

Hence, f(x)is defined in [~1, 1} 31. - f(x)> 42
25. Range of —— is (0, 1) and domain A

>
e = f(x)=4.2x

1 let=0
|og(1+ XZJE(

= f(6)=242%6
= [(6)2=25&[19 )



http://www.novapdf.com/
http://www.novapdf.com/

118

A =sin® x + cos® x

= A =1-cos® x + cos* x
= 008" X~ COs? X 4 4 4 S
4 4
2
- 2 1 8
=lcosx——| += i
( 2) 4 Al
e
where, Os(coszx—_) c . ()
2 4 -
S Az
4
1
S
J x| =x
For domain, |x|-x>0
= 13| =0%
i.e.,only possible, if x < 0.
: X € (= oo, 0)
. Given, flx)=(x+ 17 =1 x2-1
= (x)=2(x + 1) = 0for x 2 =1

= f(x)is one-one.

Since, codomain of the given function is not given, hence it can
be considered as R the set of reals and consequently R is not
onto.

Hence, f is not bijective. Statement Il is false.
Also, f(x)= (x+ 1° =12 —1forx=-1
= R = [=1, o)

Clearly, f(x)=1"(xatx=0 and x=—1

Hence, Statement | is true.

35. Since, Y = {y eN:

JEE Main Mathematics inJust 20 Days

y = 4x + 3forsome xeN}

Y =78k
Let y=4x+ 3
x—y~3
= T A
Inverse of f(x)is
()= Y
gly 2

. f(x)= 4 4+ cos™ (g = 1) + log(cos X)

Since, 4"‘2 is defined for (—g g)

cos—(i = 1) s dofinge e S
2 2

= 0<x<4

andlog(cosX)is defined, if cosx >0

= xe[o, E)
2

. For domain of f(x),

2
logyo LSX ; X ]2 0

o 5><—><221
4
= X° —5x+ 4<0
= (x=1N(x-4<0
xel 4]

t to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)
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Limits
- J1X) be a tunction of x. Ifat x= ¢ f(x) takes indeterminate form, then we
1 which are very near to ‘o, If these values
iber as x tends to a, then the unique number, so

5 mite btained called the limit of /(%] at x = aand we write it as lim f(x).

B Left Hand and Right Hand Limits

- TS PR Consider the values of the functions at the points which are VETY near to g on the
. Tt 2 f the Alues tend to definite unique number as x tends to q, then the
3 Algebraic Limit ué number, so obtained is called the left hand limit of f(x) at x=q and
> Continuity s lly we write it as f(a— = “h'n}i fitx)=— %@D'f(a - h)

Di ntisbility
By Piffecentiab op s Similarly, right hand limit can be expressed as
fla+0)= lim flx) :}l7im fla+h)
J + -0

X—=a

Existence of Limit

lim f(x) exists when
(i) lim f(x)and lim f(x) existie, LHL and RHL both exist.
x—a x—a

(ii) h’m. flx) = lim f(x) ie., LHL=RHL

x—a X—a
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Fpndamental Theorems on
Limits

It 1\12}] f(x) =1 and lim 8(x) = m (where, I and m are real

X—a

numbers), then
@) 1\152, (X +ex)}=1+m
(i1) 1\1_r}10 (X -g(®}=1-m
(i) Liina f(x) - g(x}r=1-m
(iv) lim k- f(x) =k - I

an (constant multiple rule)

f(x)

()it L,
x=ag(x) m

(vi) Ifl_im f(X) =+ = or — e, then lim Sl 0
X—a x—a f[X)
(vii) iigzlog{f(X)} =log {lim f(x)}
(viii) If f(x) < g(x), Vx, then lim f(x) < lim g(x)

X—a X—a

(e 1 (2 ) Slim () Pt

(x) lim f{g(x)} = f{lim g(x)} = f(m) provided f is

continuous at lim g(x) = m.
X—a

Important Results on Limit
1. Trigonometric Limits

sin x

(i) lim 1=lim ——
x>0 X x—0 sin X
N am X ;
(ii) lim =1=lim
x—0 X x—0 tan x
g il
e e ST, ;
(iii) lim 1=lim —
x—0 X x->0s8in =~ X
tan™"

X ; X
(iv) lim =1=lim —
x—0 X
sin x° T
HmE——— e
(V) x—0 X 180
(vi) lim cos x =1
x—0
sin(x — @)

(vii) lim ———=1
x—a D=0}

. tan(x—4a
(viii) lim Lo et
x—a X i

(ix) lim sin™ x=sin"" ¢ |a| <1
x—a

- i
() lim cos ™t x=cos ™ @ |a| <1
Xy

(xi) lim tan~! x =tan™' g, — o < @< e
x—a

(sum rule)
(difference rule)

(product rule)

m #0 (quotient rule)

JEE Main Mathematics in Just 40 Days

R eimacd SHECOS S
(xii) lim —— = hm =0

x—e X xoe= X
R S/
(xiii) lim =
x> 1/X

cos ax —cos bx a’=b

St me T T

2
l=ees i _ &

b i ] =
: xll-r?ol—cos nx  n’ x—0coscx —cosdx ¢ S
7) 2
COSHIT ael COSN XS LI

2l ———7— —
x—0 )(2 2

p
dnPimx (i AN 2o e (A
Wi = = |l 2 lifn b = |
x=0 sin nx n ) x=0 tan® nx n

' o = ab
» |im (cos x + asin bx)* =e
x—=0

5 X X X sinx
M [imicos —EOS — COS == COS ===
x—>e0 7 4 8 2 E
» lim sin x oscillates between —| to I.
X—> oo
2. Logarithmic Limits
2 3
5 X X
We use the serieslog (1 + x) = x — = + - oo,

where —1 < x < 1 and expansion is true only, if base ise.

() i 25 (o B

x—0 iXe
(ii) lim 1081 =%) __,
x—0 X

) Ty, el 2
x—0 X

3. Exponential Limits

=log,e; a>0,%1

3
Weusetheseriese"‘=1+x+ﬁ+x_+

g 21 " 31
Gl ey
x—0 5%
X
(ii) lim £ =1
x—0 X
Ax
(i) lim & =1
x—0 5'¢

=log, a

=N A #0

a X
X = 1 -lo
DAl = IIORIa)

X—a XX—GO 1+|Og0
m
» [im (”\X)i m

x—0 (] _\\_X)n__1 = =

» lim blx_ . L2
PSSO GRS eyl & — o

X~ o0

X+c
s X x
» im g EONICE)
SEREI e as fp)

MWW . N0oVADC Ol1]
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4. Based on the Form 1~

To evaluate the eXponential form 1%

g » We use following
@ It l_im{ f(%) =lim 8(x) =0, then
lim {1 + f(x)} Ve - 15 f()
X—q e X>a g(X)
or
(i) If lim f(x) =1 and lim 8(%) = o, then

X—a
’ x lim { f(x
lim { f(x)}80) = gx=a

X—a

----- Important Results
. _[ \ X
sl (=) X =g » lim [ 1+ L =e
x>0 X—>oo \ X,)
S e
* l|m0(1+m) gl lim l1+7 | =e
[ 0, =a=<i
. il Zi=
o lim & =J A
X—3 00 ) a4
___________ Does not exist, a<0

Methods of Evaluating

Limits

I. Determinate Forms (Limits by Direct
Substitution)

To find lim f(x) , we substitute x = a in the function.

X— a

If the value comes out to be a definite valule, it is the
Wit That is lim f(x) = f(a) provided it exists.
X—a

2. Indeterminate Form
g,E,DXoo,OO,ooO

stand for exactly zero but a quantity approaching
towards zero.

o — oo and 17, where zero does not

’

L' Hospital’s Rule
¥f(x) ang g(x) be two functions of x such that

) lim £(x) =1im g () =o0.

(i) both are continuous at x = a.
(i) both are differentiable at x = a.

Day ;i § Limits, Continuity ang Differnetiability

(V) "(x) and g’(x)

then lim J(x) = lim f,\(ﬂ provided that g(a) # 0.
X—a g(}d x—a g (y]

Above rule is also applicable, if lim £(x) = e and lim 8(x) = co.

X—=a X—=a

If lim L/% assumes the indeterminate form 09 or — and
x—a g’(x

I(%),g' (x) satisfy all the
L'Hospital’s rule,

condition embeded in

We can repeat the application of this rule on f‘,(/i t
lim Lll} = lim -f—(fﬁ v

>ag'(x) xoag’(x)

Algebraic Limit

Let f(x) be an algebraic function and g be
Then, lim f(x)

X—>a

a real number,
is known as an algebraic limit.

[a
— when m=n
b,
- e 0, when m < n
lim QX" +ax £18 o
111 e e — = 0
x5 = b b s DI e, whenm>pnand 2>

0

q
—, whenm>nand =2 <
0

Newton-Leibnitz’s Formula

Let us consider the definite integral
y(x) .
I(x)= [ "™ f(t) dt
O(x)
Newton-Leibnitz’s formula states that,

d i wid _pehc W alee 8
09 = F (o) {dxw(x)} FL0(9) {d_\, o |
Sandwich Theorem

FAX)< g(x) <h(x). V x e (o, B)—{a}
and lim f(x)=/= lim h(x)

X—a X—>a

are continuous at the point x = q,
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Continuity of 3 Function at a Point
A function f(x) is said to be continuous at a point x = g of
its domain if and only if it satisfies the given condition

(@) f(a) exists (‘a’ lies in the domain of f)

(i) lim f(x) exist e lim_ flx) = 11'1'[1+ f(x

or RHL = LHL.
(iii) Lim f(x) = f(a).
Continuity in an Open Interval

A function f(x) is said to be continuous in an open interval
(a, b), if it is continuous at each and every point of (a,b).

Continuity in a Closed Interval
A function f(x) is said to be continuous in a closed interval
[a,b], if (i) it is continuous in (a,b). e
(ii) value of the function atb is equal to left hand limit at
bi.e., f(b) =xlinbl_ f(x).

(iii) value of the function at ais equal to right han, dlinm
atai.e., f(a@ =X1_i)H;+ f(x).

Results on Continuous Functiong
Let f (x) and g (x) be two continuous functions at x - o they
(i) f(x) % g(x)is continuous at x = a.
(ii) f(x)-g(x)is continuous at x = a. .

(iii) f(x)/g(x) is continuous at x = g, prov1dec% 8(a) %,

(iv) function f(x) is said to ev.erywher-e cqntmuoUs, it
is a continuous on the entire real line j.e,, ()

(v) integral function of a continuous function i
continuous function.

(vi) the composition of function f and g, (fog) (x) &
continuous at x = a.

(vii) f(x) is a continuous function defined on [a,b] sugy
that f(a) and f(b) are of opposite signs, then there s
atleast one value of x for which f(x) vanishes jg,
£(@)>0,f(b) <0 = ¢ (a,b) such that flo) =o.

! »f ana f(x) does not exist, then we cannot remove this

;’ discontinuity. So, this become q non—removable discontinuty
or essential discontinuity,

P F (%) is continuous at x = c and g(x) is discontinols at
X =g then

) f+ g and [—g are discontinuous.
(i) f-g may be continuoys.

Y If f and £ are discontinyoys at x =g, then f +g,f-¢
and f - g may still pe continuoys,

Differentiability

The function f(x) is differeqtiable at a point P iff theFe
exists a unique tangent at point P. In other words, f(x) is
differentiable at a point P iff th.e curve.does n{)t have P 55 5
orner point i.e., the function is not differentiable at those
;oints on which function has holes and sharp edges.

s
= f(x)=x-1
- F00= 1
*;X

X"*oi SRR

ina ngvaPDFE (http://www.novapdf.com/)

Differe H L4 L]

ntia .

Point bility of Function at a

A fungtigy, e

and righy hang fiéggxfaot?:eglfferemiable at x =, if left hast 5

at ¢ exist and are equal.

Eg gt e
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Right Hand and Left Hand Derivative

Right hand derivative of f(x)

_ fla+ B~ f@

=0 h

Left hand derivative of f(x)

i [12=1 10
said

A function is

to

be
f'la+0) = f*(a - 0) = finite. The common limit is called the derivative of f(x)

at x=a denoted by f’'(a-0) or f'(a) is

differentiable

at x = a denoted by f’(a+0) or f’(a") is

(finitely)

at x= adenoted by f’(q) i.e., f’(a) = lim o f(a).

X—a

Results on Differentiability

1. Every polynomial, constant and exponential function is differentiable

at each x € R.

2. The logarithmic, trigonometric and inverse trigonometric function are

differentiable in their domain.

3. The sum, difference, product and quotient of two differentiable

functions is differentiable.

4. If f is derivable in the open interval (a, b) and also at the end points a
and b, then f is said to be derivable in the closed interval [a, b].

X—a

6. If a function is differentiable at a
point, it is necessarily continuous
at that point but the converse is not
necessarily true.

7. Absolute functions .are: always

continuous throughout, but not
differentiable at their critical
points.

at xi=a Wik

» If a function is differentiable at a
| point, then it is continuous also at that
| point.

» If f(x) and g(x) both are not
differentiable at then the
product of function f(x)-g(x)can be
still differentiable at x = a

» If f(x) is differentiable at x = a and
g(x) is not differentiable at x =aq,

X =q,

then the sum function f(x)+ g(x)
also not differentiable at x = a

»If f(x) and g(x) both are not
differentiable at x = q, then the sum
function
function.

differentiable

may be a

5. A function f is said to be a differentiable function, if it is differentiable
at every point of its domain.

Continuity and Differentiability of Some Standard Functions

Type of Functions Curve Continuity and Differentiability
Identity function 09 =
Exponential function f(ix)=a“,a>0a#1 Continuous and differentiable in their domain

Logarithmic functiop '

Sine function

)
)
f(x) = log, X; X, a>0anda # 1
—Root function o f(x) = Vx Continuous and differentiable in (0, )

Greatest integer function f(x) = [x] _ " _

Least integer function f(x) = (x) 3}?efi;r:2:gléntegral value it is continuous and
_Fractional part function | 100 ={x} = x=[x] 'S on Lty RS :
e e x| [—1 o 0 Continuous and differentiable everywhere except

Signum function L diends 1 10 25 8 at x=0
R e T 1 y = sin X

Cosine function y = COs X

Tangent function y =tanx

Cosecant function y = COSEC X Continuous and differentiable in their domain

Secant function y = Secx

Cotangent function y = cot X L ey L b SN )i

Arc sine function y =sin"' x

Arc cosine function y=cos™x

Are tangent function y=tan™'x

Arc cosecant function® y = cosec = Continuous and differentiable in their domain

Are secant function y=sec' x

Are cotangent function y=cot™"x
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Practice

3
) =cot’1[ -

. lim [wlx+\/x+x/——\/7}lsequalto

() 0 ) 5
(©) log2 (@) o

L I £ =38x1% = 7x8 + 5x® —21x® + 3x® -7, then the value of

jion, A= R

h—0 h%+ 3h
o) 2 (b) 22
3 3
22
c)Nil8 @) ==
(© (@) e

_If #/@2)=6 and ¥ ()=4, then lim floh + 2 +1°)=12) i
hS0 f(h = h2 + 1)

equal to
(@) 3 (b) -3/2
(c) 3/2 (d) Does not exist

sinx cosx tanx|

4. 1= x® X x|, then lim L);) is equal to
x—0 X
2X 1 1
(@) 3 (b) =1
(¢) O (d) 1

Bave [ 1= X°
: XZ] Sl i) =00 1(H xe} b
3X )

f(x)=1@) \where 0 <a< % is equal to

fam ===

x—a g(x)— 9@

3 b
(@) 20+ &) ) 200
3
= Ele=
© > 2

2 x<0
6. I1f(X) ={ . ,then

|1—x1, x>0

(8) f(x)is differentiable at x =0
(b) f(x)is continuous at x= 0,1
() f(x) is differentiable at x = 1

DAY

7. The function defined by
“ x =3, =l
f(x):]‘. i s b3 ><<1
L4 2 4
(b) continuous at x =3
(d) All of these

(a) continuous at x =1
(c) differentiable at x =1

8. lim sin[ryn® + 1]is equal to
n— oo
(@) e (®) 0
(c) Does not exist (d) None of these

r il
9. f(x):w[“XICOSL;) X s
10, x=0 [NCERT Exemplar]

(b) continuous at x=0
(d) None of these

(@) discontinuous at x =0
(c) Does not exist

10. If f is strictly increasing function, then !nm i{_)-—)—_%(ﬁ\—\ '§
f(x)—1(0)
equal to
(@ 0 (o) 1 (c) —1 (@ 2

11. For what value of k, the function

i aih
]*——-—f, if—1<x<0
1=t ‘ is continuous at
; if0<x <1
X=2
=07 [NCERT]
1 n
A b) 1 = 1
(@) - (o) (©) 5 (d) 5

12.1f x>0 and g is a bounded function, then

). nx T [

nlimw w is equal to

(@) 0 (b) f(x)

(c) g(x) (d) None of these
X+ 1

13. The value of lim e is
x—e | 3X + 2
@ e® (o) e72/3
(©) e (@ e

e
’

: tﬁm\g\
\al\

=1\
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R | 008 x] S " 5 ' . 5
14. hm ;x% L, where [ ]is the greatest integer function, is
s O

@ 1 (b) 0
{o) Does not exist (d) None of these
“'x‘ Sir : 0
% sin—, X#
15. Hf(x) =1 X , then
{0 ¢ =0
@ fl0+ 0y=1 (b) f(0-0)=1
() f(x) is continuous at x =0 (d) None of these
logla + x) —log a log x =1
16. 1 m ,J, S i 2 =1 then
X x50 X —@
o 1 :
(8) k=e|1-—| (b) k=e(1+ a)
\ a)
o) k=e@ -2a) (d) Equality is not possible
:—‘Al )
Q.0 fix)= “}; 0, x=0 and g(x)=sinx +cosx, then the
i xe0

points of discontinuity of f{g(x)} in (0,2m)is

[ 3m) (3 77) [ 5 Syte 1L
(a) JE f’,,«; (b) 2 ‘j T‘l, (©) J?n Ttl (d) J 1 ‘K}
2" 2 | \ 2" 4 B L4’ 3]
18.1f f'-R—>R be a differentiable function having

; 0 a4t
— iaen, I|m 28 fseeuelio
48 2

fl2)=6and ' (2)=

— 2

(d) 36

(a) 12 (b) 18 (c) 24
(X X 50N
19. The value of lim cos L fJ cos ( )cos .. COS kd” is
n— e 2 8
(@) 1 ) L
X
(©) - S (d) None of these
sinx
20. The domain of the derivative of the function
{tan”x, =
0. (x>
o) . x>
HER
(@) R-{-1} (b) R
(c) R —{-3} (d) None of these
[Ix]+3 ifx<=3
21. f(x)={ —2x, if-8<x<3 s
[NCERT]

|6x+2 i x=3
(a) continous at x = -3and discontinuous at x =3
(b) continuous at x=-23,3

(c) discontinuous atx=-3,3
(d) continuous at x = 3and discontinuous at

A2l ‘
22. The value of lim (Mﬁ_) (where a, b, ¢ >0)is
x50 3

x=-3

(b) abc
(d) None of these

(a) (abe)®
(C) (abc)wa

T2b

23. The value of the constant o and P such  that

X2 +1 :
im | 2 —ox =B | = 0 are respectively
xRl

X-=> 00
(@ (11 () (=11
e =1 (d) (01
24. If f(x)=[sin x]+ [cos ], x € [0,27]; where f ] denoté‘s the
greatest integer function. Then, the total number of points,

where f(x)is non-differentiable, is

(a) 2 (b) 3
(©) 5 (d) 4

Directions (Q. Nos. 25 and 26) If f(x+y) = f(x) + f(y) for all
f(tanx) _ 2f(5inx)
. then

; 1 = Nl
x,y € R and f()) =1and g(0) lim e
25. the value of f(x)is
(8) x (b) x*
(©)¥8% (d) None of these
26. the value of g(x)is
(@) log, 2 (b) %iogﬂ
(0) 2log, 2 (@) log. [%)

Directions (Q. Nos. 27 and 28)

2 XGRS x<0
Let o=
| x=1|, x20
d ) Xk 1, x<0
an ) = X
g (x=0°+b, x=0

where, aand b are non-negative real numbers.

27. The value of a, if (gof)x is continuous for all real x, is

(a) -1 (b) O
@) 1 (@) 2
28. The value of b, if gof(x)is continuous for all real x, is
(a) =1 (©) 0
(€ 1 (d) 2

Directions (Q. Nos. 29 to 32) Each of these questions contains
two statements : Statement | (Assertion) and Statement Il
(Reason). Each of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (a), (b), (¢) and (d) given below.
(@) Statement | is true, Statement Il is true; Statement Il'is @
correct explanation for Statement .

(b) Statementis true, Statement lliis true; Statementll is not
a correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.
(d) Statement | is false; Statement Il'is true.
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29. Statement | The function
f(x)=(3x - 1)| ax?

4 =12x + 5|cos nx s differentiable  at

1
X=-—and =
€ 2

Statement Il cos@n + ) X = ¢ v 1 ¢
5=0, .

30. Statement 1 lim V1-cos2x

ey e e does not exist.

O<x<m/2

Statement Il | sin x| = { sinx,
—n/2<x<0

—Sin x,

31. Consider the function f(x):-f%, where { } denotes the
X

fractional part function.

Statement | f(x) is discontinuous for integral values of x.
Statement Il For integral values of x, f(x) is not defined.

32. statement | f(x)=|log x| is differentiable at x = 1.
Statement Il Both log x and - log x are differentiable at
x=1

33. The limit of the following is

J1-cos(x? —10x + 21)

x“TS (x—3)
(8) =22  (b) @)"* E e e S
= f)at
34. limn 0 = is equal to
> 2
kT

2 2 41 4f @

@) .g f(2) (b) = 1(2) () ;f(2) (d) 4f@)

JEE Main Mathematics i j..; 40 Days

35. If f be twice differentiable function satisfying (1) =1, @)

3
f(3)=9, then

{

(@ f(x)=2, V¥ xe(R)
(b) 7'(x) = 5, f(x) for some x € (1, 3) I
(c) there exists atleast one x e (1, 3) such that 7“(x) =2
(d) None of the above
36. If |im L@ X =tanXISINMX_ g \where n is non-zerg reg|
x=—0 x2
number, then ais equal to
n+1
(a) 0 (Bl
A 1
d) n+ —
@ n (d) n -

37.If f:R—> R be such that f(1)=3 and 7 (1)=6. Then

Nil7ex:
lim (&Q{—)] is equal to
x— 0 f(1)
(a) 1 (B)fe's
() e? () e®
38. The left hand derivative of f(x)=[x]sin (mx) at x =k, k an
integer, is
@ 1 k=1 ®) ) k-1
(©) (=1 km @) = e

39. Let f:R— R be any function.
g(x)=|f(x)| for all x. Then, g is
(@) onto, if f is onto

b) one-one, if f is one-one

¢) continuous, if f is continuous

d) differentiable, if f is differentiable

Define g:R—>R by

(
(
(

AIEEE & JEE Main Archive

e T T s
40. The value of Xll_q\o 4 B ) 4 [JEE Main 2013]
(d) 0

i ()2
(@1 b) =5

=1—| x|, then the set of all

i3 d g(x
=l iy [JEE Main 2013]

. Let f(x) | '
% ( here fog iS discontinuous IS

points W (b) {0.1.2}
(a) {0: 2} (d) an empty set
(c) {0}

a composite function of X defined by
e

. t "f-—-—-——--—-—"‘2 U(X) T e en, the nu ber of pOil ts
B y = i Th m
fx(‘ ) e n i [JEE Main 2013]
where f is discontinuous IS :
(a) 4 b) 3 c) 2 d

43. Consider the function

f)=X]+[1-x|,-1sx<3 wh

: ; ere, [x] is the greatest
integer function.

Statement | f is not continuous at x = 0,12 and 3.

=G0 S = =0
Statement Il f(x) = s Q= i
T
2808 B Diciasg [JEE Main 2013]

(8) Statement |is true; Statement || is true: Statement Il is @
correct explanation for Statement |. :

(b) Statement | is true; Statement I is true: Statement Il MV
correct explanation for Statement |. '

() Statement | is true; Statement Il is false |

(d) Statement | is false: Statement Il is true: |
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(1 cos 2X) (3_+_co_qx)

44. l is equal to
: X tan 4x [JEE Main 2013]
@~ b) 1
5 () >
@1 (d)2

45. Consider the function f(x
Statement | 7 (4)=0

Statement Il f is continuous in[2, 5]and differentiable in
(2,5)and f(2) = f(5). [ALEEE 2012]

(a) Statement | is true, Statement Il is true; Statement |l
is a correct explanation for Statement |

X)=|x-2|+|x-5|,xeR.

(b) Statement | is true, Statement Il is true; Statement |l
is not correct explanation for Statement |.

(c) Statement | is true; Statement |l is false.
(d) Statement | is false; Statement I is true.

46. Iff : R— Ris a function defined by f(x) = [x]cos (gle) T,

where [x]denotes the greatest integer function, then f is

(@) continuous for every real x [AIEEE 2012]
(b) discontinuous only at x = 0

(c) discontinuous only at non-zero integral values of x

(d) continuous only at x = 0

47. Iim2 (/Wﬁj is equal to

X —2

JAIEEE 2011]
(8 2 (o) —~2
1 :
©) — (d) Does not exist
) &
48. The values of p and g for which the function
sin(pil)dxﬂusin{ 2
X
f(x) = g9, . x=0
e 7o
x3/2
is continuous for all xin R, are [AIEEE 2011]
3 1
5 1 e St
(a)p=5,q=—2— (b) p Sl=s
1 3
3 3 =
(C) p:E,q=§ (d)P 2q 5

49. Iff:(-1,1)—> Rbea differentiable function with £(0)=—1and

£(0)=1.Letg (x)= [f{2f(x)+2}] Then, g’ (0) is equal to

(a) 4 (b) —4 [AIEEE 2010]

) 0 (cl)Se

50.1f f:R—>R be a positive increasing function with

lim M:LThen, lim f_(2_)_Q is equal to
x> f(X) x— e f(X)

(@ 1 (b) 2/3

(c) 3/2 (@ 3

[AIEEE 2010]

51. Let f:R—?R be a continuous function defined by

F(x)=—

ef+2e7" 1
Statement | f(C)= 5 for somec €R.

y
Statement Il 0 <f(x < ‘forallxieRs s
) o - ATEEE 2010]

(a) Statement | is true, Statement |l is true; Statement Il'is a
correct explanation for Statement |.
(b) Statement | is true, Statement Il is true; Statement Il is not
correct explanation for Statement l.
(c) Staternent | is true; Statement Il is false.
(d) Statement | is false; Statement Il is true.
52. Letf(x) = (x—‘l)sin;1_—1, ifibeeEil
0 Jfx =1

Then, which one of the following is true? [AIEEE 2008]

(a) fis differentiable at x = 1but notat x =0

(b) fis neither differentiable at x = 0 nor at x =1
(c) fis differentiable at x = Oand x =1

(d) fis differentiable at x = 0 but notat x =1

53. If f:R— R be function defined by f(x)= min {x+ 1|x|+ 1.
Then, which of the following is true? [AIEEE 2007]
( ) fix)=1forallxeR
(b) f(x)is not differentiable at x =1
(©) f(x)is differentiable everywhere

(d) f(x)is not differentiable

54. The set of points, where f(x) = TXT—l is differentiable, is
+

X [AIEEE 2006]
@) (=0, =N (=1, =) (b) (=0, =)
(©) (0, =) (d) (=22, 0) U (0, o)

55. lim isec2 l+ isec i+ + - sec?1]is equal to
il n® 72

N—> n

[AIEEE 2005]

1

(@) 5 tant (b) tani

1

1
c) —cosec d) —sect
() 5 (d) 5

1—tan x i T
56. Let f(x)= X #E—, (03, = 1L A i i i
(%) i X i xe{ 2} f(x)is continuous In
\:O, E-J, then f LE) is equal to
2 4l [AIEEE 2004]
1 1
a) 1 b) — c) —— d) -1
@) (b) - © 5 (@
57. If lim (1 Hhip =e2 then the values of aand b are
X—¥eo X [AIEEE 2004]
(8) aeR beR (b) a=1beR
() acR b=2 d) a=1b=2
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e o i P2 Pt 0 i equalio
58. 1 00=3xe ™M Xy .0 then f(x)is PRI P ’ [AlEE“OOZ)
= b 1-p
| 0 x=0 JAIEEE 2003] e - & =
(@) continuous as well as differentiable for all x ;13+ 1 (d) !
(b) continuous for all x but not differentiable at x = 0 O e b
(6) neither differentiable nor continuous at x = 0 £ il
(d) discontinuous everywhere
Answers
1. (b) 2. (a) 3. (a) 4. (d) 5. (d) 6. (b) 2 ®) S e
11. (d) 12. (b) 13. (b) 14. (a) 15. (c) 16. (a) 17. (b) () el e
21. (a) 22. (d) 23. () 24. (o) 25. (a) 26. (b) 27. (c) 28. (b) 29. (a) 30. (a)
31 (@) 32. (d) 5L (@) 34. (a) 35. (¢) 3. ()  37. ) 38. (a) 39, (O ottt
41. (@)  42.(d)  43.(b) 44 (d) 45 (b)) 46.(c) A7.() 48.(»)  49.(b)  50.()
51. (a) 52. (d) 5 (@) 54. (b) 55. (a) 56. (c) 57. (b) 58. (b) 59
Hints & Solutions
Lo [ i -] 2 B =
X— oo X—> oo \y‘XF\r\*‘\/Xﬁ'\X 1—3‘[6\0 e /
== — f(8) = cot™'(tan36)
= i = — cot-"cot ( 39“:5‘
[ ] ‘ :
- i - 1@)=-3 U
iy B R and g®)=cos™ jw—iap:ie
L 1+ tan<@
2 = :
=c c =
e i 0s™ (c0s28) = 26
2. lim = = lim e g'®=2
H ) h‘$+3h h— 0 — /] he + 3
% ] f(X)— f . 00—
:lnm,(ijz‘%ﬁ oW, X“HL( x ; (Gi]‘ Ul [ & f@wx*"—#;?
== d=dEp SR (q(x);,g,ﬁa'}
X—a -a )
3. lim w 1 i
e R
. ‘
_ . feh+2+ h)R+2h) _FR)x2_6%x2 4, e*, x<0
Ty R _ f)x1  4x1 LR
n—>0 f(h—h? + )(1-2h) () 6. f()=41-x O<x<1
45 f(x) = x(x — N)sinx — (x® = 2x°)cos x = x° tanx o
R A _x8 2x2C0S X — XSinX
— x?sinx — x°cosx — X° tanx + 2x Tod) Rf’(0) = lim fw: lim fi e - 1
lim &;)z fim [sinx—xcosx—xtanx+2003x—7) g . ik Sl
| Wi xo0 LE©)= lim 1O=N-fQ) _ . e _1
=2 —d= i -h __heo —-h S

(ESts

5. f(x)=cot" (1

On putting x =

)and gx) = c:os"[1

tan 6in both equations, we get

2 .
__—_x? ) So, it is not differentiable at x = 0.
1+ x
Similarly, it is not differentiable at x ~ 1 but it is continuous

X=0and 1
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Qinte o 5 Q
. oiNCe, X - 3| = x JIT\?BGH(HX~3\:~X+ 3 fx< 8
i Ihe given function can be defined as
R T
=-S5 18 -
T e e
\\‘:"\‘ 3-x, I€$x<3
| X 3 X &
\
[x 3
e X<
= X 1 1€ x<3
X223
At x =
LHD = = IRHD = f'(1) = —1
8. S m| 1+
{ \
S g8 ) = 7 i S ’l
2n 8n J)
= |
nm Yyl (Y it ,‘X'(
1 ‘l ]
il el
2r 8n
9. We want to check the continuity at x = 0.
: . : 1
LHL= lim f(x)= lim f(0O—h)= lim |-h|cos| —
! \=h
— im hcos =0xcos—=0 (. —1<cosx<1VxeR)
: A 0
1
RHL im r 0+ 1 ~)5( ]
; \h)
A
= lim|hlcos| 1 = |lim hcos i = 0xcos 0
H—0 n Lag h g
and f(0)=0
Thus, LHL = RHL = f(0)= 0

e the function is continuous at X = 0.

= "f""f’,’f’,) (gform]
50 f(x) - 1(0)

10.

lirr 2xt () - 1'% (using L' Hospital's rule)
i A
x40 7(x)
O T
=~14 lim 2/€~(X—)=—1

=0 f{x)
(.- £/(0) % Oas f is strictly increasing function)

11. Given that, the function is continuous.
At x=0,
s LHL= lim ()= lim 0-F)

x—0"

o

Day 11 Limits, Continuity and Differnetiability

= lim YI=kh -1+ kh

h—0 -h
= (ﬁ:7h~‘/1+l<?)x(«/1—kh+ 1+ kh)
h=0 —h (1—kh + 1+ kh)

= i o MO O

h=>0-h(1—kh+ 1+ kh) 2

RHL= lim f(x)= lim f(0+ h)= lim =
x=0"* h—-0 h->0 Hh-2 2

Since, f(x)is continuous, so k = «%.

12. Given, x> 0and g is a bounded function. Then,

nx
im X)€" +909_ o f X g(x)
=i e™ +1 n— e 1+( 17) e™ +1
nx
:>f(4)+ Finlte:f()
[ oo
X X+1
18 mime [FESE A li (3x+2-6) 3
X—yeal\( 3X -2 X—ML 3x+2
Xl
g I
xoe|  3x+2

565 ok
3x+2 f3x+2 3

6 -6
lim [[1-
X ( 3x+2j

j?(>L+1)
= lime 3*¥+2 —g=2/3
i =2Abeab )
XS Xt 2
14. RHL= lim = Im |x|°=1
x— 07 x>0
LHL= lim [-x|°= lim 1=1
x— 0~ x— 07
e Rl b =1U R

o lim | x| eos X =4
x— 0

15. lim f(x)= Xsinl —1<sint < x>0

x—0% X X
lim f(x)=0, lim f(x)=0
x—>0* X~ 0"

Hence, f(x)is continuous at x = 0.
16. Letf(x)=logx=>1"(X)= !
X
Therefore, given function = '(a) + kf'@e) =1
ek

= —+—=1
a e

AMWW. N0
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1 ;
19.¢ Ko (x)} l O<x<3n/a or 7Tnia<x<2
] = 3n /4, T /4
‘ 3N/ < x < < 71/4
Stearly, [/{g(x)}1is not continuous at x = 2% 7%
e 4' 4
18 J a3t
lim *6 . St
8. lim ——= lim HAX)} x F(x) 0
g X =2 §00 1 (f form
0

= 4{f@)}°

19. We know that

COSA-COs2A

COS4A..

xf'@2)=18

Coa2 1A = sin2"

2"sinA

Take A = ) , then
gl X 5
oS | cos | ] coJ[dJcos( J: S
‘. \ & /
= 2" sin| /
) os| 2 \()‘[ J cos( Al §
4 ) 2 \21)
sinx _ i Sinx x/2" _sinx
e xsin(x/2") X
2 F x< -1
20. [(x}=2 tan"'x, -1=sxs1
s 5
*(x) x<
IR
I X1
2
ff(-1-0)=— 1
2
f(=1+ 0) = 1 N 1
=l 0 "2
1
f/(1-0)= iy
(-0 2
2 1
and F(1+0)= -
2
Hence, (1) does not exist.

. Domain of (%) = R -

21. Polynomial function 1S al
the continuity only at x =

{1
ways continuous. So, we have to check
~3and 3.

(x| + 3 if x< -3

Here, f(x) = J -2 X,

H—J<x<3

16x+2 if x=3

For x<-3fx)=]x+3
Gx+2is a polynomia

f(x)=

given interval. 8o, we have
f : and 3.
] ii;
&

Print to PDF without th

_3< x< 3 f(x)=-2x and x>8
| function, so it is continuous in &
to check the continuity only at x = -3

25. Since, f(x + y) =

At x=-3 LHL= lim f(x)= l|m (|x|+ 8)
,Iurp( [ 53/7| + 3] % hm(6+h)
RHL= lim 1 f(;): Iim ( 2X)
& e ?hm(; 2(— 3+ /7) Itm (b 2h)=6 |
Also, ft:-f%);l—Sl el=1a (2 f(x)=\X|+3)

.. LHL =RHL = f(=3)
Thus, f(x)is continuous Zit == 8

hm f(x)= lim (=2x)

x—3

’i‘m 2(83—h)= 1|m( 6+ 2h)=-6

At x = 3 LHL =

RHL= lim f(x)= lim (6x+2)
lim [6(3+ h)+ 2] = lim (18+ 6h+2)
hey 0 h—0
— lim 20+ 6h) =20
h—0
EHISZ REHE
Thus. f(x)is discontinuous at x = 3.
$2
Lt gves i | * J
[
| | + b”* +( \
log lim =log ‘
B |
)
> ) b )—log3
X -
Apply ia
a 0
¥ z
1
ogy = log(abe
= y =(abc)®?
23. lim ( ,"{': 1 \
. | p
S —ax—B |=0
LA E [ =
e (1 — oy)
5 i S e XU s B ERID)

X+ 1 ; ‘.
1-0=00+B=0 = a=1p=-1 ‘

24, [sinx] is non-di
SRIERRLA on-differentiz :
ifferentiable at XZTTE‘n'gn and [cosA] B

non-differentiable at x = g 37[and 2 |
oy AR TT. ;
2
Th |
us, f(x)is definitely non- differentiable at x = . 3’ 0 ?
2

Also, f(E ) 11T
= =1 f(\é - 0): 0, f@n)=1, fon - 0)=~1
Th is
us, f(x)is also non-differentiable at x = * and 2%
2
f(x) + f(y) for all x,y e R

xf(1) for all x eR SR 1 (x ﬂmes)}
xforall xe R i )= 1g|ve

< f(X) S
= f(X) =
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; fitan x) f(sin : :
26. Now, g(0)= lim 2" =2""0 _ sunx _ g,
el TR e lim e
X) PRSI
= lim @fﬁﬂx ~1).28nx
et X2 sinx

3 tan x - sin x ;
= lim @S - 1}.w.25inx

=0 (tanx - sinx) X2sinx

= (log, 2)[%20) ( lim fanx —sinx _ 1
=0 x2giny

1
=—log, 2
5 Ge

27. Since, (gof)xis continuous,
So, g(x) and f(x) are also continuous.

Then, f0)= lim f(x)= lim (0= h)
X—=0— h—0
= 1:Hm(0~h+a):a
h— 0
2=

.90~ 1p 609~ Jm g0~ = im (0~

= 1+ b=1
o=x()

29. Statement | is correct as though |4x% —12x+ 5|
non-differentiable at x = Zland 2§ butcosmx = 0those points.

So, f’(lj and f’(ﬁj exists.
2 2

fiCEE . oo
X—>

30. Since, lim
x—0 X X
lim ﬂ, 0< x< 7R
=P x>0 x
lim X _gp<x<0
x—=0 X
i 0< Xx<mR

:@{-1, -2 <x<0

Hence, LHL = RHL

3L Ifxe/ then {x} = 0
Hence, f(x)is discontinuous for integral values of x.

—logx x <1
32- f()():{ ]OgX’XZ']
S x <l
f'<x)={ e e

X
(1) =-1and f'(1") =1

Hence, f(x)is not differentiable.

5 2 _10x +21)
33, Y1-00s(* ~10x+2)

X—3 (X = 3)
ﬁsing—:w
: 2
% x'E;nS (X s 3)

(X = 8)(x~=7)
2 sm-»_w_zh_-» iy

o3 (BT

2
Sm_(f‘_i%ix;‘l) ’
= |i —7) i PRCSREE U /(<R e K
s N e ¥
2
= (2)3/2
2 lim f(sec? x)2sec x- sec xtanx
J.sec Xf(t) o ( )
34. |m %dt: 4
X—n/4 XZ_TE,, 2X
16

= %: §f(2)
4 &

35. Let g(x) = f(x) - x
S0, g(x) has atleast real roots which are x = 1,2and 3,
Since, g’(x) has atleast two real roots in x e (1, 3).
So, g”/(x) has atleast one real root in x e (1, 3).
=7(X)-2-1=0
Hence, ”’(x) = 2 for atleast one x e (1, 3).

- @(J_sinnx 5

36. Since, limO [(a —n)n

X X
= [(@-=nn-1ln=0
= (@=nn=1
a=n+ i
n
f1 1/ x
37. Lety= il 2
f(1)
= logy = logf(1 + x) ~ logf(1)]
X
- " 1
=> lim logy= lim 1+ x
x— 0 9y x—)O[f(‘].'. X) ( ):]
; ') _ 6
= lim logy="7/=2
X—0 9y f(‘]) 3
: 3 A
Xlgnoy—e

38. If xis just less than k. then [X]=k -1
f(x) = (k — 1) sinm x
LHD of f(x)= lim & =1)sinmx — ksinmk
X—k X—K
= (k = 1) sinmx
X— k X
k = )sinm(k — h)

= fim
h—0 —-h

= (k= 1)1

. where x=k - h

39. Leth(x)=|x]. Then, g(X) =|f(x)| = h{f(x)}

Since, composition of two continuous functions is continuous

and g is continuous, if f is continuous.

NLUD L/ WWW . NOVADQ
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']
= lim —Jtgn- X_il 5 1
Ay l ¥ tan (1)}
[ 1’]
= lim —.tan-1)2X +1 )
X=0 T
X G 1 X+ 1
2X 41

= fim L. tan ‘T(iij —2x-1)

e 0
x>0y N Z;}:EJ (form -

(Using L'hospital rule)

= .“mﬁ o R {[_%[1422 = ZZ
e | U (ax+2p

(4x + 2)?
=iy = 2 | 7

PO E (DD o)R

(+2) =D

—1
0+0+27 4 2
1+ x x<0
41. g(x)=
Q(X) ‘1_/‘{‘ XZO
IEABGHITR =0
f{ :J ‘ &
{g(x)} l1+’_x_1f, x20

Jf1+1-xx X<O_J2—X, x<0
"l x+1 x200 2+ x x20

It is a polynomial function, so/it is continuous in everywhere
except at x = 0.

Now, LHL=lim 2 —x =2

x—0
RHL = lim 2 + x =2
x—0
Also, f(0)=2+ 0=2
Hence, it is continuous everywhere.

42. The functionu = f(x) = 5, o is discontinuous at the point x = 1,
. xX—1
1 a8 1
U (U 2) (V=)

The function y = gu) =

is discontinuous atu = -2 andu = 1.

When U=—2=>——1— =2 =X =

1

N —

1
:1:)———=1:$X=2
When u ey

Hence, the composite function y = gf(x) is discontinuous at

1 —
three points, x = o x=1and x=2.

43. |. We know [x]is discontinuous for every integer valyeg of

f(x)is discontinuous for x=0, 1,2 and 3.
—14+1=x% —=<x<0

0+ 1-x 0= 2=l
Il fx) =<1+ x—1, IR<EXE <2
D=1, 2i<t X <18
e x=3
- X, -0 < X< 0
1-x OF = Xo<'
= X i & = 2
X+ 1, 2= < 8
5) =3
) - 2X) (8+cos x X
LU = g U2 J.
X=0 X 1 tan 4x
2sin®x 8+cosx  x
:hmﬁr-—_._ﬁ
X200 1 tan 4x
. 2
:2Im1(ﬂﬂiJ<wa3+COSX}Hm X
X—0 X x—0 x—=0 4tan 4x
o
4
45'-‘-f(X):fX—2[+JX_.5|
E=29)5 (5=, x<p
= C=2)-(B=2), 2=x=5

(X=2)+ (x—5), %=
J? =254 X<2
= 3 2A<Pi<5
12)( =7 X415
We can draw the graph of f very easily.
Y

,V=7—2x\‘r

Now,

y=2x-7

Statement | (4)=0
Itis obviously clear that, f
X=4, hence, (4) = o,
Hence, Statement | IS correct.
Statement || It can
(i) fis continuous,
(i) f is differentiap|
(i) f2) = f(5)=3
Hence, Statement |
correct explanation

is constant around

be clearly seen that
Vxel 5]
€ Vxe@ 5

is also correct but obviously nota
of Statement |.

o fo)=1(7)
Hence, fis col
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46. Now, COSX IS continuous, VxeR — COST [x - 1)

continuous, V x € R.

Hence, the continuity of f depends upon the continuity of [x],

then [x] is discontinuous, V x e /.

So, wa should check the continuity of fat x =, V 5 e/

LHL at x = nis given by
fin")= Iimi f(x)

X=n

is also

= lm_[x]cosm Lx - l]: (n—1)cos@1=Nx _,
X—=n 2 2
RHL at x = nis given by
f(r")= lim_ f(x)= lim [x]cosw (X,_ 1]
x=»n™ Xx—=n" \ 2
iy
= (n) cos (Ll,l), &= 0
2
Also, value of the function at x = n is
f(n)=[nlcosm (e (n) cos en-1r _,
W 2 2
f(n™) = f(n") = f(n)
Hence, f is continuous at x=n, V. n el.
o) B aen o
47, |im QMJ = |lim ,\,2, M,,,J
g2 (x=2) x— 2 (x=2)
oG 2)] 22|
(=2) (x=12)
RHL at x =2,
fim M21sn@+h=2)| _ o J2Isinh] _ ;) ¥2 Sink
h— 0 (2+h)_2 h— 0 ) h— 0
LHL at x =2,
jim Y2lsin@ =h=2)_ iy V2 [sin (= M)
h—0 @-h-2 h— 0 —h
— |lim l/cﬂnﬁ:_ /2
h— 0 =0
So, the limit does not exist.
[
w =0
X
48. Here, f(x) = ol x=0
n
e
3
X2

Since, f(x)is continuous for X € A.
So, the function is continuous at X = 0.

RHL at x = 0,

[ 2 rfh+1-=1
fim A0+ A2 =B VPR
JES —T Heso h/h

\/ﬁﬂ+1

(e
= lim —-—T‘ W+1

Day 11 Limits, Continuity and Differnetiability

—

X = 1 X
_ i -,TL-—:— (i)
h>0 p{ i+ 1+ 1 h=0 [AxT+1 2
EHEarx =10} f |
im Sin(e+ NEh+sinEh) _ o sin(e+ 1A sink
s 0 i BegiOn e /7 o
=(p+1)+1=(p+2) (i)
and f0)=q e
From Egs. (i), (i) and (iii), we get
1
_=—g=pD+2
5 P
ety
T 2
. We have, f:(-1,1) — R
(@)==1 f(0)=1
g(x) = [f{2f(x)+ 2}
= g/(x) = 2[f{2f(x) + 2} ]x F{2f (x) + 2} x 2f*(X)

g/(0) = 2[f{21(0) + 2}]x f{2£(0) + 2} x 2f*(0)
2[f(0)]x F(0)x2f(0)=2x (—1)x 1x2x 1= -4

. Since, f(x)is a positive increasing function

0 < f{ f(2x) < 1(3X)
f(3X)
= 0<l< coraNad
f(x)
(2200 T (8X)
= [im 1< lim 2 < lim ——
X— o = (X > e f(X)
SRS S _ f2x)
By Sandwich theorem, lim =
X e f(X)
()= —
i o 2
Eeh x
e
Using AM > GM,
e*+ 2 1/
i 2{@\'24\ ase’ >0
2 \ eXJ
= e*+ 2‘ >22 = 0< 17-7 < ,L
e’ el V2
o
0<f(X)<— WxeR
22
Hence, Statement |l is true and Statement | as for some ¢

€% +2)e* —26%% .0 °

) =——
€e* + 2)°
= FX)=0 = e +2 =202
= e =2 = eX=nfp
Maximurn value of f(x)= Y2 = _1_ 7
4 Y
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B ! Tk A

N

G flg= e o

22
Since, O Ll
3 op or somec-eR
f(C):l
3

52. Now, ()= lim A=A =1
h—0

(1=h—1)-sin (,‘ 171_ 0
= lim il=l=1

h—=0 —/'l

= lim Sin/ N li ol
= —— =~ lim. sin=
h—0 k h h— 0 h

and  f(1")= lim w

h— 0
(+h-1)sin| - il 0
; 4k =1 : |
=lim = lim sin—
=0 h h=0

G 22 7))
Hence, f is not differentiable at x = 1.

O+ h+sin[ — 1| —sint
0+ h+1

Again, now f(07) = lim -

1 7
- {(h + 1)608(5;71}( [(h+1)2 )J,
1

+ sin

h+1

h— 0 =1
(using L' Hospital's rule)
=cos1—sini
A il d
02 = NSl = ——— [|=S
( ) [O + h— 1)

andl #(O0)= Im—————————~——
h— 0

h
(h - 1)cos (Pl +sin[J—j
=1 \{o="1F h—1
= e =

h— 0 1 -
(using L’ Hospital's rule)

—cos1-sint
N (on) =T (0%)
Hence, fis differentiable at x = 0.

53. f(x)=min{x+ 1| x|+ f}=x+1VxeR
Y

~ A
y:—x+1\\ y=x+1
N0, 1)

JEE Main Mathematics inJust 40 Days : {

i Bl el
54. Since, f(x)—1+lxI 0 (ay
It is clear that g(x) and h(x) are differentiable on (~es, %) ang

(_ Lo 0) Y (Ov m)

- T
- 0
Now, lim M = lim ._—l—l——— =1
x>0 x-—0 x—=>0 X

Hence, f(x)is differentiable on (= o0, ®0).
2 2 A N
55. Iim 1| Lsec? 1) + gsecz(g) ot —secz(_)
n—enln n n n n n
= iy A i ] secz(ijz =_|'1xse02(x2)dx
=2 =) n v
ot

Put x2 =t =2xadx=dt = Xxaox=

[tant]i= %tam

56. lim ()= lim s el (% forrn)

»
]
i
—
w
@
o)
n
=
Q
=
1l
N =
I ——— R e o

SECE s 1
= [l = —_——= = i
ey 4 4 2 {
4 {
For f(x)to be continuous at x = E,f(ﬁj == l
4"\ 4 2
ox oy a/x+bﬁ]
5%7. lim (1+-a—+%j = lim (1+§+%) [a«‘x+b/x2
X XX X—> o %o
lim 2x + o 2 a+b
_.ex—vm (X x“) — “m e t Aj D‘
X—> oo
= e? =¢? (given) 0
a=1beR
8. RHL = lim Bl = iy Lo
2 hl-,o(o+ bpe /Jm)ez/n 0 :
_(1_1]
LHL= lim (0-h)e \" ") = ! 3
h—0

Hence, f(x)is continuous at x = 0.

i

AR W P T A

NOW, Rf’(X): lim (0+ h)e w
h-0 h
= lime 2" = o
h—0

o-ne'r) g

and Lf/(x)= lim &= = [ime %=1
h—0 -h h—0 2
Lf*(x) # Rf’(x) ;
Hence, f(x) not differentiable at x = 0. B
175
P 2P 3Py 4P (1+__) 1
59. lim Al e i L
N e nse  p+ pt1

vWw.novapdf.com
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Derivative (Differential Coefficient)

The rate of change of a quantity y with respect another quantity x is call
en . . . e . e s r . =
. Out, ‘ Nnes derivative or differential coefficient of y with respect to x. The pro

derivative of a function called differentiation.

= (el x?t!["f
9 Some Standard
Differentiations LE
. - ’ E . : a n_ __n-l. g Sl o 1 i
2 Derivative of Functions L 20 G (i) ("14\‘,1"‘)—5\' : b
? Second Order Derivative , E
X oot gl e n ?s‘
? Differential Coefficient (iii) TEom | it
using Trigonometrical 4
Substitution 2. Differentiation of Trigonometric Functions 1
)
dre o d : i
i) —(sin x) =co0s X 1) —(cuSX)=-smXx f
(i) dx[ ) (i1) d\'[ )
d 2 Lenid
2o C (tan x) =sec” x (iv) — (sec x) =sec x tan x
(iii) dx( ) o )
E - d 2 e
s —(cot x) =—cosec”x vi) — (cosec x) = — cosec x cot x
, . LI GaLR M) }
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& Differentiation of Logarithmic and

Exponentia| Functions
O Lllog =1 o
e X) = ;, OLEXES()
() %)=

eonlo :
(1) (TX[Q") =a"log a,for > g

(iv) — (log X):# f
e a Tona’ Or x>0,a>0,a1

4. Differentiation of Inverse
Trigonometric Functions

Sometimes the given function can be deducted with the
help of inverse trigonometrical substitution and then to
find the differentia] coefficient is Very easy.

: - 1 \
(@) —(sin! x) = Jfor—1<x<q
dx D

\/1 = X
(ii) —d\(cos’1 X =— i\‘.for —-1<x<1
dx \/1_ 2
(iii) i(sec’lx) = ~%,forfx] >l
o o] s =
1
(iv) — (cosec™'x) S e o Lot
dx 122] 5 =1
0l s BT 1
7) —(tan " x)=—— forxecR
(v) dX( 2 ) s o
Lo -1 :
Al t < :~——‘,fOI'X€H
(vi) i (cotsx) T

(vii) 2sin™* x = sin~}(2xV1 — )

(viii) 2cos™ x =cos™!(2x* — 1) = Gosp(=vd)

(22

- 22X
(ix) 2tan " x = {tan 1( )

1-x°
N
cos
1+ x°
Pl 3
(x) 3sin~"! x=sin~"(3x — 4x°)

(
= i
(xi) 3cos™ x =cos™(4x" —3x)

3
. 1 x=tan™ st
(xii) 3tan™ x= Py

(xiii) cos x+sin~' x=1m/2 e
(xiv) tan " x+cot ' x=1/2
(xv) sec™ x+cosec 'x=m/2
A 2 7
(xvi) sin* x sin~" y =sin 1[x\/l -y £ y\/l X1

JEE Main Mathematics in Just 40 Days

(xvii) cos™ x £ cos™ y = cos [xy F /(1 - ) -7

+
=1 ¥ -1 =tan‘1 X~— ¥
(xviii) tan™ x +tan™" y (\1 T

5. Differentiation using Substitution

In order to find differential coefficients o
complicated expression involving invers,
trigonometric functions some substitutions are ve,
helpful, which are listed below -

S. No. Function Substitution
(i) Va?— x2 X=asin@oracosg
(ii) Vx2— a2 X = a secBoracosecy
2
(i a-x x? = a2 cos 28

2 4
) | b
) - X =atan2@
Va+ x

(v) V{x=a)(x-b) X = asec?8-btan?s
(vi) VX2 + a2 X = atan@oracotd
i la—x
o Vot X =acos26

(viii) Vax— x2 X =asin28
' X A
% \'/a—x X=asin8
() Jix=a)(b—x) X =acos6 + bsin’d

Geometrically Meaning of
Derivative at a Point

Geometrically derivative of 4 function at a point x=¢

the slope of the tangent to the curve ¥ = f(x) at the point
{e, f(o)).

Slope of tangent at P = Jim ) -fe) _ {Ml s
f/ (C) . X—c X—-C A dX j,\*a*

Derivative of Functions
1. Sum or Difference Rule

d
ax TR £} = f () £ g ()
2. Product Rule
% (0800} = f(x) . g/ (%) + g9 - ')

Print to PDE without this message by purchasing novaPDE (http://www.novapdf.com/) U
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of

se

c 15
yint

LI, i f{.\'\ ‘ :‘gl(_\‘]»/’l\'] /[\) p'[\']
‘ 8 \J

dx | g(x) | {g(x)} 8(x) #0

4 Logarithmic Differentiation Rule

y= { »11\-)}‘4‘\\
({\' {F \ gl x \ g(x)

2= ek \“ = 4 o ’ 5! ’
dx \ /‘\|/ (x) +log f(x) - g’ (%)

5. Parametric Differentiation Rule
If x=0(t) and y = ¢(t), where t is parameter, then

dy _dy/dt

dx dx/dt

6. Chain/Composite Rule
If y = f{g(x)}, then
di

> = f{g(x)} g ()
ax

Second Order Derivative

Suppose y =
second order derivative.
d*y

e.g., Vo= x° = e 6 x
dx”

Differentiation of a Determinant

dp dq dr| T
P g I  ldx dx (I)(i l(/u dv dw
fy=|lu v w)| then M i UR A ‘ & T dx dx
m n ‘ ", ‘\‘ |1 e 15

p q 1

+| u VY

d{ 1 drm dfn
dx dx dx

Day 12 Differentiation

f(x) and it is differentiate twicly, then it is said to be

137

Differentiation of Integrable
Functions

If g,(x) and g,(x) are defined in [a, b],
differentiable at x [a, b] and f (t) is continuous for
g4(a) £ f(t) < g,(b), then

d J;;,'/lf")

dx

: {
f(tydt = f 1g,(x)] - [8,(x)]
dx

g1(x)

. 1
£12,(0)] - [81(x)]
dx

Derivative of Special Types
of Functions

o Iy =) then
dy Y21 (x)
dx  f(x)[1~ ylog f(x)]

o Ify:- (“ : (/(X),lh(m

dy g’ (x) 1—g(x)
dx [=ge)ff V1+ g(x)

o IF{ )V =™ =9 then
dy [ (%) .
dx g (y)[1+log 1(x)f
o {10} ={ g ()}, then

dy _gy) K [f({)log 90 -9 (y)]
l dx  f(x) g’ (y)[ g¥logf(x)-Fx)
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RSt

SR s 51

Practice 7

dy
1 y t< + then x°y | equal to
L= ax
(b) 2
i) 4
» )
2 hen - is equal to
d
54
al
1
None of these
3 then -~ is equal to
ax
1 —1
4 ‘ (d) 4
4 1
\ ¥ 1 4 \ 52
pos™ 5 d 1
4. ify - and z =4 “  then == is equal to
= e az
1
1+ 4 1+ &
(d) None of these
]
P cf
5. 1f v o0 X -6 s then Y 1S u"]‘.‘{J‘ to 1
d. Iy J ax
' 4 (sec? x 4 /)1‘”!/}
| x J
4 5 |
iy pltanz+ 3N 1 4 (sec® x — X)log x 1
) “ ]
(o) gtanz+ 9] 1 4 (gp0? x + 2X)lOgX
) | X .
201 2 |
(dy gl r+ ) L 4 (sec? x - 2x)log X |
. { X 4
—

s sRs I PN .
(4 X" - \;1 b/,,, |, then dy is equal to

| A |
| J14 X # /1= X | dx 1
X
W () i
(a) oz .
yi-x J1-x
( gx, (d) None of these
€) ~qummnee (
vi~s

A

DAY
1 2

[NCERT Exemplar]

one

ST
7. Iff(x)=|cos x|, then f (XJ is equal to
(a) (b) J2
() (d) 242

(R‘\.
— | is equal to
Tk

8. Iff(x)=|cos x —sin x|, then | -
(a) 1 (b) -1
() O (d) None of these

9. Iff(x)=| x — 1| and g(x) = f [[{f(x)}] then for x >2, g (x)is
equal to

(@ —1if2<sx<3

(D) T2 < <8

(e) dif xe>2, (d) None of these
‘ g A
0. If f(x)=cos x-cos 2x-cos 4x-cos 8x-cos 16x, then f: (-J

is equal to

(a) 2 (b) iﬁ
A2
(€) 1 (d) \/‘3
2
1. The derivative of y = (1— )2 - x)...(n — x) at x=1is
(@) 0 (b) (=1)(n - 1)!
() nl-1 (d) (=" n =)

2.1f f and g be differentiable function satisfying
g'(@=2,g(@)=bandfog =/ (identity function). Then, f’ (b)
is equal to

(a) (b) 2

()

Wi N[ —

(d) None of these

3

°

It 7(x) = 6(x) and ¢’ (x)=f(x) for all x. Also, f(3)="5 and
F(3)=4. Then, the value of [f(3)]2 ~ [ (3 is

(@) 0 ) 9

(d) None of these

NLUD L/ WWW . NOVADQ O[]

(4
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14. 1f 3f(x) - 2f(1/x) = x,then f* @)

IS equal to
= 1
.7 (b) -
2
{c) 2 7
@) -
o)

15. 1t (x)=x", then the value of f('l)_f'ﬂj)+ Ay e

TSN

) 2 (b) 0

(d) None of these

16. if f(x)=(cos x + i sin X)-(Cos 2x + isin2x) (cos 3x + isin 3x)
\COS nx + I sinnx)and f(1) =1, then £/ (1)is equal to

L Uj: 1) ) {'B’:’lﬂ}c
< ] 2
[n(h+ 1)
c) - l» 5 J (d) None of these
x° sinx cos x|
1 . i
17. lff(x)=| 6 -1 0 |, where P is a constant. Then, .
p.p2 . ps | &
[
{f(x)} at x =0is equal to
(@ P (b) P+ P2
{c) P+ P? (d) independent of P
3 S N 2 ay .
18. If y =sin""(xy/1—x + +/x4/1-x%), then " equal to
7y 1 -1 1
T e e g e SN Y
Ji—2 2[x—% e R 2
(o P L (d) None of these
y1=x%  2yx-Xx°

19. I f(x) = \[1 e cosz(_x-;), then f” H—\/—}H is equal to
(@) Vn/6 (b) - Jm/6  (c) 16 (d) =6

Nzl dhe= dy .

20. lfy:sec‘1(‘/\/g+ J + sin 1(ﬁ+ 1J,then—d;ls equal to
X—

1

(@ 0 e .
(d) None of these

c) 1
‘ 1 2x+1
21. The solutioneset of £ (x)>g’ (x) where f(x):§(5) S _and
g (x)=5"+ 4xlog, 5is
(@) (1) (b) (0,1) () (==,0) (@) (0, )
22. if y = f(x)is an odd differentiable function defined on ( es, =)

such that f (3)=—2, then ' (= 3) is equal to
(a) 4 (b) 2
(c) -2 (d) 0

Day 12 Differentiation

23. If x =acost JcosZt and y=asint,/cos 2t (where, a> 0),

3
1+ (.dx)g :
th _ﬁdx e b
en at = is given
a5 Er e
ax? a
(@) g (b) av2
(c) ‘/? (d) @
3a 3
e tan~!( ¥
24. If X + y? =ae (J a>0 assuming y > 0, then y’* (0)
is equal to
(a) 2e"/2 (b) - 2e7/2
a a3
(© - 2en/2 (d) None of these
a .

Directions (Q. Nos. 25 to 27) Each of these questions
contains two statements : Statement | (Assertion) and Statement
Il (Reason). Each of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (a), (b), (0) and (d) given below.
(@) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.
(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |.
(c) Statement | is true; Statement Il is false.
"(d) Statement | is false; Statement Il is true.

25. Statement | If u=f(tanx),v=g(secx) and f {)=2,

= au 1
" (\/2)= 4, then (—] =—
g ( : av X=n/4 Vf2_

Statement |l If v =f(x),v = g(x), then the derivative of f
with respect to g is gﬁ _ e
? o dv  adv/ox

26. Statement | For x < O,—q-(lnI == L
ax X

Statement Il For x < 0,| x| =— x.

27. Consider, if u =f(x), v = g(x), then the derivative of f with
respect to g is d_u Moo
2 e av/dx

Statement | Derivative of sin“1[1 £ 2J with respect to
+ X

~il 1—X2 S
CoSE e isl1forO<x<1.
1+ X

e
Statement Il sin"(1 fx 2J #COS ‘(1 : xz] for—1< x <1,
X

139
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28. Derivative of (sin X)* +sin™" Vx with respect to x is
[NCERT Exemplar]

(@) (xcotx+ logsinx)+ 1“
2N Xx—x°
(b) (xcotx+ logsinx)+ !
: X=X
(©) (sinx)(xcotx+ logx)+ !
VX— X2
(d) (sinx)* (xcot x+ logsinx)+ 1
2NX = X5
29. If f(x)=| x|°, then the value of f(x)is
Bx,x= 0
@ =
on x<0
: —-6x,x20
o)) i74b) = ;
e { BXx,x< 0

(c) 77(x)does not exist
(d) Noene of these

30.

31.

32

JEE Main Mathematics i us+ 40 Days

dy
2n
x)(1+X2)(1+><4)"'(1+ S ther\d—xatxtois

iy =(il=
equal to 1 . X (d) X
(@) -1 ®) (14 X © A+ x®) (1~ X2
ay e
If y =|sin x|, then the value of - atx=— e
- o
s 2_63 os B ) ?[610g2 + an]

o

6

(c ) = [Glegre 4 V3] (d) None of these
6

Let £’ (x)=—f(x) where f(x) is a continuous double

differentiable function and g(x) =" (x) .

It F(x)= ”\] 5 W and F(5)=5, then F(10) is
\ \2/]

equal to

(@0 (b) 5 (c) 10 (d) 25

AIEEE & JEE Main Archive

e d
33. If f(x)=———, where x = 0, =2, then — [f~'(x)] (wherever it
X + 2% ax
is defined) is equal to [JEE Main 2013]
-1 3 1 -3
(@ — (b) (© = @) =——
(1~ x? (1-x? (1—x) (ii=37

= f !r
34. For a>0,t e(o, j let x:\/a°‘” i and y=+va"® . Then,

HSH RS}

T (C_/Z) equals to [IEE Main 2013]
ax

X2+ 2 X2+ 2

35. If 7(x)=sin(sin x) and 7** (x)+ tan x " (x)+ g(x)=0, then g(x)
[JEE Main 2013]

(b) sin? xcos (cos x)

(d) cos? x sin(sinx)

is equal to
(@) cos?® xcos(sinX)
(c) sin® xsin(cosX)

(0] .
36. If y =sec(tan” x), then d_>y< at x = 1is equal to

[JEE 2013]
1 El 1 (d) V2
(a) = (o) > (©
37 gz_x is equal to JAIEEE 2011]
dy? i
‘ = -3 2 =
d?y) (dy b __ﬂ 0/
a-() () o (53]
=i
CRACAN d [dfl]
(o)) == (a;z—](a;) ( ) o

urchasing n

38.1f y be an implicit function of x defined by

x# —2x*coty —1=0.Then, y’ (1) is equal to [IEEE 2009

@=1 (b) 1
(¢) log2 (d) —log2
39. Iff(x)= x| x| and g(x) = sin x

40. |f men = (X S y)m-rn

Statement | gof is differentiable at x = 0 and its derivative
Is continuous at that point.

Statement Il gof is twice differentiable at x = 0. [AIEEE 2009]

(a) Statement | is true, Statement Il is true; Statement 113
true correct explanation for Statement I.

(b) Statement | is true, Statement Il is true; Statement 118
not a correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement ! is false: Statement Il is true,

X+y .then Z‘i is equal to [AIEEE 2006
a
(@) 5 (b) xy
X
(o))
(©) 5 @ ¥
X
41. If y=(x + /14 x2 X then(1+x)dy x Wi equal ©
ax? ax [AIEEE 2002]
(@) n?y 2
(b) ~n®y
(© -y &
(d) 2x=y

R i B

TS
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9]
iS

S

Ji

1. (a) 2. (b) 3. (b)
11. (b) 12. (a) 13. (b)
21. (d) 22. (c) 23%(d)
31. (a) 32. (b) 33. (d)
41. (a)

ax

On differentiating, we get zyl = ‘~:> Koy
x .

2. We have, x = fi,,y Bl =1

1+¢< 1+¢°
Put t =tan@
PEL D g
1+ tan<@
2
and y:wzcos%
1+ tan= 6
ay dy/oq ;isn% Y
ax ax/de 2cos?26
_—2tane B N

Answers

4. () 5. (c)
14. (b) 15. (b)
24. (c) 25. (a)
34. (d) 35. (d)

Hints & Solutions

GX

3. On putting x = sin6 and y = sing, we get

Given equation beocmes

C0s6 + cos¢ = a(sind — sind)

H+0\ : - 0]
=2 2cos(e;¢)cos( 2¢J IQCOS( J l > !)f
= —%_cot'a

2
= 6—¢=2cot 'a
= sin! x —sin~' y=2cot ' a
1 1 dy
3 ax
V1= x2 \ﬂ—yz
i /1_—}’2
ax \/1—><2
4y= acos~1x Z:acoss.x:)y:_z_
1+aCOS X 1+Z
1
dy _(+zp-z(_ 1 _
% . G+22 (2% g+ %2

e
5. Given, y= ]ogx,e(tanxT x?)

dy (tan X+ x°
ax x

— gltanx+ xz)[l ¥ (8802X + 2x)lOQX:,
X

i aguep 0% X *) (sec?x +2x)

6. (c) 7. (a) 8. (a) 9. (a) 10. (a)
16. (¢) 17. (d) 18. (c) 19. (b) 20. (a)
26. (a) 27. (c) 28. (d) 29. (a) 30. (a)
36. (a) 37. (¢) 38. (a) 39. (c) 40. (d)

;‘r il
6. Given, y=taps!| M CR e =c0os26
JL\1f X"+ T— X
y=tan~| €080 =sin® | if1—tan]
,‘_cose+xmej 3_‘|+tan(~)_}
=tan [tan[Z_g)|=F _g= = —cog 2
(4 I 4 4
y . 2aiy WA
~ MilSEX \ 1— /\“
7. When " < X< T cosx <0, sothat|cosx|= —cosx
8. When0< x<™ cosx > sinx
4
COSX—Sinx> 0
Also, when = < x < 1t 0SX < Sinx
4
When Z < x < T, COSX—Sinx < 0
4
COSX —sinx|= —(cos x—sinx), when F <X<T®
= (x)=sinx+cosx = ‘(g ) :sm‘f:‘fr os; + 0=
9. Wehave, f(x) = x 1| X >
)] = fix—=1) =1 (x - -1)-1|=|x-2
9(¥) = )N =f(x~2)
-3 i x28
=l(x-2)-1=|x- gl } ER
I=x+3 f2€x<3
(x £ T Expea
- )‘1—1 if2<x<3
) s e
10. f(x) = 2an,\ X-COSX-COS2 X COS 4} cos cx Lgbyﬁ\
Zalm
_ Sin2x coszm)ggg)sfxmit% 3X-COS 16x _ _ Sin32x
2 sinx ~ 25ginx
ey 1 32c0s832x- smx—cosx Sin32x
1 (ij,--_ syt B o - by
32 sin® x
32x 1;.— 1_
= f'(E) h_‘,2_,_l":)_._ =2
4 2
' 32[_1]
~2
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; 11. % ==l =X0B=X)..0~ ) +(1-x@E~x 16. f(x)=(cosx+ isinx)(cos 2X+ i sin 2x)(cos 3x + /sin3x)
:‘1 | = ...(n-X)+‘..(1—X)(2—X)”.(n_1_x)]
i ( nx
% = L%j ===+ 0+ ..+ 0 (COSCfZ(SXi‘;Xi S, 4+1X)+ [ SIN(X+ 22X+ BX+...4x)
X=1 =
:(—1)(n-1)! zco3MX+iSin ( +1X

12. Since, fog = /=5 fog(x) = x for all x

= {g(x))g’(x)= 1for all x =

_n(n+1) . n(n+ 1) }
f/(x):[”,(’;,*l)}[—sm = x+i00s=——x

s g 2 R 1 1 2 + 1
= eE))s — = 1 nin+1) ., - n0+1)
9'a) 2 F7(x) :—[L”Zﬂ {cosTX“‘ T e
1l
< ¢ (b)=1 =b :
iz oy = _{Q(ﬂil) © i
d 2 2
13. —{[{(F = [0} =2[(0)- F'(X) - 6(x): ¢'(x)] 5 2
ax . n(n+ 1) 1) = _[M}
= 2[f()- ¢(x)— 6(x)- f(x)] f (ﬂ:{——f 2
= [ 7(X)= ¢ (x)and ¢'(x) = f(x)] = : :
= [f(¥F - [0 ()P = Constant L @) 9 (sinx) 5_5 (cosx)
2 ' ax® ax X
[FR)F ~ )P = [fR)F - [F"@)F 17. (%) = 8 -1 0
~25-16=9 P P A
14. 3f(x) - 2f(1/x) = x (i) 6 —cosx sinx
Let1/x =y, then —|6 | 0
| 3f(ily) — 2f(y) =1y lp p2 p3
= —2f(y) + 3f(lly) = Uy ‘
| = - Z2(x) + 3f(Ux)= Ux -..(i) } b il 20
On muitiplying Eq. ) by 8 and Eq. (ii) by 2 and adding, we get A= g ;1 PO] 0
): 33X + g | |
1 X . which is independent of P.
= 1= 5(3X+ ;) 18. On putting x =sinA and +/x = sinB
= f’(x):%((}— %) y:sin’1EsinA\ﬁ—— sin® B + sinB\:‘T— smiA\!
7 )
e f,(z)zl(:s_gj:% =sin”' (sinAcos A + sinBcos A)
5 i =sin"'[sin(A + B)]
15. We have, f(x)= x" = f(1)=1="C, =A+B=sin"" x + sin'Jx
M - wg, s O Bl 1

Semow i laae
1l 1! . ax m 2\//\’—)(2

f//(1 n = 1) = nC2

21 2!
o) _nn=00=2)_ e 19. 1=+ cos()
e ———— =10y
! 3l 3! f(x)= ;i\ 2C0s X?)- (=sinx?)- 2x
; : : 2\[1-&-0052()@) ( X): (=sinx?)- (2x)
5 , s
4 b = ifix= ZXOeX )
fn('1)=%= (67s oot
oo ) (G A0 Jr Jr —@-sing,ﬁv _‘/.,7‘-.1
et st O SRS e S R W s
! 3! n! i
1! 2! D) > J1+ = -
="C, - "Cy + de =0 St 1" "C, cos 3 Vs

=(1-1" =0 f{ﬁ)h x
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90.: y=sec” [‘ff&' "} + sin™! "X il
VR =] VX + 1
[ o 1 [
=008 }]1 Sy \+ sin™ ‘)\*1 =z
VX +1 VX o )
By
$ 0 [-:sm"'x-&cos’ X
21. Since, () > g"(x)

22.

23. We have
ax ( s COCT S| [)2/08 | W0 SIS
— = a| —sint,/cos2t —
o/ \Jcos2t JJcos2t
ol qi/:arrosz Esaor - sint - sm2t} acos 3t
at e cost \/(%—87
dy _dy/dt _ o
= —cot 3t
ox dx/dt ;
2
=y CLX 3cosec? 3t - dl
dy‘ ax
—3COS€C 3r - coszt
K 3 asmsz
= ~(.§Jcos<9033[-¢5<)?2?
.a

Day 12 Differentiation

= ‘\;\JE‘ *log, 5x2 s 5+ 4log,
= Sjalt |
— BB —5%X<d4>50
= B -1 ((B-5+49>0
S |
= x>0
Since, f(x)is odd
f(=x) = —f(x)
= f(=x)(=1) = ="(x)
= f*(=x) = '(x)

:)

i ; 23/2 /2
1+(dy‘} 2

| dix J o

L

= (1+ cot? 3!)“/2/( ]cosec 3t.Jcos2t

24, When x=0,y>0

= y= aen/Z

Taking |og on both sides of
..log x2+y2 loga+tan
2

On differentiating both the sides w.rt. x, we get

the given equation, we get

25. Given,u = f(tanx) =

1 2x+ 2yy’ 1 Xy ~y

i X

2 2 2
X4y 1+('¥J X
%
= X+ W= Xxy'=y

On differentiating again w.r.t. x, we get

+ P+ =X Y=y

= 1+ () =(x=yy’
2
:> y/I: ﬂy’)
2=
When x = 0, we get from Eg. (i), y'= -1
: 2 _-2
= = e — i
—ae™' < a

= f/(tanx)sec® X
ax

and Vv =g(secx)

av , 3
= =———cl(SecHiseovdiai
ax
du _ (du/dx) _ f(tanx) il
av  (dv/dx) g’(secx) sinx
[r’_U,J RN -2 e
av X=m/4 g((\/Z 4 \/§
d d 1 1
26. For x < 0,—(In|x|)==[In = e
o (In| x|) dX[( X)] (_X)( ) 5
2
27. For0< x < 1,sin’1(£>%j = ops e
e s 2
el
Letu=sin™" 2Xﬁ} and v=cos~!| 12X
1+ x2 e
el
" dv
28. Let y = (sinx)* +sin~'/x
andu = (sinx)¥, v = sin~"/x
: y=u+v
gy gy
(b @R (05
Now, u = (sinx)*
logu = xlog(sinx)
1 du a - e )
—-— = x—log(sinx)+ log(sinx)—(x
i dxg( )+log( )dx()
= -,X—cosx+ log(sinx)
sinx
au

Again, v = sin‘1 %

148

= = u[xcot x + logsinx] = (sinx)*[xcot x + logsinx]
X

()

G =)

dV d 1/1> 1 1 =t/ A
= e — X using chain rul

ﬁdx e R |
‘ﬂ = R 1 s il s |
ax J1— zf Tolxiox | ok e i
oy (sinx)*( i ! i
- = xcot X+ logsinx) + ———— {
ax o) IX__XZ
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29. Here f(x) =X E‘:

30.

When x 2 0, f(x) = | x |3 xB

Qn du‘fergnnatmg both sides w.r.tx we get
S Hg= Lt e 2
& S {0 ) =2 (%) = 3x2

Again, mffeienua ting both sides w.r.t. X, we get
[F(x)] = 93 (8%°) = f"(x)=6
ax ax B

When x < 0, then

On differentiating both sides w1 t. x, we get
Gl o

T'M"] = — (*X‘j)
ax ax
= f(x) = —3x°

Again, differentiat ing both sides w.r.t. x we get

g, & >
)= = S —BX
ax QX
=~ f(x) = —6x
ax
Hence ()= 6/ X2 0
—Bx X<0
Given y=0=x)(1+ x2)(1+ ) (Gl x27)
y={=x) {1+ ). (1+ %)
1+ x)
} — f/‘f"
{1 o X/
dy _(1+ x)-(0-4n- y“”')— = X8
alx 1+ X}
() oy
\OX Jy=0

31. Given, y =|sinx|"”

In the neighbourhood of —

X)

y = (—sinx)"
Taking log on both sides, we get
log y = (—X)-log(-sinx)

On differentiating both sides, we get

X -Jﬁ—)-(—cos X)+ log(-sinx)- (-1
¥ ox \ —8inx

= ~ x cot x — log (~=sinx)

= — [xcot x + log(-sinX)]

= .. y [xcot x + log(~sinx)]
ax

-7

r (_2%_ [log2 - +/3n]

g | x| and|sinx| both are negative i.e.,

JEE Main Mathematics inust 40 Days

S B
! 9 s = - 1)
32. Given, dx{ T

£ g’(x) =~ f(x) [ 900 =), g
2 y312
: AEN 4 dg <h
Also, given F(x) =11 > 2 )f
2 2) e 2lo S ofa
Fro=2yf 2| 7|5 [ 5+ 21915 a2
= =2 E T e
= [0
Hence, f(x) is constant. Therefore, £(10) = 5
2 A
X =X
33. Let Vi Ao
= X = ?Z? 1 X~
V=l 1
= (x) = 22
—x+ 1
Ol iy, :’_/4»1)-2—(2X+T,’(‘*”
== — 5 =
ax (—x+ 1)°
T 3
(=2 4= ==
31 - g:;‘la“’fx L ‘
A pyfgsint | Vi)
and Q:a—;; G ‘;
ot ZiEe \1_f2,’
dyl e 1\]'
(0) c:;"‘ 5 1“' vsin
va ) g
( \ COS ™~
iz Ldl‘ =14 2
ox S
=1+ z
Xg’
_X+
=2
35. f(x) =sin (sinx)
= 1'(X)=cos-cos( (sinx)
= 17(x)=—sinx. Cos(sinx) —cos? x-sin(sinx)
Now, g (x) =—[f"*(x X)+ F(x)- tanx]
= SiNX-Cos(sinx) + cos? X-sin(sinx)
2 ‘ —tanx-cos x-cos(sinx)
_SnX'COS(S|nX)+COS X-sin(sin x) —sinx-cos(sinX)
=cos? x-sin (sinx)
36. Given,

Y =sec(tan™ x)
Let  tan'x=g
= X = tang

Y =868C0 =14+ 42

ot AT

0

3,
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Differentiation

On differentiating w.r.t. x, we get ’

fn, 2
! o : (gofY (x) = J—2xcosx, x<0

| 2xcosx®, x>0
Clearly, L (gof) (0)= 0= R (gof)(0)

. 1 Hence, gof is differentiable at x = 0 and also its derivative is

) NN ic at —
X 2 continuous at x = 0.

P 5 : ,
N = —2C0S X° + 4x° sin x°
37. Si Now, (gof)”(x) = 4 2 cos /n - 4xﬁ s.,.x’,x<O
. % -
E 2cos x“ —4x“sinx°, x>0
_ 202y o« L (gofy’(0)= — 2 and R (gofy’(0) =2
a ay L (gofy’(0) = R (gof)*(0)

88. X -2x%coty-1=0

| s o 1 D A~ 4
Now A= —2coty-1=0
= cotv=0
coty=0
= =I dix X+ X(x+y
On differentiating Eq i - '
2 ax X i x
X (1+10gx)—2 [x° yx* (1+logx)]=0 o = < 5
41. € )= n(x+ JIE2) i
- d ' e g
At[1 F ¥ + X f
5 ) o] : t
= + X =ni{x+ + x° ]

Q
D
)
Q
TP ANOT y hi ew

24 aad 4 4 £
2(l+logl)—2<1(- S e e ik il X 3‘
o > = o > > i
2 s 4 52 ‘
v 2"
= Dy o4 =Y =0 2 o A |
L 0 2 el % i
UA ' \
2 1
/P!', - ay
B =— T+ °)+=Lox 5 : 5
ax x = ax = X+4lt X
2 FE 2

39. f(x) = x x| and g(x)
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e of Intersection of

‘wo Curves

Increasing and Decreasing
‘xn_ﬂ O

Rolle’s Theorem

s Mean Value

2 ¢

Derivatives as the Rate of Ch

If a variable quantity y is some function of time tie
in time At have a ¢ orresponding change Ay in v

, ¥ = f(t), then small change

Thus, the average rate of che V) en limi : f
8 ange 0 when limit At — 0 is applied the rate of

/

che ='o] S i Q y +
hange becomes instantaneous and we get the

the instant x, i.e., lim A = dl
At— 0 Af dt

rate of change with respect to a

» Derivative of an even function s al

. ‘ ways an od
function is always an even function,

T 1 A ndd
d function and derivative of an odd

123

IS notnli
» thir it the rate o cha ge 0] Y G/O[,"/e 0 X.

Tangent and Normal of 5 Curve

1. If a tangent is drawn to the curve y = f(x) at g y

point P(x;,y,) and this tangent makes ap
angle y with positive x-direction, then

(i) The slope of the tangent is

(di] =tan y %
£ (x1,51) S & &

Tangent

Normal

Print to PDE without this message by purchasing novaPDE (http://www.novapdf.com/)
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Day 13 Application of Derivatives 4

(ii) Equation of tangent is y — Vi= (d‘]

l
- SR (d‘ Jz
Hal

(ili) Length of tangent PA = y cosec v =| lhdxﬁ

Vv

dy/dx

(iv) Length of subtangent AC = yoot y =

2. The normal to a curve at a point P(x,,y,) is a line

perpendicular to tangent at P and passing through P
then

)

(i) The slope of the normal is ﬁdi
Y

dx
O (ii) Equation of normal isy — y, = —*]— (x—x;)

(iii) Length of normal PB = ysec y =

.S 'V\JHWL(%)
: dy

(iv) Length of subnormal BC = ytany =| y [Z}\]

| .
| ® The shortest distance between two curves lie along the

\1 normal i, e., at the points where, tangents are parallel to

each other. In a figure PQ is a shortest distance.

Common normal

%

s

» If at any point on the curv :
are equal, then length of tangent is V2 time the ordinate.

at
t to &

e the subtangent and subnormal

o » If tangent and normal is parallel to X-axis.
X/ ., 1)
and [gi) = 0, respectively.
% (1. 1) y .
¥ If tangent and normal is parallel to Y-axis.
e = (d—"J =0
¥ . m

and (ﬂ) =0, respectively.
X/ 4.

Angle of Intersection of Two
Curves

The angle of intersection of two curves is defined to be the
angle between the tangents to the two curves at their point
of intersection. Thus, the angle between the tangents of the
two curves y = f,(x) and y = f,(x) is given by

(sﬂjj _(ff}i)
X o) N

T
| dx I(xq,¥1) dx II(xq,y41)

Orthogonal Curves
If the angle of intersection of two curves is a right angle, it
the two curves are said to intersect orthogonally. The i
curves are called orthogonal curves.

If(p:E;ml]m:~1:(Q) (d—‘j =-1
2 & dx )i\ dx )y

| my —m, |
fl o mlmzﬂ

tan ¢ =

Increasing and Decreasing
Function

A function f is said to be an increasing function in Ja,b ]|,
if e, <x =i ) IS TGS AV xaie Ne la bl
A function f is said to be a decreasing function in]a,b |,
if x) < x, = filx) 2 f(35), V. X3, % €llabi].

f(x) is known as non-decreasing, if f’(x)>0 and
non-increasing, if f'(x) <0.e.g., f(x) =tan x,—- x VY x e R is i
always increasing function in their domain.

Strictly Increasing and Strictly
Decreasing Function

A function f(x) is known as strictly increasing function in
its domain, if x; < x, = f(x;) < f(x,)

A function f(x) is known as strictly decreasing function in
its domain, if x; < x, = f(x;) > f(x,)

Hence, f(x) is known as strictly increasing, if f’(x) > 0 and
strictly decreasing, if f’(x) < 0.

» A function f(x)is said to be increasing (decreasing) at point
i X If there is an interval (xo —h, X+ h) containing X,
such that f(x) is
(xo —h, xq + h).
» A function f(x) is said to be increasing on [a, b], if it is
increasing (decreasing) on (g, b) and it is also increasing at
x =aandgx =b.

increasing  (decreasing)  on
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Monotonic Function

A function f is said to be monotonic in an interval, if is
either increasing or decreasing in that interval.
We summatize the result as shown below
[
e !

fia) f''(a) ' (a) Behaviour of £ ata,
e = IR et b e LU U (R

Increasing

= i | Decreasing
0 [ + 1 Minimum
0 ‘ - Maximum

0 | 0 + Inflection

Find further derivative

Blank space indicates that the function may have any value

at a.

Results on Monotonic Function
1. If f(x) is a strictly increasing function on an interval
[a, b]

then f' exists and it is also a strictly
increasing function.

2. If f(x) is strictly increasing function on an interval
[a,b] such that it is continuous, then f' is
continuous on [f(a), f(b)].

3. If f(x) is continuous on [a b] such that f’(c) >0
[f'(c)>0] for each ce(ab), then f(x) is
monotonically increasing on [a, b].

4. If f(x) is continuous on [a,b] such that f’(c) <0
[f(c)<0] for each celab], then f(x) is
monotonically decreasing function on [a, b].

Benlie () =M SSard AL () 10 S e R *ithen
f(x) <0,V x €(—,0) and f(x) 20, V. x €(0, ).

6. If f(0)=0 and f’(x)<0,V xeR, then f(x) >0,
Y x €(—20,0) and f(x) 0, V x €(0, ).

Monotonic function have atmost one root.

Rolle’s Theorem

Let f be a real-valued function defined in the closed
interval [a, b], such that

(i) f(x) is continuous in the closed interval [a,b].

(ii) f(x) is differentiable in the open interval (a,b).
(iii) f(a) = f(b), then there is some point ¢ in the open
interval (a, b), such that f’(c) =0.
Geometrically Under the assumptions of Rolle’s theorem,
the graph of f(x) starts at point (a,0) and ends at point (b, 0)
as shown in figures

AMWW. N0

The conclusion is that there is atleast one poipt,
between a and b, such that the tangent to the graph i
{c, f(c)} is parallel to the X-axis.

Aigebraic Interpretation of Rolle’s Theoren

Between any two roots of a polynomial f(x), there js
always a root of its derivative f(x).

Lagrange’s Mean Value
Theorem

Let f be a real function, continuous on the closed interval
: A : - %
[a,b] and differentiable in

the open interval (a, b). Then, T\/
there is atleast one point ¢ in

the open interval (a,b), such

=

|
|
|
ol
|
S , . 18
that 7 (c) = ﬂb]f—/—(”l O‘ a c 5
Geometrically Any chord of the curve v = f(x), there isa
point on the graph, where the tangent is parallel to this chord.
Remarks In the particular case, where fla) = f(b).

f®) - f(a)

The expression -2

; becomes zero. Thus, when
h —a

f(@ = f(b), f(c) =0 for some ¢ in (a,b).

Thus, Rolle’s theorem becomes a

particular case of the
mean value theorem,

- Approximations and Errors

* Let Y =1(x) be a given function and Ax denotes a smél
nCrementiin.x; corresponding which y increases by 4
Then, for smal increments, we assume that

(o)
o (symbol ~ stands for *

A
Ax ‘approximately equal to")
dy
< Ay =2l
% = Ax. Thus, y + AY = f(x + Ax)= f(x) + (%)AX

* Let Ax be the error
variable x ang Ay

In the measurement of independer!
s corresponding error in "

measurement of dependent variable y. Then, Ay = (d/x)m

where, Ay =Absolute error in measurement of y,

7 = Relative error in measurement of s
Ay
— X100 = i m
' . 00 Percentage €rror in measurement of ¥

1ok
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Practice Zone "

1. An angle 8, 0 <8 < —, which increases twice as fast as its 9. The function f(x)=cos x —2px is monotonically decreasing
g < for
[NCERT Exemplar] y 1
7 (d) T (a) p<2, (b) p>5 (©) Joi= 2 (d) p>2
} 8
2 intersect at angle o, then 10. The abscissa of the points of the curve y = x° in the interval | ;:
[-2, 2], where the slope of the tangents can be obtained by i
loga—logb mearn value theorem for the interval [-2, 2], are | }
1+ logalogb (@) + 2 OE (©) + V3 (d 0 q"f
3+ . loga+logb V3 2 i
i—logalogh {i
galogt 171. The equation of tangents to the curve b
3. If the nc to t Irve 5x —1 at the point (1,-2) is of y =C0S(X +y), —2m S X <21 ld
andp are that are parallel to the line x +2y = 0 is/are [NCERT] i !"1
b) 4 14 (@) 3x+ 4y+3mw=02x+4y+ n=0 ”
d) 4,2 (b) 2x+ 4y+ 3 = 0,2x+ dy—m =0 i
4. Coordinates of a point of the curve y = xlog x at which the (€) x+t2y+2n=0x+y+m=0
i ol . o e (d) None of the above
b) (e.e) 12. The values of a for which the function
(d) 7%, -2e™) (@a+2)x® —3ax® + 9ax—1=0 decreases monotonically
. - coordinate axes made by tangent throughout for all real x, are
B ’ i 3 (@ a<-2 (b) a>-2
PR X sy = d2is (©) -8<a<0 (d) —o<a<-3
a) a (D) 2a X X T
» g (d) None of these 13. If f(x)= ——— and g(x)=——, where 0 < x <1, then in this
A2 t ent to the interval *7 % ol
2 and (5, —=2)is a tang g : . :
6. Line ioinina the points (0, 3) and (5, —2)Is atang (a) both f(x) and g(x) are increasing functions
e @ then (b) both f(x)and g(x) are decreasing functions
A5 <
4. X (c) f(x)is an increasing*function
(b) a= (0] f
. e (d) a= _2+2:3 (d) g(x)is an increasing function
- A‘__ylr': ; fy)= (x - BF satisfies all the conditions of 14. If f(x)=x>+ bx? +ox+d and 0 < b2 < ¢, then in (s, o)

B REOON T8 A point on y = (X - 3), where (a) f(x)is strictly increasing function o
mean value 'r( oresm i f ' 1 r (3 O and (4 1) s (b) f(X) has a local maxima i,‘
the tangent is parallel to the ¢ hord JO‘”'”g ) (©) f(x)is a strictly decreasing function 1

y (7 (d) f(x)is unbounded '
,a‘/?“ {b)tle 1
74 { X P " i
22 @ (47 15. f(x)=jollogz[loga{log4(oost +a)}] |at. If f(x) is increasing [
ey (1 4 ] ’
%) 4 ) "
: ) f for all real values of x, then
rem, f(b)-f@)=b-af’€) i
8.1n the mean value theorem, [ )l e () ae(-11) (b) ae(1,9)
a=4, b = 9and f(x) =/, then the vau (©) ae(le) (@) ac(.)
i (c) 4.00 (d) 6.25

(@ 8.00 (b) 525

N/ WWW.NO
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16. The Parabolas y2 = 44 and x2 —
at point B Y1), where x, Vo2 0
(@ b=352 ; ) :

6} h =5°

17. y = f(x)is ¢ ' ’
Y =i{x)is a parabola. having its axis paralle| to Y-axis
A vl ‘ 1 | e S
itthe line y = x touches tNis parabola at x = 1, then
20 £ : e

@ (1)+ £(0) = 1 ®) 770~ (1) = 1

"\’ ‘;”‘T_Y;/‘\l— \» ; P\ ="}

G (D-7(0)=1 @) 7{0)+ (1) = 1

18. 1 (x)>0
b and 77 (x)> 0,V x then f
X)>0,VxeR then for any two real

el X+ X, o
iy =L "2 \‘7\ &
\ <2 = Y
\ = Z
(b) f{ X% )  1x)+7(x,)
\ )
) A% ) F)+ i)
Z 2
X, + i)+
(d) el L )
\ 2 2

fF (i \ Y { 2r s (
19. If 7 (sinx) < 0 and f (sinx)>0,vxe|0 X
Lz
and g(x) = f(sin x) + f(cos x). then g(Xx)Is decreasing in
a [T T YT f T
(a) Jl-‘/-\,‘ (b) [0Z | o) ([ @l ==
\4'2) 0 &2 G 2

20. The two equal sides of an isosceles triangle with fix
b are decreasing at the rate of 3 cm/s. How fast is t
decreasing when the two equal sides are equal o th
base?

(8 3bcm?s

(b) 2 b cm?2

: (b) v2bcm</s [\CERT]
N ~

©) —cm?s (d) +/3 bcm3/s
W

.3 SINiX + bEoS X . . v Ml
210 The finetion-—— "~ 2" 28, decreasing, if
csinx +dcos x
(b) ad —bec <0

(@) ad —bc >0
{d) 0<x<-2

(c) ab—-cd >0

22. A kite is moving horizontally at a height of 151.5 m. If the
speed of kite is 10 m/s, how fast is the string being let out,
when the kite is 250 m away from the boy who is flying the
kite, if the height of boy is 1.5 m? [NCERT Exemplar]

(b) 12m/s

(a) 8 m/s
(d) 19 m/s

(c) 16 m/s

23. The function
conditions of Rolle’s theorem in [-3, 0] The value ofc is

(@ 0 (b) —1
(c) -2 (d) -3

f(x)=x(x + 3e~"P*satisfies  all the

24, The tangent at (1,7) to the curve x? = y —6touches the circle
X%+ y? +16x+12y+c =0at

(@) (6.7) (b) (-6.7)
©(6.-7) @ (-6.~7)

25. It f(x) be a monotonic polynomial of 2m —1 degreg, Whege
m e N, then the equation
[f(x)+ F(3x)+ F(5x)+.. + F2m = )X] =2m —1haq
(b) 2mroots

(a) atleast one real root
(d) @m+ 1)roots

(c) exactly one real root

26. The length of a longest interval in which the function
3sin x — 4sin® x is increasing, is

T T 3
f x /b Y (C e d
@) 5 (b) 5 ) > @d =
27. Iif(x)= xe X=X then f(x)is
(@) increasing on!—zl, 1] (b) decreasing on R
L Jd

(¢) increasing on R (d) decreasing on [—1 1}
2

28. Iff(x)= J‘e “(x=1)(x =2)ax, then  decreases in the inter

@5 Oy 2t
o) (1.2) (d) @, )

29. It f(x) satisfy all the conditions of mean value theorem in

Ir 21 £ £/ \ J £/ ] 1 H
[0.2].1f#(0)=0and|7 (x)| Sé'forall X in [0,2], then
a) f(x)<2

b <1

c) =2X

d) = 3ifor atleast one xin [0,2]

30. [f a+b=4 '
1a+b=4,a<2 and g(x) be a monotonically increasing
y Y
function of x. Then f(x)= T, Iy
en, f(x) = X)ax +
)= ], 9(x)ax J,9()ax
(@) increases with increase in (b-a)
{o.; decreases with increase in (b —é)
(C) Increases with decrease in (b-a)
(d) None of the above

31. The ok :
€ function which IS neither decreasing nor increasing in

[E sz
5" s
(@) cosec x
2 (b) tan
(© x ) {lx _X”

Directions

P=(x,y) of a(% 2 iny To find the point of contac

origin d we e quem © the graph of y - f(¥ passing through
’ quate the slope of tangent to y = f(x at P to the

slope of OP. Hence. ,
" » We solve the equation f” (x,) :@ to getk
1

32. The equation lHog mx | =

; PX, where m s a positive constant
has a single oot for ;

@0<p<m
e (b)p<3
m

(C)0<p<3
m - i s
e
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33. The equation |log mx| =

34.

Directions (Q. Nos. 35 and 36)

Day 13 Application of Derivatives

, PX, Where m is a positive constant 38 Consnder the ordinate of a point describing the circle
have exactly two roots for x% + y? = 25 decreases at the rate of 1.5 cmy/s.
(@) p= g ©) p= = ©0<p<l (o< o L Statement | Then the rate of change of the abscissa of the
4 & point when ordinate equals 4 cm is 2 cm/s.
The equation [log mx| = px, where m is a Positive constant Statement Il xdx + yax = 0.
have exactly three roots for
e, m i = 39. Statement | The points on the curve y? = x + sin x at which
e )0 jors ® the tangent is parallel to x-axis lies on a straight line.
(©0< p<§n dp< Statement |l Tangent is parallel to x-axis, then AL 0 or
77 ax ax

Consider the function

f1(=22, 09) = (= o0, o) defined by

35.

36.

6 = 52—_‘“\“;0 <la <2
Which of the following is true?
(m@+afﬂm+Q-@2VﬁD:O
(b) @~a7 (- @+ af (- 1)=0
© M= -a?
@ M= N=-@+af?

Letg(x)= _[j Tfjr(L at. Which of the following is true?

72

IS positive on (= o, 0) and negative on (0, )

change sign on both (= ¢, 0) and (0, )
does not change sign on (= oo, o)

@ g"(x)i
(b) g’ (x)is negative on (- =, 0)and positive on (0, c)
X)

)

Directiens (Q. Nos. 37 to 42) Each of these questions contains
two statements : Statement | (Assertion) and Statement il(Reason).
Each of these questions also has four alternative choices, only one
of which s the correct answer. You have to select one of the
codes (), (b), (o) and (d) given below.

37

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement . :

(b) Statement | is true, Statement Ilis true; Statement Il is not
a correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement Il is true.

Statement | If Rolle’s theorem be applied in f(x), then
Lagrange Mean Value Theorem (LMVT) is also applied in
£(x)

Statement |l Both Rolle’s theorem and LMVT cannot be

T T
=il

applied in f(x ]

40.

41.

42.

43.

= o9,

dy
Statement | The ratio of length of tangent to length of

normal is inversely proportional to the ordinate of the point
of tangency at the curve y? = 4ax.

Statement Il Length of normal and tangent to a curve

i+ m? ’
a1 . where m = %
m [ ax

. e
y=f(x)is| yy1+ m= |and

1

If g(x) is a differentiable function g(1)= 0,g9(-1)# 0 and

W =1
0 in [=1,1]

Rolle's theorem is not applicable to f(x)=
then
Statement | g(x)has atleast one root in (1, 1).

Statement Il If f(a) =
X € (a,b).

f(b), Rolle’s theorem is applicable for

Statement | Shortest distance between | x| +| y|=2 and
X2+ y? =16is 4— 2.

Statement Il Shortest distance between the two smooth
curves lies along the common normal.

' N\
Equation of normal to the curve y =cos?® x at point (% O)

is
T TC
a) X—y=— b) x+ y=2
@ y 7 (b) y :
@€ x+ y= % (d) None of these
44. The tangent to the curve y =e* drawn at the point (¢,e)

intersects the line joining the points (¢ —1€°™) and

e+1e5%

(@) on the left of x=¢
(b) on the right of x = ¢
() at no point

() at all points

el N =
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45. Statement | The equation x|

at least one value of X lying be
Statement Il The function f
function in [12]and 9X)=2—-xis g decreasing function in

[1,2] and the graphs represented by these functions
Intersect at a point in [ UEE Main 2013]

(a) Statement | is true; Statement || is false.

(b) Statement | is true; Statement || is true; Stateme
a correct explanation for Statement |

() Statement | is true; Statement || is true;
correct explanation for Statement |

(b) Statement | is false: Statement ||

08 X=2—x is satisfied by
tween | and ||.

(X)=x log x is an increasing

nt Il is not

Statement Il is a

is true

46.

If the surface area of a Sphere of radius r is increasing
uniformly at the rate 8cm</s, then the rate of change of its
volume is [JEE Main 2013]
(@) constant (b) proportional to /7

(¢) proportional to r2 (d) proportional to r

47. Statement | The function x%e* +e™) s increasing for all
) g
X))
Statement Il The function x%* and x% ~* are increasing for
all x>0 and the sum of two Increasing functions in any
interval (a, b)is an increasing function in (g, b).[JEE Main 2013]
(a) Statement | is true; Statement [l is false.
(b) Statement | is true; Statement Il is true; Statement [l is not a
correct explanation for Statement .
(c) Statement | is true; Statement Il is true; Statement Il is a
correct explanation for Statement |.
(d) Statement | is false; Statement Il is true.

Dt :
48. If the curves > + yT:i and y® =16x intersect at right
R

angles, then a vaiue of o is [JEE Main 2013]

P

(a) 2 \b) g
3

©5 e

49. A spherical balloon is being inflated at the rate ?f 35 ce/min.
: The rate of increase in the surface area (in cm</min) of the

balloon when its diameter is 14 cm, is [JEE Main 2013]

b) V10
10 ( )
Ei)) 100 (@) 10v10
i t to the curve,
n equaton of a tangent
o ”— aes(x+qy) where —1< x <1+ x, is X +2y =K, then k
_y—c al to , [JEE Main 2013]
is equ
(@ 1 (b) 2
= @ =
(© % P

51. At present, a firm is manufacturing 2000 items

53.

54.

55.

56

57

58.

z
estimated that the rate of change ¢

aP _ 100—12+/x. If the firm employees 25 more Workers

ax ;

then the new level of production of items is  [JEE Main 213

(a) 2500 (b) 3000

(c) 3500 (d) 4500 1.
n 11

A Z2L

= 1

equal to [JEE Main 2 41

(@) £1 (b) £2 51

(c) £3 (d) 4

The real number k for which the equation, 2x° + 3x + k=

has two distinct real roots in [0, 1] [JEE Main 2013

(a) lies between 1 and 2 L

(b) lies between 2 and 3

(c) lies between —1and 0

(d) Does not exist 2

A spherical balloon is filled with 4500 7 cu m of helium gas g

If a leak in the balloon causes th
of 721 cu m/min
radius of the balloon decreases 49 min a
began is

then the rate

(a) 9_ (b) _7 (c) ;‘j
7 9 g
The equation of the tangent to the curve y=x+—, thal
parallel to the X-axis is [ATEEE 20101
(@ y=0 (b) y=1 () y=2 (d) y=3
H7ow many real solutions does the equation
X"+ 14x° +16x° + 30x — 560 = g have? [AIEEE 2008]
(a) 5 (b) 7 © 1 (@) 3 .y

Avalue of ¢ for which the conclusion of mean value theor@”

holds for the function i‘(><)=|oge x on the interval {1 3} 8 _
[AIEEE 20071
(8) 2logge ®) tiog, 3
5%
() log,e (d) log, 3

The function f(x) = tan-" (8inx +cos x) is an increas™ = 8

function in AIEEE 20071
°[i3) (53
i o33
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Day 13 Application of Derivatives

59, A spherical iron ball 10 cm in radius is ¢
of uniform thickness that melts at a
When the thickness of ice 15 cm, then

oated with a layer ice 60. Let f(a)=g(a)=k and their nth derivatives f”(a),g" (a) exist
rate of 50 cm®/min.

and are not equal for some n.
the rate at which the o S

thickness of ice decreases, is A B el =fe) —gi s daie A
5 5 x> X) = f(x 1 AR
(a) ‘6-7\' cm/min (b) i Cm/min g( ) ( ) E ‘ i
il 5‘1‘% then the value of k is equal to [AIEEE 2003] ik
(c) - cm/min ©) - A @) 4 ) 2
© 1 @ 0
Answers
1. (g) 12. (2) 3. (a) 4. (d) 5. (a) 6. (b) 7. (b) 8. (d) 9. (b) 10. (a)
il (b) = () 13. (o) 14. (a) 15. (d) 16. (d) 17. (a) 18. (b) 19. (b) 20. (d)
21. (0) () 23. (o) 24. (d) 25. (a) 26. (a) 27. (a) 28. () 29. (b) 30, (a)
31. (a) 32. (d) 33. (@ 34. (b) 35. (a) 36. (d) 37. (b) 38. () 39. (d) 40. (2)
41. (©) 42. (d) 43. (a) 44. (a) 45. (a) 46. (d) 47. (©) 48. (b) 49. (a) 50. (d)
51. (¢) 52. (a) 53. (d) 54. (c) 55, (d) 56. (c) 57. (a) 58. (b) 59. (c) 60. (a)
o Q o
Hints & Solutions
i Given,2g(sine):d—e:> ZXCOSQg—Q:@ 4. y=xlogx = %:1+Iogx 1
dt cli @l dx ol
1 1 it
sl |=— = - jeret
- 2cosB=1 = cosé= %ﬂ B ’3“ The slope ot the Mol ST T = i
‘ \ The slope of the line2x — 2y = 3iis 1.
2. Clearly, the point of intersection of curvesiis (0, 1). . S i
Now, slope of tangent of first curve, = 1+ logx [
mll:g)./:a*’loga =5 logx=-2 g
ax — o 8—2 i.
Lyl So, the coordinate of the point is €72, — 2e ). lij}f i
Slope of tangent of second curve, 1 3 : ‘;
_ O B e — e 2 i
mz_.&_blogb W 2x 2.4y dx g
= my = (ng =lee> C ﬂ i
2 dx o, 1) ax X §_
tan o = m =M BQE:_LCI@B Hence, tangent at (x, y)is ‘. ;,1
(g AN vey==I oy '
) VX i
3. Weh 2 = 6x—1 1
i Z 5 5 = XWy + VX =y (x4 ) axy
a0, - (~] = ORI = s | -
ax  \2Y Ju -2 Tax  ~ay it

; : he point (1, —2)18
+ Equation of normal at the p Clearly, its intercepts on the axes are /a /x and va/y. i

e G
Wi (S 7 b Sum of intercepts = va (Wx + \[y) =va-Ja=a ko
A By le= 0 6. Equation of line joining the points (0, 8) and (5, —2)is y =3 — x. If
As the normal is of the form this line is tangent to y = __ax_‘ then (8 = x) (x + 1) = ax should
ax__5y+b=0 (X+1)

have equal roots. Thus, (a —2)2 + 12 =0= no value of a =
aed.

On comparing this with E- (i), We get

a=4 and b=l
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7. Letthe point be (X, 7). Therefore, Yi=(x =9

Now, slope at the tangent at (>, y1)is2()<1 = 3)

Therefore, 2(x, — 3) =1

= X1=

Hence, the required point is fZ, l\

2 4)
8. f(x)=x
fla)=+/4 =2
f(b)=~/9 = 3 f’(X):_T\/__
2.X
Also Po)=1®0)=fa) 8-2 1
b-a 9-4 5
il .25
e = C‘Z—G‘ZS

9. ) will be monotonically decreasing, if f(x) < 0.

= F(X)==sinx—2p< 0
= %sinx+,o>0
;
= p>é; (=< sinixe< 1)

10. Given that, equation of curve y = x® = f(x)

So, fe)=8
and HE2)=8
Now, £(x)= 8x°
- = [@=12)
= 2)
8-(=8) 2
= 3x
= 4
J=av i
3

11. On differentiating y = cos(x+ y)W.r.t X, we have
dy _ —sin(x+y)
dx 1+ sin(x+ y)
—sin(x+ y)
1+sin(x+ ¥)

Since, the tangents to the given curve are parallel to the line

Slope of tangent at (x, y) =

X+ 2y = 0, whose slope is _;—
—sin(x+y) _ =1
1+sin(x+y) 2

= sin(x+ y)=1

x+y=mm+ (1) ZneZ

0

butitis equalto 1.

JEE Main Mathematics i Just 40 Days

12.

i8.

14.

=cos(x+ y) = cos{nn + (=1 57"' J
Then. i 2[ n €2

=0 forallneZ
—3r b1
Also, since —2r < x < 2w, we get X = 5 and x = 5_
Thus, tangents to the given curve are parallel to the line
i -3 PO e
X+ 2y = 0only at points (7“ Ojand & 0 ,]

.. The required equation of tangents are

y—O:j 'X+ @j:?m» 4y+3n=0
2 2

and y-ﬂo:i(x_f)a2x+4y—‘t: 0
2

2

Let f(x) = (a + 2) x* — 8ax® + 9ax — 1 decreases monoton call
forall x e R, then f’(x) < Ofor all x e R

= 3@@+2)x* —bax+ 9a<0 forall xeR
= (@+2)x* —2ax+ 3a< OforallxeR
=5 a+2 < 0and discriminant < 0
= a<-2,-8a°-24a<0
B a<-2anda(a+ 3)>0
= a<-2,as-3ora>0n
= as-3
—©<a<-3

Now, f7(x)= 2N X~ XCosX

sin® x

_ CosXx (tanx — x)
sin® x

'(x)> 0for 0 < x < 1
So, f(x) is an Increasing function

Now, g’(x) = f8nX — xsec?x

= %.’T},,CQS'N =X _ISih2x 23

sin® x

R Y
Again, &(SiHQX—QX) =2 COS2x—P

. S2(BOS R = en
S0, sin2x —2x s decreasing.

= sinzx—zx<0
5l g'x)<0

So, g(x)is decreasing.

We have, f(x) = x3 + py2 +Cx+d

= F(X)=38x% + 2bx + ¢

Let D be the discriminant of #(x) = 3x2 + 2bx + .

Then, D,=4b2-120=4(b2—c)—80<0

ik
F(X)> Ofor all x € (~oo, o)

Hence, f(x)is Strictly increasing function on (o0, 00).

8 Print to PDE without this message by purchasing novaPDE (htto://www.novapdf.com/)
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#ix) = | 100, log.{og,{cos x + a\1)
fixi P 1YYl Wal ‘“‘“
Glearly. f{x)is increasing for all values of x f
8 X 4

log, (108 a)t]is defined for all values of x

A lirs— Totel s B\~ T q
=100, [10Q, (CO8X 4 al>0VxeR
= log, [cosx+ &8 >1VxeR

. COS X +

o b]
8. Onsoving, ) 4ax x* = 4by, we get
X=0o0r x° =64abh°
Siope of the curves at tt COMM( o 2a X
Spe Of the Curves al the common points are and :
y 2b
ctively. If these parabola intersect orthogonally, then
) |
y 21
= <X ]
x
X 45
= — X° = 64a (XA ()
=) 6da + 3
=9 2 + D U
which is nol possible
Bly=lix)=ax" + Dx+C we Nna
=> b+c=1
Also. ax? + bx + ¢ = x should have x —1as it's repeated
o0t
ph W > . 2
= af +b-Nx+c=alx-1

18,

o

= 1-pb=2aa=c
Wehave, 1’(x)=2ax+ b.1"(x)=2a
fr(y=2a,1’(0)= b

£77(1) + 1°(0) =1

et Asix, fix)) and B= V;,. ”K’/J)
graph of y = f(x). Chord ABwill be lie completely above the graph
of y = f(x)

s 3

A

y = f(x)

Day 13 Application of Derivatives

be any two points on the

g'(x) = f'(sinx)-cos x ~ f’(cos x) - sinx
= g"’(x) = - f"(sinx)-sinx + cos? xf"’(sinx)
0
+ F’(cosx)-sin® x — f"(cos x)-cos x> 0,V X e(O, 5)
— g’(x)is increasing in (0, 43 J Also, g’(ff) =0
2 4
1
—afd :>O.Y/xe(7f, TEJ and g’(x <O,Vxe(0,—J
7'(X) = g’(x) il

Thus, g(x)is decreasing in [O, g)

. Let AABC be isosceles triangle, where BC is the base of fixed

length b.
Let the length of two equal sides of AABC be X.

Draw AD_LBCin figure. %
. / \
ey 2 oz X
AD:\/XM)#(QJ :\/x2_b_ / \
2 4

Now, in AADC, by applying the
Pythagoras theorem, we have

L basex height B D C
«~——b——>

.. Area of triangle (A) =

N |

b [z b2
— Ll e
2\ 4
The rate of change of the area Aw.r.t. time is given by

adA 1b><1 2x >(c/x~ xb  adx

=5 A

2 /;2 p? ot a2 _pot
\ 4
Itis given that the two equal sides of the triangle are decreasing

at the rate of 3 cm/s.
ax

= =-3cm/s (negative sign use for decreasing )
dite_SxXa . Lo
dt \/ L

2
When x = b, we have %? L SoE —/3b cm?/s

V3b?

Hence, if the two equal sides are equal to the base, then the
area of the triangle is decreasing at the rate of +/3b cm?/s.
Note If the rate of change is increasing, we take positive sign
and if the rate of change is decreasing, we take negative sign.
_asinx + bcosx

Let y -
csinx + dcosx

The function will be decreasing when % <0
(esin x + d cosx) (@ cosx — b sinx) i
[ — (asinx + bcos x)(c cosx—dsinx)}
(csinx + dcos x)? i
= ac sinx cos X — be sin® x + ad cos? x
— bd sinxcosx — ac sinxcosx + ad sin® x
—be cos? x + bdsinx cos x < 0
=  ad (sin? x + cos? x) - be (sin x + cos? x) < 0
(ad - bc)< 0

D/ WWW.NO
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22. Let ABbe the position of b

23. To determine ‘¢’ in Rolle's theorem. 7/ c)=0

: OV \ ic flui .
Position of the kite at any tirr{e/;,ho A L

Lgl BD = xand AC - Y, then AE = x
Given, AB =15 m,CD =1515m
“CE =150m

Given, ax =10m/s / 3
dt 3 1!5

Here, we have to find ({}/.
dt

when y = 250m
Now, from ACAE, 12 = x2 4 1502

’1 5m
!
On differentiating, we ‘ =R
g, we get L\\, :
dy = dex ; i .

2}/?[ at

Q X ax (

di/:yﬂrﬁ:';'m (i)

In AACE, x = 12507 — 1507 (o y = 250)
=200m

From Eq. (i), gy = 200/ 10 = 8mi's

at 250

Here, /(x)= (x* + 3x)e 2x + 3)e
2)
(“f 4
=iE) VY [ “x + 3X) + 2x + 3}
| 2 |
1 ¥/ 2} -
=— — o= (H2) (4t - X—6)
2
i) = (0]
= cf—c-6=0
= 0773,—»?
c=3¢[-30]

24. The tangent to the parabola x* = y — 6at (1, 7)is

1

X(1):§(y+ 7)—6
— y:2X+5

which is also a tangent to the given circle.
e, X2+ @x+ 57+ 16x+ 12 2x+ 5)+c =0

— (5x2 + 60x + 85 + ¢ = 0) must have equal roots.

Let the roots be o = B.
' (x+B=-—%Q:>a=—6

x=—6andy=2x+5=-7

925. Given that, f(x)is monotonic.

=5 f(x) = 0or (x) > 0VxeR
— f(px) < Oor f(px) > 0VxeR

So, f(px)is also monotonic. :
Hence, f(x) + f(3X) + ... + fl@m—1)x]is a monatonic.

Polynomial of odd degree @m—1), so it will attain all real values
only once. i

JEE Main Mathematics »Jus+ 40 Days

26. Let f(x) = sin3x

28.

30

Qinta
» olNce,

1 L Tt CI g
Thus, sinx is increasing N — -2— to E is of length n.

Hence, the length of largest interval in which #(x) = sin, .

; 1
increasing, IS —.

o

X (1= x)

f'(x)=e + xe™ =¥ (1-2x)

1= 1) x(1=x

= '+ x-2X")=~-¢€

Tl
Hence, f(x)is increasing in | — ~ 1

< J

]

X=12x+1

t'(x)=e"(x-1(x=2)

s

1 2

f'(x)< 0 fort< x<2
Hence, f(x)is decreasing for x € (1, 2)
f2) - (0)

I

= o)

IX)= X
o
D
Alsc f’(x i
From Eq. (i) | ()| = fe) | o112 x| <
o o] T a )
& < -

Ininterval [0, 2], for maximum x
: 1
[(X)] < =-2=] fi)

5] '

Here,a+ b=4=p = 4 _ aand b

Now, j““ g(x)ax + J g(x)dx = | " g{x) ok

s | 4o glx)cx = Ka
=, dl(a)
~ =g@-qg4-a
ga ) % dé
As a <2 and g(x)is increasing

g 4d-a>a

= 9@ -g(4-a)<0 = M8 .
: da

Now, dhe) _dia) ot _ , difa)
o & e

at

Thus, a) is an increasing function of ¢. Hence, the 97

expression increasing with (b ~ a)

N/ WWW.NO
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Day 13 Application of Derivatives

31. The graph of cosec xis opposite in [l 3_“}

2
Y
g L N T
1 \ H
g | i
ol
o
X <—*+—Lx'-—+2—ni—»—ﬁ:—_.——>
O w2 3w | ! d
Lubail
| I I
| 1 1
oo oo
Y,

Solutions (Q. Nos. 32 to 34)
Slope of tangent at P = Slope of OP

P (t, log mt)

< : 4
O 1/m
= 1:!99/77 = :Ei — D= € 1\‘
t t m i o
tan D= !
e
2ax 2ax
35, - f(x) = EX_T ax+ 1) Sl
X2 + ax+ 1 X +ax+1
o = [ (2 +ax+1).2a- 2ax(2><+a)__i S9axe 20
" fx Mg, S
L 0@ + ax+ 1 | (x° + ax+ 1)

G

=2a r o
{(x2 +ax+ 17 |

(x2+ax+1)2( CaE)
: (e PEx e
2 @ + ax+ 1)*

and f(x)=

[ox (X + ax+ 1) = 2(X6—1)(2X+a)

e +ax+ 1)
2 ___(;a_"__gzz——éla
Now, f”(1)= 5 L oF (a+2)2
; a0 —2) . 48
and f’(-1)= (2 7 (3-2)2

4a - 4a=0

@+aP )+ @~ ap (- 1)=
2x X
i et = A e?* -1 afbi
= -g(x)=1_+—(g;)—ze _26[(e2"+ae"+1)2 12
g’ =0,ife>* —1=0=>x=0
If x< 0,62 < 1=> g’(x) < Oand if x> 0,6%* >1=>g(X)> 0

41

37. For Rolle’s theorem and LMVT, f(x) must be continuous in [a, b]
and differentiable in (a, b).

Hence, Statement I is true.

Since, f(x) =|sin| x| m[ i 4Jis non-differentiable at x = 0.

Hence, Statement Il is also true

38. Given, x°> + y° =25

= 2xadx + 2ydy=0
= 51 i
ax y
o dy/dt X
o ax/dt 5 y
e RS s
i ) ax L‘v'f i 4
ax _1.5x4
r e
=2 cm/s
39. Given Yy~ = X + sinx
= 2y O =g + COS X
ax
Here L/) =0
ax
= cosx=—1
= sinx=0
From Eq. (i), y9 = X

40. Let the slope of the tangent be denoted by tanw

Length of tangent = y cosec y
Length of normal = ysec y

o y 1
Length of tangent ook e
Length of normal ¥

Hence, Statement | is true.

Length of normal = ysecy=|y \.‘1 + m°)

Length of tangent = y cosec y=

Hence, Statement |l is true and expiains Statement |

Statement | As f(— 1) = f(1)and Rolle's theorem is not applicable,
then it implies f(x) is either discontinuous or f{x) does not exist
atleast one point in (= 1. 1).

g(x) = Oat atleast one value of xin (-1, 1)

Hence, Statement 1l is false.

.

o7

AWW. . N0oVADC Ol1]
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42.

43.

44.

45.

46.

Common normal is V=
Y
4
(B
: (.1
Xt—— - >
.. = ——
v
V.

On solving x + y =2 = (({, 1)
and  X* + )2 =16 = (242, 242)

The distance between AB'is (4 —+2) but as curve are not
smooth, check at slope points. The coordinates in Ist quadrant
are (2, 0) and (4, 0) and here distance = 2.

Hence, 4 — /2 is not shortest.

Given, y=cos?x
d_y = —2C0S X-Sin X = — sin2x
ax

%atx =T equal to —1.
ax 4

So, the slope of normal is equal to 1.

.. Equation of normal is (y—0)= (x—g) =5 ==

~la

The equation of the tangent to the curve y =e* at (¢, e°)is
y—e° =¢e° (x—c) ()
Equation of the line joining the points (€ —1€° " ') and

(EErles Ulis

=[x-Cc-NR-E-e)=2¢" [from Eq. ()]

Cunve of g(x)=2 — X
and f(x) = xlog x

From graph, we observe that f(x)
and g(x) are increasing and
decreasing in the internal [1, 2]
respectively atleast one point in
[1, 2] will be exist, where the both
curve intersect each other.

(0,2)

c
O,/(1,0)
y'

x log x

X

A
@0

Surface area, S = Amr®
as ar el 8 ( o chzls)
8mnr-— = 8nr A

49, V=g7tr3 =

JEE Main Mathematics inJust 40 Days

S
dat wr
an® AV g I amz. 1,
o a7 at e
d_\{ oc [
at
47. Statement| x%isan increasing function ande” + e *jg alsoan
increasing function. Therefore, x°@€* +e™)is an increasmg
function.
Statement Il Here, X%~ is an increasing function but X%e™is not
always increasing.
X + v ists= e
ik R SRR =
48. Slope of the curv oy 5T
3 : 16
Now, slope of the curve y° = 16xis m, = P
Y
Now, apply the condition of perpendicularity of two curves,
e M=

and geta = g with the help of equation of curves.

dl:ﬂnaarzﬂ

24

at 3 at
e 35:411(7)2%:7 Oty 9
at at 28n
Surface area of balloon, S =4nr®
g§r=8nfq~:8nx7x 2 =10cm? /min
at at 28m
50. - y =Cos(x + ¥)
VR E sin(x+ y)(1+ )
X o ap Q%]
ay :
= —— [+ sin V] = — sin (x 4- V)
dx[ (X+ y)]=—sin (x + y)
= gy ﬂf‘yl Lollet)
& d+sin(x+y) 2
A
( X + 2y=k:>m:g=—"‘
ox
= sin(x + y) =1
= x+y="I
2
V= COS(E\ =0
2)
g D= E
2
X+ 2y =k

T
§+2(0)=k:k=2
2

51. Given, 9P _
ax - 100-12%) = gp = (100 124X)aK

On integrating both sides, we get
de = j(100-12«/§)dx
P=100x-8x%2 | ¢

' Print to PDE without this message by purchasing novaPDE (http:/www.novapdf.com/)
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52.

53.

54,

When x =0, then P=2000 = (¢ - 2000
Now, when x = 25, then
£ =100x25- 8x (25)°'2 4 200
=2500-8x125 + 2000
= 4500~ 1000 = 3500

Given, y = .[O\\tldi
Y |x=2
ax

= X=12

2
. Points, y = '[O |tlat = +2

- Equation of tangent is
VS 2 =2(X=2)y+2 = 5(x +2)
For x-intercept put y = 0, we get
0-2 =2(x~2)0+2 =2(x+2)
X = %1
Let f(x) = 2x° + 3x + k
On differentiating w.r.t. x, we get
X = 6x° + 3 > 0O VxeR
So, f(x)is strictly increasing function.
Hence f(x)= 0has only one real root, so two roots are not
possible.
Since, the balloon is spherical in shape, hence the volume of the
4 3
balloon is V = -

On differentiating both the sides w.r.t.t, we get
av _ 4n(3r2 e/

dr _av/dt )
at  4mr?

.av ;
Now, to find i at the ratet = 49 min, we require i the radius
at t

(r)at that stage

& _ _ 72 xm? /min
ot

; = 3
Also, amount of volume lost in 49 min="72 mx 49m

. Final volume at the end of 49 min 4
= (4500 7 — 3528m)m

- 972 nm®
If ris the radius at the end of 49 min, then
ds —o72n
3
e =729

=9 :
slloon at the end of 49 min = 9Im

=
=

Radius of the b
From Eg. (i),
dr _av/dt
at 4wt

Day 13 Application of Derivatives

(ﬂ) —Rlap *e m/min
t =49

55. We have, y = x+ Ei
X2

On differentiating w.r.t. x, we get
9y B
ax &
Since, the tangent is parallel to X-axis, therefore
o 0= x*=8
ax
x=2 and y=3
56. Letf(x)= x” + 14x> + 16x° + 30x — 560
F(x)=7x% + 70x* + 48x° + 30> 0, VxR
Since, f(x)is increasing.
So, #x)= 0has only one solution.
5. Using mean value theorem
1(3) = (1)

f'e)=———
3-1
1 1_leg, 3-log, 1
(0] 3-1
2
B= =2 log,€e
log, 3 b
: 2 cos (x + Ej
ek 0= = (cosx —sinx)= i

1+ (sinx + cos x)> 2

For f(x) to be increasing,

xfécos(x+—;5)>0 = =

T e I8
2 4

N3

-
59. Since, g L4nr3) =50
at
= 32-g£=_50_x§ = g:io_
at  4n at 4w
[ﬂ) o -=Lcm/min
at )15 4nx225 18rn

60. Using L' Hospitals rule, we get
fla) g’(x) = g(a) F'(x)

lim £
x—a gix)=(x)
= jim G =K) _
x=a gl(x)=1F(x)
k=4

1+ (sinx + cosx)
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Maxima and Minima of a
Function

Method to Find Local
Maxima or Local Minima

Concept of Global
Maximum/Minimum

Jaxima ang
linima

Maxima and Minima of a Function

A function f(x)is said to attains a maximu

1 va e =t/ ists a
neighbourhood (a~8,a+8), x# q i.e., f(x) - f( e il iheTE

@) <0,V xe(a-8 a+d),x#a
In such a case f(a) is said to be the maximum value of f(x) at x = g
Greatest value/

A Local Absolute maximum

Local maximum maximum

Local minimum
X

Least value/ B
Absolute minimum

A function f(x) is said to S

neighbourhood (a - §, a + §) §

Dimum at x= a, if there exists @
o >f(a)’vxe(a—8,a+6),x¢a.
Dimum valy

3 eme values, The f1... .
local maximum and points B and p aree:alg:lel turning points 4 and G are called
oc

al minimum,
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Day 14 Maxima and Minima 161

(ritical Point

A point ¢ inﬁ Uw d“”_‘f‘,i” of a function f at which either
flc)=0 or f is Im)l differentiable is called g critical point
of . Note that, if f is continuous af point ¢ and f(¢) =0
then there exists an h > 0 such that fis differentiable {n ths;
interval (c — h,c + h). J
eg. If f(x)=x°, than f"(x) =3x* and so f(0) =0 but O is
peither a point of local maxima nor a point of l()(;;;l
minima.

Let f be a function defined on an open interval I. Suppose
¢ el be any point. If f has a local maxima or a local minina
at x=c, then either f’(c) =0 or f is not differentiable at .
The converse of above theorem need not be true, that is a
point at which the derivative vanishes need not be a point
of local maxima or local minima.

Method to Find Local Maxima
or Local Minima

There are two test under which local maxima and local
minima can be find out. These two tests are first derivate
and second derivate test. Both the tests are given below.

First Derivative Test

Let fbe a function defined on an open interval I and f be
continuous at a critical point ¢ in I. Then,
(i) If f(x) changes sign from positive to negative as x
increases through ¢, ie., if f/(x) >0 at every point
sufficiently close to and to the left of ¢ and f’ (%) < 0.
at every p(;int sufficiently close to and to the right of
¢, then ¢ is a point of local maxima.
(ii) If (%) changes sign from negative to positive as x
int ¢, Le., if f'(x) <0 at every
se to and to the left of ¢ and
fficiently close to and to

increases through po
point sufficiently clo
f'(x) >0 at every point su : se.
the right of ¢, then cis a point of local minima.

(iif) If f*(x) does not changes sign as X increases through
B doansither @ point of logalimaxima nor @
point of local minima. Infact, such a point is called

point of inflection.

‘y Point of local maxima pojnt of non-differemiapility
0 and point at Jocal maxima
b3

Point of non-differentiability,
; A5 but it is a point of local
Sotioce — & | : minima

: minima T ; =

If ¢ is a point of local maxima of f, then f(c) is a local
maximum value of f. Similarly, if ¢ is a point of local
minima of f, then f(t) is a local minimum value of f.

Second or Higher Order Derivative
Test

1. Find f’(x) and equate it to zero. Solve f’(x) =0 let
its roots are x = @, @ ...

N

Find f’’(x) and at x = a,

(i) if £’ (a) is positive, then f(x)is minimum at x = a,.
(ii) if f**(a,) is negative, then f(x)is maximum at X = @;.
3. WIf at x=a,f" (a)=0, then find ) NIt

f"" (@) #0, then f(x) is neither maximum nor
minimum at x = a.
(ii) If f** (q,) = 0, then find j"["(,\')‘
(iii) If f¥(x) is positive (minimum value) and f*(x) is
negative (maximum value).
4. If at x=a,,f¥(a,) =0, then find f'(x) and proceed
similarly.

Point of Inflection

(@)

onsider function f(x)=x3. At x=0, f (x)=0. Also,

'’ (x)=0 at x = 0. Such point is called point of inflection,

where 2nd derivative is zero. Consider another function

f(x)=sin x, f"*(x)=—sin x. Now, f“(x)=0 when x =nm,

then this points are called point of inflection.

At point of inflection

(i) It is not necessary that 1st derivative is zero.

(i) 2nd derivative must be zero or 2nd derivative changes
sign in the neighbourhood of point of inflection.

n th Derivative Test

Let f be a differentiable function on an interval I and a be
an interior point of I such that

@) f(@=f"a=f"(a=..=f""(a) =0and

(ii) f*(a) exists and is non-zero.

» Ifnis even and "(a) < 0 = x = ais a point of local maximum.
» Ifnis even and f"(a) > 0 = x = a s a point of local minimum.

» If nis odd => x = a is a point of local maximum nor a paint of
local minimum.

Test for Local Maximum/Minimum at = | if
is not Differentiable at =

Case | When f(x) is continuous at x = a and f’(a ~ h) and

f’(a+ h) exist and are non-zero, then f(x) has a
local maximum or minimum at x=a, if f'(a- h)
and f’(a+ h) are of opposite signs.

NMWW. N0oVADC Ol1]
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If\f’(u =~ h) >0 ang F'la+h)
of local maximum,

I (g — h) <0 and f'la+ b
of local minimum,

<0, then x = g wil] he a point

>0, then x = g will be a point
Case II When f(x) is continuous and f'la-h)

and f’ (a+ h) exist
but one of them ig Zero, we should infer the information
about the existence of loc

: ‘ al maxima/minima from the
basic definition of local maxima/minima,

Case IlI If f(x) is not continuous at x = q and f’(a-h) and /or

f'(a+ h) are not finite, then compare the valueg of f(x) at
the neighbouring points of X=lq

INCtion is strictly nereasing in [a, b then

) IS | nimum
IS 101 1aximum
junction is strictly aecreasing in [, b] then
Fij maximum
‘ S linimum
1
Y = [{X) Is maximum or minimum according as z = —— s minimum
I(x)
ax + b !
=——— had no local maximum or minimum
X+ d
egardless of values of @, b, ¢ and d.
£ ] ]
W The function f£(0) = sin”0-.cos"O attains maximum values at
R ]
=t 7
0 =tan ( i
V)

¥ If AB is diameter of circle and C be any point on the circumference, then
area of the AABC will be maximum, if triangle is [sosceles,

Concept of Global
Maximum/Minimum

Let y = f(x) be a given function wi‘th do.main D ax.ld [a’b].’; D, then
global maximum/minimum of f(x) in [ab] is basically the
greates?//least value of f(x) in [a,b]. > |
Global maxima/minima in [a, b] would alwzfys occur at critical points
of f(x) with in [g b] or at end points of the interval.

Global Maximum/Minimum in [a, b]

i : ¢ i d minimum of f(x) in [a,b],

der to find the global maximum and m : :
g]nsrout all critical points of f(x) in [a,b] [L.e., all points at Whmh
f’(x) =0] and let f(¢,), flc,) ,..., f(c,) be the values of the function at

these points.
M, — Global maxima or greatest value.

i bal i least value

d M, — Global minima or :
:;‘ﬂfe sz =max {f(a), f(c1), f(c) ... flcn), f(B)}
Bnd MZ 7= mm {f(a)’f(cl):f(cz)!'-'»f(CnJr f(b)}

JEE Main Mathematics i Just 40 Days

Then, M, is the greatest value or globa] Maxing
[a,b] and M, is the least value or globa] Minip, i
[a,b].

Greatest and Least Values o Loca
Maximum/ Minimum of a Functigp

in the Closed Interval

By maximum/minimum of local maximup/ &
local minimum value of a function f(x) ata Poin;
¢ € [a,b], we mean the greatest or least value i the
intermediate neighbourhood of x = ¢,

It does not mean the greatest or absolugy
maximum (or the least or absolute minimum) g
f(x) in the interval [a,b]. A function may haye 5
number of local maxima or local minima jp ,
given interval and even a local minimum may be
greater than a relative maximum,

Thus, a local maximum value may not be the
greatest (absolute maximum) and logal minimum
value may not be the least (absolute minimum),
Value of the function in any given interval
however, if a function f(x) is continuous on a
closed interval [q, b], then it attains the absolute
maximum (absolute minimum) at critical pointsor
at the end points of [a, b].

To find the absolute maximum/minimum value of

the function, we choose the largest and smallest

amongst the numbers
f(a“),f(c‘dyJ"(Cz),--uf(cu),f(b)

where, x = €1,Gy,...,C,, are critical points.

i~Results on Maxima and Minima -

* Maxima and minima oceur  alternatively. /e,
between two maxima there is one minimum and

i vice-versa,

* ) e as x4 or b and f*(x) =0 only for
one value of x (sayc) betwesn g and b, then f(¢)
IS necessarily the minimum and the least value:

*HSHS Db i a or b, then flc) i
necessarily the maximum ang greatest value.

¢ The Stationary points are the points of the
domain, Where 7 X)=0,

* IEF00=0 or'doss not exist at points, where
700 exists ang if g+ y changes sign when
Passing through X=x, and f(x) does not

change its sign, then x; is called a point of
inflection.

................................
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Practice

:

. If the function 7(x)

I y =alog x + bx? + x has it

x* has a stationary point at

(@) x=¢€ () se=

(DF [F=X

(©) x=1 (@) x=+e

. If the sum of two numbers is 3, then the maximum value of

the product of the first and the square of second is
[NCERT Exemplar]

(a) 4 (b) 1 () 38 (@ 0

. The minimum intercepts made by the axes on the tangent

2

to the ellipse ) s
160 9
(a) 25 (o) 7
{c) 1 (d) None of these

. The curved surface of the cone inscribed in a given sphere

is maximum, if

4R R
=i b) h=2
(@ h : (b) .
(c) h 2R (d) None of these
3

. The minimum value of 9x + 4y, where Xy = 16is

(b) 28 (c) 38 (d) 18

_ox® —9ax? + 12a°x + 1, where a>0
pandqg respectively

(a) 48

attains its maximum and minimum at
such that p =g, then ais equal to

(€) 2 (d) >

(@) 3 (b) 1

s extremum value at x =1and

. b)i It
ol m)

2 ) 20) =3

©) ( :21) @ (—3”?)
RO

f(x)={4X—X3+|Og(a geatE T

x—18
' / a local
Complete the set of values of @ such that f(x) has

maxima at x = 3, iS

(oo, U@ =)
(a) ["'10 2] (b) —00, — 1) & (21 oo)
© [12] e

o PDFE without this message b

9. The function f(x)= o aed has a local maxima at
(x="1(x—=4)
2,—1),then
(@ b=1a=0 () a=1b=0
© b=-1a=0 d) a=-1b=0
10, I 7(6q)= = A SREEE [o, Ej,then
1+ x tan x 2

11.

12.

13.

14.

(@) f(x)has exactly one point of minima
(b) f(x)has exactly one point of maxima

(0) f(x)is increasing in (o, gj
(d) f(x)is decreasing in (O, g]

A straight line is drawn through the point P (8, 4 meeting the
positive direction of coordinate axes at the points Aand B. If
O is the origin, then minimum area of AOAB is equal to

(@) 12 sqg units

(b) 6 sqg units

(c) 24 sqg units

(d) 48 sq units

If A (xy, 1) B(Xz, ¥o)and C (xa, y3)be the vertices of a AABC.
A parallelogram AFDE is drawn with D, E and F on the line
segment BC, CA and AB, respectively. Then, maximum area
of such parallelogram is

(@ %(area of AABC) (b) 14(area of AABC)

© é(area of ABC) (@ 18<area of ABC)

If y =f(x) be a parametrically defined expression such that
x=3t2 —18t + 7and y =2t — 15t + 24t + 10,V x [0, 6]
Then, the minimum and maximum values of y =f(x) are

(a) 36,3 (b) 46,6
(c) 40, -6 (d) 46, -6
The value of a, so that the sum of the squares of the roots of

the equation x 2 _(@-2)x-a+1=0 assume the least
value is

(@) 2
(c) 3

(b) 1
(@ O
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L Ta X" ¢ byt .

=C . then the maximum value of Xy is

(@ (b) 2
v &l ab
c) : [(” C
veab 2ab
The star r onr o
16. ™ ter of a sector is P. The area of the sector is

maximum when its radius is
D i
\ (b)
VP
o
(d)

4

> Nypotenuse of a triangle is at distance a and

¢ I0ES Ol the triangle, then the length of the
NypPOote [NCERT Exemplar]
| ‘
+ (b in + b }
‘ )
(d) ri(u‘ + b2 |
|
/
18. 1f P J=(32) and R is a point on x-: then the
f PR + RQ will be minimum at
0 b) | “Q\J
G
3.0 (d) (1,0
19. The volume of the largest cone that can be inscribed in a
sphere of radius R is [NCERT Exemplar]
a) = of the volume of the sphere

(by — of the volume of the sphere
oy

& -z :

(c) = of the volume of the sphere

~

o

1) 1

Jone of the above

20. The minimum value of 4e<” + 9e " is

11 (b) 12
(c) 1( (d) 14

5 10

z 2 4 10,20 b
1) =14 2x% +2°x° + ...+ 2" x=, then f(x) has

[
-—
.

(b) exactly one minimum
(d) None of these

{a) more than one minimum
(c) atleast one maximum
22. Area of the greatest rectangle that can be inscribed in the

XLy e
ellipse —5 + /,/v =1is
7 g o

(a) vab (b) — ¢

lc) 2ab

JEE Main Mathematics inus+ 20 Days

23. If f(x)=x* - 4| x| and
min {f(t): -6t £x} X € [-6 0]

, then g(x) has
g(x):]max{f(l”}:OdSX}rXE(-O*6] ;

exactly one point of local mini.ma

exactly one point of local maxima ‘

no point to local maxima but exactly one point of jogy
minima

(d) neither a point of local maxima nor minima

2 =
&7 L

Q

24

The function f(x) = 5

(a) no point of local minima
(b) no point of local maxima
(c) exactly one point of local minima
(d) exactly one point of local maxima

25

If f(x) = j/’(z? —1)cost dt, x  (0,2r). Then, f(x) attains local

maximum vaiue at
(o)) 52=1]

3

) = (d) None of these

Directions (Q. Nos. 26 to 29) The absolute maximum and
minimum values of function can be found by their monotonic and
asymptotic behaviour provided they exist. We may agree that
finite limiting values may be regarded as absolute maximum or
minimum. For instance the absolute, maximum value of 4 is

et v

unity. [t is attained at x=0 while absolute minimum value of the
same function is zero which s
X—> — oo),

a limiting value of (x— oo or

26. The function f(x)= x* — 4x + 1wil| have
(@) absolute maximum value
(b) absolute minimum vaiue

(©) both absolute maximum and min
(d) None of the above

imum values

27

The absolute minimum value of the function —= e is

J

(a) -1
(©) -5

()

N —

(d) None of these

28. Tr;e abso:ute minimum and maximum values of the function
X“— X+
—————are
X+ X+1
(@) 1and3 (o) L and 3
2
1
(c) : and 3 (d) None of these

AMWW. N0
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Day 14 Maxima and Minima

o)
{ 31 vindow of fixed perimeter
ne jorm ot a rectangle
-circle. The semi-circular portion is fitted
ether ar portion is fitted with
glass tre e times as much light
_ rec Suppose that, y is the
a ere liar portion and f trie
er sguare metre for the coloure
i
~ o ah ansmitted hen OL is
dy )
equal ic
o R 1 Ay,
G SF — 12 — B) H2r—
2 2
= T = s
SRt P -2 — ClINZIL | o —
) ’/

Directions Q. Nos. 32 to 36) Each of these questions contains
WO statements Statement | (Assertion) and Statement |l
(Reason). fach of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (a), (b), (&) and (d) given belcw.

o

a) Statement | is true, Statement Il is true; Statement Il is 2
t explanation for Staiement |.

R G
Q
=
3
o)
=

(b) Statement | is true, Statement Il is true; Statement H is noi
a correct explanation for Statement 1.

() Staternent | is true: Statement Il is false.

{d) Statement | is false; Statement Il is true.

32. ¢

Xj=(x—1°(x ~ 2)%, then

Statement | f(x) has neither maximum nor minimum at
X =2

Statement I} ¥ (x) changes sign from negative to positive at
£=2

34. Consider the cubic expression y=x>+ax” + bx +¢
Statement| a°<3b, then function y have no crtical
tatement il y is increasing function or decreasing
function forall x e R
P ‘ 2 e (%
35. Consider the function f(xj=—x°+4x+1+sin™'| =
2)

Statement | Minimum value of 7(x) in interval [—1,1] is

oA

Statement [l Minimum value of f(x) in interval [-1,1] is

36. Statement | The minimum distance of the fixed point (0, ¥,)

N

< Yo < —, from the curve y = x= is y,.

of a function is always a

and local minima of the

x)=— x% —2cx + b? such that
then the relation between b

b) [c| <|b| 2
d) No real values of bandc

l + ;9? =1is of length
N ).‘ &
fa) 1 (b) 5
(©) 7 (d) None of these
1‘:‘_2:' ~1<x<+3
49. Ii "\z;)=ﬁ|—’-.r-, V38 < x <243, then the points, where
éi X 243<x<4

.4 (b) 0,4
2, 4 (d) None of these
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42,

43.

44.

45.
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The maximum ar
nypotenuse A is
h3

A (b) !

N
5

€a of a right angled triangle with

[JEE Main 2013]
(@)

P
NOj

7

il (@

N

72

2

/72

4

The cost of running a bus from A to B, is% (av + 9) Where
V

v km/h is the average speed of the bys. When the bus
travels' a't 30 km/h, the cost comes out to be % 75 while at 40
Km/h, itisZ 65 Then, the most economical speed (in'kmy/h)

of the bus js [JEE Main 2013]
(a) 45 (b) 50
(c) 60 (d) 40

Let abeR be such that the function f given by
f(x)=log | x| + bx2 + ax, Xx#0 has extreme values at
X=—1and x =2, [AIEEE 2012]

Statement | f has local maximum at x = —fand at x =2.

Statement lla=1/2and p = —1/ 4.

(@) Statement | is true, Statement Il is true; Statement || isa
correct explanation for Statement |.

(b) Statement lis true, Statement Il is true; Statement Il is not
a correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement Il is true.

A line is drawn through the point (1, 2) to meet the
coordinate axes at P and Q such that it forms a AOPQ),
where O is the origin, if the area of the A OPQ is least, then

the slope of the line PQ is [AIEEE 2012]
(@ —1/4 (b) -4
(c) -2 (d) —=1/2

Let f be a function defined by
tanx
S 0
T o #
1, x=0

Statement | x = 0 is point of minima of f.

Statement Il 7/ (0)=0. | '
(a) Statement | is true, Statement i is true; Statement Il is a

correct explanation for Statement . |
(b) Statementis true, Statement Ilis true; Statement Il is not

a correct explanation for Statement .
(c) Statement | is true; Statement Il is false.
(d) Statement | is false; Statement Il is true.

[AIEEE 2011]

46.

47.

48.

49.

50.

51.

X .
For x (o, 5_") define f(x)= [Vt sint dt. Then, f hag
2 [AIEEE 5
01)

|
(b) local minimum at = and local maximum at 27
ocal maximum at 7 and local minimum at 27

(@) local minimum at ©and 2w
)i
) local maximum at wand 27w

C

(
(d

The shortest distance between line y — x =1and curve X=)R
is [AIEEE 20
32 8 4 V3
ENe o) —=— () — (@) ==
@ 8 ) 32 NE) 4
Letf:R— R be defined by
fx)= k=2x ifx < —1
( )_{2x+ 3 ifx>—1
If F has a local minimum at x = —1, then a possible valug of
K, is [AIEEE 2009]
(@ 1 () 0 ©) (@) -1
2
Given, P(x) = x* + ax® + bx2 + cx + d such that x =0 is the

only real root of P’ (X)=0.1If P(-=1) < P(1), then in the interval
[AIEEE 2009]

P (=1)is the minimum and P(1)is the maximum of P

P (=1)is not minimum but P(1)is the maximum of P
¢) P(=1)is the minimum and P(1)is not the maximum of P
) Neither P(— 1)is the minimum nor P(1)is the maximumof

Suppose the cubic x3 ~PX+q has three distinct real roofs,
hw(?lzrer)p >0 and g > 0, Then, which one of the following
= [AIEEE 2008]

(@) The cubic has mMaxima at both \/E and —\/E
3 3
b) The ' ini
(b) cubic has Minima at \/g and maxima at -\E
(©) The cubj ini
IC has minima &l = % and maxima at %

d) Th ‘ ini
(d) The cubic has minima at both \/—g‘ and ~\/§

If X is real, then the maximum value of 3x2 + 9x + 17 s
3x% + Ox +7
(@) 41 [AIEEE 2006]
(© 17 (B) 1
7

@ 1
4
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\__:-4).,7

ax© b

Hence, it is minimum a1 :
IS Minimum gt x = © and minimum valus ofS is

"(xX)=12x — 1823
For maximum and minimum,
6x° — 18ax + 12a% = ¢
= %6 — SaxrPat =0

= X=aorx=

\S)

a,

At X = a maximum and at x = 2a minimum.

=g
a® =2a
= a=2ora=0
Buta > 0 therefore g=2
e Y2, obx+1
o
= Ty e
\ax Jy -
— a=-2b-1
i (‘QJ =2, 4b+1=0
ax x=2 2
2b-1+4b+1:0
2
1
= -b+4b+—-=0
—1
Bh=——
= 2
-2
b—_1anda— ==

8. Clearly, f(x)in increasing just before x = 3 a.md decreasing after
x = 3 For x = 3to be the point of local maxima.
f(8) = (8- 0)
s B> 12 =27 + log (a® — 3a + 3)
0<a?-3a+3s1

=
1<a<?2
=
fe)=-1

9. Clearly, f2) Sk b

= T p=he-9

2a+b=2
. . _da+5b-2bx=2¢ o _g
Now, S TP A

10.

11.

JEE Main Mathematics in Just 40 Days

=0 = a=1
5 27 wae?)
= P == TR (x— af

Clearly, for x>2, /(x)<0 and for x <2, #(x)

x =2 is indeed the point of local maxima for y = f(x)

0 = s
N)=——————
' 1+ x tanx)”

sec2x (cosx + X) (Cosx — x)

(1 + x tanx)?

Clearly, f/(x;) =0

Y
V=2
o :Ln/2 n 5%
X0 1
I
y =cos X

and7(x)> 0, Vxe(0, x,), F(x)< 0,V x e (Xo,
\

Thus, x = X, is the only point of local maxima for ¥ = f(x).
Let the equation of drawn line be X + g =1, wherea>3 b>4
a

as the line passes through (3, 4)and meets the positive direction

of coordinate axes.

Wehave.§+i=1:>b: G
a b @@-23)
Now, areaofAAOB‘Azlabz 2a°
2 (@-13)
gé=2a(a—6)

da (a—gP

Clearly, a = 6is the point of minima for A.

2%
Thus, A = T‘Q’G = 24 59 units

12. AF|| DE and AE|| Fp

B
Now, in AABC and AEDC

4DEC = <£BAC, zACB IS common.

D

Print to PDFE without this message by purchasing novabDE ‘mg'l“wwlgovagdf.com/)
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3, b>4

e direction

= AABC = AEDC
=y _ X ¢
Now, e i D Gl (o
S Y
Now, S = Area of parallelogram
AFDE =2 (area of AAEF)
= S = 2(~>< sind) =S (-
> y T (b= y)sinA
oo (9 sinAJ(b —2y)
dy b
Sign scheme of 8K
ay
* 1;/2 5
Hence, S is maximum when y = 9,
2
9 \J 9 sinA
2
s, ] (l be sinA |= 1 \SF: 3 of AABC)
22 >
13. We have, gy:G[‘ 30t +24=6( -1 —4)
at
and &LX=6[‘718:6(!73>
at
Ths, dy_t-0=4
ax t -3

which indicates that t =1, 3 and 4 are the critical points of

y =f(x).

cee il 1
Moy, Oy (o) ot _ootiily 1
ol dtlax) ox (-9 6= 3)
At(t—1)dy<0:>t:HSapointoflocaImaxma.

-
Att = 4), Z g’ S 0=t = 4is a point of local minima
X

At(t = 3), 2/ and —= d’y are not defined and change its sign.
aox e

2 . N
d% is unknown in the vicinity oft = 3, thust = 3is a point of
ax

neither maxima nor minima.
Finally, maximum and minimum values of expression
y =f(x)are 46 and -6, respectively.
14, Leto and B be the roots of the equation
2 —(@@-2)x—a+1=0
Then, a+p=a- 20c[3=—a+1
Let z=02 +pP=(0+ B)? —20P
—(@-2P+2@-N=a"-2a+2

= dz =2a-2
da

Day 14 Maxima and Minima

2a
c?
X=E ==
2"%Ja
At x = —— f(x) will be maximum
2"%Ja
(<82 12 2 2
So. e 7={ Ve
\2‘ sa jo i 2athe - dash=]
cl? e
43%p2 | V2ab

16

Perimeter of sector = P

Let AOB be the sector with radius . If angle of the sector be 8
radians, then area of sector

A=1r2g -0
2
Length of arc (S)= reor0=§
r

Therefore, perimeter of the sector,
P=r+S+r=2r+8 e ()]

ANWW. N0
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On substituting® = 5. in Eq, () , we get
ife
1 5\(SY_ 1
)
(2 r 2 2
& 24

2
Now, substituting the value of S in Eq. (if), we get

P=2r + (2Aj
=

= 2A=Pr—2°

On differentiating w.r.t. r, we get 2 o P —4r
ar

For the maximum value of area.

aA L
ar
= P—4r:O:>r:E

4

17. Let P be a point on the hypotenuse AC of right angled AABC
Such thatat PL L AB=a

and PM 1L BC=b
Let ZAPL = ZACB =6 (say)
AP = P/
aseco 7 = i
PC = bcosec6 5
Let / be the length of the hypotenuse. /{ r
Then, /=AP+PC © W 2
= /:asece+bcosece,0<e/g

On differentiating w. r. t. 6, we get

d/ = 25600 tan 8- b cosecOcot §

For maxima or minima, put (j—é =10

— asech tand = b cosecBcotd
. 3 . 3

asin® _ bcos o = sin® 6 =g

a

cos?@ sin?8  cos’e
s 1/8
= tan®e = o = tanB= [—)
a 2

Now, ‘_7'_/ = a(sec6x sec 26 + tan®x sec 8tand)
ae?
—b[cosece(—cosecze) + cot 6/ (—cosec 6cot 8)]
— asech(sec? + tan®9) + bcosec e(cosecg? + cot?6)

Since, 0<6 < E, S0, trigonometric ratios are positive. 5

Also, 2> 0and b > 0.

18.

19.

218 4+ p?® \/ﬁ B
N
=a — 2

2/3\_ (52/3 2/343/2
az/a o bz/a (az/s +b )_(a + b"?)

2213 4 p2!3
- in AEFG,sec=——— 37—
a

a3 L R
\

bL’S

and cosec 0 =
Let the coordinate of R(x; 0).

PR e LR e
12 4+ (0— 12 + (x =3 + (0-2p

Now, PR+ RQ = /(X
=\/m+ X% — 6x+ 13

For minimum value of PR + RQ,

9 (PR + RQ)=0
ok

d = O 2 2
= Cse i i = (e = (9 18) =0
dx(\ 2 c/x(
(x— i (x 3)
2

VXS =2X+2 \rx 2 _6x+13

On squaring both sides, we get

x=1° _ (x=387

CE D 2) & =B e
= 3x° —2x-5=0
= Bx=98)(x+ H=0
= X=§,——1

3

Also, 1< x<38
i = (5/3, 0)
LetoC:X,CO=['
NOW, OA =R ] (gl\/en\

Height of the cone = h = x + R
Volume of the cone = V = 11 12h A0
3
Also, in right angled AOCQ,

GE ot (GloF =0Q%= x2 4 2 Jipeinest e _2 .0
From Egs. (i) and (i),

1 i
2 V=_g1 Rz_xg )

_q—l is positive. - 3™ Jx+R)
d6 Na?3 + b pil3 (h=x* R)

1/3 ¥ f g :
= /is least when tan 6 = (—) On differentiating Eq. (ii) w.r.t x, we get
2 6 a1
F L=
. Least value of E T - gﬂ[( - x%) —2x(x + R)]
| = asec + bcosec 0
Print to PDE without this message b /

A\

F

\

20.

21

Q
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Day 14 Maxima and Minima

= av - & 2 2 )
=3 dx 3 ikt = 2xR) 23. Bold line represents the graphof y = g(x), clearly g(x)has neither
- Ej\" - oo a point of local maxima nor a point of local minima,
= e ol I
ax 3
vV _n
o] = —==(R-3%)R+x v i
ax 5 (iv) :'y=x2—4lxl
Formaxima, put  9Y _ !
ax :
n -2 2 I
s R=-3)R+x=0 = xi= B Bl & e — / 0o, ;
3 3 ) =8 =AU 4 6
G P \, 3

(since, x cannot be negative)

On differentiating Eq. (iv) w.rt. x, we get

2
24, For =X = 27 0/ R

acv . Y= .
T XT=4 adx (x5 —4)?

[(=3)R+ x)+ (R- 3x)]
ax

W e
= (*2R‘6X>:"§(ZR+6X) = ax)/ <0
,, dy
Atx:ﬁ ‘?'f,,V:,‘,_X,T‘(ZR. 6R"—~4nR<O and a;<oforx>o
= o SH 3) Thus, x=0 is the point of local maxima for y. Now,
S0, Vhas a |Oc_a| e b= R’_B' ()P il (positive). Thus, x =0 is also the point of local
Now, substituting the value of xin Eq. (iif), we get 2 |
( oA 2 \ 2 _
V= ,’5(/?»“ -+ fl ”R + R,\: .",._E?Bg @,:E,(ﬂnm) maxtmumfory:_) X2 2 !
3| S e | x7—4
= V= ;7 x Volume of sphere 25. /()= (x? - 1) cos x
; o ;
5 Bl n sch f " (x), clearl ==
BUNE: (00— 452 4+ o2 Sign scheme of £ (x), clearly x > is the point of local
F(x) = 8e2* — 18e~ 2% maxima. ) N
. ——t—t 1 o
But £(x)=0 L ] 0, =t S N R
= 8e?* — 18072 = 0= €2* = 3/2 2
- x=log (3/2)" .
ser 9 #/(x)= 1667 + 3662 >0 26. Since, F/(X) = 4x° — 4= 0= x = 1
in =
gain, s oliog (3/2)]/2 ~ 2flog (3/2)]//2 So, there is only extrema which is minima.
Now, flog(3/2)" )= 4= /=" 4 ge i i ini
( > Hence, 1 is a point of absolute minima.
= —+ 99X =6+ 6=12
42 ) £ 3 5 27. Since, f'(x) = 21+ 2)3(‘/2
) X<+ 1)
Hence, the minimum value is 12. Tl ,( : ) gy - [ 1 J W (-l
) us, 7(x) Is increasing in |~ —, e | and decreasin in
21. Given, f(x)=1+2x% + 22 x* +2%x0 + ..+210x® 1 : 2 E
()= x(4+ 4-2% X% +..+ 20-2'x'®) (‘ mv_g)‘
Put  f(x)=0 = x=0only Hehce abhasii et b P ]
0 Also, 1(0) > 0 . i e,
22, 4
f : N ek
(il (——acose,Bbsin 0) (aCOS(zbS'" o) L= P
s % 28. < P+t =52 - x4+ 1
(i o . = =y =x(1+y)+(1-y)=0
(~acos6,-bsin®) | (acos6,—bsind) D20
A 1 A+ yf-4@-y220
X ; = —@By-1y-920
Area of rectangle ABCD = (2a cos ) (2b sin) = 2ab sin26 . 1/3<y<3

Hence, area of greatest rectangle is equal to2abwhensin 26 = 1.
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29.
Should be the correct choice (we can prove by using
monotonically that feannot lie between [;25 and j) This is an
D

2
ex i i
amplle of a function whose maximum (local) value is smaller
than minimum value.

30. Let y Be the length and x be the breadth of the rectangular
portion. Total perimeter of the window is

‘]\
22 (EJ =P (say)

Let gmount of light per square metre for the coloured glass be .
If L is the total light transmitted, then

L = 31 x Area of rectangular portion
+ L X Area of semi-circular portion

:3W<Y+lw'tf)
-
3 I; T ] il
=[iil= 1y P7[2+—‘y‘t-ﬁ nya
‘L2 1 20 || J
: al _p e U o
=2 —=_|3P-6(2+ = s
ay 2{ k 2,]y 2yJ
Put %:O‘ then y = 73[:»
ay D e
2
2l uy 5
—2—:—{—12~7]<O
Gy 2\ 2y
5. 3P z
s 12 + 5w/2
X P_l(2+f].,,§},35n
G 2R
2
= © ¥ s
T (12 +5n/2)-8@R + n/2) 6+m
yix=6:6+m
al 5m
31. (~J :%(3/3—12*?)
\ay (y=1) 2

39, Itis clear from figure, "{x) has no sign change at x = 2.

x +

1 2
-
e

: A= i
Hence, f(x)is neither maximum nor minimum at x

23, For no extremum,
g}_/>0 or d—y<0,\'/X€R

dx ox
gZ:3X2+2aX+b>O
ax
a2 0
= | 3x% + 2ax+ b >
D <0
482—4‘3'b<0
]
a° < 3b
=

34.

35. -

o
(7]

37.

JEE Main Mathematics inJust 40 Days

At
ul
If y have no critical points for all x € A, then . %‘,‘ﬁm
‘:H\J{T
Y0 or qx<0,\1xeﬁ' Arﬁ?"'m
ax ax g
But® = 3x2 + 2ax+ b >0
ax 5
= 32 +2ax+ b>0 = D<0 -
= 4a% —4-3-b<0 g,
= a® < 3b =
20 a1 X)
f(x)=— x= + 4x+ 1+ sin LZ |

Therefore, f(x) increasing in interval [— 1, 1] 40, i

: N T 2
-. Minimum value of f(x), f(=1)= — 4 — " 3

. Let the point on the parabola be (¢,t2). Let d be the distancs

between (, t 3} and (0, y), then )
A% =t2 + (2 = yp)? =t* + (1=2y,)t% + ¥
=22+ (1-2y,)z+ ¥2,220 let t==1
lts vertex is at x = y, — )1 <0
So the minimum value of d? is at z= Qie. t% =0
d=Y,
Hence, Statement | is true. Statement Il is false becaus
extremum can oceur at a point, where £ (x) dogs not exst Fromthe
2 ”:‘x T
J3(2+x)“.—3<><§—-‘> i
i (X) = 2
]L E,X el e e . ke
v
A 2
(1.0 [0 t ;
%
BN |7
(-3,0) i
A7
Ve
B 4
Clearly, *(x) changes its sign at x = — 1from positive to e
and so f(x) has local maxima at x = — 1. L Ly
-~ . an o0 Ct
Also, #'(0) does not exist but (07) < 0 and £(0*) < 0. {tean®
K e 3t
be inferred that f(x) has a possibility of a minimum at x=% W“env
Hence, it has one local maxima at x = — 1and one local M
atx=0
So, total number of local maxima and local minima is 2 Wheny

AWW. N0
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Maxima and Minima

88. Minimum of f(> D (40" =80
> 18 2 ) Zef = of
4
A aximu fa(x (4 + 4b%)
4(-1) S
Sin ( max g(x)
2 0° + (
2b
39. The ¢ Sls — 3
Falehsr B i i 5 e [ 2
B, ¥ no, we get = (2 sec ) + (3cosec 8)°
vV
40. 1
Y
A
y=|x-2]|
|
| )
Ve’ A
!v71 3
S e e e X
5 ; 132 3 \:"
2 ‘)‘ y=3-X
. t x= 0and minimum at X = 4.
X C
|=0 Vo R
XXJ / J
/
h e
7 X = - A % &
J2
(,"/.”A_ b h,
ax¢ 2
[ W _h
A= U Ui e i T
2 2\ 2
_ e 42, let c=av+ e .
C v
0 Wheny = 30 Km/h, thenc =% 79
i ¢ J
it C : 75—306+—Q (1)
x=0 e = 30
, i 5
ool 1 When v = 40 Km/h, thenc = T 65
b ... i)
65:403+ =2
52' 40
|

On solving Egs. (i) and (iii), we get

’
qi==
2
and b =1800
On different w.r.t. v in Eq. (i),
ol a :b_
av P
For max of minimum¢,
%
av
= v==% /P
Va
2
= o’ _2b
aE i
=
at = din >0
a ave

o3 :
So, atv = \;,, the speed is most economical.

yda
. Most economical speed is

b, b2 -ovab
Vb

(o)

: :
c=2 l‘lmgoo:zxso
V2

€ =160

43. f(x)=log| x| + bx* + ax

= f’(x)=1+2b><+a = f”(x)z_-;+2b
X 5%
Since, f has extrema at X = — 1and x=2.
Hence, fi(=1)=0=12)
=)=
= a-2b=1 )
and /2)=0= a+4b::21- )
On solving Eas. (i) and (i), we get
a= ! and b= sl
4
=
= ) =
XC.
_ X2 42
2x°
= "(-1)< 0 and f'@2)< 0

Thus, fhas local maxima at both x = —1and x=2.
Hence, obviously Statement | is correct.

Also, while solving for Statement |, we found the values of
and b which justify that Statement Il is also correct.
However, Statement I does not explain Statement | in any

way.

D/ WWW.NO
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44. Let mbe the slope of the line PQ, then the equation of PQ is

y=2=mix-1)
Now, PQ meets X-axis at
Q
pf : 2 ‘O}
I famt
and Y-axis atQ (0,2 - m).
OP=1- 2
: m 5 .
e O0Q=2-m
:%&‘EWQQ(AopQ:;UOPHOQ)
1 ( 7
= RIS 2-m ‘
2|\ m) %
1 e
=—[2-m-—+2|
= m |
= Lm 1 ‘ij\
2 m))
Let f(m):Av[m+ij
m
= fim=—-1+ i
m2
Now (m)=0
= m? =4
g =22
= f2)=0
and =28
Since, the area cannot be zero, hence the required value of m
o ‘2
[lanX y .0
45. f(/()::J X  XF
!1, %=1
As i 1,V x#0
X
f (0 + h)> f(0)
and f(0 — h) > f(0)
At % = 0, f(x) attains minima.
. f(h) - f(0)
i o) = lim —————
Now, (0 hab -
tanh _ 4
= lim h
h- 0 h
= lim Eﬁ%:—/l (using L’ Hospital's rule)
h-+0 h
2h — 2 2
- 1 il (- tan?6 =sec® 0~ 1)

h—0 2h

Therefore, Statement Il is true.
Hence, both statements are true but Statement Ilis not the

correct explanation of Statement [.

46. Here, f(x) =j;ﬁ sint dt,

where X e(O. §)
2,

f(x) = {~/x sinx — O} )
(using Newton-Leibnitz formulg)
'(x)= x sinx=0
1} sinx=0
X =T, 2T

£7(x) = /X COS X + 1 sinx
X

2Jx
/() =—m <0
~.Local maximum at x = ©
f’@m)=2m >0
Hence, local minimum at x is 2.

47. .. Tangent at Pis parallel to
y=X+1 Al

Y y=1+x

11LQ

X< > X

<. Slope of tangent at P (t2, t)

- 4
dx 2y 2 2t
1
2y L ] [since, Egs. (i) and (i) are parallel]
2
P (1, i
42 0
Short i l" el
ortest distance =|PQ| = 14__2

Shortest distance =

=%

49' Gi\/e

| Sine

Si
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k+2

—

-1
k+2<1
k< -1
49, Given, P(X) = x* + ax® + bx2 + cx + d
= P(x)=4x" + 3ax® + 2bx +c
Since, x = 0is a solution for
Pi(x)=0= ¢c =0

P(x)= x* +ax® + bx®* +d

Also, we have P(=1) < P(1)
= ISR ai<il g + b td
= a>0

Since, P’(x)=0 only when x=0 and P(x) is differentiable in
(=1, 1), we should have the maximum and minimum at the points

x=-10and 1 only.
Also, we have RICSI=R()
~.Maximum of P(x) = max {P(0), P(1)}

and minimum of P (x) = min {P (- 1), P(0)}

In the interval [0, 1],

P’(x) = 4x° + 3ax® + 2bx
— X (4x® + 3ax + 2b)

Since, P’(x)has only one root x = 0, then
452 + 3ax + 2 b = 0has no real roots.

(38a)* -32b<0

2

=5 _3i<b
82
b>0

Day 14 Maxima and Minima

Hh k—2x /A(-r:;
o/
{ 1

50.

Thus, we have a > 0and b > 0.
P'(x) = 4x° + 4ax® + 2bx> 0,V x €(0, 1)
Hence, P(x)is increasing in [0, 1.
». Maximum of P(x) = P(1)
Similarly, P(X)is decreasing in [ 1, O].
Therefore, minimum P(x) does not occur at x = — 1
Let fx=x3-px+q
Then, f(x) = By p

A
Jp3

=

/ Minima
Jpi3
PU 7 () =10 |
e [p
iy — P
V3 V3
Now, f(x)=6X
At x=_|P Frx=6 Sy (minima) }
V3 V3 { .
D : ]
and at x = — : = A< (maxima) {
V3 P
- i
Letf(x)=1 10 ‘
G 1) i
3| X° + 3x + W M
S/ ',11.!
10
=l e W \
| N 1 i
8| x+ o 2 il
" 2) "2

So, the maximum value of f(x)at x = — ; is

/{ASJ—HHS.;TW t

\12
=1+ 40 =41

s

NWW. N0
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Indefinite Integrals
) O .
Integral as an Anti-Derivative
- . A function ¢(x) is called a primitive or anti-derivative of a function, i
() Utl ine e, ¢ (x) = f(x). Suppose, f1(x) and f,(x) are two anti-derivatives of f(x) on [ab}
then f,(x) and f,(x) differ by a constant. The collection of all its anti-derivatives
Integral as an is called indefinite integral of f(x) and is denoted by j‘f(X) ke
Anti-Derivative £
m . [ L LR Mty h
y Integration by Substitution [hus, o {0(x) +c} = f(x) = Jf(x) b
Integration by Parts where, ¢(x) is anti-derivative of f(x), f(x) is an integrand and C is an arbitraty

s by Partial constant known as the constant of integration.
Integration Dy rartle o
facy s | » Anti-derivative of signum exists in that interval in which x = 0 is not included

! i ' W Anti-derivative of odd function is als o
) Integration UsINg ti-derivative of odd function is always even and of even function is always odd

Trigonometric Identities
Fundamental Integration Formulae

1. Algebraic Formulae
’ " 3 Xn +1
() JX s n+1

+C,n#-1

(ii)j(ax+b)"dx=l.(ﬂ_x+b)“”
a n+1

£ @ mix

,_1
=
——
Sa N\

=S

AN\

N

\

=

=
=)
\

=
5’\*\
ER e

(il

(viiu I

o, SR
SEE ey
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Day 15 Indefinite Integrals

1
mnj;dx:!oglxlw

: 1 iy g
(iv) [ =y dx = S (log |ax + b N+C

a2 1 a+ x
¢ X
) | 3= = 5-log "4 ¢, when x
e g 2a la- x| , When x < q
i) | dx ! | ‘ R =] ‘
\\‘1 TR X = = 0g | - B e (‘,‘ o '
X - 20N R al hen x> ¢
ii : . X
(vii) (—— —dx=sin' X4 ¢
Qs — a
ety o =il 5
(viii) I s dx—00s "=+(
y \ a — x° a

E ¢ 1 1 X
(ix) J ———dx=—tan™? \+(,'

o s a a
1
(x) J — dirienbi G
@1 X a a
1 1
(x1) [ = dx=—sec ‘[ \j +(
XX —a o \ a
A o -1 1 o)
(xii) _[*’ S o dx = — cosec ™" ( - ]+ @
X o o o
T 1 5 & S
(xiii) J ———dx=log|x+x - |+C
NX —a
ok 1 T y
(xiv) '[Wf ——dx=log|x+yx +ta|+C
VX +d

2 2 1 [ 7 i ot X |
(xv) J‘xﬁa" ~ X dx==x+d - X +=d sin ’[-- ] +C
2 2 (o,

e R i W 2 -
(xvi) j\'x“— adx= i XX =0t —Q(r‘log | X+\/X —-a |+C
iis ,"777 ) 1 /Z 2 1 .21 o \/727:#}1;'_“(1
(xvii) J\f%+ adx = z—x\/x +d + 5 a log | x++/x y
i ”(XJIIH 1 :
e Sy 0 O YR Gt IS TR ST T
(bovii) [F(x0)" - f(x)bx = =~

2. Trigonometric Formulae

(1) jsin xdx=-cosx+C
(i) J(:()sx:sinx+(,‘
(iii) lem xdx = —log |cos x|+ C =log |sec x|+ C

(iv) J(:ot xdx =log|sin x|+ C = - log |cosec x|+ C

X ’
(v) fs()(:x(lx =log | secx+tan x [+C =log |tan (Z +: 2)5‘#(
‘; .
; b4 e
(vi) J(:osm;x dx =log | cosecx—cot x|+C = log ! tan ;. ,‘+C

(vii) J‘SO(LLX dx =tan x + C
(viii) J(:oscr:‘x dx=-cot x+C
(ix) Jse(; x-tan xdx =sec x+C

(x) J(:ost:(; x-cot xdx =—cosecx+C

3. Exponential Formulae
(1) [(:""rlx =et @

o s 1 % +F ~
(ii) J-(:“"‘ By = = glax g
a

’ a .
(i) Iu"‘ d= —+C
og, a

bx +¢
(J“' o3

: X +¢) 1 3
Gv) [a®* *dx == +C

b ]r)g( a
4. Logarithmic Formulae
(i) J-l()gx dx=xlogx—-x+C

(ii) flog (ax+b) dx = xlog | ax + b|—x + 2 log |ax +b|+C
a

Some Special Integrals

1 J’__AJ’L_‘,
ax* +bx +c¢
5 dx it _ dx
wewrxte:J‘aXZerX_,_C a x2+—bx+c
a a
1 dx which is of the form
= J““ 2 bZ ¢
a b C
X+ - §m =
( 20) a 4c
dx
ol ¢ & o [
oyl b o

dx

2. - =
ax* +bx +c

or Hax2 DR B i

This can be reduced to one of the form of

T

JJ(fd}_(XZ’deiafj\/ﬁdiaz(’

[N~ 2dx, [~ & dx, [ + £ dx

174
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3, jﬁ’;’;&_‘ _lpx+g)
+bx+¢ axT\ X,
+bx +¢

Jox+ 9) Jar? v bx o ax

Put px+qg=4 {differentiation of (

Find A and B by comparing the ¢
powers of x on the two sides.

ax* +bx +c)} + B,
oefficients of like

2 s
LR oo o vhere
(PX2 +gx +r) 2 62
DX* +gx+r

J-(axz + bx + ¢) \/;)XZ +gx + r dx
Substitute, ax® + bx + ¢ = A (px® +gx + )
6l
R =—i{(jore +qx+r)}+y
dx

Find A,u and y. These integrations reduce to
integration of three independent functions.

5 *mdx _[ dx J dx

a+bcos” x asin? x + b cos® x

J- dx f dx
(

asin x +bcos x)? ? a+bsin® x +ccos® x

D) )
a+bsin® x

(i) Divide both the numerator and denominator by
cos’ x.

(ii) Replace sec’x by 1+ tan” x in the denominator, if

any. '
(iii) Put tan x =t = sec’xdx =dt
Further integrate it.

dx,

6. J. = dx,J.————_
asin x + b cos X a+bsin x

1 IEAALES « Low s
2 '[asin x4 b cosx+¢

a+bcosx
X 7 2%

2 tan = 1-tan 9
! . e Aol NGO X — e
(i) Putsin x = 24 5 5%
1 + tan® - 1+ tan 2

X
(ii) Replace tan > =
2
dt

il || =
uces to the fo -[atz i

(iii) Hence, integral red

pcosx+4d sin X+ T 4 axpress numerator as,

acosx+bsinx+¢ '
A (denominator) + W (differentiation of denominator)
4+ -
Find A,p and ¥ by comparl
cos x and constant term an
it sum of three integrals.

ng coefficients of sin x,
d split the integral into

| Print to PDE without this message by purchasing novaPDFE (http://vaw.novapdf.com/)

2

&l X B alm dx
8. I—————X4+kxz+1dxs ".X4+1"}‘2+1 : jm
where k € R

Here, we divide the numerator and denominatg, by 2

1 :
and put x + 1 _¢ or x— = =1t as required.
X X

2 2
X —a
x* + k& +at

4 2
[ S e
xt + k& +a*

dx,

where k is constant, negative or zero.

Here, we divide numerator and denominator by

a a - 1
and put x — — =t or x + — =1, respectively.
X )i

Geometrical Interpretation of
Indefinite Integral

)4
It = {6 (x)} =7 (x), then [ (x)ox = (x)+ C. For difiern
ax :

values of C, we get different functions, differing only by a
constant. The graphs of these functions give us an infiniie
family of curves such that at the points on these curves
with the same x-coordinate, the tangents are paraliel &
: they have the same slope ¢’ (x) = f(X).

I
W

Consider the integral of —— je. [\ gy X +GCeR
VX < P '
Above figure shows some members of the family of CUVes.|
given by y =x + C for different C < R ;

Integration by
Substitutions

A athoiol reducing a given integral into one on othe

standard integral b i jable ¥
¥ changing the i ont variable ®
called method of substitutigons WG

Th =
us, [ f(x)dx = [ (g (1)} 8’ (t) dt, if we substitute
X = g(t) such that dx = g’ (t)dt.

w
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substitution for Some Irrationg]
Functions

e
1'J.(.\'-OC][X—B)’ \ B‘\\]

J\/(x - o) (B - x) dx, put x = a.cos®  + B sin2 g

% J—dx\.pul ax +b = t2
(px+q)ax+b

3 J' dx " 3
e ——— but ox =
(@x® +bx +c) \/px+q el
dx 1
4. = ——, put px +q =~
(px+q)yax® + bx + ¢ t
5 j—\dx at first L d th
2 7 —— IS == an en
(p +1) \/EE) t
a+ct? = 2
d =
6. J' : AF —, wherer>2andre]
(x— k)’ V/axz +bx +¢
Put x — k = 1
t
7. ax” +bx +c i

(dx +e) \f* + gx+h

Substitute,
ax’ +bx+c= A, (dx +e) (2fx +g)
+ B, (dx +¢e)+C,

Day 15 Indefinite Integrals

——— Comparison between
Differentiation and integration

¢ Both differentiation and integration are linear opgrator on
; d d
fi —{af(x)£ b =a—{f(x)} £tb—{g(x)}
unctions as 2 {af(x) £ bg(x)} =a—-{1()} £ b {a

and [fa-f(x) £ b-g(x)Jox = ajf(x)dx + bjg(x)dx.

¢ All functions are not differentiable, similarly there are some
functions which are not integrable.

* Integral of a function is always discussed in an interval but
derivative of a function can be discussed in a interval as
well as on a point.

¢ Geometrically derivative of a function represents slope of
the tangent to the graph of function at the point. On the
other hand, integral of a function represents an infinite
family of curves placed parallel to each other having
parallel tangents at points of intersection of the curves with
a line parallel to Y-axis.

Integration by Parts

1. Ifu and v are two functions of x, then

fu v dx = IIJ‘V dx — j(di : I'dx)dx
I I \(@b ;
i.e., The integral of the product of two functions = (First
function) x (Integral of second function) — Integral  of
{(differentiation of first function) x (Integral of second
function)}.

Important Substitutions

Integrand form

___ Substitution

0) | =

2 1 ONeD
Nem B R
\82—X2

(i)

iy | V-2 X;_az/x?_a?

) \/a—i a:X, @+ x),m
G a;x o x(a1—x)
| X;a‘m‘—x?;——a)

(viD a+x \a-x

X = asingor x =acos 0
X = atan@or x = a cotd
X =asec 8or x=acosec 8
= 2 2
X=atan“0or x = a cot?
= 2
X=asin“forx=acos?6
e 2 2
X=asec-0orx=acosec?9
X =acos 20

X=0acos?0+ [ sin?g
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We use the following preference order to select a second

function
1 - Inverse function
L — Logarithmic function
A —> Algebraic function
T - Trigonometric function
E - Exponential function

2. If one of the function is not directly integrable, then
we take it as the first function.

3. If only one function is there, i.e., jlog x dx, then 1
{(unity) is taken as second function.
4. If both the functions are directly integrable, then the

first function is chosen in such a way that its
derivative vanishes easily or the function obtained in
integral sign is easily integrable.
Integral of the Form
j e*{f (x)+ f’ (x)} dx
. Je""'{f(x] + ' (x)}dx = J er F(x)dx + ‘PT;]U (x)dx
= _{‘(X)J{p,xdx = " i (x)'[e"dx}dx +Jr e* f' (x)dx

= f(x)e* - J 1’ (x)e*dx + Jre"f’[x)d*(: 7(x)e*

ax
e

bt

2, Je”“‘ sin (bx +¢) dx =

{asin (bx+c) —b cos (bx +c)} + k
ax
[ ax s dx = — i
3 ie® Gos(bx tolax= =
J TS o

{acos (bx +¢) + b sin (bx+c)} +k

[» Jertron+ oy dx=e fo+C

»J'eg"sjnbx dx = 28 2(aslmbx—bcosbx)+C
' a® +b

ax

e { -
» jec’ cos bx dx =—~ (acos bx + bsin bx) + C

a~)—b2

Integration by Partial
Fractions

understanding integra ' '
flff:;]ed know some basic definitions, which are given below

Polynomial of Degree n

An expression of the type

n -1 e et
P(x) = QpX Fa,x" "+t 01 n

Print to PDE without this message by purchasing novaPDE ‘mm'l“wwlgwagdf.com/)

tion by partial fractions, you

JEE Main Mathematics inJust 40 Days

.,a, are real numbers d, #0 ang , ;

where a,, @y, @, - ?
te lynomial of degree n,

positive integer is called a po

A function of the form g, where P and Q are polynomjg)g i

called rational function. Consider the rational functiop
x+7 1 1

- =
(2x —3) (83x + 4) W 2x =13 3x+4

The two fractions on the RHS are called the pay
fractions.

Proper and improper Functions

Any rational algebraic function is called a proper fractio,
if the degree of numerator is less than degree of its
denominator otherwise, it is called an improper fraction.

€.g.,— X + e is a proper fraction,
P xS a4 —7x+1
d _9x* —10x+7 .. 2x-3 |
whereas, > QY_ = =X —4x+2)+—— |
X +4x+5 X +4x+5)

is an improper fraction.
To integrate the rational function on the LHS, itis
enough to integrate the two fractions on the RHS which
is easy. This is known as the method of partial
fractions. Here, we assume that the denominator cal
be factorised into linear or quadratic factors.

Factorisation of Denominator

The partial fractions depend on the nature of the factorsa
Q (x). We have to deal with the following different ¢as
when the factors of Q (x) are

1. Linear and non-repeated.

2. Linear and repeated.

3. Quadratic and non-repeated.
4

. Quadratic and different cases can be discussed ®
repeated. \

» Integration of Determinant
Let

GH(X) G\z(X) 0‘3(X>‘
Ax)=| ay

92 a3
G3l 032 033 } :
Hott(x)dx J.on(x)dx ja|3(x)dxi
s lafeai” ba, e .
i a3 33

: . . ir S

» The integration of determinant is only applicable, if the
variable only one row or one column, otherwise we &P
the determinant and integrate it.
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Day 15 Indefinite Integrals

Different cases can be discussed as

Case | When denominator ig expressible as the product of non-repeated linear factors.

) =i~ @) (x-a) (x- @) (s
Then, we assume that

Let

l) >
AN B N4 e i W
Q(\) b ”1) (x - az] (= u.'i) (b= (.1,,)
where Ay, A,,..., A, are constants and can be determined by equating the numerator on RHS to

numerator on LHS and then substituting x = a;, a,,..., a
) O R 2 i)
Case Il When the denominator Q(x) is expressible as the product of the linear factors such that some of

them are repeating (Linear and Repeated)

Let Q) =(x-a* (x-a)(x-a)..(x- a,).

Then, we assume that
]’[]\'I 5 ,"|7 Ao /7’\2777—‘_”.4_7/'\/( i 31 i Bz Br
QAx) (x-a (x-a? (x-af (x-—a) (x—a) (x—a,)

Case Il When some of the factors in denominator are quadratic and non-repeating.
Ax+ B

2

Corresponding to each quadratic factor ax® + bx + ¢, we assume the partial fraction of the type ;
ax” +bx +c¢

where A and B are constants to be determined by comparing coefficients of similar powers of x in
numerator of both sides.

Case IV When some of the factors of the denominator are quadratic and repeating.
-~ . . » o 2 k
For every quadratic repeating factor of the type (ax* + bx + ¢)¥, we assume

Alpicar Y ) A X + Ay e _‘Azk— 1 X+ A:l\

2

ax* +bx+c (ax® +bx +0) (ax® +bx + )"

Integration using Trigonometric Identities

To evaluate integrals of the form Jsinmx»cos nx ax, Jsm mx -sin nx ax, jcos mx-cos nxadx and

J'cos mx -sin nx dx, we use the following trigonometrical identities

s+ 2sinA-cos B=sin(A+ B)+sin(A-B) - C033A2(1+cos2i\]
« 2c0s A-sinB=sin (A+ B)—sin (A-B) 2
+ 2c0s A-cos B =cos (A+ B)+cos (A-B) ” szA:p‘—cosZé)
\ 2
+ 2sinA-sinB=cos (A—B)-cos (A + B) + 0082 A—sin2 A=cos?2A

+ 2sin A-cos A=sin2A + sin® A+cos® A=1
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1 ﬁj'f(x)dx = F(x), then J x% f (x?)dx is equal to
@ 20 1F0) - | {F00)° o)
(B) S0 Fx®) - [ Fix?) ()
1
(© 50 )= | {F0)? o]
(d) None of the above

ax ,
j. 3 7 Is equal to
D X

a) log 1+ —%Iogw/1+x2+% tani XerC
Bleg 1+ % —log 1+ x° +tan ' x+C
(c) log 41+ x® —log [T+ x +%tan"x+c
(@) log {1+ x + tan™ x +log 1+ x* +C
3.‘Hx2+4x+1dxisequalto
3

(@) (x+2)‘/x2+4x+1—Elogl(x+2)+w/x2+4x+1|+c

(x+2),/2 o o ooy PR R
(b)T X2+ Ax 4142 gl(x+2)

x+2) (2 el JxX2+ax+1|+C
(c)(—-z——— X“ 4+ 4x +1 2Iogl(x+2)+ i |

(d) None of the’above

[NCERT]

4. If an anti-derivative of f(x)is e * and that of g (x)is cos x, then

)e “dx i is equal to

j? f(x)cos x dx + [ g (x)e
T g (o) f(x)+gx)+C
C (@) f(x)-gx)+C

7 j _____(x +3€_ jxis equal to
(x =+ 4)
S (b)—e—x—2+cf""‘
@ (x+ 42 (x+4)
X
e d e
(C)x+4+c ()X+3
8. If _[ _ ") gk =log log sin x, then f(x)is equal to
Iog sin x
(@) sinx (b) cos x
(c) logsin x (d) cot x
0 X2 —sinx cosXx—2 :
9. If f(x)=|sinx—x2 0 1-2x | then[f(x)dx s
X I
2 —COoS X 2x —1 0
equal to
8 g

10.

i17]

(@) 5 =x*sinx-+sin2x +C (b) " = x°sin x~cos24C

3
© T X2 Cos X —Cos2x + C (d) None of the above ]
]
,[ sin® x — cos® x
1-2 sin® x cos? x

dx is equal to

Phgnznse () —sin2x+C
2

-
() 5 sin 2x+C (d) —=sin2x+C
If £(x) = x° o

ool e e o 0 e
(&) log (1++2) i ‘/5)_%‘ 3

o = e
(©) log (1+ +2) + = @) NoraEriase
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13. IfJ-1+tanx+ta—>1n3><

15. je

tan x

B 2 L2
QXS gan anx + 1
g Jre

then the value of Ais

(@ 1 (b) 2
© 3 (d) None of these

14. If g(x) be a differentiable function sahsfymg — L) =@/69)
ax

o
and g(0) =1, then [ g(x (q\”@} dx is equal to

1-cos 2x
(@) gx)cotx +C (B) —g(x)cotx +C
g(x)
(c) (d) None of these

1-cos 2x

oax 1 —COS2a X

- dx is eqgual to
1+ sin2a x g

(a)—le2axcosL£+axj+C

a 4

: 1

(b)—*e cot( +a><) ©
2a 4
1 Dax /T[ )

() ——e“*cos|—+ax|+C
2a 4 )

(d) —1e C‘OSGC(4 j+C

a

16. I x> # nm — 1, n e N. Then, the value of

_[ fsm sm2vv +1) cie EslualT
2 sin ( +sm2(x + 1)
el G
()Iog —sec (x> +1)|+C (b) log|sec > =

() %Iog |sec (x> + )| +C (d) None of these

7. If.[f(x)dx =f(X), thenj {f(x)}2 dxis equal to

{f(x)3° 12
i %{f(X)}Q DG e (SR
3 1
18, JCOS 7 x sin 7 x dxis equal to
4
4 Aads
(@) log|sin? x|+ C (b) ;tan7x3+C
(d) |og|oos7x| +C

ey
(c) Ttan 7 xtiC

Gour w1
jﬁdx is equal to

e
1 X2+ %+ 1 A 5—»———]+C
3! §|og(m]+c (0) 59575 x +1

1
(©) log (é_‘l_ﬂ] Loy sl

+x+1

Day 15 Indefinite Integrals

20. j & is equal to

A+ ><2)\/,:>2 + g2(tan™! x)?
(@) qllog [gtan~ x + 4 p? + g?(tan~" x)?]+ C

(b) log [q tan™ x + 4/ p? + g3(tan" x)?]+ C

() — 2 (0P e i sf? €
3q
(d) None of the above

21. !fxe(% g-] then J' SIN X = COS X gsinx oos x dx is equal to

J1=sin2x

(@) e +C
(b) esixwx—oosx+c
(C) eS!ﬂX+COSX+C
(d) eCOSK-—SIﬂX+C
9290 i /:Je*sin 2x dx, then for what value of Kk,
kl=e” (sin2x —2cos2x)+ C?
(&) 1 (b) 3
(€ 5 (d) 7

cos 0 + sin®

23. 1cos26lo
-[ = (cose—sine

] dfis equal to

(@) (cos® —sinB)?log &ME[@]
cos 6 —siné,
cos 8 +sin®

b) (cos® +sin®)?lo
e % g(cose~sin9}

©

(cos® —sin )2 cos O —sin®
lo - +C
2 cos 6 +sin®

(d) 1sin26|ogtan(£+6)—1log sec26+C
2 4 2

X2
24, J— 5 Oxis equal to

(x sinx + cos x)
SI!’?X-&-COSX +C

X sin X + oS X
© sinlx—x COSX+C

X sin X + cos x

X sin x —cos X
_— = C

(8) —
X Sin X +cos X

(d) None of these

1

2] [(x = )°(x +2)°1/*

ax is equal to

14 1/4
@ 2|22 4o Gl
3{x+2 3{x-1
1/4 / 1/4
1 X =1 e (d)l X+2 iC
3{x+2 3 x-1
26. Je"“”—1 X[1 i +2X jdx is equal to
14+ X
(@) xe® X4 ¢ (b) X% x4 ¢

1 1

(©) ;e’a" Han (G (d) None of these
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Directions (.

tunction of x and fractional
of the form 83X+ 0
cx

JEE Main Mathematics i Just 40 Days

Nos: 27 and 28) If the_ integrand is a rational
; powers of a linear fractional function
—— , then ratj sati i ]

g N rationalisation of the Integral is affected

by the substitution LR

t", where m is LCM of fractional

P cx+d
powers of ‘i:‘,f[?_
X+ d
A = X [x =1
: e e, = Ad—— o i
J. -1 1 op \/x = then Ais equal to
(@ 1/3 (b) 2/3 (c) 3/4 (d) 4/3
28. If/ = | o - BT :
/ : == = K + C, then k
© R O =) Vi x skdsieghgito
(b) 3/2 (c] 1/8 (@) 1/2

2) tacli of these questions contains
slatemant | {Asseriion) and Statement || (Reason).

150 has four alternative choices, only one
of which is the correct answer. You have to select one of the codes

Direciions (. Nos. 20 ¢,
WO Dalen

Lol these questi o

(@), (b), (0 and (d) given below.

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement .

(b) Statement | is true, Statement [l is true: Statement Il is not
a correct explanation for Statement |.
(¢c) Statement | is true; Statement Il is false
(d) Statement | is false; Statement Il is true.
—2x) R e-da
29. Statement | J' /,,,i:,;),: ax =24/(4+2x — x?)
V(4 +2x —x%)
=1 ( X = 1)
+ SN — |+ (
5
.) ;
ax XA Pk s s X
Statement Il f — == \/(az — x?)+ Zsin (7)
52 _ 2 2 2 2
ya — X
30. If/, :Jtan”x dx, then
Statement | 5 (/s + /;)=tan” x
n—1
Statement Il (n =1/, +/,_,)=tan” " X

2
31. Statement | J’M is equal to 2y/x* +2 + C.
\/xZ +2

e 2 F
X . L
Statement I jﬁdxssﬁioglx+ 1]
+ X

32. Ifa>0and b? - 4ac <0, then

3 a
Statement | The value of the integral J T W
A +C, where A B,Candp are
B

will be

of the type of p tan”

constants.
Statement Il ax? + bx +c can be written as sum of two

squares.

£ oK is equal to
(sin x + 2)(sin x = 1)

> 2(tan§+%) 7
2 = 3
SR SR 0
) 5 3/3 V3
3(tan —
2
()= E A i
(tan +1)
T : 2tang—1 ;
g e tan™" < +C
© af. % j+ 33 V3
(tan 1
: 2 tan ;—1
o
(d) ——~+——=tan' | —=—|+C
3[tan 5 —1) S /3
X |
P l—=2— @lisEo|UEl o
J<2+3x2>;’/2 A
1 2 3/2
2
a) - | —— +HE
) 5{2+ SXQ}
1 2 3/2
b { e } e
6|2+ 3x-
7/2
1 s
C) =| ——— +C
©) 6{2+ 3X2}
(d) None of these
35. —5X—2—3dx is equal to
1+ 2x + 3x [NCERT]
5
(e) “log[l+2x+ 3x21 - jiﬁ tan*(%g] 0,
6 3v2 N2
S 11 3x+1
(b) =log[1+ 2x + 3x2 —~tan“( e
6 55 B
1 11 3x + 1
(c) —|og|1+2x+3x2)—“tan‘1( g )+C
3 32 V2

(d) None of the above

365 flo K
2 + sin X + cos x

is equal to ]
[NCERT Exempla"

@) 2 tan“(%j e

) tan_1(tan >i//§2 e 1] e

() «/§tan‘1(tari/g/2j oG

(d) None of the above
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40.

[JEE Main 2013]

¥y [ x2w
‘) P(x [ %79 (x%)dx + (

XX |/l’/,"w'(/

X“W(x J‘/ Wix")ax|+ ¢

e
; "

£ doyr omms vl ik n ais equal
f2ianX . _ 4+ aln|sinx—2cos x| +k, thenais eq
 [rre—

[AIEEE 2012]

(&) -1 (b) =2
LA d) 2

AIEEE & JEE Main Archive

n x ax

43. Thevalug of ¥2 [ —2 is
v T ]
B o) '
4) [AIEEE 2008]
) x ~log - @
b) x J | € e AW ie
|9
( X )(C X (
(NS
X - +
4)
44, )| ~is equal to [AIEEE 2007]
X+ oSN
2R Ehe b) - log tan i ]+ G
5 4o 2 7 12)
AN plde C B e
1 2 NE2
o Y
45. | Ix is equal to
X) [AIEEE 2005]
X /_ RN X C
1+ x 3 " (log x)? + 1
0og X X
- d) +C
0g X +C XS

in(x —a)+ C, then the value

of (A B)is

[AIEEE 2004]

(@) (sina,cosa) (B) (cosa,sina)

(€) (=sino.,cosa) (d) (~cosa,sina)
¢ ax

47.

J is equal to
COS X —sin X

[AIEEE 2004]

1 (X
(a) log ftan | = —
2 |

5 {2

v |

/

Y

(©) iIog tan (5 = Sn) ;
D] | 2 }

1 ' X
(d) —=lo tan(—+
' T2 g’ 2

i
il
i
L

i‘
it
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1. (b)
11. (c)
21. (a)
31. (¢)
41. (c)

Answers

2. (a) 5 (©) 4. (c) 53(©@)
A2 (c) 13. (¢) 14. (b) 15. (b)
22:3(c) 23. (d) 24. (¢) 25. (a)
32. (a) 33. (2) 34. (b) 35. (a)
42. (d) 43. (d) 44, (a) 45, (b)

Hints & Solutions

1. We have, jf(x) ax = F(x)

[ 10 o= %j% 02)d ()
XZ)-JFM
= jF(x%d ()]

1
1dX_, X

.-[(1+x(1+>< _7J.1+x 1+x 279+ x2

3. Let

4. j f(x)

5. f(x)=

6./n=j

7. Let

el e

il 1 2
= _tan’’ x+7lo 1+ x)—=log(1+ x°)+C
5 > g ) 4 g

= %tan"1 X+ log T+ x — %!og\/n_xg - (€

/:f\/;2_+ 4x+1dx=f\/?+ Acas ) =27 5 27 G

- fo ORI BR dx

[f xg—azdx——\,x — 7 — bog]x+vx — &r

X+ 2 ) 7 & D) ST
= 2+ dx+1-log| (x+2)+x=+ 4x+1|+C
/‘ > \ > gl v

cosXax + J‘g(x)exdx

X
e—(cosx+ sinx) — 92 (sinx —cosx)+ C
2

—,e_(zcosx)+ C=e*cosx+C
2

j(xcosx + sinx)ax = x sinx + C

Ho)=%2 =€ =%
f(x) = xsinx+ 2

(log x)"dx
1
G n_nld Gl el
= x(logx)" =n [ (1ogX) -
I+ nl,_y = x(logx)"

(x+3)e” 4 ﬁ’_(_‘r_Ll)_idx
I(X+4) T f (x+4)

X
__'[ 1 dx = g +C
x+4 (x+ 4f Xiha

6. (a) 7. () 8. (d)
16. (b) 17: 18. (¢)
26. (a) 27. 28. (b)
36. (a) 37. ( 38. (b)
46. (b) 47.
8. [ dx=loglogsinx
logsinx
On differentiating both sides W.r.t. X,
cotx

logsinx kogsnm

f(x) = cot x

X2 —sinx cosx—2|

9. We have, f(x) = |sinx — x*

10.[

11. f(x)=

- | 2 5
f(x) = |x* =sinx

f(X)= (=

1+ x2)(

12—cosx

0
‘smx— X2
12 — COoSX

sinx — x°
0
1-2x

(interchanging rows and columns
XEESSTX

[taking (~1) common from each column]

(sin* x + cos* X)(sin® x — cos? X)
(sin® X + cos? X)? = 2sin2 XC0s? x

= J COS2x dx =

1+Vm)

2x—1

9. (d)
19. (d)
29. (¢)
39. (b)

we get

1-2x
0

2 —cosx|

=l
0

= J'(sin4 X —cos* x)dx

= _[(Sin2 X = cos? x)dx

Put x=tan® = ox=sec?0dp=(1 + x*)de

Print to PDE without this message by purchasing novaPDF (http://www.novapdf.com/)
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Day 15 Indefinite Integrals b8

=l0g(sech + tang)-g + ¢

=10g(x + 1+ ) - tan- 'x+cC

- (a)

(b) = f0)=log (0 + \[+ 0) - tan! @+0=C=0
e f=log(1+ v2)-T 1
4
i Metaty [, D cose
V1-(1-2sin6cos @)
Sin® + cos @

J1=(sin6—cos 6)2
Put SinB — cosO =t
= (cos 8 + sinB)dd =gt
e gt

a6

=sin"'(sin® - cos 6)+C

s{m{
13./:]’&%”_dxzj CoSX 4
1+ tanx + tan® x 1§ 71 . Sinx
cos?x  cosx
J- sin2x
2 + sm2><

—J'o’x 2j2+s1n2x

:X_QJLW
2 sec? x + 2 tanx

Let tanx =t seczxdx-df
s i __j CE ST
at
sy Bl SR,
2
e
2 2
yumn] 2 = Ztanx+1)
= Jim— i = ||la@
= =0 7 an ( 73
Hence, we get A = 3.
14. We have, g{Q(X)} =g(x)
ax
= g’'(x) =g
9 Mgy = (10
= g Wy = [1ax
jg(x) J
= log, {g(x)} = x + 10gC;
g(x)=C.e*
Now, g(0)=1
=y C1 =1
glx)=e’
cost
=—e*cotx+C

=—g(x)cotx+C

15, Let/= Jezax 1-cos2ax
1+ sin2ax

Iegt 1-cos 2t
1+ sin2t

1—23in(E+IJ cos( +t)
_1."ezr 4 4 ot
2 2 sin? (EH‘)
4
'[eZ‘{ cosec( +t)—cot(£+t)}dt
4 4
:>/:~—.f<92[ cosec? (E+det ~1J'e2’cot(5+ t)dt
2a7 | Il 4 a 4
e cot(f+t)+ 1_[52fcot(£+t)dt
2a 4 a 4

—1’[92‘ Cot(ﬁﬂ‘)dt +
a 4

——— —df, whereax=t

= /:~ie2'cot(g+t)+c
2a 4

[=— lezaxcot(f + axj £ 6
2a 4

16. We have, J'x\/z sin (¢ + 1) = sin2 (x il
2sin (x% + 1)+ sin2(x2 + 1)

(
:J»X\/Zsin( +1)=2sin (6 + 1)-cos (2 + 1)
2

ax
2 sin (x? + 1)+ 2 sin (x* + 1)-cos (x° + 1)
—J. kLndx
14 cos (x= + 1)

>
=jxtan[x i 1Jo‘x
2

{2

=log sec[x2 e 1J (G
2
17. We have, j f(x)dx = f(x)
= j—xmx)} = %)
1 A
= @d [f(x) ] =ax
= log {f(x)} = x + log C
= f(x)=Ce*
= {f( 2 CZe2X
j {f()}% dx = jc2 2
i C2 2x
(%
= L0
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18. Here, m + /)::_‘3+ :11 = A
(1)
/= J‘Cos‘\?" X(sin(=2+3/7) Sk

:J'cos’ X sin™ x sin®7 xay

J- coseo » J‘QQ?EEQ%
cos corily
sin®/7 x
Putcot x = ¢
= —-cosec:xdx:fﬁ

-étan“"7x+ C

19, J‘ =
[ x+
Put X+-=t = (1 )dx:dr
at 1 =)
S =g ——= [ @
g a2 g[[+1j
2
- Tlog(—i =l
XS+ x+ 1
20. Purq!an"x:f
=5 ~ax =t
1-r )(
= —-1———,— Gl= dl
i X q
g‘ﬁgi;“ 1lOCl[z + \/,O +f ]
gyp° +t? 9
= l!og[q tan™" x + /0% + qe(tc;;:TF]+ c
q
2 (B COS e R

"smx—cosx
= [e*"*.cos xdx=e"* 4 C

22. | =sin 2x-e* —2J'cos 2x-e”ax
:sin2x'e‘—20032x~e”—4je*sin2xdx+c

i (sm2,\ ~2c082x)+ C

k=
cos 6 + sin B
23. Since, log(—— logtan( +9)
cos 6 —sin6 4
n. 8
ec 8d0=logtan| - + =
and J’s c g (4 2)
or J'sec29de——logtan( +9)

.

/=

24, Let/:J‘k

JEE Main Mathematics 1 uer 40 Days

2sec 20= ilog tan(E + e)
a6 4

I sin26log ran(ﬁ . e) - [tanz6de
2 4

Lol Nt
sin2Blog tan| = + 6 | — —logsec26+ ¢
LA (4 s

2
- x S X
(xsinx + cos x) =

=J‘(*— XCOS X X dx

€

N

o6 [l

b

xsinx + cosx)?® cosx

ad ; .
* —(xsinx+ cosx =x |
[ ax ) COSX\

= = X
(Xsinx + cos x) cos x
+J‘ COS X — x( smx\c
(xsmx+ cos x) cos?y
<
> + tanx+ C

(xsmx +CoS y)cos

(YEWV( 08 x) cosx
_ SinX = xcos x 7
XSiNX+ cosx
1

=13 (x+2) /e o

J‘ 1
O
X,,‘,,I (/<+2(
X+ 2 )
o 5 e
‘afmdt(p“t\ =t= o=t
W2 Cer 2
1 11/4 4
= |l = 1
3[1]+C gl re
4
___i(}(‘T 1/4
3\ x+2 s
Ty ax
X=t= =
et

2
\+x2\J = [e!tant + sec? t)ot

-1
=g tant + C = xet® ¥+ 0

217, Given,/:J‘ adx
\
(x= 124 X+ 2’
X~1

Put

X+ 2

b

2=

~3
dx = Q]
e AT
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/=_1J‘ at :4[ 1 -}+c
Q 5/4 N 2
SN 3|74 Where,kzziac“b o0
e . o8
3L4 - +C which will have an answer of the type
b
i A, g cia ke S
ax ; ® £ -
28. /= [——F— Ja Ja
e
=022l = XA ¢
1-x
i 5 33, ax i ax 1 ax
5 P — e o ’ ' ~ 3J (s T3
syl T = - X);dx—d[ J.(Slﬂ X+ 2)(sin x —1) SJ(sm x—1) sj(sin X+ 2) il
»‘ 1 ax R
/=1qu-:§fr“"3]+(“ =3 = - s |
5 Jg2is — 5F -~ 2tané = 2{an; :,
e — S e
s 2
k= Puttan 2 =¢ L e =
- t n2 :>Esec 2d><vdr ?
29. Lot /;j 2 -2x) o _[ dx 1]{ 2dt s 1,[ 2at p
@+ 2x—x?) V@ +2x— %) 32t 1S 3
- il Bt 2
=72 \l4+2/\* Xt r-—idxf = J E 2 41 e o i
J e S S 2 W2 {
5—(x—1) o j + V3) 5
e 2 ) i
— 2 A n D B g ‘/ii\] 4 W)
N in V%/+C xe s ([+W &
= <\ 2) : g
5 . s 5 e € = 1 5
30. Given, |, = Jtan”xdx: [ tan = 2x- tan® x dx 3-1 3+3 g & "
:.‘.tan"%xz(seczx—ﬂdx ; 1 !
- X "
:'[tan”’ngsecz xo’x~jtan"" 2 x dx _2_ ¥ e f\tang ;i 2] C
=J‘Tan”’zx-sec2 xax — [ 3{[3,&_1\‘ 5 2
n-2 \ 2 / 2
et = ' ) g
=2 /n+//7—2:4 2 ELIBHX+1H |
n—1 =& T MR Noebediae ‘
Hence, (0= 1) (I, + I, _p)=tan" ~'x 3[“”;”] e [ R !
Bl =685 ([ +1y)=Tanx 2 E
34. [— ¥o)4
31. Statement !/ = I% where x° + 1=t @+ 3x°)°/?
o e
T VTR Substitute 2 + 8x% =t2x*
:2ﬁ+t+C=2\[x2+2+C oy [
S ! 2Ee T
tatement Il /= — OX
Ji+ X" ax = — _.-fiw_*’ dt
ae
Put X2 ¢, then 5 Rai
i -2t at
il 11/2 et e {2 _X_~[_ g T S
t = = fexefifie = =5 «/1i+xl) j(tx)s \x(tz —3p J.4[.3
1pdt
32. Ifa> 0and b® — 4ac < 0, then e EJ‘F
2 b2 dac —b° 1
2 bxro el e R e ERILISTY
2a 4a 6t3
ax ax 372
j' . =J‘__’/ q 2 =
ax? + bx+C = o puidh ek 0
612 + 3x°
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R <.

=0

S0 fleines o

SRS
14+ 2x + 3x2
Let Bx—2 < Ad(1+2x+3x) B
= 5x -2 = AR+ 6x)+ B
= 5x -2 = 6Ax+(2A+B)
On equating the coefficient of x and constant on both sides, we
get
5:6A:>A=gand2A+B=—2:>B=ﬂ
3
Do [
Slmrcs 0 L AN
1+ 2x + 3x2 1+2x+ 3x2
:Ef 2 + 6x dx—ﬂf ax
671+ 2x + 352 3 Y1+ 2x+ 3x2
Let /T:J‘ 2+ 6x
1+ 2x+ 3x2
and /2=J' %
1+2x+ 3x2
11 i
,/-_/ e
e (i)
Now. /1:J‘ 2+ 6x -
1+ 2x+ 3x
Put 1+ 2x+ 3x% =¢
= @2+ 6x)ax =at

at
/; :J'TzlogftJJrQ

= h=log[1+2x+ 3x% + C, (i)
ax

el 2z

2;[(

1 1 “"
3Bk f/s

e

On substituting the values of /; and /, from Egs. (ii) and (i), we
get

M1, 9 3x+1
/:-..g[!ogh +2x+ 3X21]”§[—J—2—t3n 1(—«/—T)J+ C

logh + 2%+ 3x% — FZ—tan

: tan"( Gt 1) o, . (i)

JEE Main Mathematics inJust 40 Days

/ ax
36t e e
ax
=
% J. otan’ T—tanzg
2 ar X
2 e
1+ tan 5 >
o2 Xax
= 2

2 X X 2 X
n“ = + 2tan= + 1 — tan<~
2 + 2tal 5 > >
c2 Xax
el s PR C
tan? X + 2tanX + 3
2 2

Pltitans =t = lsec2 X gy
2 2 2

/:I 2at x J- at
(% 4 B 4 3 G
2qt o Lotz
=2[—=—__  —o. | 4o (§)+C
E- s (VBE T 7 V2

3 tanx/2 + 1
=i | L N, o
- e )

= jX\GdX

37. Let/_j‘,, T

X+ X
6
< et
X(1+ x8)

= /:J%-J’

:, =
- og| X = P(x) + C

X+ X’

2

38. LHS = J[)): :: \%JGCO[—UWX
5

- cot 1 X =i
—_[1~e Q’X_J'Q\ecot X iy
X

il

x5 3
= xgCot X‘J.X-ecm x 1 b
=l

1+ x2

]

goot™

=1
3 "+ c=xe™ X 4 C
Tlak 52

39. Putt? =5 _ 2
tat = — xadx

at
J‘m=—logh+tl+0=—-|og“+ [2_XZI+C

2cos2 4x
cos 2x sin® Sin“2x
cos.?xsm2x
=J~Zcos 4x x costsiandx
COS4x
= J'cos 4X X sindxqlx =

40. LHS = .[

g-fsinsxdx
_ —1cos8y
Seouamne it

i | | |
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43. Let = \/éf e g
¢ | X F(x*) oix sm[x—ﬂ]
4
= A 0] Put x»zﬁ::»dx ot
\le, i - sin(nﬂjdt
: Tee \/’QJ' 4, et
1 ‘w sint
i e 1 1
. ) =v2j = ot — |l
i 3 | X*W(X“)dx]+ C [from Eq. (i)] \v2 V2
=log|sint| +t + C
é’ ' \ll‘ \ ( >
=x+Iongm(x~%)!+C
[ |
42. Give
(
44. et | = — 770'57 ﬁ:,Jl eckx_g]dx
X S Cos x| + | (1) ZL;COSX+ D: sinx] 2
N 1 [ b1 T
=—logtan| 2 -Z+ Z |+ C
f \ 2 L_ 6 4)
= I—log Ian]’ +£\J+C
B e 1 RIS e e A e 2 12 )
) erator ana denominator, we get
45. Putlogx =t = x =¢! :>dx~e"o’[‘
[+ [e*{f(x)+ F()}a=e*f(x)+ C]
Let + B (Cos X + 2 sinx) ol :
4 S - Js ~Jﬁ~f 2I9ﬂ‘[d[:7£—5+0:‘x‘+c
= DCOSX + & x=(A+ 2B)sinx + (B—2A)cosx TSt S (155 | 1+t (log x)
On comparing the fficients of sinx and cos x, we get A
hrgiiiacall S [ e e e 46. Putx—o =t = dx=at
A+ 2B Al 0 csin(t + )
y 5 /:J 1IN . (04 at
" 2 sint
= ¥ X) + 2 (CoS X + 2 sinx)
= : = = Jcosa at + _[sxnoc SR
5 sinx ; sint
o = | - ax
SINX — £ COS X

sinx — 2 cosx) + 2 (cos X + 2 sinx)

- | =4 / d
’ (sinx — 2 cos x)
coS X + 2 sinx
_ - 2J’(oox fr-)dx
] o ~ 2 COS X (sinx — 2 cosx)
" cd 1smx4zcosx) 47. Let/ =
3 | = | 1dXx =
g PR ' (sinx — 2 COSX)
— x + 2 log|(sinx — 2 cos X)| + K v (i)
where. k is the constant of integration.
By comparing the value of /in Egs. () and (i), we get
By comparing the va

a=2

D/ WWW.NO

=coso-t + sina logsint + C
= Xcos o + sina log{sin(x — &)} + C
(let C = —aicosar)
A=cosa, B=sina '

e ax ( j
— — = sec| x + = |dx
Vlzj(fj-cosx~rlsmx\ ‘/—'[ 4
72 B i
] log|tan (X + X & +C
ﬁ 9 (4 Z 8)
| 3n
i = |l+C
=spioaie |2 i
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