


A R I H A N T 

•AM!mt | 0 BJ E C T I VE / 

MATHEMATICS 

KALINDI, T.P. NAQAR, MEERUT-250 002 

ARIHANT PRAKASHAN 

J . H . VJ W I ' AL. 
Director 

Omega Classes, Meerut 



\ M A T H E M A T I C S G A L A X Y 

Q / } lea gW ^ Algebra 

Q 

Q 
& 

& & 

A lext gW Co-ordinate Geometry 
IxtvuitUue. Algebra (Vol. I & II) 
A lea SW Calculus (Differential) 
A lea gW Calculus (Integral) 
A lea Book 4 Vector & 3D Geometry 
Play with Graphs 
/f lext gW Trigonometry 
Problems in Mathematics 
Objective Mathematics 

S.K. Goyal 
S.K. Goyal 
S.K. Goyal 

Amit M. Agarwal 
Amit M. Agarwal 
Amit M. Agarwal 
Amit M. Agarwal 
Amit M. Agarwal 

S.K. Goyal 
S.K. Goyal 

a 
ARIHANT PRAKASHAN 
An ISO 9001:2000 Organisation 
Kalindi, Transport Nagar 
Baghpat Road, MEERUT-250 002 (U.P.) 
Tel.: (0121) 2401479, 2512970, 2402029 
Fax:(0121)2401648 
email: info@arihantbooks.com 
on web: www.arihantbooks.com 

if. © Author 

All the rights reserved. No part of this publication may be reproduced, stored in a retrieval 
system transmitted in any form or by any means- electronic, mechanical, photocopying 
recording or otherwise, without prior permission of the author and publisher. 

% ISBN 8183480144 

W Price : Rs. 200.00 

* Laser Typesetting at: 
Vibgyor Computer 

Printed at: 
Sanjay Printers 

mailto:info@arihantbooks.com
http://www.arihantbooks.com


P R E F A C E 

This new venture is intended for recently introduced Screening Test in new system of 
Entrance Examination of IIT-JEE. This is the first book of its kind for this new set up. It is in 
continuation of my earlier book "Problems in Mathematics" catering to the needs of students for 
the main examination of IIT-JEE. 

Major changes have been effected in the set up the book in the edition. 
The book has been aivided into 33 chapters. 
In each chapter, first of all the theory in brief but having all the basic concepts/formulae is 
given to make the student refresh his memory and also for clear understanding, 
Each chapter has both set of multiple choice questions-having one correct 
alternative, and one or more than one correct alternatives. 
At the end of each chapter a practice test is provided for the student to assess his relative 
ability on the chapter. 
Hints & Solutions of selected questions have been provided in the end of book, 

•<dbJ The number of auestions has been increased two fold and now there are more than 2000 
questions. 
I am extremely thankful to Shri Yogesh Chand Jain of M/s Arihant Prakashan, 
Meerut for their all out efforts to bring out this book in best possible form, I also place, on 
record my thank to Shri Raj Kumar (for designing) and M/s Vibgyor Computers (for laser 
typesetting). 
Suggestions for the improvement of the book are, of course, cordially invited. 

- S.K. Goyal 
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ALGEBRA 

1 
COMPLEX NUMBERS 

§ 1.1. Important Points 

1. Property of Order : i.e. (a + ib) < (o r>) c+ id is not defined. For example, the statement 
9 + 6/< 2 - /'makes no sense. 
Note : (i) Complex numbers with imaginary parts zero are said to be purely real and similarly those with real 
parts zero are said to be purely imaginary. 

(ii) iota : v i = V ^ T is called the imaginary unit. 
Also / 2 = - 1 , / 3 = - /, / 4 = 1, etc. 

In general / 4 n = 1, / 4 n + 1 = /, / 4 n + 2 = - 1 
I n+3 _ _ j f o r a r | y j n t e g e r n 

For example, ;1 9 9 7 = / 4 x 4 9 9 + 1 = / 

Also, / = ——, 
i 

2. A complex number z is said to be purely real If lm (z) = 0 and is said to be purely imaginary if 
Re (z) = 0. The complex number 0 = 0 + /'. 0 is both purely real and purely imaginary. 

3. The sum of four consecutive powers of / is zero. 
4/JJ-7 in+ 7 

Ex. X ? = + ? + I / "= / ' - 1 - /'+ 0 = - 1 
n=1 n=4 

4. To find digit in the unit's place, this method is clear from following example : 
Ex. What is the digit in the unit's place of (143)86 ? 
Sol. The digits in unit's place of different powers of 3 are as follows : 

3, 9, 7, 1, 3, 9, 7, 1 (period being 4) 
remainder in 86 + 4 = 2 

So the digit in the unit's place of (143)86 = 9 
[Second term in the sequence of 3, 9, 7 ,1 , . . . ] 

5. V^a = /'Va, when 'si is any real number. Keeping this result in mind the following computation is 
correct. 

V- a V- b - i^fa i^fb = F ~{ab =-^fab 
But th the computation V- a V- b = >/{(- a) ( - b)} = 'lab is wrong. 
Because the property Va -ib = Jab hold good only if, at least one of VJor Vb is real. It does not hold 
good if a, b are negative numbers, i.e., Va, VFare imaginary numbers. 

§1.2. Conjugate Complex Number 

The complex number z = (a, b) = a + ib and z = (a, - b) = a - ib, where a and b are real numbers, /' = V- 1 
and b * 0 are said to be complex conjugate of each other. (Here the complex conjugate is obtained by just 
changing the sign of /). 

Properties of Conjugate : z is the mirror image of z along real axis. 
0 ) ( ¥ ) = * 
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(ii) z = z <=> z is purely real 
(iii) z = - z<=> z i s purely imaginary 

(iv) R e ( z ) = R e ( z ) = 

(v) Im (z) = z - z 
2/ 

(vi) Z1 + Z2 = z 1 + Z 2 

(vii)zi -Z2 = Z1 - z 2 

(viii) 

(ix) 

(viii) Z1 Z2 = z 1 . z 2 

Z1 Z1 
Z2 Z 2 

(x) Z1Z2 + Z1Z2 = 2Re (z1 z2) = 2Re (ziz2) 
(xi) = (z)n 

(xii) If z— / (z i ) then z = / (z i ) 

§ 1.3. Principal Value of Arg z 

If z=a+ib,a,be Ft, then arg z = tan~1 ( b / a ) always gives the principal value. It depends on the 
quadrant in which the point (a, b) lies : 

(i) (a, b) e first quadrant a > 0, b> 0, the principal value = arg z = 6 = tan"1 ^ 

(ii) (a, b) e second quadrant a < 0, b > 0, the principal value 

= arg z = 9 = 7t - t a n - 1 ^ 
a 

(iii) (a, b) e third quadrant a < 0, b< 0, the principal value 
-1 arg z = 9 = - n + tan 

(iv) (a, b) e fourth quadrant a > 0, b < 0, the principal value 

= arg z = 9 = tan 

Note. 
(i) -7 i < 9 < n 
(ii) amplitude of the complex number 0 is not defined 
(iii) If zi = Z2 <=> I zi I = I Z2 I and amp zi = amp Z2 . 
(iv) If arg z=n/2 o r - r c / 2 , is purely imaginary; if arg z = 0 or±rc, z i s purely real. 

§1.4 Coni Method 

If zi , Z2, Z3 be the affixes of the vertices of a triangle ABC 
described in counter-clockwise sense (Fig. 1.1) then : 

(-Z1 ~ Z2) j a = (Zi - Z3) 
I Z1 - Z2 I 

or amp 
Z1 -Z3 
Z1 -Z2 

I Z1 - Z3 I 
0 

= a = Z BAC 

Note that if a = | o r t h e n 

A(zt) B(Z2) 

Fig. 1.1. 
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Z\ - Z3 . . . 

— is purely imaginary. 

Note : Here only principal values of arguments are considered. 

§ 1.5. Properties of Modulus 

(i) I z I > 0 => I z l = 0 iff z = 0 and I z I > 0 iff z * 0. 

(ii) - I z I < Re (z) < I z I and - I z I < Im (z) < I z I 
(iii) I zI = I z l = l - z l = l - z I 
(iv) zz = I z l 2 
(V) I Z1Z2 I = I Z1 I I Z2 I 

In general I zi Z2 Z3 Z4 .... zn I = I zi 11 Z2 11 Z3 I ... I zn I 

(vi) 
I Z1 I 

Z2 I 
(vii) I Z1 + Z2 I < I Z1 I + I Z2 I 

In general I zi + Z2 + 23 ± + zn I < I zi I +1 Z2 I +1 23 I + +1 zn I 
(Vi) I Z1 - Z2 I > II zi I - I z2 II 

(ix) I z" I = I z l " 
(X) I I Z1 I - I Z2 I | < I Z1 + Z2 I < I Z1 I + I Z2 I 

Thus I zi I + I Z2 I is the greatest possible value of I zi I + I Z2 I and I I zi I - I Z2 I I is the least 
possible value of I zi + 22 I. 

(xi) I zi + z2 I2 = (zi ± z2) (ii + z2) = I zi I2 +1 z2 I2 ± (Z1Z2 + Z1Z2) 
(xii) Z1Z2 + Z1Z2 = 2 I zi I I Z2 I cos (81 - 0 2 ) where 0i = arg (zi) and 9= arg (Z2). 

(xiii) I zi + z2 I2 + I zi - z2 I2 = 2 j I zi I2 + I z2 I2} 
(xiv) Unimodular: i.e., unit modulus 

If z i s unimodular then I z l = 1. In case of unimodular let z = cos 0 + /'sin 9, 9 <= R. 

Note : is always a unimodular complex number if z * 0. 

§ 1.6. Properties of Argument 

(i) Arg (zi zz) = Arg (zi) + Arg (z2) 
In general Arg (Z1Z2Z3 zn) = Arg (zi) + Arg (zz) + Arg{Z3)+ ... + Arg (z„) 

/ \ 
Z1 (ii) Arg 
Z2 

= Arg (zi) - Arg (z2) 

(iii) Arg I - | = 2 A r g z z 
(iv) Arg (z") = n Arg (z) 

( v ) l f A r g ^ j = 9 , then Arg ^ = 2kn - 9 where ke I. 

(vi) Arg z = - Arg z 

§ 1.7. Problem Involving the nth Root of Unity 

Unity has n roots viz. 1, co , co2 , to3 ro" - 1 which are in G.P., and about which we find. The sum of 

these n roots is zero. 
(a) Here 1 + to + co2 + ... + co"~1 = 0 is the basic concept to be understood. 
(b) The product of these n roots is ( - 1)"~1 . 

§ 1.8. Demoivre's Theorem 

(a) If n is a positive or negative integer, then 
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(b) If n is a positive integer, then 
(cos 6 + /' sin 9)" = cos n8 + / sin n9 

(cos 9 + /'sin 9 ) 1 / "= cos 2/ot + 9 
n + / sin 2/ot + 9 

n 
whe.e k = 0, 1, 2, 3 ( n - 1 ) 

The value corresponding to k = 0 is called the principal value. 
Demoivre's theorem is valid if n is any rational number. 

§1.9. Square Root of a Complex Number 

The square roots of z = a + ib are : 

and 

Notes: 

1. The square root of i are : ± 

I z l + a 
2 

4 
z I + a 

h i I - a 
2 

I * + a 

for b > 0 

for b < 0. 

^ J (Here 6 = 1 ) . 

1 - / " (Here £> = - 1). 

• = or; ex. co = co = co. 

2. The square root of - /' are : ± 

3. The square root of co are : ± isf 

4. The square root of co2 are : ± co 

§ 1.10. Cube roots of Unity 

Cube roots of unity are 1 co, co2 

Properties: 

(1) 1 + o) + co2 = 0 

(2) co2=1 

(3) co3 n=1,co3 

(4) co = o>2 and (co)2 = co 
(5) A complex number a + ib, for which I a : £> I = 1 : V3" or V3~: 1, can always be expressed in terms of 

/', co or co2. 
(6) The cube roots of unity when represented on complex plane lie on vertices of an equilateral 

inscribed in a unit circle, having centre origin. One vertex being on positive real axis. 
(7) a + £xo + cco2 = 0 => a = b = b = c if a, b, c are real. 

(8) com = co3, co = e2n' /3, co = e~ 2 , c ' / 3 

§ 1.11. Some Important Results 

{i) If zi and Z2 are two complex numbers, then the distance between zi and Z2 is I zi - Z2 I. 
(ii) Segment joining points A (zi) and B (Z2) is divided by point P (z) in the ratio mi : m2 

then 
m-\Z2+ IV2Z1 , , z - ' , mi and mz are real. 

(mi + m2) 
(iii) The equation of the line joining zi and Z2 is given by 

z z 1 
Z1 Z 1 1 
zz z 2 1 

= 0 (non parametric form) 
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(iv) Three points z\ , Z2 and Z3 are collinear if 
Z1 z\ 1 
Z2 Z 2 1 = 0 

Z3 Z 3 1 

(v) a z + a z = real describes equation of a straight line. 
Note : The complex and real slopes of the line a z + az+ b= 0 are (b s Ft) 

• — and 
a 

. ^ are respectively. 
Im (a) ' 

(a) If a i and 02 are complex slopes of two lines on the Argand plane then 
* If lines are perpendicular then ai + <X2 = 0 
*lf lines are parallel then a i = 0C2 

(vi) I z - zo I = r is equation of a circle, whose centre is Zo and radius is r and I z - zo I < r represents 
interior of a circle I z - zo I = rand I z - zo I > rrepresents the exterior of the circle I z - zo I = r. 

(vii) z z + az + a z + k = 0 ; (k is real) represent circle with centre - a and radius ^l a I2 - k . 
(viii) ( z - z i ) (z - Z2) + (z-Z2) (z - z 1) = 0 is equation of circle with diameter AB where 

A (zf") and B (z2). 
(ix) If I z - zi I + I z - Z2 I = 2a where 2a > I zi - Z2 I then point z describes an ellipse having foci at 

zi and Z2 and ae Ft. 
(x) If I z - zi I - I z - Z2 I = 2a where 2a < I Zi - Z2 I then point z describes a hyperbola having foci at 

zi and Z2 and ae Ft. 
(xi) Equation of all circle which are orthogonal to I z - z\ I = n and I z - Z2 I = 

Let the circle be I z - a I = rcut given circles orthogonally 

and 
r2 + n2 

z2 + / f 

a - zi I 

I a - Z2 I 

...(1) 

•••(2) 
On solving r£ - r? = a (z 1 - z 2) + a (zi - £2) + I Z2 I2 - I zi I2 

(xii) 

and let 
z - Zi 
Z-Z2 

a = a + ib. 

= k is a circle if k * 1, and is a line if k = 1. 

(xiii) The equation I z - z\ I2 +1 z - Z2 I2 = k, will represent a circle if k > ~ I zi - Z2 I2 

(xiv) If Arg 
(Z2 - Z3) (Z1 - Z4) 

= ± 71, 0, then points zi , Z2 , 23 , Z4 are concyclic. 
(Z1 - Z3) (Z2 - Z4) 

\ / 

§ 1.12. Important Results to Remember 

(i) lota (/) is neither 0, nore greater than 0, nor less than 0. 
(ii) Amp z - Amp ( - z) = ± n according as Amp (z) is positive or negative. 
(iii) The triangle whose vertices are zi , Z2 , Z3 is equilateral iff 

1 1 1 

or 

( iv) If 

• = 0 
Z1 - Z2 Z2 - Z3 Z3 - Z1 

Z12 + Z | + Z32 = Z1Z2 + Z2Z3 + Z3Z1 
1 + - = 
z 

a + \(,a +4) 
and 

a + n a 2 + 4) 
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MULTIPLE CHOICE-I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

One of the values of i' is (i = V- 1) 

(a) e_7C/2 ( b ) ^ 2 

(c) ^ (d) e * 

2. If xr = cos (7t/3r) - i sin (n/3r), then value of 
xx. x2.... is 

( a ) l ( b ) - l 
(c) - i (d ) i 

3. The area of the triangle on the Argand plane 
formed by the complex numbers 
- z, tz, z - iz, is 

( a ) i t z l 2 

( c ) | l z l 2 

(b) I z r 

(d) None of these 

4. Let Z\ — 6 + i and z2 = 4 - 3i. Let z be 
complex number such that 

arg 
Z - Z i 

= — ; then z satisfies 
Zi - z 

(a) I z - ( 5 - 0 1 = 5 ( b ) l z - ( 5 - / ) l = V5 
(c) I z — (5 + i) I = 5 (d) I z - (5 + /) I = VT 

5. The number of solutions of the equation 

z + I z I2 = 0, where z e C is 
(a) one (b) two 
(c) three (d) infinitely many 

6. If z = (k + 3) + i V ( 5 - ^ 2 ) ; then the locus of 
z i s 
(a) a straight line (b) a circle 
(c) an ellipse (d) a parabola 

7. The locus of z which sotisfies the inequality 
logQ.31 z - 1 I > log0.31 z - /1 is given by 

(a) * + y < 0 (b)x + y > 0 
(c)x-y>0 ( d ) j t - y < 0 

8. If Zi and z2 are any two complex numbers, 
then 

Iz, + V z 2 - z \ I + I Zi - V z 2 - z \ I is equal to 
(a) I Zi I ( b ) l z 2 l 

(c) IZ) + z21 (d) None of these 

9. If Z\ and z2 are complex numbers satisfying 

z , + z 2 21-22 = 1 and arg 
Zl - 22 ^ Zl + 22 

then Z]/Z2 is always 
(a) zero 
(b) a rational number 
(c) a positive real number 
(d) a purely imaginary number 

^ mn (m e 7) 

10- If z * 0, then J 
100 

[arg I z I] dx is : 
E = 0 

denotes the greatest integer (where [.] 
function) 

(a) 0 (b) 10 

(c) 100 (d) not defined 
11. The centre of square ABCD is at z = 0. A is 

Zi. Then the centroid of triangle ABC is 
(a) Z) (cos n ± i sin 7t) 

Z I 
(b) — (cos n ± i sin n) 

(c) Z\ (cos rc/2 ± i sin 7C/2) 
Zl 

(d) — (cos tc/2 ± i sin n/2) 

12. The point of intersection of the curves arg 
( Z - 3i) = 371/4 and arg (2z + 1 - 2i) = n / 4 is 
(a) 1 / 4 ( 3 + 9i) (b) 1 / 4 (3 - 9;") 
(c) 1 / 2 ( 3 + 2/) (d) no point 

13. If S (n) = in + i where i = V- 1 and n is an 
integer, then the total number of distinct 
values of 5 (n) is 
(a) 1 (b )2 
(c )3 (d)4 

14. The smallest positive integer n for which 
1 + i * 
1 - i / 

(a) 1 (b) 2 
(c)3 (d) 4 

15. Consider the following statements : 
S, : - 8 = 2 i x 4 i = V( -4 ) x V ( - 16) 
S2 : 4) x V(- 16) = 4) x ( - 16) 
5 3 : V(- 4) x ( - 16) = V64" 
Sa : V64 = 8 

= - 1, is 
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of these statements, the incorrect one is 
(a) Sj only (b) S2 only 
(c) S3 only (d) None of these 

16. If the multiplicative inverse of a complex 
number is (V3~+ 4i')/19, then the complex 
number itself is 
(a )V3~-4 i (b) 4 +1 a/3~ 
(c) V 3 + 4i (d) 4 — / a/3" 

17. If andzi represent adjacent vertices of a 
regular polygon of n sides whose centre is 

. Im (z,) 
origin and if 

to 
(a) 8 
(c) 24 

Re (z,) 
1, then n is equal 

(b) 16 
(d) 32 

18. I f l z l = l , t h e n f - | - 7 = lequals 
1 + z 

(a )Z (b)z 
(c) z ' (d) None of these 

19. For x b x2, )>i, y2 e R. If 0 <xx<x2,y^=y2 

and Z i = X i + n ' i ; z2=x2 + iy2 and 
Z3 = ^ (Zi + z2), then ZL, Z2 and z3 satisfy 

( a ) l z , l = l z 2 l = lz 3 l 
(b) I z, I < I z2 I < I z31 
(c) I z, I > I z21 > I z31 
(d) I z, I < I z31 < I z21 

20. Of z is any non-zero complex number then 
arg (z) + arg (z ) is equal to 
(a) 0 (b) n/2 
(c) 7i (d) 3tc/2 
If the following regions in the complex 
plane, the only one that does not represent a 
circle, is 

1 + z 

21 

(a) z z + i (z - Z) = 0 (b) Re 

(c) arg 

22. If 

z - 1 
z + i 

1 +1 

- f (d> 

l - z 
- i 

= 0 

then 

Z+ 1 

the expression 

2x - 2x2 + x + 3 equals 
(a) 3 - (7/2) (b) 3 + ( / /2) 
(c) (3 + 0 / 2 (d) (3 - 0 / 2 

23. If 1. co. co2 are the three cube roots of unity 
then for a . (3. y. 5 e R. the expression 

a + [ko + ya>2 + 5co2 ^ 

P + aco2 + yto + 8co 
is equal to 

(b)co 
- 1 

(a) 1 
(c) - CO (d) CD" 

24. If co is a complex cube root of unity and 
(1 + co)7 = A + B(i> then, A and B are 
respectively equal to 
(a) 0 , 1 (b) 1, 1 
(c) 1 ,0 (d) - 1, 1 

25. If 1, co and co2 are the three cube roots of 
unity, then the roots of the equation 
(x - l )3 - 8 = 0 are 

(a) - 1, - 1 - 2co, - 1 + 2co2 

(b) 3, 2co, 2co2 

(c) 3, 1 + 2co, 1 + 2co2 

(d) None of these 

2 6 . If l , o ) , CO2,..., co"" 1 are n, nth roots of unity. 

the value of (9 - co) (9 - co ) .. . (9 - co 
will be 
(a )n ( b ) 0 

« -1 

(c) 
9" - 1 

(d) 
9 " + l 

27. If 8/z3 + 12z2 - 18z + 21 i = 0 then 
(a) I z I = 3 / 2 (b) I z I = 2 / 3 
(c) I z I = 1 (d) I z I = 3 / 4 

28. If z = re'B, then I e'z I is equal to 

(a)e" 
r sin 8 - r sin 0 

(c)e r cos 9 
(b) re~ 

(d) re~ rcos 9 

29. If z,, z2, Z3 are three distinct complex 
numbers and a, b, c are three positive real 
numbers such that 

a b c 
I Z2 - ZL I 

2 a 

I Z3 - Zl I I Zl - Z2 1 
2 

, then 

(Z2-Z3) (Z3-Z1) (Z]-Z2) 
(a) 0 (b) abc 
(c) 3abc (d) a + b + c 

30. For all complex numbers zi ,z 2 satisfying 
I Z! I = 12 and I z2 - 3 - 4/1 = 5. the minimum 
value of I Z\ - Z21 is 
( a )0 (b) 2 
(c)7 (d) 17 
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31. If z \ ,z 2 , z i are the vertices of an equilateral 
triangle in the argand plane, then 
(z? + zl + zj)=k (z,z2 + z2z3 + Z3Z1) is true for 
(a) A: = 1 (b) k = 2 
(c)Jt = 3 (d) A: = 4 

32. The complex numbers Zj, z2 and z3 satisfying 

— — ~ = - — a r e the vertices of a 
z 2 - z 3 2 
triangle which i s : 
(a) of zero area (b) right angled isosceles 
(c) equilateral (d) obtuse angled isosceles 

33. The value of VT+ V(- i) is 
(a) 0 (b) <2 
(c) - i (d) i 

34. If Z], z2, Z3 are the vertices of an equilateral 
2 2 2 triangle with centroid Zq, then Z\ + z2 + Z3 

equals 

(a)zo 

(c) 3zl 

(b) 2 £ 

(d) 9zl 
35. If a complex number z lies on a circle of 

radius 1 /2 then the complex number 
( - 1 + 4z) lies on a circle of radius 
(a) 1 /2 (b) 1 
(c )2 (d )4 

36. If n is a positive integer but not a multiple of 
3 and z = - 1 + i <3, then (z2" + 2Y + 22") is 
equal to 
(a) 0 (b) - 1 

(c) 1 (dj 3 x 2" 
37. If the vertices of a triangle are 

8 + 5i, - 3 + i, - 2 - 3;, the modulus and the 
argument of the complex number 
representing the centroid of this triangle 
respectively are 

( a ) 2 , - ( b ) V 2 , J 

(d) 2 V2, | 

„0 _ , 10 f . 2nk . 2nk 
38. The value of I sin —— - 1 cos — 

k=l 11 11 

(a) - 1 
(c) - i 

(b) 0 
(dj i 

39. If 
3 1 V3~ f 
2 + _ r 

,50 
325 (x - iy) where x, y are 

40. 

real, then the ordered pair (x, v) is given by 
(a) (0 ,3) (b) (1/2 , - VT/2) 
(c) ( - 3, 0) (d) (0, - 3) 
If a , (3 and y are the roots of 

(00 is cube root of 
a-

x3 - 3x2 + 3x + 7 = 0 

unity), then 
u-

(a)-co 

1 B - l y -
~r + — r + 
1 y - 1 a -

(b) co2 

- is 

(c) 2co (d) 3C07 

41. The set of points in an argand diagram which 
satisfy both I z I ^ 4 and arg z = n/3 is 
(a) a circle and a line (b) a radius of a circle 
(c) a sector of a circle (d) an infinite part line 

42. If the points represented by complex 
numbers Zj = a + ib, z2 = c + id and Z\ - Z2 are 
collinear then 
(a)ad + bc = 0 (b)ad-bc = 0 
(c)ab + cd=0 (d)ab-cd = 0 

43. Let A, B and C represent the complex 
numbers Z],Z2, Z3 respectively on the 
complex plane. If the circumcentre of the 
triangle ABC lies at the origin, then the nine 
point centre is represented by the complex 
number 

, Z 1 + Z 2 
<a) —^ z3 

(c) 

2 
Zi +Z2- z3 

(b) 

(d) 

Zi + z2 - Z3 

Zl - z2 - z3 

44. Let a and (3 be two distinct complex numbers 
such that I a I = I (3 I. If real part of a is 
positive and imaginary part of (3 is negative, 
then the complex number ( a + (3)/(a - (3) 
may be 
(a) zero (b) real and negative 
(c) real and positive (d) purely imaginary 

45. The complex number z satisfies the condition 
25 

- — = 24. The maximum distance from 
z 

the origin of co-ordinates to the point z is 
(a) 25 fb) 30 
(c) 32 (d) None of these 
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47. The system of equations 

46. The points A, B and C represent the complex 
numbers z\, Z2, (1 - i) Z\ + iz2 respectively on 
the complex plane. The triangle ABC is 
(a) isosceles but not right angled 
(b) right angled but not isosceles 
(c) isosceles and right angled 
(d) None of these 

I z + 1 + i I = <2 
I z I = 3 

has 
(a) no solution (b) one solution 
(c) two solutions (d) none of these 

48. The centre of the circle represented by 
I z + 1 I = 2 I z — 1 I on the complex plane is 
(a) 0 (b) 5 / 3 
(c) 1/3 (d) None of these 

49. The value of the expression 
2 (1 +co) ( l +co 2 )+ 3 ( 2 ( 0 + l ) ( 2 c o 2 + 1 ) 
+ 4(3co+ 1) (3(02 + 1) + ...+ (n + 1) (nco + 1) 
(no)2 + 1) is 

((0 is the cube root of unity) 

(a) 
n (n+ l ) 2 

+ « 

(c) f " ( W
2

+ f - n (d) None of these 

M T , ( 87C ^ . . ( 871 
50. If a = cos — + ; s i n — 

Re ( a + a 2 + a 3 + a 4 + a 5 ) is 

then 

(a) 1 /2 
( c )0 

200 

( b ) - l / 2 

(d) None of these 
50 

51. If 2 i + II f = x + iy then (x, y) is 
k=0 p=1 

(a) (0 ,1) (b) (1 , -1 ) 
(c) (2, 3) (d) (4, 8) 

52. If I z, - 1 I < 1, I zz - 21 < 2, I z3 - 3 I < 3 
then I Z] + z2 + z31 
(a) is less than 6 (b) is more than 3 
(c) is less than 12 (d) lies between 6 arid 12 

53. If I z I = max {I z - 1 I, I z + 1 1} then 
(a) I z + z I = | (b) z + z = 1 

( c ) l z + z l = l (d) z - z = 5 
54. The equation I z + i I - 1 z - /1 = k represents a 

hyperbola if 
(a) - 2 < k < 2 (b) k > 2 
(c) 0 < k < 2 (d) None of these 

55. If I z - i I < 2 and z, = 5 + 3/ then the 
maximum value of I iz + Z\ I is 
(a) 2 + VTT (b) 7 
(c)V31~-2 (d) V31~+ 2 
t f A/3~+ j ] 0 1 .103.105 . . 56. If z = — - — then (z + ( ) equal to 

(a) z (b) z2 

(c) z3 (d) z4 

57. If I ak I < 3, 1 < k < «, then all the complex 
numbers z satisfying the equation 
1 + «]Z + a2z + ... + anz = 0 

(a) lie outside the circle I z I = | 

(b) lie inside the circle I z I = ^ 

(c) lie on the circle I z I = | 

(d) lie in | < I z I < i 

58. If X be the set of all complex numbers z such 
that I z I = 1 and define relation if on X by 

2n 
Zi R z2 is I arg z, - arg z21 = — then R is 

(a) Reflexive (b) Symmetric 
(c) Transitive (d) Anti-symmetric 

59. The roots of the cubic equation 
(z + a(i)3 = a 3 ( a ^ 0), represent the vertices 
of a triangle of sides of length 

( a ) ^ l a p l 

(c)V3"ipi 

(b) V3"l a I 

( d ) ^ - l a l 

60. The number of points in the complex plane 
that satisfying the conditions 
I Z - 2 I = 2, z (1 - i ) + I ( l + 0 = 4 is 
(a )0 (b) 1 
(c) 2 (d) more than 2 
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MULTIPLE CHOICE-I I 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

61. If arg (z) < 0, then arg ( - z) - arg (z) = 
(a) n (b) - n 

/ \ 7 1 

(Cl-J m f 

62. If Oq, a,, a2, ..., a „ _ , be the n, nth roots of 

n - 1 a , 
the unity, then the value of I — is 

i = 0 (3 — a ; ) 
equal to 
, N n 
(a) 

(c) 

3" - 1 
n+ 1 

( b ) 

(d) 

3" - 1 
n + 2 

3" - 1 3" - 1 
63. If z satisfies I z - 1 I < I z + 3 I then 

co = 2z + 3 - isatisfies 
(a) I co - 5 - i I < I co + 3 + I 
(b) I co - 5 I < I co + 3 1 
(c) /„, (/co) > 1 
(d) I arg (co - 1) I < J t /2 

64. co is a cube root of unity and n is a positive 
integer satisfying 1 + co" + co2" = 0; then n is 
of the type 
(a) 3m (b) 3m + 1 
(c) 3m + 2 (d) None of these. 

z+ 1 65. If r is a purely imaginary number; then z 
z + I 

lies on a 
(a) straight line 
(b) circle 
(c) circle with radius = 
(d) circle passing through the origin. 

66. The equation whose roots are mh power of 
the roots of the equation, 
x — 2x cos 0 + 1 = 0, is given by 

2 2 

(a) (jc + cos nQ) + sin n0 = 0 
(b) (x - cos «0)2 + sin2 ;i8 = 0 
(c) .v2 + 2x cos + 1 = 0 
(d) x - 2x cos «0 + 1 = 0 

67. If I z - 1 I + I z + 3 I < 8, then the range of 
values of I z - 4 I is 
(a) (0 ,7) (b) (1, 8) 
(c) [1,9] (d) [2, 5] 

68. -1 sin where z is non real, can 

69. If is purely 

be the angle of a triangle if 
(a) Re (z) = 1, Im (z) = 2 
(b) Re ( z ) = l , - l < / m ( z ) < l 
(c) Re (z) + /m(z) = 0 
(d) Wone of these 

tan a - i (sin a / 2 + cos a / 2 ) 
1 + 2i sin a / 2 

imaginary, then a is given by 
(a) mi + 71/4 (b) tin - n/A 
(C) 2/771 ( d ) 2/!7t + 71/4 

70. If z1 and z2 are non zero complex numbers 
such that I Zi - Z2 I = I Z] ! + I z2 I then 
(a) I arg z, - arg z2 I = n 
(b) arg z, = arg z2 

(c) Zi + kz2~ 0 for some positive number k 
(d)z, z2 + Zi z2 < 0 

71. If z is a complex number and 
a, , a2, a3, bh b2, b3 all are real then 

ajZ + b\ z a2z + b2z a^z + b^z 
^iZ + fliZ b2z + a2z b^z + a^ z 
b\z + a\ b2z + a2 + 

2 2 (a) (a i a 2 a 3 + b, b2b t) I z I 

(b) I z I2 

(c )3 
(d) None of these 

72. Let 
^ r'Jt/2 n 2 - ,'jt/6 e . B = J T e ~ 2 - / 5K/6 

n - ^ 3 e ' _ V3~ 
be three points forming a triangle ABC in the 
argand plane. Then A ABC is : 
(a) equilateral (b) isosceles 
(c) scalene (d) None of these 
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73. If | z l = 1, then 1 + z 
+ 1 | ^ | is equal 

1 +z 
to : 
(a) 2 cos n (arg (z)) 
(b) 2 sin (arg (z)) 
(c) 2 cos n (arg (z/2)) 
(d) 2 sin n (arg (z/2)) 

74. If all the roots of z3 + az + bz + c = 0 are of 
unit modulus, then 
(a) I a I < 3 (b) I b I > 3 
(c) I c I < 3 (d) None of these 

75. The trigonometric form of z = (1 - i cot 8)' is 

(a)cosec3 8. e ^ 3 * ™ 

(b)cosec3 8 . e - ' ( 2 4 - W 2 ) 

(c) cosec3 8 .e ' ( 3 6 _ 7 r / 2 ) 

(d) cosec2 8. e ~ 2 4 i + n / 2 

76. If 1 + co + co2 = 0 then co1994 + co1995 is 

(a) - co (b) - to2 

(c) - co3 (d) - co4 

77. If I a,-1 < 1, A,- > 0 for i = l , 2 , 3,.. , n and 
+ ^ + A3 + ... + A„ = 1, then the value of 

I A ^ j + A2a2 + ... + Anan I is 
(a) = 1 (b) < 1 
(c) > 1 (d) None of these 

78. I f l z , +z 2 I 2 = Izi I2 + I z2I2 then 

Zl . Z) 
(a) — is purely real (b) — is purely imaginary 

Z2 Z2 

(c) z, z2 + z2 Zi = 0 (d) amp z, . 
z2 ' 

K 
: 2 

79. If Zj, Z2, Z3, Z4 are the four complex numbers 
represented by the vertices of a quadrilateral 
taken in order such that Z] - Z4 = Z2 - Z3 and 

amp 
Z4 - Zi 

= — then the quadrilateral is a 
z2 - z, ^ 

(a) rhombus (b) square 
(c) rectangle (d) cyclic quadrilateral 

80. Let zj, Z2 be two complex numbers 
represented by points on the circle I z I = 1 
and i z I = 2 respectively then 
(a) max I 2z, + z2 I = 4 (b) min I z, - z2 I = 1 

(c) Z2 + ~ S 3 (d) None of these 

81. If a is a complex constant such that 
2 

az + z + a = 0 has a real root then 
(a) a + a = 1 (b) a + a = 0 
(c) a + a = - 1 
(d) The absolute value of the real root is 1 

82. If I z - 3/1 = 3 and amp z e ^ 0, ~ ] then cot 

(amp z) - — is equal to 
z 

(a) i 

( c ) - l 

( b ) l 

( d ) -

83. Perimeter of the locus represented by arg 
z+i) n. ; = — is equal to 
z - 1 4 

(a) 

(c) 

M 
2 
n 

<2 

VT 

(d) None of these 

84. The digit in the unit's place in the value of 

(739)49 is 
( a )3 (b) 4 
(c) 9 (d) 2 

85. If zj, Z2, Z3, Z4 are roots of the equation 
4 3 2 

a0z + axz + a2z + a^z + a4 = 0, 
where a0, ah a2, a3 and aA are real, then 
(a) z\,z2, z3, z4 are also roots of the equation 
(b) zi is equal to at least one of z,, z2, z3, z4 

(c) - I , , - z 2 , - z 3 , - Z4 are also roots of the 
equation 

(d) None of these 
86. if jt - z2 and IZ] + z2 I 

1 1 
— + — 

Zl Z2 
then 

(a) at least one of z,, z2 is unimodular 
(b) both Z], Z2 are unimodular 
(c) Z], z2 is unimodular 
(d) None of these 

1 -iz 87. If z = x+ iv and co = - then I co I = 1 
Z-l 

implies that in the complex plane. 
(a) z lies on imaginary axis 
(b) z lies on real axis 
(c) z lies on unit circle 
(d) none of these 
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8 8 - If Sr = j sin a- d {ir x) when (; = V^T) then 

4 n - 1 
L Sr is (n e N) 

r= 1 

(a) - cos x + c (b) cos x + c 
(c) 0 (d) not defined 

89. For complex numbers Z\=X\ + iy] and 
Zi = x2 + iy2 we write Z\ n z2 of 

< x2 and Vi S y2 then for all complex 

numbers z with 1 n z we have 1 - z 
1 + z 

n is 

(a )0 (b) 1 
(c )2 (d)3 

90. Let 3 - i and 2 + i be affixes of two points 
A and B in the argand plane and P represents 
of the complex number z~x + iy then the 
locus of P if I z - 3 + /1 = I z - 2 - i i is 
(a) Circle on AB as diameter 
(b) The line AB 
(c) The perpendicular bisector of AB 
(d) None of these 

Practice Test 

MM : 20 T ime: 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

5. Let f ( z ) = sin z and g{z) = cos z. If * denotes 
a composition of functions then the value of 
(f+ig)*(f~ig) is 

1. The number of points in the complex plane 
t h a t satisfying the conditions 
| z - 2 | = 2 , 2 (1 - i) + z (1 + i) = 4 is 
(a) 0 (b) 1 
(c) 2 (d) more t han 2 

2. The distances of the roots of the equation 
3 2 | sin Gj | z + | sin 02 | z + | sin 0 3 | z + 

| sin 04 | = 3 , from z = 0, are 
(a) greater t han 2/3 
(b) less t han 2/3 
(c) greater t han 
| sin ©i | + | sin 02 | + | sin 03 | + | sin 04 

(d) less t han 
| sin 9i | + | sin 02 | sin 03 

3. The reflection of the complex number 

+ | sin 04 | 
2-i 
3 + i 

in the s t ra ight line z (1 + i) - z (i - 1) is 

(a) 

(c) 

2 
i(i+ 1) 

2 

(b) 

(d) 

- 1 + i 
2 

- 1 
1 + i 

4. Let S be the set of complex number z which 
satisfy 

log 1 / 3 | log 1 / 2 ( | z | 2 + 4 | z | + 3)} < 0 then S i s 
(a) 1 ± i (b) 3 - i 

(c) | + Ai (d) Empty set 

(a) ie (b) ie' 

(c) iee (d) i e 
6. If one root of the quadrat ic equation 

(1 + i) x - (7 + 3 i) x + (6 + 8t) = 0 is 4 - 3i 
then the other root must be 
(a) 4 4- 3i (b) 1 - i 
(c) 1 + i (d) i (1 - i) 

7. L e t ( a ) = eia/p\ e 2 ^ . e3ia/p2 ... em/p 

then Lim fn (k) is 
n —»<*> 

(a) 1 (b) - 1 
(c) i (d) - i 

g The common roots of the equations 
3 2 z + ( 1 +i)z + ( l + j ) z + j = 0 and 
1993 1994 . „ z +z + 1 = 0 are 

(a) 1 (b) co 

(c) co2 (d) (o981 

9. The argument and the principle value of 
2 + i the complex number are 

(a) tan 1 ( - 2 ) 

(c) tan 1 [ ^ 

Ai + ( 1 + i)2 

(b) - t an" 1 2 

(d) - tan" 1 [ | 
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10. If | z x | = 1, | z 2 | = 2, | z 3 | = 3 and 

I z l + z 2 + 2 3 I = 1 then 

| 9zxz2 + 4zjz3 +Z3Z2 | is equal to 

Record Your Score 

(a) 6 
(c) 216 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

(b) 36 
(d) None of these 

Answers 
Multiple Choice 

1. (a) 2. (c) 3. (c) 4. (b) 5. (d) 6 . (b) 
7. (c) 8. (d) 9. (d) 10. (a) 11. (d) 12. (d) 

13. (c) 14. (b) 15. (b) 16. (a) 17. (a) 18. (a) 

19. (d) 20. (a) 21. (d) 22. (a) 23. (b) . 24. (b) 
25. (c) 26. (c) 27. (a) 28. (a) 29. (a) 30. (b) 
31. (a) 32. (c) 33. (b) 34. (c) 35. (c) 36. (a) 
37. (b) 38. (d) 39. (b) 40. (d) 41. (c) 42. (b) 
43. (c) 44. (d) 45. (a) 46. (c) 47. (a) 48. (b) 
49. (b) 50. (b) 51. (b) 52. (c) 53. (c) 54. (a) 
55. (b) 56. (c) 57. (a) 58. (a) 59. (b) 60. (c) 

Multiple Choice -II 
61. (a) 62. (a) 63. (b), (c), (d) 64. (b), (c) 65. (b), (c), (d) 66. (b), (d) 
67. (c) 68. (b) 69. (a), (c), (d) 70. (a), (c), (d) 71. (d) 72. (a) 
73. (a) 74. (a) 75. (a) 76. (a), (d) 77. (b) 78. (b), (c), 
79. (c), (d) 80. (a), (b), (c) 81. (a), (c), (d) 82. (a), (d) 83. (d) 84. (c) 
85. (a), b) 86. (c) 87. (b) 88. (b) 89. (a) 
90. (c) 

Practice Test 

1. (c) 2. (a) 3. (b), (c), (d) 4. (d) 5. (d) 6. (c), (d) 
7. (c) 8- (b), (c), (d) 9. (a), (b) 10. (a) 



2 
THEORY OF EQUATIONS 

§ 2.1. Quadratic Equation 

An equation of the form 
ax2 + bx + c = 0, ...(1) 

where a , b, c e c and a * 0, is a quadratic equation. 
The numbers a, b, c are called the coefficients of this equation. 
A root of the quadratic equation (1) is a complex number a such that aa 2 + ba+ c = 0. Recall that 

D= b2 - 4ac is the discriminant of the equation (1) and its root are given by the formula. 
-£> + VD 

x = — , 
2a 

§ 2.2. Nature of Roots 

1. If a, b, c e Rand a * 0, then 
(a) If D < 0, then equation (1) has no roots. 
(b) If D > 0, then equation (1) has real and distinct roots, namely, 

- b + VD - b - V D 

and then 
ax2 + bx+c = a ( x - x i ) (X-X2) ...(2) 

(c) If D - 0, then equation (1) has real and equal roots 
b *t=x2 = - -

and then ax2 + bx + c = a ( x - x 1 ) 2 . ...(3) 
To represent the quadratic ax2 + bx + c in form (2) or (3) is to expand it into linear factors. 
2. If a, b, c e Q and D is a perfect square of a rational number, then the roots are rational and in case it 

be not a perfect square then the roots are irrational. 
3. If a, b, c e R and p + iq is one root of equation (1) (q * 0) then the other must be the conjugate p - iq 

and vice-versa, (p, q e R and /' = V- 1). 
4. It a, b, c e Q and p + Vg is one root of equation (1) then the other must be the conjugate p-Jq and 

vice-versa, (where p is a rational and Jq is a surd). 
5. If a = 1 and b, c e I and the root of equation (1) are rational numbers, then these roots must be 

integers. 
6. If equation (1) has more than two roots (complex numbers), then (1) becomes an identity 

i.e., a=b=c=0 

§ 2.3. Condition for Common Roots 

Consider two quadratic equations : 
ax2 + bx + c = 0 and a'x2 + b'x + d = 0 

(i) If two common roots then 
a_ _ b^ _ c^ 
a' ~ b' ~ d 
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(ii) If one common root then 

§ 2.4. Location of Roots 

(ab' - a'b) (be? - b'c) = (eel - da)2. 

(Interval in which roots lie) 
Let f (x) = ax2 + bx+ c= 0, a,b,ceR,a> 0 and a , p be the roots. Suppose 

k,h ,k2e R and /ci < k2 . Then the following hold good : 
(i) If both the roots of f(x) = 0 are greater than k. 

then D> 0, f(k)>0 and > k, 
2 a 

(ii) If both the roots of f(x) = 0 are less than k 

then D> 0, f(k) > 0 and < k, w 2a 
(iii) If k lies between the roots of f(x) = 0, 

then D> 0 and f(k)<0. 
(iv) If exactly one root of f(x) = 0 lies in the interval (ki , k2) 

then D> 0, f(ki) f(k2) < 0, 
(v) If both roots of f(x) = 0 are confined between k-[ and k2 

then D > 0, f (/c-i) > 0, f(k2) > 0 

i.e., k-\ < g + P < k2. 

(vi) Rolle's theorem : Let f(x) be a function defined on a closed interval [a, b] such that 
(i) f (x) is continuous on [a, b] 
(ii) f(x) is derivable on (a, b) and 
(iii) f (a) = f(b) = 0. Then c e (a, b) s.t. f (c) = 0. 

(vii) Lagrange's theorem : Let f(x) be a function defined on [a, b], such that 
(i) 1(x) is continuous on [a, b], and 

(ii) f(x) is derivable on (a , b). Then c e (a , b) s.t. f' (c) = — ^ ^ • 
U 3 

§ 2.5. Wavy Curve Method 

(Generalised Method of intervals) _ 

Let F(x) = (x-ai)*1 (x-a2f2 (x-a3)k3... (x-an-i)kn~' (x-an)k" ...(1) 
where /ci, k2, ..., kne Nand ai, a2, as anfixed natural numbers satisfying the condition 

ai < a2 < a3 ... < a n - i < an 

First we mark the numbers ai, a2, ..., an on the real axis and the plus sign in the interval of the right of 
the largest of these numbers, i.e., on the right of an. If kn is even we put plus sign on the left of an and if kn is 
odd then we put minus sign on the left of an. In the next interval we put a sign according to the following rule : 

When passing through the point an-1 the polynomial F(x) changes sign if kn-1 is an odd number and 
the polynomial f(x) has same sign if kn~ 1 is an even number. Then we consider the next interval and put a 
sign in it using the same rule. Thus we consider all the intervals. The solution of F(x)> 0 is the union of all 
intervals in which we have put the plus sign and the solution of F(x)< 0 is the union of all intervals in which 
we have put the minus sign. 

§ 2.6. Some Important Forms 

1. An equation of the form 
( x - a) ( x - b) (x- c) ( x - d ) = A, 

where a< b< c< d, b- a = d- c, can be solved 
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by a change of variable. 

i.e., (x - a) + (x - b) + (x - c) + (x - d) 

or y = x (a + c + d ) 

2. An equation of the form 
( x - a) ( x - b) ( x - c) ( x - d) = /Ax2 

where a£> = cd, can be reduced to a collection of two quadratic equations by a change of variable y = x + 
ab 

3. An equation of the form 
(x - a)4 + (x- b)4 = A 

can also be solved by a change of variable, i.e., making a substitution 
( x - a ) + ( x - f r )  

y 2 

I f (x) + g (x) I = I f (x) I + I g (x) I 

f(x)g(x)>0 

4. The equation of the form 

is equivalent of the system 

5. An equation of the form 

where 

am + t/(*) = c 

a, b, c e R 
and a, b, c satisfies the condition a2 + b2 = c 
then solution of the equation is f (x) = 2 and no other solution of this equation. 

6. An equation of the form 

(ft*)}9 0 0 

is equivalent to the equation 

{f(x)}9W = 109(J°109 n x ) where f{x)> 0 

§ 2.7. Some Important Results to be Remember 

1. logi* ^ = ^ loga b 

2. f lo9a 9 = gloga f 

3. a ^ ' = f 
4. [x + /?] = n + [x], n e I when [.] denotes the greatest integer. 
5. x = [x] + {x}, {} denotes the fractional part of x 

6. [x] -

7. (x) = 

1 1 r 21 r " - i i x + — + x + + ... + x + n n X 
= [nx] 

[x], if 0 < {x} < £ 

[x] + 1,if ! < { x } < 1 

where (x) denotes the nearest integer to x 
i.e., (x) > [x] 
thus (1 3829)= 1; (1 543) = 2; (3) = 3 



Theory of Equations 17 

MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate you choice of correct 
answer for each question by writing one of the letters a, b, c, d which ever is appropriate. 

1- Let f ( x ) = ax2 + bx + c and / ( - 1) < 1, 
/ ( 1 ) > - l , / ( 3 ) < - 4 a n d a * 0 t h e n 
(a) a > 0 (b) a < 0 * 
(e) sign of 'a ' can not be determined 
(d) none of these 

2. If a and (3 are the roots of the equation 
x - p (x+l)-q = 0, then the value of 
a 2 + 2 a + 1 | P2 + 2 P + 1 
a 2 + 2 a + q p2 + 20 + q 
(a) 2 
( c )0 

( b ) l 
(d) None of these 

3. If the roots of the equation, ax + bx + c = 0, 
are of the form a / ( a - l ) and ( a + l ) / a , 
then the value of (a + b + c) is 

(a) lb2 - ac (b) b2 - lac 
(c) b2 — 4ac (d) 4b2 - lac 

4. The real roots of the equation 
5log5(,2-4J: + 5 ) = ; c _ l a r e 

(a) 1 and 2 (b) 2 and 3 
(c) 3 and 4 (d) 4 and 5 

5. The number of real solutions of the equation 
2 1 * I2 — 51*1 + 2 = 0 is 
( a )0 (b )2 
(c) 4f (d) infinite 

6. The number of real solutions of 
1 „ 1 

x -
x2 — 4 

= 2-
x2 -4 

is 

(a) 0 (b) 1 
(c) 2 (d) infinite 

7. The number of values of a for which 

(a2 - 3a + 2) x + (a - 5a + 6) x + a2 - 4 = 0 
is an identity in x is 
( a )0 (b) 1 
( c ) 2 (d )3 

8. The solution of x - 1 = (x - [x]) (x - {x}) 
(where [x] and {x} are the integral and 
fractional part of x) is 
( a ) x e R ( b ) x e / ? ~ [ 1 , 2 ) 
(c) x e [1 ,2) (d) x e R ~ [1, 2] 

9- The number of solutions of 2
s i n ( l l l ) = 4 l c o s x l 

in [ - 71, Jt] is equal to : 
( a )0 (b )2 
(c )4 (d) 6 

10. The number of values of the triplet (a, b, c) 
for which 

a cos 2x + fc sin x + c = 0 
is satisfied by all real x is 
( a ) 2 (b )4 
(c) 6 (d) infinite 

11. The coefficient of x in the quadratic equation 
ax +bx + c = 0 was wrongly taken as 17 in 
place of 13 and its roots were found to be 
( -2) and (-15). The actual roots of the 
equation are : 
( a ) - 2 and 15 ( b ) - 3 a n d - 1 0 ' 
(c) - 4 and - 9 (d) - 5 and - 6 

12. The value of a for which the equation 

( a + 5) x2 - (2a + 1) x + ( a - 1) = 0 
has roots equal in magnitude but opposite in 
sign, is 
(a) 7/4 (b) 1 
( c ) - l / 2 p (d) - 5 

13. The number of real solutions of the equation 

2*/2 + (V2 + l)x = (5 + 2 < l f 2 is 
(a) infinite (b) six 
(c) four (d) one 

14. The equation Vx + 1 - Vx — 1 = V4x — 1 has 
(a) no solution (b) one solution » 
(c) two solutions (d) more than two solutions 

15. The number of real solutions of the equation 
ex = x is 
( a )0 • ( b ) l 
(c) 2 (d) None of these 

16. If tan a and tan P are the roots of the 
equation ax +bx + c = 0 then the value of 
tan ( a + p) is : 
(a) b/(a - c) (b) b/{c - ay* 
(c) a/(b - c) (d) a/(c - a) 



18 Objective Mathematics 

17. If a , fJ are the roots of the equation 
x + x Va +13 = 0 then the values of a and (3 
are : 
(a) a = 1 and p = - 1 
(b) a = 1 and p = - 2^ 
(c) a = 2 and j$ = 1 
(d) a = 2 and P = - 2 

18. If a , P are the roots of the equation 
8x2 - 3x + 27 = 0 then the value of 
f ( a 2 / P ) l / 3 + ( p 2 / a ) 1 7 3 1 is : 
(a) 1/3 (b) 1/4 4 

(c) 1/5 (d) 1/6 
19. For a * b, if the equations x + ax + b = 0 and 

x + bx + a = 0 have a common root, then the 
value of (a + b) is 
(a) - 1 , ( b ) 0 
(c) 1 (d) 2 

20. Let a , p be the roots of the equation 
(x - a) (x - b) = c, c * 0. Then the roots of 
the equation (x - a ) (x - P) + c = 0 are : 
(a) a, c (b) b , c 
(c) a, bt ( d ) a + c,b + c 

21. If a , P are the roots of the equation 
x + x + 1 = 0, then the equation whose roots 
are a and p is : 

(a )x 2 + * + l = 0 (b> jc2 - jc + 1 = 0 
(c) x2 + x + 2 = 0 (d )x 2 + 19x + 7 = 0 

22. The number of real solutions of 
l + l c ' - l \ = ex(ex-2) is 
( a ) 0 (b) 1 > 
( c ) 2 ( d ) 4 

23. The number of solutions of the equation 
1x1 = cos x is 
(a) one (b) two * 
(c) three (d) zero 

24. The total number of solutions of 
sin nx = I In I x 11 is 
( a ) 2 ( b ) 4 
(c) 6 „ (d) 8 

25. The value of p for which both the roots of the 
equation 4x2 - 20px + (25p2 + 15p - 66) = 0, 
are less than 2, lies in 
(al (4 /5 , 2) (b) (2, » ) 
( c ) ( - 1 , - 4 / 5 ) ( d ) ( - = o , - i ) 

26. If the equation ax + 2bx - 3c = 0 has non 
real roots and (3c/4) < (a + b); then c is 
always 
(a) < 0 ' (b) > 0 
(c) > 0 (d) zero 

2 
27. The root of the equation 2 ( 1 + i)x 

- 4 (2 - i) x - 5 - 3i = 0 which has greater 
modulus is 
(a) (3 - 5i)/2 (b) (5 - 3 0 / 2 
(c) (3 + 0 / 2 (d) (1 + 3 0 / 2 

28. Let a, b,c e R and a * 0. If a is a root of 
a2x2 + bx + c = 0, P is a root of 
ax - bx — c = 0 and 0 < a < p, then the 
equation, ax + 2 bx + 2c = 0 has a root y that 

^ always satisfies 
(a) y = a ( b ) y = P 
( c ) y = ( a + P ) /2 (d) a < y < p 

29. The roots of the equation, 
,x + 2 ^-jbx/(x- 1) _ = 9 are given by 

N. 

(a) 1 - log2 3, 2 
(b) log 2 (2/3), 1 » 
(c) 2 , - 2 
( d ) - 2 , 1 - ( l o g 3)/(log 2) 

30. The number of real solutions of the equation 
cos (ex) = 2x+2~x is 
(a) Of ( b ) l 
( c ) 2 i (d) infinitely many 

31. If the roots of the equation, x + 2ax + b = 0, 
are real and distinct and they differ by at 
most 2m then b lies in the interval 

(a) (a2 - m2, a2) (b) [a2 - m2, a1) 
(c) (a2, a2 + m2) (d) None of these 

32. If x + px + 1 is a factor of the expression 
3 2 ax +bx + c then 

(a )a2 + c2 = -ab (b )a2-c2 = -ab 
(c) a -c2 = -bc^ (d) None of these 

33. If a, b, c be positive real numbers, the 
following system of equations in x, y and z : 

2 2 2 

a2 b2 c2 

2 2 2 

a 2 b2 c2 
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2 2 2 
X V 7 

• — + I - + — = 
2 T , 2 T 2 a b c 

1, has : 

(a) no solution 
(b) unique solution, 
(c) infinitely many solutions 
(d) finitely many solutions 

34. The number of quadratic equations which 
remain unchanged by squaring their roots, is 
(a)nill (b) two y 1 

(c) four (d) infinitely many. 
35. If^aj<_0, the positive root of the equation 

x - 2a I x — a I - 3a2 = 0 is 
(a) a ( - 1 - VfT) ( b ) a ( l - V 2 ) < £ 
( c ) a ( - i + V 6 ) ( d ) a ( l+V2~X 

36. If a and p are the roots of ax2 +\bx+ c = 0, 
then the equation 

2 2 ax - bx (A: — 1) + c (x — 1) = 0 has roots 

(a) 

(c) 

a A 
1 - a ' 1 - p 
_ a 
a + l ' P + b 

37. The solution 
3lcg"A + 3x'og"3 = 2 is given by 

1 - a 1 - P 
a ' P 

a + 1 p + 1 
a ' p 

of the equation 

(b) 

(d) 

(a) 3 
logj a (b) 3~ log2" 

(c )2 , o g ' " (d) 2~ l o g y 

38. If a , P, y, 8 are the roots of x4 + x2+ 1 =0 
then the equation whose 
roots are a 2 , p2, y2, 82 is 
(a) (x2 - x + l ) 2 = 0 (b) (x2 + * + l)2 = 0 
( c ) x 4 - x 2 + 1 = 0 (d) x2 - x + 1 = 0 
Given that, for all x e R, The expression 

x - 2x + 4 1 
lies between — and 3, the value 

x + 2 x + 4 
between 

->2x 
which 

3 
the expression 

9 . 3 + 6 . 3 + 4 

9 .3 2 *- 6.3X+ 4 
(a) 3" 1 and 3 
(c) - 1 and 1 

lies are 

(b) - 2 and 0 
( d ) 0 and 2 

40. The value of " ^ 7 + ^ 7 ^ ^7 + V7 _ .. ,= 

is 
(a) 5 

(c)3 (d) 7, 
41. If x' + x + 1 is a factor of ox3 + bx + cx + d 

^ 2 then the real root of ax' + bx + cx + d = 0 is 

42. 

(a) - d/a% 
(c) a/d 

x'og, v > 5 implies 

(a) x e (0, 0=) 

( C ) X 6 ( L . O O ) 

(b) d/a 
(d) None of these 

(b) x e ^0, j j u ( 5 k - ) 

( d ) * e (1,2) 
43. The values of x which satisfy the eqattion 

V(5x2 - 8x + 3) - V(5x2 - 9x + 4) 

= V(2x2 - 2x) - V ( 2 x 2 - 3 x + 1) are 
(a )3 (b) 2 
( c ) l . (d )0 
The roots of the equation 

44. 
(a + Jbf~ 15 + (a - -lb)x " 1 5 = 2a, where 
a2 - b = 1 are , 
(a) ± 2, ± V J (b) ± 4, ± V l T 
(c) ± 3, ± V5 (d) ± 6, ± V20 

45. The number of number-pairs (x,y) which 
will satisfy the equation 

2 2 x - x y + y = 4 (x + y - 4) is 
(a) 1 - '(b) 2 
(c) 4 (d) None of these 

46. The solution set of the equation 
log* 2 log2r 2 = log4 , 2 is 

(a) { 2" 

(c) j 
I 

, 2 2 } 

For any 

(b) M 
(d) None of these 

real x the expression 
2 (k-x) [Vx2 + k2] can not exceed 

(a )kz 

(c) 3k2 

48. The solution of 

(b) 2k19 

(d) None of these 

+ 1x1 = l x - 1 
• is 

x - 1 
(b) x > 0 
(d) None of these 

49. The number of positive integral solutions of 
X 2 ( 3 X - 4 ) 3 ( X - 2 ) ^ Q i s 

(a) x > 0 

( b ) 4 

( x - 5 ) 5 ( 2 x - 7 ) 6 

(a) Four (b) Three 
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(c) Two (d) Only one 
50. The number of real solutions of the equation 

9 r ^ 2. — | = - 3 + x - x is 

(b) One 
(d) More than two 

| x + J i ) (3 + - x2) _ 

(a) N o n e , 
(c) Two 

51. The equation 
(JC — 3) I JC I has 
(a) Unique 
(c) No Solution 

52. If xy = 2 (x + y), x<y and x, y e N, 

(b) Two solutions 
(d) More than two 

the 
number of solutions of the equation 
(a) Two ja, 
(b) Three ' 
(c) No solutions 
(d) Infinitely many solutions 

53. The number of real solutions of the system of 
equations 

2z 2xz 

0 » ** 1 
l+x2 l+y2 

is 
1 + z 

(a) 1 /* (b) 2 
(c) 3 (d) 4 

54. The number of negative integral solutions of 
2 + 1 , jr — 3 I + 2 2 r , l x -31+4 , x .2 +2 =x .2 + 2 is 

(a) None . (b) Only one 
(c) Two (d) Four 

55. If a be a positive integer, the number of 
values of a satisfying : 
,Jt/2 

J0 
2 ( cos 3x 3 

a — - — + — c o s x 
4 4 

+ a sin x - 20 cos x 

(a) Only one (b) Two 

dx<~- 1S 

(c) Three (d) Four 

56. For the equation I JC - 2x - 3 I = b which 
statement or statements are true 
(a) for b < 0 there are no solutions» 
(b) for b = 0 there are three solutions 
(c) for 0 < b < 1 there are four solutions 
(d) for b = 1 there are two solutions 
(e) for b > 1 there are no solutions 
(f) None of these 

57. If y = 2 [x] + 3 = 3 [ * - 2 ] + 5, then [x + y] is 
([x] denotes the integral part of x) 
(a) 10 (b) 15 » 
(c) 12 (d) None of these 

58. If a , (J, y are the roots of the equation 

x3 + a0 x + ax x,.+ a2 = 0, then 

(1 - a 2 ) (1 - p2) (1 - Y2) is equal to 

( a ) ( l + a , ) 2 - ( a o + a2)« 

(b) (1 + a{)2 + (a0 + a2)2 

(c) (1 - atf + (a0- a2)2 

(d) None of these 

59. The roots of the equation 

(3 - x)4 + (2 - x)4 = (5 - 2x)4 are 
(a) all real 
(b) all imaginary-
(c) two real & two imaginary 
(d) None of these 

60. The number of ordered 4-tuple 
(x ,y ,z , w) (x, y,z, we [0, 10]) which 
satisfies the inequality 

2 2 2 2 

2sin * 3C0S y 4sin z 5C0S w > 120 is 
( a ) 0 

(c) 81 

(b) 144 
(d) Infinite 

MULTIPLE CHOICE - I I 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answerfs). 

61. The equation 
^Kiogj x) - (9/2) log, x + 5] _»3 ^ h a s 

(a) at least one real solution 
(b) exactly three real solutions 
(c) exactly one irrational solution 
(d) complex roots 

62. L e t / ( x ) be a quadratic expression which is 
positive for all real x. 
If g (x) = / ( x ) - / ' (x) + / " ( x ) , then for any real x, 
(a) g (x) > 0 (b) g (x) > 0 
( c ) g ( x ) < 0 ( d ) g ( x ) < 0 
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63. For a > 0, the roots of the equation 
logax a + log* a + loga

J
x a = 0, are given by 

/ \ - 4 / 3 - 3 / 4 ( a )a (b) a 
t \ -1/2 -1 (c) a (d) a 

64. The real values of X for which the equation, 
3x3 + x - lx + X = 0 has two distinct real 
roots in [0, 1] lie in the interval(s) 
(a) ( - 2 , 0 ) (b) [0, 1] 
(c) [1,2] ( d ) ( - ~ , o o ) 

65. If a is one root of the equation 
4JC + 2x - 1 = 0. then its other root is given 
by 
(a) 4 a 3 - 3 a (b) 4 a 3 + 3 a 
(c) a - (1 /2 ) (d) - a - (1 /2 ) 

66. The roots of the equation, 
2 2 2 (JC + 1) =x(3x + 4x + 3), are given by 

(a) 2 - V 3 " ( b ) ( - l + / V 3 ) / 2 
(c) 2 + V3~ ( d ) ( - l - / V 3 ) / 2 

67. If 2a + 3b + 6c = 0 (a. b, c e R) then the 
quadratic equation ax' + bx + c = 0 has 
(a) At least one in [0, 1] 
(b) At least one root in ( -1 , 1] 
(c) At least one root in [0, 2] 
(d) None of these 

68. Let F (x) be a function defined by 
F (x) = x — [x], 0 * x e R, where [.t] is the 
greatest integer less than or equal to .v. Then 
the number of solutions of 
F(x) + F{\/x) = 1 is/are 
(a) 0 (b) infinite 
(c) 1 (d)2 

69. The largest interval in which 
J C 1 2 - . C 9 + . V 4 - J C + 1 > 0 i s 

(a) [0, 00) (b) ( - 0] 
(c) ( - 00) (d) None of these 

70. The system of equation I .v — 1 I + 3y = 4, 
.v - I y - 1 I = 2 has 
(a) No solution (b) A unique solution 
(c) Two solutions (d) More than two solutions 

71. If A,G and H are the Arithmetic mean. 
Geometric mean and Harmonic mean 
between two unequal positive integers. Then 
the equation AY" - I G I .V - H = 0 has 
(a) both roots are fractions 
(b) at least one root which is negative fraction 

(c) exactly one positive root 
(d) at least one root which is an integer 

72. If 0 < a < b < c, and the roots a , (i of the 
equation ax + bx + c = 0 are non real 
complex numbers, then 
(a) I a I = I P I (b) I a I > 1 
(c) I p I < 1 (d) None of these 

73. If 5 {JC} = JC + [JC] and [JC] - {JC} = j when 

{JC} and [JC] are fractional and integral part of 
JC then JC is 
(a)1/2 (b) 3/2 
(c) 5/2 (d) 7/2 

74. If a , P, y are the roots of the equation 

JC3 — JC — 1 = 0, then the value of X f j + a ] is I 1 J 
( a ) - 3 (b) - 5 
(c) - 7 (d) None of these 

If c > 0 and the equation 3ax2 + 4bx + c = 0 
has no real root, then 
(a) 2a + c>b (b)a + 2c>b 
(c) 3a + c > 4b (d)a + 3c<b 

76. The solutions of the equation 
1 ! + 2 ! + 3 ! + . . . + ( * - l ) ! + . r ! = k 2 and 
k e I are 
(a )0 (b) 1 
(c) 2 (d )3 

If a , P be roots of x~ - .v - 1 = 0 and 
An = a" + p" then A.M. of An _ j and An is 

(a) 2A„ + ] (b) l/2A„ + i 
(c) 2 An _ 2 (d) None of these 

78. If a. b. c e R and the equality 
ax' - bx + c = 0 has complex roots which are 
reciprocal of each other then one has 
(a) I b I < I a 1 (b) I b I < I c I 
(c) a = c ( d ) b < a 

79. If a. b. c are positive rational numbers such 
that a > b > c and the quadratic equation 
(a + b- 2c) ,v: + (b + c - 2a) x + (r + a - 2b) = 0 
has a root in the interval ( - 1, 0) then 
(a) b + c > a (b)c + a<2b 
(c) Both roots of the given equation are rational 

(d) The equation clx2 + 2bx + c = 0 has both 
negative real roots 
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80. Let 5 be the set of values of 'a' for which 2 
lie between the roots of the quadratic 
equation x + (a + 2) x - (a + 3) = 0 then S is 
given by 
(a) ( - - , - 5 ) ( b ) ( 5 , ~ ) 
( c ) ( — o , - 5 ] (d) [5 ,oo) 

81. The values of a for which the equation 
2 (log3 x)2 - I log3 x I + a = 0 possess four 
real solutions 

(a) - 2 < a < 0 (b) 0 < a < \ o 
(c) 0 < a < 5 (d) None of these 

82. How many roots does the following equation 
possess ? 

31*112 - I x h = 1 
(a) 1 '(b) 2 
(c )3 (d)4 

83. The equation l x + l l l x - l l = a 2 - 2 a - 3 
carl "have real solutions for x if a belongs to 
(a) ( - » , - 1] u [3, oo) (b) [1 - <5, 1 + VfT] 
(c) [1 - V5", - 1] u [3, 1 + \ 5 ] (d) None of these 

84. If a, b, c are rational and no two of them are 
equal then the equations 

(b - c)x2 + (c-a)x + a-b- 0 

and a(b- c)x + b (c - a) x + c (a - b) = 0 
(a) have rational roots 
(b) will be such that at least one has rational roots 
(c) have exactly one root common 
(d) have at least one root common 

85. A quadratic equation whose roots are 

GMiJ-
of x + 27 = 0 is 

where a , (3, y are the roots 

(a) x - x + 1 = 0 (b) x + 3JC + 9 = 0 
(c) JC2 + x + 1 = 0 (d) .v2 - 3x + 9 = 0 

86. The solution set of (X) + (X+1) =25 , where 
(x) is the nearest integer greater than or equal 
to x, is 
(a) (2, 4) 
(b) [ - 5, - 4) u [2, 3) 
(c) [ - 4, - 3) u [3, 4) 
(d) None of these 

87. I f 0 < x < 1000and l i 
30 

where [A] is the greatest integer less than or 
equal to x, the number of possible values of x 
is 
(a) 34 (b) 33 
(c) 32 (d) None of these 

88. If s in 16 + cos* 8 > 1, 0 < 6 < t t /2 , then 
(a) x e [2, oo) (b) x e (-<*>, 2] 
( c ) j c e [ - l , 1] (d)x e [ - 2 , 2] 

89. If a , (3 are roots of 375 JC2 - 25A - 2 = 0 and 

n nn n 
sn- a + p then Lim Z sr is 

n —> oo r= 1 

(a) 
116 

(b) 
1 

29 
( C ) 3 5 8 

12 

(d) None of these 

The equation A2 + ax + b2 = 0 has two roots 
each of which exceeds a number c, then 

(a) a > 4b2 

(b) c2 + ac + b2 >0 
(c) - a/2 > c 
(d) None of these 

Practice Test 
M M : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 

1. Let a , p, y be the roots of the equation 
(x - a) (x - b) (x - c) = d, d 0, then the 
roots of the equation 
(x - a) (x - p) (x - y) + d = 0 are 
(a) a, b, d (b) 6, c, d 

[10 x 2 = 20] 
(c) a, b,c (d) a + d, b + d, c'+ d 

2. If one root of the equation 
2 ix - 2 (1 + i) x + 2 - i = 0 is (3 -

other root is 
(a) 3 + i (b) 3 + 

i), then the 
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(c) - 1 + i ( d ) - 1 - i > 
3. In a quadrat ic equation with leading 

coefficient 1, a s tudent reads the coefficient 
16 of x wrongly as 19 and obtain the roots 
are - 1 5 and —4 the correct roots are 
(a) 6, 10 <• (b) - 6 , - 1 0 5 

(c) - 7 , - 9 (d) None of these 
4. The number of solutions of | [x] - 2x \ = 4, 

where [x] denotes the greatest integer < x, 
is 
(a) Infinite (b) 4 * 
(c) (d) 2 

5. The interval of x in which the inequality 
5 1 /4 l o g l X > g l / 5 log5 I 

(a) ( 0 , 5 " 2 ( b ) [ 5 2 v 5 , ~ ) 
(e) both a and b (d) None of these 

6. The solution set of the equation 

(x + L ) 2 + [x - L ] 2 = (JC - L ) 2 + [x + L ] 2 , 

where and (x) are the greatest integer 
and nearest integer to x, is 
(a )xeR (b)xeN 
(c) .v el (d) xe Q 

7 2 ' '• If x +px + 1 is a factor of 

Record Your Score 

2 cos2 6 X3 + 2x 4- sin 29, then 

(a) 9 = nn, n e I (b) 0 = nn + ^ , n e I 

(c) 0 = 2nn, ne I (d) 9 = ^ , n e / 

8. If a, p, y are the roots of the cubic 
3 2 x + qx + r = 0, then the value of n (a - P) = 

(a) - (27q + 4r3) (b) - (27q + 4r2) 

(c) - , (27r 2 + 4^3) (d) - (27r + 4g2) 
9. The number of real roots of the equation 

x3 + x2 + 2x + sin x = 0 in [ - 2n, 2n] is (are) 
(a) zero (b) one, 
(c) two (d) three 

10. The number of solutions of the the 
following inequality 

2 2 2 2 
2 1/sin x2 g 1/sin x3 ^ 1/sin ,v4 ^ 1/sin xn ^ ^ , 

where .v, e (0. for i = 2. 3. .., n is 
(a) 1 

(b) 2 " ~ 1 ' 

(c) nn 

(d) infinite number of solutions 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Multiple Choice 

1. (b) 2. (b) 
7. (b) 8. (c) 

13. (d) 14. (a) 
19. (a) 20. (c) 
25. (d) 26. (a) 
31. (b) 32. (c) 
37. (d) 38. (b) 
43. (c) 44. (b) 
49. (b) 50. (a) 
55. a n 56. (a) 

Answers 

3. (c) 4. (b) 
9. (c) 10. (d) 

15. (a) 16. (b) 
21. (a) 22. (b) 
27. (a) 28. (d) 
33. (d) 34. (c) 
39. (b) 40. (c) 
45. (a) 46. (a-) 
51. (c) 52. (ai 
57. (b) 58. (a) 

5. (c) 6. (ai 
11. (b) 12. (ci 
17. (b) 18. (bl 
23. (b) 24. (ci 
29. (d) 30. (ai 
35 . (b) 36. (ci 
41. (ai 42. (bl 
47. (hi 48. (.ci 
53. (ai 54. (ai 
59. (ci 60. (bl 
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Multiple Choice-II 
61. (a), (b), (c) 62. (a), (b) 63. (a), (c) 64. (a), (b), (d) 65. (a), (d) 
66. (a), (b), (c), (d) 67. (a, b, c) 68. (b) 69. (c) 70. (b) 
71. (b), (c) 72. (a), (b) 73. (b) 74. (c) 75. (c) 76. (b), (d) 
77. (b) 78. (a), (b), (c) 79. (b), (c), (d) 80. (a) 81. (b) 82. (d) 
83. (a), (c) 84. (a), (c) 85. (c) 86. (b) 87. (c) 88. (b) 
89. (b) 90. (a), (b), (c) 

Practice Test 
1. (c) 2. (d) 3. (b) 4. (b) 5. (c) 6. (c) 
7. (a) 8. (c) 9. (b) 10. (b) 



SEQUENCES AND SERIES 

§ 3.1. Arithmetic Progression (A.P.) 

(i) If a is the first term and d is the common difference, then A.P. can be written as 
a, a+ d, a + 2d,..., a + ( n - 1) d, ... 

nth te rm: Tn = a + (n- 1) d= I (last term) 
where d=Tn-Tn-1 
nth term from last Tn' = I-(n - 1) d 

(ii) Sum of first n terms : Sn = - [2a + ( n - 1) d ] 

n, in 
= 2 ( a + / ) 

and Tn=Sn-Sn--\ 
(iii) Arithmetic mean for any n positive numbers ai, az, a3,.... an is 

A _ a i + a2 + a3 + - . + a n 

n 
(iv) If n arithmetic means Ai, A2, A3 An are inserted between a and b, then 

' b-a ' 
Ar= a + n+ 1 

r, 1 < r< n and /Ao = a, /4n+1 = b. 

§ 3.2. Geometric Progression (G.P.) 

(i) If a is the first term and r is the common ratio, then G.P. can be written as 
a, ar, ai2, ai3, arA,..., ar"_ 1 , . . . . 
nth term: Tn = arn~1 = / (last term) 

where r= 

nth term from last Tn' = 

(ii) Sum of first n terms : 

Tn 1 

7 

and Sn = a
(
(
1

1 _ ^ , if r< 1 

Sn = an if r = 1 
Sum of infinite G.P. when I rl < 1. 
/re. - 1 < r< 1 

= (I rl < 1) 

(iii) Geometric mean for any n positive numbers b\, b2, £>3 bn is 
G.M. = (b i i J2b3 . . . . b n ) 1 / n 

(iv) If n geometric means G1, G2 Gn are inserted between a and b then 
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Gr= a 
, \ r_ 

n+ 1 
, Go = a, and Gn +1 = b b 

a 
(v) To find the value of a recurring decimal: Let Xdenote the figure which do not recur, and suppose 

them x in number; let / d e n o t e the recurring period consisting of / f igures , let R denote the value of 
the recurring decimal; 
then R = OXYYY....; 

1 0 x x R = X YYY....\ 
and 10* + y x f l = XY YYY....; 

therefore by subtraction 
n _ XY-X 

( 1 0 x + y - 10*) 

§ 3.3. Arithmetic-Geometric Progression (A.G.P.) 

(i) If a is the first term, d the common difference and r the common ratio then 
a, (a + d) r, (a + 2d) i2 (a + ( n - 1) d) z " - 1 is known as A.G.P. 
nthtermof A.G.P.: Tn=(a + (n- 1) d) 

(ii) Sum of first n terms of A.G.P. is 

c; a d r Q - / 1 - 1 ) [ a + ( n - 1 ) d ] ^ On — , "t" — 
( 1 - 0 ( 1 - r ) 

(iii) Sum upto infinite terms of an A.G.P. is 

= + — ( I rl < 1) 
0 - 0 (1 - f)2 

§ 3.4. Natural Numbers 

We shall use capital Greek letter Z (sigma) to denote the sum of series. 

(i) 1 r= 1 + 2 + 3 + 4 + .... + n = n ( n + 1 ) = zn w r= 1 2 

(ii) i ? = 12 + 22 + 3 2 + .... + n2 = n ( n + 1 )
c

( ^ + 1 ) = Zn2 

r= 1 6 
v ^ _ -.2 , „2 , 02 , . „2 _ n ( n + 1 ) ( 2 n + 1 ) 

= [2 n f = En3 (iii) I r3 = 1 3 + 2 3 + 3 3 + .... + n3 = 
r = 1 

n ( n + 1 ) l 2 

2 
(iv) Z a= a+ a+ a+ ... nterms = na. 
Note : If nth term of a sequence is given by Tn = an3 + bn2 + cn+ d, then 

n n n n n 
Sn= Z Tr= a I r + b Z r + c Z r + Z d. 

r= 1 r= 1 r= 1 r=1 /-= 1 

§ 3.5. Method of Differences 

If the differences of the successive terms of a series are in A.P. or G.P., we can find nth term of the 
series by the following method : 
Step (I) : Denote the nth term and the sum of the series upto n terms of the series by Tn and Sn 

respectively. 
Step (II): Rewrite the given series with each term shifted by one place to the right. 
Step (III): Subtracting the above two forms of the series, find Tn. 
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§ 3.6. Harmonic Progression (H.P.) 

(i) If the sequence a-i, a2, a3, an are in H.P. then — , — ,. 
ai a2 an 

are in A.P. 

n th terms: Tn = 1 

ai 
+ (n- 1) 

ai a 2 

a2 ai 

a 2 + ( n - 1)(ai - a2) 
(ii) Harmonic mean for n positive numbers ai, a2, a3,..., a n is 

H n I ai a2 "" an 

(iii) If n Harmonic mean Hi, H2, H3,..., Hnare inserted between a and b, then 
1 1 ^ u (a-b) — = -+rd where 6 - - 1 -—— L - r Hr a (n + ^)ab 

Theorem : If A, G, H are respectively A.M., G.M., H.M., between a and b both being unequal and 
positive then 
(i) G2 = AH 

(ii) A> G> H. and every mean must lie between the minimum and the maximum terms. Note that 
A = G = H iff all terms are equal otherwise A> G> H. 

MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. If a, b, c are in A.P., then 
1 

•Jb + Vc 
1 1 

•Jc+Ja ' -la+Jb a r C m ' 
(a) A. P. (b) G. P. 
(c) H.P. (d) no definite sequence 

2. If a, b, c, d, e,f are in A.P., then (e — c) is 
equal to : 
(a) 2 (c - a) (b) 2(d-b) 
(c )2 ( f - d ) (6)2 (d-c) 

3. If log3 2, log, (2X - 5) and log, (2X -1/2) are 
in A.P., then the value of JC is : 
(a) 2 (b) 3 
(c )4 (d)5 

4. If the ratio of the sums of m and n terms of an 
2 2 

A.P., is m : n , then the ratio of its mth and 
nth terms is : 
(a) ( m - 1 ) : ( « - ! ) 
(b) (2m + 1): ( 2 n + 1) 
(c) (2m — 1): (2n — 1) 
(d) none of these 

If the sum of first n positive integers is - j 

times the sum of their squares, then n equals : 
( a )5 (b )6 
( c )7 (d )8 

6. The interior angles of a polygon are in A. P. 
the smallest angle is 120° and the common 
difference is 5°. Then, the number of sides of 
polygon, i s : 
(a )5 (b) 7 
(c )9 (d) 15 

7. If a, b, c are in A.P. then the equation 
2 

(a-b) x + (c - a) x +(b - c) = 0 has two 
roots which are : 
(a) rational and equal 
(b) rational and distinct 
(c) irrational conjugates 
(d) complex conjugates 

8. If the sum of first n terms of an A.P. is 
2 

(Pn + Qn ), where P, Q arc real numbers, 
then the common dilTcrcncc of the A.P., is 
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9. if 

(a )P-Q 
(c) 2Q 

f a" + b" 
n-I 

(b )P + Q 
( d ) 2 P 

is the A.M. between 
a +bn~ 

a and b, then the value of n is : 
(a) - 1 (b) 0 
(c) 1 /2 (d) 1 

10. Given two numbers a and b. Let A denote 
their single A.M. and S denote the sum of n 
A.M.'s between a and b then ( S / A ) depends 
on : 
(a) «, a, b (b) n, a 
(c) n, b (d) n only 

11. If x, (2x + 2), (3x + 3), .. . are in G.P., then 
the next term of this sequence is : 
(a) 27 (b) - 27 
(c) 13-5 (d) - 13-5 

12. If each term of a G.P. is positive and each 
term is the sum of its two succeeding terms, 
then the common ratio of the G.P. is : 

• V T - n 
(a) 

( c ) -

2 
"VfT+1 

(b) 

(d) 
1 - V 5 

2 J I 2 

13. The largest interval for which the series 
9 

1 + ( x - 1 ) + ( x - 1 ) " + ... ad inf. may be 
summed, i s : 
(a) 0 < x < 1 (b) 0 < x < 2 
(c) - 1 < x < 1 (d) - 2 < x < 2 

14. Three numbers, the third of which being 12, 
form decreasing G.P. If the last term were 9 
instead of 12, the three numbers would have 
formed an A.P. The common ratio of the G.P. 
is : 
(a) 1/3 (b) 2/3 
(c) 3/4 (d) 4/5 

15- The coefficient of x49 in the product 
( x - l ) ( x - 3 ) ... (x — 99) is 

(a) - 99 
(c) -2500 

16- If (1-05)50 = 

(a) 208-34 
(c) 21216 

(b) 1 

(d) None of these 

.1-658, then f (1-05)" equals : 

n = I 
(b) 212-12 
(d) 213-16 

17. If a, b, c are digits, then the rational number 
represented by 0 cababab . . . is 
(a) cab/990 
(b) (99c + ab)/990 
(c) (99c + 10a + b)/99 
(d) (99c + 10a + b)/990 

18. If log2 (a + b) + log2 (c + d) > 4. Then the 
minimum value of the expression 
a + b + c + d is 
(a) 2 (b )4 
(c) 8 (d) None of these 

19. The H. M. of two numbers is 4 and their A. 
M. and G. M. satisfy the relation 
2A + G2 - 27, then the numbers are : 
(a) - 3 and 1 (b) 5 and - 2 5 
(c) 5 and 4 (d) 3 and 6 

20. If £ n = 55 then Z n2 is equal to 
(a) 385 (b) 506 
(c) 1115 (d) 3025 

21. The natural numbers are grouped as follows : 
{1}, {2, 3, 4}, {5, 6, 7, 8, 9}, ... then the first 
element of the nth group is : 

(a) n - 1 (b) n2 + 1 

(c) ( « - l ) 2 - 1 (d) (n — l)2 + 1 
22. A monkey while trying to reach the top of a 

pole of height 12 metres takes every time a 
jump of 2 metres but slips 1 metre while 
holding the pole. The number of jumps 
required to reach the top of the pole, is : 
(a) 6 (b) 10 
(c) 11 (d) 12 

23. The sum of the series 
l . n + 2. ( n - 1) + 3. (« - 2) + ... + 1 is : 

» («+!)(;; + 2 ) ... » («+!)(;/ + 2 ) 
(a) (b) 3 

( c ) n ( » + l ) ( 2 » + l ) » (» + 1) (2/; + 1) 
6 3 

24. If p, q. r are three positive real numbers are 
in A.P., then the roots of the quadratic 

2 
equation : px + qx + r= 0 arc all real f o r : 

'»> I?]"7 
(c) all p and r 

> 4 V3~(b) - 7 :4 VT 

(d) no p and r 
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r r a + bx b + cx c + dx. 
25. If - — — = - — ~ = then 

a — bx b — cx c — dx 
a, b, c, d are in 
(a) A.P. (b) G.P. 
(c) H.P. (d) none of these 

26. Two A.M.s A, and A2; two G.M.s G, and G2 

and two H.M.s Hj and H2 are inserted 
between any two numbers : then H] 1 + H^ ' 
equals 

(b) G^1
 + G2

] 

(C)G,G2/{A\+A2) (D){AX+A2)/G,G2. 

27. The sum of the products of ten numbers 
± 1, + 2, + 3, ± 4, ± 5 taking two at a time is 
(a) - 5 5 (b) 55 
(c) 165 (d) - 1 6 5 

28. Given that n arithmetic means are inserted 
between two sets of numbers a, 2b and 2a, b, 
where a,beR. Suppose further that mth 
mean between these two sets of numbers is 
same, then the ratio, a : b equals 
(a) n - m + 1 : m (b) n - m + 1 : n 
(c) m : n - m + 1 (d) n : n - m + 1. 

29. One side of an equilateral triangle is 24 cm. 
The mid points of its sides are joined to form 
another triangle whose mid points are in turn 
jointed to form still another triangle. This 
process continues indefinitely. The sum of 
the perimeters of all the triangles is 

\A 

24cm 24cm 

(a) 144 cm 
(c) 400 cm 

24cm 
(b) 169 cm 
(d) 625 cm 

30. If f + ^ , b, ^ +,C are in A.P., then a, 7-
1 - ab 1 - be b 

are in 
(a) A.P. 
(c) H.P. 

(b) G.P. 
(d) None of these 

31. If a , , a2, ... are in H.P. and 

n a i a2 ay 
m = Z a r - a h then — , — , — , . . . , 

—— are in / (") 
(a) A.P. (b) G.P. 
(c) H.P. (d) None of these 

32. The sixth term of an A.P. is equal to 2. The 
value of the common difference of the A.P. 
which makes the product a j a 4 a 5 least is given 
by 

(a) J 

<c,f (d) None of these 

33. The solution of log^-x + l o g x + log 

x + ... + log "yf x = 36 is 

(a) x = 3 (b)x = 4<3 
(c)x = 9 (d) x = 

34. If a]t a2, a3,.., an are in H.P. then 

a\ a 2 

a2 + + ... + an ' Q] + + ... + an ' 
an 

..., —ax + a2 + •.. + an _ j are in 

(a) A.P. (b) G.P. 
(c) H.P. (d) A.G.P. 

35. If the arithmetic progression whose common 
difference is none zero, the sum of first 3n 
terms is equal to the sum of the next n terms. 
Then the ratio of the sum of the first 2n terms 
to the next 2n terms is 

< 4 

( 0 ? 

0>§ 

(d) None of these 

36. Let a, b, c be three positive prime numbers. 
The progression in which Va, \ b , can be 
three terms (not necessarily consecutive) is 
(a) A.P. (b) G.P. 
(c) H.P. (d) None of these 

37. If n is an odd integer greater than or equal to 
1 then the value of 
n - ( n - l f + (n- 2)3 - . . . + ( - I ) " " 1 l 3 is 
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(a) 

(b) 

(c) 

(n + 1) ( 2 » - 1) 

(n-\T(2n-l) 

(n + 1) ( 2n+ 1) 

(d) None of these 
38. If the sides of a right angled triangle form an 

A.P. then the sines of the acute angles are 
4 

( a ) 5 ' 5 

(c) 

(d) 

( b ) V 3 " , | 

•45 + 1 

V3" 1 
2 ' 2 

39. The sum of n terms of the series 
is l 2 + 2.22 + 32 + 2.42 + 52 + 2.62 + ... 

n f a + l T 

sum is 

when n is even. When n is odd, the 

(a) 
n (n + 1) 

(b) 
n ( n - l ) 

(c) 2 (n + 1) . (2« + 1) (d) None of these 

40. The coefficient of jc" 2 in the polynomial 
( j c - 1 ) ( j c - 2 ) ( JC - 3 ) . . . ( J C - n ) i s 

(a) 

(b) 

(c) 

n (n + 2) ( 3 / t + l ) 
24 

n (n2 - 1) (3n + 2) 
24 

n (n2 + 1) (3n + 4) 
24 

(d) None of these 
41. Let {an} be a G.P. such that 

a4 l 
— = — and a 2 + a< = 216. Then a, = 
«6 4 

(a) 12 or 
108 

/ \ 54 
(c) 1 OX — 

(b) 10 

(d) None of these 

4?. If < an > is an A.P. and 
a , + a 4 + a-j + . . . + a 1 6 = 147, then 

a , + a 6 + a u + a ] 6 = 
(a) 96 (b) 98 
(c) 100 (d) None of these 

43. The sum to infinity of the series, 
3 

1 + 2 1 - + 3 | 1 - -
n 
1 f 

(a) n 

(c) n I 1 + -1 n 

+ ... is 

(b) n (n + 1) 

(d) None of these 

44. If ah a2,.., an are n non zero real numbers 
such that 

(a] + a\+ ...+a2
n_,) (a\ +a]+ ... + a2

n) 
2 

< (a^a2 + a2a3 + ... + ...+ an_ ]an) 
then ah a2..., a„ me in 
(a) A.P. (b) G.P. 
(c) H.P. (d) None of these 

45. The cubes of the natural numbers are 
grouped as l3 , (23, 33), (43, 53, 6 3 ) , . . . then 
the sum of the numbers in the nth group is 
(a) i n 3 (n2 + 1) (n2 + 3) 

(b) T7 n ("2 + 1 6 ) (n2 + 1 2 ) 
16 

3 
( c ) - ^ ( » 2 + 2) (n2 + 4) 

(d) None of these 

46. If jc — Z a,y= £ b\z= X c 
n = 0 /i = 0 K = 0 

where a, b, c are in A.P. such that 
l a l < 1, \b\< 1 a n d l c l < 1, 

then JC, y, z are in 
(a) A.P. (b) G.P. 
(c) H.P. (d) None of these 

47. Let an be the nth term of the G.P. of positive 

100 100 
numbers. Let £ a2n = a and £ -1 = 

n=1 n=1 
such that a * fi, then the common ratio is 
(a) a / p (b) p / a 
(c) Vot/p (d) Vp/a" 

48. If a , = 0 and aua2, a3,.., a„ are real numbers 
such that I a, I = la,_! + II for all i then the 
Arithmetic mean of the numbers alt a2,.., an 

has value JC where 

(a) jc < - 1 

( c ) * > 4 

( b ) J C < - | 

(d) jc = -
1 
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49. If a2, a 3 (aj > 0) are in G.P. with common 
ratio r, then the value of r for which the 
inequality 9a, + 5 a 3 > 14a2 holds can not lie 
in the interval 

(a) fl.oo) 

r A 
(c) 

(b) 

(d) 

203 

1, 

9 ' 

50. The coefficient of x in the expansion of 
( J C - \ ) ( x 1 - 2 ) ( x i - 3 ) ... (x20 - 20) is 

51. 

(a) - 3 5 
(c) 13 
If the 

1 + 2 

13 + 23 

(b) 21 
(d )15 

of n terms 
1 + 2 + 3 

1 3 3 + 
1 + 2 + 3 

of the series 

.. is S. then S„ 

1 , > 04 - 2 sin 2x j: , 14, 3 form 

exceeds 199 for all n greater than 
(a) 99 (b) 50 
(c) 199 (d) 100 

The numbers 3 
first three terms of an A.P., its fifth term is 
equal to 
( a ) - 2 5 (b) - 1 2 
(c) 40 (d) 53 

53. If 0-2 7, x, 0-7 2, and H.P., then x must be 
(a) rational (b) irrational 
(c) integer (d) None of these 

54. In a sequence of ( 4 n + l ) terms the first 
( 2 n + 1) terms are in A.P. whose common 
difference is 2, and the last (2n + 1) terms are 
in G.P. whose common ratio is 0-5. If the 
middle terms of the A.P. and G.P. are equal 
then the middle term of the sequence is 

(a) 

(b) 

n. 2 2n + 1 

2 2 " - l 
n. 2' ,n + l 

2 2 n - l 

(c) n. 2" 
(d) None of these 

55. If a, ah a2, a3,..., a2n, b are in A.P. and 
a< Si'g2' #3' ••> S2n> b are in G.P. and h is the 
H. M. of a and b then 

a\  +a2n ,  a2 +  a2n-\ t  an +  an + 1 
g\g2n g2g2n-\ 

is equal to 
2 n 

gn gn + \ 

(c) nh 

(b) 2nh 

(d) ' 

CA T • U 1 1 1 11 
5o It is given that - 7 + + - 7 + ... <0 = 

1 2 3 9 0 

, 1 1 1 , 
then — + —r + —r+ . . . t o ° ° i s equal to 

l 4 3 5 

(a) 

(c) 

71 

96 
89tt4 

90 

(b) 

(d) 

71 

45 

/ 
46 

T p 8 16 128 
57. Let S = - + — +... + — , then 

(a) 5 = 

( b ) 5 = 

(c ) S = 

(d ) S = 

5 65 

1088 

2 ' °+ 1 

545 
545 
1088 
1056 
545 
545 
1056 

58. If sin 6, V2 (sin 0 + 1 ) , 6 sin 6 + 6 are in G.P. 
then the fifth term is 
(a) 81 (b) 82 -12 
(c) 162 (d) None of these 

59. If In (a + c), In (c - a), In (a-2b + c) are in 
A.P., then 
(a) a, b, c are in A.P. 

(b) a2, b2, c2 are in A.P. 
(c) a, b, c are in G.P. 
(d) a, b, c are in H.P. 

60. Let «], a2, a3 , . . . be in an A.P. with common 
difference not a multiple of 3. Then 
maximum number of consecutive terms so 
that all are primes is 
(a) 2 ' ( b ) 3 
(c) 5 (d) infinite 
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MULTIPLE CHOICE- I I 
Each question, in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

61. If tan 'JC, tan 1 y, tan 1
 Z are in A.P. and 

x, y, z are also in A.P. (y being not equal to 0, 
1 or -1) , then 
(a) x, y, z are in G.P. 
(b) x, y, z are in H.P. 
( c ) x = y = z 

(d) (x-y)2 + (y - z)2 + (z - x)2 = 0 
62. If d, e,f are in G.P. and the two quadratic 

equations ax1 + 2 bx + c = 0 and 
9 

dx + 2ex + / = 0 have a common root, then 
d e f . n — — are in H.P. (a) ' b \ 
d e f 

(b) — , -f , are in G.P. 
a b c 

(c) 2 d b f = aef+ cde 
(d) b2 df= ace" 

63. If three unequal numbers p, q, r are in H.P. 
and their squares are in A.P.; then the ratio 
p : q : r is 
(a) 1 — V3~: — 2 : 1+V3~ 
(b) 1 : V2 : - V 3 " 
( c ) l : - V 2 : V 3 
(d) 1 + V3~: - 2 : 1 - V3~ 

64. For a positive integer n, let a (n) = 1 + 1 /2 
+ 1 / 3 + 1 / 4 + ... + 1/(2" - 1) then 
(a) a (100) < 1 0 0 (b) a (100) > 100 
(c) a (200) < 100 (d) a (200) > 100 

65. The p\h term Tp of an H.P. is q (p + q) and 17th 
term Tq is p (p + q) when p > 1, q > 1 then 

(a)Tp + q = pq (b) Tpq = p + q 
(c )Tp + q>Tpq (d) Tpq >Tp + q 

66. If the first and (2n - l)th terms of an A.P., a 
G.P. and a H.P. are equal and their nth terms 
are a, b and c respectively, then 
(a )a = b = c (b )a + c = b 
( c ) a > b > c (d) ac = b2 

67. If a, b, c be three unequal positive quantities 
in H.P. then 
, , 100 , 100 ^ 100 (a )a +c > 2 b 
(b) a 3 + c3 > 2b* 

(c) a5+ c> 2b5 

(d) a2 + c2 > 2b2 

68. The sum of the products taken two at a time 
of the numbers 1, 2, 22, 23 , . . , 2"~ 2, 2" ~1 is 

(b) 2 2 " - 2 ' ! + j 

( d ) ^ 2 " - •2" + f 

69. The sum of the infinite terms of the sequence 
5 9 13 

32. 72 

18 

54 

I2. I I 2 
+ 

l l 2 . 152 
+ ... is : 

(a) 

(c) 

(b) 36 

70. The sum of n terms of the series 
1 1 1 

1.2.3.4 ' 2.3.4.5 + 3.4.5.6 
is 

(a) 

(b) 

w(n + 6 n + 11) 
18 (n + 1) (n + 2) (n + 3) 

n + 6 
18 (n + 1) (n + 2) (n + 3) 

(c) — - 1 

w 18 3 (n + 1) (n + 2) (n + 3) 
1 

6 2 (n + 1) (n + 2) (n + 3) 

71. Let a, b, c be positive real numbers, such that 
bx2 + (V(a + c)2 + 4b2) x + (a + c) > 0 V x e R, 
then a, b, c are in 
(a) G. P. (b) A. P. 
(c) H. P. (d) None of these 

72. (1 ^ ) z + (2 j ) 2 + 32 + (3 | ) 2 + ... to 10 terms, 

the sum is : 
1390 

(a) 

(c) 

9 
1990 

9 

(b) 
1790 

9 

(d) None of these 

73. The consecutive odd integers whose sum is 
452 - 212 are : 
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(a) 43, 45, ...,75 (b) 43, 45,..., 79 
(c) 43, 45, ...,85 (d) 43, 45,..., 89 

74. I f < an > and < bn > be two sequences 

given by an = (x)w2 + (y)1/2 and 

bn = (x)U- - 0 ' ) 1 / 2 for all ne N then 
ai a2 a3 ... an is : 

(a) 

(c) 

x + y 

2 , 2 x+y 

(b) 

(d) 

x-y 

Y2 ,2 x - > 

bn bn 

7 S - If 1.3 + 2.32 + 3.33 + . . . + n . 3 " 

(2n — I) 3" + b . . . . . 
= ^ then (a, b) is : 

(a) ( n - 2 , 3) ( b ) ( n - l , 3 ) 
(c) (n, 3) (d) (n + 1, 3) 

76. If x, I x + 1 I, I x — 1 I are the three terms of an 
A.P. its sum upto 20 terms is : 
(a) 90 or 175 (b) 180 or 350 
(c) 360 or 700 (d) 720 or 1400 

77. If S n , ~ l n 2 , Z n 3 are in G.P. then the 

value of n is : 
(a) 3 
( c )2 

(b) 4 
(d) non existent 

78. If £ « (« + 1) (n + 2) (n + 3) ^ 
r = 1 8 

denotes the rth term of a series, then 

~ 1 
Lim X — is : 

r = 1 tr 

(c)i 

( b > i 
(d) 1 

79. Given that 0 < x < t i / 4 and r t /4 < y < n/2 and 

Z ( - \f tan2* x = a, £ ( - 1 )* cot2* v = b, 
k = 0 i = 0 

then Z tan?* cot2* is 
* = 0 1 1 

, , 1 1 1 

(c) 
1 

(b )a + b-ab 

ab 

a b ab 

(d) a + b- 1 

80. If a, b, c are in H.P., then the value of 

I i _ i 
b c a 

, , 2 1 

1 1 1 , - + - - T IS 

fee 
3_ J2__± 

r> T r, 

3 2 

81. Z Z Z 
, = 1 ; = 1 (t=l 

c" c a a 
\ 

(d) None of these 

1 = . 

(a) 

(c)"C3 

n ( n + l ) ( n + 2) 
(b) Z n 

(d) "+2C3 

82. If an A.P., a7 = 9 if a , a 2
 a7 i s l e a s t , the 

common difference is 

(a) 
13 
20 
33 

23 (b)i 
43 
20 

83. If cos (x - y), cos x and cos (x + y) are in H.P. 
then cos x sec y/2 is 
(a) 1 (b) <2 
(c) <3 (d) V5 

84. If 1, log,.*, logj)1, - 15 logjZ are in A.P., 
then 

(a ) z = x 

(c) z~3 = y 
(b) x = y~ 

- i 3 (d)x = y = z 
85. If bl,b2,b3(bl > 0 ) are three successive 

terms of a G.P. with common ratio r, the 
value of r for which the inequality 
b3 > 4b2 - 3by holds is given by 
(a) r > 3 (b) r < 1 
(c) r = 3-5 (d) r=5-2 

BG- If logx a, a1/2 and logfc x are in G.P., then x is 
equal to 
(a) loga (log/, a) 
(b) loga (log, a) - loga (log, b) 
(c) - loga (loga b) 

(d) loga (log, b) - loga (log, a) 

87. If a, b, c are in H.P., then 

(a) b+c-a'c+a-b'a+b-c 
are in H.P. 

b b-a b-c 
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( c ) « - f , f , c - ^ a r e i n G . P . 
2 2 2 Vm + V ( m - n ) 

(d) 7 , , are in H.P. « . , 
fc+cc+aa+fc 89. if £ r ( r + i ) (2 r + 3) = an + bn 

r = 1 
88. If the ratio of A. M. between two positive 

real numbers a and b to their H.M. is m : n; + cn2 + dn + e, then 
then a: b is equal to (a) a = 1 / 2 (b )6 = 8 / 3 

(e) c = 9 / 2 (d )e = 0 
V(w - n) - AIn 

90. If l , l 0 g 9 (31 1 + 2) and log3 (4-3" - 1) are in 
Vn~- - n) A.P., then x is equal to 
y [ m + - l ( m - n ) (a) log4 3 (b) log3 4 
Vm - V(m - n) ( c ) i _ i o g 3 4 ( d ) i o g 3 (0 75) 

Practice Test 
MM : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

5. The series of na tura l numbers is divided 
into groups : 1; 2, 3, 4; 5, 6, 7, 8, 9; ... and so 
on. Then the sum of the numbers in the n th 
group is 

* 1. If X 
71 = 1 

n 1 
3 + 90 

21, where [x] denotes the 

integral pa r t of x, t hen k = 
(a) 84 '(b) 80 
(c) 85 (d) none of these 

2. If x e |1, 2, 3, ..., 9} and fn{x) =xxx ...x (n 

digits), then /"„2(3) + fn(2) = 

(a) 2f2n (.1) 

(b)/n(l) 
( O / h n U ) 

(d) - fin (4) 
3. In the A.P. whose common difference in non 

zero, the sum of f i rs t 3n te rms in equal to 
the sum of next n terms. Then the ratio of 
the sum of the first 2n t e rms to the next 2n 
terms is : 
(a) 1/2 (b) 173 
(c) 174 (d) 1/5 

4. I f three positive real numbers a, b, c are in 
A.P. w i th abc = 4, t hen min imum value of b 
is 
(a) 1 (b) 3 
(c) 2 (d) 1/2 

(a) (2n - 1) (n2 - n + 1) (b) n 3 - 3n2 + 3n - 1 

(c) n + (n - l ) 3 (d) n + (n + l ) 3 

6. The numbers of divisons of 1029, 1547 and 
122 are in 
(a) A.P. (b) G. P. 

(c) H.P. (d) none of these 

7. The coefficient of x15 in the product 

(1 - X ) ( 1 -2x)(1 - 2 2 X ) ( 1 -23.X) ... 
(1 - 2l5.x) is 

(a) 2 1 0 5 - 2 1 2 1  

( c ) 2 1 2 0 _ 2 1 0 4 
( b ) 2 m - 2 1 0 5 

( d ) 2 1 0 5 - 2 1 0 4 

8. The roots of equation x2 + 2 (a - 3) x + 9 = 0 
lie between - 6 and 1 and 2, hi, h2 h20, 
[a] are in H.P., where [a] denotes the 
integral par t of a , and 2, a 1 ( a2, ...,a20, [a] 
are in A.P. then a3his = 

(a) 6 (b) 12 
(c) 3 (d) none of these 
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Value of L = lim 
( \ n 

r \ 

f r c - l 
Value of L = lim 1. Z k + 2. Z k 

n - > k = l k=l 
r \ - -i \ J \ 

3. 

(a) 1/24 
(c) 1/6 

f 
ix — 2 

Z k + . . . + 7 1 . 1 
k = l 

-

is 

(b) 1/12 
(d) 1/3 

r2 
10. If a , P, y, 5 are in A.P. and Jq /(X) <2* 

where 
x + a x + P x + a - y 

f(x)= x + p X + Y x - 1 
X+Y x+b x - p + 5 

then the common difference d is : 
(a) 1 (b) - 1 
(c) 2 (d) - 2 

Record Your Score 
Max. Marks 

1. First attempt 
2. Second attempt 
3. Third attempt must be 100% 

Answers 

lultiple Choice 
l . ( a ) 2.(d) 3. (b) 4. (d) 5. (c) 6. (c) 
7. (a) 8. (c) 9. (d) 10. (d) 11. (d) 12. (a) 

13. (b) 14. (b) 15. (c) 16. (c) 17. (d) 18. (c) 
19. (d) 20. (a) 21. (d) 22. (c) 23. (a) 24. (a) 
25. (b) 26. (d) 27. (a) 28. (c) 29. (a) 30. (c) 
31. (c) 32. (c) 33. (d) 34. (c) 35. (a) 36. (d) 
37. (a) 38. (a) 39. (a) 40. (b) 41. (a) 42. (b) 
43. (a) 44. (b) 45. (a) 46. (c) 47. (a) 48. (c) 
49. (b) 50. (c) 51. (c) 52. (d) 53. (a) 54. (a) 
55. (a) 56. (a) 57. (a) 58. (c) 59. (d) 60. (b) 

Multiple Choice -II 
61. (a), (b), (c), (d) 62. (a), (c) 63. (a), (d) 64. (a), (d) 
65. (a), (b), (c) 66. (c), (d) 67. (a), (b), (c), (d) 68. (d) 69. (d) 
70. (a), (c) 71. (b) 72. (d) 73. (d) 74. (b) 75. (d) 
76. (b) 77. (a) 78. (c) 79. (c), (d) 80. (a), (b), (c) 81. (a, d) 
82. (c) 83. (b) 84. (a), (b), (c), (d) 85. (a), (b), (c), (d) 
86. (a), (b) 87. (a), (b), (c), (d) 88. (c) 89. (a), (b), (c), (d) 
90. (c, d) 

Practice Test 

1. (b) 2. (c) 3. (d) 4. (a) 5. (a), (c) 6. (a) 
7. (a) 8. (b) 9. (a) 10. (a), (b) 



4 
PERMUTATIONS AND COMBINATIONS 

§ 4.1. The number of ways of arranging n distinct objects in a row taking r(0 < r< n) at a time is denoted 
by nPror P(n, 0-

and nPr= n ( n - 1) ( n - 2) ... ( n - r+ 1) 
/?! 

" (n - 0 ! 
Note that nP0 = 1 , nPi = n and nPn~ i = nPn= n \ 
§ 4.2. The number of ways of arranging n distinct objects along a circle is (n- 1)! 

§ 4.3. The number of ways of arranging n beads along a circular wire is ^ ' 

§ 4.4. The number of permutations of n things taken all at a time, p are alike of one kind, q are alike of 
another kind and r a r e alike of a third kind and the rest n - (p + q + r) are all different is 

n I 
p ! g i r l ' 

§ 4.5. The number of ways of n distinct objects taking r of them at a time where any object may be 
repeated any number of times is n r. 

§ 4.6. The number of ways of selecting r(o< r< n) objects out of n distinct objects is denoted by  nCr or 
C(n, r> and 

n c _ n ( n - 1 ) ( n - 2 ) ... ( n - r + 1 ) 

r . ( r - 1 ) . ( r - 2 ) . . . 2-1 

n I _nPr 
r\(n-i)\ r! 

if r> n, then  nCr= 0 
§ 4.7. The number of selecting at least one object out of "n" distinct objects = 2n - 1 
§ 4.8. The number of combinations of /-things (r< n) out of n identical things is 1. 
§ 4.9. The number of selecting robjectsfrom nalike objects = n+ 1 (where r= 0 ,1 , 2, ..., n) 
§ 4.10. The number of combinations of n distinct objects taken r at a time, when k particular objects 

always occur is  n~kCr-k- If k particular objects never occur, then the number of combinations of n distinct 
objects taken r at time is kCr. 

§ 4.11. If out of (p+ q + r+ s) things, pare alike of one kind, and qare alike of second kind, rare like of 
third kind and the rest are different, then the total number of combinations i s ( p + 1 ) ( q r + 1 ) ( r + 1 ) 2 s - 1 

§ 4.12. The number of factors of n = m f 1 m . . . m%* 
where (mi, mz mk are different primers) is 

(a + 1)(<X2+ 1)... (a/r+1). 
§ 4.13. Division into groups 
(i) The number of ways in which (p+q+1) elements be divided into three groups of p, q, r elements 

respectively 
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_ ( P + g + / ) ! 
p\q\r\ 

(ii) If 3p distinct elements are divided in three groups each containing p elements, then number of 
3p I divisions = 

3 ! (p I)3 

(iii) If 3p distinct elements are divided equally among three persons, then the number of divisions 
_ 3p! 

(p ! ) 3 ' 
§ 4.14. Arrangements in groups 
(i) The number of ways in which n different things can be arranged in rdifferent groups n!. Cr-1-
(ii) The number of ways in which n things of the same kind can be distributed into r different groups is 

n+ r~1 Cr-1 or  n~1 Cr-1, according as groups or are not permitted. 
§ 4.15. Derangements : The number of derangements (No object goes to its scheduled place) of n 

objects 
, r « • 1 1 1 1 , ( , n i 

§ 4.16. Some Important Results 
(0 The coefficient of V in the expansion of (1 - xf " =  n+r~1 Cr. 
(ii) If there are k objects of one kind, I objects of another kind and so on; then the number of ways of 

choosing r objects out of these objects (i.e., 1+ k+ ...) is 
The coefficient of / in (1 + x+ x2 + x3 + ... + x*) (1 + x + x 2 + ... + x*).. . Further if one object of each 
kind is to be included, then the number of ways of choosing robjects is 
The coefficient of / i n (x+ x2 + ... + xk) (x+ x2 + ... + V ) . . . 

(iii) If there are k object of one kind, I object of another kind and so on; then the number of possible 
arrangements/permutations of robjects out of these objects (i.e., 1+ k+ ...) is 
coefficient of x r in 

r\ X x2 . x ' Y , X x2 xk  

1 + T 7 + 2 ! + - + 7 ! 1 + TT + f l + ^ T 
(iv) How to find number of solutions of the equation : 

If the equation 
a + + 3y+ ... + q9 = n ...(1) 

(a) If zero included then number of solutions of (1) 
= coefficient of x" in (1 - x)~1 (1 - x2)"1 (1 - x3)"1 ... (1 - x " ) " 1 

(b) If zero excluded then number of solutions of (1) 

= coefficient of x°~ <J(q
2

+1) jn ( i _ x ) - 1
 ( i _ £ y i ( i _ ^ y - 1 . _ y?)-1 

§ 4.17. Number of Rectangles and Squares 
(i) Number of retangles of any size in a square of n x n i s £ r3 

r= 1 

n o 
and number of squares of any size is I ( r 

(ii) In a rectangle of n x p (n < p) number of rectangle of any size is ^ (n +1) (p + 1) and number of 

n 
squares of any size is I (n + 1 - r) (p + 1 - i). 

r— 1 



Objective Questions 

§ 4.18. Some Important Results to Remember 
1. The number of ways in which n different things can be distributed into r different groups is 

r"- rCi (r- 1)"+  rC2 ( r - 2 ) " - ... + ( - 1)"~1  rCr-1 

or 

Coefficient of x" in n ! (e*~ 1)r. 
Here blank groups are not allowed. 

2. Exponent of prime p in n I is 

Ep(n !) = ' n' n ' n ' 4- 4- n ' 
.P. 

1 
y . 

r V. 1 «»• T 
. P s . 

where s is the largest natural number such that p s < n < ps+1 and [.] denotes the greatest integer. 
3. n straight lines are drawn in the plane such that no two lines are parallel and no three lines are 

concurrent. Then the number of parts into which these lines divide the plane is equal to 1 + X n 
4. The sum of the digits in the unit place of all numbers formed with the help of ai, a2, ..., an taken all 

at a time is 
= ( n - 1)! (ai + a2 + ... + an) 

5. The sum of all digit numbers that can be formed using the digits ai,a2,... an (repitition of digits not 
allowed) is 

, HM, J (10"~ 1) = ( n - 1 ) ! ( a i + a2 + ... + an) - — - — 

6. If there are n rows, I row has ai squares, II row has a2 squares, III row has ct3 squares, and so on. If 
we placed p Xs in the squares such that each row contain at least one X, the number of ways 

= coefficient of x*3 in 

(a1 Ci X + a i C2 X2 + ... + a i Ca , X0") X ( a 2 Ci X + K2 C2 X2 + ...+ 012 Ca2 x"2) 

X (a3Cl X+ a3C2 X2 + ... + a3Ca3 X"3) X .... 

7. Given n distinct points in a plane, no three of which are collinear then the number of line segments 
they determine is nC2 

In particular: The number of diagonals in n-gon (n sides closed polygon) is 
" C 2 - n 

If in which m points are collinear (m > 3) then the number of line segment is 

8. Given n distinct points in a plane, no three of which are collinear then the number of 
triangles is "C3 
If in which m points are collinear (m > 3) then the number of triangles is 

nC3 -  mC3 
9. Given n distinct points on the circumference of a circle, then 

(i) Number of straight lines = "Cs 

(ii) Number of triangles = "C3 

(iii) Number of quadrilaterals = "C4 

(iv) Number of pentagon = "C5 etc. 
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MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. When simplified, the expression 

47 5 c4+ z 
n = 1 

52 - n 

(a ) 4 7 C 5 

(c) 52C5 

C3 equals 

(b)49c4 

(d ) 5 2 C4 

2. If "Cr_, = 10, nCr= 45 and nCr+, = 120 then 
r equals 
(a) 1 ( b ) 2 
( c )3 (d )4 

3. The least positive integral value of x .which 
satisfies the inequality 

1 0 C , . , > 2 . 1 0Cj is 
(a) 7 (b )8 

(c) 9 (d) 10 

^Jkf The number of diagonals that can be drawn 
in an octagon is 
(a) 16 (b) 20 
(c) 28 (d) 40 
The number of triangles that can be formed 
joining the angular points of decagon, is 
(a) 30 (b) 45 
(c) 90 (d) 120 

6. If n is an integer between 0 and 21, then the 
minimum value of n ! (21 - n) ! is 
(a) 9 ! 2 ! (b) 10 1 1 1 ! 
(c) 20 ! (d) 21 ! 

^ T ^ T h e maximum number of points of 
intersection of 8 circles, is 
(a) 16 (b) 24 
(c) 28 (d) 56 
The maximum number of points of intersection 
of 8 straight lines, is 
(a) 8 (b) 16 

Ac) 28 (d) 56 
v/9. The maximum number of points into which 4 

circles and 4 straight lines intersect, is 
(a) 26 (b) 50 
(c) 56 (d) 72 

vX 

^ykti- If 7 points out of 12 lie on the same straight 
line than the number of triangles thus 
formed, is 
(a) 19 (b) 185 
(c) 201 (d) 205 
The total number of ways in which 9 
different toys can be distributed among three 
different children so that the youngest gets 4, 
the middle gets 3 and the oldest gets 2, is 
(a) 137 (b) 236 
(c) 1240 (d) 1260 

\Z. Every one of the 10 available lamps can be 
switched on to illuminate certain Hall. The 
total number of ways in which the hall can be 
illuminated, is 
(a) 55 (b) 1023 

(c) 21 0 (d) 10 ! 
13. The number of ways in which 7 persons can 

be seated at a round table if two particular 
persons are not to sit together, is : 
(a) 120 (b) 480 
(c) 600 (d) 720 

14. The number of ways in which r letters can be 
posted in n letter boxes in a town, is : 

( a )n (b) r 
(c) "Pr (d) "C r 

15. The number of ways in which three students 
of a class may be assigned a grade of A, B, C 
or D so that no two students receive the same 
grade, i s : 

(a) 3* 

(C)4P3 

(b) 4 
(d)4C3 

1 6 / T h e number of ways in which the letters of 
^ the word ARRANGE can be made such that 

both R 's do not come together is : 
(a) 900 (b) 1080 
(c) 1260 (d) 1620 

17. Six identical coins are arranged in a row. The 
total number of ways in which the number of 
heads is equal to the number of tails, is 
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J 

19. 

20. 

J * 

23. 

24. 

(a) 9 (b) 20 
(c) 40 (d) 120 
If 5 parallel straight lines are intersected by 4 
parallel straight lines, then the number of 
parallelograms thus formed, is : 
(a) 20 (b) 60 
(c) 101 (d) 126 

The total number of numbers that can be 
formed by using all the digits 1, 2, 3, 4, 3, 2, 
1 so that the odd digits always occupy the 
odd places, is 27 
(a )3 (b) 6 
( c )9 (d) 18 

The sides AB, BC and CA of a triangle ABC 
have 3 , 4 and 5 interior points respectively on 
them. The number of triangles that can be 
constructed using these interior points as 
vertices, is 
(a) 205 (b) 208 
(c) 220 (d) 380 
Total number of words formed by using 2 
vowels and 3 consonents taken from 4 
vowels and 5 consonents is equal to 
(a) 60 (b) 120 
(c) 720 (d) None of these 
Ten different letters of an alphabet are given. 
Words with five letters (not necessarily 
meaningful or pronounceable) are formed 
from these letters. The total number of words 
which have atleast one letter repeated, is 
(a) 21672 (b) 30240 3 0 

(c) 69760 (d) 99748 
A 5-digit number divisible by 3 is to be 
formed using the numbers 0, 1, 2, 3, 4 and 5 
without repetition. The total number of ways, 
this can be done, is 
(a) 216 (b) 240 
(c) 600 (d) 720 
Twenty eight matches were played in a 
football tournament. Each team met its 
opponent only once. The number of teams 
that took part in the tournament, is 
(a )7 (b) 8 
(c) 14 (d) None of these 

25. Everybody in a room shakes hand with 32. 
everybody else. The total numebr of 

handshakes is 66. The total number of 
persons in the room is 
(a) 11 (b) 12 
(c) 13 (d) 14 

The total number of 3-digit even numbers 
that can be composed from the digits 1, 2, 3, 
..., 9, when the repetition of digits is not 
allowed, is 
(a) 224 (b) 280 
(c) 324 (d) 405 

The total number of 5-digit telephone 
numbers that can be composed with distinct 
digits, is 

(a) > 2 

(O ,0c5 

(b) '°P5 

J * 

31. 

(d) None of these 

A car will hold 2 persons in the front seat and 
1 in the rear seat. If among 6 persons only 2 
can drive, the number of ways, in which the 
car can be filled, is 
(a) 10 (b) 18 
(c) 20 (d) 40 

In an examination there are three multiple 
choice questions and each question has 4 
choices of answers in which only one is 
correct. The total number of ways in which 
an examinee can fail to get all answers 
correct is 
(a) 11 (b) 12 
(c) 27 (d) 63 

The sum of the digits in the unit's place of all 
the numbers formed with the digits 5, 6, 7, 8 
when taken all at a time, is 
(a) 104 (b) 126 
(c) 127 (d) 156 

Two straight lines intersect at a point O. 
Points A|, A2,.., An are taken on one line and 
points B\, B2,..., Bn on the other. If the point 
O is not to be used, the number of triangles 
that can be drawn using these points as 
vertices, i s : 

( a ) n ( n - l ) ( b ) n ( n - l ) 2 

(c) n (n - 1) (d) n ( « - l)2 

How many different nine digit numbers can 
be formed from the number 22 33 55 888 by 
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rearranging its digits so that the odd digits 
occupy even positions ? 
(a) 16 (b) 36 
(c) 60 (d) 180 

33. For 2 < r < n, 

(a) 
' n + P 

r- 1 

/ \ r \ r \ n + 2 n 
" J 

+ 2 + 
" J r - 1 r ~ 2 ; 

V K / J , 

(b) 2 r+ 1 
f , n + r 

(d) 
( ^ , T A n + 2 

(d) 
( ^ , T A n + 2 

r (d) r 
v / 

( c ) 2 

34. The number of positive integers satisfying 
the inequality 

tl + \ s-i n + \ /-< - , r\r\ • 

Cn _ 2 - Cn _ ! < 1 0 0 I S 

(a) Nine (b) Eight 
(c) Five (d) None of these 

35. A class has 21 students. The class teacher has 
been asked to make n groupsof r students 
each and go to zoo taking one group at a 
time. The size of group (i.e., the value of r) 
for which the teacher goes to the maximum 
number of times is (no group can go to the 
zoo twice) 
(a) 9 or 10 (b) 10 or 11 
(c) 11 or 12 (d) 12 or 13 

36. The number of ways in which a score of 11 
can be made from a through by three persons, 
each throwing a single die once, is 
(a) 45 (b) 18 
(c) 27 (d) 68 

37. The number of positive integers with the 
property that they can be expressed as the 
sum of the cubes of 2 positive integers in two 
different way is 
(a) 1 (b) 100 
(c) infinite (d) 0 

38. The number of triangles whose vertices are 
the vertices of an octagon but none of whose 
sides happen to come from the octagon is 
(a) 16 (b) 28 
(c) 56 (d) 70 

39. There are n different books and p copies of 
each in a library. The number of ways in 
which one or more than one book can be 
selected is 

(a) p" + 1 ( b ) ( p + l ) " - l 

(c)(p+\)n-p (<l)pn 

40. In a plane there are 37 straight lines, of 
which 13 pass through the point A and 11 
pass through the point B. Besides, no three 
lines pass through one point, no lines passes 
through both points A and B, and no two are 
parallel, then the number of intersection 
points the lines have is equal to 
(a) 535 (b) 601 
(c) 728 (d) 963 

41. We are required to form different words with 
the help of the letters of the word INTEGER. 
Let tii\ be the number of words in which 
/ and N are never together and m2 be the 
number of words which being with / and end 
with R, then m]/m2 is given by 

(a) 42 (b) 30 
(c) 6 (d) 1/30 

42. If a denotes the number of permutations of 
x + 2 things taken all at a time, b the number 
of permutations of JC things taken 11 at a time 
and c the number of permutations of JC — 11 
things taken all at a time such that 
a = 182 be, then the value of JC is 
(a) 15 (b) 12 
(c) 10 (d) 18 

43. There are n points in a plane of which no 
three arc in a straight line excep t 'm ' which 
arc all in a straight line. Then the number of 
different quadrilaterals, that can be formed 
with the given points as vertices, is 

n - m + I Ci — Ca 

'4 
"r c 4 

(a) " C 4 - m C 3 ' 

( b ) " C 4 -

(c) n C 4 - m C 3 ( m - n C , ) -

(d) C4 + C 3 . Ci 

44. The number of ordered triples of positive 
integers which are solutions of the equation 
JC + y + z = 100 is 
(a) 5081 (b) 6005 
(c) 4851 (d) 4987 

45. The number of numbers less than 1000 that 
can be formed out of the digits 0, 1, 2, 4 and 
5, no digit being repeated, is 
(a) 69 (b) 68 
(c) 130 (d) None of these 
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46. A is a set containing n elements. A subset P, 
is chosen, and A is reconstructed by replacing 
the elements of Px. The same process is 
repeated for subsets P\,P2, ... Pm with m > 1. 
The number of ways of choosing 
P , , P 2 , ...,Pm so that P , u P 2 u ... uPm = A 
is 

(a) ( 2 m - \)m n (b) (2n — 1 )m 

(c ) ' " + "Cm (d) None of these 

47. On a railway there are 20 stations. The 
number of different tickets required in order 
that it may be possible to travel from every 
station to every station is 
(a) 210 (b) 225 
(c) 196 (d) 105 

48. A set containing n elements. A subset P of A 
is chosen. The set A is reconstructed by 
replacing the element of P. A subset Q of A 
is again chosen. The number of ways of 
choosing P and Q so that P n Q = (j) is 

(a) 22" - 2"C„ (b) 2" 

(c) 2" - 1 (d) 3" 
49. A father with 8 children takes 3 at a time to 

the zoological Gardens, as often as he can 
without taking the same 3 children together 
more than once. The number of times he will 
go to the garden is 
(a) 336 (b) 112 
(c) 56 (d) None of these 

50. If the (n + 1) numbers a, b, c, d,.., be all 
different and each of them a prime number, 
then the number of different factors (other 
than 1) of am. b. c. d . . . is 

(a) m - 2" (b) (m+ 1) 2" 

(c) (m + 1) 2" - 1 (d) None of these 
51. The numebr of selections of four letters from 

the letters of the word ASSASSINATION is 
(a) 72 (b) 71 
(c) 66 (d) 52 

52. The number of divisors a number 38808 can 
have, excluding 1 and the number itself is : 
(a) 70 (b)72 
(c) 71 (d) None of these 

53. The letters of the word SURITI are written in 
all possible orders and these words are 
written out as in a dictionary. Then the rank 
of the word SURITI is 
(a) 236 (b) 245 
(c) 307 (d) 315 

54. The total number of seven-digit numbers 
then sum of whose digits is even is 

(a) 9 x 106 (b) 45 x 105 

(c) 81 x 105 (d) 9 x 105 

55. In a steamer there are stalls for 12 animals 
and there are cows, horses and calves (not 
less than 12 of each) ready to be shipped; the 
total number of ways in which the shipload 
can be made is 

12 (a) 3 

(O ,2P3 

(b) 12 

(d) , 2 C 3 

56. The number of non-negative integral solution 
of X] + x2 + x3 + 4x4 = 20 is 
(a) 530 (b) 532 
(c) 534 (d) 536 

57. The number of six digit numbers that can be 
formed from the digits 1, 2, 3, 4, 5, 6 and 7 
so that digits do not repeat and the terminal 
digits are even is 
(a) 144 (b) 72 
(c) 288 (d) 720 

58. Given that n is the odd, the number of ways 
in which three numbers in A.P. can be 
selected from 1, 2, 3 ,4 , . . , n is 

(a) ( w - i r (b) 
(n+lT 

59. A is a set containing n elements. A subset P 
of A is chosen. The set A is reconstructed by 
replacing the elements of P. A subset Q of A 
is again chosen. The number of ways of 
choosing P and Q so that P r\Q contains 
exactly two elements is 
(a) 9. nC2 (b) 3" - "C2 

(c) 2. "Cn (d) None of these 
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60. The number of times the digit 5 will be (a) 271 
written when listing the integers from 1 to (c) 300 
1000 is 

(b) 272 
(d) None of these 

MULTIPLE CHOICE - I I 
Each question, in this part, has one or more than one correct answers). for each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

61. Eight straight lines are drawn in the plane 
such that no two lines are parallel and no three 
lines are concurrent. The number of parts into 
which these lines divide the plane, is 
(a) 29 (b) 32 
(c) 36 (d) 37 

62. The number of ways of painting the faces of 
a cube with six different glours is 

(a) 1 (b) 6 

(c) 6 ! (d) 6 C 6 

63. Number of divisors of the form 4n + 2 (n> 0) 
of the integer 240 is 
(a) 4 (b )8 
(c) 10 (d) 3 

64. An n-digit number is a positive number with 
exactly n digits. Nine hundred distinct n-digit 
numbers are to be formed using only the 
three digits 2, 5 & 7. The smallest value of n 
for which this is possible is : 
(a )6 (b )7 
(c)8 (d )9 

65. The position vector of a point P is 
v=x'i+yj + zh when x,y,zeN and 
a = 1 + j + %. If r . a = 1 0 , The number of 
possible position of P is 

(a) 36 (b) 72 

(c) 66 (d) 9C2 

66. Sanjay has 10 friends among whom two are 
married to each other. She wishes to invite 5 
of the them for a party. If the married couple 
refuse to attend separately then the number of 
different ways in which she can invite five 
friends is 

(a) SC5 (b) 2 x 8C3 

(c) 10C5 - 2 x 8C4 (d) None of these 

67. There are n seats round a table marked 1, 2, 
3, ..., n. The number of ways in which 
m (< n) persons can take seats is 

(a )nPm (b) nCm x (m - 1) ! 

( c ) " C m x m ! ( d ) j 

68. If a, b, c, d are odd natural numbers such that 
a + b + c + d = 20 then the number of values 
of the ordered quadruplet (a, b, c, d) is 
(a) 165 (b) 310 
(c) 295 (d) 398 

69. The numebr of rectangles excluding squares 
from a rectangle of size 15 x 10 is : 
(a) 3940 (b) 4940 
(c) 5940 (d) 6940 

70 In a certain test, there are n questions. In this 
test 2n~' students gave wrong answers to at 
least i questions, where i= 1, 2, 3, . . , n. If the 
total number of wrong answers given is 
2047, then n is equal to 
(a) 10 (b) 11 
(c) 12 (d) 13 

71. The exponent of 3 in 100 ! is 
(a) 12 (b) 24 
(c) 48 (d) 96 

72. The number of integral solutions of 
x\+x2 + x?l = 0 w i t h X j > - 5 is 
(a) 34 (b) 68 
(c) 136 (d) 500 

73. The number of ways in which 10 candidates 
Ai,A2,—,Al0 can be ranked so that A, is 
always above A2 is 

(a) 
10 ! 

(b) 8 ! x WC2 

(d) '°C2 (c) > 2 

74. If all permutations of the letters of the word 
AGAIN are arranged as in dictionary, then 
fiftieth word is 
(a) NAAGI (b) NAGAI 
(c) NAAIG (d) NAIAG 
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75. In a class tournament when the participants 
were to play one game with another, two 
class players fell ill, having played 3 games 
each. If the total numebr of games played is 
84, the number of participants at the 
beggining was 
(a) 15 (b) 30 
( C ) 6 C 2 (d) 4 8 

76. The number of ways of distributing 10 
different books among 4 students (Si - S4) 
such that and S2 get 2 books each and 
S3 and S4 get 3 books each is 

(a) 12600 (b) 25200 

/ \ 10/" / n 10 ! 
( C ) Q 2 ! 2 ! 3 ! 3 ! 

77. The number of different ways the letters of 
the word VECTOR can be placed in the 8 
boxes of the given below such that no row 
empty is equal to 

(a) 26 (b) 26 x 6 ! 
(c) 6 ! (d) 2 ! x 6 ! 

78. In the next world cup of cricket there will be 
12 teams, divided equally in two groups. 
Teams of each group will play a match 
against each other. From each group 3 top 
teams will qualify for the next round. In this 
round each team will play against others 
once. Four top teams of this round will 
qualify for the semifinal round, when each 
team will play against the others once. Two 
top teams of this round will go to the final 
round, where they will play the best of three 
matches. The minimum number of matches 
in the next world cup will be 
(a) 54 (b) 53 
(c) 52 (d) None of these 

79. Two lines intersect at O. Points AUA2, ..,A„ 
are taken on one of them and B\, B2,.., Bn on 
the other the number of triangles that can be 
drawn with the help of these (2n + 1) points is 
(a) n (b) n2 

(c) n (d) ;/4 

80. Seven different lecturers are to deliver 
lectures in seven periods of a class on a 
particular day. A, B and C are three of the 
lectures. The number of ways in which a 
routine for the day can be made such that A 
delivers his lecture before B, and B before C, 
is 
(a) 210 (b) 420 
(c) 840 (d) None of these 

81. If 33 ! is divisible by 2" then the maximum 
value of n = 
(a) 33 (b) 32 (c)31 (d) 30 

82. The number of zeros at the end of 100 ! is 
(a) 54 (b) 58 
(c) 24 (d) 47 

83. The maximum number of different 
permutations of 4 letters of the word 
EARTHQUAKE is 
(a) 1045 (b) 2190 
(c) 4380 (d) 2348 

84. In a city no persons have identical set of teeth 
and there is no person without a tooth. Also 
no person has more than 32 teeth. If we 
disregard the shape and size of tooth and 
consider only the positioning of the teeth, 
then the maximum population of the city is 

(a) 232 (b) 232 - 1 

(c) 232 - 2 (d) 232 - 3 

85. Ten persons, amongst whom are A, B & C 
are speak at a function. The number of ways 
in which it can be done if A wants to speak 
before B, and B wants to speak before C is 

10 ' 
( a ) — (b) 21870 

b 

( c ) f ^ (d) > 7 

86. The number of ways in which a mixed 
double game can be arranged from amongst 9 
married couples if no husband and wife play 
in the same game is 
(a) 756 (b) 1512 
(c) 3024 (d) None of these 

87. In a college examination, a candidate is 
required to answer 6 out of 10 questions 
which are divided into two sections each 
containing 5 questions, further the candidate 
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is not permitted to attempt more than 4 
questions from either of the section. The 
number of ways in which he can make up a 
choice of 6 questions is 
(a) 200 (b) 150 
(c) 100 (d) 50 

88. The number of ways in which 9 identical 
balls can be placed in three identical boxes is 

9 ! 
(a) 55 

(c) 
9 ! 

(3 !)3 

(b)- „ 
o i r 

(d) 12 

89. 

If the number of arrangements of ( « - l ) 
things taken from n different things is k times 
the number of arrangements of n - 1 things 
taken from n things in which two things are 
identical then the value of k is 
(a) 1/2 (b) 2 
(c) 4 (d) None of these 

90. The number of different seven digit numbers 
that can be written using only the three digits 
1, 2 and 3 with the condition that the digit 2 
occurs twice in each number is 

(b) 7 C 2 2 5 (a)1P2 25 

(c) 7 C 2 5 2 (d) None of these 

Practice Test 
M M : 2 0 Time : 30 Min. 

6. The number of ways in which we can choose 
2 distinct integers from 1 to 100 such that 
difference between them is at most 10 is 

(a)1 0C2 

(c)100C2 
90 , 

(b) 72 

(d) None of these 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

1. The number of points (x,y, z) is space, 
whose each co-ordinate is a negative 
integer such that x+ ;y+z +12 = 0 is 
(a) 385 (b) 55 
(c) 110 (d) None of these 

The number of divisors of 22 . 33 . 53 . 75 of 
the form 4n + 1, n e N is 
(a) 46 (b) 47 
(c) 96 (d) 94 

3. The number of ways in which 30 coins of 
one rupee each be given to six persons so 
that none of them receives less than 4 
rupees is 
(a) 231 (b) 462 
(c) 693 (d) 924 

4. The number of integral solutions of the 
equation 2x + 2y + z = 20 where x > 0, y > 0 
and z > 0 is 
(a) 132 (b) 11 
(c) 33 (d) 66 

5. The number of ways to select 2 numbers 
from (0, 1, 2, 3, 4) such that the sum of the 
squares of the selected numbers is divisible 
by 5 are (repitition of digits is allowed). 

(a) 9Ci (b) 9P8 

(c)9 (d)7 

7. Number of points having position vector 
a i + b j +c % where a, b, c e (1, 2, 3, 4, 5} 
such that 2a + 36 + 5° is divisible by 4 is 
(a) 70 (b) 140 
(c) 210 (d) 280 

8. If a be an element of the set 
A = (1, 2, 3, 5, 6, 10, 15, 30| and a, (3, y are 
integers such that cxpy = a, then the number 
of positive integral solutions of aPy = a is 
(a) 32 (b) 48 
(c) 64 (d) 80 

9. If n objects are arranged in a row, then the 
number of ways of selecting three of these 
objects so that no two of them are next to 
each other is 
( a ) ( " - 2 ) ( n - 3 ) ( r a - 4 ) ( f e ) n - 2Q 

6 
( C ) " ~ 3 C 3 + " ~ 3 C 2 (d) None of these 

10. Number of positive integral solutions of 
abc = 30 is 
(a) 9 (b) 27 
(c) 81 (d) 243 
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Record Your Score 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice -I 

1. (d) 2. (b) 3. (b) 4. (b) 5. (d) 6. (b) 
7. (d) 8. (c) 9. (b) 10. (b) 11. (d) 12. (b) 

13. (b) 14. (a) 15. (c) 16. (a) 17. (b) 18. (b) 
19. (d) 20. (a) 21. (d) 22. (c) 23. (a) 24. (b) 
25. (b) 26. (a) 27. (d) 28. (d) 29. (d) 30. (d) 
31. (c) 32(c) 33. (d) 34. (b) 35. (b) 36. (c) 
37. (c) 38. (a) 39. (b) 40. (a) 41. (b) 42. (b) 
43. (c) 44. (c) 45. (b) 46. (d) 47. (a) 48. (d) 
49. (c) 50. (c) 51. (a) 52. (a) 53. (a) 54. (b) 
55. (a) 56. (d) 57. (d) 58. (d) 59. (d) 60. (c) 

Multiple Choice -II 
61. (d) 62. (a), (d) 63. (a) 64. (b) 65. (a), (d) 66. (b), 
67. (a), (c) 68. (a) 69. (c) 70. (b) 71. (c) 72. (c) 
73. (a), (b) 74. (c) 75. (a), (c) 76. (b), (d) 77. (b) 78. (b) 
79. (c) 80. (c) 81. (c) 82. (c) 83. (b) 84. (b) 
85. (a), (c), (d) 86. (b) 87. (a) 88. (d) 89. (b) 90. (b) 

Practice Test 

1. (b) 2. (b) 3. (b) 4. (d) 5. (a), (b), (c) 6. (c) 
7. (a) 8. (c) 9. (a), (b), (c) 10. (b) 



BINOMIAL THEOREM 
§ 5.1. Binomial Theorem (for a positive integral index) 

It n is a positive integer and x, y e C then 
(x+y)" = " C b x " - V + " C i x " - 1 y 1 + " C 2 x " - 2 / + ... + "C ny" 

Here "Co, "Ci, "C2,...., "Cnare called binomial coefficients. 

§ 5.2. Some Important Points to Remember 
(i) The number of terms in the expansion are (n + 1). 
(ii) General term : 

General term = (r+ 1)fMerm 
.-. => 7 r + i =  nCrxn~ ry r, where r = 0 , 1, 2 n. 

(iii) Middle term : The middle term depends upon the value of n. 
(a) If n is even, then total no. of term in the expansion is odd. So there is only one middle term 

\ 

th term is the middle term. i.e., -+1 

(b) If n is odd, then total number of terms in the expansion is even. So there are two middle terms 

i.e., n + 1 th and ( n + 3 th are two middle terms. 

(iv) To find (p + 1) th term from end : 
(p + 1) th term from end = (n - p + 1) th term from beginning 

= Tn - p + 1 
(v) Greatest Term : 

To find the greatest term (numerically) in the expansion of (1 + x)". 

(a) Calculate p = x ( n + 4 1 ) 

(x + 1) 
(b) If p is integer, then Tp and Tp+1 are equal and both are greatest term. 
(c) If p is not integer. Then T[P] +1 is the greatest term. Where [ • ] denotes the 

greatest integral part. 
How to find greatest term in the expansion of ( x + y ) " : 

(x + y) xn 
V 

1 +-

then find the greatest term in (1 + y/x)n. 
(vi) Greatest Coefficient: 

(a) If n is even, then greatest coefficient =  nCn/2 

(b) If n is odd, then greatest coefficients are "Cn - 1 and nCn\ 1 
2 '2 

(vii) Important Formulae: 
(a) C0+C1 + Q1+C3+ .... + Cn = 2" 
(b) Co + C2 + C4 + .... = Ci + C3 + C5 + .... = 2' n- 1 
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=> Sum of odd binomial coefficients = Sum of even binomial coefficients. 
(c) C%+tf+C%+... + <?n = 2nCn 
(d) CoCr+ Ci Cr+ 1 + Cz Cr+ 2 + ... + Cn-rCn = 2nCn-r 

where Co, Ci, C2, C3, represent "Co, "Ci, nCz, "C3 

(viii) An Important Theorem : 
If (VP + Q)n = /+ f where / and n are positive integers, n being odd, and 0 < f< 1, then show that 
(/+ f) f = k" where P-Cf = k> 0 and VP - Q< 1. 
Proof. Given VP - Q< 1 

0 < ( V P - Q ) " < 1 
Now let (VP - Q)n= f where 0< f < 1. 

/+ f - = (Vp + Q) n - (Vp - Q)n 

R.H.S. contains even powers of VP ( v n is odd) 
Hence R.H.S. and I are integers. 

f - A' is also integer. 

= > f - f = 0 V - 1 < f - f ' < 1 
or f = r 

( l + f ) f = ( l + f ) f ' = (VP + Q ) " ( V P - Q ) n = ( P - Q 2 ) " = A". 
Note. If n is even integer then 

(VP + Q)n + (VP - Of = l+f+f 
Hence L.H.S. and I are integers. 

/+ P is also integer. 
=> f+f 1 •.' 0<f+f'<2 

f' = 0 - f ) 
Hence ( / + 0 ( 1 - f ) = (l+f)P = (<P + Q)n (-fP - Q)n 

= ( P - Q 2 ) " = A". 
(ix) Multinomial Expansion 

If n € A/, then the general term of the multinomial expansion (xi +X2 + X3 +.... + Xkf is 
n ' x f1 . x£2. X3a3 Xk", where ai + az + a3 +.... + a* = n ai ! a2 ! a3 I.... a* I 

and 0 < a/ < n, i = 1, 2, 3,.. . A. and the number of terms in the expansion are n + k ~ 1 1 

MULTIPLE CHOICE - I 
/iac/j question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

!• The coefficients of x1/, yzt2 and xyzt in the 3. If the coefficient of x3 in the expansion of 
expansion of (x + y + z + t) are in the ratio ( 1 + a x ) is 32, then a equals 
(a) 4 : 2 : 1 (b) 1 : 2 : 4 (a) 2 (b) 3 
(c) 2 : 4 : 1 (d) 1 : 4 : 2 (c) 4 (d) 6 

2. The total number of terms in the expansion 4. i n t h e expansion of (1 +x) 4 3 , the coefficients 
of (x + a)1 0 0 + (x — a)1 0 0 after simplification, of the (2r+ l)th and the (r + 2)th terms are 
is equal, then the value of r, is 
(a) 50 (b) 51 (a) 14 (b) 15 
(c) 154 (d) 202 (c) 16 (d) 17 
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5. If the three successive coefficients in the 
Binomial expansion of (1 + JC)" are 28, 56 and 
70 respectively, then n equals 
(a) 4 (b )6 
(c) 8 (d) 10 

6. If m and n are any two odd positive integers 
with n < m then the largest positive integer 
which divides all numbers of the form 

2 2 (m - n ), is 
(a) 4 
(c )8 

( b ) 6 
(d )9 

25 25 
7. The number 5 - 3 is divisible by 

(a) 2 (b) 3 
( c )5 ' (d) 7 

8. For a positive integer n, if the expansion of 
(2x~1 + x2)" has a term independent of x, then 
a possible value for n is 
(a) 10 b) 16 
(c) 18 (d) 22 

9. The term independent of JC in the expansion 
Nio 

of VffT-VJ 3 

(a) 5 / 1 2 

is 

( b ) l 
(c) ' " Q (d) None of these 

10. The term independent of JC in the expansion 
of 

[ ( f ' - ^ j c + C r ' + i y V 1 ] 8 is 

(a) 56 

(c) 70 

i - n 
l+t 
1 - t 
l+t 

(b) 56 

(d) 70 

l + t 
1 - t 

i + r 4 

i - t 
n - If (1 -x + x2)n = a0 + alx + a2x2+ ...+ 

In a2nx then a0 + a2 + a4+... +a2n equals 

( a ) ^ ( 3 " + l ) 

3") ( c ) i ( l 

( b ) | ( 3 " - l ) 

(d) | + 3" 

12. If the sum of the binomial coefficients in the 

expansion of f x + —1 is 64, then the term 

independent of JC is equal to 
(a) 10 (b) 20 
(c) 40 (d) 60 

13. The sum of coefficients of the two middle 
terms in the expansion of (1 + JC)2" ~1 is equal 
to 

(a) ( 2" ~ 1}C„ 

( O X - i (d )2"C„ 

14. If Cr stands for nCn then the sum of first 
( n + 1 ) terms of the series 
aC0 + (a + d) Cx + (a + 2d) C2 + ..., is 

(a) 0 (b) [a + nd] 2" 

(c) [2a + {n-\)d\2n~x (d) [2a + nd] 2 " " ' 
15. The number of rational terms in 

(V2~+3 V3~+ 6 V5)10 is 
(a)6 ( b )4 
(c) 3 (d) 1 

16. If the number of terms in the expansion of 
(1 + 2JC - 3JC2)" is 36, then n equals : 
(a) 7 (b )8 
(c) 9 (d) none of these 

17. If the sum of the coefficients in the 
expansion of (2 + 3 c x + c V ) 1 2 vanishes then 
c equals 
( a ) - 1 , 2 (b) 1,2 
(c) 1 , - 2 (d) - 1 , - 2 

18. If the sum of odd numbered terms and the 
sum of even numbered terms in the 
expansion of (JC + a)n are A and B 

2 2 n respectively then the value of (JC - a ) is : 

( a )4 Afl 

(c )A 2 + B2 

(b)A2-B2 

(d) None of these 
19t The largest term in the expansion of 

(2 + Sx)25 where x = 2 is its 
(a) 13 th term (b) 19th term 
(c) 20th term (d) 26th term 

20. The sum of the series 
1 1 1 

1 ! (« - 1) ! + 3 ! (« - 3) ! + 5 ! (n - 5 ) ! 
1 + . . . + 

(n - 1) ! 1 ! 
n — 1 

I S 

(a) ( n - 1 ) ! 
- n - l 

(b) 

(c)- n ! 

( n - 1 ) ! 
2" 
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21. The greatest coefficient in the expansion of 
, , , -.2n + 2 • 
( l + x ) IS 

(a) (2 w) i 
(n ! ) 2 

(b) 

(c)
 ( 2

"
 + 2 ) ! 

w n ! (n + 1) ! (d)-

(2n + 2 ) ! 

{ ( « + l ) ! } 2  

(2n)! 
n ! («+ 1) ! 

22. For integer n > 1, the digit at unit place in the 
100 2» 

number X r ! + 2 is 
r = 0 

(a) 4 (b) 3 
( c ) l ( d ) 0 

23. If C0, C,, C2 , . . . . C„ are the Binomial 

coefficients in the expansion of (1 + x)",n 
being even, then 

C 0 + ( C 0 + C,) + (C0 + C, + C J + ... + 

(C0 + Ci + C2+ . . . + C„_1) is equal to 

(a) n 2" (b) n. 2 " ~ ' 

(c) n.2"~2 ( d ) n . 2 " ~ 3 

24. If ( l + ^ ) n = C 0 + C 1 ^ + C 2 x 2 + . . . + C„x", 
then the value of 

1 
0 2 1 3 2 (n + 1) 

C . is 

(a) 

(c) 

( n + 1) 
2 " - 1 - 1 

(b) 

(d) 

, n + l 

( H + l ) 
2" + ' - 1 

( « + l ) v / ( " + D 
25. If the seventh terms from the beginning and 

the end in the expansion of 

equal then n equals 
^13 

are 

(a) 9 (b) 12 
(c) 15 (d) 18 

26- The expression ( 'VQ)" - ( '"C,)" + .. . 

_ ( 1 0 C 9 ) 2 + (10C10)2 equals 

(a) ,0C5 

(c).( '°C5)2 

(b)-1 0C5 

( d ) ( 1 0 ! r 
27. The number of terms in the expansion of 

(V3~+ 4VJ)1 2 4 which are integers, is equal to 
(a) nil (b) 30 
(c) 31 (d) 32 

28. The expression "C0 + 4. "C, + 42. "C2 + ... + 

4". "Cn, equals 

(a) l 2 n (b) 23" 
(c) 5" (d) None of these 

29. The first integral term in the expansion of 
(VT+ 3V2)9, is its 
(a) 2nd term (b) 3rd term 
(c) 4th term (d) 5th term 

30. The number of rational terms in the 
expansion of (1 IS 
(a) 6 (b )7 
( c )5 (d) 8 

31- The coefficient of abAc in the expansion of 

(1 + a + b - c ) 9 is 

(a) 2. 9 C 7 . 7 C 4 (b) - 2. 9 C 2 . 7 C 3 

(c) 9C7. 7C4 (d) None of these 

32. The greatest value of the term independent of 
x in the expansion of 
(x sin a + x 1 cos a)1 0 , a e R is 

(a) 2 

. , 1 10 ! 

(b) 
10 ! 

(51 r 

(d) None of these 

33. If (1 + x + 2*2)20 = a 0 + fl) x + a2x2+ ... + 

040x40 then a 0 + a 2 + a 4 . . . + a 3 S equals 

(a) 219 (220 + 1) (b) 21 9 (220 - 1) 
(c) 22 0 (219 - 1) (d) None of these 

i?32 

34. If 7 divides 32 , the remainder is 
(a) 1 (b) 0 (c) 4 (d) 6 

35. " i 1 

ncr 
r-0  nCr + "Cr+1 

/ \ n 

2 

is equal to 

(c) 

(b) 

(d) 

n+ 1 
2 

n(n+1) w ( w - l ) 
2 W 2 ( n + 1 ) 

36. The largest term in the expansion of 
b b \ m . 
2 + 2 j 1S 

100 (a)b 
h N'OO 

( b ) l l 
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(O , 0 0C5 0 

100 
(d) None of these 

37. The coefficient of x is the polynomial 
/ „ , 2n + 1 w , 2n + 1 w , 2n +1,, , C* + Q>) (X + c , ) ( x + C2)... 

(* + 2n + ,C n ) is 

(b) 22" + 1 — 1 (a) 2" 

(c) 22" (d) None of these 
38. If the fourth term of 

n6 

rvs 
i 

+ '<>810*1 + is equal to 200 and 

x > 1, then x is equal to 
(a) 10 V2 (b) 10 

(c) 104 (d) None of these 

39. If (l+x)n = C0 + C,x+C2x2+ ... + Cnx", 
n 2 

then the value of Z (k + 1) Ck is 
k = 0 

(a) 2" ~ 3 (n2 + 5n + 4) 

(b) 2" ~ 2 (n2 + 5« + 4) 

(c) 2" ~ 2 (5n + 4) 
(d) None of these 

40. If fx) denotes the fractional part of x, then 
,2/i 

n e Wis 

(a) 3 / 8 
(c) 1/8 

(b) 7 / 8 
(d) None of these 

41. The sum of the last ten coefficients in the 
19 

expansion of ( 1 + x ) when expanded in 
ascending powers of x is 18 (a) 2 

(c) 2 I 8 - 1 9 C I O 

,19 
(b) 2 
(d) None of these 

" 1  n r 42. If a. = Z then Z — equals 
r — 0 Cr

 r=0 Cr 

(a) (n - 1) an 

(c) 2  n °n 

(b) n an 

(d) None of these 

43. The coefficient of xm in 
-.m + 1 (1 + x)m + (1 + x)m + + ... + (1 + x)", m < n is 

(a) n+lCm + 1 

(c)"Cm (d ) "CB + i 

44. The last two digits of the number 3400 are 
(a) 39 (b) 29 
(c) 01 (d) 43 

45. The unit digit of 171983 + 111983 - 71983 is 
( a ) l 
( c )3 

(b) 2 
(d )0 

46. If ( l + 2 x + 3x2)10 = a 0 + a , x + a 2 x 2 + . . . 
20 

+ #20 x then a t equals 
(a) 10 (b) 20 
(c) 210 (d) 420 

47. In the expansion of (1 +x) n (1 +y)n (1 +z)n, 
the sum of the coefficients of the terms of 
degree r is 

(a)("C r)3 (b) 3. "Cr 

(c) 3 n C r (d )"C3r 

48. If the second term in the expansion 

"C 3 / n C 2 is 
(a) 4 
(c) 12 

is 14a5/2, then the value of 

(b) 3 
(d) 6 

49. Which of the following expansion will have 
• • 2 term containing x 

(a) (x - 1 / 5 + 2x375)25 (b) (x3 /5 + 2x~1 / 5)2 4 

(c) (x3 /5 — 2x~1 /5)23 (d)(x 3 / 5
 + 2 x - , / 5 ) 2 2 

50. Coefficient of 1 /x in the expansion of 
( l + x ) " ( l + l / x ) n is 

n\ 

(a) 

(b) 

(c) 

(d ) (2n - 1) (2n + 1) ! 

51. The coefficient of x53 in the expansion 

100 
Cm(x-3) 

(n- 1)! (n+ 1)! 
In ! 

( « - 1) ! (»+1) 
n ! 

(2 n-- l ) ! ( 2 n + l ) ! 
2n ! 

Z 100Cm ( x - 3 ) 1 0 0 _ m . 2m is 

m = 0 

(a) 100C47 

(C) - I 0 0C53 

(b) 1 0 0 c 5 3 

( d ) - m C m 
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52. The value of x, for which the 6th term in the 
expansion of 

53.. £ 
r = 1 

2log2 V(9* '+7 ) + _ 

equal to 
(a) 4 
(c) 2 

' r- 1 

1 

I nC/C. 2" 
p = 0 r p 

,(1/5) log, (3'" ' + l) 

(b )3 
(d)5 

is equal to 

is 84 is 

(a) 2k where k e / (b) 2k+\, where k e / 

(c) 4" (d) 8" 
57. The number of irrational terms in the 

e ,,,1/5 , 01/10N55 • expansion ot (2 + 3 ) is 
(a) 47 
(c) 50 

(b) 56 
(d) 48 

( - D" C„ 
5 8 . i f — _ — + 

1 3 5 2n + 1 

= £_[ x (1 -x2)"~1 dx then k = 

(a) 4" - 3" + 1 (b) 4" - 3" - 1 

(c) 4" - 3" + 2 (d) 4 " - 3 " 

54. If (l+x)n = C0 + C]x+C2x2+ ... + Cnxn, 
then Z Z C,C, is 

0 < i < j < n 1 

2 ( b ) 2 2 « - . 2 . 2 n ! 
- M l 

(a) 
+ 1 , 2 . n. n ! 

(2n + 1) ! (b) 2 2H n 
(2n+ 1) ! 

z s 2n + 1 
(C) cn (d) 

n + 1 , (n2 
2 . n. (n !) 

(2n+ 1) ! 

n In ! 

59. The value of the expression 
" + 1 C 2 + 2 [2C2 + 3C2 + 4C2 + ... + "C2] is 

(c) 2ln + ] — ( d ) 2 2 " - 1 
2n c„ 

55. The 

2.n ! 

value of 99 - 99-98 

(a) Z n 

(c) Z n 

(b) Z n 

(d) ( « + D 

+ (97)50 + . . . + 99 is 60. I f n> 3, then Z ( - 1 / ( n - r) (n - r + 1) 
( n - r + 2 ) C r = . 

( a )4 (b) 3 
( c )0 (d) 1 

1.2 

( a ) - l (b) - 2 
( c ) - 3 ( d ) 0 

56. If x = {-^3 + 1)", then [JC] is (where [JC] denotes 
the greatest integer less than or equal to x) 

MULTIPLE CHOICE -II 
Each question, in this part, has one or more than one correct answers). For each question write the letters 
a, b, c, d corresponding to the correct answer(s). 

61. The coefficient of x in the polynomial 

{x +  nC0) ( x + 3 " C , ) (X + 5"C2)... 

(x + (2n+\)"Cn) is 

(a) n . 2" (b) n . 2" + ' 
(c) (n + 1) . 2" (d) n . 2" + 1 

62. The coefficient of Xn (J." in the expansion of 
[(1 + A.) (1 + |x) (X+ | i ) ] " is 

( a ) £ C2 

r = 0 
( b ) £ C2

+2 

r = 0 

n n 

( c ) £ C 2
+ 3 ( d ) £ C r 

r=0 r=0 
63. If (1 +x + x2)n = a0 + a^x + a2x2 + ... + 

a2nx2" then 
(&)a0-a2 + a4-a6 +.... = 0, 

if n is odd. 
(b) a\ - a 3 + a5 - an + .... = 0, 

if n is even. 
(c) Oq - a2 + a4 - a6 + .... = 0, 

if n = 4p, p e / + 

(d) aj - a3 + a5 - a1 + .... = 0, 

ifn = 4p+\,ps 
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64. The value of C0
2 + 3C,2 + 5C2

2 + ... to 
(n + i) terms, is 

(given that Cr = "Cr) 

(a)2 ,1 ~1 C„ _ i 

(b) ( 2 n + l ) . 2 " 7 1 C „ 

(c) 2(n + 1) . 2" ~ X'Cn 

( d ) 2 " - 1 ^ + (2«/+ 1) . 2 n _ ' c „ _ | 

65. If n is even positive integer, then the 
condition that the greatest term in the 
expansion of (1 + x)n may have the greatest 
coefficient also is 
, . n n + 2 
( a ) — — < x < n + 2 

n + 1 
(b) < X < 

n 
n 

(c) < X < 

n + 1 
n + 4 

n + 4 n 
(d) None of these 

66. The number of distinct terms in the expansion 
of (x + 2y - 3z + 5w — hi)" is 
(a) n + 1 
(b)" + 4C4 

(c )" + 4C„ 

(d) 
(n + 1) (n + 2) (n + 3) (n + 4) 

24 
67. If n is a positive integer and 

(3^3 + 5)2"+ 1 = a + (J where a is an integer 
and 0 < (3 < 1 then 
(a) a is an even integer 
(b) ( a + P)2 is divisible by 22" + 1 

(c) The integer just below (3 V3~+ 5)""+ 1 

divisible by 3 
(d) a is divisible by 10 

68. For 1 < r < n, the value of 

"Cr + " _ , C r + "~2Cr + + rCr is 

(a) "Cr+ [ (b )" + , C r 

( c ) " + 1 C r + 1 (d) None of these 
6 9 - If (8 + 3 V7)" = P+F, where P is an integer 

and F is a proper fraction then 
(a) P is an odd integer 
(b) P is an even integer 
(c)F.(P+F) = 1 

( d ) ( l - F ) ( P + F ) = 1 

70. The remainder of 7103 when divided by 25 is 
(a) 7 (b) 25 
(c)18 (d) 9 

71. In the expansion of 3V4 + 
_1_ 

'V6 

,20 

(a) The number of rational terms = 4 
(b) The number of irrational terms = 19 
(c) The middle term is irrational 
(d) the number of irrational terms = 17 

72. If fl), a2, a3, a4 are the coefficients of any 
four consecutive terms in the expansion of 

a, a 3 
(1 + x)n, then 

a j + a 2 a 3 + a 4 
is equal to 

(a) 

(c) 

a2 

a2 + a3 

2a2 

a2 + a3 

1 «2 
^ 4 — r — 2 a2 + a3 

(d) 
2a , 

a2 + a3 

73. The coefficient of xr(0<r<(n- 1)) in the 
expansion of (x + 3)""1 + (x + 3 ) " ' 2 (x + 2) 
+ (x + 3)"~3 (x + 2)2 + ... + (x + 2)"~1 is 

74. 

(a) "Cr (3r - 2") 

(c) " C r ( 3 r + 2"~ r) 

(1000)" 
Let a„ 

(b) nCr (3"~r-2n~r) 

(d) None of these 

for n G N. Then is 

greatest when 
(a) / (= 998 
(c) n = 1000 

75. 

(b) n = 999 
(d) n .= 1001 

If there is a term containing 
J V ~ 3 

in 

,v + — 
v" 

then 

(a) n - 2r is a positive integral multiple of 3 
(b) /I - 2r is even 
(c) 7i - 2r is odd 
(d) None of these 

76. The value of the sum of the series 

3. " C 0 - 8. "C, + 13. "C\ - 18. "C, + ... upto 

(71 + 1) terms is 

(a) 0 (b) 3" 

(c) 5" (d) None of these 
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77. If C0, Cj, C2 , . . . , Cn are coefficients in the 

binomial expansion of (1 + JC)", then 
C0C2 + Q C 3 + C2C4 + ... + Cn_2Cn is equal 
to 

2n ! 
(a) 

(b) 

(c) 

(n - 2) ! (n + 2) ! 
2 n ! 

( ( n - 2 ) ! ) 2 

2 n ! 

78. 

{{n + 2) !)z 

(d) 2"Cn_2 

If a + £> = 1 then "L r Crab equals 
r = 0 r n 

(a) 1 (b) n 
(c) na (d) nb 

If « is a positive integer and Ck = nCh then 
Q 

n 
I it 

*=1 Q - 1 
equals 

(a) 

(b) 

(c) 

(d) 

n(n+ 1) {n + 2) 
12 

n ( n + l ) 2 (n + 2) 
12 

n ( n + l ) ( n + 2)2 

12 

w2 (n + l)2 (n + 2)2 

144 

80. The coefficient of JC50 in the expansion of 
, , , .1000 . / , / , . \999 , », 2 , , , ,998 

( 1 + J C ) + 2 * ( 1 + J T ) + 3JC ( 1 + J C ) 

+ ... + ... +1001 x1000 is , . 1000-
(a) c50 
, , 1002^ 
(c) c50 

( b ) 1 0 0 ^ ^ 

(d) ,000c51 
81. If (6 V6~+ 14)" + 1 = m and i f / i s the fractional 

part of m, then /m is equal to 
(a) 15n + 1 (b) 20" + 1 

(c) 25" (d) None of these 

83. If the sum of the coefficients in the 
expansion of (x-2y + 3z)" = 128, then the 
greatest coefficient in the expansion of 
(1 +x)n is 
(a) 35 (b) 20 
(c) 10 (d) 5 

84. The expression (x + V(x3 - l ) ) 3 

- 1) is a polynomial of degree 
(a) 15 (b) 6 
( c )7 (d) 8 

25 85. In the expansion of (JC + Y + Z) 
(a) every term is of the form 

25/^ 25 — r r-k k Cr. Ck.x .y .Z 

(b) the coefficient of xiy9z is 0 
(c) the number of terms is 351 
(d) none of these 

86. If n > 3 and a,beR, then the value of 
n (n - 1) 

1.2 

(a - 2 ) (b -2) -...+(- 1)" (a -n) (b- n) is 

ab - n (a - 1) (b - 1) + 

(a) a" + b" 

(c) {ab)n 

(b) a — b 

(d) 0 

87. The value of I X "C ;
 JCh i < j is 

, = 0 7 = 1 1 

(a) 3" — 1 

(c)2" 

(b) 0 
(d) none of these 

88. The coefficient of a ' V c 3 in the expansion of 
(be + ca + ab)]0 is 
(a) 30 (b) 60 
(c) 120 (d) 240 

89. If (1 + 2JC + 3JC2)10 = a0+ ai x +a2x2 + ... + 
20 l L #20 JC , then 

(a) a , = 20 (b) a 2 = 210 

(c) a 4 = 8085 (d) a ^ = 22. 37. 7 

82. The number of terms in the expansion of 9 0 - ^ coefficient of the middle term in the 
[(a + 3b)2 ( 3 a - b ) 2 ] 3 is 

In expansion of (1 + JC) is 

(a) 14 
(c) 32 

(b) 28 
(d) 56 

( b ) 1 . 3 . 5 . . . . ( 2 n - l ) 2 n 

n ! 
(c) 2.6 (4n - 2) (d) None of these 
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Practice Test 
MM : 20 Time: 30Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

n + 1 * 2 20 2 ( l + x + 2 x ) =a Q + aiX+a2X + . . .+ 1. If 

OS40 xi0 then a j + a 3 + + ... + 037 equals 

21) (b) 220 (219 - 19) 

(d) None of these 

(a) 2 1 9 ( 2 2 0 -

(c) 219 (220 + 21) 
2. If maximum and minimum values of the 

determinant 

1 + sin x 
. 2 sin x 
. 2 sin x 

2 cos x 
1 , 2 
1 + COS X 

2 
COS X 

sin 2x 
sin 2x 

1 + sin 2x 
are a and p then 

(a) a 3 - p17 = 26 

(b) a + P97 = 4 
2n 

(c) (a - P ) is always an even integer for 
neN. 

(d) a triangle can be constructed having its 
sides as a , P and a - p 

3. The coefficient of x in (1+*) (1-JC+JC ) 
is 
(a) 1 (b) 2 
(c) 3 (d) 0 

4. The number of terms in the expansion of 
( N 9 + VtT) which are integers is given 
by 
(a) 501 (b) 251 
(c) 601 (d) 451 

5. If n is an even integer and a, b, c are 
distinct, the number of distinct terms in the 
expansion of (a + b + c)n + (a + b - c)n is 

w i f (b) 

(d) 

6. Let a0 , a1 ( a2 , ... be the coefficients in the 
2 n 

expansion of (1 + x + x ) arranged order of 
x. The value of ar - nCi ar_ 1 + "Cj ar_ 2 - ... 
+ (- l ) r nCra0 = ... where r is not divisible 
by 3. 
(a) 5 (b) 3 
(c) 1 (d)0 

7. In the expansion of (3 x / i + 35174)" the sum 
of the binomial coefficients is 64 and the 
term with the greatest binomial coefficients 
exceeds the third by (re - 1) the value of x 
must be 
(a) 0 (b) 1 
(c) 2 (d) 3 

8. The last digit of 3 + l i s 
(a) 1 (b) 2 
(c) 3 (d) 4 

9. I f : 1 1 1 and f (x 1! 11! 3 ! 9 ! 5 ! 7 !. ml 
= f(.x).f(y)Vx,y,fa)=l,f '(0) = 10 then 
(a) f\n) = m (b)f'(m)=n 
(c) f\n) * f\m) (d) None of these 

10. The number 101100 - 1 is divisible by 
(a) 100 (b) 1000 
(c) 10000 (d) 100000 
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Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice -I 
l . ( b ) 2.(b) 3. (a) 4. (a) 5. (c) 6. (c) 
7. (a) 8. (c) 9. (d) 10. (c) 11. (a) 12. (b) 

13. (d) 14. (d) 15. (c) 16. (a) 17. (d) 18. (b) 
19. (c) 20. (c) 21. (b) 22. (d) 23. (b) 24. (d) 
25. (b) 26. (a), (b) 27. (d) 28. (c) 29. (c) 30. (b) 
31. (b) 32. (c) 33. (b) 34. (c) 35. (a) 36. (c) 
37. (a), (c) 38. (b) 39. (b) 40. (c) 41. (a) 42. (c) 
43. (a) 44. (c) 45. (a) 46. (b) 47. (c) 48. (a) 
49. (d) 50. (b) 51. (c) 52. (c) 53. (d) 54. (d) 
55. (d) 56. (a) 57. (c) 58. (d) 59. (b) 60. (c) 

ultiple Choice -II 
61. (c) 62. (d) 63. (a), (b) 64. (c). (d) 65. (a) 66. (b), (c), (d) 
67. (a), (b). (d) 68. (c) 69. (a), (d) 70. (c) 71. (b), (c) 72. (c) 
73. (b) 74. (b), (c) 75. (a) 76. (a) 77. (a), (d) 78. (c) 
79. (b) 80. (c) 81. (b) 82. (b) 83. (a) 84. (b), (c) 
85. (a), (b), (c) 86. (d) 87. (a) 88. (c) 89. (a), (b), (c) 90. (a), (b) 

ractice Test 

1. (a) 2. (a), (b), (c) 3. (d) 4. (b) 5. (c) 6. (d) 
7. (a) 8. (a), (d) 9. (b) 10. (a), (b), (c) 



DETERMINANTS 
§6.1. Definition 

Determinant of order 2, 3 and 4 are written as 

a n 
321 

312 
322 

311 ai2 a 13 
a2i a22 323 and 
331 332 333 

a n ai2 a i 3 ai4 
a2i 322 a23 a24 
331 332 333 334 
341 a42 a43 344 

where a,y e C~Yi, j 

§ 6.2. Minors and Cofactors 

If we delete the row and column passing through the element a(y, thus obtained is called the minor of a,y 
and is usually denoted by Mjj and cofactors of a,y is ( - 1 M j j and it is denoted by Ay or C,y. 

311 312 313 
Let A = 321 322 323 

331 332 333 
Then 

§ 6.3. Properties of Determinants 

A = an Mii - 312 Mi2 + a-13 Mi3 
= an Cn + ai2 C12 + ai3 C13. 

(i) The determinant remains unaltered if its rows and columns are interchanged. 
(ii) The interchange of any two rows (columns) in A changes its sign 
(iii) If all the elements of a row (column) in A are zero or if two rows (columns) are identical (or 

proportional), then the value of A is zero. 
(iv) If all the elements of one row (or column) is multiplied by a non zero number k, then the value of the 

new determinant is k times the value of the original determinant. 
(v) If the elements of a row (column) of a determinant are multiplied by a non zero number k and then 

added to the corresponding elements of another row (column), then the value of the determinant 
remains unaltered. 

(vi) If A becomes zero on putting x = a, then we say that (x - a) is a factor of A. 
ai + bi C1 ai bi C1 Xi bi Ci 

(vii) 32 + X2 b2 C2 = 32 b2 C2 + bz C2 
a3 + X3 bs C3 a3 b3 C3 x3 bs C3 

ai a2 a3 ai 0 0 
(viii) 0 b2 bs = ai t>2 C3 = bi bi 0 

0 0 C3 ci 02 C3 

ai bi Ci a i P1 71 
(ix) 32 b2 C2 X <*2 p2 Y2 

33 b3 C3 «3 p 3 73 
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aia i +i?i(3i + ciyi 
a2a-| + £>2PI + C2Y1 
a3ai + b3pi + C3Y1 

aia.2 + £>1̂ 2 + C1Y2 
a2CC2 + + C2Y2 
a3a2 + fc*3p2 + C3Y2 

aia3 + bip3 + C1Y3 
a2a3 + £>2p3 + C2Y3 
a3«3 + teP3 + C3Y3 

Note that we can also multiply rows by columns or columns by rows or columns by columns. 

§ 6.4. Systems of Linear Equations 

The system of homogeneous linear equations 
a ix+ b\y+ c iz = 0 
a2*+ bzy+ C2Z = 0 

and 33X + b^y + C3Z = 0 
has a non trivial solution (i.e. at least one of x, y, z is non zero) if 

ai £>1 ci 
a = 32 £>2 c2 = 0 

a3 te <5 
and if a ^ 0, then x = y = z = 0 is the only solution of above system (Trivial solution). 

Cramer's Rule : Let us consider a system of equations 
a-ix+ toiy+ ciz = di 
a2X+ b>2y+ C2Z = cfc 
a3X+i>3y+ C3Z = cfe 

Here 
ai 61 C1 d^ bi C1 

a = a2 b2 C2 ai = cfe b2 C2 
as bs c3 d3 c3 
ai d^ c1 ai bi <* 

a2 = a2 ch. C2 A3 = a2 to cfe 
a3 cfe c3 a3 cfe 

x = Al 
a - y = 

a2 
a and z = a3 

a ' 

By Cramer's rule, we have. 

Remarks: 

(i) A / 0, then system will have unique finite solution, and so equations are consistent. 
(ii) If a = 0, and at least one of a1, a2, a3 be non zero, then the system has no solution i.e., equations 

are inconsistent. 
(iii) If a = a1 = a2 = a3 = 0 then equations will have infinite number of solutions, and at least one 

cofactor of a is non zero, i.e. equations are consistent. 

§ 6.5.. Differentiation of Determinant Function 

ft 
If F (x) = 92 93 

hi /12 h3 
where ft, h, h\ flu, 52, g3; hi, te, hx are the functions of x, then 

ft' fe' h' ft f2 ft 
F ' ( x ) = 91 92 93 + 91' 92' 93' + 91 92 fits 

/72 h3 /71 /n' /13' 
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MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. If the value of the determinant 
1 
1 is positive, then 
c 

a 1 
1 b 
1 1 

(a) abc > 1 
(c) abc < — 

is 

(b) positive r o, i = j 
(d) q2 + pr If 

H - l ; 
i>i 
i < j 

(b)abc > - 8 
(d) abc > - 2. 

Given that q* - pr < 0, p > 0 the value of 
p <7 px+qy 
q r qx+ ry 

px + qy qx + ry 0 
(a) zero 
(c) negative 

3. I f / ( n ) = a" + P" and 
3 1 + / (1 ) 1 + / (2 ) 

1 + / d ) 1 + / (2 ) 1 + / (3 ) 
1 + / ( 2 ) 1 + / ( 3 ) 1 + / ( 4 ) 
= k (1 - a ) 2 (1 - P)2 (1 - Y)2, then k = 
(a) 1 (b) - 1 
(c) txp (d) apy 
If x, y, z are integers in A.P., lying between 1 
and 9, and x 51, y 41 and z 31 are three-digits 
numbers then the value of 

5 4 3 
x51 y 41 z 31 

z 
(b) x - y + z 
(d) x + 2y + z 

x y 
(a) x + y + z 
(c)0 

5. If 
1 1 1 1 be a 

A,= a b c , A2 = 1 ca b 
2 a b2 2 

C 1 ab c 

, then 
3 + 2? 5 - i 7 - 3 i 

7. If z = i 2i -3i 
3 - 2 i 5 + i 7 + 3i 

(a) z is purely real 
(b) z is purely imaginary 
(c) z is mixed complex number, with imaginary 

part positive 
(d) None of these 

8. In a third order determinant a,-, denotes the 
element in the ith row and the yth column 

then the value of the determinant 
(a) 0 (b) l 
(c) - 1 (d) None of these 

then 

(a) A, + A2 = 0 
(c) A ,=A 2 

(b) A, + 2A2 = 0 
(d) A, = 2 A2 

9. If 

A(x) = log (1 + x") 

cos X 

then 
(a) A (x) is divisible by x 
(b) A (x) = 0 
(c) A' (x) = 0 
(d) None of these 

10. The value of 
log„ (x/y) loga (y/z) 
log,, (y/z) log,, (z/x) 
logc (z/x) log, (x/y) 

(a) 1 
(c) loga xyz 

1 +x z 

x e 
tan x 

x 
sin x 
• 2 sin x 

6. If a , p are non real numbers satisfying 

the determinant 
logfl (z/x) 
logh (x/y) 
logc (y/z) 

(b) — 1 
(d) None of these 

11. If V- 1 = i, and to is a non real cube root of 
unity then the value of 

x3 — 1 = 0 then the value of 
X+ 1 

a 
P 

(a) 0 
(c) + 1 

a 
k + p 

P 
1 

X+ a 
is equal to 

1 
— ( 

1 -i 

(0 
- 1 

co2 — 1 

(b) V • 
(d) - 1 

(a) 1 
(c) CO 

1 + i + to 
- 1 - (' + to 

- 1 
(b) i 
(d) 0 

is equal to 
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is expanded in 

12. If the determinant 
cos 2x sin2 x cos 4x 
s in 2* c o s l r cos 2 * 
cos 4x cos2 x cos 2x 

powers of sin x then the constant term in the 
expansion is 
(a) I (b) 2 
( c ) - l (d ) -2 

13. Using the factor theorem it is found that 
b + c,c + a and a + b are three factors of the 

-2a a + b a + c 
b +a -2b b + c 
c + a c + b —2c 

other factor in the value of the determinant is 
(b )2 
(d) None of these 

of the determinant 
in/A 

14 

determinant 

(a) 4 
(c) a + b + c 
The value 

The 

- in/3 

• in/4 

in/3 

1 
- 2m/3 e e 

(a) 2 + 
(c) - 2 + 

15. If 
1 

f(x)= 2x 
(x — 

2/71/3 

1 
IS 

( b ) - ( 2 + V2) 
(d)2-<3 

x 
x ( x - l ) 

1) x C * - I ) ( o r -

x + 1 
x(x+ 1) 

2) .v (A2 — 1) 
then/(200) is equal to 

(a) 1 
(c) 200 

16. If 

<h. = 

1 
2k 

2k- 1 

(b )0 
(d) -200 

n 
n2 + i;+ 1 

i 
n' 

2 
n + n 

and L 
* = 1 

D k 

n~ + n + 1 

56 then n equals 

(a)4 (b)6 
(c) 8 (d) None of these 

17. If a, b, c arc sides of a triangle and 
a 

(a+ l)2 
1/ 

(b+ l)2 ( c + 1 r = 0, then 

( « - 1 ) (b-iy (c-1) 
(a) A ABC is an equilateral triangle 
(b) A ABC is a right angled isoscelcs triangle 

(c) A ABC is an isosceles triangle 
(d) None of these 

18. If the system of equations 2 x - y + z = 0, 
x-2y + z = 0, tx-y + 2z = 0 has infinitely 
many solutions and f(x) be a continuous 
function, such that f(5+x) +f{x) = 2 then 

r2' f(x)dx= 

(a)0 
(c)5 

(b) — 2t 
(d )t 

19. If 

a 
x 
x 
X 

X 
p 

X 

X 

X 

X 

Y 
X 

= f ( x ) - x f ' ( x ) then 

/ (A) is equal to 
( a ) ( x - o t ) ( * - P ) ( * - 7 ) ( x - S ) 
(b) (x + a)(x + P) (x + y) (x + 5) 
(c)2(x-a)(x-P)(x-y)(x-8) 
(d) None of these 

20. For positive numbers x, y, z the numerical 
value of the determinant 

1 log^y logxz 
log,, A; 3 logv z is 
log, A- log ; y 5 

(a) 0 
(b) log* logy logz 
( c ) l 
(d)8 

21. If f ( x ) = ax + bx + c, a, b, c e R and 
equation f ( x ) -x = 0 has imaginary roots a 
and P and "{, 8 be the roots of f ( f ( x ) ) - x = 0 

2 a 5 
then p 0 a is 

Y P 1 
(a)0 
(b) purely real 
(c) purely imaginary 
(d) none of these 

22. If n is a positive integer, then 
n + 2r 

'-n+l 
n + 4 ^ 

l » + 2 

H + 3 ~ 
L n + 1 

n + 4 n 
L n + 2 

n + 5,-, (-n + 3 

n + \ r C H + 2 
n + 

ti + 3 
n + (>n l h + 4 

(a) 3 
( c ) - 5 

(b) 
(d) 

- 1 
- 9 
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23. Let A(x) = 
(x-2) 
( x - 1 ) 

X 

( x - i r 
2 

( x + 1 ) (x + 2)" 

Then the coefficient of x in A (x) is 
( a ) - 3 ( b ) - 2 
( c ) - l (d) 0 

X cos X 

i f / M = sinx 2 X 

tan x 1 

e 

sec x 

2 
,1/2 

then the value of J / ( x ) dx is equal to 
-n/2 

(b)3 
(d)0 

(a) 5 
( c ) l 

25. If 

0 
sin x 
cos x 

cos x 
0 

sin x 

sin 2x = 1, 

- sin x 
cos x 

0 

then 

equals 

(a) 3 (b) 2 
(c) 1 (d) None of these 

26. If a , (5, y are the roots of the equation 
x + px + q = 0, then the value of the 

a p Y 
determinant p y a is 

Y a p 
(a) 4 (b)2 
(c)0 (d) - 2 

27. If a, b, c > 0 and x,y,ze R, then the value of 
the determinant 

{a + a x ) 2 

(b> + b~y)2 

(cz + c~z)2 

(a) 6 
(c )2 

-x.2 •a ) 
(by~b->)2 

(cz-c-f 
(b)4 
(d)0 

is 

28. I fA + fl+C = 7t, then 
sin (A + B + Q sin B cos C 

- sin B 0 tan A 
cos (A + B) - tan A 0 

(a) 1 (b) 0 
( c ) - l (d)2 

is equal to 

cos x 
cos 2x 
cos 3x 

29. L e t f ( x ) 

Then/ ' (71/2) = 
(a) 8 
(c)4 

30. The value of 

sin x 
sin 2x 
sin 3x 

cos x 
2 cos 2x 
3 cos 3x 

(b)6 
(d) 2 

( - Dna (-1 )" + lb ( -1 ) ' 
n + 1 

a+ 1 1 -b 1 + c 
a- 1 b+ 1 1 - c 

a a + 1 a- 1 
( - 1 )"b 1 -b b+ 1 

(_1)« + 2 c 1+c 1 - c 
is equal to 

( b ) l 
(d) None of these 

(a) 3 
( c ) - l 

31. If 3" is a factor of the determinant 
1 1 1 

n + 3 / « + 6 c 

n + 6, 
"C, 

n + 3 si ri TVs-i 
t-2 <-2 

then the maximum value of n is 
(a)7 (b) 5 
(c)3 (d ) l 

32. If a, b, c are non zero real numbers and if the 
equations {a - l ) x = y + z, 
{b - 1) y = z + x, {c - 1) z = x + y has a non 
trivial solution then ab + bc + ca equals 
(a) a + b + c (b) abc 
(c) 1 (d) None of these 

MULTIPLE CHOICE -II 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

33. The determinant 

A = 

2 2 a + x 
ab 
ac 

ab 
12 , 2 b + x 

be 

ac 
be 

2 , 2 
C + X 

is divisible by 
(a) x 
(c)x3 

(b) x 
(d) x4 
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34. If 

Dk = 

-,k- 1 1 
k(k + 1) 

y z 

sin kQ 

sm 
' n + 1 

2 " — 1 
n + 1 

9 sin 1 0 

sin 9 / 2 

then £ Z)̂  is equal to 
k= 1 

(a)0 
(b) independent of n 
(c) independent of 0 
(d) independent of x, y and z 

35. The value of the determinant 
V6 2 i 3 + V6 

< U V3~+VsTz 3 < 2 + < 6 i is 
Vl8~ V2+Vl2" j ^ l z f + 2 i 

(a) Complex (b) Real 
(c) Irrationa (d) Rational 

36. The determinant 
a b aa + b 
b c ba+c 

aa + b ba + c 0 
is equal to zero, if 
(a) a, b, c are in A.P. 
(b) a, b, c are in G.P. 
(c) a, b, c are in H.P. 
(d) a is a root of ax + b x + c = 0 
(e) (x - a ) is a factor of ax + 2bx + c 

37. The digits A, B, C are such that the three digit 
numbers A88, 6B8, 86C are divisible by 72 
then the determinant 

A 6 8 
8 B 6 is divisible by 
8 8 C 

(a) 72 (b) 144 
(c) 288 (d) 216 

38. If a> b> c and the system of equations 
ax + by + cz = 0, bx+cy + az = 0, 
cx + ay + bz = 0 has a non trivial solution 
then both the roots of the quadratic equation 
at2+ bt + c = 0 are 
(a) real (b) of opposite sign 
(c) positive (d) complex 

39. The roots of the equation 
2 2 2 2 2 

3x x + xcos 8 + cos 6 x + * s i n 9 + sin 6 

sin 2 6 X +X COS 0 + COS 0 
2 2 

x +x sin 9 + sin 9 

3 c o s 2 9 

1 + sin 2 9 

1 + • 

3 sin2 6 

(b) sin2 0, cos2 0 

are 

(a) sin 0, cos 0 
(c) sin 0, cos2 0 (d) sin2 0, cos 0 

40. In a triangle ABC the value of the 
determinant 

. A s m -

sin (A + B + Q 

'A+B+C 
cos 

. B 
sin — 2 
. B 

sin — 

sin 

cos 

tan (A + B + C) sin 

is less than or equal to 
(a) 1/2 (b) 1/4 
(c) 1/8 (d) None of these 

41. If 

At4 + Bp + Ct2 + Dt + E = 
t +3t t - 1 f — 3 
f+1 2 — t t-3 
t-3 t + 4 31 

then E equals 
(a) 33 (b) - 3 9 
(c) 27 (d) 24 

42. If a , (3, y are real numbers, then 
1 (cos ((3 - a ) 

1 
cos (p - y) 

A = cos (a - P) 
cos (a - y) 

is equal to 
( a ) - l 

cos (y - a ) 
cos (Y - P) 

1 

(b) cos a cos P cos y 
(c) cos a + cos P + cos y (d) None of these 

43. If all elements of a third order determinant 
are equal to 1 or -1 , then the determinant 
itself is 
(a) an odd number (b) an even number 
(c) an imaginary number (d) a real number 

44. The coefficient of x in the determinant 

is 
(l+x)"1*1 (l+x) f l l&2 (l+x)a^ 
(1 +xpb< (1 +xf^ 
(1 +xpb'- ( l + x ) " A (1 +x)a^ 

(a) 4 (b )2 
(c)0 (d) - 2 
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45. If a , P be the roots of the equation 
ax2 + bx + c = 0 Let S„ = a" + (3" for n > 1 

(a) s
1 (b2 - Aac) 

3 1 + 5 , 1 +S2 , sb2 - Aac 
(c) 4 

a Let A = 1 + 5 , 1 +S2 1 +S3 

, sb2 - Aac 
(c) 4 

a 
1 +S2 1 + S 3 1 + S 4 

then A = 

Practice Test 

(b) 

(d) 

(a + b + c)2 (b2 - Aac) 

(a + b + c) 

M.M : 20 Time : 30 Min 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

then the value of 5a + 4(3 + 3y + 28 + X = 
1. If / y

k + 2
 y

k + 3 (a)-11 (b)0 
(c) - 1 6 (d) 16 

6. Let 
1 sin 0 1 

A= - s i n 6 1 s i n e ; 0 < 6 < 2 r c t h e n 
- 1 - sin 6 1 

k k + 2 k + 3 X X X 
k k + 2 * + 3 

y y y 
k k + 2 k + 3 

Z Z Z 

= ( x - y) (y - z ) ( z - x ) 
1 1 

— + — • 
x y 

then 

(a) & = - 2 (b) k = - 1 
(c) k = 0 (c) k = 1 

2. If fr (x), gr (x), hr (x), r = 1, 2, 3 are 
polynomials in x such that 
fr — Sr (a) - K (a). r = L 2, 3 and 

fl (x) f2 (x) f3 (:x) 
F (x) = g! (x) g2 (x) g3 (x) 

hx (x) h2 (x) h3 (x) 
then F' (x) at x = a is 
(a) 1 (b) 2 
(c) 3 (d) None of these 

3. The largest value of a third order 
determinant whose elements are equal to 1 
or 0 is 
(a)0 (b)2 
(c) 4 (d) 6 

4. Let f(x) = 

(a )p 

5. Let 

x 
6 
P 

sin x cos x 
- 1 0 where p is 

2 3 
P P 

d.3 

a constant. Then — j \f (x)| at x = 0 is 
dx 

(b )p+p2 

3 
(c) p +p (d) independent o f p 

x 2 .. 
x2 x 6 = ax4 + px3 + "p? + 8 x + X 
x x 6 

n n + 1 n + 2 
1 n 

n + l p 
"re + 1 

re + 2 p "n + 2 
lc re + ly-, 

c r e + l 
n + 2r 

+ 2 

(a) A = 0 (b) A e (0, oo) 
(c) A e [ - 1, 2] (d) A e [2, 4] 

7. Let fix) = 

where the symbols have their usual 
meanings. The f(x) is divisible by 

(a) n + n + 1 (b) (TI + 1)! 
(c) n ! (d) none of these 

8. Eliminating a, b, c, from 
c a b 

X = b-c ,y- c -
1 -X x 

(a) 1 -y y 
1 -z z 
1 -x 

(b) 1 1 
1 z 

1 - X 

(c) y 1 
-z z 

= 0 

• we get 

= 0 

= 0 

(d) None of these 
9. The system of equations 

x-y cos G + z cos 26 = 0, 
- x cos 0 + y - z cos 0 = 0, 
x cos 20 ~y cos 0 + z = 0, 
has non trivial solution for 0 equals to 
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10. 

(a) TI /3 

(c) 2TT/3 

Let A(x) = 

(b) TC/6 
(d) TC/12 

x + a x + b x + a - c 
x + b x + c x- 1 
x + c x + d x-b +d 

and 

Record Your Score 

1. First attempt 

2. Second attempt 

3. Third attempt 
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A(x) dx = - 16 where a, b, c, d are in A.P., 
o 
then the common difference of the A.P. is 
equal to 
(a) + 1 (b) ± 2 
(c) ± 3 (d) ± 4 

Max. Marks 

must be 100% 

Answers 

Multiple Choice-I 
l . ( b ) 2. (c) 3. (a) 4. (c) 5. (a) 6. (b) 
7. (a) 8. (a) 9. (a) 10. (d) 11. (d) 12. (c) 

13. (a) 14. (b) 15. (b) 16. (d) 17. (c) 18. (b) 
19. (a) 20. (d) 21. (b) 22. (b) 23. (b) 24. (d) 
25. (d) 26. (c) 27. (d) 28. (b) 29. (c) 30. (d) 
31. (c) 32. (b) 

Multiple Choice • -II 
33. (a), (b), (c), (d) 34.(a), (b), (c),(d) 35. (a), (b) 36. (b), (e) 
37. (a), (b), (c) 38. (a), (b) 39. (a) 40. (c) 41. (b) 42. (d) 
43. (b) 44. (c) 45. (b) 

Practice Test 

1. (b) 2. (d) 3. (b) 4. (d) 5. (a) 6. (d) 
7. (a),.(c) 8. (b), (c) 9. (a), (b), (c), (d) 10. (b) 



7 
PROBABILITY 

§7.1. Definition 

The probability of an event to occur is the ratio of the number of cases in its favour to the total number of 
cases (equally likely). 

p _ _ n(£) _ number of favourable cases 
n (S) total number of cases 

Remark : If a is the number of cases favourable to the event £, b is the number of cases favourable to 
the e v e n t £", then odds in favour of £ a r e a : b and odds against of E a r e b: a 

a In this case P(£) = 

and P ( £ ) = 

a+ b 
b 

a + b 
P (E)+ P (£ ) = 1. 

0 < P (E) < 1 therefore maximum value of P (E) = 1 and the minimum value of P (£) = 0. 

§ 7.2. Type of Events : 

(i) Equally likely Events : The given events are said to be equally likely, if none of them is expected to 
occur in preference to the other. 

(ii) Independent Events : Two events are said to be independent if the occurrence of one does not 
depend upon the other. If a set of events E-\, E2,..., En for Independent Events. 

P ( £ 1 n E2 n £ 3 n . . . . n £ n ) = P ( £ 1 ) P ( £ 2 ) . . . . P (£„) 

(iii) Mutually Exclusive Events : A set of events is said to be mutually exclusive if occurrence of one of 
them precludes the occurrence of any of the remaining events. 

If a set of events £1, £2 En 
for mutually exclusive events. Here P (£1 n £20 n En) = <|> 
then P (£1 u £2 u .... u £„) = P (£1) + P (£2) + P (£3) + .... + P (£7) 
(iv) Exhaustive Events : A set of events is said to be Exhaustive if the performance of the experiment 

results in the occurrence of at least one of them 
If a set of Events £1, £2,..., £ n then for Exhaustive Events 

P ( £ 1 u £ 2 u . . . . u En) = 1 
(v) Mutually Exclusive and Exhaustive Events : A set of events is said to be mutually exclusive and 

exhaustive if above two conditions are satisfied. 
If a set of Events £1, £2 En then for mutually exclusive and exhaustive events 

P ( £ 1 u £ 2 u . . . . u En) = P(£ i ) + P(£ 2 ) + ... + P(£ n ) = 1 
(vi) Compound Events : If £1, £2, En are mutually exclusive and exhaustive events then, if £ i s any 

event 

P(£) = £ P ( £ n £ / ) = .£ P(£/) • P 
/= 1 /=1 

( E if P(£;) > 0 

§ 7.3. Conditional Probability 

The probability of occurrence of an event £1, given that £2 has already occured is called the conditional 
( F \ 

probability of occurrence of £1 on the condition that £2 has already occured. It is denoted by P —1 
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/. e.. P | # 
P ( £ i n E2) 

P{Ez) 
, £2 * $ 

§ 7.4. Baye's Theorem or Inverse Probability : 

If E1, £2 £n are n mutually exclusive and exhaustive events such that 
P(£ / )> 0 (0 < /< n) 

and Eis any event, then for 1 < k< n, 

E j n 

P ( E * ) P | | 

f k k= 1 

Remark : We can visulise a tree structure here 
P(A) = p; P(S) = q; 

f? ' 7 ' 
p \ T l = P I ; pi ^ l = <71; 

R ' 
B = P 2 ; p q = <72; 

If we are to find 
f A } 

v / 

Ifl. 

we go 

P 
p f ^ U 

p ^ j p ( A ) + p ^ | j p ( S ) 

§ 7.5. Multinomial Theorem 

If a die has m faces marked 1, 2, 3, ..., m and if such n dices are thrown. Then the probability that the 
sum of the numbers on the upper faces is equal to ris given by 

. . . . , , r. ... +Xm)n 

the coefficient of x in 
m 

§ 7.6. Binomial Distribution 

Suppose a binomial experiment has probability of success p and that of failure q(p+q = 1), then 
probability of r success in a series of n independent trials is given by 

P(r) =  nCr ff (f~ rwhere p + q = 1 and r = 0, 1,2, 3 n 
Remarks: 

(i) The probability of getting at least k success is 

P ( r > k) = l ^ n C r p r q " ~ r 

(ii) The probability of getting at most k success is l< 
P (0 < r < k) = ZQnCr.p r. <f~ r  

(iii) The mean, the variance and the standard deviation of binomial distribution are np, npq, -Inpq. 
Notation : If £1 and £2 are two events, then 
(i) £1 u £2 stands for occurrence of at least one of £1, £2 
(ii) £1 n £2 stands for the simultaneous occurrence of £1, £2. 
(iii) E or E or £° stands for non occurrence. 
(iv) £1' n £2' stands for non occurrence of both £1 and £2. 
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§ 7.7. Expectation 

If p be the probability of success of a person in any venture and M be the sum of money which he will 
receive in case of success, the sum of money denoted by pM is called expectation. 

§ 7.8. Important Results 

(i) If Ei and £2 are arbitrary events, then 
(a) P (Ei u Ez) = P (£i) + P (Ez) - P (Ei n Ez). 
(b) P (Exactly one of E-\, Ez occurs) = P (Ei n Ez') + P (EV n E2) 

= P(Ei) -P(Ein Ez) + P(EZ) - P (Ei n Ez) 
= P (£i) + P (Ez) - 2P (£ i n Ez) 
= P(Ei u E 2 ) - P ( E I n £ 2 ) 

(c) P (Neither Ei nor E2) = P (Ei' n Ez') = 1 - P (Ei u E2) 
(d) P ( E i ' u E 2 ' ) = 1 - P(Ei n Ez) 

(ii) If Ei, E2, E3 are three events then 
(a) P (Ei u Ez u E3) = P (Ei) + P (E2) + P (E3) - P (Ei n E2) 

- P(E2 n E3) - P (E 3 n Ei) + P ( E m E 2 n E3) 
(b) P (At least two of £1, £2, E3 occur) 

= P (£1 n £2) + P (£2 n £3) + P (£3 n £ 1 ) - 2P (£1 n £2 n £3) 

(c) P (Exactly two of Ei, Ez, £3 occur) 
= P (£1 n £2) + P (£2 n £3) + P (E3 n £ 1 ) - 3 P(Ei n £2 n E3). 

(d) P (Exactly one of £1, £2, £3 occur) 
= P (£1) + P (£2) + P (£3) - 2P (£1 n £2) - 2P (E2 n £3) - 2P (£3 n £ 1 ) + 3P (£1 n Ez n £3). 

(iii) If £1, £2, £3 En are n events then 
(a) P (£1 u £2 u .... u En) < P (Ei)_+ P (£?)_+ .... + P (£„)_ 
( b ) P (£1 n £2 n . . . n £ n ) > 1 - P ( £ 1 ) - P ( E 2 ) - .... - P ( £ „ ) . 

MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. For n independent events 
Aj's, P (A,) = 1/(1 + i ) , / = 1,2,.. . , n. The 
probability that atleast one of the events 
occurs is 
(a) 1 / n (b) \ / (n + 1) 
(c) n/(n + 1 ) (d) none of these 

2. The probabilities that a student will obtain 
grades A, B, C or D are 0.30, 0.35, 0.20 and 
0.15 respectively. The probability that he will 
receive atleast C grade, is 
(a) 0.65 (b) 0.85 
(c) 0.80 (d) 0.20 

3. The probabilitity that a teacher will give an , 
unanounced test during any class meeting is 
1/5. If a student is absent twice, the 
probability that he will miss at least one test, 
is : 

(a) 7/25 (b) 9/25 
(c) 16/25 (d) 24/25 
If the probability for A to fail in an 
examination is 0.2 and that for B is 0.3 then 
the probability that either A or B fails, is 
(a) 0.38 (b) 0.44 
(c) 0.50 (d) 0.94 
A box contains 15 transistors, 5 of which are 
defective. An inspector takes out one 
transistor at random, examines it for defects, 
and replaces it. After it has been replaced 
another inspector does the same thing, and 
then so does a third inspector. The 
probability that at least one of the inspectors 
finds a defective transistor, is equal to 
(a) 1/27 (b) 8/27 
(c) 19/27 (d) 26/27 
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6. There are 5 duplicate and 10 original items in 
an automobile shop and 3 items are brought 
at random by a customer. The probability 
that none of the items is duplicate, is 
(a) 20/91 (b) 22/91 
(c) 24/91 (d) 89/91 

7. Three letters are written to three different 
persons and addresses on the three envelopes 
are also written. Without looking at the 
addresses, the letters are kept in these 
envelopes. The probability that all the letters 
are not placed into their right envelopes is 
(a) 1/2 (b) 1/3 
(c) 1/6 (d) 5/6 

8. A man is known to speak truth in 75% cases. 
If he throws an unbiased die and tells his 
friend that it is a six, then the probability that 
it is actually a six, is 
fa) 1/6 (b) 1/8 
(c) 3/4 (d) 3/8 

9. A bag contains 7 red and 2 white balls and 
another bag contains 5 red and 4 white balls. 
Two balls are drawn, one from each bag. The 
probability that both the balls are white, is 
(a) 2/9 (b) 2/3 
(c) 8/81 (d) 35/81 

10. A bag contains 5 red, 3 white and 2 black 
balls. If a ball is picked at random, the 
probability that it is red, is 
(a) 1/5 (b) 1/2 
(c) 3/10 Cd) 9/10 

11. A single letter is selected at random from the 
word 'PROBABILITY'. The probability that 
it is a vowel, is 
(a) 2/11 (b) 3/11 
(c) 4/11 (d) None of these 

12. 10 bulbs out of a sample of 100 bulbs 
manufactured by a company are defective. 
The probability that 3 out of 4 bulbs, bought 
by a customer will not be defective, is : 
, , ,100r (a) C 3 / C4 

(C) ^ C y / ^ C i 

(b) 9 0C3 /9 6C4 

(d) ( C 3 x C , ) / C4 

13. Fifteen coupons are numbered 1, 2, 3, ..., 15 
respectively. Seven coupons are selected at 
random one at a time with replacement. The 

probability that the largest number appearing 
on a selected coupon is atmost 9, is 
(a) ( 1 / 1 5 )7 (b) ( 3 / 5 )7 

(c) ( 8 /15 )7 (d) None of these 
14. The probability that a man aged x years will 

die in a year is p. The probability that out of 
n men M,,M2 . . . , Mn, each aged x, M\ will 
die and be the first to die, is : 

(a) 1 /n ( b ) l - ( l -p)n 

(c) - j ' (d) - [1 - (1 -p)"] 

15. n letters are written to n different persons and 
addreses on the n envelopes are also written. 
If the letters are placed in the envelopes at 
random, the probability that atleast one letter 
is not placed in the right envelope, is 

(a) 1 -

(c) 1 - ( d ) i - r r 

16. Three athletes A, B and C participate in a 
race. Both A and B have the same probability 
of winning the race and each is twice as 
likely to win as C. The probability that B or 
C wins the race is 
(a) 2/3 (b) 3/5 
(c) 3/4 (d) 13/25 

17. A number is chosen at random from among 
the first 30 natural numbers. The probability 
of the number chosen being a prime, is 
(a) 1/3 (b) 3/10 
(c) 1/30 (d) 11/30 

18. Out of 13 applicants for a job, there are 8 
men and 5 women. It is desired to select 2 
persons for the job. The probability that 
atleast one of the selected persons will be a 
woman, is 
(a) 5/13 (b) 10/13 
(c) 14/39 (d) 15/39 

19. Two athletes A and B participate in a race 
along with other athletes. If the chance of A 
winning the race is 1/6 and that of B winning 
the same race is 1/8, then the chance that 
neither wins the race, is 
(a) 1/4 (b) 7/24 
(c) 17/24 (d) 35/48 
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20. Three players A, B, C in this order, cut a pack 
of cards, and the whole pack is reshuffled 
after each cut. If the winner is one who first 
draws a diamond then C's chance of winning 
is 
(a) 9/28 (b) 9/37 
(c) 9/64 (d) 27/64 

21. 6 girls and 5 boys sit together randomly in a 
row, the probability that no two boys sit 
together, is : 

(a) 

(c) 

6 ! 5 ! 
11 ! 

6 ! 7 ! 

(b) 

(d) 

6 ! 6 ! 
11 ! 

5 ! 7 ! 
2 ! 11 ! '2 ! 11 ! 

22. A mapping is selected at random from the set 
of all mappings of the set A = {1, 2 ..., ;i} into 
itself. The probability that the mapping 
selected is bijective, is 

W - 7 

n ! 

2" 

n 

n 

23. Three letters are written to three different 
persons and addresses on the three envelopes 
are also written. Without looking at the 
addresses, the letters are kept in these 
envelopes. The probability that the letters go 
into the right envelopes, is 
(a) 1/3 " (b) 1/6 
(c) 1/9 (d) 1/27 

24. An unbiased die with faces marked 1, 2, 3, 4, 
5 and 6 is rolled four times. Out of the four 
face values obtained, the probability that the 
minimum face value is not less than 2 and the 
maximum face value is not greater than 5, is 
(a) 1/81 (b) 16/81 
(c) 65/81 (d) 80/81 

25. The probability of guessing correctly alleast 
8 out of 10 answers on a true-false 
examination, is 
(a) 7/64 (b) 7/128 
(c) 45/1024 (d) 175/1024 

26. The probability that the 13th day of a 
randomly chosen month is a second 
Saturdav. is 
(a) 1/7 ' (b) 1/12 
(c) 1/84 (d) 19/84 

27. A box contains cards numbered 1 to 100. A 
card is drawn at random from the box. The 
probability of drawing a number which is a 
square, is 
(a) 1/5 (b) 2/5 
(c) 1/10 (d) None of these 

28. An integer is chosen at random from the 
numbers 1,2, .., 25. The probability that the 
chosen number is divisible by 3 or 4, is 
(a) 2/25 (b) 11/25 
•(c) 12/25 (d) 14/25 

29. Two players A and B throw a die alternately 
for a prize of Rs. 11/- which is to be won by 
a player who first throws a six. If A starts the 
game, their respective expectations are 
(a) Rs. 6; Rs. 5 (b) Rs. 7; Rs. 4 
(c) Rs. 5.50; Rs. 5.50 (d) Rs. 5.75; Rs. 5.25 

30. A three-digit number is selected at random 
from the set of all three-digit numbers. The 
probability that the number selected has all 
the three digits same, is 
(a) 1/9 (b) 1/10 
(c) 1/50 (d) 1/100 

31. In a college 20% students fail in 
mathematics, 25% in Physics, and 12% in 
both subjects. A student of this college is 
setected at random. The probability that this 
student who has failed in Mathematics would 
have failed in Physics too, is : 
(£01/20 (b) 3/25 
(d) 12/25 (d) 3/5 

32. A purse contains 4 copper and 3 silver coins, 
and a second purse contains 6 copper and 2 
silver coins. A coin is taken out from any 
purse, the probability that it is a copper coin, 
is 
(a) 3/7 (b) 4/7 
(c) 3/4 (d) 37/56 

33. Three of the six vertices of a regular hexagon 
are chosen at random. The probability that 
the triangle with three vertices is equilateral, 
is 

< 4 

(d) 
J _ 
20 
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34. The probabilities of two events A and B are 
0-3 and 0-6 respectively. The probability that 
both Aan&B occur simultaneously is 018. 
Then the probability that neither A nor B 
occurs is 
(a) 0 1 0 (b) 0-28 
(c) 0-42 (d) 0-72 

35. One mapping is selected at random from all 
the mappings of the set A = {1, 2, 3,.., n] 
into itself. The probability that the mapping 
selected is one to one is given by 

(a) A 

40. 

(C) 
( » - l ) 

n-I 
(d) None of these 

36. Two persons each makes a single throw with 
a pair of dice. The probability that the throws 
are unequal is given by 

( a A 
o 

( c W 
6 

73 
< V 
(d) None of these 

37. If the mean and variance of a binomial 
variate X are 7/3 and 14/9 respectively. Then 
probability that X takes value 6 or 7 is equal 
to 

(b) 729 
13 

^ 729 

( C ) 7 2 9 
38. A bag contains a white and b black balls. 

Two players A and B alternately draw a ball 
from the bag, replacing the ball each time 
after the draw. A begins the game. If the 
probability of A winning (that is drawing a 
white ball) is twice the probability of B 
winning, then the ratio a: bis equal to 
(a) 1 : 2 (b) 2 : 1 
(c) 1 : 1 (d) None of these 

39. One ticket is selected at random from 100 
tickets numbered 00, 01, 02, ..., 99. Suppose 
X and Y are the sum and product of the digit 
found on the ticket P (X = 7/Y=0) is given 
by 
(a) 2/3 (b) 2/19 
(c) 1/50 (d) None of these 

Let X be a set containing n elements. Two 
subsets A and B of X are chosen at random 
the probability that A u B = X is 

(a) 2nCn/2^ (b) 1/2"C„ 

41 
(c) 1.3.5. ... (2n - l ) /2" n ! (d) (3/4)" 
A natural number x is chosen at random from 
the first 100 natural numbers. The probability 

1 0 0 cn-that x + > 50 is 
x 

(a) 1/10 (b) 11/50 
(c) 1/20 (d) None of these 

42. If X and Y are independent binomial variates 
B (5, 1/2) and B (7, 1/2) then P(X+Y= 3) 
is 
(a) 55/1024 (b) 55/4098 
(c) 55/2048 (d) None of these 

43. A die is rolled three times, the probability of 
getting a larger number than the previous 
number each time is 
(a) 15/216 (b) 5/54 
(c) 13/216 (d) 1/18 

44. A sum of money is rounded off to the nearest 
rupee; the probability that round off error is 
at least ten paise is 
(a) 19/101 (b) 19/100 
(c) 82/101 (d) 81/100 

45. Eight coins are tossed at a time, the 
probability of getting atleast 6 heads up, is 

7 57 
(a) 7 7 ( b ) 7 7 64 

37 
^ 256 (d) 

64 
229 
256 

46. 10% bulbs manufactured by a company are 
defective. The probability that out of a 
sample of 5 bulbs, none is defective, is 
(a) (1/2)5 (b) (1/10)5 

(c) (9/10) (d) (9/10)5 

47. Of the 25 questions in a unit, a student has 
worked out only 20. In a sessional test of that 
unit, two questions were asked by the 
teacher. The probability that the student can 
solve both the questions correctly, is 
(a) 8/25 (b) 17/25 
(c) 9/10 (d) 19/30 
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(a) I — P (A/B) ( b) 1 - P ( A/B) 

P(B) P(B) 
55. A three digit number, which is multiple of 

11, is chosen at random. Probability that the 
number so chosen is also a multiple of 9 is 
equal to 
(a) 1/9 (b) 2/9 
(c) 1/100 (d) 9/100 
T , l + 4 p \ - p 1 - 2 / 7 

so. If ——'- , ——^ , ——'- are probabilities ot 
4 4 2 

three mutually exclusive events, then 

(a )\<P<\ 

(C)j:<p<\ 

1 (b ) - J < p < J 

(d1) None of these 

48. The probability that at least one of the events 
A and B occur is 0-6. If A and B occur 
simultaneously with probability 0\2, then 
P(A) + P(B), where A a n d B are 
complements of A and B respectively, is 
equal to 
(a) 0-4 (b) 0-8 
(c) 1-2 (d) 1-4 

49. Let /I = {1, 3, 5, 7, 9} and B = {2, 4, 6, 8}. 
An element (a, b) of their cartesian product 
A x B is chosen at random. The probability 
that a + b = 9. is 
(a) 1/5 (b) 2/5 
(c) 3/5 (d) 4/5 

50. Dialing a telephone number, a man forgot the 
last two digits and remembering only that 
they are different, dialled them at random. 
The probability of the number being dialed 
correctly is 
(a) 1/2 (b) 1/45 
(c) 1/72 (d) 1/90 

51. If A and B are any two events, then the 
probability that exactly one of them occurs, 
is 
(a ) P ( A n B ) + B ( A n B ) 
(b) P [A u B) + P (A u B) 
(c) P(A) + P (B) - P (A n B) 
(d) P (A) + P (B) + IP (A n B) 

52. A speaks truth in 609c cases and B speaks 
truth in 70% cases. The probability that they 
will say the same thing while describing a 
single event is 
(a) 0:56 (b) 0-54 
(c) 0-38 (d) 0-94 

53. If the integers X and (i are chosen at random 
between 1 to 100 then the probability that a 
number of the form 7X + 7U is dirisible by 5 is 
(a) 1/4 (b) 1/7 
(c) 1/8 (d) 1/49 

54. If two events A and B are _such that P (A) > 0 
and B (B) * 1, then P ( A/B ) is equal to 

MULTIPLE CHOICE - I I 
Each question, in this part, has one or more than one correct answers). For each question, write the letters 
a. b. c. d corresponding to the correct answerfs). 

57. A box contains tickets numbered 1 to 20. 3 
tickets are drawn from the box with 
replacement. The probability that the largest 
number on the tickets is 7 is 

(a) 7/20 (b) 1 - ( 7 /20 f 
(c) 2/10 (d) None of these 

58. Two numbers .v and y are chosen at random 
from the set {1. 2. 3 30}. The probability 
that .v" - y" is divisible by 3 is 
(a) 3/29 (b) 4/29 
(c) 5/29 (d) None of these 

59. A fair die is thrown until a score of less than 
five points is obtained. The probability of 
obtaining less than three points on the last 
throw is 
(a) 3/4 (b) 4/5 
(c) 5/6 (d) 1/2 

60. Seven digits from the digits 1. 2. 3. 4. 5, 6, 7. 
8. 9 are written in a random order. The 
probability that this seven digit number is 
divisible by 9 is 
(a) 2/9 (b) 1/5 
(c) 1/3 (c) 1/9 

61. A fair coin is tossed n times. Let X= the 
number of times head occurs. If 

p (X = 4). P (X = 5) and P (X = 6) are in A.P. 
then the value of n can be 
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(a) 7 (b) 10 
(c) 12 (d) 14 

62. A and B are two events, the probability that 
exactly one of them occurs is given by 
(a) P (A) + P (B) - 2 ( A n f i ) 
(b) P (A u B) - P (A nB) 
(c) P (A') + P{B') - 2P (A' n B') 
(d) P (A r\ B") + P (A' n B) 

63. A wire of length I is cut into three pieces. 
What is the probability that the three pieces 
form a triangle ? 
(a) 1/2 (b) 1/4 
(c) 2/3 (d) None of these 

64. Suppose X is a binomial variate 
B (5, p) and P (X=2) = P (X= 3), then p is 
equal to 
(a) 1/2 (b) 1/3 
(c) 1/4 (d) 1/5 

65. A bag contains four tickets marked with 112, 
121, 211, 222 one ticket is drawn at random 
from the bag. Let E, {i = 1, 2, 3} denote the 
event that ith digit on the ticket is 2. Then 
(a) and E2 are independent 
(b) E2 and E3 are indepndent 
(c) E3 and are independent 
(d) £], E2, E3 are independent 

66. A bag contains four tickets numbered 00, 01, 
10, 11. Four tickets are chosen at random 
with replacement, 'the probability that sum of 
the numbers on the tickets is 23 is 
(a) 3/32 (b) 1/64 
(c) 5/256 (d) 7/256 

67. A natural number is selected at random from 
the set X= (x/1 <x< 100}. The probability 
that the number satisfies the inequation 
x2- 13.x <30, is 
(a) 9 /50 (b) 3 /20 
(c) 2/11 (d) None of these 

68. Two integers x and y are chosen, without 
replacement, at random from the set 
{x/0 < x < 10, x is an integer} the probability 
that Ix — > I < 5 is 

87 89 
(a) 

121 , ̂  91 (b) 

(d) 

121 
101 
121 

69. The adjoining Fig. gives the road plan of 
lines connecting two parallel ro^ds 
AB and AXBX. A man walking on the road AB 
takes a turn at random to reach the road A jB,. 
It is known that he reaches the road AXB\ 
from O by taking a straight line. The chance 
that he moves on a straight line from the road 
AB to theAjB, is 

(a) 0-25 (b) 0 04 
(c) 0-2 (d) None of these 

70. If a e [ - 20, 0], then the probability that the 
graph of the function y = 1 6 x + 8 ( a + 5) 
x - la - 5 is strictly above the x-axis is 
(a) 1/2 (b) 1/17 
(c) 17/20 (d) None of these 

71. Two distinct numbers are selected at random 
from the first twelve natural numbers. The 
probability that the sum will be divisible by 3 
is 
(a) 1/3 (b) 23/66 
(c) 1/2 (d) None of these 

72. If A and B are independent events such that 
0 < P(A) <\,0<P (B)< I then 
(a) A, B are mutually exclusive 
(b) A and B are independent 
(c) A, B are independent 
(d) P (A/B) + P (A/B) = 1 

73. Given that x e [0, 1] and y e [0, 1]. Let A be 
the event of (x, y) satisfying y2 < x and B be 
the event of (x, y) satisfying x < y, then 

(a) P (A n B) = ± (b) A, B are exclusive 

(c) P (A) = P (B) (d) P (B) < P (A) 
74. The probability that out of 10 persons, all 

born in April, at least two have the same 
birthday is 

30, 30, 
(a)-

' 1 0 

(C) 

(30)10 

(30 ) ' ° - 30C10 

(b) 1 — 
' 1 0 

30 ! 

(30) 10 (d) None of these 

75. A pair of fair dice is rolled together till a sum 
of either 5 or 7 is obtained, the probability 
that 5 comes before 7 is 
(a) 0-2 (b) 0-3 
(c) 0-4 (d) 0-5 
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76. A second order determinant is writeen down 
at random using the numbers 1, - 1 as 
elements. The probability that the value of 
the determinant is non zero is 
(a) 1/2 (b) 3/8 
(c) 5/8 (d) 1/3 

77. A five digit number is chosen at random. The 
probability that all the digits are distinct and 
digits at odd place are odd and digits at even 
places are even is 
(a) 1/25 (b) 1/75 
(c) 1/37 (d) 1/74 

78. A natural number is selected from 1 to 1000 
at random, then the probability that a 
particular non-zero digit appears at most 
once is 
(a) 3 /250 (b) 143/250 
(c) 243/250 (d) 7/250 

79. If A and B are events at the same experiments 
with P(A) = 0-2, P (B) = 0-5, then maximum 
value of P(A' nB) is 
(a) 1/4 (b) 1/2 
(c) 1/8 (d) 1/16 

80. xx,x2, Jt3, ..., xi0 are fifty real numbers such 
that xr<xr+\ for r= 1 ,2 ,3 , ..,49. Five 
numbers out of these are picked up at 
random. The probability that the five 
numbers have x20 as the middle number is 

(a) 

(c) 

2 Q C 2 x 3 0 C 2 

50C 
19C2 x 31C3 

5 0 -

(b) 
30C2 X 19C2 

50 c< 

(d) None of these 

81. If A and B are two events such that 
P (A) = 1/2 and P (B) = 2 /3 , then 
(a) P (A yj B)> 2 / 3 
(b) P (A n B') < 1 /3 
(c) \/6<P(Ar^B)<\/2 
(d) \/6<P(A' nB)< 1 /2 

82. For two events A and B, if 
P(A) = P(A/B)=\/A and P (B/A) = 1/2, 
then 
(a) A and B are independent 
(b) A and B are mutually exclusive 
(c) P ( A ' / B ) = 3 / 4 
(d) P (B'/A') = 1/2 

83. A student appears for tests I, II and III. The 
student is successful if he passes either in 
tests I and II or tests I and III. The 
probabilities of the student passing in tests I, 
II, III are p, q and 1/2 respectively. If the 
probability that the student is successful is 
1/2 then 
( a ) p = 1, 0 = 0 (b )p = 2 /3 , q= 1 /2 
(c) p = 3/5, q = 2 / 3 
(d) there are infinitely many values of p and q. 

84. A bag contains 14 balls of two colours, the 
number of balls of each colour being the 
same. 7 balls are drawn at random one by 
one. The ball in hand is returned to the bag 
before each new drawn. If the probability 
that at least 3 balls of each colour are drawn 
is p then 

1 J_ 
; 2 

2 
85. All the spades are taken out from a pack of 

cards. From these cards; cards are drawn one 
by one without replacement till the ace of 
spades comes. The probability that the ace 
comes in the 4th draw is 
(a) 1/13 (b) 12/13 
(c) 4/13 (d) None of these 

86. Let X be a set containing n elements. If two 
subsets A and B of X are picked at random, 
the probability that A and B have the same 
number of elements is 

2 n, 
(b) 

(a) p > ^ 

(c)p<\ 

(b ) P = : 

(d )p< 

Cn 1_ 
2 ris-, 

3" 1.3.5. . . • ( 2 n - i ) 
I a" 

2 . n ! 4 
87. A die is thrown 2n + 1 times, n e N. The 

probability that faces with even numbers 
show odd number of times is 
(a) 

2 n + 1 
(b) less than 1 

2n + 3 2 
(c) greater than 1/2 (d) None of these 

88. If E and F arc the complementary events of 
the events E and f jcspcctivcly then 
(a) P (E/F) + P ( E/F) = 1 
(b) P (E/F) + P (E/F) = 1 



74 Objective Mathematics 

89. 

(c) P ( E/F) + P (E/F) = 1 
(d) P (E/F) + P ( E/F) = 1 
A natural number x is chosen at random from 
the first one hundred natural numbers. The 

probability that 

(a) 1/50 
(c) 7/25 

(x - 20) (x - 40) 
( x - 3 0 ) 
(b) 3/50 
(d) 9/50 

< 0 is 

90. Three six faced fair dice are thrown together. 
The probability that the sum of the numbers 
appearing on the dice is k (3 < k < 8) is 

(a) 
(k-\)(k-2) 

432 

(C)*" 'C 2 216 

Practice Test 

(b) 432 

M.M. : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 

2. 

A four digit number (numered from 0000 to 
9999) is said to be lucky if sum of its first 
two digits is equal to sum of its last two 
digits. If a four digit number is picked up at 
random, the probability tha t it is lucky 
number is 
(a) 1 67 (b) 2-37 
(c) 0 067 (d) 0-37 
A number is chosen at random from the 
numbers 10 to 99. By seing the number a 
man will laugh if product of the digits is 12. 
If he chosen three numbers with 
replacement then the probability tha t he 
will laugh at least once is 

s3 , t o s3 
(a) 1 -

(c) 1 

31 
45 
42 
43 

(b) 1 — 

(d) 1 - 7c 

43 
45 
41 
45 

3. If X follows a binomial distribution with 
parameters n = 8 and p = 1 /2 then 
p ( | x-4 | <2 ) = 
(a) 121/128 (b) 119/128 
(c) 117/128 (d) 115/128 

4. Two numbers b and c are chosen at random 
(with replacement from the numbers 1, 2, 3, 
4, 5, 6, 7, 8 and 9). The probability that 

2 
x + bx + c > 0 for all x e R is 
(a) 17/123 (b) 32/81 
(c) 82/ 125 '(d) 45/143 

5. Suppose n boys and m girls take their seats 
randomly round a circle. The probability of 

[10 x 2 = 20] 
(a) no two boys sit together 
(b) no two girls sit together 
(c) boys and girls sit alternatively 
(d) all the boys sit together 

6. The probabilities of different faces of a 
biased dice to appear are as follows : 

Face number 1 2 3 4 5 6 
Probability 0 1 0-32 0-21 0 1 5 0 0 5 0 1 7 

The dice is thrown and it is known tha t 
either the face number 1 or 2 will appear. 
Then the probability of the face number 1 
to appear is 
(a) 5/21 (b) 5/13 
(c) 7/23 (d) 3/10 

7. A card is selected at random from cards 
numbered as 00, 01, 02, ...,99. An event is 
said to have occured. If product of digits of 
the card number is 16. If card is selected 5 
times with replacement each time, then the 
probability that the event occurs exactly 
three times is 

,3 
(a) 5C 3 

(b) 5Ca 

(c) 5C3 

3 
100 
3 

100 
•3 

100 
3 

97 
100 

97 
100 
9 7 
100 

2 

their sitting is (2n >Cn ) 1 when 

(d) 20 (0 03) (0-97)' 
Let A, B, C be three mutually independent 
events. Consider the two s tatements 
S j and S2 . 
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S j : A and B u C are independent 
S 2 : A and B n C are independent then 
(a) Both S i and S 2 are true 
(b) Only S i is t rue 
(c) Only S 2 is t rue 
(d) Neither S i nor S 2 is true 

9. Sixteen players Pi, P2- •••» ^16 P^ay i n a 

tournament. They are divided into eight 
pairs at random. From each pair a winner 
is decided on the basis of a game played 
between the two players of the pair. 
Assuming that all the players are of equal 
strength, the probability that exactly one of 

Record Your Score 

the two players P t and P 2 is among the 
eight winners is 
(a) 4/15 (b) 7/15 
(c) 8/15 (d) 17/30 

10. The probabilities that a student in 
Mathematics, Physics and Chemistry 
are a, p and y respectively. Of these 
subjects, a student has a 75% chance of 
passing in at least one, a 50% chance of 
passing in at least two, and a 40% chance of 
passing in exactly two subjects. Which of 
the following relations are true ? 
(a) a + p + y = 19/20 
(b)a + P+ y = 2 7 / 2 0 
(c) apy= 1/10 (d) aPy = 1 /4 

Max. Marks 
1. First attempt 
2. Second attempt 
3. Third attempt must be 100% 

Answers 

Multiple Choice 
l . ( c ) 2. (b) 3. (b) 4. (b) 5. (c) 6. (c) 
7. (b) 8. (d) 9. (c) 10. (b) 11. (b) 12. (d) 

13. (b) 14. (d) 15. (d) 16. (b) 17. (a) 18. (d) 
19. (c) 20. (b) 21. (c) 22. (d) 23. (b) 24. (b) 
25. (b) 26. (c) 27. (c) 28. (c) 29. (a) 30. (d) 
31. (d) 32. (d) 33. (c) 34. (b) 35. (c) 36. (d) 
37. (b) 38. (c) 39. (b) 40. (d) 41. (d) 42. (a) 
43. (b) 44. (d) 45. (c) 46. (d) 47. (d) 48. (c) 
49. (a) 50. (d) 51. (a) 52. (b) 53. (c) 54. (c) 
55. (a) 56. (d) 57. (d) 58. fd) 59. (d) 60. (d) 

Multiple Choice -II 
61. (a), fd) 62. (a), (b), (c), (d) 63. (b) 64. (a) 65. (a), (b), (c) 
66. (a) 67. (b) 68. (c) 69. (c) 70. (d) 71. (a) 
72. (b), (c), (d) 73. (a) 74. (c) 75. (c) 76. fa) 77. (b) 
78. (c) 79. (b) 80. (b) 81. (a,, (b), (c), (d) 82. (a), (c), (d) 
83. (a), (b), (c), (d) 84. (a) 85. (a) 86. (a, c) 87. (d) 
88. (a, d) 89. (d) 90. (a, c) 

Practice Test 
l . ( c ) 2. (b) 3. (b) 4. (b) 5. (a), (b), (c) 6. (a) 
7. (b), (d) 8. (a) 9. (c) 10. (b), (c) 



LOGARITHMS AND THEIR PROPERTIES 

i.e., 

i.e., 

1. Definition : e is the base of natural logarithm (Napier logarithm). 
In x= loge x 

and logio e i s known as Napierian constant 
l o g 1 0 e = 0-43429448 ... 

I nx= 2 303 logio x Since l n x = logio x . loge 10 = - = 2-30258509 .. 
logio e 

2. Properties: 
(i) ak = x<^> l o g e x = /c; a > 0, a * 1, x > 0 (ii) a * = e * ' n a , a > 0 
(iii) n! (x) = 2nn /'+ ln(x); x * 0, i=^T, x> 0 (iv) loga (mn) = loga m+ loga n; a > 0, a * 1, m, n> 0 
(v) loga ( m/n) = loga m - l o g a n ; a > 0 , a * 1 , m , n > 0 
(vi) loga(1) = 0; a > 0 , a * 1 (vii) loga a = 1; a > 0, a * 1 
(viii) loga (mf = n loga (m); a > 0, a * 1, m > 0 (ix) a'096 (x) = (x) logt ,{a); b * 1; a, b, x a n positive numbers. 

loga (x) (x) a'°9s w = x; 4 > 0, a * 1 , x > 0 (xi) log/, (x) = 
loga (b) 

; a * 1, bit 1; a, b, xa re positive numbers. 

(xiii) loga {x)2k = 2k \oga I x\; x > 0 , a > 0 , a * 1 (xii) loga*(x) = j loga (x); a > 0, a * 1, x > 0 

(xiv) loga
2ic (x) = ^ logi a i (x); x > 0, 0; a > 0, a * 1 

(xv) loga (x2) * 2 loga (x) Since domain of loga (x2) is R ~ {0} 
and domain of loga (x) is (0, °<>) are not same and for x < 0, loga x is imaginary. 

(xvi) loga x > 0 if either x > 1, a > 1 o r 0 < x < 1 , 0 < a < 1 
(xvii) loga x < 0 if either x > 1, 0 < a < 1 or 0 < x < 1, a > 1 
(xviii) If loga (x) > loga (y) then x > y if a > 1 and x < y i f 0 < a < 1 

(xix) If a > 1, loga (x) < k o 0 < x < ak and loga (x) > k <=> x > ak  

(xx) If 0 < a < 1, loga (x) < k o x > ak and loga (x) > k o 0 < x < ak  

(xxi) If a" = a y then the following case hold : 
(i) x and y can be any integer if a = 1 (ii) xand y can be any even integer if a = - 1 
(iii) x a n d y e a n be any real number if a = 0 (iv) x = y i f a * 0, - 1, + 1. 

MULTIPLE CHOICE—I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d which ever is appropriate. 

1. If A = log2 log2 log4 256 + 2 logvy 2 then A = 
(a) 2 (b) 3 
(c )5 (d) 7 

i l 
15 J ' D | 24 | ' ° | 80 

is equal to 

2. 7 1 o g | i f l + 5 1 o g f f f V 3 1 o g 

(a )0 (b) 1 
(c) log 2 (d) log 3 

3. For y = logn x to be defined 'a ' must be 

(a) any positive real number 
(b) any number (c) > e 
(d) any positive real number ^ I 
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If log 10 3 = 0-477, the number of digit in 340 is 
(a) 18 (b) 19 
(c) 20 (d) 21 

5. If x = log3 5 , y = log I7 25, which one of the 
following is correct ? 
(a )x<y (b )x = y 
(c) x > y (d) None of these 

6. The domain of the function V(log0 5 x) is 
(a) (1, oo) (b) (0, oo) 
(c) (0, 1] (d) (0-5, 1) 

7. The number log2 7 is 
(a) an integer (b) a rational number 
(c) an irrational number 
(d) a prime number 

8. The value of 
1 

13. 

(a) xyz (b) abc 
(c )0 ( d ) l 

1 1 1 
- + - : + " 

1 1 
+ 7 + . . . + 

log2 n log3 n 
1 

(a) 

(c) 

log 43 ! n 
1 

(b) 

(d) 

log43 n 
1 

is 

log43 n 
1 

log42 n log43 n ! 
9. log|0 tan 1° + log10 tan 2° + ... + log I 0 tan 89° = 

( a )0 (b) 1 
(c) 27 (d) 81 

10. If log12 27 = a then !og 616 = 

1 + loga be 1 + logfc ca 1 + logc ab 

(a) 0 (b) 1 
(c) 2 (d) 3 

14. I f (4y°g* 3 + ( 9 ) i o g 2 4 = ( ] ( ) ) ] o g , 8 3 t h e n x = 

(a )2 (b) 3 
(c) 10 (d) 30 

15. If x, y, z are in G.P. and a = by = cz then 
(a) logfc a = logc b (b) logc b = loga c 
(c) logfl c = \ogb a (d) loga b = 2 loga c 

16 x(y + z-x) = y(z + x-y) = z(x+y-z) 
l o g * logy logz 

then x"yx = z*'yl = 
(a )ZV (b) xzyx 

( c ) / / (d) xxyy 

17- If log3 2, log3 (2^ - 5), log3 (2* - 7 / 2 ) are in 
A.P. then x = 
(a) 1 (b) 2 
(c )3 (d) 4 

18. If y = a' ~ l0«»x and z = a1' los« >' then x = 
l l 

(a) a' +'°s„z 
l 

(a) 2-

( c )4 

3-a 
3 + a 

3 - a 

(b) 3 

(d) 5 

3 — a 
3 + a 

3-a 

(c) 

(b) a2+,°g,<z  

i 
(d) a2->°g„z 

10 19. I f l og^ -^ = 3 Y t h e n b = 

3+aj [ 3 + a 

11- log 7 log7 

(a) 3 log2 7 (b) 3 log7 2 
(c) 1 - 3 log7 2 (d) 1 - 3 log2 7 

12. = ^ = 
b-c c — a a-b 

MULTIPLE CHOICE-I I 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

(a) 2 (b) 8 
(c) 32 (d) 64 

20. If log 3 ( x - 1) < log0 09 ( x - 1) then x lies in 
the interval 
( a ) ( - o o , i ) (b) (1 ,2) 
(c) (2, » ) (d) None of these 

21. The value of 3,og4 5 — 5 ,og4 3 is 
( a )0 ( b ) l 
(c) 2 (d) None of these 

22. The value of \ogh a. logc b. log;/ c. loga d is 
(a) 0 (b) log abed 
(c) log 1 (d) 1 

23. If x 1 8 = / ' = z 2 8 then 3, 3 logvx, 3 logzy, 
7 l o g ^ are in 
(a) A.P. (b) G.P. 
(c) H.P. (d) A.G.P. 

24. If — - — + — - — > x then x be 
log3 7i log4 n 
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(a) 2 (b)3 (a ) -2 (b ) - l 
(c) n (d) None of these (c) o (d) 1 
JC

]oSlx LOG2)' ' 0 G 2 ^ , 3 2 , TU , \Qaa 10S.b LOSC 25. I f — - = — = ^ - a n d x ; y z = 1 then/: = 28. I f J ^ £ L = ° =
 l u£ ^ t h e n 

(b -c) (c - a) (a - b) 
( a ) - 8 (b) -4 b + c ic + a a + h v a .b .c -
(c)0 ( d ) l 0 g 2 ( 2 5 6 j ( b ) 1 

+ M ( Ina + lnb \ , a b (c)a + b + c (d) log,, a. logc b loga c 
26. If In —-— = then — + — -

29. If log3 (5 + 4 log3 (x — 1)) = 2, then x = 2 b a 
(a)l (b) 3 (a) 2 (b) 4 

(c)8 (d) log2 16 (c)5 (d) 7 
27. If n = 1983 ! then the value of 

1 ' 1 30. if 2x'og4 3 + 3'084 x = 27 then x : 
- + - + ; —+ .. 

log2n log3n log4n " ' ' log 1983 n (a) 2 (b) 4 
is equal to (c) 8 (d) 16 

Practice Test 
M.M. : 10 Time 15 Min. 

(A) There are 5 parts in this question. Each part has one or more than one correct answer(s). 
[ 5 x 2 = 10] 

1. The interval of .r in which the inequality 
gl /4 log* x > 5 i 1 / 5 log5 x 

(a) (0, 5" 2 (b ) [5 2 V r ,~ ) 
(c) both (a) & (b) (d) None of these 

2. The solution set of the equation 
logx 2 loga* 2 = log^ 2 is 

(b ) { 1 / 2 , 2 } 
,2 

(a) {2-^ , 2 ^ ) 

(c) { 1/4 , 2 j (d) None of these 
3. The least value of the expression 

2 log]0 x - \ogx 0 01 is 

(a) 2 (b) 4 
(c)6 (d) 8 

4. The solution of the equation 
log7 log5 (Vx + 5 + -Jx) = 0 is 

(a) 1 (b)3 
(c) 4 (d) 5 

5. The number of solutions of 
log4 (x - 1) = log2 (x - 3) is 

(a) 3 
(c)2 

Answers 

(b) 1 
(d)0 

Multiple Choice -I 
1. (c) 2. (c) 
7. (c) 8. (a) 

13. (b) 14. (c) 
19. (c) 20. (c) 

Multiple Choice -II 
21. (a) 22. (a), (c) 
27. (d) 28. (b), (d) 

Practice Test 
1. (c) 2. (a) 

3. (d) 
9. (a) 

15. (a) 

23. (a) 
29. (b) 

3. (b) 

4. (c) 
10. (c) 
16. (a) 

24. (a) 
30. (d) 

4. (c) 

5.(c) 
11. (c) 
17. (c) 

25. (a), (d) 

6. (c) 
12. (a) 
18. (c) 

26. (d) 

5. (b) 



9 
MATRICES 

IMPORTANT DEFINITIONS, FORMULAE AND TECHNIQUES 

§ 9.1 Definition 

An m x n matrix is usually written as 

a n ai2 •• am 
321 a22 •• • a2n 

ami a m 2 • amn 

where the symbols ai/ represent any numbers (a/y lies in the Ah row (from top) and /th column (from left)). 
Matrices represented by [ ], (), IIII 
Note: If two matrices A and B are of the same order, then only their addition and subtraction is 

possible and these matrices are said to be conformable for addition or subtraction. On the other 
hand if the matrices A and B are of different orders then their addition and subtraction is not 
possible and these matrices are called non-conformable for addition and subtraction. 

§ 9.2 Various Kinds of Matrices 

(i) Idempotent Matrix : A square matrix A is called idempotent provided it satisfies the relation A2 = A. 
(ii) Periodic Matrix : A square matrix A is the least positive integer for which Ak+1 = A, then k is said to 

be period of A. For k= 1, we get A2 = A and we called it to be idempotent matrix. 
(iii) Nilpotent Matrix : A square matrix A is called Nilpotent matrix of order m provided it satisfies the 

relation A*' = 0 and A~1 * 0, where k is positive integer and 0 is null matrix and k is the order of the nilpotent 
matrix A. 

(iv) Involutory Matrix : A square matrix A is called involutory provided it satisfies the relation A2 = I, 
where I is identity matrix. 

(v) Symmetric Matrix : A square matrix will be called symmetric if for all values of / and j, i.e., a,j= aji or 
A' = A 

(vi) Skew Symmetric Matrix : A square matrix is called skew symmetric matrix if (i) a,y=-a// for all 
values of / and j. (ii) All diagonal elements are zero, or A' = - A. 

Note : Every square matrix can be uniquely expressed as the sum of symmetric and skew symmetric 
matrix. 

i.e., A (A + A') + ~ (A - A'), where ^ (A + A') and ^ (A - A') 

are symmetric and skew symmetric parts of A 
(vii) Orthogonal Matrix : A square matrix A is called an orthogonal matrix if the product of the matrix A 

and its transpose A' is an identity matrix. 
i.e., AA' = I 

Note (i) If AA' = / then A" 1 = A' 
Note (ii) If A and B are orthogonal then AB is also orthogonal. 
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(viii) Complex Conjugate (or Conjugate) of a Matrix : if a matrix A is having complex numbers as its 
elements, the matrix obtained from A by replacing each element of A by its conjugate (a ± ib= a+ ib) is 
called the conjugate of matrix A and is denoted by A. 

(ix) Hermitian Matrix : A square matrix A such that A' = A is called Hermitian matrix, provided a,/ = ajifor 
all values of /' and j or A® = A. 

(x) Skew-Hermitian Matrix : A square matrix A such that A' = - A is called skew-hermitian matrix, 
provided afy = - ay for all values of i and j or A® = - A. 

(xi) Unitary Matrix : A square matrix A is called a unitary matrix if AA® = I, where I is an identity matrix 
and A® is the transposed conjugate of A. 

Properties of Unitary Matrix 
(i) If A is unitary matrix, then A' is also unitary. 
(ii) If A is unitary matrix, then A~1 is also unitary. 
(iii) If A and B are unitary matrices then AB is also unitary. 

§ 9.3 Properties of adjoint A 

(a) If A be n rowed square matrix then 
(adj A) A = A (adj A) = I A I. In 

i.e., the product of a matrix and its adjoint is commutative. 
Deductions of a: 
Deducation 1. If A is n rowed square singular matrix then 

(adj A) A = A (adj A) = 0 (null matrix) 
since for singular matrix, I A I =0. 

Deduction 2. If A is n rowed square non-singular matrix, then 
I adj A I = I A 1 

since for singular matrix, I A I * 0. 
(b) Adj (AB) = (Adj B) • (Adj A) 
(c) (Adj A)' = Adj A' 
(d) adj (adj A) = I A l"~2 A, where A is a non-singular matrix. 

. 2 
(e) I {Adj (Adj) A) I = I A ltn ' , where A is a non-singular matrix. 
(f) Adjoint of a diagonal matrix is a diagonal matrix. 
(g) det (nA) = n" det (A) 
Note : Inverse of a non-singular diagonal matrix : 

" a 0 0 " 
A = such that I A I * 0 

0 0 

I ° 

0 1 
C 

§ 9.4 Types of Equations 

(1) When system of equations is non-homogeneous : 
(1) If I A I * 0, then the system of equations is consistent and has a unique solution give by X = A - 1 B. 
(ii) If I A I = 0 and (adj A) • B * 0, then the system of equations is inconsistent and has no solutions. 
(iii) If I A I = 0 and (adj A) B = O then the system of equations is consistent and has an infinite number 

of solutions. 
(2) When system of equations is homogeneous : 
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(i) If I A I * 0, the system of equations have only trivial solution and it has one solution. 
(ii) If I A I = 0, the system of equations has non-trivial solution and it has infinite solutions. 
(iii) If No. of equations < No. of unknowns, then it has non trivial solution. 
Note : Non-homogeneous linear equations also solved by Cramer's rule this method has been discussed 

in the chapter on determinants. 
§ 9.5 Rank of Matrix 
The rank of a matrix is said to be r if 
(i) If has at least minors of order ris different from zero. 
(ii) All minors of A of order higher than ra re zero. 
The rank of A is denoted by p (A). 
Note 1. The rank of a zero matrix is zero and the rank of an identity matrix of order n is n. 
Note 2. The rank of a matrix in echelon form is equal to the number of non-zero rows of the matrix. 
Note 3. The rank of a non-singuiar matrix (I A I * 0) of order n is n. 

§ 9.6 Types of Linear Equations 

(1) Consistent Equations : If Rank of A = Rand of C 
(1) Unique Solution : Rank of A = Rank of C = n 

where n = number of unknowns 
(ii) Infinite Solution : Rank of A = Rank of C = r 

where r< n 
(2) Inconsistent Equations : i.e., no solutions. 

Rank of A # Rank of C. 

MULTIPLE C H O I C E - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. Let A and B be two matrices, then 
(a) AB = BA (b)AB * BA 
(c) AB < BA (d) AB > BA 

2. Let A and B be two matrices such that 
A = 0, AB = 0, then equation always implies 
that 
(a) B = 0 (b) B * 0 
(c) B = - A (d) B = A' 

3. In matrices : 

(a) (A + B)2 = A2 + 2AB + B2 

(b) (A + B)2 = A2 + B2 

(c) (A + B)2 * A2 + 2AB + B2 

(d) (A + B)2 = A2 + 2BA + B2 

4. The characteristic of an orthogonal matrix A 
is 

(b) A • A" 1 = I 
(d) A • A' = I 

0 0 " 
3 0 is equal to 
0 5 

(a) 4 L (b) 3 

(c)5 

(a) A ' A = I 

(c) A' A " 1 = I 
' 4 

5. The rank of 0 
0 

" 3 - r X 4 " 
2 5 y - 3 

6. 

(a) x = 3,y = — 
(c) x — l,y = -

7. Given A = * 

result is true ? 

(a) A2 = I 

(d) 1 

(b) x = 2,y = 5 
(d).x = - l , y = 1 

, which of the following 

(b) A = - I 
(c) A"1 = 21 (d) None of these 

8. With 1 co, co2 as cube roots of unity, inverse 
of which of the following matrices exists ? 

(a) 

(c) 

1 
co 

CO 
•> 

CO" 

CO 

CO2 

CO2 

1 

CO 
1 

1 
CO 

(b) 

(d) None of these 

If A is an orthogonal matrix, then A 1 equals 
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(a) A 
(c) A2 

10. If A: 
3 

- 3 
2 

(b) A' 

(d) None of these 

, then trace of A is, 16 

(a) 17 (b) 25 
(c) 8 (d) 15 

11. If A is a square matrix of order n x n, then 
adj (adj A) is equal to 
(a) I A I" A (b) I A I" ~ 1 A 
'(c) IA I " - 2 A (d) I A l" ~3 A 

, * T T 
If A is a square matrix, then adj A - (adj A) 
is equal to 
(a) 2 I A I (b) 2 I A 11 
(c) Null (d) Unit matrix 

13. If A = x „ is a matrix of rank r, then 
(a) r = min (m, n) (b) r > min (m, n) 
(c) r < min (m, n) (d) None of these 

14. If A is an orthogonal matrix, then 
(a) I A I = 0 
(c) IA I = ± 2 

15. The matrix 
1 
1 

- 1 

(b) IA I = ± 1 
(d) None of these 

2 3 ' 
2 3 

- 2 - 3 
is 

(a) idempotent (b) nilpotent 
(c) involutory (d) orthogonal 

16. Matrix theory was introduced by 
(a) Cauchy-Riemann 
(b) Caley-Hamilton 
(c) Newton 
(d) Cacuchy-Schwar 

a 0 0 
17. If A = 

(a) 

(c) 

0 
0 

0 
b 
0 

1 /a 
0 
0 

b 
0 

0 " 
0 
c 

0 
\/b 
0 

then A 1 = 

(b) 
a 
0 
0 

0 
0 

1 / c 
(d) 

0 
ab 
0 

- a 
0 
0 

0 
0 
ac 

0 
-b 

0 

18. If A = 

(a) A 
(c) 3 A 

19. The matrix 

the line 
(a)x=\ 
(c) y - 1 

- 2 

1 
- 2 

- 2 

- 2 then adj A= 

(b) A 
(d) 3 \ T 

is the matrix reflection in 

(b)x + y = 1 
(d) x = y 

20. If I„ is the identity matrix of order n, then 
s-1 

( U " 
(a) does not exist (b) I„ 
(c) 0 (d) n I„ 

21. If A = is an idempotent matrix 
2 - 2 - 4 

- 1 3 4 
1 - 2 x 

then x = 
(a) - 5 (b) - 1 
( c ) - 3 (d ) -4 

22. If A is non-singular matrix, then Det (A 

(a) Det 

(c) Det 

23. The matrix 

(b); 
1 

(d) 

Det (Az) 
1 

1 
- 1 

1 
matrix of index 
(a) 1 
(c)3 

Det (A) 
- 3 —4 

5 4 
- 3 - 4 

(b) 2 
(d) 4 

is a nilpotent 

24. If A is a skew-symmetric matrix, then trace 
of A is 
( a ) - 5 (b)0 
(c) 24 (d) 9 

25. If the matrix A = 

a = 
( a ) -2 
(c )0 

1 
12 

1 
- i 

(b) —1 
(d) 1 

is unitary, then 

26. If 3 A = and AA' = I, then 
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( a ) -5 (b ) -4 
( c ) -3 (d ) -2 

27. The sum of two idepotent matrices A and B 
is dempotent if AB = BA = 

(c) 3 (d̂ ) None of these 
29. If A, B, C are non singular n x n matrices, 

then (ABC) 1 = 

(a) 4 
(c )2 

28. The rank of 

(b)3 
(d) 0 
3 

(b) cr' B~' A - 1 

is equal to 

(a) A"1 B~1 C 1 

(c) A - 1 C~1 1 (d j r ' c ' A " ' 
30- If A2 + A - 1 = 0, then A~1 = 

(a) A - I ( b ) I - A 
(c) I + A (d) None of these 

(b)2 (a) 1 

MULTIPLE CHOICE-II 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

31. If A = then 

(a) A"' = 9 A (b) A" = 27 A 
.2 , „ . - ! 

32. A = 

(c) A + A = A" (d) A 

4 x + 2 
2x - 3 x+\ 

does not exist 

is symmetric, then x 

(a)3 (b) 5 
(c)2 (d) 4 

33. Let a, b, c be positive real numbers. The 
following system of equations in x, y and z 

2 2 2 2 2 2 2 2 
— = i = i - f L + y _ 2 ,2 ' 2 ,~> 7 > 2 ,2 a Zr bL 

+ — = 1 has 
c 

(a) no solution 
(b) unique solution 
(c) infinitely many solutions 
(d) finitely many solutions 

8 - 6 
34. If the matrix A = - 6 7 

2 - 4 
then X -
(a) 3 
(c)2 

2 
- 4 

X 
is singular, 

(b)4 
(d)5 

35. If A is a 3 x 3 matrix and det (3 A) 
= k {det (A ) } ,k = 
(a)9 (b) 6 
(c) 1 (d) 27 

36. If A = 
cos x sin JC 0 

- sin x cos x 0 
0 0 1 

= / (*) , then A ' = 

(a ) f ( - x ) (b ) / ( * ) 
(c )-f{x) (d ) - f ( - x ) 

37. For all values of X, the rank of the matrix 

A = 
1 
X 

&X + 4 

5 
8 X - 6 

2X + 21 i + r 

(a) for X = 2, p (A) = 1 
(b) for X = - 1, p (A) = 2 
( c ) f o r A , ? t 2 , - l , p ( A ) = 3 
(d) None of these 

38. If A and B are square matrices of order 3 such 
that IA I = - 1,1B \ = 3, then I 3AB I equals 

(b) —91 
(d) 81 

2x + y = 5, x + 3y = 5, 

( a ) -9 
(c) -27 

39. The equations 
x - 2y = 0 have 
(a) no solution 
(b) one solution 
(c) two solutions 
(d) infinity many solutions 

40. If A is 3 x 4 matrix B is a matrix such A 'B 
and BA' are both defined. Then B is of the 
type 
(a) 3 x 4 
(b) 3 x 3 
(c) 4 x 4 
(d) 4 x 3 
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Practice Test 
M.M: 20 Time : 30 Min 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

a 1 (a) A (b) - A 
- a ' ( c)Null matrix (d) I 

1. If A = [ o f e ] , B = [ - 6 - o ] and C = 

then the coorect statement is 
(a) A = - B 
(b) A + B = A - B 
(c) AC = BC 
(d) CA = CB 

2. If A = 5 2 
3 1 , then A 1 = 

(a) 1 
- 3 

- 2 " 
5 (b) 

(c) 
r - l 

- 3 
- 2 " 
- 5 (d) 

1 2 
3 - 5 

3. If A = 

then 
(a) A + B exists 
(c) BA exists 

1 2 
3 5 

and B = 
5 
4 

- 5 

(b) AB exists 
(d) None of these 

1 - 2 3 
2 - 1 4 
3k 4 1 

is a 

(a) rectangular matri 
(b) singular matrix 
(c) square matrix 
(d) non singular matrix 
A and B be 3 x 3 matrices. Then 
| A - B [ = 0 implies 
(a) A = 0 or B = 0 
(b) | A | = 0 and | B | = 0 
(c) | A | = 0 or | B | = 0 
(d) A = 0 and B = 0 

1 0 0 
6. If A = 0 1 0 

a b -1 

2 
, then A is equal to 

7. I f X = 

(a) 

3 - 4 
1 - 1 

3 n - 4 n 
n - re 

, the value of X* is 

(b) 2n + n 5 - n 
n - n 

(c) (d) None of these 3 ( - 4) 
1" ( - 1 ) " . 

Matrix A such that A2 = 2 A - I, where I is 
the identity matrix. Then for n > 2, A" = 
(a) re A-( re - 1)1 
(b) re A - 1 

(c) 2n ~ 1 A - (re - 1) IIJ 

(d) 2n _ 1 A - 1 
9. For the equations x + 2y + 3z = 1, 

2x + y + 3z = 2, 5x + 5y + 9z = 4, 
(a) there is only one solution 
(b) there exists infinitely many solutions 
(c) there is no solution 
(d) None of these 

10. Consider the system of equations 
aix + b-\y + c-\Z = 0, a^x + b$y + c<g = 0, 
age + b$y + C3Z = 0 if 

« i c l 
c2 = 0 

<*3 b3 c3 

then the system has 
(a) more than two solutions 
(b) one trivial and one non-trivial solutions 
(c) no solution 
(d) only trivial solution (0, 0, 0) 

Record Your Score 
Max. Marks 

1. First attempt 
2. Second attempt 

3. Third attempt must be 100% 
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Answers 

Multiple Choice -1 
1. (b) 2. (b) 3. (c) 4. (d) 5. (b) 
7. (b) 8. (d) 9. (b) 10. (d) 11. (c) 

13. (c) 14. (b) 15. (b) 16. (b) 17. (c) 
19. (d) 20. (b) 21. (c) 22. (d) 23. (b) 
25. (b) 26. (c) 27. (d) 28. (a) 29. (b) 

Multiple choice-ll 

31. (a), (c), (d) 32. (b) 33. (b) 34. (a) 35. (d) 
37. (a), (b), (c) 38. (a) 39. (b) 40. (a) 

35. (d) 

Practice Test 
1. (c) 2. (b) 3. (c) 4. (c), (d) 5. (d) 
7. (d) 8. (a) 9. (a) 10. (a) 

6. (a) 
12. (c) 
18. (d) 
24. (b) 
30. (c) 

36. (a) 

6. (d) 



CALCULUS 

10 
FUNCTIONS 

§10.1. Formulas for the Domain of a Function 

1. Domain (f (x) ± g (x)) = Domain f(x) n Domain g{x). 
2. Domain (f(x).g(x)) = Domain f(x) n Domain g(x). 

3. Domain ^ j = Domain f (x) n Domain g (x) n {x: g (x) * 0} 

4. Domain Vf(x) = Domain f(x) n {x: f (x) > 0}. 

5. Domain (fog) = Domain [g (x), where fog is defined by fog(x) = f[g(x)}. 

Domain and Range of Inverse Trigonometric Functions Inverse Trigonometric 
functions 

Domain (x) Range (y) (Principal value) 

(i) y = sin~1x - 1 < x < 1 - tc/2 < y< 7C/2 

(ii) y = cos"1x - 1 < x < 1 0 < y< 7i 
(iii) y = tan - 1x R - 7t/2 < y< TI/2 
(iv) y = cot" 1x R 0 < y< 7i 

(v) y = sec _ 1 x 
r x < - 1 7t/2 < y < 7t y = sec _ 1 x 

x> 1 0 < y < 7t/2 
(vi) y -- cosec" 1x x < - 1 ' - 7t/2 < y< 0 

x> 1 0< / < 7t/2 

§10.2. Odd and Even Function 

(i) A function is an odd function if f ( - x) = - f(x) for all x. 
(ii) A function is an even function if f(- x) = f(x) for all x. 

Extension of a function 

If a function f(x) is defined on the interval [0,a], it can be extend on [- a, a] so that f(x) is either even or 
odd function on the interval [- a, a], 

(i) Even Extension : If a function f(x) is defined on the interval [0, a] 
0 < x < a = > - a < - x < 0 .•. - x e [ - a , 0] 

We define f (x) in the interval [- a, 0] such that f(x) = f(- x). Let g b e the even extension, then 
f(x,); x e [0, a] 
f ( - x ) ; x e [- a, 0] 

(ii) Odd Extension : If a function f(x) is defined on the interval [0, a] 
0 < x< a => - a< -x< 0 - x e [- a, 0] 

We define f (x) in the interval [- a, 0] such that f(x) = - f ( - x). Let gbe the odd extension, then 
. _ J f(x,) I X E [ 0 , a] 

S W = 

g (x) = < \ - f ( -x ) ; x e [- a, 0] 
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§ 10.3. Periodic Function 

A function f{x) is said to be a periodic function of x, if there exist a positive real number 7" such that 
f(x+T) = f(x) for all x. 

The smallest value of Tis called the period of the function. 
If positive value of T independent of x then f ( X ) is periodic function and if the value of T depends upon 

x, then /(x) is non-periodic. 

§ 10.4. Methods to Find Period of a Periodic Function 

(i) sin" x, cos" x, sec" x, cosec" x are periodic functions with period 2n and k according as n be odd or 
even. 

(ii) tan" x, cot" x are periodic functions with period rc, n even or odd. 
(iii) I sin x I, i cos x I, I tan x I, I cot x I, I sec x I, I cosec x I are periodic functions with period n. 
(iv) I sin x I + I cos x I, I tan x I +1 cot x I, I sec x I + I cosec x I are periodic functions with period n/2. 

(v) If f(x) is a periodic with period T, then the function f{ax+ b) is periodic with period 

(vi) If f (x), g (x) and h (x) an periodic with periods Ti, 72, T3 respectively then period of 
F(x) = ar'(x) ± bg (x).+ ch (x) where a, b, c are constant 

= { L.C.M. of (7i. T2, 7-3}, 
... \ a b c ) L.C.M. of fa, b, c} Note : L.C.M. — , — , — = — 1 ' ' \ 

[ ai £>1 ci J H.C.F. of {ai, ci} 

§ 10.5. Invertible Function 

Let f : A B be a One-One and Onto function then their exists a unique function 
g \ B A 

such that f{x) = y <=> g(y) = x, 
V x e A and ye B 

Then g is said to be inverse of f. 
and for1 = r1of = I, I is an identity function 

l a I 

{9 (y) = r 1 (y)} 

(fof 1 ) X = I ( X ) = X 

f { r \ x ) } = x 
Note : If A and Bare two sets having m and n elements such that 1 <n<m then 
(i) Number of functions from A to B = nm 

(ii) Number of onto (or surjection) functions from A to B 

= Z ( - 1 ) " 
r= 1 

' . "Cr / 7 7 

(iii) Number of one-one onto mapping or bijection = n ! 
(If A and B have same number of elements say n) 

§ 10.6. Signum Function 

The signum function f is defined as 
1 if x > 0 

Sgn f (x) = 

as x shown in the Fig 10.1 

0 if x = 0 
- 1 if x < 0 

y = 1, x>0 

0 

y = — 1, x<0 
> 

i 

> 

Fig. 10.1 
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§ 10.7. Greatest Integer Function 

[x] denotes the greatest integer less than or equal to x. i.e. [x] < x.. 
Thus [3-5778] = 3, [0 87] = 0, [5] = 5 

[-8-9728] = - 9 , [-0-6] = - 1 . 
In general if n is an integer and x is any real number between n and (n + 1) 
i.e., n<x<n+1 
then [x] = n. 

Properties of Greatest Integer function 

(i) If f (x) = [x+n], where ne /and [ . ] denotes the greatest integer function, then 
/(x) = n + [x] 

(ii) x = [x] + {x}, [ . ] and {} denote the integral and fractional part of x respectively 

Least Integer Function 
(x) or [x] denotes the least integer function which is greater than or equal to x. It is also known as ceiling 

of x. 
Thus, (3-578) = 4, (0-87) = 1, (4) = 4, 

[ - 8 239] = - 8, [- 0 7] = 0 

Properties of Least Integer function 

(i) (x+ n) = (x) + n, n e I 
(iii)(-x) = - ( x ) , x e I 
(v) (x) > n => x > n - 1, n e I 
(vii) (x) < n => x < n, n e I 
(ix) n2 < (x) < n-i => n2 - 1 < x< ny, n-i, n2 e I 

(xi) [ 

(xii) 

M 
n 

' n+ 1 

, n e N 

n + 2 n + 4 
8 

n+8 
16 

(xiii) (x)+ x + - + x + + ... + x + n- 1 

(ii) x = x + {x} - 1, {x} denotes the fractional part of x 
(iv) ( - x) = - (x) + 1, x g / 
(vi) (x) > n => x > n, n e I 
(viii) ( x ) < n = > x < n - 1 , n e I 
(x) (x + y) > (x) + (y) - 1 

2n, ne N 

= (nx) + n - 1, n e N 

Fractional Part Function 

It is denoted as f (x) = {x} and defined as 
(i) {x} = fif x = n+ fwhere n e / a n d 0 < A < 1 
(ii) (x} = x - [ x ] 
Notes : 1. For proper fraction 0 < f < 1 

2. Domain and Range of ^ are R-l and (0, 1) respectively 

§ 10.8. Modulus function (or absolute-value-function) 

It is given by 

y = | x l = { " [ - x, x < 0 

it is shown in the Fig 10.2 

Properties of Modulus Function 
( i ) lxl < a => - a < x < a ; (a > 0) 
(ii) Ix l > a x < - a or x > a ; (a > 0) 
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(iii) I x + y I = Ixl + ly l « x > 0 & y > 0 o r x < 0 & y < 0 
(iv) I x - y I = I xl - I yl => x> 0 & I xl > I yl 

or x < 0 & y < 0 & I xl > I yl 
(v) I x ± y I < Ixl + ly l 
(vi) I x± y I > l l x l - l y l l 

§ 10.9 Form of the Function 

By considering a general nth degree polynomial and writting the expression. 

it can be proved by comparing the coefficients of x", x" 1 constant that the polynomial satisfying the 
above equation is either of the form 

f (x) = x " + 1 or - x n + 1. Now 
f(3) = 28 => 3^+ 1 = 28 => n = 3 
1 (3) = - 3n + 1 is not possible as - 3n = 27 is Not true for any value of n. 

Hence 7(4) = 43 + 1 = 65. 
MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. I f / (x ) = - —-—j ^ e n / ' (*) equals 
1 + x 

- 1 (a) [ - 2, VlT] (b) [ - 2, 3] 
(c) [3, VT3~] (d) None of these 

6. The domain of the function 

(d) None of these 

( c ) ((In - I ) 7 1 , 2 « J I ) 

(d) None of these 
then 
(a) / (x) is one-one but not onto 
(b) / (x) is neither one-one nor onto 
(c) / (x) is many one but onto 
(d) / (x) is one-one and onto 

7. If g (x) = \x ] - [x]2, where | . ] denotes the 
greatest integer function, and x e |(), 2], then 
the set of values of g (x) is 
(a) { - 1 , 0 } (b) { - 1 , 0 , 1 } 

3. The function f(x) = X I sin x I + 1 cos x I 
+ g has period equal to n/2 if X is 

(c) {0} (d) {0, 1,2} 

4. I f / i s decreasing odd function then / is 
(a) Odd and decreasing 
(b) Odd and increasing 
(c) Even and decreasing 
(d) Even and increasing 

(a) 2 
(c) 3 

(b) 1 
(d) None of these 

8. Which of the following functions is periodic 
with period n ? 
(a)/(x) = sin 3x (b ) / (x ) -= ' f cos x I 
(c)f(x) = |x + 7t] (d) /(x) = x c o s x 
where |x] means the greatest integer not 
greater than x. 

9. The domain of definition of 

5. The range of the function 
f(x) = 3 I sin x I - 2 I cos x I is (a) ( -«» ,« . ) - | - 2 , 2 | 
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(b) ( - 0 0 , » ) - [ - 1, 1] 
(c) [ - 1 , 1] u (— 00 , — 2) u (2, 
(d) None of these 

10. Let f-.R—^R be a given function and 
A a R and B czR then 
( a ) / ( A u B ) = f (A) vjf(B) 
(b )f(AnB) = f ( A ) n f ( B ) 
(c )f(Ac) = [f(A)]c 

( d ) / ( A \ B ) = / (A) \f(B) 
11. The domain of the function 

... log 1 0 -

12. 

y = logio logio logio 
n times 

(a) [10". 00) (b)(10"" ' ,oo) 

(c) (10"" 2, 00) (d) None of these 
If [x] and {JC} represent integral and 
fractional parts of x, then the value of 

x + r} 2000 

r= 1 2000 
I S 

(a) x (b) [x] 
(c) {x} (d) x + 2001 

13. If [.] denotes the greatest integer function 
100 

then the value of E 
r= 1 2 + 100 

is 

(a) 49 (d) 50 
(c) 51 (d) 52 

14. If / ( x ) is a polynomial satisfying 
/ ( x ) . / ( l / x ) = / ( x ) + / ( l / x ) and / ( 3 ) = 28, 
then/ (4) = 
(a) 63 (b) 65 
(c) 17 (d) None of these 

15. If f ( x + y) = / ( x ) + / ( y ) - xy - 1 for all 
x, y a n d / ( l ) = 1 then the number of solutions 
o f / ( « ) = n, n e N is 

16. 

(a) one 
(c) three 
The function 

/ ( x ) = s i n [ ^ 

(b) two 
(d) None of these 

TLX 

(11+I)! 
(a) not periodic 
(b) periodic, with period 2 (11 !) 
(c) periodic, with period (/; + 1) 
(d) None of these 

17. The value of b and c for which the identity 
/ ( x + 1) — / ( x ) = 8x+ 3 is satisfied, where 
f (x) = bx" + cx + d are 
(a) b = 2,c=\ (b) b = 4, c = - 1 
(c)b = - 1, c = 4 (A) b-—\,c=\ 

18. The value of the parameter a , for which the 
function/(x) = 1 + ax, a * 0 is the inverse of 
itself, is 
(a) - 2 (b) - 1 
(c) 1 (d)2 

19. Which of the following functions is even 
function 

(a . ) / (x ) - ( b ) / ( x ) = x f l A ~ 1 

( c ) / ( x ) = -

a — 1 
X -a - a 

a + 1 

(d)/(x) = sin x 
a + a 

20. If S is the set of all real x for which 
l - e

( l A ) - ' > 0 , then S = 
(a) ( - <*>, 0) u (1, (b) ( -
( c ) ( - o = , 0 ] u [ l , o o ) (d) None of these 

21. If / ( x ) = sin2x + sin2|^x + Y j + 

cos x. cos ^ x + y j and g (5/4) = 1 then 

(gof) x is 
(a) a polynomial of the first degree in 

sin x, cos x 
(b) a constant function 
(a) a polynomial of the second degree in 

sin x, cos x 
(d) None of these 

22. If the function / : [1, —> [1, is defined 
by / (x ) = 2 l < A ' " l ) then/" 1 (x) is 

1 I) 
(a)' 

( b ) | ( l +Vl + 4 1 o g 2 x ) 

( c ) ^ ( l -4\+4\og2x) 

(d) not defined 

23. L e t / b e a function satisfying 

2/(vv) = [f(x)}v+ {./'(y)}v and f ( l ) = k*l. 

then Z f(r) = 
r= 1' 
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(a) k" - 1 (b) k" 

(c) k" + 1 (d) None of these 

24. Which one of the following functions arc 
periodic 
(a) / (x) = x — [x], where [x] < x 
(b) / (x) = x sin (1 /x ) for * * 0, / (0) = 0 
(c)f(x) = x c o s x 
(d) None of these 

25. The domain of the function 
/ ( x ) = l / l o g 1 0 ( l - x ) + V(x + 2) is 
(a) [ - 3, - 2] excluding ( - 2-5) 
(b) [0, 1], excluding 0-5 
(c) [ - 2, 1], excluding 0 
(d) None of these 

26. The graph of the function y = / (x) is 
symmetrical about the line x = 2. Then 
( a ) / (x + 2) = / ( x - 2) 
( b ) / ( 2 + jc) = / ( 2-x) 
( c ) / W = / ( - * ) 
(d) None of these 

The range of the function/(x) = 6A + 3 l + 6 1 

+ 3~'1 + 2 is 
(a) [ - 2, oo) (b) ( - 2, oo) 
(c) (6, oo) (d) [6, oo) 

28. If f:X~>Y defined by / ( x ) = V3~sin x + 
cos x + 4 is one-one and onto, then Y is 
(a) [1,4] (b) [2, 5] 
(c) [ 1, 5] (d) [2, 6) 

29. i f fix) (x -x2) + I X I 

then domain o f / ( x ) is (where 
[x - 1] 

is the greatest integer) 
1 +V5"" 

(c) \ 2 , 

2 
1 +V5 

. 2 
Cd) None of these 

30. The range of function / : [0, 11 -> R,f(x) 
3 2 - 1 

= x -x + 4 x + 2sin x is 
(a) [ - 7 1 - 2 , 0 ] fb ) | 2 , 3| 
(c) [0,4 + 71] (d)f0, 2 + ji| 

31. Let fix) be a function defined on |0, 11 such 
that 

/ « = x, if x e Q 
1 - x , if xi Q 

Then for all x e [0, 1 ] / / ( x ) is 
(a) Constant (b) 1 + x 
(c) x (d) None of these 

32. I f / : R —> R is a function such that 

/ ( x ) = x3 + x 2 / ' (1) + xf" (2) + / " ' (3) for all 
x e /?, t h e n / ( 2 ) - / ( l ) 
( a ) / (0 ) ( b ) - / ( 0 ) 
( c ) / ' ( 0 ) (d) - / ' (0) 

33. Let / : /?—> Q be a continuous function such 
tha t / (2) = 3 then 
(a) / (x) is always an even function 
(b) / (x) is always an odd function 
(c) Nothing can be said about f ( x ) being even 

or odd 
(d) /(x) is an increasing function 

34. The greatest value of the function 

f{x) = cos {x e W + 2x2 - x}, x e ( - 1, 
where [x] denotes the greatest integer less 
than or equal to x is 
(a) 0 (b) 1 
(c)2 (d)3 

4 2 T-l_ , r cos nx + x - f.t] + COS Tt( -35. The period of e is 
([.] denotes the greatest integer function) 

(a)2 (b) 1 
(c) 0 (d) - 1 

36. If / ( x ) = sin~'. { 4 - ( X - 7 ) 3 } 1 / 5 , then its 

1/3 
inverse is 

(a) (4 - sin5x) 
, , , 5 ,2/3 (c) (4 - sin x) 

(b) 7 — (4 - sin5 x)1 / 3 

(d) 7 + (4 - sin5 x)1 / 3 

„„ „ . . . r , , . I f I sin x I I cosx I 
37. The period o f / ( x ) = - ^ + —: 

2 [ cos .1 s inx 
is 
(a) 2k 
(c) Jt/2 

38. Given f ( x ) 

(b)7t 
(d) n/4 

1 
• R (x) =f{f(x)l ( 1 - x ) 

and h(x) —f{f{f(x))}. Then the value of 
fix), a (x). hix) is 
(a) 0 (b) - I 
(c) 1 (d)2 

39. The inverse of the function 
y = log,, (x + Vx2+ I ) (a > 0, a * I) is 
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(a ) \ ( a - a c) 
(b) not defined for all JC 
(d) defined for only positive x 
(d) None of these 

40. The domain of the function 

fix) = Vsin - 1 (log2JC) + Vcos (sin x) 

, - 1 + sin 
1 + x 

2x 

2 > 

42. Le t / (* ) = 

(a) = 

(b) = 

(c) = 

then / / ( J C ) 

( a ) {JC: 1 < J C < 2 } 

(b ) (1 ) 
(c) Not defined for any value x 
(d) { - 1 , 1 } 

41. Let f:R—>R be a function defined by 
, x + 2 x + 5 . 

f ( x ) = — "is 
x + x + 1 

(a) one-one and into 
(b) one-one and onto 
(c) many one and onto 
(d) many one and into 

1 + J T , 0 < J C < 2 

3 - JC, 2 < J C < 3 

2 + x, 0 < JC < 1 

2-x, 1 <x<2 
4-x, 2<x<3 
2 + x, 0<x<2 
4-x, 2<x<3 
2 + x, 0<x<2 
2-x, 2<x<3 

(d) None of these 
Let f : R - > R , g : R - * R be two given 
functions susch that / is injective and g is 
surjective then which of the following is 
injective 
(a) g,f (b )f0g 
(c )g„g ( d ) / / 

44. The domain o f / ( x ) = 

(a) [ - 2nn, 2nt\ 
(b) (2nn, 2n + \ 7t) 

43. 

cos X I + C O S X 
•is 

(C) 
(4n+ l)7i (4n + 3)n 

( d ) ^ ( 4 n - l ) 7 t (4n+\)n 

45. The domain of the function 
f ( x ) = l6~xC2x_]+20~3xP4x_s, where the 
symbols have their usual meanings, is the set 
(a) {2, 3} (b) {2, 3, 4} 
(c) {1, 2, 3, 4, 5} (d) None of these 

46. If/(je) = 3 sin 

(a) f 

(c) 

3 _3_ 
l l ' <2 

n2
 2 T7 — x then its range is 

16 

(b) 

(d) None of these 

47. The domain of 

f(x) = ^x-4-2-[(x-5) -^x-4 + 2<x^f 
is 

( a ) [ -5 ,oc) 
(b) ( - « , + 2] 
(c) [5, - j , ( - o o , - 2 ] 
(d) None of these 

sin x I + I cos x I is 48. The period of . . 
I sin JC — cos JC I 

(a) 2TI (b) n 
(c) t i /2 (d) n/4 

49. If [.] denotes the greatest integer function 
then the domain of the real valued function 
l°g[x+l/2] 

3 , 00 
2 ' 

•2 I is 

(a) 

(b) | u (2 ,oo) 

1 
( 0 1 J . 2 u ( 2 , ~ ) 

(d) None of these 

50. Let /(JC) = sin2 JC/2 + cos2 JC/2 and g (JC) 
= sec2 JC - tan2 JC. The two functions are equal 
over the set 

( a )* 
(b )R 

(c) R -1 JC : JC = (2n + 1) - , n e / 

(d) None of these 
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MULTIPLE CHOICE-I I 

Each queston, in this part, has one or more than one correct answer(s). For each question, write the letters 
a, h, c, d corresponding to the correct answer(s). 

51. The domain o f / ( x ) is (0, 1) therefore domain 
o f f ( e x ) + f(ln I A' I) is 
( a ) ( - l , e ) (b) (1, e) 
( c ) ( - e , - l ) (d) (- e, 1) 

52. If / : [ - 4, 0] -> R is defined by ex+ sin JC, its 
even extension to [-4, 4] is given by 

(a) — e~ l j r ' — sin Ix I (b) e~ Lvl - sin I x I 
(c) e ~ u l + sin Ixl (d) - e~ l v i + sin I x I 

53. If f(x) = and f(A) = y : - ^ < y < 0 
x + 1 1 2 

then set A is 
(a) [ - 1 , 0 ) ( b ) ( - ~ > , - l ] 
(e) ( - 0) (d) ( - oo) 

54. If g (x) be a function defined on [-1, 1] if the 
area of the equilateral triangle with two of its 
vertices at (0, 0) and (x, g (x)) is V3/4, then 
the function is 
( a ) £ ( x ) = ± V ( l -x 2 _l 

(b)g(x) = - ^ x 2 ) 
(c) g (x) = V(1 -X 2 ) 

( d ) £ ( x ) = V l +x 2 

55. The period of the function 
2 2 rr \ Sin X + sin (JC + It/3) + COS X COS f.t + It/3) • / ( x ) = a IS 

(where a is constant) 
(a) 1 (b) n/2 
(c) n (d) can not be determined 

56. The domain of the function 
• I x I ^ _ i ( 2 - I x I + cos 

- 1 / 2 - 1 x 1 + tan — lis 

/ ( x ) = sin 

(a) [0, 3] (b) [-6,6 ] 
(c) [ -1 ,1 ] (d) [-3, 3] 

57. Let / be a real valued function defined by 
I X I 

/ « = V ^ r e+e 
(a) R 
(c) [0, 1) 

then range o f / i s 

Cb) 10, 1] 
(d) [0, 1/2) 

58. Let / (x) = 2x - sin x and g (x) = 3Vx, then 
(a) range of gofis, R 
(b) gofis one-one 
(c) both/and g are one-one 
(d) both/and g are onto 

59. Let 
0 

/ « = 2 • I n x sin x 

for x = 0 

for - 1 < x < 1 (x * 0) 

for x > 1 or x < - 1 X I X I 

then 
(a) / (x) is an odd function 
(b) f ( x ) is an even function 
(c) f ( x ) is neither odd nor even 
( d ) / ' (x) is an even function 

60. Which of the following function is periodic 

(a)Sgn (e x) 
(b) sin x + I sin x I 
(c) min (sin x, I x I) 

1 
2 

denotes the greatest integer function) 
61. Of the following functions defined from [-1, 

1] to [-1, 1] select those which are not 
bijective 

(d) 

([* 

1 
X+2 

+ + 2 ; — x] 

(a) sin (sin x) 
2 

(b) - sin 
7C 

(sin x) 

(c )(Sgnx)ln(ex) (d)x(Sgnx) 
62. If [x] denotes the greatest integer less than or 

equal to x, the extreme values of the function 
/ ( x ) = [1 + sin x] 4- [1 + sin 2x] + [1 + sin 3x] 

+ ... + [ 1 + sin nx], n e (0, n) are 
(a) n - 1 (b) n 
(c) n-l-l (d) n + 2 

63. I f / ( x ) is a polynomial function of the second 
degree such that 
/ ( - 3) = 6 , / (0 ) = 6 and/ (2) = 11 then the 
graph of the function / (x ) cuts the ordinate 
x = 1 at the point 
(a) (1,8) (b) (1, - 2 ) 
( c ) l , 4 (d) none of these 
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64. If f ( x + _y, x -y) = xy then the arithmetic 
mean o f f ( x , y) and/(y , x) is 
(a) x (b) y 
(c) 0 (d) None of these 

65. Under the condition the domain of 
fi + f i ' s equal to 
dom / | u dom/ 2 . 
(a) dom/ | ^ dom/ 2 (b) dom/ j = dom/ 2 

(c) dom/ | > dom/ 2 (d)dom/! < dom/ 2 

66. Domain oi'f'(x) = sin" 1 [2 - 4x2] is 
([.] denotes the greatest integer function) 

* (0, (a) 

(b) 

(c) 

(d) 

— -^f- 0 

67 

2 

2 

- f , 0 

J'W. 

U 

If e + e'w = e then for / ( x ) 
(a) domain = (— 1) 
(b) range = (-<», 1) 
(c) domain = (— 0] 
(d) range = (-<*>, 1] 

68. Let f ( x ) = sec ' [ l + c o s 2 x ] , where [.] 
denotes the greatest integer function, then 
(a) the domain o f f is R 
(b) the domain o f / i s [1,2] 
(c) the range o f / i s [1,2] 
(d) the range o f / i s j scc~ 1 i, see" 1 2} 

69. If the function f:R->R be such that 
/ ( x ) = x — [x], where [.] denotes the greatest 
integer function, t hen / 1 (x) is 

(a) x - [x] (b) [x] - x 

(c) not defined (d) None of these 
70. The domain of the function 

/ (x ) = V(2 - I x I) + 1 +1x1) 
(a) [2, 6] (b) (-2, 6] 
(c)[8, 1 2 ] (d) None of these 

71. Let f : R - > [0,7i/2) be a function defined 
— 1 2 

by / (x ) = tan (x + x + a). I f / i s onto then a 
equals 
(a)0 (b) 1 
(c) 1/2 (d) 1/4 

72. Let / ( x ) = cos where k = [m] = the 
greatest integer < in, if the period o f / ( x ) is 7t 
then 
(a) m e [4, 5) (b) m = 4, 5 
(c) in e [4, 5] (d) None of these 

73. Let fix) = [x]2 + [x + 1 ] - 3, where [x] < x. 
Then 
(a) / (x) is a many-one and into function 
(b) / (x) = 0 for infinite number of values of x 
(c) / (x) = 0 for only two real values 
(d) None of these 

74. Domain of sin~' [sec x] ([.] is greatest integer 
less than or equal to x) is 
(a) {(2n + 1) 7t, (2/i + 9 ) 7t] 

u {[(2/7! - 1) 7i, 2nm + n/3), m e /} 
(b) {2/!7i, n e /} u {[2inn, (2m + 1) n), m e /} 
(c) {(2n + 1 )7t, n e /} u {[2mn, 2mn, + n/3), 

111 E / } 

(d) None of these 
75. Let fix) = (x12 - x9 + x4 - x + 1)" 1/2. The 

domain of the function is 
(a) (-oo, - 1) 
(b) (-1, 1) 
(c) ( l , °° ) 
(d) ( - <= 

Practice Test 

M.M. : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

(c) a periodic function 
(d) None of these 

(a) an even function 2. If f: R —» R, g : R —> R be two given 
(b) an odd function functions then fix) = 

2 min {fix) - g (x), 0) equals 

1. The function ion/(x) = log, ^ jc/x is 
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(a)f(x)+g{x)- \g(x)-f{x) | 
(b)f(x)+g(x) | | g(x)-f{x) | 
(c)f{x)-g{x)+ | g(x)-f(x) | 
(d) f(x)-g(.x)~ | g(x)-f(x) | 

3. The domain of the function 

f (x) = In ^ In ~~ j is (where (.) denotes the 

fractional part function) 
(a) (0, «>)- / (b)(l , =o)-7 
(c) R-1 (d) (2 ,~>)- / 

4. If domain of f is Dx and domain of g is D2 

then domain oif+g is 
(a)Dl \ Do 
(b) Dx - (D1 \ D2) 
(c )D2\(D2\D1) 
(d) Di n Z>2 

5. sin ax + cos ax and | sin x | + | cos x | are 
periodic of same fundamental period if a 
equals 
(a) 0 (b) 1 
(c) 2 (d) 4 

6. If g (x) is a polynomial satisfying 
g (*) giy) = g(x) +£ty) + g (xy) - 2 for all real 
x and y and g (2) = 5 then g (3) is equal to 
(a) 10 (b) 24 
(c) 21 (d) None of these 

7. The interval into which the function 
( * - l ) 

y = -
(X2 - 3x + 3) 

line is 

transforms the entire real 

(a) 

(b) 

(c) 

(d) None of these 
8. Let the function f(x)=x + x + sin x - cos x 

+ log (1 + | x |) be defined over the interval 
[0, 1], The odd extensions of f(x) to interval 
[-1, 1] is 

(a) x +x + sin x + cos x - log (1 + ] x |) 

(b)-x +x + sin x + cos x - log (1 + | x |) 
2 (c) - x + x + sin x - cos x + log (1 + | x |) 

(d) None of these 

9. The function f (x) where [x] 
Vx - [x] ' 

denotes the greatest integer less than or 
equal to x is defined for all x belonging to 
(a )R 
( b ) R - ( ( - 1,1) u { n i n e 711 

(c)7e+-(0, 1) 

(d) R+ - In : n e N) 
10. The period of the function 

f (x) = [sin 3x] + | cos 6x | is 
([.] denotes the greatest integer less then or 
equal to x) 
(a) 7i (b) 27t/3 
(c) 2TC (d) 71/2 
(e) None of these 

Record Your Score 

Max. Marks 
1. First attempt 
2. Second attempt 
3. Third attempt must be 100% 

Answers 

Multiple Choice -I 

l . ( b ) 2. (b) 3. (b) 4. (a) 5. (a) 6. (b) 
7. (d) 8. (b) 9. (c) 10. (d) 11. (d) 12. (c) 

13. (c) 14. (b) 15. (a) 16. (d) 17. (b) 18. (b) 
19. (b) 20. (a) 21. (b) 22. (b) 23. (d) 24. (a) 
25. (d) 26. (b) 27. (d) 28. (d) 29. (c) 30. (c) 



96 Obj ective Mathematics 

31. (c) 32. (b) 33. (a) 34. (b) 35. (b) 36. (d) 
37. (c) 38. (b) 39. (a) 40. (b) 41. (d) 42. (a) 
43. (d) 44. (d) 45. (a) 46. (b) 47. (c) 48. (b) 
49. (b) 50. (c) 

Multiple Choice -II 
51. (c) 52. (b) 53. (a), (b), (c) 54. (d) 55. (d) 56. (b) 
57. (d) 58. (a), (b), (c), (d) 59. (a), (d) 60. (a), (b), (c), (d) 
61. (b), (c), (d) 62. (b), (c) 63. (a) 64. (c) 65. (b) 66. (a), (c) 
67. (a), (b) 68. (a), (d) 69. (c) 70. (d) 71. (d) 
72. (a) 73. (a), (b) 74. (c) 75. (d) 

Practice Test 
1. (a) 2. (d) 3. (b) 4. (b), (c), (d) 5. (d) 6. (a) 
7. (b) 8. (b) 9. (b) 10. (b) 



11 
LIMITS 

§11.1. Limit 

Let f{x) be a function of x. If for every positive number e , however, small it may be, there exists a 
positive number 5 such that whenever 0< I x-a I < 8, we have I f(x) - I I < e then we say, f (x) tends to limit I 
as x tends to a and we write 

Lim f(x)=l 
x-> a 

§ 11.2. Right hand and left hand Limits 

In the definition of the limit we say that I is the limit of f (x) i.e. f(x) -> /, when x - ^ a. 
When x-> a, from the values of x greater than a, then the corresponding limit is called the right hand 

limit (R.H.L.) of f (x) and is written as 
Lim /(x) or f (a + 0). 

x-> a + 
The working rule for finding the right hand limit is : 
"Put a + h for x in f (x) and make h approach zero." 
In short we have f(a + 0) = Lim f(a+h) 

/7-> 0 

Similarly, when x-> a from the values of x smaller (or less) than a, then the corresponding limit is called 
the left-hand limit (L.H.L.) of f (x) and is written as 

Lim f(x) or f(a- 0) 
x-> a -

The working rule for finding the left hand limit is : 
"Put a - h for x in f (x) and make h approach zero." 
In short we have 

f { a - 0) = Lim f ( a - h ) 
h —> 0 

If both these limits f(a + 0) and f(a - 0) exist and are equal in value, then their common value is the 
limit of the function f{x) at x = a, i.e. I is the limit of f(x) as x-> a if 

f (a + 0) = I = f{a - 0) 
The limit of f(x) as x-> a does not exist even if both these limits exist but are not equal in value 

then also the limit of f(x) as x a does not exist. 

§ 11.3. Frequently used Limits 

\n 
(i) Lim 

n —> 

(ii) Lim 
n <x 

1 + - I = e = Lim (1 + h) 
n 0 

n y 

1/ / j - - L.IIII l l - r / l l 

\ n 

(iii) Lim (1 + a/?)1/" = e a 

x" - a" (iv) Lim = na" where n e O . 
x-> a x- a 
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, . . . sin 6C . . . . sin x° (v) Lim — — = 1 and Lim e->o ec x->0 x 180 t (180' = k ) and Lim 
tan e c 

e - > o e c = 1 

ax- 1 (vi) Lim = In a (a > 0) 
x-» 0 x 

ex- 1 (vii) Lim = 1 
x—• 0 x 

(viii) Um ~ = 0 (m > 0) x-*oo yn 

. . . . . (1 + x ) m - 1 (ix) Lim = m 
x-» 0 x 

(x) Lim l o g a ( 1 + x ) = loga e ( a> 0, a * 1) 
x - » 0 x 

Lim{/(x)-1}fir(x) 
(xi) Lim{f(x)}9(J° = e x ~ * a 

x—> a 

• Provided g (x) -> f (x) 1 tor x a. 
o=, (so no exits) if a > 1 
1, if a = 1 
0, if - 1 < a < 1 
not exist, if a < - 1 

(xii) Lim a" = 

§ 11.4. Some Important Expansions 

(i) tan x = + x® + . 
o ID 

. ^ . x 3 l ^ . x 5 1 2 . 3 2 . 5 2 7 
(II) sin x = x+ — + — + — x+. 

3 ! 5 ! 7 ! 

(iii) (sin 1 x)2 = ^ x2 x4 + 2 2 ' 4 x6 

x . - 1 x3 x5 
(iv) tan x = x - — + — -3 5 

( v ) s e c - 1 x = 1 + | T + ^ r + ^ y + ... x2 5x4 61 x6 

(vi) (1 + x)1/x= e * * 11 J? 1 - ~ + — x -2 24 

§ 11.6. indeterminate Forms 

If a function f (x) takes any of the following forms at x = a. 
0 
0 ' 

then f (x) is said to be indeterminate at x = a. 

>, 0 X OO, 0', oo", 1° 

§ 11.7. L'Hospital's Rule 

Let f (x) and g ( x ) be two functions, such that f (a) = 0 and g (a) = 0. 

then Lim - ^ r r = Lim -3-^7 , 
x->ag(x) * - > a £ f ( * ) 

Provided f ' (a) and cf (a) are not both zero. 

Note : For other indeterminate terms we have to convert to — or — and then apply L' Hospital's Rule. 
o OO 

0 oo 
Some times we have to repeat the process if the form is - or — again. 
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MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of letters a, b, c, d whichever is appropriate : 

1. If 0 < a < b, then Lim (b" + a") " is equal to 

(a)e (b ) a 
(d) None of these 

V l / 2 ( 1 - cos 2x) . 2. The value of Lim 
X 

(b) - 1 
(c) 0 (c^jione of these » 

3- The value of Lim ^ + JS where {JC} 
JC->0 {x} 

denotes the fractional part of x. 
(b) 0 

(b) 2 (d) does not exist» 

4. Let f ( x ) = 1/V(18 -x2), the value of 
L i m f £ M ) 
*->3 

(a)0 
(c) -1 /3 

5-- The value of Lim 

(a) 0 
(c) - 1 

6. Lim 
n —> <*> 

1 

IS 

(b) -1/9 
(d) 1/9 , 

( x sin (1/x) - x 
1 — 1x1 

(b) 1 
(d) None of these 

4 9 

is 

n + 1 n + 1 
+ 

« 3 + l 
+ ... + 

n + 1 
is equal to 
(a) 1 (b) 2/3 
(c) 1/3 (d) 0 

7. If x > 0 and g is bounded function, then 

Lim i s 
" 00 em + 1 
(a)/(x)» (b) g(x) 
(c) 0 (d) None of these 

8. The integer n for which 
j . ( c o s x - 1 ) ( c o s x - e l ) _ . 
Lim is a finite 

x" 
non-zero number is 
(a) 1 (b) 2 
( c ) 3 , (d)4 

9. Lim 
:^y2-(y-x)2 

r^ is equal to 
* 0 (V8xy - 4X2 + Vfoy)3 

(a) 1/4 (b) 1/2 
(c) 1 /2 V2~ (d) None of these 

sin (7t cos x) 
10. Lim = equal 

*->0 r2 

(a ) -7 t 
(c) 71/2 

(b)7t 
( d ) l 

r„ . sin x - (sin x)SJ 

LI. Lim :—-——L~. ^ J I I I , . is equal to 
* -»rc/2 1 - sin x + In sin x 

(a) 4 
(c) 1 

(b)2 
(d) None of these 

12. The value of the limit 
Jx lWx 

T . a -a , . 
a +a 

(a) 4 
(c) - 1 

13. Lim 
a • 2 , n sm n ! 

n+ 1 

( a ) 0 « 
(C)oo 

(b)2 
(d) 0 

, 0 < a < 1, is equal to 

(b) 1 
(d) None of these 

, . _ . sin 1 x - tan 1 x . , 
14. Lim ~ is equal to 

x^O x2 

(a) 1/2 
( c ) 0 . 

(b) -1 /2 
(d)=o 

15. Lim {log{„ _ i) («) log„ (n + 1 ) log„ +1 (n + 2) 

... log„l _ ] ( « ) } is equal to 
(a) n (b)k " 
(c) oo (d) None of these 

16. Lim £ c o f 1 ( r 2 + 3 / 4 ) i s n —» oo r= 1 

(a) 0 
(c^ tan -

• l 1 

17. If Lim , a b 1 + 

(a) a = l,b = 2 

(b) tan 
(d) None ol' these 
n2* 2 = e then 

(b)a = 2,b=\ 
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(c)a=l,be. R 
Ci 

18. Lim 
, l/n l/n 1 e e - + + 
n n n 

(d) None of these 
(n - 1 )/n 

... +" n 
equals 
(a)0 (b) 1 

(d) None of these (c )e-} 

1 f t T . 2 V2~-(cosx + sinx)" . 
Lim :— is equal to 

AT k/4 1 - sin 2x 

, . 3V2 
(a)—— * 

(c) 

2 
4-12 

(b) 2 V2" 

(d) does not exist 

IA TF T i(a ~n)nx- tan x) sin nx _ , 20. If Lim — z j = 0' where 

n-is non zero real number then a is equal to 

(a)0 (b) 
n+ 1 

n 

(c) n (d) n + — 
n 

21. If Lim ( l + " 3 ) + 8 e ' / X
= 2 t h g n 

*->0 1 + (1 — b ) e 
{a)a=l,b = 2 
(c) a = 2,b-3 1/3 

(b) a = 1, b = - 3 ] ^ 
(d) None of these 

2 2 - If Lim ( V ( x 4 - x 2 + 1) - ax2 - b) = 0 then 
X — » 00 

( a ) a = I, b = -2 (b)a=\,b=\ 
(c) a = 1, b = - 1 /2 (d) None of these 

Lim 

n 
sn= 2 

k = 
c 

l 

$n+ 1 - 5„ 

V z * yk= 1 
» 

~.a v 

n -»00 

is equal to 

(b )a 
(d)2a 

then 

24. The value of Lim 
cos (sin x) - cos x is 

equal to 

" " 5 

25. Let f(x) 

(d) 
1 

= { x 2 - l , i if 0 < x < 2 

I-
the 

2x + 3, if 2 < x < 3 
quadratic equation whose roots are 

Lim fix) and Lim is * —> 2 - 0 x —> 2 + 0 

(a) x2 - 6x + 9 = 0 (b) x2 - l.Ox+^21 = 0 
(c) x2 - 14x + 49 = 0 (d) None of these 

26. Lim * s ' n {* M l ^ where [.] denotes the 
x —̂  1 x - 1 

greatest integer function, is 
(a) 0_•* ( b ) - l 
(c) not existent (d) None of these • 2 

27. The value of Lim [x + x + sinx] where [.] 

denotes the greatest integer function 
(a) does not exist (b) is equal to zero 
(c) - 1 (d) None of these 

28. Lim (2 - tan x) 
jr —> It/4 

(a)« 
(c) 0 

f n ! 
(mnf 

(a) 1 /em • 
(c) em 

1 /In ( tan x) equals to 

(b ) l 
(d)<f 

29. Lim 
n —> ° ° 

l/n 

30. If y = 2 

(a) -1 
(c)0 

(me N) is equal to 

(b) m/e 
(d) e/m 

then Lim y is 
x-> 1 + 

(b) 1. 
(d) 1/2 

MULTIPLE CHOICE -II 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

31. Let / (x) = Lim x 2 " - l 
« 00 x2n + 1 

, then 

(a) f(x) = 1 for I x I > 1 

(b) f{x)~- 1 for I x I < 1 
(c) fix) is not defined for any value of x 
(d) / (x) = 1 for I x I = 1 
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32. The graph of the function y=f(x) has a 
unique tangent at the point (a, 0) through 
which the graph passes. Then 

. l og , { 1 + 6 / ( A ) } , 
Lim is 

3fix) 

(a) 0 
( c )2 

33. Lim 

(b) 1 
(d) None of these 

f{2h + 2 + h~) —f(2) 
2iven 

A-> o fih -hz+ 1 ) - / ( 1 ) 
/ ' (2) = 6 a n d / ' ( l ) = 4 
(a) does not exist (b) is equal to -3 /2 
(c) is equal to 3/2 (d) is equal to 3 

that 

34. If Lim 
,v (1 + a cos x) - b sin x 

. 0 
1 then 

(a) a = - 5 /2 , b = - 1 /2 
(b) a = — 3 /2 , b = — 1 /2 
(c) a = - 3 /2 , b = - 5 / 2 
(d) a = - 5 / 2 , /; = - 3 / 2 

35. Lim 

36. 

x -» 0 x" _ sin x 
must be equal to 
(a) 1 
(c )3 

Lim (V(.v~ + .y) - A") equals x —> oo 

.v + In (1 - x) 

is non zero finite then n 

(b )2 
(d) None of these 

(a) Lim 
.v -> 0 

(b) Lim 
x-> 0 

+ A 

(c) Lim 

X 

0 VJ + V.v2 + 2.v 

(d) Lim 
A' —> 0 

C O S A" - 1 

37. If [A] denotes the greatest integer less than or 
equal to x, then the value of 
Lim (1 - , v + [x- 1] + I 1 -x I) is 
v-» l 

(a )0 
( c ) - l 

(b) 1 
(d) None of these 

38. 
jr-» 0 JT 'j . x + y 
to (where c is a constant) 

(b) sin 2y e s i n ' y 

is equal 

(a) € 
( c )0 

2 
sin y 

(d) None of these 

39. If a and (3 be the roots of ax" + bx + c = 0, 
then Lim (1 + ax2 + bx + c)1/(x ~ a ) is 

x —»a 

(a) a ( a - p) 
(c) e' : ( A - P ) 

(b) In I a ( a - P) I 

(d) e ala-(3l 

„ , . . i sin A , A * tin, n E / , 
40. I f / W H 2 ; o t h e r w i s e

 a n d 

g (x) = 

(a) 5 
(c)7 

41. If A; = -

x +1, x* 0,2 
4 , A = 0 
5 , A = 2 

(b) 6 
(d) 1 

x - a 

then Lim g {/(A)} is 
JT -> 0 

, , / = 1, 2, 3 n and if 
I x - a,-1 

a} <a2<a3 ... < an. Then Lim (A]A2 . . .An), 

1 < m < n 

(a) is equal to ( - 1)' 
(b) is equal to ( - 1)' 
(c) is equal to ( - 1)' 
(d) does not exist 

m + I 

l 

J ' l f - 1 I dt 

42. Lim • is equal to 
, V - > 1 + 0 sin (A - 1 ) 

(a )0 (b) 1 
(c) - 1 (d) None of these 

log, [A] 
43. Lim , where [.] denotes the greatest 

.V *> X 

integer function is 
(a)0 (b) 1 
(c) — 1 (d) non existent 

44. If [A] denotes the greatest integer < x, then 

Lim \ {[1'2 x] + [22 A] + [32
 A ] + . . . + [ H 2 X] } 

n —» oo f )-

equal 
(a) A / 2 (b) A / 3 
(c) A / 6 (d) 0 

45. The value of the limit 

Lim { l I A i n * + 2
1 / s i n " t + . 

x —̂  0 
. + n 

2 2 1/sin .risin x 

(a)< 

(c) 
n ( » + 1) 

(b) 0 

(d) n 
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Practice Test 
M.M.: 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

X — Sill X 1. Lim 7— is non zero finite then n 
x — sin x 

must be equal to 
(a) 1 " 
(c) 3 

(b) 2 
(d) None of these 

2. Lim tog* M e N ^ denotes 
x -> o [x] 
greatest integer less than or equal to x) 
(a) has value - 1 (b) has value 0 
(c) has value 1 (d) Does not exist 

3. Lim gHL;C0S ([ ] denotes the gratest 
x -> 0 1 + icos x\ 
integer function) 
(a) equal to 1 (b) equal to 0 
(c) Does not exist (d) None of these 

2 
4. If a and 3 be the roots of ax + bx + c = 0, 

then 
2 

T . 1 - cos (ax + bx + c) . , , Lim 5 is equal to 
x a (x-a) 

(a) 0 

( c ) y ( a - P ) 2 

( b ) | ( a - p ) 2 

2 
( d ) - y ( a - P ) 2 

5. If x is a real number is [0, 1], then the value of 

f(x) = Lim Lim [1 + cos' 
m —» co n —» oo 

2 m (n ! rct)l 

is given by 
(a) 2 or 1 according as x is rational or irrational 
(b) 1 or 2 according as x is rational or irrational 

(c) 1 for all x 
(d) 2 or 1 for all x 

6. The value of Lim 
x-» 0 

(1+x) - e + — ex 
• is 

r ^ 1 1 

24 6 ( b ) - l l e 

(c) 24 

24 

(d) None of these 

7. Lim ~Jx (Vx + 1 - \5T) equals 
X oo 

(a) Lim 
x->0 

(b) Lim 
x->0 

(c) Lim 
x->0 

In (1+x) -x 
2 x 

1 - cos x 

V( 1+x) - 1 

(d) Lim 
x-> 0 ^x + V(x2 + 2x) 

T . tan ([- it ] x ) - tan ([- n ]) x . Lim — equals 
0 sin x 

denotes the greater integer 
x 

where [ 
function 
(a)0 (b) 1 
(c) tan 10-10 (d) oo 

2 
9. Let a = min {x + 2x + 3, x € R} and 

1 - cos 9 b = Lim 
6 —»0 

v r un 
Z a .o 

r = 0 

0 

(a) 

(c) 

2n + 1 - l 
3.2" 

4n + 1 - l 

(b) 

The value 

2n + 1 + l 

of 

3.2 

3.2" 

(d) None of these 

10- Lim 
x -> 0 

(a) 1 

(c) e -

sinx equals 

(b) e 

(d) e - 2 
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Record Your Score 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Multiple Choice -I 
1. (b) 2. fd) 3. (d) 
7. (a) 8. (c) 9. (d) 

13. (a) 14. (c) 15. (b) 
19. (a) 20. (d) 21. (b) 
25. (b) 26. (c) 27. (a) 

Multiple Choice -II 
31. (a), (b), (c) 32. (c) 33. (d) 
37. (d) 38. (c) 39. (c) 
43. (a) 44. ( t ) 45. (d) 

Practice Test 
1. (a) 2. (a) 3. (b) 
7. (b), (c) 8. (c) 9. (c) 

Answers 

4. (d) 5. (a) 6. (c) 
10. (b) 11. (b) 12. (c) 
16. (c) 17. (c) 18. (c) 
22. (c) 23. (a) 24. (b) 
28. (d) 29. (a) 30. (b) 

34. (d) 35. (b) 36. (b) 
40. (d) 41. (d) 42. (a) 

4. (c) 5. (a) 6. (a) 
10. (c) 
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CONTINUITY AND DIFFERENTIABILITY 

§12.1. Continuity of a Function 

Continuity of a function f(x) can be discussed in two ways (1) at a point (2) in an interval. 
(1) The function f(x) is said to be continuous at the point x = a if 

Lim f(x) exist = f(a) 
x-> a 

i.e. Lim f(x) = Lim f(x) = [f(x)]x = a x-» a - x-> a + 
or L.H.L. = R.H.L. = value of function at x = a. 

(2) The function f(x) is said to be continuous in an interval [a, b], if f(x) be continuous at every point of 
the interval. 

In other words, the function f (x) is continuous in interval [a, b]. It is exist (be not indeterminate ) and be 
finite ( * for all values of xin interval [a, b]. 

§ 12.2. Discontinuity of a Function 

The discontinuity of a function f (x) at x = a can arise in two ways 
(1) If Lim f(x) exist but / f(a) or Lim f(x) exist but * f(a), then the function f(x) is said to have a 

x - » a - x->a + 
removable discontinuity. 

(2) The function f (x) is said to have an unremovable discontinuity when Lim f(x) does not exist. 
x-> a 

i.e., Lim f(x) * Lim f(x). x-» a - x-» a + 

§ 12.3. Right hand and Left hand Derivatives of a Function 

The progressive derivative or right hand derivative of f(x) at x = a is given by 
.. f{a + h) - f (a) , n LIM — R — , h > 0 

h-> 0 h 
if it exists finitely and is denoted by Rf' (a) or by f (a +) or by ' (a). 

The regressive or left hand derivative of f (x) at x = a is given by 

Lim r — — , /7>0 
/7-»0 -h 

if it exists finitely and denoted by Lf' (a) or by f (a - ) or by L' (a). 

§ 12.4. Derivability or Differentiability of a Function 

The function f(x) is said to be differentiable at x = a if Rf'(a) and Lf' (a) both exist finitely and are 
equal, and their common value is called the derivative or differential coefficient at the point x = a. 

The function f(x) is said to be non differentiable at x = a if 
(i) both Rf'(a) and Lf'(a) exist but are not equal (ii) either or both Rf' (a) and Lf' (a) are not finite 
(iii) either or both Rf' (a) and Lf' (a) do not exist. K 

/ A 
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§ 12.5. Differentiability and Continuity 

(i) If Rf (a) and Lf (a) exist finitely (both may or may not be equal) then f{x) is continuous at x = a 
(ii) If /(x) is differentiable at every point of its domain, then it must be continuous in that domain. 
(iii) The converse of the above result (ii) is not true, i.e., If f (x) is continuous at x = a then it may or may 

not be differentiable at x = a. 
(iv) If f (x) is differentiable then its graph must be smooth i.e., there should be no break or corner. 
(v) For a function f (x): 

(a) Differentiable => Continuous (from (ii)) 
(b) Continuous *=> Differentiable (from (iii)) 
(c) Not continuous Not differentiable 

MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letter a, b, c, d whichever is appropriate : 

V 

1 4 

1. The value of the/(0) , so that the function 
V(a2 — ax + x2) — V(g2 + ax + x2) 

becomes continuous for all x, is given by 
(a) a ( b ) J a 
(c) - ^ a (d ) - a ^ l a 

2. Let / (x) = tan (n/4 - x)/cot 2x (x * n/4). 
The value which should be assigned to / at 
x = n/4. so that it is continuous every where, 
is 
(a) 1/2 (b) 1 
(c) 2 (d) None of these 

3- t h e n f o r / 

(5x + 32) - 2 
to be continuous every where, / ( 0 ) is equal 
to 
(a) - 1 (b) 1 
(c)26 (d) None of these* Let f"(x) be continuous 
x = 0 a n d / " (0) = 4 the value of 

at 

Lim 2/(x) — 3/(2x) + / (4x ) . is 

(a) 11 (b) 2 
(c) 12 - (d) None of these 

5. Let / be a function satisfying 
fix + y) = / ( x ) +f(y) and fix) =x2g (x) for 
all xand y, where g (x) is a continuous 
function t h e n / ' (x) is equal to 
(a) g' (x) (b) g (0) 
( c ) s ( 0 ) + * ' ( * ) (d) 0 

6. 

X 8. 

10. 

Let fix+y) = / ( x ) / ( y ) for all x a n d y . 
Suppose that / ( 3 ) = 3 and / ' ( 0 ) = 11 then 
/ ' ( 3 ) is given by 
(a) 22 (b) 44 
(c) 28 • (d) None of these 
L e t / : R —> R be a differentiable function and 

r / w 2t / (1) = 4. Then the value of Lim dt 
X - * 1J4 x - 1 

is 
( a ) 8 / ' ( l ) ( b ) 4 / ' ( l ) 
( c ) 2 / ' ( l ) ( d ) / ' ( l ) 
Let f-.R—tR be a function such that 

f ^ y m ± m J ( 0 ) = 3 a n d 

/ ' (0) = 3, then 
fix) (a)^^— is differentiable in R 

(b) fix) is continuous but not differentiable in R 
(c) fix) is continuous in R t 
(d) fix) is bounded in R 

„ , tan 71 [(2ti - 37T>3] , r , . , 
If fix) = ([.] denotes the 

1 + [2x - 3 nf 
greatest integer function), then 
(a)/(x) is continuous in R 
(b)/(x) is continuous in R but not 

differentiable in R 
( c ) / ' (x) exists everywhere b u t / ' (x) 

does not exist at some x e R 
(d) None of these 

, | j, x is rational If fix) =1 „ . . .. , then 2, x is irrational 
(a) fix) is continuous in R ~ 
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\ 

(b)/(jc) is continuous in R ~ Q 
( c ) f ( x ) is continuous in R but not 

differentiable in R 
(d)f(x) is neither continuous not 

differentiable in R 
11. If f{x) is a twice differentiable function, then 

between two consecutive roots of the 
equat ion/ ' (JC) = 0 there exists 
(a) at least one root of/(jc) = 0 
(b) at most one root of / ( j r ) = 0 
(c) exactly one root of f{x) = 0 
(d) at most one root o f / " {x) = 0 

12. If the derivative of the 
bx + ax + 4 ; x > - 1 

2 

function 

is everywhere 

13. If 

ax +b ; x < - 1 
continuous, then 
(a) a = 2, b = 3 {b)a = 3,b = 2 
(c) a = - 2, b = - 3 (d) a = - 3, b = - 2 

sin x, x n n, n e / 
2 , otherwise 

2 
+ 1 , JC * 0 , 2 

and 

4 
5 

JC = 0 

x = 2 
then Lim g (/(x)) 

x->0 

14. 

15. 

is 
(a)5 (b) 6 
(c)7 (d) 1 
The function fix) = I 2 Sgn 2x\ + 2 has 
(a) jump discontinuity 
(b) removal discontinuity 
(c) infinite discontinuity 
(d) no discontinuity at x = 0 
If the function 

a/\ s in x I 

fix) 

(1 + I sin x I) — <x<0 6 
x = 0 is 

tan 2 , t / i a n 3JT r, n 

0 < x< — 
6 

continuous at JC = 0 then 
(a) a = loge b, a = 2 / 3 
(b) b = log, a, a = 2 / 3 
(c) a = log, b,b = 2 
(d) None of these 

16. I f / ( A - ) = J \t\dt, J C > - 1, then 
-1 

( a ) / a n d / ' arc continuous lor a + 1 > 0 

(b ) / i s continuous b u t / ' is not so for JC + 1 > 0 
( c ) / a n d / ' are continuous atx = 0 
(d) / i s continuous at JC = 0 b u t / ' is not so. 

17. Let f{x) = x sin ' 1 N 

JC 
V / 

; JC * 0 then f{x) is 
0 ; JC = 0 

continuous but not differentiable at JC = 0 if 
(a) « e (0, 1 ] (b) n e [1, oo) 
(c) n e ( - oo, 0) (d) n = 0 

18- If f ( x ) = 
- ax + JC2) - \{a2 + qjc + x~) 
V(a + JC) - V ( a - j c ) 

JC^O then the value o f / ( 0 ) such that/(jc) is 
continuous at JC = 0 is 

(a) 
a -la 
I a I , . -la 

( O T T T 

( b ) -
I -la 
I a I 

( d ) - ^ r 

19, Let [.] represent the greatest integer function 
and fix) = [tan2 JC] then 
(a) Lim /(JC) does not exist 

(b)/(jc) is continuous at JC = 0 
( C ) / ( J C ) is non-differentiable at JC = 0 
(d) / ' (0) = 1 

JC - [JC] , for 2n < x < 2n + 1, n e N 
where [JC] = Integral part of JC < JC 

1 
2 ' 

20. f ( x ) = 
for 2n + 1 < JC < 2n + 2 

the function 
(a) is discontinuous at JC = 1 ,2 
(b) is periodic with period 1 
(c) is periodic with period 2 

(d) f f{x) dx exists 
o 

21. A function 
T 1 2 f{x)=x 1 + - s i n ( l o g A : ) 

/(0) = 0 
[.] = Integral part, The function 
(a) is continuous at JC = 0 
(b) is monotonic 
(c) is derivable at x = 0 
(d) con not be defined for JC < - 1 

_ J [cos 7t .r] , x < 1 
[ I JC — 1 I , 1 < . T < 2 

, J C * 0 

22. I f f i x ) 
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([.] denotes the greatest integer function) then 
f(x) is 
(a) Continuous and non-differentiable at 

x = — 1 and x = 1 
(b) Continuous and differentiable at x = 0 
(c) Discontinuous at x = 1/2 
(d) Continuous but not differentiable at x = 2 

23. If fix) = [-42 sinx], where [x] represents the 
greatest integer function < x, then 
(a) / (x) is periodic 
(b) Maximum value o f / (x ) is 1 in the interval 

[ - 271, 271] 

(c) / (x) is discontinuous at x = + ^ , n e I 

(d) / (x) is differentiable at x = n 71, n e I 

24. The function defined b y / ( x ) = (-1)[JC 5 ([.] 
denotes greatest integer function) satisfies 

(a) Discontinuous forx = n1/3, where n is any 
integer 

( b ) / ( 3 / 2 ) = 1 ( c ) / ' (x) = 0 for - 1 < x < 1 
(d) None of these 

25. If fix) be a continuous function defined for 
1 < x < 3 / ( x ) e G V X E [1,3], / ( 2 ) = 10, 
then/(1-8) is 
(where Q is a set of all rational numbers) 
(a) 1 (b) 5 
(c) 10 (d) 20 

1 

27. 

the set of values, of p for which / " (x) is 
everywhere continuous is 
(a) [2, o°) (b) [ -3 ,oo) 
(c) [5, oo) (d) None of these 
The value of p for which the function 

* 26. Le t / (x ) = 
xP s i n | ^ J + x l x l , x * 0 

, x = 0 

(41-1) 3 

sin (x/p) In 
2 > 

1 + T 

, x * 0 

= 12 iln 4) , x = 0 
may be continuous at x = 0 is 
(a) 1 (b)2 
(c)3 (d) 4 

28. The value of / ( 0 ) so that the function 
, , . 1 - cos (1 - cos x) 

/ ( x ) = is continuous 
X 

everywhere is 
(a) 1/8 (b) 1/2 
(c) 1/4 (d) None of these 

29. The jump of the function at the point of the 
discontinuity of the function 

1 -k l / x 

1 +k \/x ik > 0) is 

30. 

(a) 4 (b)2 " 
(c) 3 (d) None of these 
Let f" (x) be continuous at x = 0 and f " ( 0 ) = 4. 

The value of Lim (x) - 3 / ( 2 x ) + / ( 4 x ) i s 

(a) 6 
(c) H 

(b) 10 
(d) 12 

MULTIPLE CHOICE -II 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer (s). 

31. Let / (x) = • 
1 

([.] denotes the greatest 
[sin x] 

integer function) then 
(a) Domain of fix) is (2n n + 7t, In n + 2n) 

U {2«7t + 7t/2}, where n e / 
(b) / (x) is continuous when 

x e (2n 7t + 7t, 2/i 7t + 271) 
(c) / (x) is differentiable a tx = 7t/2 
(d) None of these 

32. Let git) = [ r (1 /0 ] for f > 0 ([.] denotes the 
greatest integer function), then g (g) has 
(a) Discontinuities at finite number of points 
(b) Discontinuities at infinite number of points 
( c ) s ( l / 2 ) = l (d) g (3/4) = 1 

33. Let f(x) = \x} + -lx - [x], where [x] denotes 
the greatest integer function. Then 
(a) /(x) is continuous on R+ 

(b) fix) is continuous on R 
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ic) fix) is continuous on R ~ I 
(d) None of these 

34. Let f{x) and (J) (X) be defined by fix) = [JC] 

and <b (x) = J ^2' X & ^ (where [.] denotes 
[ x , x G R -1 

the greatest integer function) then 
(a) Lim (j) (JC) exists, but (J) is not continuous at 

X—> l 

(b) Lim /(JC) does not exist and/is not continuous 
X 1 

a tx = 1 
(c) <|> of is continuous for all x 
(d) fo (J) is continuous for all JC 

35. The following functions are continuous on 
(0,71) 
(a) tan x 

( b ) f t sin 

(c) 

(d) 

> 
0 < JC < 

3K 

371 
2 sin — JC, — - < X < 7 I 

9 4 
x sin JC , 0 < x < re/2 
7C . , 7 1 
— s i n ( r t + x), — < X < T l 

36. If f(x): tan [x] 71 where [.] 
[ 1 + l / n (sin x+1)1 ] 

denotes the greatest integer function, then 
fix) is 
(a) continuous V x e R 
(b) discontinuous V x e I 
(c) non-differentiable V x e / 
(d) a periodic function with fundamental period 

not defined 

37. If / ' (A) = g{x) (JC - a)1 where g {a) * 0 and g 
is continuous at x = a then 
(a ) / i s increasing near a if g (a) > 0 
(b) / i s increasing near a if g {a) < 0 
( c ) / i s decreasing near a if g {a) > 0 
(d ) / i s decreasing near a if g (a) < 0 

38. A function which is continuous and not 
differentiable at the origin is 
(a) fix) = x for A < 0 and fix) = x for A > 0 
(b) g (JC) = x for x < 0 and g (A) = 2x for X > 0 
(c) Ii ( A ) = A i A I , A e R 

(d) k (a) = 1 + I x I, a e R 

39. L e t / ( x ) = Lim (sin A)2", then / i s 

(a) Continuous at x = n/2 
(b) Discontinuous at A = 7i/2 
(c) Discontinuous at A = — 7T/2 
(d) Discontinuous at an infinite number of points 

40. I f / (x ) = tan"1 cot x, then 
in) fix) is periodic with period 71 
(b) f{x) is discontinuous at x = n/2, 3n/2 
(c) / (x) is not differentiable at x = n, 99n, 100n 
(d)/(x) = - 1, for 2nn < x < (2n + 1) 7t 

41. L e t / W = f 0 1 + I 1 " " ) A ' X > 2 

[ 5x + 1 , x < 2 
Then 

{a) f{x) is not continuous at x = 2 
(b) / (x) is continuous but not differentiable at 

x = 2 
(c) /(x) is differentiable everywhere 
(d) The right derivative of fix) at x = 2 does 

not exist 
42. fix) = min (1, cos x, 1 - sin x } , - 7t < x < n 

then 
(a) f{x) is not differentiable at '0' 
(b) /(x) is differentiable at TC/2 
(c) fix) has local maxima at '0' 
(d) None of these 

log ( 1 + x 2 ) ' " then 
0 , x = 0 

(a ) / i s continuous at x = 0 
(b) / i s continuous at x = 0 but not differentiable 

at x = 0 
(c ) / i s differentiable at x = 0 
(d ) / i s not continuous a tx = 0 

44. Let / ( x ) = S1" frfr-K]) w h e r e [.] denotes 
l + [ x 2 ] 

the greatest integer function. Then/(x) is 
(a) Continuous at integral points 
(b) Continuous everywhere but not differentiable 

(c) Differentiable once b u t / ' ( A ) , / " ( A ) , . . . 

do not exist 
(d) Differentiable for all x 

43. I f / ( x ) = 
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45. The function fix)-
x < 1 

I 2x - 3 I fx] ; x > 1 
KX 
2 

([.] denotes the greatest integer function) 
(a) is continuous at x = 0 
(b) is differentiable at x = 0 
(c) is continuous but not differentiable at x = 1 
(d) is continuous but not differentiable at x = 3 /2 

2 a ! x - x - 2 I 

46. L e t / ( x ) : 
2 + x - x 

b 
x-[x] 

x <2 

x = 2 

x > 2 
x - 2 

([.] denotes the greatest integer function) 
I f / ( x ) is continuous atx = 2 then 
(a) a= 1,6 = 2 (b)a=\,b=\ 
{c)a = 0,b=\ (d) a = 2, b = 1 

t a n x 

47. The function/(x) = 
1 

t an A" , , e + 1 
is discontinuous 

a tx = 
(a) nn + n 
(c) nn + tc/4 

(b) nn + n/2 
(d) nn + n / 8 

• 1 , x < 0 
0 , x = 0 and 

[ 1 , x > 0 
g (x) = sin x + cos x, then points 
discontinuity o f f { g (x)} in (0, 27t) is 

7t 37C1 f 3n In 
2 ' 4 j ( b ) j 4 ' 4 
27t 5rc 
3 ' 3 

49. The points of discontinuity of the function 

48. Le t / (x ) = < 

(a), 

(c). 

of 

< « { t - T 

/ ( x ) = Lim (2 sin x) In 

s2 n are given by 
» ->~ 3" - (2 cos x)z 

(a) nn ± 7T/12 (b)nn±n/6 
(c) nn ± n/3 (d) None of these 

50. Let / ( x ) = [cos x + sin x] , 0 < x < 27t where 
[x] denotes the greatest integer less than or 
equal to x. The number of points of 
discontinuity o f / ( x ) is 
(a) 6 (b) 5 
(c)4 (d) 3 

51. The function/(x) = I x - 3x + 2 I + cos I x I is 
not differentiable at x = 
(a) - 1 (b) 0 
(c) 1 (d)2 

52. Let h (x) = min {x, x2} for every real number 
x. Then 
(a) h is continuous for all x 
(b) h is differentiable for all x 
(c) h' (x) = 1 for all x > 1 
(d) h is not differentiable at two values of x 

1 - tan x 53. Let 

55. 

fix) •, X * 71/4 and 
4x — n 

x e [0,71/2) 
= X, x = 71/4 

I f / ( x ) is continuous in (0,7t/2] then A, is 
(a) 1 (b) 1/2 
(c) -1 /2 (d) None of these 

54. A function / (x ) is defined in the interval 
[1,4] as follows : 

log, [x] , 1 < X < 3 
I log, x I , 3 < x < 4 

the graph of the function/(x) 
(a) is broken at two points 
(b) is broken at exactly one point 
(c) does not have a definite tangent at two points 
(d) does not have a definite tangent at more than 

two points 

f ( x ) = 

[/Ml If g (x) = 
3 , x = 7t/2 

where [x] denotes the greatest 
function and 

sin" x) + I sin x - sin" x I 

U f . K 

integer 

, . 2 (sinx- , . ..... ~ , _ 
fix) = — = ,neR J v ' ^ / • • " \ i • • n I 2 (sin x - s i n x ) - l s i n x - s i n xl 

then 
(a) g (x) is continuous and differentiable at 

x = 7C/2 when 0 < x < 1 
(b) g (x) is continuous and differentiable at 

x = 71/2 when n > 1 
(c) g {x) is continuous but not differentiable 

at x = n/2 when 0 < n < 1 
(d) g (x) is continuous but not differentiable, 

at x = 7I/2 when n > 1 
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Practice Test 
M.M. : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

6. Which of the following functions are 
differentiable in (-1, 2) 

(a) J ^ (log x f d x ( b ) J Z t ^ < £ c 

1. f (x) = 1 + x (sin x) [cos x] , 0 < x < n/2 
([.] denotes the greatest integer function) 
(a) is continuous in (0, it/2) 
(b) is strictly decreasing in (0, ji/2) 
(c) is strictly increasing in (0, n/2) 
(d) has global maximum value 2 

2. If f (x) = min (tan x, cot x) then 
(a) f (x) is discontinuous at x = 0,Jt/4, 57t/4 
( b ) f ( x ) is continuous atx = 0,71/2, 37T/2 

rn/2 
(c) | f(x)dx = 2ln<2 

0 
(d) f(x) is periodic with period n 

3. If f (x) is a continuous function V x e R and 
the range of fix) is (2.V26) and 

c 
the least positive integral value of c is, 
where [.] denotes the greatest integer 
function 
(a) 2 (b) 3 
(c) 5 (d) 6 

[1 /2+*] - [1/2] 

g(x) = is continuous V x e R, then 

4. f(x) = - 1 < x < 2 x 
has ([.] denotes the greatest integer 
function). 
(a) Discontinuity at x = 0 
(b) Discontinuity at x = 1 /2 
(c) Discontinuity at x = 1 
(d) Discontinuity at x = 3 / 2 

x > 0 
x 
2 , x = 0 

sin x — x 
5. I f / ( * ) = 

a + -

h + x<0 

(where [.] denotes the greatest integer 
function). If f (x) is continuous at x = 0 then 
b is equal to 
(a) a - 2 (b) a - 1 
(c) a + 1 (d) a + 2 

(c) J 
l - 1 + r 

dt (d) None of these 
o l + t + t 

7. If f(,x) = [x] + [x + 1/3] + [x + 2/3] , then 
([.] denotes the greatest integer function) 
(a) fix) is discontinuous a t x = 1, 10, 15 
(b) fix) is continuous at x = n/3, where n is 

any integer 
f 2 / 3 

(c)J fix)dx= 1 /3 

(d) Lim fix) = 2 
X-+2/V 

8. Let 
(1 + I cos i I )b/[ cos"

 1 , n K <x < (2n + 1) n/2 
/•(*) = ] e .e , x = (2n + 1) n/2 

cot 2z/cot 8x I e , (2n + 1) n/2 <x < (n +I) n 

If f (x) is continuous in {nn, (n + 1) 7t) then 
(a) a = 1, b = 2 (b) a = 2, b = 2 
(c) a = 2, b = 3 (d) a = 3, b = 4 

9. If fix) = | ( s i n ~ 1 x)2
q
 c o s (1/xt; * *0° then 

(a) fix) is continuous everywhere in x e [ - 1, 1] 
(b) f (x) is continuous no where inx e [ - 1, 1] 
(c) f(x) is differentiable everywhere in 

X £ ( - 1, 1) 

(d) f (x) is differentiable no where in 
* e [ - 1, 1] 

10. Let fix) = [a + p sin x] , x 6 (0,7t), a e /, p is 
a prime number and [x] is the greatest 
integer less than or equal to x. The number 
of points at which fix) is not differentiable 
is 
(a) p (b) P - 1 
(c) 2P + 1 (d) 2p - 1 



Continuity and Differentiability 

Record Your Score 

111 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answer 

Multiple Choice -I 
1. (c) 2. (a) 3. (d) 4. (c) 5.(d) 6. (d) 
7. (a) 8. (c) 9. (a) 10. (d) 11. (b) 12. (a) 

13. (d) 14. (b) 15. (a) 16. (a) 17. (a) 18. (b) 
19. (b) 20. (b) 21. (a) 22. (c) 23. (c) 24. (a) 
25. (c) 26. (c) 27. (d) 28. (a) 29. (b) 30. (d) 

Multiple Choice -II 
31. (a), (b) 32. (b), (c) 33. (b) 34. (a), (b), (c) 35. (b), (c) 36. (a), I 
37. (a), (d) 38. (a), (b), (d) 39. (b), (c), (d) 40. (a), (c) 41. (a), (d) 42. (a), I 
43. (a), (c) 44. (a), (d) 45. (a), (b), (c), (d) 46. (b) 47. (b) 
48. (b) 49. (b) 50. (c) 51. (c) 52. (a), (c), (d) 53. (c) 
54. (a), (c) 55. (b) 

Practice Test 
l - ( a ) 2. (c), (d) 3. (d) 4. (a), (b), (d) 5. (c) 6. (c) 
7. (a), (c) 8. (b) 9. (b), (c) 10. (d) 



13 
DIFFERENTIAL COEFFICIENT 

§ 13.1. Theorems on Derivatives 

^ ~ ^ d x w h e r e k i s a n y c o n s t a n t 

(iii) ^ (x) • h (x)} = h (x) h (x) + h (x) ^ h (x). 

In particular Chain Rule 

^ { f l (X) . h ( X ) . h (X) } = ( X ) ( f2 (x) /3 (x) ) 

dx fe(x) ( /1 (x) f3 (x) ) + ( h ( X ) ) . h ( X ) ) + . 

h (x). ^ fi (x) - /1 (x). ~ h (x) 

t fe (x)]2 
(iv) 

(v) If y = fi (t/), u = f2 (v) and v = b (x) 

then di = d 1 du dv 
dx du dv dx 

§ 13.2. Derivative of Parametric Equations 

If x = f(f) and y = g(f), then dx 
dt g'(f) 

f'd) 

§ 13.3. Derivative of Implicit Functions 

If f(x, y) = 0, then on differentiating of f(x, y) w.r.t. x, we get d/dxf(x, y) = 0, Collect the terms of 
dy/dx and solve. 
Alternative Method : 

f -
dy _ I  dx  

dx ~ df_ 
dy 

In particular 
if f(xu X2, X3, xn) = 0 and x2, X3 xn are the functions of xi then 

df df df dx2 df dx3 df dxn 
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§13.4. Derivative of Logarithmic Functions 

If y = [ h ( x ) ] k w o r y = h (x). h (x) . h (*) 

o r h (x). fe (x). fe (X) 
gi (x). 512 (x). 93 (x) 

then it is convenient to take the logarithm of the function first and then differentiate. This is called derivative of 
logarithmic function 

Note-.Write [ f (x ) ] 9 W = e 9 p ° , n ( f ( x ) ) and differentiate easily 

Substitution 

x = a sin 6 or a cos 0 

x = a tan 0 or a cot 0 

x = a sec 0 or a cosec 0 

x = a cos 0 or a cos 20 

x = a (1 - cos 0) 

§ 13.6. Critical Points 

The points on the curve y = f (x) at which dy/dx = 0 or dy/dx does not exist are known as the critical 
points. 

§ 13.7. Rolle's Theorem 

If a function f(x) is defined on [a, b] satisfying (i) f is continuous on [a, b] (ii) f \s differentiable on (a, b) (iii) 
/(a) = f(b) then c e (a, b) such that f (c) = 0. 

§ 13.8. Lagrange's mean value Theorem 

If a function f(x) is defined on [a, fa] satisfying 
(i) f is continuous on [a, b] 

(ii) f is differentiable on (a, b) then c e (a, b) such that f (c) 

§ 13.9. Test for the Constancy of a Function 

If at all points of a certain interval f' (x) = 0, then the function f(x) preserves a constant value within this 
interval. 

§ 10.10. <)> - Method 

§ 13.5. Some Standard Substitutions 

Expression 
Va2 - x 2 

Va2 

./ ? 
+ X 2 

? 

' a - x > a + x 

V(2ax- x2) 

Hb) - f(a) 
b-a 

d r^^ c/6 
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MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. l f J = ex \ then is equal to 
dx 

( a ) ( l+ logJc ) -
( b ) ( l + l o g * r 
(c) log x (1 + log x) 
(d) None of these 

- 2 

2. 
dy 

(а)0 
(б)2 

dxA 
then k is equal to 

( b ) l 
(d) none of these 

3. If y = (1 + x) (1 + x2) (1 + / ) . . . (1 + x 2 ) then 

at x = 0 is 
dx 
(a )0 
( c ) l 

4. If x = e> 

( b ) - l 
(d) None of these 

then ^ is 
dx 

(b) 
1 - x 

(c)- l+x 

5 . The derivative of sin 

2x 

(d) None of these 

2x 
l+x2 

with respect 

to tan 

(a) 0 

(c) 
1 

1 -x 
is 

( b ) l 

( d ) T ~ 2 1 +x 

6. Uxy.yx = 16 then ^ at (2,2) is 

(a) —1 (b )0 
(c) 1 (d) None of these 

7. If y2 = P (x) is a polynomial of degree 3 then 

3 (Py 1 equals 

(a) P (x) + P" x (b) P " (x). P"' (x) 
(c) P (x). P"\x) (d) None of these 

dx 
(a) 14 
(c) 1 

8. If 5f(x) + 3/1 - \ = x + 2 and y = x f ( x ) then 

is equal to 
= l 

(b) 7/8 
(d) None of these 

9. If 2X + 2y = 2x+y, then the value of ^ at 
dx 

x = y= 1 is 
(a) 0 ( b ) - l 
(c) 1 (d) 2 

10. If f ( x ) = \x-2 \ and g(x)=fof(x), then for 
x > 20, g\x) = 
(a) 2 (b) 1 
(c) 3 (d) None of these 

11- I f f ( x ) = sin" 1 (sin x) + cos" 1 (sin x) and <)> (x) 
= f ( f ( f ( x ) ) ) , then 4.' (x) 
(a) 1 (b) sin x 
(c) 0 (d) None of these 

12. If f{x) = (logcot x tan x) (logtan x cot x)~ 1 

+ tan -1 then f (0) is equal to 

- r , then 

(a) - 2 (b) 2 
(c) 1/2 (d) 0 

13. If x2 + y2 = t - j a n d / + y4 = f2 + -2 

x y equals 
dx 

(a) -1 (b) 0 
(c) 1 (d) None of these 

14. If variables x and y are related by the 

* =rr*du, then ^ is 
dx equation x -J 

equal to 

(a) 
1 

V1 + 9y2 

(c) 1 + 9y 

(b) Vl +9y 2 

1 
(d) 

1 + 9y 
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15. If yl/n = [x + ^l+x2 

is equal to 
(a) n y 
, , 2 2 (c) n y 

16. I f / ( x ) = cot 

then (1 +x )y2 + xy1 

(b) ny2 

(d) None of these 

x -x 
t h e n / ' ( l ) is 

( a ) - l 
(c) log 2 

(b) 1 
(b) - log 2 

17. The solution set of f'(x) > g' (A) where 
f{x) = (1 /2 ) 5 2 l + 1 and g(x) = 5x + 4x log 5 is 
(a)( l ,oo) (b) (0, 1) 
(C) [0, oo) (d) (0, oo) 

18. If / ' (x) = g (x) and g'(x) = - f ( x ) for all x 
a n d / ( 2 ) = 4 = / ' ( 2 ) then/ 2 (19) + g1 (19) is 
(a) 16 (b) 32 
(c) 64 (d) None of these 

19. If (j) (x) be a polynomial function of the 
second degree. If <f>( 1) = <{> (— 1) and a u a 2 , a 3 

are in A.P. then ((>' ( a^ , <j)' (a2), (j)' (<23) are in 
(a) AP (b) GP 
(c) HP (d) None of these 

dy 
20. If y = sin A" and u = cos x then ^ is equal to 

(a) - cosec x. cos x 

(b) cosec x°. cos x 
1 o(J , . n 

(c) - — - cosec x. cos x 
1 ou 

(d) None of these 
21. The diff. coeffi. of / ( l o g x) w.r.t x, where 

f ( x ) = log x is 
(a) A/log x (b) log x/x 

(d) None of these (c) (A log A) 

22. Ify = V f j i cos 20 ^ dy_ 
at 0 - 37t/4 is 

( a ) - 2 
( c ) ± 2 

cos 20 J ' dx 
(b) 2 
(d) None of these 

23. If y 

dy = 

dx 

sin x + ^sin + Vsin x + ... 00 then 

(a) 

(c) 

2 y - i 
cos X 

2x- 1 
cos y 

(b) 

(d) 

cos X 

2 y - 1 
cosy 

2jc— 1 

24. Let fix) = log { ^ ) , «'(2) = 4, v'(2) 

= 2, u (2) = 2, v (2) = 1, then f'(2) is equal to 
( a )0 ( b ) l 
(c) - 1 (d) None of these 

25. If V(x2 + y2) = ae™ (y/x), a > 0 then y" (0) 

, , a -k/2 
2 S 

a 

n/2 (b) ae-

(d) not exist 

26. If f \ x ) = sin x + sin 4x . cos x then 

f 2x' + : ~ 1 at x = is equal to 2 
(a) - 1 ( b ) 0 
(c) - 2 V2TT (d) None of these 

27. If Pix) is a polynomial such that 
P (A2 + 1) = {P (A)}2 + 1 and P ( 0 ) = 0 then 
P'i0) is equal to 
(a) - 1 ( b ) 0 
(c) 1 (d) None of these 

28. If sin y = x sin (a + y) and 

^ = , ^ then the value of A is 
dx 1 + x - 2 x c o s a 

(a) 2 (b) cos a 
(c) sin a (d) None of these 

29. The third derivative of a function f i x ) 
varishes for all A. I f / ( 0 ) = 1 , / ' ( 1 ) = 2 and 
f" = - 1, then f i x ) is equal to 

(a) ( - 3 /2 ) A 2 + 3 A + 9 

(b) ( - 1 / 2 ) A 2 - 3 A + 1 

(c) ( - 1 /2) A 2 + 3A + 1 

(d) ( - 3 /2 ) A 2 - 7 A + 2 

30. If y = log / ( A - 2 ) 2 for A * 0 , 2 then y' (3) is 
equal to 
(a) 1/3 (b) 2/3 
(c) 4/3 (d) None of these 
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MULTIPLE CHOICE-II 
Each question, in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

31. Let f{x)-x" , n being a non-negative integer, 
the value of n for which the equality 
/' (a + b) =/' (a) +/' (b) is valid for all 
a, b > 0 is 
(a)0 (b) 1 
(c) 2 (d) None of these 

32. If y = tan 1 

+ tan -1 
\+x + x 
1 

+ tan 
1 

x + 5x + 7 

x + 3x + 3 
\ / 

, + up to n terms, 

then y' (0) is equal to 

1 
( a ) -

(c) 

1 + n 
n 

1 + n z 

( b ) - — ^ 
1 + n 

(d) None of these 

33. If f{x) = xJ + x 2 f \ 1) + xf" (2) + / " ' (3) for 
all x e R then 
( a ) / ( 0 ) + / ( 2 ) = / ( l ) 
(b ) / (0 ) + / ( 3 ) = 0 
( c ) / ( l ) + / ( 3 ) = / ( 2 ) 
(d) None of these 

34. L e t / b e a function such t h a t / ( x + y) =f{x) 
+fiy) for all x a n d y and f{x) = {2x + 3x) 
g{x) for all x where g{x) is continuous and 
£(0) = 3. Then/ ' (x ) is equal to 
(a)9 (b)3 
(c) 6 (d) none of these 

35. If V(x + y) + V(y - x) = a, then equals 

(a) 2 / a 
(c) 2/a 

dxL 

(b) - 2/a 
(d) None of these 

dy 
36. If sin (x + y) = log (x + y), then ^ = 

(a) 2 
( c ) l 

(b) - 2 
(d) - l 

i ic 37. If y = log2 {log2x} , then ^ is equal to 

log2 e „ . 1 
(a) 

x loge X 
(b) x log, x log, 2 

(c) 
1 

log, (2x)x 
(d) None of these 

38. Tf V( 1 +12) - V(1 -1 2 ) J — 4 7 
If y = i ' — I ' and x = \ (1 - t ) , 

V(l + r 2 ) + V ( l - r 2 ) 

then = 
dx 

( a \ 2 { l + V l - f < } 
{ V ( i - f 4 ) - i } 

(b) 

(c) 

(d) 

1 
t2 {l + V(i - r4)! 

39. Let xcos-v +y c o s * = 5. Then 
(a) at x = 0, y = 0, y' = 0 
(b) at x = 0, y= 1, y' = 0 
(c) at x = y = 1, y' = - 1 
(d) at x = 1, y = 0, y ' = 1 

40. If / ( x ) = ( 1+x)" then the value of 

(a ) n 

( c ) 2" ~ 1 

41. If fix) 

(b) 2n 

(d) None of these 
sin x 

sin {nn/2) 
2 a 

cos x 
cos in n/2) 

3 a 
then the value of 

dx" 
(a) - 1 
( c ) l 

(fix)) at x = 0 for n = 2m + 1 is 

42. I f f { x ) = sin" 2x 

(b) 0 

(d) independent of a 

, then 1 + x 
( a ) / i s derivable for all x, with I x I < 1 
(b ) / i s not derivable a tx = 1 
( c ) / i s not derivable a tx = - 1 
(d ) / i s derivable for all x, with I x I > 1 
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43. If P{x) be a polynomial of degree 4, with (b) g'(2) = 8 + #'(1) 
P(2) = -\,P' (2) = 0, (c) g"{2) + / " ( 3 ) = 4 
P" (2) = 2, P"' (2) = - 12 and P<-(2) = 24 (d) None of these 
then P " ( l ) i s equal to 4 5 > I f / W = s i n { f [ x ] j f o r 2 < a < 3 and 
(a) 22 (b) 24 I 3 
(c) 26 (d) 28 [x] denotes the greatest integer less than or 

44. Let m=x1
 + xg'(\)+g'\2) and e q u ^ x , t h e n / ' ( V ^ i s ^ a l to 

gix) = x2 + x / ' ( 2) + / " ( 3 ) then [")-VTT (d) N o w of these 
( a ) / ' ( l ) = 4 + / ' ( 2 ) 

Practice Test 
M.M. 20 Time : 30 Min. 

(AJ There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

1. I f y = J X f ( t ) sin [k ix - <)] dt, then + k2y 5. If f {412 - 2 F" (t)} dt, then F (4) 
dx 

equals 
(a) 0 

(c)k.fix) 

(b) y 

(d) k2f(x) 
2- If V(1 - x 6 ) +V(1 - y 6 ) = a (JC3 -y3) and 

fix 
dy _ 
dx 

then 

(a )f(x,y)=y/x 

1-xfc 

ic) fix, y) = 2y2/x2 (d) /•(*, y) = * 2 / y 

(b )f(x,y)=y2/x2 

2 , 2 

3. If 
y = tan - 1 

2, \ logc ( e / x 

loge (ex2) 
+ tan - i f 3 + 2 loge x 

1 - 6 loge x 

d2 

then —^ is 
dx 

(a) 2 
(c) 0 

(b) 1 
(d) - 1 

d3 
4. If x = a cos 0, y = b sin 0, then — ^ is equal 

dx 
to 

(a) 

(b) 

(c) 

- 3 6 
3 

a 
3b 3 

4 4 cosec 0 cot 0 

cosec 0 cot 0 

-3b \ 4 
cosec 0 cot 0 

equals 
(a) 32/9 (b) 64/3 
(c) 64/9 (d) None of these 

6. l f f i x - y ) , f i x ) . f ( y ) and fix +y) are in A.P., 
for all x, y and /"(0) * 0, then 
(a)/"(2) ==/"(- 2) 
(b)/"(3) +/"(- 3) = 0 
(c) /" ( 2 ) + / " ( - 2 ) = 0 
( d ) f (3) = f ( - 3 ) 

7. If y = '\jx + ^y + + Vy + ... then dz 
dx 

is equal to 

(c) (2y - 1 ) 

(b) / - * 
2yf - 2ry - 1 

(d) None of these 

8. The derivative of cos 1 x -x 
X 1 + X 

at x = - 1 

is 
(a) - 2 
(c) 0 

(b) —1 
(d) l 

9. If J V(3 - 2 sin2 t) dt + f" c o s f d * = 0, 
k/2 0 

then 

(a) - 3 
(c )%/3~ 

d l ) is 

(b) 0 
(d) None of these 

(d) None of these 
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10. If fn (x) = /»" 1 (x) for all n e N and f0 (x) = x 

then -j- [fn (x)} is equal to 

Record Your Score 

(b )fn(x).fn_X{x) 

(c) fn (x). f „ . l W . . . f 2 (x). fx (x) 

(d) n fi(x) 
t = i 

Answers 

Multiple Choice -I 
1. (a) 2. (a) 3. (c) 
7. (c) 8. (b) 9. (b) 

13. (c) 14. (b) 15. (a) 
19. (a) 20. (c) 21. (c) 
25. (c) 26. (c) 27. (c) 

Multiple Choice -II 
31. (a), (c) 32. (b) 33. (a), (b), (c) 
37. (a), (b) 38. (a), (b) 39. (c) 
42. (a), (b), (c), (d) 43. (c) 

Practice Test 
1. (c) 2. (d) 3. (c) 
7. (b) 8. (b) 9. (c) 

4. (b) 
10. (b) 
16. (a) 
22. (b) 
28. (c) 

34. (a) 
40. (b) 
44. (a), (b), (c) 

5. (b) 
11. (c) 
17. (d) 
23. (b) 
29. (c) 

35. (c) 
41. (b), (d) 
45. (b) 

4. (c) 5. (a) 
10. (a), (c), (d) 

6. (a) 
12. (c) 
18. (b) 
24. (a) 
30. (b) 

36. (d) 

6. (a), (c) 



TANGENT AND NORMAL 
§ 14.1. Tangent and Normal 

The equation of the tangent at a point (xo, yd) to the 
curve y = f(x) is 

' dy\ 
dx (*-X0)  

S Ax>, M>) 
equation of the normal at a point (xo, yo) to the curve 
y = f (x) is 

- 1 
y - y o = / ...x (x-xo) 

y - y o 

dx yo) 
Note : (i) If tangent is parallel to the x-axis or normal 

is perpendicular to x-axis then dy 
dx 

Fig.14.1. 
= 0. 

(ib, yb) 

(ii) If tangent is perpendicular to the x-axis or normal is parallel to the x-axis then 

yo^f 

= o . 

Length of the Tangent: 

Length of the Normal: 

KPT) = 

dy 
dx 

(*>. >b) 

dx V > Jfc. K>) 

l(PN) = y> -sf dy 
dx 

(*> ,yo) 

Length of the Subtangent: I (TM) = —— 

dx 

yo 

:*>. yo) 

Length of the Subnormal: l(MN) = ya 
X»o, yo) 

§ 14.2. Equations of Tangent and Normal if the Equation of the Curve in Parametric Form 

If 

then 

x = f ( f ) , and y = g(t) 

dx f'(t) 
In this case, the equations of the tangent and the normal are given by 

= f r j j ( * - ' ( « 

and y y - g ( t ) ) s f ( f ) + ( x - f ( t ) ) f ' ( t ) = 0. 
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§ 14.3. The angle between two Curves 

Let y = f(x) and y = g(x) be two curves and 
P(K), yo) be a common point of intersection. 

Then the angle between the two curves at 
P (xo< >D) is defined as the angle between the tangents 
to the curve at P and it is given by 

, - n e - ' ' ( x o ) - g ' ( x o ) 

If the curves touch each other at P, then 9 = 0'; so 
that f (xt>) = GR (AD) 

If the angle 9 is a right angle, the curves are said 
to cut orthogonally then 

f'(xo).cf(x0) = -1 

H 

p z 

8 V 

/ A 0 1 

0 

Y' 
Fig.14.2 

MULTIPLE CHOICE-I 
Each question is this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. The equation of the tangent to the curve 
y = 1 - ex/ at the point of intersection with 
the y-axis is 
(a)x + 2y = 0 (b)2x + y = 0 
(c)x-y = 2 (d) None of these 

2. The line 
a b 

y = be~x/a at the point 

touches the curve 

( a ) U ? 

(c)Uf (d) None of these 

3. The chord joining the points where 
x = p and x = q on the curve y = ax2 + bx + c 
is parallel to the tangent at the point on the 
curve whose abscissa is 
(a) 1 / 2 ( p + q) (b) 1/2 (p-q) 

(c)' (d) None of these 

4. If the tangent to the curve xy + ax + by = 0 at 
(1, 1) is inclined at an angle tan - 1 2 with 
jt-axis, then 
(a) a = 1, b = 2 (b)a=l,b = -2 
(c)a = - l , b = 2 (d)a = - l,b = -2 

x2 2 x 2 
5. If the curves ~ + \ and - ^ = 1 cut 

a2 b2 a2 (3 
each other orthogonally, then 

(a; a2 + b =a + p2 

(b) a2-b2 = a2- p2 

(c)a2-b2 = a 2 + p 2 

(d) a2 + b2 = a2 - p2 

6. The slope of the tangent to the curve 

y = [ ^ x at the point where x = 1 is 
Jo 1 +x

i 

(a) 1/4 (b) 1/2 
(c) 1 (d) None of these 

7. The equation of the tangent to the curve 
— I X I 

y = e at the point where the curve cuts the 
line x- 1 is 
(a) * + )> = e ( b ) e ( x + y ) = l 
(c) y + ex = 1 (d) None of these 

8. If the tangent to the curve VJC" + = Va~ at 
any point on it cuts the axes OX and OY at 
P and Q respectively then OP + OQ is 
(a) a/2 (b) a 
(c) 2a (d) 4a 

2 2 
9. If the tangent at (1, 1) on y =x(2-x) 

meets the curve again at P, then P is 
(a) (4 ,4) (b) (-1, 2) 
(c) (9/4, 3/8) (d) None of these 

10. The tangent to the curve 
x = a V(cos 20) cos 0, y = a Vcos 20 sin 0 at 
the point corresponding to 0 = rc/6 at 
(a) parallel to the x-axis 
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(b) parallel to the y-axis 
(c) parallel to line y = x 
(d) None of these 

11. The area of the triangle formed by the 
positive x-axis, and the normal and tangent to 
the circlex + y2 = 4 at (1, V3) is 
(a) V3~ (b) 2 ^ 
(c) 4 -If (d) None of these 

12. The distance between the origin and the 
Ix 2 

normal to the curvey = e + x at x = 0 is 
(a) 2/V3" (b) 2/-I5 
(c) 2 / - IT (d) none of these 

13. The value of m for which the area of the 
triangle included between the axes and any 
tangent to the curve xmy = bm is constant, is 

MULTIPLE CHOICE -II 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

(a) 1/2 (b) 1 
(c) 3/2 (d) 2 

14. The acute angles between the curves 
2 2 y = I x - 11 and y = I x - 3 I at their points of 

intersection is 
(a) Jl/4 (b) tan 1 (4 -12/7) 
(c) tan" 1 (4 -IT) (d) none of these 

15. If / ( x ) = x / s i n x and g (x) = x/tan x where 
0 < x < 1 then in this interval 
(a) both/(x) and g (x) are increasing functions 
(b) both/(x) and g (x) are decreasing functions 
(c) / (x) is an increasing function 
(d) g (x) is an increasing function 

16. If the line ax + by + c = 0 is a normal to the 
curve xy = 1. Then 
(a) a > 0, b > 0 (b) a > 0, b < 0 
(c) a < 0, b > 0 (d) a < 0, b < 0 

17. The normal to the curve represented 
parametrically by x = a (cos 0 + 0 sin 0) and 
y = a (sin 0 - 0 cos 0) at any point 0, is such 
that it 
(a) makes a constant angle with the x-axis 
(b) is at a constant distance from the origin 
(c) touches a fixed circle 
(d) passes through the origin 

18. If the tangent at any point on the curve 
x + y4 = a cuts off intercepts p and q on the 
co-ordinate axes, the value of p~ + q~~ is 

(a ) a -4/3 - 1 / 2 (b ) a 
1 /2 

(c) a (d) None of these 
19. If y = / ( x ) be the equation of a parabola 

which is touched by the line y = x at the point 
where x = 1. Then 
(a) / ' (0) = / ' ( l ) 
( b ) / ' ( l ) = 1 
( c ) / ( 0 ) + / ' ( 0 ) + / " ( 0 ) = l 
(d) 2/(0) = 1 - / ' (0) 

20. Let the parabolas y = x + ax + b and 
y = x ( c —x) touch each other at the point (1, 
0) then 
(a) a = - 3 (b ) f>=l 
(c) c = 2 (d) b + c = 3 

21. The point of intersection of the tangents 
drawn to the curve x y = 1 - y at the points 
where it is meet by the curve xy = 1 — y, is 
given by 
(a) (0 , -1) (b) (1, 1) 
(c) (0, 1) (d) none of these 

22. If y = 4x - 5 is a tangent to the curve 
y2 = px + q at (2, 3) then 
(a) p = 2, q = - 7 
(b)p = -2,q = l 
(c)/? = -2,<7 = - 7 
(d)p = 2,<7 = 7 

23. The slope of the normal at the point with 
abscissa x = - 2 of the graph of the function 
/ (x ) = I x - x I is 
(a)-1/6 (b) —1/3 
(c) 1/6 (d) 1/3 

24. The subtangent, ordinate and subnormal to 
2 

the parabola y =4ax at a point (different 
from the origin) are in 
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(a) A.P. (b)G.P. ( 9 4 > _ 9 
(c) H.P. (d) None of these w VTT' V lT 

25. A point on the ellipse 4x2 + 9v2 = 36 where ( c ) f J L _ — 
the tangent is equally inclined to the axes is V3~' v u 

(d) None of these 

Practice Test 
MM : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

1- The curve y -exy + x = 0 has a vertical 
tangent at the point 
(a) (1, 1) (b) at no point 
(c) (0, 1) (d) (1, 0) 

rx 
2. For F(x) =1 2 | t | dt, the tangent lines 

0 
which are parallel to the bisector of the first 
co-ordinate angle is 

(a)y = x - - (b)y =x +-

(c )y=x-~ ( d ) y = x + | 

3. The tangent to the graph of the function 
y=f(x) at the point with abscissa x = 1 
form an angle of TI/6 and at the point * = 2 
an angle of 71/3 and at the point x = 3 an 
angle of 7t/4. The value of 

3 3 

j f'{x)f"(x)dx + \ f" (X) dx 
J1 2 

if" (x) is suppose to be continuous) is 
3 V 3 - 1 ( a ) 4 ^ 3 - 1  

( a ) 3>/3 

(c) 4 - V3~ 

(b)' 

(d) None of these 

4. The slope of the tangent to the curve 

y-r 
- 1 . 2 , . , 1 . cos t dt atx = -.— is 

4V2" 

(a) 

(c) 

Si 3 l 
2 4 

5J[_1 
4 3 

( 4 
(b) V8" 1 

71 
3 4 , 

(d) None of these 

5. The equations of the tangents to the curve 
y = x4 from the point (2, 0) not on the curve, 
are given by 
(a)y = 0 ( b ) y - l = 5 ( x - l ) 

(c) y 

(d)y 

4098 _ 2048 
27 

8 
X~~3 81 

32 = 80 i 
243 ~ 81 3 

6. If the parametric equation of a curve given 
by x = e cot t,y -e sin t, then the tangent 
to the curve at the point t = t i /4 makes with 
axis of x the angle 
(a) 0 (b) tc/4 
(c) t i /3 (d) 7t/2 

2 2 

7. For the curve x = t -1 ,y = t -t, the 
tangent line is perpendicular to x-axis when 
(a) t = 0 (b) t = oo 

(c)f = <3 
at any point on 

y = a" x is of constant length, then the 
value of n is 

8. If the subnormal 
1 - n n 

(a ) -2 
(c) 1 

(b) 1/2 
(d)2 

9. The tangent and normal at the point 
2 2 P {at , 2at) to the parabola y = 4ax meet 

the x-axis in T and G respectively, then the 
angle at which the tangent at P to the 
parabola is inclined to the tangent at P to 
the circle through T,P,G is 

(a) tan 112 (b) cot V 

(d) co t" 1 1 (c) tan t 
10. The value of parameter a so that the line 

2 
(3 - a) x + ay + (x - 1) = 0 is normal to the 
curve xy = 1, may lie in the interval 
(a) ( - oo, 0) u (3, ~) (b) (1,3) 
(c) (-3, 3) (d) None of these 
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Record Your Score 

123 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice -I 
1. (a) 2. (d) 3. (a) 4. (b) 5. (c) 6. (b) 
7. (d) 8. (b) 9. (c) 10. (a) 11. (b) 12. (b) 

13. (b) 14. (b) 15. (c) 

Multiple Choice -II 
16. (b), (c) 17. (b), (c) 18. (a) 19. (a), (b), (c) (d) 20. (b), (d) 
21. (c) 22. (d) 23. (a) 24. (b) 25. (a), (b), (c) 

Practice Test 
1. (d) 2. (a), (b) 3. (d) 4. (b) 5. (a), (c) 6. (d) 
7. (a) 8. (b) 9. (c) 10. (a) 



15 
MONOTONOCITY 
§15.1. Monotonocity 

A function f defined on an interval [a, b] said to be 
(i) Monotonically increasing function : 

If X2>X1 => f(x2) > f(x-i), V x i , x 2 e [ a , b] 
(ii) Strictly increasing function : 

If X2> x-] => f(x2) > f(x 1), V xi, X2 e [a, b] 
(iii) Monotonically decreasing function : 

If x2 > X1 f (x2) < f(xi), V X1, x2 e [a, b] 
(iv) Strictly decreasing function : 

If x2>xi => /(x2)</(xi), V X I , X 2 G [a, b] 

§ 15.2. Test for Monotonocity 

(i) The function f (x) is monotonically increasing in the interval [a, b], if f (x) > 0 in [a, b], 
(ii) The function f(x) is strictly increasing in the interval [a, b], if f (x) > 0 in [a, b], 
(iii) The function f (x) is monotonically decreasing in the interval [a, b], if f (x) < 0 in [a, b] 
(iv) The function f (x) is strictly decreasing in the interval [a, b], if f (x) < 0 in [a, b]. 

Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whicheven is appropriate. 

MULTIPLE CHOICE-I 

1. Let y = x2e \ then the interval in which y 
increases with respect to x is 
(a) ( - - . . o o ) ( b ) ( - 2 , 0 ) 
(c) (2,00) (d) (0, 2) 

(a) ( - 00, 00) 

(b) - 4 , 3 - — u [ l , o o ) 

the interval 
(a) (2/; + 1, 2/;), n e N 

(d) (1, 00) 
4. On which of the following intervals is the 

function x100 + sin x - 1 decreasing ? 
(a) (0,7t/2) (b)(0, 1) 

(c) ( ^ , 7t ] (d) None of these 

(d) None of these 
3. The set of all values of a for which the 

5. The function / ( x ) = log (1 + x ) - is 

function 
increasing on 
(a) (0, oof 
(c) ( - o o , o o ) 

(b) ( -co, 0) 
(d) None of these 

decreases for all real x is 
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, a sin x + b cos x . , 
6. It / (A) = — : : is decreasing for all 

c sin A + a cos A 

A then 
(a) ad - be > 0 (b) ad - be < 0 
(c) ab -cd> 0 (d) ab - cd < 0 

7. If f ( x ) = (ab-b2-2)x + J (cos 46 + sin40) 
o 

c/8 is decreasing function of A for all A e 
and /;> E R, /J being independent of A, then 
(a) a e (0, VfT) (b) a e ( - V6, V6) 
(c) a e ( - V(T, 0) (d) none of these 

8. The value of a in order tha t / (A ) = V3~sin A 
- cos A - 2ax + b decreases for all real values 
of A, is given by 
(a) a < 1 __ (b) a > 1 
(c) a >4.2 (d) a <42 

9. The function / (A) = + X} is 
B I ( E + A ) 

(a) increasing on [0, 
(b) decreasing on [0, 
(c) increasing on [0,7i/e) and decreasing on 

[n/e, •») 
(d) decreasing on [0, n/e) and increasing on 

[n/e, 

10. The funct ion/def ined by/(A ) = (x + 2) e is 
(a) decreasing for all A 

(b) decreasing on (—<*>,— 1) and increasing in 

MULTIPLE CHOICE -II 

Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answerfs). 

(c) increasing for all A 
(d) decreasing in ( - 1, «>) and increasing in 

( — . - 1 ) . 

11. If a < 0, the function / (A) = e"x + e "x is a 
monotonically decreasing function for values 
of A given by 
( a ) x > 0 (b) A < 0 
(c) A > 1 (d) A < 1 

2 
12. y= {A (A - 3 ) } increases for all values of A 

lying in the interval 
(a) 0 < A < 3 / 2 (b) 0 < A < °° 
(c) - °o < A < 0 (d) 1 < A < 3 

13. T h e f u n c t i o n / ( A ) = tan A - A 
(a) always increases 
(b) always decreases 
(c) never decreases 
(d) some times increases and some times 

decreases 
14. If the function /(A) = cos I A I - 2ax + b 

increases along the entire number scale, the 
range of values of a is given by 
(a) a < b (b) a = b/2 
(c) a < - 1 /2 (d) a > - 3 / 2 

15. The function / (A) = A V(AA - A2) , a > 0 
(a) increases on the interval (0, 3a /4 ) 
(b) decreases on the interval ( 3 a / 4 , a ) 
(c) decreases on the interval (0, 3a /4 ) 
(d) increases on the interval ( 3 a / 4 , a 

1 6 . L e t / I ( A ) = / ( A ) - ( / ( A ) } 2 + { / ( A ) } 3 f o r a l l 

real values of x. Then 
(a) h is increasing whenever/(A) is increasing 
(b) h is increasing whencver/ ' (x) < 0 
(c) h is decreasing whenever / i s decreasing 
(d) nothing can be said in general 

2 
17. If <)>(A) = 3 / + / ( 3 - A ) V AG ( - 3 , 4 ) 

where/"(A ) > 0 V A e ( - 3, 4), then <t)(x) is 

(a) increasing in [ , 4 

(b) decreasing in — 3, — 

(c) increasing in j — — , 0 

(d) decreasing in I 0, 

18. Which of the following functions are 
decreasing on (0,71/2) ? 
(a) cos A (b) cos 2A 
(c) cos 3A (d) tan x 

19. If ((> (A) =f(x) +f(2a - x) and /" (A ) > 0, 
a > 0, 0 < A < 2a then 
(a) <()(A) increases in (a, 2a) 
(b) <|)(x) Increases in (0, a) 
(c) ( ] ) (A ) decreases in (a, 2a) 
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(d) <)>(x) decreases in (0, a) 
2 0 - If f{x) = 2x + cot ' x + log (V1 + x2

 - J C ) , 

then/(x) 
(a) increases in (0, °o) 
(b) decreases in [0, 
(c) neither increases nor decreases in (0, 
(d) increases in (— « ) 

3 2 
21. If f (x) — ax - 9x' + 9x + 3 is increasing on 

R, then 
(a) a < 3 (b) a>3 
(c) a < 3 (d) None of these 

22. Function / ( x ) = I x I - I x - 1 I is 
monotonically increasing when 
(a) x < 0 (b) x > 1 
(c) x < 1 (d) 0 < x < 1 

23. Every invertible function is 
(a) monotonic function 
(b) constant function 

(c) indentity function 
(d) not necessarily monotonic function 

24. Let / (x) = 2x2 - log I x I, x * 0. Then/(x) is 

( a ) m . i . i n | - - , 0 > ) u f ^ , « 

25. 

(b) m.d. in 

(c) m.i. in 

(d) m.d. in 

. 0 u -
1 

2 J U 

1 

1 
2 ' 

1 
0, 

~ 2 | U 4 
Let / ' (x) > 0 and g'(x) < 0 
Then 
( a ) / { g ( x ) } > / { g ( x + l ) } 
( b ) / U ( x ) } > / { g ( x - l ) } 
( c ) g { / ( x ) } > g ( / ( x + l ) } 
( d ) g { / ( x ) } > g ( / ( x - l ) } 

for all x e R. 

Practice Test 
M.M. 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

4. If f\x) = | x | - {x} where {x} denotes the 
fractional part of x, then f(x) is decreasing 
in 

3 2 2 1. Let f(x)=x + ax + bx + 5 sin x be an 
in the set of real 
a and b satisfy the 

increasing function 
numbers R. Then 
condition 

(a) a2 - 3b - 15 > 0 

(b) a2 - 36 + 15 > 0 

(c) a 2 - 36 - 15 < 0 
(d) a > 0 and 6 > 0 

2. Let Q (x) =/"(x) + / ( 1 - x ) 
and f"(x) < 0, 0 < x < 1, then 
(a) Q increases in [1/2, 1] 
(b) Q decreases in [1/2, 1] 
(c) Q decreases in [0, 1/ 2] 
(d) Q increases in [0, 1/2] 

3. I f f : R —> R is the function defined by 

fix)- 2 2 
— X 

, then 
e +e 

(a)f(x) is an increasing function 
(b) f(x) is a decreasing function 
(c)f(x) is onto (surjective) 
(d) None of these 

(a) | - f ,0 

(0| - f , 2 

(b)| - f , 2 

(d) 1 
— < 
2 ' 

5. The interval to which 6 may belong so that 
the function 

/ (x) = 
V21 - 46 - 62 

6 + 1 
x3 + 5x + V6 

is increasing at every point of its domain is 
(a) [ - 7, - 1] (b) [ - 6, - 2] 
(c) [2, 2 5] (d) [2, 3] 

6. For x > 1 ,y = logc x satisfies the inequality 
2 (a)x - 1 >y 

(c) y > x - 1 

(b)x - 1 >y 
,,, x - 1 (d) <y 

7. The function f(x)=xx decreases on the 
interval 
(a) (0, e) (b) (0, 1) 
(c) (0, 1/e) (d) None of these 
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8. Let the function f(x) - sin x + cos x, be 
defined in [0, 2n], then f (x) 
(a) increases in (n/4, n/2) 
(b) decreases in (7r/4, 5n/4) 

(c) increases in 

(d) decreases in 

0 , J l u 
571 ,2n 

o . j M f . a * 

9. Let f(x) = j ex (x - 1) (x - 2) dx. Then 
decreases in the interval 
(a) ( - oo, - 2) (b) ( - 2, - 1) 
(c) (1, 2) (d) (2, oo) 

10. For all x e (0, 1) 

( a ) e * > l + x (b) loge (1 +*) <x 
(c) sin x > x (d) loge x > x 

Record Your Score 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice -I 
1. (d) 2. (d) 3. (b) 4. (d) 5. (a) 6. (b) 
7. (b) 8. (b) 9. (b) 10. (d) 11. (a) 12. (a) 

13. (a) 14. (c) 15. (a) 

Multiple Choice -II 
16. (a), (c) 17. (a), (b), (c), (d) 18. (a), (b) 19. (a), (d) 20. (a), (d) 
21. (b) 22. (d) 23. (a) 24. (a), (d) 25. (a, c) 

Practice Test 

1. (c) 2. (b), (d) 3. (d) 4. (a) 5. (a), (b), (c), (d) 
6. (a), (b), (d) 7. (c) 8. (b), (c) 9. (c) 10. (b ) 



16 
MAXIMA AND MINIMA 
§16.1. Maxima and Minima 

From the figure for the function y = f{x), we find that the function gets local maximum and local 
dv minimum. The tangent to the curve at these points are parallel to x-axis, i.e., ^ = 0. 

Greatest 

Fig. 16.1. 

§ 16.2. Working Rule for Finding Maxima and Minima 

(a) First Derivative Tes t : 
To check the maxima or minima at x = a 
(i) If f' (x) > 0 at x < a and f (x) < 0 at x > a i.e. the sign of f (x) changes from + ve to - ve, then f (x) 

has a local maximum at x = a. 
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Fig. 16.3. 

(ii) If f (x) < 0 at x< a and f' (x) > 0 at x> a i.e. the sign of f' (x) changes from - ve to + ve, then f(x) 
has a local minimum at x = a. 

(iii) If the sign of f' (x) does not change, then f (x) has neither local maximum nor local minimum at 
x = a, then point 'a' is called a point of inflexion. 

(b) Second derivative Test : 
(i) If f" (a) < 0 and f' (a) = 0, then 'a' is a point of local maximum. 
(ii) If f" (a) > 0 and f' (a) = 0, then 'a' is a point of local minimum. 
(iii) I f f " (a) = 0 and f (a) = 0 then further differentiate and obtain f" (a). 

( i v) I f f (a) = f" (a) = f'" (a) = ....= fn~\a) = 0 and fn(a) * 0. 
If n is odd then f (x) has neither local maximum nor local minimum at x = a, then point 'a' is called a 

point of inflexion. 
If n is even, then if f n (a) < 0 then f (x) has a local maximum at x = a and if f " (a) > 0 then f(x) has a 

local minimum at x = a. 
Note : Maximum or minimum values are also called local extremum values. For the points of local 

extremum either f ' (x) - o or f (x) does not exist. 

§ 16.3. Greatest and Least Values of a Function 

Given a function f (x) in an interval [a, b], the value f (c) is said to be 
(i) The greatest value of f (x) in [a, b] if f (c) > f (x) for all xin [a, b], 
(ii) The least value of f (x) in [a, b] if f (c) < f (x) for all x in [a, b]. 

Two important tips : (i) If 

Let = {|f degree of g(x)< degree of f(x)} 

if z is minimum => y is maximum, 
if z is maximum => y is minimum. 
(ii) Stationary value : A function is said to be stationary for x = c, then f (c) is called stationary value if 

f'(c) = 0 . 
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MULTIPLE CHOICE -1 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. The greatest value of the 

f i x ) = 2 sin x + sin 2x on the interval 

function 

is 

(a) 
3 V I 

( b ) 3 

(d) None of these 
2 

(c) 3/2 

2. The points of extremum of the function 

F ( x ) = f e '2/2 (1 - t2)dt are 

(a) ± 1 (b) 0 
(c) ± 1 / 2 (d) ± 2 

3. A f u n c t i o n / s u c h that f'{2) = / " ( 2 ) = 0 a n d / 
has a local maximum o f - 1 7 at 2 is 

(a) (x — 2)4 (b) 3 - (x - 2)4 

(c) - 17 - (x - 2)4 (d) None of these 

4. The difference between the greatest and the 
least value of the function 

f ( x ) = j* (t2 + t+ 1) dt on [2, 3] is 

, then maxima o f f ( x ) 

(a) 37/6 (b) 47/6 
(c) 57/6 (d) 59/6 

5. L e t f ( x ) = a-(x— 3)8 / 9 

is 
(a) 3 (b) a — 3 
(c) a (d) None of these 

6. Let / ( jc) be a differential function for all x. If 
/ ( l ) = — 2 a n d / ' (x) > 2 for all JC in [1, 6], 
then minimum value o f / ( 6 ) = 
( a ) 2 ( b ) 4 
( c ) 6 (d )8 

7. The point in the interval [0 ,2n] where 
/(JC) = ex sin x has maximum slope is , , n. „ . n 
( a ) -

(c)7t 
8. Let 

(b) ^ 

(d) None of these 

^ 2 
I X " + J C + 3 J C + s i n JC I 3 + s i n - , x * 0 

* J 
, X = 0 

then number of points (where/(JC) attains its 
minimum value) is 
(a) 1 (b) 2 
(c) 3 (d) infinite many 

9. If /(JC) = a log f I JC I + bx2 + x has extremum 
at x - 1 and x - 3 then 
(a) a = — 3/4 , b — - 1 / 8 
(b) a = 3 /4 , b = - 1 /8 
(c) a = - 3 /4 , b = 1 /8 
(d) None of these 

10. Let / ( x ) = 1 + 2x2 + 2 2 / + ... + 2h°x20. Then 
f{x) has 
(a) more than one minimum 
(b) exactly one minimum 
(c) at least one maximum 
(d) None of these 

11. L e t / ( x ) = j s'n~ ' a + ' 0 < * < ] 

2x , x > 1 
f ( x ) can have a minimum at x = 1 is the value 
of a is 
(a) 1 (b) - 1 
(c; 0 (d) None of these 

12. A differentiable function / ( x ) has a relative 
minimum at x = 0 then the function 
y =f ix) + ax + b has a relative minimum at 
x = 0 for 
(a) all a and all b (b) all b if a = 0 
(c) all i > 0 (d) all a > 0 

13. The function / ( x ) = £ { 2 ( , - 1) ( r - 2 ) > 

2 2 
+ 3 {t - 1) (r - 2) } dt attains its maximum at 
x = 
(a) 1 (b) 2 
(c) 3 (d) 4 

14. Assuming that the petrol burnt in a motor 
boat varies as the cube of its velocity, the 
most economical speed when going against a 
current of c km/hr is 
(a) (3c/2) km/hr (b) (3c/4) km/hr 
(c) (5c/2) km/hr (d) ( c / 2 ) km/hr 
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/ \ a 
( a ) p (b) a 

wVf (d) J F 
11 a 

IS. N Characters of information are held on 
magnetic tape, in batches of A characters 
each, the batch processing time is a + (3x2 

seconds, a and p are constants. The optical 
value of .v for fast processing is, 

MULTIPLE CHOICE-II 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, (1 corresponding to the correct answer(s). 

16. Let/(.v) = cos x sin 2x then 
(a) min f ( x ) > - 7 / 9 

v G (- n, 71) 

(b) min f(x) > - 9 / 7 
.v e (- 7i, JI) 

(c) min f (x) > - 1 / 9 
.v e [ - 7t. 7t] 

(d) min f (x) > - 2 / 9 
v e [ - 7t, JT] 

17. The minimum value of the function defined 
by/(A) = maximum {A. A + 1. 2 - A) is 
(a) 0 (b) 1/2 
(c) 1 (d) 3/2 

18. L e t / ( x ) : 

A + 3 X , - 1 < A < 0 
- s i n A, 0<x<n/2 

- 1 - C O S A , — < X < 7T 

Then global maxima of /(.v) equals and 
global minima of / (A ) are 
(a) - 1 (b) 0 
( c ) - 3 (d) - 2 

19. On [ l , e ] , the least and greatest values of 
2, 

/ ' ( . V ) = A In A I S 

(a) e, I 
2 

( b ) l , e 
;(c) 0, eA (d) none of these 

20. The minimum value of 

1 +-
1 

sin a 
1 + -

1 

cos a 
is 

(a) 1 
/ 

(c) (1 + 2" /2)2 

(b)2 

(d) None of these 
21. The fuel charges for running a train are 

proportional to the square of the speed 
generated in miles per hour and costs Rs. 48 

22. 

per hour at 16 miles per hour. The most 
economical speed if the fixed charges i.e., 
salaries etc. amount to Rs. 300 per hour. 
(a) 10 (b) 20 
(c) 30 (d) 40 
The maximum area of the rectangle that can 
be inscribed in a circle of radius r is 

(a) 71 R 

(c) 
71/" 

(b) r 

(d) 2r2 

23. Let / (A) = OA3 + bx~ + cx + I have extrema at 
A = a , p such that a p < 0 and f(a).f(p) < 0 
then the equation/(A) = 0 has 
(a) three equal real roots 
(b) three distinct real roots 
(c) one positive root i f / ( a ) < 0 and / (P ) > 0 
(d) one negative root i f / ( a ) > 0 a n d / ( P ) < 0 

24. L e t / (A ) be a function such that /'(a) * 0. 
Then at x = a,/(A) 

(a) can not have a maximum 
(b) can not have a minimum 
(c) must have neither a maximum nor a 

minimum 
(d) none of these 

25. A cylindrical gas container is closed at the 
top and open at the bottom; if the iron plate 
of the top is 5/4 times as thick as the plate 
forming the cylindrical sides. The ratio of the 
radius to the height of the cylinder using 
minimum material for the same capacity is 
(a) 2/3 (b) 1/2 
(c) 4/5 (d) 1/3 
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Practice Test 
M.M: 20 Time : 30 Min 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

1. Let f ( x ) = (x2 - 1)" (x2 +x + 1) then f(x) has 
local ex t remum a t x = 1 when 
(a) n = 2 (b) n = 3 
(c) n = 4 (d) n = 6 

2. The critical points of the function f\x) 
, . I x-2 I . where f (x) = ^ — i s 

x 
(a) 0 (b) 2 
(c) 4 (d) 6 

x - x + lOx - 5, x < l 
3. L e t / ( x ) = 

- 2r + log2 (b - 2 ) , x > 1 

t h e set of values of 6 for which / (x ) have 
greatest value a t x = 1 is given by 
(a) 1 < 6 < 2 (b) 6 = (1 ,2 | 
(c) be { - - 1) (d) None of these 

4. Let f (x) = J* dt (x>0) ; then/ -(x) has 
o t 

(a) maxima when re = - 2 , - 4 , - 6 , 
(b) maxima when re = - 1 , - 3 , - 5 
(e) minima when re = 0, 2 , 4 , 
(d) min ima when n = 1, 3, 5, 

5. Let/": [a,6] -» R be a function such t h a t for 

(b) Function has interval of increase and 
decrease 

(c) Greatest and the least values of the 
function exist 

(d) Function is periodic 

7. Let fix) = (x - l ) m (x - 2)", xe R, Then each 
critical point of f (x) is ei ther local 
maximum or local minimum where 
(a) m = 2, n = 3 (b) m = 2, n = 4 
(c) m = 3, n = 4 (d) m = 4, R = 2 

8. The number of solutions of the equation 

</(Jc) + g (x) = 0, where a > 0 , g ( x ) * 0 
and has min imum value 1/2 is 
(a) one (b) two 
(c) infinite many (d) zero 

9, Let / > ) = 0 <x < 1 

x > 1 
then 

(a) fix) has local maxima a t x = 1 
(b)/"(x) has local minima a t x = 1 
(c)f(x) does not have any local extrema a t x = 1 
(d) f (x) has global minima a t x = 1 

c e (a, b),f' (c) =f"(c) =f"\c) =fw{c) =f"(c) = 0 10. Two towns A and 5 are 60 km apar t . A 
then school is to be built to serve 150 s tudents in 
(a)/"has local ex t remum a t x = c town A and 50 s tudents in town B. If the 
( b ) / h a s ne i ther local maximum nor local total distance to be travelled by all 200 

min imum a t x = c s tudents is to be as small as possible, then 
(c) fie necessarily a constant function the school should be built at 
(d) it is difficult to say whe ther (a) or (b) ( a ) t o w n f l (b) 45 km from town A 
From t h e graph we can conclude t h a t the (c) town A (d) 45 km from town B 
(a) Funct ion h a s some roots 

Record Your Score 

Max, Marks 
1. First attempt i 
2. Second attempt 

3. Third attempt must be 100% 
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Answers 

Multiple Choice -1 
1. (a) 2. (a) 3. (c) 4. (d) 5. (c) 6. (b) 
7. (b) 8. (a) 9. (a) 10. (b) 11. (d) 12. (b) 

13. (a) 14. (a) 15. (c) 

Multiple Choice -II 
16. (a), b) 17. (d) 18. (b), (d) 19. (c) 20. (c) 21. (c) 
22. (d) 23. (b), (c), (d) 24. (d) 25. (d) 

Practice Test 
1. (a), (c), (d) 2. (a), (b), (d) 3. (d) 4. (a), (d) 5. (d) 6. (b) 
7. (b), (d) 8. (d) 9. (a) 10. (c) 



17 
INDEFINITE INTEGRATION 

17.1. Methods of Integration 

(i) Integration by Substitution (or change of independent variable): 
If the independent variable x in J f{x) dx be changed to t, then we substitute x = <f>(f) i.e., dx = 0 ' (f) dt 

j f(x) dx = | /(<{> (t)) <t>' (0 dt 
which is either a standard form or is easier to integrate. 
(ii) Integration by parts : 

If u and vare the differentiable functions of xthen 
" 

dx' J u.vdx = uj udx-j \-jj-uIf/ vdx dx. 

17.2. How to c h o o s e 1st and llnd functions : 
(i) If the two functions are of different types take that function as 1st which comes first in the word 

ILATE where I stands for inverse circular function, L stands for logarithmic function A stands for 
Algebraic function, T stands for trigonometric function and E stands for exponential function. 

(ii) If both functions are algebraic take that function as 1st whose differential coefficient is simple. 
(iii) If both functions are trigonometrical take that function as llnd whose integral is simpler. 

Success ive integration by parts : 
Use the following formula 

J UVdX = UV-\ - 1/ V2 + U" V3 - u"' V4 + .... + 

+ + ( - 1 ) " " 1 u "" 1 Vn + (- 1)" J if vn dx. 
where if stands for nth differential coefficient of u w.r.t. xand vn stands for nth integral of vw.r.t. x. 

Note - J — - i M . - (••• 1 - cos 6 = vers 0 
1 ( 2 a x - x2) (^aj j 1 - sin 0 = covers 0 

Cancellation of Integrals: 
i-e. { e"{ f(x) + f (x)} dx = exf(x) + c. 
17.3. Evaluation of Integrals of Various Type 

Type I: Integrals of the type. 

(0 • C')f 12 d * (iii) J ^(aS + bx+c) dx 
ar + bx+c ^(ar + bx+ c) 

Rule : Express ax2 + bx+ c in the form of perfect square and then apply the standard results. 
Type II: Integrals of the type 

(i) j 2
PX+q ^ (ii) / . f 3 dx (iii) f + + d x 

ar + bx+c yaxr + bx+c fax2 + bx + c) 

Rule for (i): j ( P * + c P d * = - M ( 2 f + b> d x J q - & I f V ' ; , K„ , „ (2a\ J . i ^ J 
dx 

ax2 + bx+c (2a) (ax2 + bx+c) \ 2 a J ax2 + bx+c 

The other integral of R.H.S. can be evaluated with the help of type I. 



Indefinite Integration 135 

Rule for (ii): 
f (px + q) dx = jd_ t (2ax+b) dx+ ( ob\r dx 

Vfax2 + bx+ c) 2a  J V(aJ + bx+c) { 2a j J V a ^ + b x + c 

= ^ W + to+O+f q-g-1/ • 2
dX 

a 2 a J sla^ + bx+c \ j 
The other integral of R.H.S. can be evaluated with the help of type I. 

Rule for (iii): In this case by actual division reduce the fraction to the form f(x) + — + ^ — and then 
(a>c + bx+ c) 

integrate. 
Type III: Integrals of the form 
... f dx .... f dx ..... dx 
(OJ — — (»)J 2 ( " 0 — 1 g -

a + b s i n x a + bcos x a s i n x + b c o s x 

(iv) | — I (v) 1 , 2 „ * ( t a n x ) d x 3 — 
(asm x + b c o s x) a sin x + b s i n x c o s x + c c o s x + d 

where 0 (tan x) is a polynomial in tan x. 
Rule : We shall always in such cases divide above and below by c o s 2 x ; then put tan x = t i.e. 

sec2 x dx = dt then the question shall reduce to the forms J —r—^— or f — ^ — 
(ar + bt+c) (ar + bt+c) 

Type IV : Integrals of the form 

<•> J (ii) J f (iii)J d x v / J a - t - n c i n y  v '  J a -i- n rnc v 1 a + b s i n x J a + b c o s x ' a sin x + b c o s x + c 
. r (p cos x + q sin x) , . , r p cos x + q sin x + r , 

iv I f H — r dx (v J dx J ( a c o s x + b s i n x) J a cos x + b s i n x + c 
Rule for (i), (ii) and (iii): 

1 - tan2 x /2 2 tan x/2 write cos x = = , sin x 
1 + tan2 x /2 ' 1 + tan2 x / 2 

the numerator shall become sec 2 x / 2 and the denominator will be a quadratic in tan x/2 . Putting tan x / 2 = t 
i.e. sec 2 x / 2 dx = 2 dt the question shall reduce to the form I —^ — 

ar + bt+c 
Rule for ( iv): Express the numerator as 

/(£/) +m(d .c . of Cf) 
find I and m by comparing the coefficients of sin x and cos xand split the integral into sum of two-integrals as 

d.c. of rf i j dx+ m | 
Cf 

= lx+ m In I £/1 + c 
Rule for (v) : Express the numerator as 
I (D r) + m (d.c. of D r) + n, find /, m, and n b y comparing the coefficients of sin x, cos x and constant term 

and split the integral into sum of three integrals as 
, r . r d.c. of Cf . f dx / dx+ m J — dx + n J — 

J Cf D r  

= Ix + m In I D r I + n J ~ and to evaluate j proceed b y the method to evaluate rule (i), (ii) and (iii). 

Type V : Integrals of the form 

0)J 
(") j 

(x2 + a2) dx 
(x4 + k x2 + a4) 

ix2 - a2) dx 
tx4 + Ax 2 + a4) 
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where k is a constant, + ve, - ve or zero. 
2 2 

Rule for (i) and (ii): Divide above and below by x2 then putting (i) t = x - — and (ii) t = x+ — 

i.e., dt = 

then the questions shall reduce to the form 

« a 
7 

, 2 

dx and dt = dx 

dt r dt or 
t2 + t?  3 t2-c2 

Remember: 
... r x2 dx = 1 r (x2 + a2) dx 1, r (x2 - a2) dx 
< I , J x4 + /cx2 + a4 " 2 J (x4 + / rx 2 +x 4 ) + 2 J tf + k f + a4) 

.... r dx = J _ r (x2 + a2) dx _ J _ r (x2 - a2) dx 
( " , J (x4 + fcx2 + a4) ~ 2a2 (x4 + /rx2 + a4) 2a2 J (x4 + kx2 + a4) 

nm f d x = x
 + J 2 £ L n 3 L f dx 

1 n (x2 + /r)" k(2n-2) (x2 + A) " - 1 * ( 2 " - 2 ) J + 

Type (VI): Integrals of the form 
... f dx 

(Ax+ B) V(ax + b) 
.... dx («) (/4X2 + Bx+ C) V(ax+b) 

dx 
(Ax+ B) ^(ax2 + bx+ c) 

dx 

(iii) I 

(iv) J ^ 1 j 
(/Ax2 + 0x+ C) V(ax^ + bx+ c) 

Rule for (i) and (ii): Put ax+b = P 

Rule for (iii): Put Ax + B = ~ 

„ . ax2 + bx+c 2. Rule for (iv): Put — 5 = r 
A ^ + B x + C 

f dx Note : The integral J , „ = where r is positive integer, may also be evaluated by 
(Ax+ B) ry(a)C + bx+ c) 

substitution Ax+ B = -y 

Type VII: Integral of the type J xm(a + bxnf dx, where m, n, p e Q 
Case ( i ) : (i) If p e /+ then expand by the formula of Newton binomial, 
(ii) If p < 0, then we put x = tk, where k is the common denominator of the fractions m and n. 

m 1 
Case ( i i ) : If ——— - Integer then we put a + bx" = P 

where a is the denominator of the fraction p. 

Case (iii) : If m — 1 + p = Integer then we put a + bx" = taxn where a is the denominator of the 

fraction p. 

Type VIII: Integrals of the type : 
j f{x, (ax+ b)Pl/£" , (ax + £>)P2/Cfe ) dx 

where f is irrational and pi, pz <71, <72 e I then put ax+ b = f ) , where m is the L.C.M. of q-i, qz .... 
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Type IX : Integral of the form 
J s i n m x c o s " x d x 

Case (i): If m is odd and n is even then put cos x = t. 
Case (ii): If m is even and n is odd then put sin x = t 
Case (iii): If m and n both are odd then 

if m > n, put sin x = t 
m< n, put cos x = f 
m = n, put sin x = t or cos x = t. 

Case (iv): If m + n = - v e and even. 
Then convert the given integral in terms of tan xand sec xthen put tan x = t. 
Case (v) : If m and n are even integer, then convert them in terms of multiple angles by using the 

formulae 
2 1 + cos 2x . 2 1 - cos 2x sin 2x 

cos x = ; sin x = ; sin xcos x = — - — 

and 2 cos x c o s y = cos (x+ y) + cos ( x - y) 

17.4. Standard Substitution 

Expression Substitution 4 
V 

_ a \ or V ( x - c t ) ( p - x ) x = a cos2 9 + p sin2 9 
(P X) 
f '(- a 

V X - p 

1 

or V(x- a) ( x - P) x = a sec 9 - p tan 9 

x - a = t2 o r x - P = t2 

V ( x - a ) ( x - P ) 

MULTIPLE CHOICE-I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. If a particle is moving with velocity x2 + 2x 
v (?) = cos nt along a straight line such that at (x' + x ^ + l ) 2 ° 
t = 0, s = 4 its position function is given by 10 

1 1 (b) r ^ - i 1 + c (a) — cos 7ir + 2 (b) - — sin + 4 2 (x + x + l ) 
n n 5 3 I—7 T 

(c) 1/71 sin nt + 4 (d) None of these ( c ) ln(x +x + \ + S2x + 5x ) + c 
2. Let f{x) be a function such that, (d) None of these 

/ ( 0 ) = / ' ( 0 ) = 0 , / " ( x ) = sec4x + 4, then the 4. If _[/(*) Cos xdx = ~ f [xyr c thcn / (x) is 
2" 

(a) x (b) sin x 
(c) cos x (d) I 

function is 

(a) log (sin x) + ^ tan3 x + xb 

(b) | log (sec x) + i tan2 x + 2x2
 5 j (sin 2x - cos 2x) dx = ^ sin (2x — a) +1 

(c) log (cosx) + £ c o s 2 x + J U)a = ~,bGR ( b = 

(d) None of these 
4 ' 4 

K 
f ^x12 + SJC9) (c) « = — , / ? e R (d) None of these 

—^ ^ ^ dx is equal to 
( x 5 + x 3 + l)3 
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6. The primitive function of the function 

, , , 4 { c f - x ) . 
f(x)= 4 IS 

(a)c + 
T \a -x 

, 2 3 3 a x 

10. 

( b ) c -
, 2 2^3/2 
(a ~x) 

T 2 2 2 a x 
, 2 _ 2..3/2 

(c) c _ t %— (d) None of these 

(a) constant 
"(c) 0 

1 
2/ 4 ..3/4 X (X + 1) 

1 \V4 
(a) I I + - 7 

(b) 5c + 5d + x 
(d) None of these 

dx is equal to 

+ c (b) (xH + l ) 1 / 4 + c 

1/4 f j Nl/4 

X 
, 2 3 3a x 

7. The 

/ « = 
antiderivative of 

W 1 — I + c ( d ) - I + - 4 I +C 

1 
3 + 5 sin x + 3 cos x 

passes through the point (0 ,0) is 

whose graph 

( a , i log 1 - ^ tan x / 2 

' l og 1 + 1 tan x / 2 

( c , I 

V 
/ 

log 1 + | cot x / 2 

11. Let the equation of a curve passing through 
f 2 x 

the point (0, 1) be given by y = J x . e dx. If 
the equation of the curve is written in the 
form x =f(y) then / (y) is 

( a ^ 

(c) 

2 ^ 
3 

(b) In 

(d) None of these 

(d) None of these 

8. J x (1 + log x) dx is equal to 
X 

(a) x log, x + c (b) e + c 

(c) x+c (d) None of these 

9. J (x - a) (x - b) (x - c)... (x - z) dx is equal 

to 

12. J 
( 1 + * ) 

- dx is equal to 

(a) x+ 1 
+ c (b) ex(x+l) + c 

( c ) - — ^ - 7 + c ( d ) — T + C 
( * + l ) 1 

MULTIPLE CHOiCE -II 
Each question, in this part, has one or more than one correct answers). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

13. I f j -
» CLF 

sin X dx = Ax + B log 
sin (x - a ) 

sin (x - a ) + C then 
(a) A - sin a 
(b) B = cos a 
(c) A = cos a 
(d) B = sin a 

1 • 2 2 - s i n x 
If the derivative of f i x ) w.r.t. x is ———— 

f i x ) 
t hen / (x ) is a periodic function with period 
(a) n / 2 (b) 71 
(c) 2n (d) not defined 

15. jx' 2 / 3 (1 + x 1 / 2 ) " 5 / 3 dx is equal to 

(a) 3 (1 + x ~ 1 / 2 ) ~ l / 3 + c 

(b) 3 (1 + x~ 1/2)~ 2 / 3 + c 
/ \ 1 r\ , l/2\— 2/3 , (c) 3 (1 +X ) +C 
(d) None of these 

16. if f 4 e + 6 e - x  

J 9ex -4e~" 
then 
(a) A = 3 / 2 

14. 

dx = Ax + B log, (9e -4) + C 

(b) B = 3 5 / 3 6 
19 

(c) C is indefinite (d) A + B = - — 
36 

, 1/2 ^ f x 2 17. Let j r — T - dx = — gof (x) + c then 
vl - x 3 

(a ) / ( * ) = V7 (b ) / (x ) =x ' .3/2 

( c ) / ( x ) = x .2/3 (d) g (x) = sin x 

18. If J cosec 2 x d x = f ( g (x)) + C, then 
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(a) range g (x) = ( -
(b) dom/(jc) = ( - oo, oo) - {0} 

(c) g'{x) = sec2 x 
( d ) / ' (x) = 1 /x for all x e (0, 

19. If | • Jg
 v dx =f (x) V(1 +ex) 

y(l + e) 
- 2 log g (x) + C, then 

(a ) / ( x ) = x - 1 

V1 + e + 1 

+ e + 1 
( c ) s W = V T 7 7 . 
( d ) / ( . v ) « 2 ( A - - 2 ) 
f cos 4.i - 1 

20. J cot x - tan x 
i 

dx is equal to 

(a) - - cos 4x + c (b) - ± cos 4.t + c 

(c) - ^ sin 2x + c (d) None of these 

Practice Test 
M.M. : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

n - n 
1. If f(x) = Lim —n—, x > 1 then 

I x f ( x ) In (x + V(l + S2)) 

V(1 + x2) 
dx is 

+ c (a) In (x + V(l+x2)) -x 

(b) | (x2 In (x + V(l+a; 2 ) ) - x2) + < z 

(c) x In (x + V( l+X 2 ) ) - Zn (x + V ( l + x 2 ) ) + c 
(d) None of these 

2. The value of 
dx 

the integral 

J - .. , n.l/n 
X (1 +X ) 

, n e N is 

(a) 

(b) 

1 f X 

(1 + n) x
n 

+ c 

+ c 

1 
( O -

( d ) -

1 1 - 1 
( 1 - D 

( l + re)| 1 +
 x 

+ c 

+ c 

3. The value of the integral J — ^ 
3 , 5 X + cos x 
2 . 4 sin x + sin x 

dx 

(a) sin x - 6 tan 1 (sin x) + c 
(b) sin x - 2 (sin x) 1 + c 

(c) sin x - 2 (sin x) 1 - 6 tan 1 (sin x) + c 

(d) sin x - 2 (sin x) 1 + 5 tan 1 (sin x) + c 
4. If 

\f{x) sin x cos x dx = —— log f(x) + c, 
2 (6 - a ) 

then f (x) = 
1 (a) 

(b) 

2 . 2 ,2 2 a sin x + b cos x 

2 . 2 ,2 2 a sin x - o cos x 

(c) 2 2 , 2 . 2 a cos x + b sin x 
(d) None of these 

5. If l' means log log log x, the log being 

repeated r t imes then 

{[x I (x) I2 (x)l3 (x) ...t (x)f 1 dx is equal to 
, , ,r + 1 . , (a ) l (x) + c 

ir + l , , 
(b) ^ ( f + c r + 1 

(c) (xj + c 
(d) None of these 
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Record Your Score 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice -I 
1. (c) 2. (b) 3. (b) 4. (b) 5. (b) 6. (c) 
7. (b) 8. (c) 9. (a) 10. (d) 11. (c) 12. (a) 

Multiple Choice -II 
13. (c), (d) 14. (b) 15. (b) 16. (b), (c), (d) 17. (b), (d) 18. (a), (b), (c) 
19. (b), (d) 20. (d) 

Practice Test 

1. (d) 2. (a) 3. (c) 4. (a) 5. (a) 



18 
DEFINITE INTEGRATION 

§ 18.1 Definite Integrals 

Let f be a function of x defined in the interval [a, b], and let F be another function, such that 
F' (x) = f (x), for all x in the domain of f, then 

J f (X) dX = [F (X)]a 

= F(b)-F(a) {Newton-Leibnitz formula} 
is called the definite integral of the function f{x) over the interval [a, b] a and b are called the limits of 
integration, a being the lower limit and b the upper limit. 

Note : In definite integrals constant of integration is never present. 

1. Properties of Definite Integrals : 

• b rb 
Prop. I: J f{x) dx = j f(t)dt. 

a a 

Prop. II: J f(x) d x = - | f(x) dx 
a b 

, b f c , t> 
Prop. Ill: J f(x) dx = J f(x) dx+j f(x)dx 

a a c 
where c, is a point inside or outside the interval [a, b]. 

Prop. IV: f f(x) dx = f f(a-x)dx J0 0 

Prop. V: J f(x)dx = 2 J f(x)dx or 0 
- a 0 

According as f(x) is even or odd function of x. 
• a 

Prop. VI: J ' ' f(x) dx = j 2 J0 '<*> if = 
0 I 0, if f(2a - x) = - f(x) 

f b rb 
Prop. VII: J f (x) dx = J f(a + b - x) dx 

a a 
rb+nT (• b 

Prop. VIII: J f(x) dx = J f(x) dx, where f (x) is periodic with period Tand n e I. 
a+ nT a 

Prop. IX : If f (a + x) = f (x), then 
f " a r a 

I f(x) dx = n I f(x) dx. Jo o 
C na /• a 

Prop. X : J f{x) dx= ( n - m) J f{x) dxlf f (x) is a periodic function with period a, i.e., f(a + x) = 1 (x) 
ma 0 

Prop. XI: If f is continuous on [a, fa], then the integral function g defined by 
r* g(x) = J f{t) dt, xe [a, b] is differentiable in [a, b) and cf (x) = f(x) for all x e [a, b]. 
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,i> ,b 
Prop. XII: If f(x) < (x) for x e [a, b], then J f (x) dx < J 0 (x) dx 

a 

Prop. XIII: J f{x)dx < J I f (x) I dx 

Prop. XIV : If m is the least value and M is the greatest value of the function f (x) on the interval [a, b]. 
(estimation of an integral) then 

f b 

m(b-a)< ) f(x) dx < M(b-a) 
a 

Prop. XV : (i) If the function f (x) increases and has a concave graph in the interval [a, b], then 

(b-a)f(a) < \ b f(x)dx<(b-a) f {a )+0f {b); 
a 

(ii) If the function f (x) increases and has a convex graph in the interval [a, b] then 
f(a) + f(b) ' b 

( b - a ) < J f(x) dx < (b-a) f(b). 

Prop. XVI : If f(x) and g(x) are integrable on the interval (a, b), the Schwarz-Bunyakovsky inequality 
takes place : 

rb 
J f(x) g(x) dx 

1 a 
f (x) dx j S2 (x) dx 

Prop. XVII : If a function f i s integrable and non-negative on [a, b] and there exists a point c e [a, b] of 
continuity of ffor which f(c) > 0, 

r b 
then J f(x) dx > 0 (a<b). 

a 
Prop. XVIII: Leibniz's Rule : 
If f is continuous on [a, b] and u (x) and v(x) are differentiable functions of x whose values lie in [a, b] 

then 
d_ 
dx 

• M*) dv du f(t)dt = f{v(x)} — - f{u(x)} 
u (JO d x dx 

Prop. XIX : If / i s continuous on [a, b], then there exists a number c in [a, b] at which 
1 f(c) = — I f(x) dx is called the mean value of the function f(x) on the interval [a, b], 

(b-a) a 

Prop. XX : Given an integral 
r b 
j f (x) dx 

a 
where the function f(x) is continuous on the interval [a, b]. Introduce a new variable t using the formula 
x = ((> (t) 

If (i) 0 (a) = a, <|> (P) = b, 
(ii) <f> (f) and <|>' (t) are continuous on [a, (3], 
(iii) /[()) (0] is defined and is continuous on [a, p], then rb rp 

J f (x) dx = J (f)] <|)' (f) dt. 

r Prop. XXI: If f(x) > 0 on the interval [a, b), then J f(x) > 0 

Prop. XXII : Suppose that f(x, a) and fa' (x, a) are continuous functions when c < a < d and a < x < b, 
then 

/ ' ( a ) = J f'(x,a)dx, w h e r e / ' ( a ) 
a 

is the derivative of I (a) w.r.t. a and f' (x, a) is the derivative of f(x, a) w.r.t. a, keeping x constant. 
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r* Prop. XXIII: If f is continuous on [a, b], then J f(t) dt for xe [a, b] is differentiable on [a, b]. 

Prop. XXIV : Improper integrals : 

(i) f f{x)dx = Lim j f(x)dx. 
a fc>-> + °° a 

(i i) f f(x) dx = Lim J f(x)dx 
-oo a —> - oo a 
» + CO -C .+ 00 

(iii) J f (x) dx = j f(x) dx + J f(x) dx 
— oo — oo C 

18.2. Definite Integral as the Limit of a Sum 

Let f(x) be a continuous function defined on the closed interval [a, b]. Then 

eb ( n " 1 ) 

J f(x) dx = Lim h ]T f(a+rh) 
h-> 0 
n oo 

nh= b- a 
r= 0 

18.3. Some Important Results to Remember 

0) 

(ii) g t 2 = " ( " + 1 ) g " + 1 >  
w r= 1 6 

(iii) £ / = ^ ( n + l ) 2 
r= 1 4 

(iv) In G.P., sum of n terms, Sn = —^—— , r> 1 

= a (1 - f ) 
( 1 - r ) , r< 1 

(v) sin a + sin (a + (5) + sin (a + 2p) + .... + sin (a + n- 1 P) 
sin n p/2 s j n i" 1st angle + last angle 
sin p/2 

(vi) cos a + cos (a + P) + cos (a + 2P) +.. . .+cos (a + n - 1 P) 
sin n p/2 f 1st angle + last angle 

~ sin p/2 C0S 

1 1 1 1 1 

(viii) 1 

(ix) 1 

W j 

(xi) cos 0 

22 + 32 42 + 52 " 62 

1 1 
22 + 32 

1 1 1 
5 62 

1 1 
32 + 52 

+ .... 
Tt2 

1 1 JI2 

42 + 62 
- + ... 24 

e /e + e~ / 8 

7t_ 
12 

j? 
6 

e'° - e" * 
2/ 
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18.4. Summation of Series by Integration 

Let f (x) be a continuous function defined on the closed interval [a, b], then 
n - 1 1 ( r \ r1 

Lim Z - f - = f (x) dx 

Rule : Here we proceed as follows : 
1 ( r (i) Express the given series in the form Z — f — 

(ii) Then the limit is its sum when n —> <=o 

lim I - f -
n oo n n 

Replace - by x and - by dx, and lim Z by the sign of 
n n /?->oo 1 

("0 The lower and upper limits of integration will be the values of - for the first and last term (or the limit 

of these values) respectively. 

18.5. Gamma Function 

The definite integral f e~x x " - 1 dx is called the second Eulerian integral and is denoted by the 

symbol rn [read as Gamma n]. 

Properties of Gamma function 

r ( n + 1) = nVn; n = 1 ; T(|) = rrc 

F (n+1) = n I Provided n is a positive integer. 

. n / 2 
we have J sinm x cos" x dx 

1 [ V J M r i ' j 
2 r ' m+ n + 2 "i , 2 , 

where m>- 1 and n>- 1 
(This formula is applicable only when the limit is 0 to n/2). 

MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

I ' J b ~ I j f 
1. I f f - 5 - 4 = then f - V " - is equal to 3. J [VTtan *] = 

o r + 1 J / , _ i / - / ; - I H o 
, , -b . -b ([.] denotes the greatest integer function) (a) ae (b ) — ae 

( c ) - b e ' ° (d) ae (a) 5 n / 6 (b) y - tan"1 (2/V3) 

2. The value of the integral , n - i f 2 V . , , , 
I , (c) — - tan (d) None of these 

sin I n + T x 

C sin x / 2 ^ ( n e / V ) i S 4. The value of J " 7 ' - ^ - is equal to 

(a) n (b) 271 
(c) 3K (d) None of these 

( a )0 (b) 1 
(c) - n / 2 (d) n/2 
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(•1 
5. The value of I [x [1 + sin tu] + 1] dx i 

-1 
([.] denotes the greatest integer) 
(a) 2 (b) 0 
(c) 1 (d) None of these 
C«JC - rt/4 

6. J I sin x + cos x I dx (n e N) is 
-It/4 

(a) 0 (b) 2n 
(c) 2 V2 n (d) None of these 

rlt/2 „;„ „ f Let / = J dx then I lies in the interval 
'o x 

(a) (0,1) (b)[0, 1] 
(c) [0, 3/2] (d) [1, 2) 

8. For any t & R and /be a continuous function, 
pl + cos t 

Let/ , = J 2 xf(x(2-x))dx 
sin i 

, 1 + cos21 I 
and/2 = J 2 f{x (2 - JC)) dx then — is 

sin / '2 
(a)0 (b) 1 
(c)2 (d)3 

9. The value of the integral 
» nit +1 

(I cos x I + I sin x I) dx is 
o 

(a) n 
(c) cos t 

(b) In + sin t + cos t 
(d) 4n + sin t - cos t + 1 

10. If | log sin x dx = k, then the value of 
o 

,tc/4 

0 

.7C/4 
J log (1 + tan x) dx is 

( a ) - 4 

, , k 
~~ 8 

<-K/4 ex. sec2 x dx . 

( b ) f 

( d ) | 

f e . sec xdx . 11. J j, is equal to 
- n/4 e 1 — 1 

(a) 0 
(c)e 

12. The value of J 

(b)2 
(d) None of these 

2,1 dx is 
'o e

s , n x + \ 
(a) 7t (b) 0 
(c) 2TI (d) JC/2 

4 
13. J sin x d (x - [x]) is equal to 

(a) 1/2 

(c) l 
14. The 

' -r 
value 
(x2 - 2) 

(d) None of these 
of the integral 

-dx is 
'1 xJ V(x 2 - 1) 

(a) 0 (b) 2/3 
(c) 4/3 (d) None of these 

15. If /, = J 3 / ( cos2 x) dx and I2 = | / (cos 2 x) dx 

then 
(a ) I x = h 
(c)A = 512 

p50n 

( b ) / , = 2 / 2 

(d) None of these 

16. If / = I V(1 - c o s 2 x ) dx, then the value of 
o 

/ is 
(a) 50 V2~ (b) 100 <2 
(c) 25 ^2 (d) None of these 

17. Let fix) be an odd function in the interval 
T T 
2 ' 2 with a period T. Then 

Fix) = \X f i t ) dt is 
a 

(a) periodic with period T 
(b) non periodic 
(c) periodic with period 2T 
(d) periodic with period aT 

f io 10 f i 
18. If I fix) dx — 5, then 2 I / ( i t - l + x ) < i c 

o *= 1 o 
is 
(a) 50 
(c)5 

(b) 10 
(d) None of these 

,2k 
J [2 sin x] dx 19. The value of the integral 

is ([.] denotes the greatest integer function) 
(a) 7t (b) 2ti 
(c) 37t (d) 47t 

l x l , l - l x l , j 
4 20. Let / (x) = minimum 

V x e R, then the value of j fix) dx is equal 

to 
- l 

">V2 
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21. 

22. 

value of k is 
8)1 
c) 0 

poo 2 

f j <TA dx = ~ 

23. 

24. 

25. 

26. 

32 
2 1 

c) 

L cosec 101 

(d) none of these 

x — — 1 dx = k then the 
x J 

(b) 1/2 
(d) 1/101 

2 -o 
and J dx, a > 0 is 

a) -fit 

, 0 -In 
c) 2 — 

a 
r ' 2 

f j ex ( x -

( b ) f 
2 a 

a) <ix = 0, then 

a) 1 < a < 2 (b) a < 0 
c) 0 < a < 1 (d) a = 0 
f fx] denotes the greatest integer less than or 

f" " 2_" 
Jo X e 

a) loge 2 

c) 0 

(b) e 

(d) 

dx is equal to 

2 

2 

f J / (t) dt = x + J tf (t) dt then the value of 
0 x 

/ ( I ) is 
a) 1/2 (b) 0 
c) 1 (d) -1 /2 

r311/4 x The value of J 77T77™ ' s e c l u a ' t 0 

• k/4 1 + sin x 
(a) (-12 — 1) 7i (b) (-12 + 1) 7t 
(c) 71 (d) None of these 

27. L e t / b e a positive function. If 
tk 

/ , = 1 xf{x(\-x)}dx,I2  J\-k 

= J* f{x(\-x)}dx 
\ — k 

where 2k - 1 > 0, then Ix : /2 is equal to 
(a) 2 : 1 (b) k : 1 
(c) 1 : 2 (d) 1 : 1 

1 " 
28. Let / (x) = — a0 + X a, cos (ix) 

2 j=l 

f11 

+ 2 bj sin (/.r) then J f(x) cos kxdx 
j= l - it 

is 

equal to 
(a) ak (b) bk 

(c) nak (d) nbk 

f1 x dx 29. The value of the definite integral —5 — 
Jo (x + 16) 

lies in the interval [a, b]. Then smallest such 
interval is 

1 (a) 

(c) 

17 J _ 

27 

(b) [0, 1] 

(d) None of these 

30. Value of f 7 ^ ? is 
2 V ( 1 +x ) 

(a) less than 1 
(b) greater than 2 
(c) lies between 3 and 4 
(d) None of these 

for every 

I f(x)dx = n the value of J / (x) dx is 
n 

(a) 16 
(c) 19 

32. The value of 

31. Suppose 
, n + 1 

integer 
.4 

(b) 14 
(d) None of these 

n, 

2 
• sin x 

0 
(a) 7C/2 
(c) 71/4 

sin 1 -ITdt + j cos ] -17 dt i is 
0 
(b) 1 
(d) None of these 

33. If / = J 1 cos 2 cot 1 dx then 

(a ) / > 2 

(c) 0 < / < 1 

( b ) / = - 2 

(d) None of these 

f 2
 2 34. The value of J [x - 1 ] dx, where [x] denotes 

the greatest integer function, is given by 
(a)3-V3T-V2~ (b) 2 
(c) 1 (d) None of these 

„_ _ {" ( bt cos At -a sin At 
35. Let I 5 

0 [ t 
then a and b are given by 

dt = 
a sin 4x 
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(a) a = 1 / 4 , / ? = 1 
(c) a = — 1, 6 = 4 

(b) a = 2,b = 2 
(d) a = 2, 6 = 4 

36. If / ( x ) = c o s x - [ ( x - 0 / ( 0 dt, then 
o 

f"(x) +f{x) equals 
(a) - cos A ( b )0 
(c) J" ( A - 0 / ( 0 dt ( d ) - J A

 ( A - 0 / ( 0 dt 
0 0 

37. Let /(A) = max {x + I A I , A - [A] }, where [A] 
denotes the greatest integer <x . Then 

J / (A) dx is equal to 

(a)3 (b) 2 
(c) 1 (d) None of these 

.2 • 2 c i n v 

dx, where [A] 38. The value of J 
1 

+ 2 
denotes the greatest integer 
< x,ris 
(a) T (b) 0 
(c) 4 -f sin 4 (d) None of these 

39. The value of I max {2 - A, 2. 1 +x} dx is 
-1 

(a) 4 (b) 9/2 
(c) 2 (d) None of these 

40. Le t / (A ) be a function satisfying/ '(A) = / ( . V ) 

wi th / (0 ) = 1 and g be the function satisfying 
/ (A) 4- g (A) = A" the value of the integral 

J ' f ( x ) g ( A ) dx is 

(a) \ ( e - l ) 

(c) ^ ( e - 3) 

( b ) - U ' - 2 ) 

(d) None of these 

A sin x dx 
f « ( 3 

41. Tlie value of I a,, cos' ' 
J0 1=0 

depends on 
(aV)0 and a 2 (hi a ] and a2 

(c) a0 and a } (d) a, and a } 

42. Let f':R->R such that f{x + 2y)=f(x) 
+f{2y) + 4xy V A, y e R and / ' ( 0 ) = 0. If 

/, = J f{x) dx, 12 = J fix) dx and 

/3 = f fix) dx then 
1/2 

43 

( a ) - / , = / 2 > / 3 

(c) /, = /2 < /3 

r h r" . I f j — 

(b) / , > / 2 > / 3 

(d)/, < /2 < /3 

dx = 6 then 
« A " + ( 1 6 - A ) " 

( a ) « = 4 , b= 12, n e /? 
(b) a = 2, b — 14, n e /? 
(c) a = - 4, 6 = 20, ne R 
(d) a = 2, 6 = 8, n e R 

44. I f / (A ) and g{x) are continuous functions, then 

dx is 
f fa 1 A / [ 7 p * ) - / ( - * ) ] 
J, , / n 

A I A 

5 [ G ( A ) + G ( ~ A ) ] 

(a) depend on \ (b) a non-zero constant 
(c) zero (d) none of these 

K / 1 1 + 2 cos A 45. The value of J , 
o (2 + c o s A) 

dx is 

™ - 2 

< 4 

(b )2 

(d) None of these 

46. The value of J 
2tc • 2 n x sin A 

(a) 

o sin .v + cos .v 

(b)-*2 

dx is 

4 v ' 2 

(c) k~ (d) 27c2 

47. Consider the integrals 
f i _ 2 (-1 2 

/, = j e x cos xdx, I2=] e 1 cos A dx, 

1 - x'l J e dx h = e 1 dx and /, = j 
o o 

let / be the greatest integral among 
/,, 12, /3, /4 then 
( a ) / = Z, (b ) / = /2 

(c ) / = /3 ( d ) / = /4 

(sin"'VT)2 

•2 V7 
48. I f / ( x ) = f rfr then the value of 

(1 - A') I f" (x)} - 2 / ' (x) at x = ^ is 

(a) 2 - 7t 
t , c ) 4 - n 

(b) 3 + Ji 
(d) None of these 
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49. If for x * 0 af(x) + bf 

then f xf(x) dx = 
l 

. . b - 9a 
(a) 

(c) 

9 (a2 - b2) 
b-9a 

6 (a2 - fc2) 

(b) 

: — - 5 where a b 
x 

b-9a 

b (a2 — b2) 

(d) None of these 

50. L e t / and g be two continuous functions. Then 
a K/2 

J + / ( - * ) } [g(x)-g(-x)}dx -kn. 
is equal to 
( a ) n (b) 1 
( c ) - l ( d ) 0 

51. L e t / ( x ) be a continuous function such that 
/ ( a - x) + / ( x ) = 0 for all x e [0, a], 

dx Then [ 
J ( o l + / w 

(a) a 

(c )f(a) 

52. The equation 
,n/4 

is equal to 

(b) 

( d ) \ f ( a ) 

-iz/4 
a I sin x I + 

b sin x + c d t = 0, 
1 + cos X 

where a, b, c are constants, gives a relation 
between 
(a) a, b and c (b) a and c 
(c) a and b (d) b and c 

I6n 
53. The value of J I sin x I dx is 

o 
(a) 17/2 
(c) 21/2 

(b) 19/2 
(d) None of these 

fiooo 
54. The value of J ex w dx, is 

(c) 1001 (e - 1) (d) None of these 
55. I f / " ' (x) = k in [0, a] then 

j j ( x ) dx-\xf(x)~ Y\f'(x) + ~ f " (x) } = 
3 !" 

(a) - fca/12 (b) ka/24 
(d) None of these (c) - foa/24 

2 

f n 
56. The value of J [ Vx ] dx, ([.] denotes the 

greatest integer function), 
n e /Vis 

n(n+ 1) 

( b ) 7 « ( n - l ) ( 4 n + l ) 

(a) 

(c) £ n 

(d) 
« ( « + 1) (n + 2) 

6 
. l / n 

57. Lim ' ' equals 
n —> ft 

(a )« (b) <f 1 

(c) 1 (d) None of these 
58. If [x] stands for the greatest integer function, 

.10 
the value of J 

[x2] dx 

4 [x2 - 28x + 196] + [x2] 
is 

(a) 0 
(c )3 

(b) 1 
(d) none of these 

59. cos (cos 1 x) 

sin (sin~1 x) 
dx is equal to 

cos cos a 

(a) 1 ' ( b )0 
(c) p - a (d) None of these 

60. If na = 1 always and n —» °o then the value of 
II { l + ( r a ) 2 } 1 / r i s 

(a) 1 (b) e 
2 K /8 

n2/24 (d)e - n / \ 2 
([.] denotes the greatest integer function) 
(a) 1000 e (b) 1000 (e - 1 ) (c) e 

MULTIPLE CHOICE -II 
Each question in this part has one or more than one correct answer (s). For each quesion, write the letters 
a, b, c, d corresponding to the correct answer (s). 

r 1 0 0 - i 
61. The value of I [tan x] dx is 

o 
(when [.] denotes the greatest integer function) 

(a) 100 
(c) 1 0 0 - t a n 1 

(b) 1 0 0 - t a n 1 1 
(d) None of these 
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62. If x satisfies the equation 

x i f r ' dt 
'o tL + 2t cos a + 1 

ra + n/2 
70. The value of J (sin x + cos x) dx is 

— x 

3 t3 sin 2t , ) 
(a) independent of a (b) a | — 

dt - 2 = 0 

n Y 

- 3 r + 1 
(0 < a < 7i), then the value of x is 

(c) 371/8 (d) 17ia2 

(a) 

(c)4 
sin a 

a 

(b) — 2 

(d) None of these 

71. The value a in the interval [ - n, 0] staisfying 
,2a 

sin a + J cos 2xdx = 0 is 

(a) - 71/2 
(c) - n / 3 

(b) — 7t 
(d) 0 

f I X I 2 
63. The value of the integral J — d x , a < b is 72. The value of J min ( x - [ x ] , - x - [ - x]) dx 

[ x l 
X 

{a) b-a (b) a - b 
(c) b + a (d) None of these 

64. If/(JC) satisfies the requirements of Rolle's 
theorem in [I, 2] a n d / ' ( x ) is continuous in 

7 
[ 1 , 2 ] , then J f {x) dx is equal ; to 

(a)0 
(c) 3 

(b) 1 
(d ) - l 

65. The value of the integral ex dx is Jo 
(a) less than e (b) greater than e 
(c) less than 1 (d) greater than 1 

. 1 2 , 1 3 (2 2 

66. If /s = J 2X dx, I2 = J 2X dx, h = J 2A dx 

-2 

is ([.] denotes the greatest integer function) 
(a)0 (b) 1 
(c) 2 (d) None of these 

The value of I [x2 - x + 1 ] dx, (where [x] 
0 

denotes the greatest integer function) is given 
by 
, , 5 - V S . 6 V5~ 
(a) — = — (b) • 

(c) 

2 
7 - V J 

(d) 

2 
8-V3T 

t2 1 

and /4 = J 2" dx then 

(a) /, > h 
(c) h > U 

(b) I2 > /, 

( d ) / 4 > / 3 
19 

74. If / = f V(1 +x3) dx then 
0 

(a) / < 1 (b) / V 5 / 2 
(c) / < V7"/2 (d) None of these 

^ l* + 2*+ ... +n* 75. The value of Lim 
n —> =0 * +1 

f sin x 
67. The absolute value of j ^ dx is 

10 1 + x 

(a) less than 10 7 (b) more than 10" 
(c) less than 10' (d) None of these 

f4 dx 
68. If / = J , , , then J3 3V(log x) 

(a) / < 1 (b) / > 1 
(c) / > 0-92 (d) / < 0-92 

r1 dt f ' A dt 
69. I f / , = — r and I 2 - \ r f o r x > 0 , then 

•v l+t2 Ji 1 +1 

-7 

(a) 

(c) 

1 
n 
1 

k + 2 
2 

( b ) * + l 

(d) 0 
k + 3 

76. The value of the integral I I In x I dx is 
\/e 

(a) 1 - \/e (b) 3 ( 1 - We) 

(c)e -1 1 (d) None of these 

(a) /, =12 

( c ) / 2 > / , 

(b) /, > I2 

(d) / , = cot" 1 x - 7C/4 

77. f(x) is continuous periodic function with 
,a + r 

period T, then the integral / = J / (x ) dx is 
a 

(a) equal to 2a (b) equal to 3a 
(c) independent of a (d) None of these 
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12/1 ( r 
78. Lim - Z logJ 1 + - Iequals 

n —» oo n r = n+ 1 n 1 

(a) log 

(c) log 

27 
4e 

(b) log 
27 

(d) None of these 

79. The maximum and minimum value of the 
dx f integral I 

o 
• are 

(1 + sin x) 
(a) 7t/4 (b) k 
(c) 71/2 (d) 3)1/4 

80. Given that n is odd and m is even integer. 

The value of J cos mx sin nx dx is 

(a) 

(c) 

2m 
2 2 n — m 
2 , 2 m + n 

2 2 n —m 

(b) 2 2 n —m 

84. The points of extremum of f - — ^ L L i 
0 2 + e' 

are 
(a) x = —2 (b) JC = 1 
(c)x = 0 (d) JC = - 1 

85. The values of a which satisfy 

f™ I sin x dx = sin 2 a (a e [0, 2TI]) 
n/2 

are equal to 
(a) 71/2 (b) 37t/2 
( c ) 7 T I / 6 ( d ) 1 I T I / 6 
,10 

86. J Sgn (x - [jc]) dx equals [Here [.] denotes 

greatest integer function] 
(a) 10 (b) 11 
(c) 9 (d) 11/2 

(d) None of these 87. I f / ( x ) = J y ^ dx , then/(x) + / 
f 1 A 

81. L e t / ( a ) > 0, and le t / (x) be a non decreasing 
continuous function in [a, b], Then 

1 \ h 
fix) dx has the 

b - a a 
(a) maximum value/(6) 
(b) minimum value/(a) 
(c) maximum value bf(b) 

f(a) 

(a) (log x)2 (b) i (log x)2 

x 
V 

\ 2 
(c)-(xlogA") 

88. The value of J cos 

(d) None of these 

dx is ^ KX ^ 

(d) minimum value b - a 

82. f ( / - x ) l / 4 

(a) 15 

dx is equal to 

1 > 5 / 4 

1 - + C 
/ 

n 5 / 4 

(a) 2n (b) 7t/2 
(c) 3 /4 7i (d) 4tc 

89. The number of positive continuous functions 
f(x) defined in [0, 1] for which 
(a) one (b) infinite 
(c) two (d) zero 

90. I f f ' { x ) — f (x) + J* /(JC) dx and g i v e n / ( 0 ) = 1 

/ 

(c) 15 

+ c 

, \5/4 

X 

then/(x) = 
x e 

+ c (a) 2 — e 
- + 

(d) None of these 
• W 4 ^ 

83. i, /— dx is equal to J - y(a - x + Vx 

(b) a 

(c) — a (d) None of these 

a/4 

,,, 2ex 

X e 
2 — e 
2ex 

3 — e 

1 -e 

1 +e 

(c) 

(d) 
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Practice Test 
M.M. : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

r l a 1 f x — 1 
1. The value of the integral J dx , is 

(a)log a 
(c) 3 log a 

0 l oga 
(b) 2 log (a + 1) 
(d) None of these 

P 7 t / 4 
2. If /„ = I tan" x dx , then 

o 
i 

( a ) J „ + J „ _ 2 

<b) 4 + i + 4 - i 

l 

n - 1 
_ 1 

n 

(c) , < 2 I n < 71+1 U 71-1 
, where n > 1 is a 

natural number 
(d)(/„ + 2 + /„) (n + l ) = 1 

• 2n 
3. The value of J [2 sin x] dx , (when [ . 

n 
represents the greatest integer function) is 

5k 
( a ) r -

(c) 
5 7 1 

3 

4. Lim n r 
n->°°k = 1 

(b) - 71 

(d) - 2k 

l 1 a - — , a - — n a + k a 
a + 1 n 

(a) 1 (b)2 
(c) 3 (d) None of these 

5. Let f(x) = min ({.*}, (-.rl) Vx e R, where {.r} 
denotes the fractional part of x, then 
.100 p J.UU 

f (x) dx is equal to 
100 

(a) 50 
(c) 200 

(b) 100 
(d) None of these 

J.199 JC/2 

6. The value of J V(T + cos 2x) dx is 
- i t / 2 

(a) 50-12 (b) 100^/2" 
(c) 150V2" (d) 200V2" 

7. The value of 
, 7 1 / 4 r - 2 J (tan" x + tan" x)d(x- [x]), 

denotes the greatest integer 

1 

0 
(where [ . 
function) is 

1 
(a) 

(c) 

n - 1 
2 

71-1 
4 

(b)-n + 1 

(d) None of these 

f 4 

'2 
8. If | f(x)dx = 4 and f (3 -f(x))dx = 7 

- 1 2 

the value of j f(x)dx is 

(a) 2 
(c) - 5 

(b) - 3 
(d) None of these 

9. If 7, = \X e" e'z dz and U = \* e~z'*dz Jo Jo 
then 

2 -z /4 

(a) / j = e l2 (b) 7j = e I2 

(b ) / j = ex 2 I2 (d) None of these 
.4 r _ • " 

10. If z - x + 37 then value of arg 7 dx, 
J2 L 2 + 1 J 

where [.] denotes the greatest integer 
function, is 
(a) 3 \2~ (b) 6 V3" 
(c) V6 (d) none 

Record Your Score 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 
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Multiple Choice-! 

1. (b) 2. (a) 
7. (d) 8. (b) 

13. (b) 14. (a) 
19. (a) 20. (b) 
25. (a) 26. (a) 
31. (c) 32. (c) 
37. (d) 38. (b) 
43. (b) 44. (c) 
49. (d) 50. (d) 
55. (c) 56. (b) 

Multiple Choice-ll 
61. (c) 62. (a), (b) 
67. (a), (c) 68. (a), (c) 
73. (c) 74. (a), (c) 
79. (a), (c) 80. (b) 
84. (a,) (b), (c), (d) 
88. (d) 89. (d) 

Practice Test 
l . (d ) 
6.(d) 

A n s w e r s 

3.(c) 4. (d) 
9. (d) 10. (c) 

15. (d) 16. (b) 
21. (c) 22. (d) 
27. (c) 28. (c) 
33. (b) 34. (a) 
39. (b) 40. (d) 
45. (c) 46. (c) 
51. (b) 52. (b) 
57. (b) 58. (c) 

63. (a), (b), (c) 64. (a) 
69. (a), (d) 70. (a), 
75. (b) 76. (b) 
81. (a), (b) 82. (a) 
85. (a), (b), (c),(d) 
90. (b) 

5. (a) 6. (c) 
11. (a) 12. (a) 
17. (a) 18. (c) 
23. (c) 24. (b) 
29. (a) 30. (a) 
35. (a) 36. (a) 
41. (d) 42. (c) 
47. (d) 48. (d) 
53. (c) 54. (b) 
59. (c) 60. (c) 

65. (a), (d) 66. (a), (d) 
71. (b), (c), (d) 72. (b) 
77. (c) 78. (a) 
83. (a) 
86. (b) 87. (b) 

4. (a) 5. (a) 
10. (d) 

2. (a), (b), (c), (d) 
7. (a) 8. (c) 

3. (a) 
9. (d) 
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AREAS 
§ 19.1 The area bounded by the continuous curve y = f{x), Fig. 1 the axis of x and the ordinates 

x = a and x = b (where b > a) is given by 
, b 

A = J f(x) dx = J y dx 
a a 

§19.2 The area bounded by the continuous curve x = g(y), (Fig. 2.) the axis of y and the abscissae 
y = c and y = d (where d> c) is given by 

ftf cd 
A = J g(y) dy = J xdy 

Fig. 1. Y' 
Fig. 2. 

§ 19.3 The area bounded by the straight lines x = a, x = b ( a < b ) and the curves y = f (x) and y = g(x), 
(Fig. 3) provided f(x)<g (x) (a < x < b), is given by 

A = J [g(x)-f(x)] dx 

x' • 

kY 

ZuU^fa 
S ' 

ra 
II x = b 

0 

Fig. 3. 

Note : If some part of curves lies below the x-axis, then its area is negative but area cannot be negative. 
Therefore we take its modulus. 

(i) If the curve crosses the x-axis in two points (i.e., c, d), Fig. 4 then the area between the curve 
y = f (x) on the x-axis and the ordinates x = a and x = b is given by 
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r c rb 
A = J f(x) dx 

a 
+ J f(x) dx 

c 
+ f(x) dx 

d 

Fig. 4. 

(ii) If the curve cross the x-axis at c, then the area bounded by the curve y = f(x) and the ordinates 
x = a and x= b{b>a) is given by (Fig. 5) 

A = j f(x)dx + j f(x)dx 

Fig. 5 
MULTIPLE CHOICE-I 
Each question in this part has four choices out of which just one is 
correct. Indicate your choice of correct answer for each question by writing one of the letters a, b, c, d 
whichever is appropriate : 

1. The area between the curve y = 2x — x , the 
x-axis and the ordinates of two minima of the 
curve is 

7 
120 (a) 

/ * 1 1 

720 (d) 
13 

120 
The area bounded by the x-axis, the curve 
y = / ( x ) and the lines x = 1 and x = b is equal 
to pl(b2+ 1) - \ '2) for all b > 1, then/(x) is 
( a ) V ( x - l ) 

(C) Vc x2+\) 

(b) V(x+1) 

(d) * 

3. The area of 
2 

1 —y =1x1 and 
(a) 1/3 
(c) 4/3 

V(1 +x2) 
the region bounded by 
x I + I y I = 1 is 

(b) 2/3 
(d) 1 

(c)" 

4. Area bounded by the curve y = (x - 1) (x - 2) 
(x - 3) and x-axis lying between the ordinates 
x = 0 and x = 3 is equal to (in square units) 
^ 9 ™ 1 1 

( a ) - (b) — 

13 (A\ 15 
T ( d ) T 

5. The area of the figure bounded by the curves 
y = I x - 1 I and y - 3 - I x l is 
(a)2 (b) 3 
(c)4 (d) l 

6. Area bounded by the curve _y = x sin x and 
x-axis between x = 0 and x = 2k is 
(a) 2k (b) 371 
(c) 4TC (d) 5TT 

7. Let f(x) = min [x + 1, V(T -x)], Then area 
bounded by/ (x) and x-axis is 
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">6 

8. The area bounded by the graph y = I [x — 3] I, 
the x-axis and the lines x = — 2 and x = 3 is 
([.] denotes the greatest integer function) 
(a) 7 sq. units (b) 15 sq. units 
(c) 21 sq. units (d) 28. sq. units 

9. The value of c for which the area of the 
figure bounded by the curve y = 8x" - x , the 
straight lines x = 1 and x = c and the x-axis is 
equal to 16/3 is 

(b)^8 (a) 2 
(c)3 

10. Area 

• v r y 

bounded 
(d) -1 

by the 

v = 
x 
64 + , y = x — 1 and x = 0 

curves 

above 

11 

x-axis is 
([.] denotes the greatest integer function) 
(a)2 (b) 3 
(c) 4 (d) None of these 
The slope of the tangent to a curve y = / ( x ) at 
(x,/(x)) is 2x + 1. If the curve passes through 
the point (1, 2), then the area of the region 
bounded by the curve, the x-axis and the line 
x = 1 is 
(a) 5/6 (b) 6/5 
(c) 1/6 (d) 6 

12. The area of the region bounded by the curve 
4 2 5 

a y - (2a - x) X is to that of the circle 
whose radius is a, is given by the ratio 
(a) 4 : 5 (b) 5 : 8 
(c) 2 : 3 (d) 3 : 2 

13. I X I 

The area bounded by y = x e and lines 
1x1= 1, v = 0 is 
(a)4 (b) 6 
(c) 1 (d)2 

14. The area of the figure bounded by 
fix) = sin x, g (x) = cos x in the first quadrant 
is 
( a ) 2 ( V 2 - l ) (b)<3 + [ 
(c) 2 (VT— 1) (d) None of these 

15. The area of the figure bounded by two 
branches of the curve (y - x)" = x and the 
straight line x = 1 is 
(a) 1/3 sq. units (b) 4/5 sq. units 
(c) 5/4 sq. units (d) 3 sq. units 

16. If the area bounded by the x-axis, the curve 
y = / ( x ) and the lines x = c and x = d is 
independent of d,Vd>c (c is a constant), 
then/ is 
(a) the identity function 
(b) the zero function 
(c) a non zero constant function 
(d) None of these 

17. The area bounded by the curve y — I x I — 1 
and y = - I x I + 1 is : 
(a) l" (b) 2 
(c) 2 ^ 2 (d) 4 a/2" 

2 
18. The area bounded by y = x , y = [x + 1], x < 1 

and the y-axis is ([.] denotes the greatest 
integer function) 
(a) 1/3 (b) 2/3 
(c) 1 (d) 7/3 

19. Let f ( x ) be a continuous function such that 
the area bounded by the curve y = / (x ) , the 
x-axis and the two ordinates x = 0 and x = a is 

2 a a . K , ,, . 
— + — sin a + — cos a, then/(7r/2) is 

( a ) -

(c) 
K + 1 

n~ TC 
( b ) y + 4 

(d) None of these 

20. The area bounded by the curve 
= x — 2x + x2 + 3, the axis of abscissas and 

two ordinates corresponding to the points of 
minimum of the function y (x) is 
(a) 10/3 (b) 27/10 
(c) 21/10 (d) None of these 

21. The are bounded by the curves 
y = In x, y - In I x I, y = I Injc I and 
y = I In i x I I is 
(a) 5 sq. units (b) 2 sq. units 
(c) 4 sq. units (d) None of these 

22. The area bounded by the curve 
•y = x + 2x + 1 and tangent at (1, 4) and 
y-axis is 
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(a) — sq. units 
. . . 1 
(b) — sq. units 

(c) 2 sq. units (d) None of these 

23, The triangle formed by the tangent to the 
curve / ( x ) = x + bx - b at the point (1, 1) 
and the co-ordinate axes, lies in the first 
quadrant. If its area is 2, then the value of 'b' 
is 
(a) - 3 (b) - 2 
(c) - 1 (d) 0 

3 
24. The area bounded by y = 2 - I 2 - x I, y = -—r 

I x I 
I S 

(a) 
5 - 4 In 2 

(b) 

(c) 

2-In 3 
2 

4-3 In 3 

(d) None of these 

25. If /(•*) = max \ sin x, cos x, — \ then the area 

of the region bounded by the curves 
y =f(x)> *-axis, y-axis and x = 2n is 

5 n , + 3 sq. units (a) 12 

(b)f ^ + V2"jsq. units 

sq. units (c) 

(d) 

12 

57t 
12 ' 

• -12+ V3~ sq. units 

Practice Test 
M.M : 10 Time : 15 Min. 

(A) There are 10 parts in this question. Each part 

1. Area of the region bounded by the curve 

y =ex,y -e % and the straight line x = 1 is 
given by 

(a) e - e~ 1 + 2 ( b ) e - e _ 1 - 2 

(c) e + e - 2 (d) None of these 
2. The area bounded by the curve y =f(x), the 

x-axis and the ordinate x = 1 and x = 6 is 
(•b - 1) cos (36 + 4). Then f(x) is given by 
(a) (x - 1) sin (3x + 4) 
(b) 3 (x - 1) sin (3x + 4) + cos (3x + 4) 
(c) cos (3x + 4) - 3 (x - 1) sin (3x + 4) 
(d) None of these 

3. L e t f ( x ) = \* : 

[ x : x > 0 

Record Your Score 

one or more than one correct answer(s). 
[10 x 2 = 20] 

Area bounded by the curve 
y =/(*), y = 0 and x = ± 3a is 9 a / 2 . Then a = 
(a) 1/2 (b) -1 /2 
(c) 0 (d) None of these 

4. The area bounded by the curves 
2 2 

| x | + | y | > 1 and x +y < 1 is 
(a) 2 sq. units (b) 7t sq. units 
(c) (n - 2) sq. uni ts (d) (71 + 2) sq. uni ts 

5. If An is the area bounded by y = (1 - x2)" 
and coordinates axes, n e N, then 
( a ) A n = A n _ 1 

( b ) A „ < A „ _ 1 

( e ) A „ > A n _ 1 

(d)An = 2 A n _ 1 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 
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Answers 

Multiple Choice -I 
1. (a) 2. (d) 3. (b) 4. (b) 5. (c) 6. (c) 
7.(c) 8. (b) 9. (d) 10. (c) 11. (a) 12. (b) 

13. (d) 14. (a) 15. (b) 16. (b) 17. (b) 18. (b) 
19. (a) 20. (b) 21. (c) 22. (b) 23. (a) 24. (c) 
25. (d) 

Practice Test 
1. (c) 2. (c) 3. (a) 4. (c) 5. (b) 



20 
DIFFERENTIAL EQUATIONS 

§ 20.1. Variable Separable : 

If the differential Equation of the form 
h (x) dx = f2 (y) dy ...(1) 

where U and f2 being functions of x and y only, then we say that the variables are separable in the differential 
equation. 

thus, integrating both sides of (1), we get its solution as 
J U {X) dx = | f2 (y) dy+ c 

where c is an arbitrary constant. 
Method of Substitution : 

If the differential equation is not in the form of variable separable but after proper substitution the 
equation reduces in variable separable form in the new variable. 

§ 20.2. Homogeneous Differential Equations : 

A differential equation of the form 

_ y _ 1 y2 where h (x, y) and f2 (x, y) 
dx fztx, y)  K  y'  y  /J  

are homogeneous functions of x and y of the same degree, is called a homogeneous equation. 
Working Rule : To get the solution of a homogeneous differential equation, we follow the following 

procedure: 

(i) Put y = vx so that v+ x^f = ^ • 7 dx dx 
(ii) The equation thus obtained will be of the form in which variables are separable. 
(iii) After integration replace vby y/xand get the general solution. 

Equations Reducible to Homogenous Form : 
A differential equation of the form 

dy _ ax+ by+ c 
dx aix+biy+ci 

a b 
Case(i) If — = — = m ( say) 

ai bi 
dy m (a ix+ biy) + c . 

then -f- = : — where m is any number. dx ( a ix+ b iy+ ci) 
In such case the substitution 

aix+ biy = v, so that a i + b A ^ r = ^ r dx dx 
transform the differential equation to the form 

1 dv ) 
5 - J 

mv+ c 
srl 

dv ) 
5 - J V+ Ci 

dv 
dx = ai + bi 

fmv+ cs  

C1 
which is a differential equation in variables separable form and it can easily be solved. 
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Gase(i i): If — * ~ 
ai bi 

then put x = X+ h, y = V+ k, so that 
dY _ dy 
dX dx 

transform the differential equation to the form 
dY _ aX+bY+(ah + bk+c) 
dX~ aiX+ £hV+ (aib+ b\k+ ci) 

Now, choose h and /csuch that 
ah+bk+c = 0 

a i h + b ik+ ci = 0 
then for these values of h and k, the equation becomes 

dY aX+bY 
dX a iX+ Y 

This is a homogeneous equation which can be solved by putting Y = vX. finally by replacing X by 
( x - h) and / b y ( y - k) we shall get the solution in original variables xand y. 

§ 20.3. Linear Differential Equation : 

A differential equation of the form Py = Q, where P a n d Q are functions of x alone or constants is 

known as linear differential equation and its solution is given by 

y e l p d * = \Q(e$Pdx)dx+c 
dx 

Note : If the differential equation can be represented in the form — + Px = Q. where P a n d Q are 

functions of y alone or constants and its solution is given by 

x e W = j Q (e>  Pdy) dy+ c 
Equations Reducible to the Linear form : 

(i) Bernoullis' Equation : An equation of the form ^ + Py = Qy°, where P and Q are functions of x 

alone or constants and n is constant, other than 0 and 1, is called a Bernoulli's equation. 
Dividing by y", we get 

ynfx+pyn+1 = ° 
Nowput y - " + 1 = y, sothat ( - n + 1) = ^ , 

y d x d x 
we get 

dv — + (1 -n)Pv = (1 -n)Q. 
which is linear differential equation. 

(ii) If the equation of the form 

^+P0(y) = Q y (y), 

where P and Q are functions of xalone or constants. 
Dividing by (y), we get 

V (y) dx y (y) 
N o w p u t l M = ^ go that = dv 

> ( y ) ' dx[\\i (y) j dx 
^ = /,-. 1 d » 
dx y (y) dx ' 

or = k — , where k is constant, 
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we get 

which is linear differential equation. 

§ 20.4. Solution by Inspection : 

(i) d(xy) = xdy+ydx 

' y N 

X 
\ f o \ 

X 
/ n \ 

(iii) d 

(V) d 

(vii) d 

(ix) d 

(xi) d\ In 

(xiii) d 

xdy - ydx 
x2 

2 xydy - /dx 
x2 

_ 2x2y dy - 2xy2dx 
x4 

-1 y | _ xdy- ydx 
x2 + y2 

x 

X 2 

tan 

j , , 

(XV) 

= ydx-xdy 
xy 

xdy- ydx 
xy 

ye* dx - exdy 

y2 

dv 
dx + A-Pv = M3 

(ii) 

(iv) d 

(vi) d 

(viii) c 

y 
I 
y 

I 
/ 

ydx - xdy 

y2 

2 xydx- )?dy 

/ 
2xy 2dx-2x 2ydy 

. - 1 * tan - ydx - xdy 
= J + f 

(x) d[ln(xy)] = ^ ± ^ 

(xii) d 

(xiv) d 

(xvi) d 

^ /n (x2 + y2) xdx + ydy 
~ x2 + y2 

J_ 1 _ *dy + ydx 
~ * y j ~ x 2 / 

_ xe^dy- e^dx 

(xvii) d (x^y") = x m " 1 y" ~1 (mydx + nxdy). 

MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. If y - f ( x ) passing through (1,2) satisfies the 
differential equation y (1 + xy) dx - x dy = 0, 
then 

x + 1 
(a ) / ( * ) = • 

(c) / (x) = 

2x 
2~--x2 

x - 1 
4 - x 2 

(b) / (x) = 
x 2

+ l 

(d) /(x) = -
4x 

1 - 2 x z 

2. The differential equation representing the 
family of the curves y.^lc (x + Vc) where c 
is a positive parameter, is of 
(a) order 1, degree 3 
(b) order 2, degree 2 
(c) order 3, degree 3 
(d) order 4, degree 4 

3. The solution of the differential equation 

= l + i i s 
dx x <j)' (y/x) 

(a) x <\> (y/x) = k (b) <|> iy/x) = kx 
(c)y^(y/x) = k (d) 4> (y/x) = ky 

4. Let a and b be respectively the degree and 
order of the differential equation of the 
family of circles touching the lines 

2 2 
y — x = 0 and lying in the first and second 
quadrant then 
(a) a = 1 , 6 = 2 (b) a = 1 , 6 = 1 
(c) a = 2, b = 1 (d) a = 2, b = 2 

5. The integrating factor of the differential 

equation ^ (x loge x) + y = 2 loge x is given 

by 

(a) x 

(c) log,, x 

(b) e 

(d) loge (loge x) 
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6. A differential equation associated with the 
5x lr 

primitive y = a + be + ce is 
(a)y3 + 2 y 2 - y i = 0 
(b)y3 + 2 y 2 - 3 5 y , = 0 
(c)4y3 + 5 y 2 - 20y, = 0 
(d) None of these 

dx 7. The function f ( t ) = -7" J — 
dt Jo 1 - cos tcosx 

satisfies the differential equation 

( a ) ^ + 2 / ( r ) c o t r = 0 

(b) f t - 2 / « cot r = 0 

2/(0 = 0 

(d) 2 / ( 0 = 0 

8. A continuously differentiable function 
y = / (x ) , * e (0, Jl) satisfying y' = 1 + y2, 
y (0) = 0 = y(7t) is 
(a) tan x 
(b) x (x - 7t) 
( c ) ( x - * ) ( l - / ) 
(d) not possible 

9. The largest value of c such that there exists a 
differential function h(x) for -c<x<c that 

2 
is a solution of yx = 1 + y with h(0) = 0 is 
(a) 2n (b) n 
, \ K 

2 < 
10. The form of the differential equation of all 

central conics is 

(a)x = y f 

( b ) * + y f = 0 

2 / y 
xy —^ 2=>' ; 

dv 

' dx 
(d) None of these 

11. The particular solution of the differential 
equation y ' + 3xy = x which passes through 
(0,4) is 

(a) y = 1 — 11 e 

(b) 3y = 1 + 11 e 

• -ix/2 

• -ix/1 

- -ix/2 

12. 

( c )3y= 1 - 11 e~ 
(d) None of these 
The particular solution of I n 

& j = 3 x + 4y,y(0) = 0, is 

(a) 3e3x + 4e~ 4> = 7 
(b) 3e4y -4e~3x = 7 
(c) 4ex + 3e 
(d) None of these 

13. If the slope of tangent to the curve is 
maximum at x = 1 and curve has a minimum 
value 1 at x = 0, then the curve which also 
satisfies the equation y'" = 4x - 3 is 

(a)y + 2x + ^ = 0 

( b ) y = 1 + J - J + J 

( c ) y = 1 + x + x2 + x3 

(d) None of these 
14. A spherical raindrop evaporates at a rate 

proportional to its surface area at any instant 
t. The differential equat;on giving the rate of 
change of the radius of the raindrop is 

( a ) ^ + 2r = 0 
d r 
,2 

(b)~-3r = 0 
dt 

(d) None of these 
15. Through any point (x, y) of a curve which 

passes through the origin, lines are drawn 
parallel to the co-ordinate axes. The curve, 
given that it divides the rectangle formed by 
the two lines and the axes into two areas, one 
of which is twice the other, represents a 
family of 
(a) circle 
(b) parabola 
(c) ellipse 
(d) hyperbola 
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MULTIPLE CHOICE -II 
Each question, in this part, has one or more than one correct answer (s). For each question write the letters 
a, b, c, d corresponding to the correct answer (s). 

16. The degree of the differential equation 
satisfying (Vl +x2 + Vl +y2) = A (x Vl +y2 

-yVl +x2)is 
(a) 2 (b)3 
(c) 4 (d) None of these 

17. Solution of 2y sin x = 2 sin x cos x 
dx 

2 n . . - y cos x, x = — , y = 1 is given by 

(a) y2 = sin x 
(b) y = sin2 x 
(c) y = 1 + cos x 
(d) None of these 

18. The differential equation of all 'Simple 
2 71 

Harmonic Motions' of given period — is 

271 —, x = a cos (cof + <(>) 

,2 
/ ^ d X -
( A I - - R + /UC = 0 

dt 

.. i d X 2 r, 
(b) — j + n x = 0 

dt 
d2x 1 A 

(c)^4-n2x = 0 ( d ) ^ + -Vx = 0 
dt dt n 

19. The slope of the tangent at (x, y) to a curve 
passing through (1 , j i /4) is given by 
y 2 - - c o s | 
X [l I 
— - cos" | ) then the equation of the curve is 

(a)y = tan In 

(b) y = x tan - l In 

(c)y = x tan 11 In 

(d) None of these 
20. The differential equation of the curve 

c-1 c+1 
= 1 is given by 

(a) (y'-\)(y + xy') = 2y' 
(b) (y' + 1) (y-xy')=y' 
(c) (y'+l)(y-xy') = 2y' 
(d) None of these 

21. Solution of the differential equation 

x cos x ^ ^ j + y (x sin x + cos x) = 1 is 

(a) xy = sin x + c cos x 
(b) xy sec x - tan x + c 
(c) xy + sin x + c cos x = 0 
(d) None of these 

22, Solution of the differential equation 
2 _ ] (1 }dx= (tan y-x)dy is 

/ \ ' (a) xe 
-1 tan )' _ = (1 - tan y) e +c 

(b) xe<an y = (tan - y — 1) etan J + c 
r \ » —' 1 i - tan y (c) x = tan y - 1 + c e ' 
(d) None of these 

23. Equation of the curve in which the subnormal 
is twice the square of the ordinate is given by 
(a) log y = 2x + log c (b) y = ce2x 

(c) log y = 2jc - log c (d) None of these 

24. If <f)(;c) = /{<(> (*)r2<±tand<t>(l) = 0 then 

<t> W = 
( a ) { 2 ( * - l ) } 
(t>) {5 (x-2)} 

1/4 

1/5 

( c ) { 3 ( x - l ) } 1 / 3 

(d) None of these 
25. Solution of differential equation 

2 2 (2xcosy + y cos JC) dx + (2y sin x - x siny) 
dy = 0 is 

(a)jc cos. 
(b) x cos y - y sin JC = c 

2 2 2 2 (c) JC cos y + y sin JC = c 
(d) None of these 

2 2 (a)jc cos y + y sinjc = c 
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Practice Test 
M.M, : 10 Time : 15 Min 

(A) There are 10 parts in this question. Each nart has one or more than one correct answer(s). 
[10 x 2 = 20] 

1. Solution of the differential equation 

sin = c o s ( 1 - * c o s y) is 

(a) sec y = x - 1 - cex 

(b) sec y = x + 1 + cex 

(c) y = x + ex + c 
(d) None of these 

2. The differential equation whose solution is 
2 2 2 (x - h) + (y - k) = a is (a is a constant) 

(a) {1 + (y')2l3 = ay" (b) (1 + ( y ' f f = a2 (y"f 

(c) (1 + (y')3] = a Cy")2 (d) None of these 
3. Solution of the equation 

+ — tan y = t a n y sin y is 

(a) 2x = s iny (1 + 2cx2) 

(b) 2x = s i n y (1 + cx2) 
2 

(c) 2x + sin y (1 + cx ) 

Record Your Score 

(d) None of these 
4. Solution of the differential equation 

dy x + y + 7 . 
dx ~ 2x + 2y + 3 1S 

(a) 6 (x +y) + 11 log (3x + 3y + 10) = 9x + c 
(b) 6 (x +y) - 11 log (3x + 3y + 10) = 9x + c 
(c) 6 (x +y) - 11 log (x + 10/3) = 9x + c 
(d) None of these 

5. The solution of the equation 

4 ^ - 3 y = sin 2xis dx 

(a )ye 3 l = - A e ^ (2 cos 2x + 3 sin 2x) + c 
i d 

1 Ir (b) y = - — (2 cos 2x + 3 sin 2x) + ce 
I d 

(e) y = {- 1 /VI3} cos (2x - t a n " 1 (3/2)) + ce31 

(d) y = [ - 1 /V l J ) sin (2x + t a n " 1 (2/3)) + ce31 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice -I 
1. (a) 2. (a) 3. (b) 
7. (a) 8. (a) 9. (c) 

13. (b) 14. (c) 15. (b) 

Multiple Choice-ll 
16. (d) 17. (a) 18. (b) 
22. (b), (c) 23. (a), (b), (c) 24. (c) 

Practice Test 
1. (b) 2. (b) 3. (a, b) 

4. (c) 
10. (c) 
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CO-ORDINATE GEOMETRY 

21 
STRAIGHT LINE 

§ 21.1. Distance Formula 

The distance between two points P (xi , yi) and Q (x2, y2) is given by 

PQ = I (X2-X1)2 + ( y 2 - y i ) 2 

Distance of (xi , yi) from origin = 
Note : If distance between two points is given then use ± sign. 

§21.2. Section Formula 

If R (x, y) divides the join of P (xi , yi) and Q (X2 , yz) in the ratio mi : m2 (mi , rr/2 > 0) then 
x = m i x ^ x i . y = + ( d j v . d e s j n t e m a | | y ) 

and x = 

m-\ + mz 
m-\x2 - 012X1 

; y 

m1 + 7772 
m i y 2 - ft^yi (divides externally) 

mi - /7T2 ' /771 - r772 

§ 21.3. Area of a Triangle 

The area of the triangle 4BC with vertices /A (xi , y i ) ; 8 (X2 , ys) and C (X3 , ys). The area of triangle ABC 
is denoted by A and is given as : 

xi yi 1 
X2 yz 1 A = 1 

xs y3 1 
1 

= o tX1 0 * - yz) + x-2 (ya - yi) + xs (yi - >2)] 

Note : (a) If one vertex (xa , ys) is at (0, 0), then 

A = g 1 ( * iy2-*2y i ) I 
(b) If area of triangle is given then use ± sign 
(ii) If arx+bry+cr = 0, (r= 1, 2, 3) are the sides of a triangle, then the area of the triangle is given by 

ai b-t ci  2  

az bz cz 
33 t>3 C3 

A = 1 
2C1C2C3 

where Ci , Cz , C3 are the co-factors of ci , C2 , C3 in the determinant. 

§ 21.4. Area of Polygon 

The area of the polygon whose vertices are (xi , y i ) , (*2, y2), (X3, y3), • • • (xn , yn) is 

A = 2 Kxi>2 - *2 yi) + (X2 y3 - X3/2) + ... + (xnyi - xiyn)] 
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§21.5 . Nine point Centre 

The centre of nine point circle (which passes through the feet of the perpendiculars, the middle points of 
the sides, and the middle points of the lines joining the angular points to the orthocentre) lies on OP and 
bisects it. When O and P are the orthocentre and circumcentre of a triangle. Also the radius of the nine-point 
circle of a triangle is half the radius of the circumcircle. 

§ 21.6. Relation in Orthocentre, Nine point centre, Centroid and Circumcentre 

The orthocentre, the nine point centre, the centroid and the circumcentre therefore all lie on a straight 
line and centroid divides the orthocentre and circumcentre in the ratio 2 :1 (Internally). 

§ 21.7. Collinearity of three Given Points 

The three given points are collinear i.e., lie on the same straight line if 
(i) Area of triangle ABC is zero. 
(ii) Slope of AB = slope of BC = slope of AC 
(iii) Distance between A & 6 + distance between B & C= distance between A & C 
(iv) Find the equation of the line passing through any two points, if third point satisfied the equation of the 

line then three points are collinear. 

§21.8 . Locus 

The locus of a moving point is the path traced out by that point under one or more given conditions. 
How to find the locus of a point : Let (xi , yi) be the co-ordinates of the moving points say P. Now 

apply the geometrical conditions on xi , yi . This gives a relation between x\ and yi . Now replace xi by x 
and yi by y in the eleminant and resulting equation would be the equation of the locus. 

§ 21.9. Positions of Points (*i, and (xa, /2) Relative to a given Line 

If the points (xi, yi) and (X2, yz) are on the same side of the line ax+ by+ c = 0, then axi + byi + c and 

ax2 + byz + c both are of the same sign and hence ^ + by2 + °c > 0> a n d if t h e P o i n t s (*i> y i ) & (X2, yz) are on 

the opposite sides of the line ax+ by+ c= 0, then axi + byi + c and ax2 + toys + c both are of signs opposite 
to each other and hence 

axi + byi + c 
< 0 

ax2 + byz + c 

§ 21.10. Angle between two Lines 

mi - mz Angle between two lines whose slopes are mi and mz is 0 = tan 1 . 
I + mi mz 

Corollary 1 : If two lines whose slopes are mi and mz are parallel iff 6 = 0 (or n ) « t a n 0 = 0 <=> mi = mz 

Corollary 2 : If two lines whose slopes are mi and mz are perpendicular iff 0 = j or - j 

cot 0 = 0 <=> mi mz = - 1 
Note : Two lines given by the equations a ix+ biy+ ci = 0 and a2X+ bzy+ c- 0 are 

(i) Parallel if ^ = ^ (slopes are equal) 

(ii) Perpendicular if aia2 + bibz = 0 (Product of their slopes is -1) 

(iii) Identical if — = ^ = — (compare with the conditions in (i)) 
ctz bz cz 
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§21.11. Equation of a Line Parallel to a given Line 

The equation of a line parallel to the line ax + by+ c = 0 is of the form ax+ by+ k = 0, where k is any 
number. 

§ 21.12. Equation of a line Perpendicular to a given Line 

The equation of a line perpendicular to the line ax+by+ c = 0 is of the form bx - ay+ k= 0 where k is 
any number. 

§ 21.13. Length of Perpendicular from a Point on a Line 

The length of perpendicular from (xi , yi) on ax+ by + c = 0 is 
ax-i + byi + c 

§ 21.14. Distance between two Parallel Lines 

Let the two parallel lines be ax + by + c = 0 and ax+ by+ ci = 0 

First Method : The perpendicular distance between the lines is ci • 

V + b2) 
Second Method : Find the co-ordinates of any point on one of the given lines, preferably putting x = 0 or 

y= 0. Then the perpendicular distance of this point from the other line is the required distance between the 
lines. 

§ 21.15. A line Equally Inclined with two Lines 

Let the two lines with slopes mi and m2 be equally inclined to a line with slope m, then 
mi - m _ rr)2 - m 

1 + mim ~ 1 + m2m 

§ 21.16. Equations of Straight lines through (x i , yi) making Z a with y= mx+c are 

y - y i = tan (9 - a) ( x - x i ) 
y - y i = tan(9 + a ) ( x - x i ) 
tan 6 = m. 

and 
where 

§21.17. Family of Lines 

Any line passing through the point of intersection of the lines a i x+ biy+ ci = 0 and 
azx + t>2 y + C2 = 0 can be represented by the equation (aix + biy + ci) + X (a2X+1>2 y+ cz) = 0. 

§ 21.18. Concurrent Lines 

The three given lines are concurrent if they meet in a point. Hence to prove that three given lines are 
concurrent, we proceed as follows : 

Method I : Find the point of intersection of any two lines by solving them simultaneously. If this point 
satisfies the third equation also, then the given lines are concurrent. 

Method II: The three lines aix+ bty+ a = 0, /'= 1, 2, 3 are concurrent if 
ai bi ci 
a2 b2 C2 = 0 
33 t>3 C3 

Method III : The condition for the lines P = 0, Q=0, and R = 0 to be concurrent is that three constants 
I, m, n (not all zeros at the same time) can be obtained such that 

IP + mQ + nR = 0. 
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§ 21.19. The Image of a point with Respect to the Line Mirror : 

The image of A (xi , yi) with respect to the line mirror 
ax+ by+ c = 0 be B (x2 , yz) is given by 

*2 - * i _ yz-yi _ - 2 (axi + byi + c)  
a ~ b ~ tf + t?) 

21.20. Equations of the Bisectors of the Angles between 
two Lines 

Equations of the bisectors of the lines 
Li : a i x + b i y + c i = OandZ.2 : azx+bzy+cz = 0 

(aib2 * a2bi) where ci > 0 & C2 > 0 are 
(aix + friy+ ci) (a2x+ bzy+ cz) 

A(X1 ,yi) 
\ 

V + bi2) ^(az2
 + bz2) 

Conditions Acute angle Obtuse angle 
bisector bisector 

axa2 + b\b2 > 0 - + 

axa2 + b]b2 < 0 + -

B (X2 . y2) 

Fig.21.1 

X Acute bisector 

X 

obtuse bisector 
Fig.21.2 

MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. If the distance of any point (x,y) from the 
origin is defined as 

d (x, y) = max {I x I, I y I}, 
d (x, y) = a non zero constant, then the locus is 
(a) a circle (b) a straight line 
(c) a square (d) a triangle 

2. The point (4, 1) undergoes the following 
three transformations successively 
(I) Reflection about the line y = x . 
(II) Transformation through a distance 2 units 
along the positive direction of x-axis 
(III) Rotation through an angle n/-4 about the 
origin in the anticlockwise direction. 
The final position of the point is given by the 
co-ordinates 

(b) ( - 2 . 7 V 2 ) 

(d) 12., 7 V2) 

3. One of the bisector of the angle between the 
lines 

a (x - 1 )2 + 2h (x - 1) 0 ' - 1) + b (y - i f = 0 
is x + 2y - 5 = 0. The other bisector is 
(a) 2x - y = 0 (b )2x + y = 0 
(c) 2x + y - 4 = 0 (d) x — 2y + 3 = 0 

4. Line L has intercepts a and b on the 
co-ordinate axes, when the axes are rotated 
through a given angle; keeping the origin 
fixed, the same line has intercepts p and q, 
then 

, \ 2 r 2 2 2 \ 1 1 1 1 
(a) a +b=p + q ( b ) — + — = — + — 

a' b~ p~ q~ 
. . 2 2 , 2 " > „ s l 1 1 1 
( c ) a +p =b +q (b) — + — = — + — 

a' p b q~ 
5. The point A (2, 1) is translated parallel to the 

line x - y = 3 by a distance 4 units. If the new-
position A' is in third quadrant, then the 
co-ordinates of A' are 
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( b ) | T3 

(a) (2 + 2 ^ 2 , 1 + 2 V2) 
(b) ( - 2 + V2", - 1 - 2 V2) 
(c) (2 - 2 <2,1 - 2 V2) 
(d) None of these 

6. A ray of light comming from the point (1,2) 
is reflected at a point A on the x-axis and then 
passes through the point (5, 3). The 
co-ordinates of the point A is 

( a ) ( f , 0 

(c) (-7, 0) (d) None of these 
7. The orthocentre of the triangle formed by the 

lines x + y = 1, 2x + 3y = 6 and Ax — y + A = 0 
lies in, 
(a) I quadrant (b) II quadrant 
(c) III quadrant (d) IV quadrant 

8. The reflection of the point (4, - 13) in the the 
line 5x + y + 6 = 0 is 
(a) ( - 1 , - 1 4 ) (b) (3, 4) 
( c ) ( l , 2 ) (d) ( - 4 , 13) 

9. All the points lying inside the triangle formed 
by the points (0, 4), (2, 5) and (6, 2) satisfy 
(a) 3x + 2y + 8 > 0 
(b)2x + y - 10 > 0 
( c ) 2 x - 3 y - 11 > 0 
(d) - 2x + y - 3 > 0 

10. A line passing through P (4, 2) meets the 
x and y-axis at A and B respectively. If O is 
the origin, then locus of the centre of the 
circumcircle of AOAB is 
( a ) x " ' + y - 1 = 2 
(c) x 1 + 2y~1 = 1 

11. Let n be the number of points having rational 
co-ordinates equidistant from the point 
(0, VT) then 
(a) n < 1 (b) n = 1 
(c) n < 2 (d)n>2 

12. The co-ordinates of the middle points of the 
sides of a triangle are (4, 2), (3, 3) and (2, 2), 
then the co-ordinates of its centroid are 
(a) (3, 7/3) (b) (3, 3) 
(c) (4, 3) (d) None of these 

13. The line segment joining the points (1,2) and 
(-2, 1) is divided by the line 3x + 4y = 7 in 
the ratio 
(a) 3 : 4 (b) 4 : 3 

(b) 2x 1 +>•"' = 1 
(d) 2x~1 + 2y~1 = 1 

(c) 9 : 4 (d) 4 : 9 
14. If a straight line passes through (xj, y{) and 

its segment between the axes is bisected at 
this point, then its equation is given by 

( a ) - + X = 2 (b )2 (xy 1 +yx , )=x ,y , 

(c) xyx + yx| = X]y! (d) None of these 

15. If Pi ,P2,Pi be the perpendiculars from the 
2 2 points ([m , 2m), {mm', m + m ) and (m , 2m') 

respectively on the line 

17, 

x cos a + y sin a + -
\ 

- 2 sin a 
0 

cos a 
thenp\ ,p i , p-} are in 
(a) A.P. (b) G.P. 

(c) H.P. (d) None of these 
16. The acute angle 9 through which the 

co-ordinate axes should be rotated for the 
point A (2, 4) to attain the new abscissa 4 is 
given by 
(a) tan 9 = 3 / 4 (b) tan 9 = 5 / 6 
(c) tan 9 = 7 / 8 (d) None of these 

2" 
If 

2 2 1 
- + ~ . „ . +• then 

1 ! 9 ! 3 ! 7 ! 5 ! 5 ! n ! 
orthocentre of the triangle having sides 
x - y + 1 = 0, x + y + 3 = 0 and 
2x + 5y - 2 = 0 is 
(a) (2m — 2n, m — ri) (b) (2m — 2n, n — m) 
(c) (2m — n,m + n) (d) (2m — n,m — n) 

18. The equation of straight line equally inclined 
to the axes and equidistant from the point (1, 
-2) and (3, 4) is 
(a) x + y = 1 (b) y - x - 1 = 0 
(c) y - x = 2 (d) y - x + 1 = 0 

19. If one of the diagonal of a square is along the 
line x = 2y and one of its vertices is (3, 0) 
then its sides through this vertex are given by 
the equations 
(a) y - 3x + 9 = 0, 3y + x - 3 = 0 
(b) y + 3x + 9 = 0, 3y + x - 3 = 0 
(c) y — 3x + 9 = 0, 3y — x + 3 = 0 
(d) y - 3x + 3 = 0, 3y + x + 9 = 0 

20. The graph of the function 
2 

y = cos x cos (x + 2) - cos (x + 1) is 
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• 2 
1) 

• 2 . , sin 1 are paralle to the x-axis 

(a) A straight line passing through (0, - sin 
with slope 2 

(b) A straight line passing through (0, 0) 
2 

(c) A parabola with vertex (1, - sin 1) 
(d) A straight line passing through the point 

' 7t 
2 V. 

21. P (m, n) (where m, n are natural numbers) is 
any point in the interior of the quadrilateral 
formed by the pair of lines xy- 0 and the two 
lines 2x + y — 2 = 0 and 4x + 5y = 20. The 
possible number of positions of the point P is 
(a) Six (b) Five 
(c) Four (d) Eleven 

22. The image of the point A (1, 2) by the line 
mirror y = x is the point B and the image of B 
by the line mirror y = 0 is the point (a, P) then 
(a) a = 1, (5 = - 2 ( b ) a = 0 , p = 0 
(c) a = 2 , P = - 1 (d) None of these 

23. ABCD is a square whose vertices 
A, B, C and D are (0, 0), (2, 0), (2, 2) and (0, 
2) respectively. This square is rotated in the 
X - Y plane with an angle of 30° in 
anticlockwise direction about an axis passing 
through the vertex A the equation of the 
diagonal BD of this rotated square is If 
E is the centre of the square, the equation of 
the circumcircle of the triangle ABE is 
(a) V3~x + (1 - V 3 ) y = V3~,x2 + y2 = 4 
(b) ( l + V 3 ) x - ( 1 — V2) y = 2, x2 + y2 = 9 
(c) ( 2 - V3)x + y = 2 (V3~- 1), x2 + y 2 

- x V 3 ~ - y = 0 
(d) None of these 

24. The straight line y = x - 2 rotates about a 
point where it cuts x-axis and becomes 
perpendicular on the straight line 
ax + by + c = 0 then its equation is 
(a) ax + by + 2a = 0 
(b) ay - bx + 2b = 0 
(c) ax + by + 2b = 0 
(d) None of these 

25. The line x + y = a meets the axis of x and y at 
A and B respectively a triangle AMN is 
inscribed in the triangle OAB, O being the 
origin, with right angle at N, M and N lie 
respectively on OB and AB. If the area of the 

triangle AMN is 3/8 of the area of the triangle 
OAB, then AN/BN = 
(a) 1 (b) 2 
(c)3 (d) 4 

26. If two vertices of an equilateral triangle have 
integral co-ordinates then the third vertex 
will have 
(a) integral co-ordinates 
(b) co-ordinates which are rational 
(c) at least one co-ordinate irrational 
(d) co-ordinates which are irrational 

27. If a , , a 2 , a 3 , P1; P2, p3 are the values'of n for 
n - 1 n — 1 

which L x r is divisible by Z x , then the 
r = 0 r = 0 

triangle having vertices (ci] P]), (a2, P2) and 
(a3, p3) can not be 
(a) an isosceles triangle 
(b) a right angled isosceles triangle 
(c) a right angled triangle 
(d) an equilateral triangle 

28. The points (a, p), (y, 5), (a, 8) and (y, P) 
where a , p, y, 8 are different real numbers are 
(a) collinear 
(b) vertices of a square 
(c) vertices of a rhombus 
(d) concyclic 

29. The equations of the three sides of a triangle 
are x = 2 , y + l = 0 and x + 2 y = 4. The 
co-ordinates of the circumcentre of the 
triangle are 
(a) (4,0) (b) (2, -1 ) 
(c) (0, 4) (d) None of these 

30. If P (1 + a/ 2 + a / V 2 ) be any point on a 
line then the range of values of t for which 
the point P lies between the parallel lines 
x + 2y = 1 and 2x + 4y = 15 is 
. , 4 ^ 2 5 V2 
(a) - < a < —r— 

(b) 0 < a < 
5/V2 

(c) - — < a < 0 

(d) None of these 
31. If the point (a, a) fall between the lines 

I x + y I = 2 then 
(a) I a I = 2 (b) I a I = 1 
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(c) I a I < 1 (d) I a I < 
1 

32. If a ray travelling the line x = 1 gets reflected 
the line x + y = 1 then the equation of the line 
along which the reflected ray trevels is 
(a) y = 0 ( b ) x - y = l 
(c) x = 0 (d) None of these 

33. I f / ( x + y) = / ( x ) / ( y ) Vx, y e R a n d / ( l ) = 2 
then area enclosed by 3 I x I + 2 I y I < 8 is 
(a) / ( 4 ) sq. units 
(b) 1 / 2 / ( 6 ) sq. units 

(c) j / ( 6 ) s q - u n i t s 

(d) ~ / ( 5 ) sq. units 

34. The diagonals of the parallelogram whose 
sides are Ix + my + n = 0, lx + my + n = 0, 
mx + ly + n = 0, mx + ly + n' = 0 include an 
angle 
(a) 7t/3 (b) 71/2 

(c) tan -1 l£ 2 • m 
fl , 2 I +m 

(d)tan 
2 Im 

,2 , 2 / + m 
35. The area of the triangle having vertices (-2, 

1), (2, 1) and f Lim Lim cos "' (n ! 7tx); x is 
m —> oo n —> oo 

rational, Lim Lim cos 
m —> 0 0 n —» oo 

2 m (n ! kx); where x is 

irrational) is 
(a) 2 (b)3 
(c) 4 (d) None of these 

36. Consider the straight line ax + by = c where 
a,b,ce RH this line meets the co-ordinate 
axes at A and B respectively. If the area of 
the AOAB, O being origin, does not depend 
upon a, b and c then 
(a) a, b, c are in A.P. 
(b) a, b, c are in G.P. 
(c) a, b, c are in H.P. 
(d) None of these 

37. If A and B are two points having co-ordinates 
(3, 4) and (5, -2) respectively and P is a point 
such that PA = PB and area of triangle 
PAB= 10 square units, then the co-ordinates 
of P are 
(a) (7, 4) or (13, 2) (b) (7, 2) or (1, 0) 
(c) (2, 7) or (4, 13) (d) None of these 

38. The position of a moving point in the 
xy-plane at time is given by 

I 2 (u cos a.t, u sin at — — gt), where u, a, g are 

constants. The locus of the moving point is 
(a) a circle (b) a parabola 
(c) an ellipse (d) None of these 

39. If the lines x + ay + a = 0,bx + y + b = 0 and 
cx + cy + 1 = 0 (a, b, c being distinct * 1) are 
concurrent, then the value of 

is 
a-I b-1 c - t 
(a) -1 (b) 0 
(c) 1 (d) None of these 

40. The medians AD and BE of the triangle with 
vertices A (0, b), B (0, 0 ) and C (a, 0) are 
mutually perpendicular if 
(a)fc = V2"a (b)a = V 2 b 
(c)b = --l2a (d) a = 5-l2b 

41. P is a point on either of two lines 
y - V ^ l x l = 2 at a distance of 5 units from 
their point of intersection. The co-ordinates 
of the foot of perpendicular from P on the 
bisector of the angle between them are 

(a) ^ 0 , ^ ( 4 + 5 ^ 3 ) j o r j ^ 0 , | ( 4 - 5 V 3 ) j , 

(depending on which line the point P is taken) 

( b ) ^ ( 4 + 5V3) 

( c ) j V | ( 4 - 5 V 3 ) 

5V3" 

42. Let AB be a line segment of length 4 with the 
point A on the line y = 2x and B on the line 
y = x. Then locus of middle point of all such 
line segment is a 
(a) parabola (b) ellipse 
(c) hyperbola (c) circle 

43. Let O be the origin, and let A (1, 0), B (0, 1) 
be two points. If P (x, y) is a point such that 
xy > 0 and x + y < 1 then 
(a) P lies either inside A OAB or in third 

quadrant 
(b) P can not be inside A OAB 
(c) P lies inside the AOAB 
(d) None of these 
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If the point P (a, a) lies in the region 
corresponding to the acute angle between the 
lines 2y = x and 4y = x, then 
(a) a e (2, 4) (b) a e (2, 6) 
(c) a e (4, 6) (d) a e (4, 8) 
A ray of light coming along the line 
3x + 4y - 5 = 0 gets reflected from the line 
ax + by —1=0 and goes along the line 
5x- 1 2 y - 10 = 0 then 

64 , 112 
(a) a = -

45. 

(b) a = -

115 ' 
64 
115 

15 

115 
8 , , 64 

( c ) a = T l 5 115 
64 8 

46. If line 2x + 7y - 1 = 0 intersect the lines 
L, s 3x + 4y + 1 = 0 and L2 = 6x + 8y - 3 = 0 
in A and B respectively, then equation of a 
line parallel to L, and L2 and passes through 
a point P such that AP:PB = 2:1 
(internally) is (P is on the line 
2x + 7y - 1 = 0) 
(a) 9x + 12)1 + 3 = 0 (b)9x + 1 2 y - 3 = 0 
(c) 9x + 12y - 2 = 0 (d) None of these 

47. If the point (1 + cos 9, sin 0) lies between the 
region corresponding to the acute angle 
between the lines x - 3y = 0 and x-6y = 0 
then 
(a) 0 e R 
(b) 0 e R ~ tin, ne I 

(c) 0 e R ~ I nn + ^ ], n e / 

48 
(d) None of these 
In a AABC, side AB has the equation 
2x + 3y = 29 and the side AC has the equation 
x + 2y- 16. If the mid point of BC is (5, 6) 
then the equation of BC is 
(a) 2x + y = 7 (b) x + y = 1 
( c ) 2 x - y = 1 7 (d) None of these 

49. The locus of a point which moves such that 
the square of its distance from the base of an 
isosceles triangle is equal to the rectangle 
under its distances from the other two sides is 
(a) a circle (b) a parabola 

(c) an ellipse (d) a hyperbola 
50. The equation of a line through the point 

(1, 2) whose distance from the point (3, 1) 
has the greatest possible value is 
(a) y = x (b) y = 2x 
(c) y = - 2x (d) y = - x 

51. If the point (cos 0, sin 0) does not fall in that 
angle between the lines y = I x - 1 I in which 
the origin lies then 0 belongs to 

371 

(b) -

2 ' 2 

n n 
2 ' 2 

(c) (0, n) 
(d) None of these 

52. ABC is an equilateral triangle such that the 
vertices B and C lie on two parallel lines at a 
distance 6. If A lies between the parallel lines 
at a distance 4 from one of them then the 
length of a side of the equilateral triangle is 

(a) 8 

, , 4 V 7 

(b) 

(d) None of these 

53. The four sides of a quadrilateral are given by 
the equation xy (x - 2) (y - 3) = 0. The 
equation of the line parallel to x - 4y = 0 that 
divides the quadrilateral in two equal areas is 
(a) x - 4y - 5 = 0 (b) x - 4y + 5 = 0 
(c) x - 4y - 1 = 0 (d) x - 4y + 1 = 0 

54. Two points A and B move on the x-axis and 
the y-axis respectively such that the distance 
between the two points is always the same. 
The locus of the middle point of AB is 
(a) a straight line (b) a circle 
(c) a parabola (d) an ellipse 

55. If th t2 and /3 are distinct, the points 

(t\, 2atx + at]), (t2, 2at2 + at'2) and 

(f3, 2af3 + af3) are collinear if 
(a)? , / 2 ? 3 = - l ( b ) f , + f 2 + /3 = f, t2t3 

(c) tx +12 + f3 = 0 (d) +12 +13 = - 1 
56. If sum of the distances of a point from two 

perpendicular lines in a plane is 1, then its 
locus is 
(a) a square (b) a circle 
(c) a straight line (d) two intersecting lines 
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(C) 2" - 1 (d) 2" + 3 

59. If the area of the triangle whose vertices are 
(b, c), (c, a) and (a, b) is A , then the area of 
triangle whose vertices are (ac - b2, ab - c2), 

2 2 2 2 (ba - c , be - a ) and (cb-a ,ca-b) is 

57. If the lines 
2 (sin a + sin b) x - 2 sin (a - b) y = 3 and 
2 (cos a + cos b) x + 2 cos (a — b) y = 5 are 
perpendicular, then sin 2a + sin 2b is equal to 
(a) sin (a-b)-2 sin (a + b) 
(b) sin (2a -2b)-2 sin {a + b) 
(c) 2 sin ( a - b ) - sin (a + b) 
(d) sin (2a - 2b) - sin (a + b) 

58. The line x+y- 1 meets x-axis at 
A and y-axis at B, P is the mid point of AB 
fig. No. 23.3 Px is the foot of the 
perpendicular from P to OA\ Mx is that of Px 

from OP\P2 is that of M, from OA; M2 is that 
of P2 from OP; P 3 is that of M2 from OA and 
so on. If Pn denotes the nth foot of the 
perpendicular on OA from M„ _ j, then OPn = 

(a) l / 2 n (b) 1/2" 

MULTIPLE CHOICE -II 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

(a) A (b) (a + b + c) A 
(c) aA + bA (d) None of these 

60. On the portion of the straight line x + y = 2 
which is intercepted between the axes, a 
square is constructed away from the origin, 
with this portion as one of its side. If p 
denote the perpendicular distance of a side of 
this square from the origin, then the 
maximum value of p is 
(a) V2 (b) 2 <2 
(c) 3 V2 (d) 4 <2 

61. The points (2, 3), (0, 2), (4, 5) and (0, t) are 
concyclic if the value of t is 
(a) 1 (b) 1 
(c) 17 (d)3 

62. The point of intersection of the lines 

• + f = 1 and y + ^ = 1 lies on 
a b b a 
(a) x - y = 0 
(b) (x + y) (a + b) = 2ab 
(c) (Ix + my) (a + b) = (l + m) ab 
(d) (Ix - my) (a + b) = (l - m) ab 

63. The equations 
(b - c) x + (c - a) y + a - b - 0 
, , 3 3 . , , 3 3N , 3 , 3 n 

(b - c )x+(c -a )y +a - b = 0 
will represent the same line if 
(a) b = c (b) c = a 
(c) a-b (d)a + b + c = 0 

64. The area of a triangle is 5. Two of its vertices 
are (2, 1) and (3, -2) . The third vertex lies on 
y = x + 3. The co-ordinates of the third vertex 
can be 
(a) ( - 3 /2 , 3/2) (b) (3/4, - 3 /2) 
(c) (7/2, 13/2) (d) ( - 1/4, 11 / 4 ) 

65. If (-6, -4) , (3, 5), (-2, 1) are the vertices of a 
parallelogram then remaining vertex can not 
be 
(a) (0 , -1) ( b ) ( - l , 0 ) 
(c) (-117-8) (d) (7, 10) 

66. If the point P (x, y) be equidistant from the 
points A(a + b,a-b) and B (a-b, a + b) 
then 
(a) ax = by 
(b) bx = ay 
(c) x2 - y2 = 2 (ax + by) 
(d) P can be (a, b) 

67. If the lines x - 2 y - 6 = 0, 3x + y - 4 = 0 and 
Ax + 4y + X2 = 0 are concurrent, then 
(a) A, = 2 (b) A = - 3 
(c) A = 4 (d) A = - 4. 

68. Equation of a straight line passing through 
the point of intersection o f x - y + l = 0 and 
3x + y - 5 - 0 are perpendicular to one of 
them is 
(a) x + y + 3 = 0 (b)x + y - 3 = 0 
(c) x - 3y - 5 = 0 (d) x — 3y + 5 = 0 

69. If one vertex of an equilateral triangle of side 
a lies at the origin and the other lies on the 
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line x = 0, the co-ordinates of the third 
vertex are 
(a) (0, a) (b) a/2, - a/2) 
(c) (0, - a) (d) ( - 43 a/2, a/2) 

70. If the lines ax + by + c = 0, bx + cy + a = 0 
and cx + ay + b = 0 are concurrent 
{a + b + c * 0) then 

(a) a3 + b3 + C3 - 3abc = 0 
(b) a = b 
(c) a = b = c 

(d) a2 + b2 + c2 - be - ca- ab = 0 
71. If the co-ordinates of the vertices of a 

triangle are rational numbers then which of 
the following points of the triangle will 
always have rational co-ordinates 
(a) centroid (b) incentre 
(c) circumcentre (d) orthocentre 

72. Let 5], S2, ... be squares such that four each 
n > 1, the length of a side of Sn equals the 
length of a diagonal of Sn + , . If the length of 
a side of Sx is 10 cm, then for which of the 
following values of n is the area of Sn less 
than 1 sq. cm ? 
(a)7 (b) 8 
(c) 9 (d) 10 

73. A line passing through the point (2, 2) and 
the axes enclose an area X. The intercepts on 
the axes made by the line are given by the 
two roots of 
(a) x2 - 2 I XI x +1 X, I = 0 

(b)x2 + IX,lx + 2 I X l = 0 

(c) JC2 — I A. I JC -t- 2 1 X. I = 0 
(d) None of these 

74. If bx + cy = a, where a, b, c are the same 
sign, be a line such that the area enclosed by 

1 2 the line and the axes of reference is — unit 
8 

then 
(a) b, a, c are in G.P. 
(b) b, 2a, c are in G.P. 
(c) are in A.P. 

(d) b, - 2a, c are in G.P. 
75. Consider the straight lines x + 2y + 4 = 0 and 

4x + 2y - 1 = 0. The line 6x + 6y + 7 = 0 is 

(a) bisector of the angle including origin 
(b) bisector of acute angle 
(c) bisector of obtuse angle 
(d) None of these 

76. Two roads are represented by the equations 
y —x = 6 and x + y = 8. An inspection 
bunglow has to be so constructed that it is at 
a distance of 100 from each of the roads. 
Possible location of the bunglow is given by 
(a)(10(W2 + l , 7 ) (b) (1 - 100^2", 7) 
(c) (1, 7 + IOOV2) (d) ( 1 , 7 - 100V2) 
Angles made with the x-axis by two lines 
drawn through the point (1,2) cutting the line 
x + y = 4 at a distance V6 /3 from the point 
(1,2) are 

77, 

/ \ 7 1 

( a ) - a n d -

(c) ^ and 

... 7n , lire 
( b ) - - a n d - — 

(d) None of these 

78. A line of fixed length (a + b) moves so that 
its ends are always on two fixed 
perpendicular lines. The locus of the point 
which divides this line into portions of 
lengths a and b is 
(a) a circle (b) an ellipse 
(c) a hyperbola (d) None of these 

79. If each of the points (x, , 4), ( - 2, yx) lines on 
the line joining the points (2, - 1), (5, - 3) 
then the point P (x, , y,) lies on the line 
(a) 6 (x + y) - 25 = 0 
(b)2x + 6y+ 1 = 0 
(c) 2x + 3y - 6 = 0 
(d) 6 (x + y) - 23 = 0 

80. Two vertices of a triangle are ( 3 , - 2 ) and 
( - 2 , 3) and its orthocentre is ( - 6 , 1). Then 
its third vetex is 
(a) (1,6) (b) ( - 1 , 6 ) 
(c) ( 1 , - 6 ) (d) None of these 

81. Length of the median from B on AC where 
A ( - 1, 3), 5 (1, - 1), C(5, 1) is 
(a) VTsT (b) VTo 
(c) 2^3" (d) 4 

82. The point P ( l , 1) is translated parallel to 
2x = y in the first quadrant through a unit 
distance. The co-ordinates of the new 
position of P are 
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(a) 1 ± ; 1 ± 
2 

( b ) ( l ± ^ , l ± 

J _ 
V5 
_2_ 
V5 

83. The mid points of the sides of a triangle are 
(5, 0), (5, 12) and (0, 12). The orthocentre of 
this triangle is 
(a) (0 ,0) (b) (10, 0) 

(c) (0, 24) (d) J 1 g 
3 ' 8 

84. The algebraic sum of the perpendicular 
distances from A (a\ , b{)\ B (a2\ b2) and 
C ( a 3 , to a variable line is zero, then the 
line passes through 
(a) the orthocentre of AABC 
(b) the centroid of AABC 
(c) the circumcentre of AABC 
(d) None of these 

85. One vertex of the equilateral triangle with 
centroid at the origin and one side as 
x + y - 2 = 0 i s 
(a) ( - 1 , - 1 ) (b ) (2 ,2 ) 
(c) ( - 2, - 2) (d) none of these 

86. The point (4, 1) undergoes the following two 
successive transformations : 
(a) reflection about the line y-x 

87. 

(b) rotation through a distance 2 units along 
the positive x-axis. 

Then the final co-ordinates of the point are 
(a) (4, 3) (b) (3, 4) 
( c ) l , 4 ) (d) ( 7 / 2 , 7 / 2 ) 
The incentre of the triangle formed by the 
lines x = 0, y = 0 and 3x + 4y = 12 is at 

(c) 1, 
1 

( b ) ( l , l ) 

< d ) f 2 ' 1 

88. If (a, b) be an end of a diagonal of a square 
and the other diagonal has the equation 
x — y = a then another vertex of the square 
can be 
(a)(a-b,a) (b) (a, 0) 
(c) (0, — a) (d) (a + b,b) 

89. The points (p+ 1 ,1) , (2p + 1, 3) and 
(2p + 2, 2p) are colliner if 
( a ) p = - l (b) p = 1 /2 

(c)p = 2 

90. If 3a + 2b + 6c = 0, the family of straight 
lines ax + by + c = 0 passes through a fixed 
point whose co-ordinates are given by 
(a) (1/2, 1/3) (b) (2, 3) 
(c) (3, 2) (d) (1/3, 1/2) 

Practice Test 
M.M.: 20 Time : 30 min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

1. Consider the e q u a t i o n y —y\ = m (x -x^) . If 
m and xx are fixed and different lines are 
drawn for different values o fy j , then 
(a) The lines will pass through a fixed point 
(b) There will be a set of parallel lines 
(c) All the lines intersect the line x = x j 
(d) All the lines will be parallel to the line y = x j 

2. If the line y - V3x cut the curve 
3 3 2 2 

x +y + 3xy + 5x + 3y + 4x + 5y - 1 = 0 at 
the points A ,B ,C then OA.OB.OC is 

(b) 3 V 3 + 1 

(d) None of these 

( a ) ^ ( 3 V 3 - l ) 

( C ) I + 7 

Let Lx = ax + by + a3-Ib = 0 and 
L 2 = bx -ay + b3-la = 0 be two s t ra ight 
lines. The equations of the bisectors of the 
angle formed by the loci. Whose equations 
a r e A J L J - X 2 L 2 = 0 a n d A J L J + = 0 , 

Ki and \ 2 being non zero real numbers, are 
given by 
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(a) Li = 0 (b) L 2 = 0 
(c) XiLj + X2L2 = 0 (d) K2L l - XxL2 = 0 

4. If P (1, 0), Q ( - 1, 0) and R (2, 0) are three 
given points then the locus of point S 
satisfying the re la t ion ' 

(SQ)2 + (SR)2 = 2 (SP)2 is 
(a) a s t ra ight line parallel to x-axis 
(b) circle through origin 
(c) circle with centre a t the origin 
(d) a s t ra ight line parallel to y-axis 

5. The base BC of a tr iangle ABC is bisected 
a t the point (p, q) and the equations to the 
sides AB and AC are px + qy = 1 and 
qx+py = 1. The equation of the median 
through A is 
(a) (p - 2q) x + {q - 2p) y + 1 = 0 
(b) (p + g) (x + y) - 2 = 0 
(c) (2pq - 1) (px + qy- 1) 

= (p2 + q2 - 1) (.qx +py - 1) 
(d) None of these 

6. The set of values of 'b' for which the origin 
and the point (1, 1) lie on the same side of 
the s t ra ight line 

2 
a x + aby + 1 = 0 V a e R , b > 0 are 
(a) b e (2, 4) (b) b e (0, 2) 
(c) b e [0, 2] (d) None of these 

Record Your Score 

7. A family of lines is given by the equation 
(3x + 4y + 6) + X (x + y + 2) = 0. The line 
si tuated at the greatest distance from the 
point (2, 3) belonging to this family has the 
equation 

(a) 15* + 8y + 30 = 0 
(b) 4x + 3y + 8 = 0 
(c) 5x + 3y + 6 = 0 
(d) 5x + 3y + 10 = 0 

8. The co-ordinates of the point P on the line 
2x + 3y + 1 = 0, such t h a t \PA-PB \ is 
maximum where A is (2, 0) and B is (0, 2) is 
(a) (5, - 3) (b) (7, - 5) 
(c) (9, - 7) (d) (11, - 9) 

9. The equation of the bisectors of the angles 
between the two intersecting lines.: 

x - 3 y + 5 . x - 3 y + 5 
Z = and —I = are 

cos 6 sin G cos ()> sin <|> 
x-3 y + 5 , i - 3 y + 5 , , = and ,, = z then cos a sin a p y 

(a) a = 6 ^ (b) P = - sin a 

( c ) y = c o s a (d)P = s i n a 
1 0 - If 4a 2 + 9b2 -c2+ 12ab = 0, then the family 

of s traight lines ax + by + c = 0 is ei ther 
concurrent at or a t 
(a) (2, 3) (b) ( - 2, - 3) 
(c) ( - 3, - 4) (d) (3, - 4) 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% | 

Answers 

Multiple Choice-I 
M b ) 2. (c) 3. (a) 4. (b) 5. (c) 6. (a) 
7. (a) 8. (a) 9. (a) 10. (b) 11. (c) 12. (a) 

13. (d) 14. (a) 15. (b) 16. (a) 17. (a) 18. (d) 
19. (a) 20. (c) 21. (c) 22. (c) 23. (c) 24. (b) 
25. (c) 26. (c) 27. (d) 28. (b) 29. (a) 30. (a) 
31. (c) 32. (a) 33. (c) 34. (b) 35. (a) 36. (b) 
37. (b) 38. (b) 39. (c) 40. (a) 41. (b) 42. (b) 
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43. (a) 44. (a) 45. (c) 46. (c) 47. (d) 48. (b) 
49. (d) 50. (b) 51. (b) 52. (c) 53. (b) 54. (b) 
55. (c) 56. (c) 57. (b) 58. (b) 59. (b) 60. (c) 

Multiple Choice-ll 
61. (a), (c) 62. (a), (b), (c), (d) 63. (a), (b), (c), (d) 64. (a), (c) 
65. (a) 66. (b), (d) 67. (a), (d) 68. (b), (d) 69. (a), (b), (c), (d) 
70. (a), (b), (c), (d) 71. (a), (c), (d) 72. (b), (c), (d) 73. (c) 74. (b), (d) 
75. (a), (b) 76. (a), (b), (c), (d) 77. (a), (b) 78. (a) 79. (b) 
80. (b) 81. (b) 82. (b) 83. (a) 84. (b) 85. (c) 
86. (b) 87. (b) 88. (b), (d) 88. (c), (d) 90. (a). 

Practice Test 
1. (b), (c) 2. (a) 3. (a), (b) 4. (d) 5. (c) 6. (b) 
7- (c) 8. (b) 9. (a), (b), (c) 10. (a), (b). 
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PAIR OF STRAIGHT LINES 

§ 22.1. Homogeneous Equation of Second Degree 

An equation of the form ax2 + 2hxy+ fay2 = 0 is called a homogeneous equation of second degree. It 
represent two straight lines through the origin. 

(i) The lines are real and distinct if h2 - ab > 0. 
(ii) The lines are coincident if h2 - ab = 0 
(iii) The lines are imaginary if fa2 - ab < 0 

(iv) If the lines represented by ax2 + 2hxy+ fay2 = 0 be y - m-\x= 0 and y - nmx = 0 

then ( y - mix) ( y - mix) = y2 + ^ x y + ^ x 2 = 0 

2 h . a 
mi + mz = - - r - and m 1 mz = ~r • b fa 

§ 22.2. Angle Between two Lines 

If a + fa * 0 and 9 is the acute angle between the lines whose joint equation is ax2 + 2hxy+ fay2 = 0, then 

tan 0 = 2 ^(fa2 - ab) 
a + b 

••(i) 

§ 22.3. Equation of the Bisectors of the Angles Between the Lines ax2 + 2hxy+ bf = 0 

The equation of bisectors is ~ ^h 

Corollary 1 : If a = fa, then the bisectors are x2 - y2 = 0, i.e., x-y= 0, x + y = 0. 
Corollary 2 : If h = 0, the bisectors are xy= 0, i.e., x= 0 , y = 0. 
Corollary 3 : If in (i), coefficient of x2 + coefficient of y2 = 0, then the two bisectors are always 

perpendicular to each other. 

§ 22.4. General equation of Second Degree 

The equation 
ax2 + 2hxy + fay2 + 2gx + 2fy + c = 0 ...(i) 

is the general second degree equation and represents a conics (Pair of lines, circle, parabola, ellipse, 
hyperbola). 
=> represents a pair of straight lines if 

A = afac + 2fgh - af2 - fag2 - ch2 = 0 
a h g 

i.e., if h fa f = 0 
g f c 
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otherwise it represents a conic (i.e., if abc + 2fgh - af2 - fag2 - ch2 * 0). 
Corollary 1 : Angle between the lines : If the general equation ax2 + 2hxy+ fay2 + 2gx+ 2fy+ c = 0 

represents two straight lines, the angle 9 between the lines is given by 

9 = tan 
2 ^(tf-ab) 

(a + b) 
these lines are parallel iff hi2 = ab and perpendicular iff a + b = 0 

Corollary 2 : Condition for coincidence of lines : 
The lines will be coincident if h2 - ab = 0, g2 - ac = 0 and f 2 - be = 0. 
Corollary 3 : Point of intersection of the lines : The point of intersection of ax2 + 2hxy+ fay2 + 

2gx+2fy+c = 0 is 

( bg-hf af-gh 
rf-ab ' l?-ab I V 

or 

22.5. Equation of the lines joining the origin to the points of 
intersection of a given line and a given curve : 

Curve PAQbe (Fig. 22.1) 
ax2 + 2hxy+ bf + 2gx+2fy+ c = 0 ...(i) 

and the equation of the line PQ be 
Ix + my + n = 0 ...(ii) 

From the equation of the line (ii) find the value of (1) in terms of 
xand y , i.e. 

^ ^ = 1 ...(iii) - n 
Now the equation (i) can be written as 

ax2 + 2hxy+ fay^ + (2gx+ 2fy) (1) + c(1)2 = 0 

- n 

Fig. 22.1 

a J + 2 h x y + b f H 2 g x + 2 f y ) ( ^ ) + c f ± ± m ) = 0 ...(iv) 

[replacing 1 by l x + 171 ̂  from (iii)] - n 
Here the equation (iv) is homogeneous equation of second degree. 
Above equation (iv) on simplification will be of the form A^ + 2Hxy+ By2 = 0 and will represent the 

required straight lines. 
If 9 be the angle between them, then 

tan 9 = 
2 V h 2 - AB 

A + B 
Hence the equation of pair of straight lines passing through the origin and the points of intersection of a 

curve and a line is obtained be making the curve homogeneous with the help of the line. 
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MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. Which of the following pair of straight lines 
intersect at right angles ? 
(a) 2x2 = y(x + 2y) (b) (x + y)2 = x (y + 3*) 
(c)2y(x + y)=xy (d)y = ±2y 

2. If co-ordinate axes are the angle bisectors of 
the pair of lines ax2 + 2hxy + by2 = 0, then 
(a) a = b 
(c) a2 + b = 0 

(b)h = 0 
(d)a + b2 = 0 

2 2 3. If the two pairs of lines x - 2mxy — y = 0 
2 2 and x - 2 n x y - y = 0 are such that one of 

them represents the bisectors of the angles 
between the other, then 
(a) mn + 1 = 0 (b) mn- 1 = 0 
(c) 1/m + 1/n = 0 (d) 1 / m - l / n = 0 

4. If the lines joining the origin to the points of 
2 2 intersection of y = mx + 1 with x + y = 1 are 

perpendicular, then 
(a) m = 1 only (b) m = + 1 
(c) m = 0 (d) None of these 

5_ If One of the lines of the pair 
2 2 ax +2 hxy + by = 0 bisects the angle 

between positive directions of the axes, 
a, b, h satisfy the relation 
(&)a + b = 2\h\ (b)a + b = -2h 
(c)a-b = 2\h\ (d) (a - b)2 = 4h2 

6. The pair of lines joining the origin to the 
points of infersection of the curves 

2 2 ax +2hxy + by + 2 g x = 0and 
a' x + 2h'xy + b'y2 + 2g'x = 0 

will be at right angles to one another if 
(a )g(a' + b') = g'(a + b) 
(b )g(a + b)=g'(a' + b') 
(c)gg' = (.a + b) (a' + b') 
(d) None of these 

7. The equation x2 + 2 ^2 xy + 2y2 + 4x 
+ 4 42y + 1 = 0 represents a pair of lines. 
The distance between them 

4 (a) 4 (b) 4f 

(c)2 
8. The gradient 

( d ) 2 V f 
of one of the lines 

ax2 + 2hxy + by2 = 0 is twice that of the other, 
then: 

(a) h = ab (b) h — a + b 
(c) 8n = 9ab (d) ah1 = 4ab 

9. The difference of the tangents of the angles 
2 2 2 which the lines x (sec 0 - sin 0) - 2xy 

2 2 
tan 0 + y sin 0 = 0 make with the x-axis is 
(a) 2 tan 0 (b) 2 
(c) 2 cot 0 (d) sin 20 
If a , P > 0 and a < P and 10. 

11. 

12. 

oct2 + 4yxy + py2 + 4p (.v + y + 1) = 0 
represents a pair of straight lines, then 
(a) a < p < P (b) p < a 
(c)p>a ( d )p < a or p > P 
The image of the pair of lines represented by 

2 2 ax + 2hxy + by = 0 by the line mirror y = 0 
is 
(a) ax2 — 2hxy - by2 = 0 
(b) bx2 — 2hxy + ay2 = 0 
(c) bx2 + 2hxy + ay2 = 0 
(d ) ax2 - 2hxy + by2 = 0 

If the equation ax1 + 2hxy + by2 + 2gx + 2fy 
+ c = 0 represents a pair of parallel lines then 
the distance between them is 

(a) 2 

(c)3 

4 4 
8 -ac 
l2 , 2 h +a 

2 , 
ff +ac 

a (a+ b) 

(b) 2 

(d) 2 

VE 4 
I.*. h +a 

ac 
2 

K1 + a c 

a(a + b) 
2 2 13. If the lines repres" ted by x - 2pxy - y •• 0 

are rotated about u»c origin through an angle 
0, one clockwise direction and other in 
anticlockwise direction, then the equation of 
the bisectors of the angle between the lines in 
the new position is 

(a) px2 + 2xy- py2 = 0 
(b) px" + 2xy + py2 = 0 
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(c)x2 -Ipxy + y1 = 0 
(d) None of these 

I4_ If the sum of the slopes of the lines given by 
2 2 

4x + 2Xxy - 7 y = 0 is equal to the product 
of the slopes, then A. = 
( a ) - 4 (b) 4 

( c ) - 2 (d)2 
15. The pair of straight lines joining the origin to 

2 2 
the common points of x +y = 4 and 
y = 3x + c are perpendicular if c2 = 
(a) 20 (b) 13 
(c) 1/5 (d) 5 

MULTIPLE CHOICE -II 
Each question, in this part, has one or more than one correct answer (s). For each question, write the letters 
a, b, c, d corresponding to the correct answer (s). 

16. If x + ay2 + 2py = a2 represents a pair of 
perpendicular straight lines then : 
(a) a = 1, p = a 
( b ) a = l , P = - a 
(c) a = - 1, P = - a 
(d) a = - 1, P = a 

17. Type of quadrilateral formed by the two pairs 
2 2 of lines 6x - 5xy - 6y = 0 and 

2 2 6x - 5xy - 6y + x + 5y - 1 = 0 is 
(a) square (b) rhombus 
(c) parallelogram (d) rectangle 

18 Two of the straight lines given by 
3 2 2 3 3x + 3 x y - 3xy + dy = 0 are at right angles 

if 
( a )d = - l / 3 ( b ) d = l / 3 
(c)d = -3 ( d ) d = 3 

19. If the line y = mx is one of the bisector of the 
2 2 lines x + 4xy - y = 0, then the value of m = 

(a) 

(c) 

- 1 + V 5 
2 

- 1 - V 5 

(b) 

(d) 

1 +V5~ 
2 

1 - V 5 
2 1 ' 2 

20. If the angle between the two lines 
represented by 

2x2 + 5xy + 3y2 + 6x + ly + 4 = 0 
is t an - 1 (m), then m is equal to 
(a) 1/5 ( b ) - l 
(c) -2 /3 (d) None of these 

21. If the pair of straight lines 
ax2 + 2 hxy + by2 = 0 is rotated about the 
origin through 90°, then their equations in 
the new position are given by 
(a) ax2 - 2hxy + by2 = 0 

(b) ax2 - 2hxy - by2 = 0 
(c) bx2 - 2hxy + ay2 = 0 
(d) bx2 + 2hxy + ay2 = 0 

22. Products of the perpendiculars from (a, P) to 
the lines 

ax2 + 2hxy + by2 = 0 is 

(a) 

(b) 

aa2 - 2/i a P + frp2 

V4 h2 + {a + b)2  

a a 2 - 2/i a P + frP2 

V4/i2 - (a - b)2 

aa2 - 2haQ + bQ2 

° ^l4h2 - (a + b)2 

(d) None of these 
23. Equation of pair of straight lines drawn 

through (1, 1) and perpendicular to the pair 
2 2 of lines 3x - Ixy -2y = 0 is 

(a) 2x2 + Ixy - 1 lx + 6 = 0 
(b) 2 (x — l)2 + 7 (x — 1) (y - 1) - 3y2 = 0 
(c) 2 (x - l)2 + 7 (x - 1) (y - 1) + 3 (y - l )2 = 0 
(d) None of these 

24. Two pairs of straight lines have the equations 
y2 + xy - 12x2 = 0 and ax2 + 2hxy + by2 = 0. 
One line will be common among them if 
(a) a = - 3 (2h + 3b) (b) a = 8 (h - 2b) 
(c)a = 2(b + h) (d)a = -3{b + h) 

25. The combined equation of three sides of a 
triangle is (x2 - y2) (2x + 3y - 6) = 0. If 
( - 2 , a ) is an interior point and (b, 1) is an 
exterior point of the triangle then 

( a ) 2 < a < y ( b ) - 2 < a < y 

(c) - 1 < b<~ (d) - 1 < b < 1 
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Practice Test 

M.M. : 10 Time : 15 Min 

(A) There are 5 parts in this question. Each part has one or more than one correct answer(s). 
[ 5 x 2 = 10] 

1. The equation of image of pair of lines 
y = | x - 1 | i n y axis is 

(a) x2+y2 + 2* + 1 = 0 

(b) x 2 - y 2 + 2x - 1 = 0 

(c) x 2 - y 2 + 2 x + l = 0 
(d) none of these 

2. Mixed t e rm xy is to be removed from the 
general equation of second degree 

2 2 ax + 2 hxy + by + 2gx + 2/y + c = 0, one 
should rota te the axes through an angle 6 
given by t a n 29 equal to 

(a) 

(c) 

a-b 
2 h 

a+b 
2h 

(b) 

(d) 

2 h 
a + b 

2 h 
a-b 

3. The equation 

V(x - 2)2 +y2 + V(x + 2)2 +y2 = 4 represents 

Record Your Score 

(a) circle 
(b) pair of lines 
(c) a parabola 
(d) line segment y = 0, - 2 < x < 2 

4. If the two lines represented by 
2 2 2 2 2 x (tan 9 +cos 9) - 2xy t an 9 +y sin 9 = 0 

make angles a, p with the x-axis, then 
(a) t an a + t an P = 4 cosec 29 

(b) t an a t an p = sec2 9 + t an 2 9 
(c) tan a - t a n p = 2 

t an a 2 + sin 29 
(d) t an P 2 - sin 29 

2 2 
5. The equation ax +by +cx + cy = 0 

represents a pair of s t ra ight lines if 
(a) a + b = 0 (b) c = 0 
(c) a + c = 0 (d) c (a + b) = 0 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice-I 
1. (a) 2. (b) 3. (a) 4. (b) 5. (b) 6. (a) 
7. (c) 8. (c) 9. (b) 10. (d) 11. (d) 12. (b) 

13. (a) 14. (c) 15. (a) 

Multiple Choice-ll 
16. (c), (d) 17. (a), (b), (c), (d) 18. (d) 19. (a), (c) 20. (a) 
21. (c) 22. (d) 23. (d) 24. (a), (b) 25. (a), (d) 

Practice Test 

1. (c) 2. (d) 3. (d) 4. (a), (c), (d) 5. (a), (b), (d) 



23 
CIRCLE 

23.1. Definition 

Circle is the locus of a point which moves in a plane so that its distance from a fixed point in the plane is 
always is constant. The fixed point is called the centre and the constant distance is called the radius of the 
circle. 

Some equations regarding circles : 

(1)The equation of a circle with centre (h , k) and radius ris ( x - h)2 + (y- k)2 = r2 . 
In particular, if the centre is at the origin, the equation, of circle is x ^ y 2 = r2 

(2) Equation of the circle on the line segment joining (x i , yi) and (X2 , y2) as diameter is 
( x - x i ) ( x - x 2 ) + ( y - y i ) ( y - y > ) = 0. 

(3) The general equation of a circle is 
x2 + y2 + 2gx+ 2fy+ c = 0 

where g, f , c are constants. The centre is ( - g, - 0 and the radius is ^(g2 + f2 - c) (c? + f2 > c). 
Note : A general equation of second degree 

ax2 + 2hxy+ dy2 + 2gx + 2fy + c = 0 
in x , y represents a circle if 

(i) Coefficient of x2 = coefficient of y2 i.e., a = b* 0 
(ii) Coefficient of xy is zero, i.e. h = 0. 
(4) The equation of the circle through three non-collinear points A (xi , y i ) , B (X2 , y?), C (xs , ya) is 

x2 + y2 x y 1 
x 2 + yi2 xi yi 1 
xi + yi X2 yi 1 
X3 +yi *3 Y3 1 

(5) The point P (xi , yi) lies outside, on or inside the circle 
S = x2 + y2 + 2gx+ 2 f y + c =• 0, according as 

S-t = x? + y? + 2gxi + 2fyi + c > = or < 0. 
(6) The parametric co-ordinates of any point on the circle 

( x - h)2 + ( y - k)2 = z2 are given by 
(h + rcos 9 , k+ rsin 9). (0 < 9 < 2?t) 

In particular co-ordinates of any point on the circle x2 + y2 = z2 are (rcos 9 , rsin 9). (0 < 9 < 2rc) 
(7) Different forms of the equations of a circle : 
(i) ( x - i)2 + ( y - i)2 = i2 is the equation of circle with centre (r, r), radius rand touches both the axes. 
(ii) ( x - xi)2 + ( y - r)2 = ? is the equation of circle with centre (xi , i ) , radius rand touches x-axis only. 
(iii) ( x - if + ( y - yi)2 = ? is the equation of circle with centre (r, y i ) , radius rand touches y-axis only. 

V ( 2 2 
a * * 

passes through the origin (0, 0) and has intercepts a and (3 on the axis of Xand Yrespectively. 

which 
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(8) The equation of the tangent to the circle x2 + / + 2gx + 2fy + c = 0 at the point (x i , y i j is 
xxi + yyi + g (x + xi) + f(y + yi) + c = 0 and that of the normal is 

yi + / . 

In particular, the equation of tangent to the circle x2 + y2 = r2 at the point (xi , yi) is xx-| + yyi = i2 and that 

of the normal — = — 
xi yi 

Note : Normal to a circle passes through its centre. 
(9) The general equation of a line with slope m and which is tangent to a 

circle x2 + y2 + 2gx + 2fy+ c = 0 is 
(y+ f ) = m(x+g ) ± ^(fif2 + f2 - c) ^(1 + m2) 

In particular, the equation of the tangent to the circle x2 + y2 = a2 is y= mx± a ^(1 + m2). If m is infinite, then 
the tangents are x ± a = 0. 

(10) The locus of point of intersection of two perpendicular tangents is called the director circle. The 
director circle of the circle x2 + y2 = a 2 i s x 2 + y2 = 2a2. 

(11) Equation of the chord of the circle 
S = x2 + y2 + 2gx+ 2fy+ c = 0 

in terms of the middle point (xi , yi) is 
T = St 

where T = xxi +yy i + g ( x+ xi) + f(y+yi) + c 
Si = x 2 + y 2 + 2gxi + 2 fy\ + c 

In particular, equation of the chord of the circle 
x2 + y2 = a2 

in terms of the middle point (xi , yi) is 
xxi +yyi = x\ + y 2 

(12) Equation of the Chord of Contact: 
Equation of the chord of contact of the circle 

s = o 

Chord of | contact 

Fig. 23.1 
X2 + y2 + 2gx+2fy+ c = 0 

is xxi + yyi + g(x+ xi) + f ( y + y i ) + c = 0 
which is designated by T = 0. 

(13) Length of tangent: 

I (AT) = + yi
2 + 2gx-\ + 2/yi + c) = \S7 

(14) Equation of the circles given in diagram are : 
( x - x i ) ( x - x 2 ) + ( y - y i ) (y-y2) 

+ cot G { ( y - yz) ( x - xi) - ( x - x 2 ) ( y - y i ) } = 0 
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U i , yD (X2 , y2) 

Fig. 23.2 
(15) Orthogonal ity of two ci rcles : 

In APCi Cz (Fig. 23.3) 
(C1C2)2 = (Ci P)2 + (C2P)2 

d2 = r? + r£ 
(gi -gz)2 + (fi - hf = gi2 + tf-ci + gf + ff-cz 

=> Zg^gz + Zfifz = c<i + cz 

(16) Pair of tangents : 
Tangents are drawn from P ( x i , y i ) to the circle 

x2 + y2 +2gx+2fy+c = 0 (Fig. 23.4) then equation of pair of tangents 
is 

Fig. 23.3 

P(xi, yi) 

Fig. 23.4 
S S i . = T2 

where S 2 J + f + 2gx+2fy+c = 0 
Si = xt + y? + 2gxi +2fy-\+c = 0 

T = xxi + yyi + g (x+ xi) + f ( y + y i ) + c = 0. 
(17) Equation of straight line PQ joining two points 6 and <t> on the circle x2 + y2 = a2 is 

xcos 

Fig. 23.5 
• re+«t»i + y s m ~ 2 = a cos <t> — e 
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(18) External and Internal Contacts of Circles : 
Two circles with centres Ci (xi , yi) and Cz (xz , yz) and radii ri , rz respectively touch each other. 
(i) Externally : If I Ci Cz I = n + /2 and the point of contact 

( rix2 + r2xi ny 2 + r2yi 
[ n + rz ' ri + rz J 

(ii) Internally: If I Ci Cz I = I n - r2 I and the point of contact is 
( nx2- rzx\ nyz - rzyi " 
[ fi -rz ' r\-rz 

(19) Common tangents: 
Find T using 

and find D, 

Fig. 23.6 
Ci T _ n 
CzT rz 
CtD = n 
CzD rz 

To find equations of common tangents : 
Now assume the equation of tangent of any circle in the form of the slope 

(y+f) = m(x+ g) + a ^(1 + m2) 
(where a is the radius of the circle) 

T and D will satisfy the assumed equation. Thus obtained 'm'. We can find the equation of common 
tangent if substitute the value of m in the assumed equation. 

(20) (i) The equation of a family of circles passing through two given points (xi , yi) and (x2 , y2) can be 
written in the form 

( x - x i ) ( x - x 2 ) + ( y - y i ) ( y - yz) + X 
x 
X1 
X2 

y 
yi 
n 

= o, 

of circles which touch 
infinite, the family is 

where X is a parameter. 
(ii) ( x - x i ) 2 + ( y - y i ) 2 + M ( y - y i ) - m ( x - x i ) ] = 0 is the family 

y — yi = m ( x - x i ) at (xi , yi) for any finite m. If m is 
( x - xi)2 + ( y - yi)2 + X ( x - xi) = 0. 

(21) Radical axis : The equation of radical-axis of two circles Si = 0 and S2 = 0 is given by Si - Sz = 0 
(coefficient of a2 , y2 in Si & Sz are 1). 

(22) Radical Centre : The common point of intersection of the radical axes of three circles taken two at 
a time is called the radical centre of the three circles. 

(23) Pole and Polar : Let P(xi , yi) be any point inside or outside the circle. Draw chords AB and A 'B 
passing through P. 
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If tangents to the circle at A and B meet at Q (h, k), then locus of Q is called polar of P w.r.t. circle and P 
is called the pole and if tangents to the circle at A' and B meet at Of , then the straight line QQ' is polar with 
P ' as its pole. 

Hence equation of polar of P(x1 , yi) with respect to x2 +-yz = a2 is 
XXI + yyi = a2 or (T = 0 (xi , yi)) 

Q' 

Q (h, k) 

Fig. 23.7 
(24) Family of Circle : 

Let S = x2 + y 2 + 2gx+2 fy+c = 0 
S' = x2 + y2 + 2cfx + 2f'y+ d = 0 

and L = px+qy+r = 0, then 
(i) If S = 0 and S ' = 0 intersect in real and distinct points, S + k S ' = 0 ( X * - 1 ) represents a family of 

circles passing through these points. S - S ' = 0 (for X = - 1) represents the common chord of 
the circles S = 0 and S ' = 0. 

(ii) S = 0 and S ' = 0 touch each other, S - S ' = 0 is the equation of the common tangent to the two 
circles at the point of contact. 

(iii) If S = 0 a n d L = 0 intersect in two real distinct points, S+XL = 0 represents a family of circles 
passing through these points. 

(iv) If L = 0 is a tangent to the circle S = 0 at P , S + XL = 0 represents a family of circles touching S = 0 
at P having L = 0 as the common tangent at P. 

(25) Co-axial family of circles : A system of circles is said to be co-axial if every pair of circles of this 
family has the same radical axis. 

The equation of co-axial system is 
x2 + y2 + 2 gx + c = 0 

where g is parameter and c is constant. The equation of other family of co-axial circles is 
x2 + y2 +2 fy+ c = 0 

where f is parameter and c is constant. 
(26) Limiting points of Co-axial system of Circles : 
Point circles : Circles whose radii are zero are called point circles. 
Limiting points of a system of co-axial circles are the centres of the point circles belonging to the family. 
Two such points of a co-axial system are (± Vc", 0) 
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MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letter a, b, c, d whichever is appropriate. 

1. The number of rational point(s) (a point 
(a, b) is rational, if a and b both are rational 
numbers) on the circumference of a circle 
having centre (n, e) is 
(a) at most one (b) at least two 
(c) exactly two (d) infinite 

2. The locus of a point such that the tangents 
drawn from it to the circle 

2 2 
x + y - 6x - 8y = 0 are perpendicular to 
each other is 
(a) x2 + y2 — 6x — 8y - 25 = 0 
(b) x2 + y2 + 6x - 8y - 5 = 0 
(c) x2 + y2 — 6x + 8y — 5 = 0 
(d) x2 + y2 — 6x — 8y + 25 = 0 

3. The locus of the point (V(3/J + 2), -Ilk). If 
(h, k) lies on x + y = 1 is 
(a) a pair of straight lines 
(b) a circle 
(c) a parabola 
(d) an ellipse 

4. The equation of the pair of straight lines 
parallel to the y-axis and which are tangents 

2 2 
to the circle x +y — 6x — 4y - 12 = Ois 

(a) x2 — 4x — 21 = 0 

(b) x2 - 5x + 6 = 0 

(c) x2- - 6x - 16 = 0 (d) None of these 
5. If a line segment AM = a moves in the plane 

XOY remaining parallel to OX so that the left 
end point A slides along the circle 

2 2 2 x + y = a , the locus of M is 
/ \ 2 , 2 , 2 
(a) x+y - 4a 

(b)x2 + y2 = 2 ax 

(c) x2 + y2 = 2ay 

(d)x2 + y2 - lax - lay - 0 
6. If (2, 5) is an interior point of the circle 

2 2 
x + y - 8x - 12y + p = 0 and the circle 
neither cuts nor touches any one of the axes 
of co-ordinates then 

(a) p e (36, 47) (b )p e (16,47) 
(c) p e (16, 36) (d) None of these 

7. If the lines axx + b\y + cj = 0 and 
a2x + bjy + c2 = 0 cut the coordinate axes in 
concyclic points, then 
(a) a]b] = a2b2 

a \ 
a2 b2 

(c) ax+a2 = bx + b2 

(d) axa2 = b\b2 

8. AB is a diameter of a circle and C is any 
point on the circumference of the circle. 
Then 
(a) The area of A ABC is maximum when it is 

isosceles 
(b) The area of A ABC is minimum when it is 

isosceles 
(c) The perimeter of A ABC is maximum when 

it is isosceles 
(d) None of these 

9. The four points of intersection of the lines 
(2x - y + 1) (x - 2y + 3) = 0 with the axes lie 
on a circle whose centre is at the point 
(a) (-7/4, 5/4) (b) (3/4, 5/4) 
(c) (9/4, 5/4) (d) (0, 5/4) 

10. Origin is a limiting point of a co-axial system 
2 2 

of which x + y - 6 x - 8 y + l = 
member. The other limiting point is 

^ T s ' Y s 
4_ J_ 

25 ' 25 
11. The centres of a set of circles, each of radius 

2 2 
3, lie on the circle x+y = 2 5 . The locus of 
any point in the set is 
(a) 4 < x2 + y2 < 64 
(b)x2 + y2 < 25 
(c)x2 + y2 > 25 
(d) 3 < x2 + y2 < 9 

is 

(a) ( - 2 , - 4 ) 

( o i - ^ - ^ l ( d ) i -
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12. Three sides of a triangle have the equations 
Lr = y - mr x - C,. = 0; r = 1, 2, 3. Then AZ^L-, 
+ (iL3L| + yL, L2 = 0, where X * 0, |i 0, 
y^O, is the equation of circumcircle of 
triangle if 
(a) X (m2 + m3) + (i (m3 +/W))+ y (m, + m2) = 0 
(b) X (m2m3 - 1) + n (m3m, - 1) + y (m,m2 - 1) = 0 
(c) both (a) & (b) 
(d) None of these 

13. The abscissaes of two points A and B are the 
2 2 roots of the equation x + 2 ax -b = 0 and 

their ordinates are the roots of the equation 
2 2 x + 2px-q = 0. The radius of the circle 

with AB as diameter is 
(a) b2 +p2 + q2) 
(b) V ( a 2 V ) 

(c) 4(b2 + q2) 
(d) None of these 

14. If the two circles x + y2 + 2gx + 2fy = 0 and 
2 2 

x +y + 2gxx + 2fxy = 0 touch each other, 
then 
(a) / ig=/gi (b )# i=£? i 
( c ) / 2 + g2 =/,2 + gi (d) None of these 

15. The number of integral values of X for which 
x2 + y2 + Xx+(l-X)y + 5 = 0 

is the equation of a circle whose radius 
cannot exceed 5, is 
(a) 14 (b) 18 
(c) 16 (d) None of these 

16. A triangle is formed by the lines whose 
combined equation is given by 
(x + y - 4) (xy — 2x — y + 2) = 0. The equation 
of its circum- circle is 
(a) x + y2 - 5x - 3y + 8 = 0 
(b) ;c2 + y2 - 3JC - 5y + 8 = 0 
(c) x + y2 + 2x + 2y - 3 = 0 
(d) None of these 

2 2 
17. The circle x +y + 4 x - 7 y + 1 2 = 0 cuts an 

intecept on y-axis of length 
(a)3 (b) 4 
(c)7 (d) l 

-a Q 2 2 
1 0- If a chord of the circle x +y = 8 makes 

equal intercepts of length a on the 
co-ordinate axes, then 
(a) I a I < 8 (b) I a I < 4 <2 
(c) I a I < 4 (d) I a I > 4 

19. One of the diameter of the circle 
2 2 

x +y - 1 2 r + 4y + 6 = 0is given by 
(a) JC + y = 0 (b);c + 3y = 0 
(c)x = y (d) 3x + 2y = 0 

20. The coordinates of the middle point of the 
chord cut off by 2 x - 5 y + 1 8 = 0 by the 

2 2 
circle x + y - 6x + 2y - 54 = 0 are 
(a) (1,4) (b) (2, 4) 
(c)(4, 1) (d) (1, 1) 

21. Let <|> (x, y) = 0 be the equation of a circle. If 
<{> (0, X) = 0 has equal roots X = 2, 2 and 

4 

$ (X, 0) = 0 has roots X = — , 5 then the centre 

of the circle is 
(a) (2, 29/10) (b) (29/10, 2) 
(c) (-2, 29/10) (d) None of these 

22. Two distinct chords drawn from the point 
2 2 

(p, q) on the circle x +y = px + qy, where 
pq * 0, are bisected by the x-axis. Then 
(2)\p\ = \q\ (b)p2 = %q2 

(c)p2<&q2 (d) p2 > Sq2 

23. The locus of a point which moves such that 
the tangents from it to the two circles 

x2 + y2 - 5x — 3 = 0 
2 2 and 3x + 3y + 2x + 4y - 6 = 0 are equal, is 

(a) 2x2 + 2y2 + 7x + 4y - 3 = 0 
(b) 17x + 4y + 3 = 0 
(c) 4x2 + 4y2 - 3x + 4y - 9 = 0 
(d) 1 3 x - 4 y + 15 = 0 

24. The locus of the point of intersection of the 
tangents to the circle x = r cos 0, y = r sin 8 at 
points whose parametric angles differ by t t /3 
is 

(a) x2 + y2 = 4 (2 — VT) 2 

(b) 3 (x2 + y2) = 1 
(c) x2 + y2 = (2 - VTj 2 

(d) 3 (x2 + y2) = 42. 
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25. If one circle of a co-axial system is 
2 2 

x+y +2gx + 2fy + c = 0 and one limiting 
point is (a, b) then equation of the radical 
axis will be 
(a )(g + a)x+(f+b)y + c-a-b2 = 0 
(b) 2 ( g + a) x + 2 ( / + b)y + c — a2 — b2 = 0 
(c) 2gx + l f y + c-a-b2 = 0 
(d) None of these 

26- S = x2 + y2 + 2x + 3y+ 1 = 0 
and S' = x2 + y2 + 4x + 3y + 2 = 0 
are two circles. The point ( - 3, - 2) lies 
(a) inside S' only (b) inside S only 
(c) inside S and 5 ' (d) outside S and & 

27. The centre of the circle 

r = 2 - 4 r c o s 6 + 6 r sin 9 is 
(a) (2, 3) (b) ( - 2, 3) 
(c) ( - 2, - 3) (d) (2, - 3) 

28. If (1 + ax)" = 1 + 8x + 24x2 + . . . and a line 
2 2 

through P (a, n) cuts the circle x +y = 4 in 
A and B, then PA. PB = 
(a) 4 (b) 8 
(c) 16 (d) 32 

29. One of the diameter of the circle 
circumscribing the rectangle ABCD is 
4y = x +7. If A and B are the points 
( - 3, 4) and (5, 4) respectively, then the area 
of the rectangle is 
(a) 16 sq. units (b) 24 sq. units 
(c) 32 sq. units (d) None of these 

30. To which of the following circles, the line 
y - x + 3 = 0 is normal at the point 

3 + 
3 J - ' ) 9 

1 2 ' -12 J ' 

(a) x - 3 - <2 

= 9 

(c) x2 + (y - 3)2 = 9 

(d) (x - 3)2 + y2 = 9 
31. A circle of radius 5 units touches both the 

axes and lies in the first quadrant. If the circle 
makes one complete roll on x-axis along the 
positive direction of x-axis, then its equation 
in the new position is 

(a) x2 + y2 + 20TIX - lOy + lOOrc2 = 0 
(b) x+y2 + 20TIX + lOy + IOO712 = 0 

(c) x2 + y2 - 207ix - lOy + IOO712 = 0 
(d) None of these 

32. If the abscissaes and ordinates of two points 
P and Q are the roots of the equations 
X2 + 2 ax-b2 = 0 and x+2px-q = 0 
respectively, then equation of the circle with 
PQ as diameter is 

(a) x2 + y2 + 2ax + 2py -b2 — q2 = 0 
(b) x+y2 - lax - 2py + b2 + q2 = 0 
(c) x2 +y2 - lax - Ipy -b2-q2 = 0 
(d) x2 + y2 + lax + lpy + b2 + q2 = 0 

33. If two circles (x - l)2 + (y - 3)2 = 2 and 
2 2 x + y - 8 x + 2y + 8 = 0 intersect, in two 

distinct points, then 
(a) 2 < r < 8 ( b ) r < 2 
(c) r = 2 (d) r > 2 

34. A variable circle always touches the line 
y - x and passes through the point (0, 0). 
The common chords of above circle and 
x2 + y2 + 6x + 8y - 7 = 0 will pass through a 
fixed point whose coordinates are 

( a ) | - i f 

(c)iH 

( b ) ( - I , - I ) 

(d) None of these 

35. The locus of the centres of the circles which 
2 2 

cut the circles x + y + 4x — 6y + 9 = 0 and 
x2 + y2 - 5x + 4y + 2 = 0 orthogonally is 
(a) 3x + 4y - 5 = 0 
(b) 9 x - lOy + 7 = 0 
(c) 9x + lOy - 7 = 0 
(d) 9 x - lOy + 1 1 = 0 

36. If from any point on the circle 
x +y2 + 2gx + 2fy + c = 0 tangents are 
drawn to the circle 
x+y2 + 2gx + 2fy + c sin2 a + 
( g + / ) cos2 a = 0, then the angle between 
the tangents is 
(a) 2 a (b) a 
(c) a / 2 (d) a / 4 

37. The equations of the circles which touch both 
the axes and the line x = a are 
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2 
(a) x^ + y2 ± ax ± ay+ — = 0 

2 
(b) x + y2 + ax ± ay + = 0 

(c) x + y - ax + ay + — = 0 

(d) None of these 
38. A, B, C and Z) are the points of intersection 

with the coordinate axes of the lines 
ax + by = ab and bx + ay = ab, then 
(a) A, B, C,D are concyclic 
(b) A, B, C, D form a parallelogram 
(c) A, B, C, D form a rhombus 
(d) None of these 

2 o 
39. The common chord of x +y - 4 x - 4 y = 0 

2 2 
and x +y = 1 6 subtends at the origin an 
angle equal to 
(a) Jt/6 (b) n/4 
(c) J I / 3 (d) 71/2 

40. The number of common tangents that can be 
2 2 drawn to the circles x + y - 4x - 6y - 3 = 0 

2 2 
and x +y = 2x + 2 y + l = 0 i s 
(a) 1 (b) 2 
(c)3 (d)4 

41. If tne distances from the origin of the centres 
of three circles x + y2 + 2\t x-c2 = 0 
( i = 1, 2, 3) are in G.P., then the lengths of 
the tangents drawn to them from any point on 
the circle x + y2 = c2 are in 
(a) A.P. (b) G.P. 
(c)H.P. (d) None of these 

4 2 - If 4/2 — 5m2 + 6/ + 1 = 0 and the line 
lx + my+ 1 = 0 touches a fixed circle, then 
(a) the centre of the circle is at the point (4, 0) 
(b) the radius of the circle is equal to J 
(c) the circle passes through origin 
(d) None of these 

43. A variable chord is drawn through the origin 
2 2 

to the circle x +y - 2 a x = 0. The locus of 
the centre of the circle drawn on this chord as 
diameter is 
( a ) x 2 + y 2 + ax = 0 (b) x +y2 + ay = 0 
(c) x2 + y2 — ax = 0 (d) x2 + y2 — ay = 0 

44. If a circle passes through the point (a, b) and 
cuts the circle x + y2 = A,2 orthogonally, 
equation of the locus of its centre is 

(a) 2ax + 2by = a2 + b2 + X2 

(b)ax + by = a2 + b2 + \ 2 

(c) x2 + y2 + lax + 2by + X2 = 0 
(d) x2 + y2 - 2ax — 2by + a2+ b2 — X2 = 0 

45. If O is the origin and OP, OQ are distinct 
tangents to the circle 

2 2 
x +y + 2gx + 2fy + c = (), the circumcentre 
of the triangle OPQ is 
( a ) ( - g , - J ) (b) (g,f) 
(c) ( - / , - g) (d) None of these 

46. The circle passing through the distinct points 
(1 ,0 . (t> 1) and (t, t) for all values of /, passes 
through the point 
(a) (1,1) (b) ( - 1 , - 1 ) 
(c) (1 , -1) (d) ( -1 ,1) . 

47. Equation of a circle through the origin and 
belonging to the co-axial system, of which 
the limiting points are (1, 2), (4, 3) is 

(a) x2 + y2 - 2x + 4y = 0 
(b) x2 + y2 - 8x — 6y = 0 
(c) 2x2 + 2y2 - x — 7y = 0 
(d) x2 + y2 - 6x — lOy = 0 

48. Equation of the normal to the circle 
2 2 

x + y - 4 x + 4 y - 1 7 = 0 which passes 
through (1, 1) is 
(a) 3x + 2y - 5 = 0 
(b) 3x + y - 4 = 0 
(c) 3x + 2y - 2 = 0 
(d) 3x - y - 8 = 0 

49. a , P and y are parametric angles of three 
points P, Q and R respectively, on the circle 
x2 + y2 = 1 and A is the point ( - 1, 0). If the 
lengths of the chords AP, AQ and AR are in 
G.P., then cos a / 2 , cos p / 2 and cos y /2 are 
in 
(a) A.P. (b) G.P. 
(c)H.P. (d) None of these 

50. The area bounded by the circles 
2 2 2 

x + y = r , r = 1, 2 and the rays given by 
2x2 - 3xy — 2y2 = 0, y > 0 is 
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(a) — sq. units 

, , 371 
(c) — sq. units 

(b) — sq. units 

(d) 7t sq. units 

51. The equation of the circle touching the lines 
I y I = x at a distance V2 units from the 

origin is 

(a) x2 + y2 - 4x + 2 = 0 
(b) x2 + y2 + 4x— 2 = 0 

(c) x2 + y2 + 4x + 2 = 0 
(d) None of these 

52. The values of X for which the circle 
x+ y2 + 6x + 5 + X (x2 +y2 - 8x + 7) = 0 
dwindles into a point are 

V2 
3 

2<2 
(a) 1 ± 

( b ) 2 ± 

( c ) 2 ± 

(d) 1± 

3 
4 

3 
4 <2 

53. The equation of the circle passing through (2, 
0) and (0, 4) and having the minimum radius 
is 

(a) x2 + y2 = 20 
(b) x2 + y2-2x-4y = 0 

(c) (x2 + y2 — 4) + X(x2 + y2 — 16) = 0 
(d) None of these 

54. The shortest distance from the point (2, - 7) 
to the circle x2 + y2 - I4x — 10>' — i 51 = 0 is 
(a) 1 (b) 2 
(c) 3 (d)4 

2 2 55. The circle x+y = 4 cuts the line joining 
the points A (1, 0) and B (3, 4) in two points 

BP BO 
P and Q. Let —- = a and -TJ = P then 

PA xl. 

a and p are roots of the quadratic equation 
(a) x2 + 2x + 7 = 0 
(b) 3x2 + 2x — 21 = 0 
(c) 2x2 + 3x - 27 = 0 
(d) None of these 

56. The equation of the image of the circle 
2 2 

(x - 3) + (y - 2) = 1 by the mirror 
x + y = 19 is 
( a ) ( x - 1 4 ) 2 + ( y - 1 3 ) 2 = l 
( b ) ( x - 1 5 ) 2 + ( y - 1 4 ) 2 = l 
( c ) ( x - 1 6 ) 2 + ( y - 1 5 ) 2 = l 
( d ) ( x - 1 7 ) 2 + ( y - 1 6 ) 2 = l 

57. A variable circle always touches the line 
y = x and passes through the point (0,0). 
The common chords of above circle and 
x+y + 6x + 8y - 7 = 0 will pass through a 
fixed point, whose coordinates are 
(a) (1,1) (b) (1/2, 1/2) 
(c) (-1/2, -1/2) (d) None of these 

58. If P and Q are two points on the circle 
x2 + y2 - 4x - 4y - 1 = 0 which are farthest 
and nearest respectively from the point (6, 5) 
then 

22 
5 

22 I T ) 
5 ' ' 5 J 

14 11 
3 " 5 

14 

(b) Q = 

(c)P = 

59. If a , p are the roots of ax + bx + c = 0 and 
a ' , P' those of ax2 + b'x + c' = 0, the 
equation of the circle having A (a, a ' ) and 
B (p, p') as diameter is 
(a) cc'{x + y2) + ac'x + a'cy + a'b + ab' = 0 
(b) cc\x + y2) + a'cx + ac'y + a'b + ab' = 0 
(c) bb'{x2 + y2) + a'bx + ab'y + a'c + ac' = 0 

(d) aa'(x2 + y2) + a'bx + ab'y + a'c + ac' = 0 

60. The circle (x — a)2 + (y — b)2 = c2 

2 2 2 and (x-b) + (y - a) =c touch each other 
then 
(a) a = b ± 2c 
(b) a = b ± V2~c 
(c) a = b ± c 
(d) None of these 
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MULTIPLE CHOICE -II 
Each question in this part has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

61. The equation of the circle which touches the 
x y 

axis of coordinates and the line — + . = 1 
3 4 

and whose centre lies in the first quadrant is 
2 , 2 

X + y -

equal to 
( a ) l 
(c)3 

• 2Xx - 2Xy + X = 0, where X is 

(b)2 
(d)6 

62. If P is a point on the circle x + y = 9, Q is 
a point on the line lx + y + 3 = 0, and the 
line x - y + 1 = 0 is the perpendicular 
bisector of PQ, then the coordinates of P are 

(a) (3, 0) 

(c) (0, 3) 

63. If a circle 

( h M 1 2 2 1 

72 21_ 
25 ' 25 (d) I -

I 
passes through the point 

and touches x + y = 1 and ^ . 
x - y = 1, then the centre of the circle is 
(a) (4, 0) (b) (4, 2) 
(c) (6, 0) (e) (7, 9) 64. The tangents drawn from the origin to the circle 

2 2 2 x+y -2px — 2qy + q = 0 are perpendicular if 
2 2 (b ) p = q (a )p = q 

(c )q = ~P (d) p2 

65. An equation of a circle touching the axes of 
coordinates and the line x cos a + y sin a = 2 
can be 
(a) x + y2 - 2gx -2gy + g2 = 0 

where g = 2/(cos a + sin a + 1) 

(b) x2 +y2 - 2gx-2gy + g=0 
where g = 2/(cos a + sin a - 1) 

(c) x2 + y - 2gx + 2gy + g2 = 0 
where g = 2/(cos a - sin a + 1) 

(d) x+y2 - 2gx + 2gy + g = 0 
where g = 2/(cos a - sin a — 1) 

66. Equation of the circle cutting orthogonally 
the three circles 

x2 + y2-2x+3y-7 = 0,x2 + y2 

and x +y2 + lx-9y + 29 
+ 5x - 5y + 9 = 0 

0 is 

67. 

68. 

(a)x2 + y2 - I6x- 18y - 4 = 0 
(b)jc2 + y 2 - 7 j c + l l y + 6 = 0 
(c) x2 + y2 + 2x — 8y + 9 = 0 
(d) None of these 
A line is drawn through a fixed point P (a, (3) 

2 2 2 
to cut the circle x + y = r at A and B, then 
PA. PB is equal to 
(a) ( a + |3)2 - r2 ( b ) a 2 + p 2 + r 2 

(c) ( a - P)2 + r (d) None of these 
If a is the angle subtended at P (x^ yj) by the 
circle 

S = x + y + 2gx + 2fy + c = 0, then 

(a) cot a = Js7 

(b) cot a/2 = 

2 4g2+f2-c (c) tan a = — 

(d) a = 2 tan - I 

69. The two circles 2 , 2 , , , x +y +ax = 0 and 
2 2 2 x + y =c touch each other if 

(a)a + c = 0 
/ \ 2 2 (c) a = c 

(b) a - c = 0 

(d) None of these 
70. The equation of a common tangent to the 

circles x + y2 + 14x - 4y + 28 = 0 and 
x2 + y2 — 14x + 4y - 28 = 0 is 
(a) x - 7 = 0 
(b) y — 7 = 0 
(c) 28x + 45y+ 371 = 0 
(d) lx-2y+ 14 = 0 

71, If A and B are two points on the circle 
2 2 

x + y - 4x + 6y - 3 = 0 which are farhest 
and nearest respectively from the point (7, 2) 
then 
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(a) A = (2 - 2 <2., - 3 - 2 V2) 
(b) A = (2 + 2 V2, - 3 + 2 V2) 
(C)B = (2 + 2 A / 2 , - 3 + 2 ^ 2 ) 
(d) B = (2 - 2 VI , - 3 + 2 <2 j 

72. The equations of four circles are 
2 2 2 (x + a) + (y ± a) = a . The radius of a circle 

touching all the four circles is 
( a ) ( V I - l ) a (b) 2 <2 a 
(b)(V2 + l ) a (d) (2 + <2)a 

2 2 
73. The equation of a circle Q is x + y = 4. The 

locus of the intersection of orthogonal 
tangents to the circle is the curve C2 and the 
locus of the intersection of perpendicular 
tangents to the curve C2 is the curve C3. Then 
(a) C3 is a circle 
(b) The area enclosed by the curve C3 is 871 
(c) C2 and C3 are circles with the same centre 
(d) None of these 

74. The equation of circle passing through (3, 
- 6 ) and touching both the axes is 
(a)x 2 + y 2 - 6 x + 6y + 9 = 0 

(b) x2 + y2 + 6x - 6y + 9 = 0 

(c) x2 + y2 + 30x - 30y + 225 = 0. 

(d) x + y2 - 30x + 30y + 215 = 0 
75. If a circle passes through the points of 

intersection of the coordinate axes with the 
lines Xx - y + 1 = 0 and x - 2y + 3 = 0, then 
the value of X is 
(a) 2 (b) 1/3 
(c) 6 (d) 3 

76. The equation of the tangents drawn from the 
origin to the circle 
x~ + y2 — 2rx — 2hy + h = 0, are 
(a) JC = 0 
(b) y — 0 
(c) (h2 - r2) .v - 2rhy = 0 

(d) (h2 - r2) x + 2rhy =-0 

77. Equation of a circle with centre (4, 3) 
2 2 

touching the circle x + y = 1 is 

(a) x2 + y2 - 8x - 6y — 9 = 0 

(b) x2 + ) 2 - 8x - 6y + 11 = 0 

( c )x + y 2 - 8x - 6 ) > - 1 1 = 0 

(d) a2 + y2 - 8.v - 6y + 9 = 0 

78. The equation of a tangent to the circle 
2 2 

x + y = 25 passing through ( - 2 ,11) is 
(a) 4x + 3y = 25 
(b) 3x + 4y = 38 
(c) 24x — 7y + 125 = 0 
(d) 7x + 24y = 230 

79. The tangents drawn from the origin to the 
2 2 2 circle x + y - 2 r x — 2hy + h = 0 are 

perpendicular if 
(a) h = r (b)h = -r 
(c) r2 + h2= 1 ( d ) r 2 = h2 

80. The equation of the circle which touches the 
x y 

axes of the coordinates and the line — + , = 1 
3 4 

and whose centre lies in the first quadrant is 
x+y2 - 2 cx - Icy + c2 = 0, where c is 
( a ) l (b) 2 
(c )3 (d) 6 

81. If the circle x2 + y2 + 2,?x + 2/y + c = 0 cuts 
2 2 each of the circles x + y - 4 = 0, 

x2 + y 2 - 6 x - 8 y + 1 0 = 0 and 
2 2 

x + y + 2x - 4y - 2 = 0 at the extremities of 
a diameter, then 
(a) c = - 4 
( b ) g + / = c - l 

(c) g2 — c = 17 
(d) gf— 6 

82. A line meets the coordinate axes in A and B. 
A circle is circumscribed about the triangle 
OAB. If m and n are the distances of the 
tangent to the circle at the origin from the 
points A and B respectively, the diameter of 
the circle is 

(a) m(m + n) (b) m + n 

(c) n (m + n) (d) ^(m + n) 

83. From the point A (0,3) on the circle 
x2 + 4x + (y - 3)2 = 0, a chord AB is drawn 
and extended to a point M, such that 
AM = 2AB. An equation of the locus of M is 

(a) x2 + 6x + (y - 2)2 = 0 

(b) x2 + 8x + (y - 3)2 = 0 

(c)x2 + y2 + 8 x - 6 y + 9 = 0 

(d) x2 + y2 + 6x — 4y + 4 = 0 
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84. If chord of the circle 
2 "> x + v - 4x - 2y - c - 0 is trisected at the 

points (1/3, 1/3) and (8/3, 8/3), then 
(a) c = 10 (b) c = 20 
(c) c = 15 (d) c2 - 40c + 400 = 0 

85. The locus of the point of intersection of the 
lines 

( l - t 2 ) A 2 at x = a\ ——r a n d y = r represents t 
[ 1 +12 J 1 + t 2 

being a parameter 
(a) circle (b) parabola 
(c) Ellipse (d) Hyperbola 

86. Consider the circles 

and 

C, =x2 +y2 — 2x - 4y - 4 = 0 

C2 = x2 + y2+ 2x + 4y + 4 = 0 

x + y - 6x - 4y — 3 = 0, then the other 
limiting point is 
(a) (2, 4) ( b ) ( - 5 , - 6 ) 
(c) (3, 5) (d) (-2, 4) 

88. Equation of the circle having diameters 
x - 2 y + 3 - 0 , 4x — 3y + 2 = 0 and radius 
equal to 1 is 

(a) (x - l)2 + (y — 2)2 = 1 

(b) (x - 2)2 + (y - l)2 = 1 

(c) x2 + y2 — 2x — 4y + 4 = 0 

(d) x2 + y2 — 3x — 4y + 7 = 0 
89. Length of the tangent drawn from any point 

of the circle x + y2 + 2gx + 2fy + c-0 to the 
•2fy + c 
(b) c 

circlex2 + y2 + 2gx + 2fy + d =0 , ( d > c ) i s 

and the line L = x + 2y + 2 = 0. Then 
(a) L is the radical axis of C, and C2 

(b) L is the common tangent of C\ and C2 

(c) L is the common chord of Ct and C2 

(d) L is perp. to the line joining centres of 
C] and C2 

87. If (2, 1) is a limiting point of a co-axial 
system of circles containing 

Practice 

(a) Vc^ai" 
(c) (d) V F s 

90. A region in the x-y plane is bounded by the 
curve y = V(25 - x2) and the line y = 0. If the 
point (a, a + 1) lies in the interior of the 
region then 
( a ) a e ( - 4 , 3 ) 

( b ) f l e ( - ° o , - i ) U ( 3 , o o ) 
(c) a e ( - 1 , 3 ) 
(d) None of these 

Test 
M.M. 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

I If point P (x, y) is called a lattice point if 
x,y e / . Then the total number of lattice 
points in the interior of the circle 

2 2 2 x +y = a , a 0 can not be 
(a) 202 (b) 203 
(c) 204 (d) 205 

2. The equation of the circle having its centre 
on the line x + 2y - 3 = 0 and passing 
through the points of intersection of the 
circles x2+y2 - 2x -4y + 1 = 0 and 

x2 +y2 - 4x - 2y + 1 = 0 is 

(a)x2+y2-6x + 7 = 0 

fbj x2 +y 2 - 3x + 4 = 0 

(c) x2 +y2 - 2x - 2y + 1 = 0 

(d) x2 +y2 + 2x - 4y + 4 = 0 
3. The locus of a centre of a circle which 

touches externally the circle 
x2 + y2 - 6x - 6y + 14 = 0 and also touches 
the y-axis is given by the equation 

(a) x - 6x - lOy + 14 = 0 

(b) x2 - lOx - 6y + 14 = 0 

(c) y2 - 6x - lOy + 14 = 0 

(d) y2 - lOx - 6y + 14 = 0 
4. lif{x+y)=f{x).f(y) for all x and y, f{\) = 2 

and a„ = f (n), n e N, then the equation of 
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the circle having (a1 ; a 2 ) and (a3, a4) as the 
ends of its one diameter is 
(a) (x - 2) (x - 8) + (y - 4) (y - 16) = 0 
(b) (x - 4) (x - 8) + (y - 2) (y - 16) = 0 
(c) (x - 2) (x - 16) + (y - 4) (y - 8) = 0 
(d) (x - 6) (x - 8) + (y - 5) (y - 6) = 0 

5. A circle of the co-axial system with limiting 
points (0, 0) and (1, 0) is 

(a)x2 +y 2 - 2x = 0 (b) x2 +y2 - 6x + 3 = 0 

( c )x 2 +y 2 = 1 (d) x2 +y2 - 2x + 1 = 0 
6. If a variable circle touches externally two 

given circles then the locus of the centre of 
the variable circle is 
(a) a straight line (b) a parabola 
(c) an ellipse (d) a hyperbola 

7. A square is inscribed in the circle 
x2 +y 2 - lOx - 6y + 30 = 0. One side of the 
square is parallel to y = x + 3, then one 
vertex of the square is 
(a) (3, 3) 
(b) (7, 3) 
(c) (6, 3 - V3) 
(d) (6, 3 + V3) 

8. The circles x 2 + / - 4 x - 8 1 = 0, 
2 2 

x+y + 2 4 x - 8 1 = 0 intersect each other 

Record Your Score 

at points A and B. A line through point A 
meet one circle at P and a parallel line 
through B meet the other circle at Q. Then 
the locus of the mid point of PQ is 

(a) (x + 5)2 + (y + 0)2 = 25 

(b) (x - 5)2 + (y - 0)2 = 25 

( c ) x 2 + y 2 + lOx = 0 

( d ) x 2 + y 2 - lOx = 0 
9. The locus of the mid points of the chords of 

2 2 
the circle x +y +4x - 6 y - 12 = 0 which 
subtend an angle of tc/3 radians at its 
circumference is 

(a) (x + 2)2 + ( y - 3)2 = 6-25 

(b) (x - 2)2 + (y + 3)2 = 6-25 

(c) (x + 2)2 + (y - 3)2 = 18-75 

(d) (x + 2)2 + (y + 3)2 = 18-75 
10. The point ([P +1], [P]), (where [.] denotes 

the greatest integer function) lying inside 
2 2 

the region bounded by the circle x +y - 2x 
- 15 = 0 and x2 +y2 - 1x - 7 = 0 then 
(a) P € [ - 1, 0) u [0, 1) u [1, 2) 
(b) P e [ - 1, 2) - {0, 1} 
(c) P 6 ( -1 , 2) 
(d) None of these 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice-I 

1. (a) 2. (a) 3.(b) 4. (c) 5. (b) 6. (a) 
7. (d) 8. (a) 9. (a) 10. (b) 11. (a) 12. (c) 

13. (a) 14. (a) 15. (c) 16. (b) 17. (d) 18. (c) 
19. (b) 20. (a) 21. (b) 22. (d) 23. (b) 24. (d) 
25. (b) 26. (a) 27. (b) 28. (c) 29. (c) 30. (d) 
31. (d) 32. (a) 33. (a) 34. (c) 35. (b) 36. (a) 
37. (c) 38. (a) 39. (d) 40. (c) 41. (b) 42. (b) 
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43. (c) 44. (a) 45. (d) 
49. (b) 50. (c) 51. (a) 
55. (b) 56. (d) 57. (b) 

Multiple Choice -II 
61. (a), (d) 62. (a), (d) 63. (a), (c) 
66. (a) 67. (d) 68. (b), (d) 
72. (a), (c) 73. (a), (c) 74. (a), (d) 
78. (a), (c) 79. (a), (b) 80. (a), (d) 
83. (b), (c) 84. (b), (d) 85. (a) 
89. (b) 90. (c) 

Practice Test 
1. (a), (b), (c) 2. (a) 3. (d) 
7. (a) (b) 8. (a) (c) 9. (a) 

46. (a) 47. (c) 48. (b) 
52. (c) 53. (b) 54. (b) 
58. (b) 59. (d) 60. (b) 

64. (a), (b), (c) 65. (a), (b), (c), (d) 
69. (a), (b), (c) 70. (b), (c) 71. (a), (c) 
75. (a), (b) 76. (a), (c) 77. (c), (d) 
81. (a), (b), (c), (d) 82. (b) 
86. (a), (c), (d) 87. (b) 88. (a), (c) 

4. (a) 5. (d) 6. (d) 
10. (d) 



24 
CONIC SECTIONS-PARABOLA 

§ 24.1 . Conic Sections 

It is the locus of a point moving in a plane so that the ratio of its distance from a fixed point (focus) to its 
distance from a fixed line (directrix) is constant. This ratio is known as Eccentricity (denoted by e). 

If e = 1, then locus is a Parabola. 
If e < 1, then locus is an Ellipse. 
If e > 1, then locus is a Hyperbola. 

1. Recognisation of Conies : 

The equation of conics represented by the general equation of second degree 
ax2 + 2hxy+ by2 + 2gx+2fy+ c = 0 ...(i) 

can be recognise easily by the condition given in the tabular form. For this, first we have to find discriminant 
of the equation. 

We know that the discriminant of above equation is represented by A where 
A = abc + 2 fgh - af2 -b^-ct? 

Case I : When A = 0, 
In this case equation (i) represents the Degenerate conic whose nature is given in the following table : 

Condition Nature of Conic 
A = 0 & ab-h2 = 0 A pair of st. parallel lines or empty set. 

A = 0 & ab-h2*0 A pair of intersecting straight lines. 

A = 0 & ab < h2 Real or Imaginary pair of straight lines. 

A = 0 & ab > h2 Point. 

Case I I : When A * 0, 
In this case equation (i) represents the Non-Degenerate conic whose nature is given in the following 

table: 

Condition Nature of conic 
A * 0 , h = 0,a= b a Circle 
A * 0, ab - h2 = 0 a Parabola 

A * 0 , ab - h2 > 0 an Ellipse or empty set. 

A * 0 , ab - h2 < 0 a Hyperbola 

A * 0, ab - h2 < 0 and a + b = 0 a Rectangular hyperbola. 

2. How to find the Centre of Conics : 

If S = ax2 + 2hxy+by^+ 2gx + 2fy+c = 0 
Partially Differentiating w.r.t. xand y we get 

H = 2ax + 2hy+2g,^ =2hx+2by+2f 
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o o 
^ = 2ax + 2hy+2g,^ = 2hx+2by+2f 

=> ax+hy+g= 0, hx+by+f=0 
solving these equations, we get the centre. 

(x ,y) = (xi , y i ) . 

§ 24.2. Parabola 

1. Standard form of Parabola : 

The general form of standard parabola is : y2 = 4ax, where 
a is a constant. 

2. Important Properties: 

(i) SP = PM and AS=AZ 
(ii) Vertex is at origin A = (0 , 0) 
(iii) Focus is at S = (a , 0) 
(iv) Directrix is x + a = 0 
(v) Axis is y = 0 (x-axis). 
(vi) Length of latus rectum 

= LL' = 4a 
(vii) Ends of the latus rectum are 

L = (a,2a) & L' (a, - 2a). 
(viii) The parametric equation is : x = at2 , y = 2at. 
Note : The other forms of parabola with latus rectum x' 

4a are. 
(i) y2 = - 4ax 

X'-

M 
P 

M J L 
II « 

+ K 

z A 

L' 

S (a, 0) axis 

r 

Fig. 24.1 
Y 

M 
o 

II M 

• 

c I 
* 

Sj(-a,0) J A z 

(ii) x2 =4ay 

\ S (0. a) J 
L'V / L 
\ N / 

\ / P 
\ 

A I 
I 
I 
I 
h 

y + a = 0 M 

Y' 
Fig. 24.3 

3. General equation of a parabola : 

(iii) x2 = - 4ay 
Y 

Fig. 24.2 

Let (a , b) be the focus S, and lx+ my+ n = 0 is the equation of the directrix. Let P (x, y) be any point on 
the parabola. Then by definition. 
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SP = PM 
-f. ~2 " TT Ix+my+n 

=> V - a) + ( y - br = . t o o 

.2 , . .2 ( l x+my+n ) 2 
=> ( x - a) + ( y - b) = ±—2 

I + rrf 
+ ^ y 2 - 2/mxy +xterm + y term + constant = 0 This is of the form 

(.mx-ly)2 + 2 g x + 2 / y + c = 0. 
This equation is the general equation of parabola. 
It should be seen that second degree terms in the general equation of a parabola forms a perfect 

square. 
Note : (i) Equation of the parabola with axis parallel to the x-axis is of the form x = Ay2 + By + C. 
(ii) Equation of the parabola with axis parallel to the y-axis is of the form y = Ax2 + Bx+ C. 

4. Parametric Equations of the Parabola y2 = 4ax 

The parametric equations of the parabola y2 = 4axare x = at2 , y= 2at, where f is the parameter. Since 
the point (at2 , 2at) satisfies the equation y2 = 4ax, therefore the parameteric co-ordiantes of any point on 
the parabola are (at2 , 2at). 

Also the point (at2 , 2at) is reffered as f-point on the parabola. 

5. Position of a Point (h, k) with respect to a Parabola y2 = 4ax 

Let P be any point (h, k). 
Now P will lie outside, on or inside the parabola according as (k2 - 4ah) > = < 0 . 

6. Parabola and a Line : 

Let the parabola be y2 = 4ax and the given line be y= mx+ c . 

Hence y = mx + —, m* 0 touches the parabola y2 = 4ax at [ ~ , — 
m y n t m 

7. Equation of the tangent 

The equation of the tangent at any point (xi , yi) on the parabola y2 = 4ax is 
yyi = 2a (x+x i ) 

2a Slope of tangent is — • (Note) 

Corollary 1 : Equation of tangent at any point't ' is 
ty = x + at2 

Slope of tangent is --

Corollary 2 : Co-ordinates of the point of intersection of tangents at 'fi ' and 'fc ' is {afi tz , a (fi + fc)} 
Corollary 3 : If the chord joining ' f i ' and 'f2 ' to be a focal chord, then fi tz = - 1. 

Hence if one extremity of a focal chord is (atf , 2afi), then the other extremity (at2 , 2afc) becomes 
(a_ 2a 

f t 2 ' " * 
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8. Equation of the Normal 

The equation of the normal at any point (xi , yi) on the parabola y2 = 4ax is 

y 
yi 

yi , 
yi = 

Slope of normal is - 2a 
Corollary 1 : Equation of normal at any point't ' is 

y = - tx + 2at + at3 

Slope of normal is - t. 
Corollary 2 : Co-ordinate of the point of intersection of normals at 7 i ' and 'tz ' is 

,{2a + a (fi2 + ti + fi t2), - a/i t2(h + t2)} 
Corollary 3 : If the normal at the point 'ft ' meets the parabola again at 'tz ' then 

tz = - fi - f -
fi 

9. Equation of the Normal in Terms of Slope 

y = mx - 2am - an? at 
the point (am2 , - 2am) 

Hence any line y = mx+ c will be a normal to the parabola if c = - 2am - am3. 

10. Equation of chord with mid point ( x i , yi) : 

The equation of the chord of the parabola y2 = 4ax, whose mid point be (xi , yi) is 
T = Si y 

where T = yyi - 2a (x+x i ) = 0 
and Si = y? - 4axi = 0 

11. Chord of contact 

If PA and PB be the tangents through point P(xi , yi) (Fig. Co. 22) 
to the parabola y2 = 4ax, then the equation of the chord of contact AB is p u , 

yy-i = 2 a ( x + x i ) or T = 0 (a tx i ,y i ) 

Fig. 24.5 

12. Pair of tangents 

If P (xi , yi) be any point lies outside the parabola y2 = 4ax, and a 
pair of tangents PA , PB can be draw to it from P, (Fig. Co. 23) then the 
equation of pair of tangents of PA & PB is 

SSi = T 2 

where S = y2 - 4ax = 0 
Si = y-f - 4axi = 0 

T = yyi - 2 a ( x + x i ) = 0. 

13. Pole and Polar 

Let P(x1 , yi) be any point inside or outside a parabola. Draw chords ABandA'B1 passing through P. 
as shown in Fig. Co. 19.7 (i), (ii) 
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If tangents to the parabola at A and B meet at Q(h, k), then locus of Q is called polar of P w.r.t. 
parabola and P is called the pole and if tangents to the parabola at A' and B meet at Q ' , then the straight 
line QQ' is polar with P as its pole. 

Hence equation of polar of P (xi , yi) with respect to y2 = 4ax is 
yyi = 2a (x+x i ) 

p (*i, y i ) P o l e 

Polar 

Fig. 24.7 
Corollary 1 : Locus of poles of focal chord is x + a = 0 i.e. directrix or polar of the focus is the directrix. 

Corollary 2 : Pole of the chord joining (xi , yi) and (x2 , y2) is , * 
^ 4a ' 2 

Corollary 3 : Any tangent is the polar of its point of contact. 
Properties of Pole and Polar: 

(i) If the polar of P(x1 , yi) passes through Q(X2,y2), then the polar of Q(X2,y2) goes through 
P(xi , y i ) , and such points are said to be conjugate points. 

(ii) If the pole of a line ax+ by+ c= 0 lies on the another line a ix+ b\y+ ci = 0 then the pole of the 
second line will lie on the first and such lines are said to be conjugate lines. 

14. Diameter: 

The locus of the middle points of a system of parallel chords is called a diameter. 

If y= mx+c represent a system of parallel chords of the parabola y2 = 4ax then the line y = ~ is the 

equation of the diameter. 

15. Reflection Property of a Parabola : 

The tangent and normal of the parabola y2 = 4ax at P are the internal & external bisectors of Z SPM and 
BP is parallel to the axis of parabola & 

Z BPN = Z SPN. 
Y , 
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MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. If P and Q are the points (atx , 2at{) and 

(at2 . 2at2) and normals at P and Q meet on 

the parabola y = 4ax, then txt2 equals 

(a) 2 (b) - 1 
( c ) - 2 (d) - 4 

2. The locus of the points of trisection of the 
double ordinates of the parabola y = 4ax is 
(;a)y' = ax (b) 9 / = 4ax 

(c) 9y = ax (d) y - 9ax 
3. If the tangents at P and Q on a parabola meet 

in T, then SP, ST and SQ are in 
(a) A.P. (b) G.P. 
(c)H.P. (d) None of these 
If the normals at two points P and Q of a 
parabola y = 4ax intersect at a third point R 
on the curve, then the product of ordinates of 
P and Q is 
(a) 4a2 (b) 2a2 

(c) - 4a2 (d) 8a2 

5_ The point (— 2m, m + 1) is an interior point of 
the smaller region bounded by the circle 

2 2 2 x + y = 4 and the parabola y = 4x. Then 
m belongs to the interval 
(a) - 5 - 2 V6 < m < 1 
(b) 0 < m < 4 
, , , 3 (c) - 1 < m < ~ 

(d) - 1 < m < - 5 + 2 VfF 

6. AB, AC are tangents to a parabola v = 4ax, 
Pi'Pi'Pi a r e 'he lengths of the 
perpendiculars from A,B,C on any tangent 
to the curve, then p2,px , p3 are in 

(a) A.P. (b) G.P. 
(c)H.P. (d) None of these 

7. If the line y - VTx + 3 
= 0 cuts the parabola 

y = x + 2 at A and B, then PA .PB is equal to 
[where P = (V3~, 0)] 
(a) 

4 (V3~+ 2) 
3 (b) 

4 (2 - VT) 

(c) 
4V3" 

(d) 
2(V3~+2) 

2 3 
8. The normals at three points P, Q, R of the 

parabola y = 4ax meet in (h, k). The 
centroid of triangle PQR lies on 
(a) x = 0 (b) y = 0 
(c)x = -a (d)y = a 

9. If tangents at A and B on the parabola 
y = 4ax intersect at point C then ordinates 
of A, C and B are 
(a) Always in A.P. (b) Always in G.P. 
(c) Always in H.P. (d) None of these 

10. The condition that the parabolas 
2 2 y =4c[x- d) and y = 4ax have a 

common normal other then x-axis 
(a > 0, c > 0) is 
(a) 2a < 2c + d (b) 2c < 2a + d 
(c) 2d < 2a + c (d) 2d < 2c + a 

11. A ray of light moving parallel to the x-axis 
gets reflected from a parabolic mirror whose 
equation is (y — 2) = 4 ( x + l ) . After 
reflection, the ray must pass through the 
point 
(a) (-2, 0) 
(c) (0, 2) 

(b) ( -1 ,2 ) 
(d) (2, 0) 

12. If the normals at three points, P, Q, R of the 
parabola y = 4ax meet in a point O and S be 
its focus, then I SP i . I SQ I . ISR I = 
(a) a2 (b) a (SO? 

(c) a (SO? (d) None of these 
13. The set of points on the axis of the parabola 

y - 4x - 2y + 5 = 0 from which all the three 
normals io the parabola are real is 
(a) (k, 0),k>\ (b) (k, 1); k> 3 . 
(c) (k, 2); k> 6 (d) (k, 3); k > 8 

14. The orthocentre of a triangle formed by any 
three tangents to a parabola lies on 
(a) Focus (b) Directrix 
(c) Vertex (d) Focal chord 
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15. The vertex of a parabola is the point (a, b) 
and latus rectum is of length I. If the axis of 
the parabola is along the positive direction of 
y-axis then its equation is 

(a)(x-af = ^(y-2b) 

(b )(x-a)2 = ^(y-b) 

(c )(x-a)2=l(y-b) 
(d) None of these 

16. The equation 

V ( x - 3 ) 2 + ( j ' - l ) 2 + V(x+3) 2 + (>'- l)2 = 6 
represents 
(a) an ellipse 
(b) a pair of straight lines 
(c) a circle 
(d) a straight line joining the point ( - 3, 1) 

to the point (3, 1) 
17. The condition that the straight line 

lx+my + n = 0 touches the parabola x = 4ay 
is 

2 2 (a) bn = am (b) al - mn = 0 
2 2 (c) In = am (b) am = In 

18. The vertex of the parabola whose focus is 
(-1, 1) and directrix is 4x + 3y - 24 = 0 is 
(a) (0, 3/2) (b) (0, 5/2) 
(c) (1,3/2) (d) (1,5/2) 

19. The slope of a chord of the parabola y = 4ax, 
which is normal at one end and which 
subtends a right angle at the origin, is 
( a ) l /<2 (b) \<T 
(c) 2 (d) None of these 

20. Let a be the angle which a tangent to the 
parabola y = 4ax makes with its axis, the 
distance between the tangent and a parallel 
normal will be 

2 2 2 (a) a sin a cos a (b) a cosec a sec a 
2 2 (c) a tan a (d) a cos a 

21. If (a, b) is the mid-point of chord passing 
through the vertex of the parabola y = 4x, 
then 
(a) a = 2b (b) 2a = b 
(c) a2 = 2b (d) 2a = b2 

22. The equation to the line touching both the 
2 2 parabolas y = 4x and x = - 32y is 

(a) x + 2y + 4 = 0 (b) 2x + )' - 4 = 0 
(c)x-2y-4 = 0 (d) x — 2y+ 4 = 0 

23. The normal at the point (at , 2at) on the 
parabola y = 4ax cuts the curve again at the 
point whose parameter is 

( a ) - 1 / t ( b ) - ^ f + y j 

( c ) - 2 1 + -{ (d )t + ~ 

24. If >>], y2 are the ordinates of two points 
P and Q on the parabola and y3 is the 
ordinate of the point of intersection of 
tangents at P and Q then 
(a) y\> yi< y?> a r e i n A P - (b) >1, y?,, yi are in A.P. 
(c) y,, y2, y3 are in G.P. (d) yx, y3, y2 are in G.P. 

2 2 

25. The equation ax + 4xy +y +ax + 3y + 2 = 0 
represents a parabola if a is 
( a ) -4 (b)4 
(c) 0 (d) 8 

26. The Harmonic mean of the segments of a 
focal chord of the parabola y = 4ax is 
(a) 4a (b) 2a 

2 (c) a (d) a 
27. A double ordinate of the parabola y = 8px is 

of length 16p. The angel subtended by it at 
the vertex of the parabola is 
(a) 7t/4 (b) TT/2 

(c) 71 (d) 71/3 

28. The set of points on the axis of the parabola 
y = 4x + 8 from which the 3 normals to the 
parabola are all real and different is 
(a) {(*,0) :k<-2) (b) {(it, 0 ) : k>-2] 
(c) {((), k): k>-2) (d) None of these 

29. If y + b = OT, (x + a) and y + b = m2 (x + a) 
arc two tangents to the parabola y = 4ax then 
(a) m | + m2 = 0 (b) mtm2 = 1 • 
(c) m j m2 = — I (d) None of these 

30. The length of Ihc latus rcctum of the parabola 
169 {(x ! ) 2 + ( Y - 3 ) 2 } = (5JC- 1 2 y + 1 7 ) 2 i s 

(a) 14/13 (b) 12/13 
(c) 28/13 (d) None of these 
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31. The points on the axis of the parabola 
2 

3y + 4y - 6x + 8 = 0 from when 3 distinct 
normals can be drawn is given by 

(a)[ 

(b) | 

(c)f 

a, ^ |; a > 19/9 

2 19 

1 ^ 7 
a'3]'a>9 

34. 

32. 
(d) None of these 
Let the line Ix + my = 1 cut the parabola 
y = 4ax in the points A and B. Normals at A 
and B meet at point C. Normal from C other 
than these two meet the parabola at D then 
the coordinate of D are 

., , f 4am 4a 
(b) 

is x0 (X0 G [1, 2]), the y-axis and the straight 
line y = x0 has the greatest area if x0 = 
(a)0 (b ) l 
(c) 2 'Cd) 3 

2 
If the normal at P 'f' on y = 4ax meets the 
curve again at Q, the point on the curve, the 
normal at which also passes through Q has 
co-ordinates ( , ). 

2a 2a ^ (a) 

(c) 

t 
4 a 

t 
4a 
t (d) 

4a 
t2 

4a 
t2 

2a 
t 

8a 
t 

35. 

(a) (a, 2a) 

(c) 
2 am 
~ T 

la 
I (d) 

V r 
4 am 

12 

I 

4 am 
~T 

33. The triangle formed by the tangent to the 
2 

parabola y = x at the point whose abscissa 

Two parabolas C and D intersect at two 
different points, where C is y = x - 3 and D 
is y = kx'. The intersection at which the x 
value is positive is designated point A, and 
x = a at this intersection, the tangent line I at 
A to the curve D intersects curve C at point 
B, other than A. If x- value of point B is 1 then 
a = 
(a) 1 (b) 2 
(c)3 (d) 4 

MULTIPLE CHOICE -II 
Each question in this part has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s): 

36. Consider a circle with its centre lying on the 
focus of the parabola y = 2px such that it 
touches the directrix of the parabola. Then a 
point of intersection of the circle and the 
parabola is 

E (a) f . P 

(c) 2 ' 

(b) 

(d) 

2 ' 

2 * 

37. The locus of point of intersection of tangents 
to the parabolas y = 4 ( x + l ) and 
y = 8 (x + 2) which are perpendicular to each 
other is 
(a) x + 7 = 0 (b) x — y = 4 
(c) x + 3 = 0 (d) y — x = 12 

38. The equation of a locus is 
y2 + 2ax + 2by + c = 0. Then 
(a) it is an ellipse 

(b) it is a parabola 
(c) its latus rectum = a 
(d) its latus rectum = 2a 

39. The equation of a tangent to the parabola 
y = 8x which makes an angle 45 with the 
line y = 3x + 5 is 
(a) 2x + y + 1 = 0 (b) y = 2x + 1 
(c) x — 2y + 8 = 0 (d) x + 2y - 8 = 0 

The normal y - nvx — 2am - arn to the 
2 

parabola y =4ax subtends a right angle at 
the vertix if 
(a) m = 1 (b) m = \r2 

1 
(c) m = - V2 (d) m = 

<2 
41. The straight line x + y = k touches the 

paraboa y = x — x2 if 
(a) k = 0 (b) k = - 1 

~(c) k = 1 (d) k takes any value 
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42. A tangent to a parabola y = 4ax is inclined at 
71/3 with the axis of the parabola. The point 
of contact is 
(a) (a/3 - 2a/-IT) (b) (3a, - 2 -ITa) 
(c) (3a, 2 -IT a) (d) (a/3, 2a/-IT) 

43. If the normals from any point to the parabola 
x =4y cuts the line y = 2 in points whose 
abscissae are in A.P., then the slopes of the 
tangents at the three conormal points are in 
(a) A.P. (b) G.P. 
(c) H.P. (d) None of these 

44. If the tangent at P on y2 = 4ax meets the 
tangent at the vertex in Q, and S is the focus 
of the parabola, then Z.SQP = 
(a) TC/3 (b) rc/4 
(c) 7t/2 (d) 27t/3 

2 

45. A focal chord of y = 4ax meets in P and Q. 

If S is the focus, then + — r̂ = 
( a , i a (b) 

(c) - (d) None of these 
a 

46. The diameter of the parabola y2 = 6x 
corresponding to the system of parallel 
chords 3x - y + c = Q, is 
(a) y - 1 = 0 (b) y - 2 = 0 
(c) y + 1 = 0 (d) y + 2 = 0 

Let PQ be a chord of the parabola y2 = 4x. A 
circle drawn with PQ as a diameter passes 
through the vertex V of the parabola. If Area 
of APVQ = 20 unit^then the co-ordinates of P 
are 
(a) ( -16 , -8 ) (b) (-16, 8) 
(c) (16, -8 ) (d) (16, 8) 

48. A line L passing through the focus of the 
parabola y = 4 (x — 1) intersects the parabola 
in two distinct points. If 'm' be the slope of 
the line L then 
(a) m e ( - 1 , 1) 
(b) m e ( - oo, - l ) u ( l , ° o ) 
(c) m e / ? 
(d) None of these 

49. The length of the latus rectum of the.parabola 
x = ay2 + by + c is 
(a) a / 4 (b) a / 3 
(c) 1 /a (d) l / 4 a 

50. P is a point which moves in the x-y plane 
such that the point P is nearer to the centre of 
a square than any of the sides. The four 
vertices of the square are ( ± a , ± a ) . The 
region in which P will move is bounded by 
parts of parabolas of which one has the 
equation 

(a) y2 = a + 2 ax (b) x = a + 2ay 
2 2 (c)y + 2 ax = a (d) None of these 

Practice Test 
M.M : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

1. If the normals from any point to the 
parabola x = 4y cuts the line y = 2 in 
points whose abscissae are in A.P., then the 
slopes of the tangents at the three 
co-normal points are in 
(a) A.P. (b) G.P. 
(c) H.P. (d) None of these 

2. The coordinates of the point on the 
2 parabola y = 8x, which is at minimum 

2 2 distance from the circle x + (y + 6) 1, 
are 
(a) (2, - 4) (b) (18, - 12) 
(c) (2, 4) (d) None of these 

3. The figure shows the graph of the parabola 
y = ax + bx + c then 
(a) a > 0 (b) 6 < 0 

,2 (c)c > 0 (d) b - Aac > 0 
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4. The equation of the parabola whose vertex 
and focus lie on the axis of x at distances a 
and cij from the origin respectively is 

2 
(a)y = 4 (ax - a) x 

2 

(b)y = 4 (a1 -a) (x -a) 
2 (c) y = 4 (a1-a) (x - a ^ 

(d) None of these 
2 

5. If (a , a - 2) be a point interior to the region 

of the parabola y = 2x bounded by the 
chord joining the points (2, 2) and (8, -4) 
then P belongs to the interval 
( a ) - 2 + 2 V 2 " < a < 2 
(b) a > - 2 + 2 V2" 
(c) a > - 2 - 2 V2~ 
(d) None of these 

6. If a circle and a parabola intersect in 4 
points then the algebraic sum of the 
ordinates is 
(a) proportional to arithmatic mean of the 

radius and latus rectum 
(b) zero 
(c) equal to the ratio of arithmatic mean and 

latus rectum 
(d) None of these 

2 

7. If the normal to the parabola y = 4ax at 
the point (at , 2at) cuts the parabola again 
a t (aT2, 2aT) then 

Record Your Score 

(a) - 2 < T < 2 
(b) T € ( - - 8) u (8, 

(c) T2 < 8 

(d) T2 > 8 
8. P is the point ' t ' on the parabola y = 4ax 

and PQ is a focal chord. PT is the tangent 
at P and QN is the normal at Q. If the angle 
between PT and QN be a and the distance 
between PT and QN be d then 
(a) 0 < a < 90° 
(b) a = 0° 
(c) d = 0 

1 (d) d = a VT + t2 + 
VT + t 

Q 2 2 
^ For parabola x + y + 2xy - 6x - 2y + 3 

the focus is 
(a) (1, - 1) (b) ( - 1,1) 
(c) (3, 1) (d) None of these 

10. The latus rectum of the parabola 

0, 

x = at2 + bt + c,y = a't2 + b't + c' is 

(a) 

(c) 

(aa' - bb' f 
, 2 ,2,3/2 (a +a ) 

(bb' - aa')2 

(b2
 + b'2)3/2 

(b) 

(d) 

(ab' - a'b f 
, 2 , ,2,3/2 (a + a ) 
(a'b - ab')2 

(ib2 + b'2)3/2 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice -I 

1. (a) 2. (b) 
7. (a) 8. (b) 

13. (b) 14. (b) 
19. (b) 20. (b) 
25. (b) 26. (b) 
31. (b) 32. (d) 

3. (b) 4. (d) 
9. (a) 10. (a) 

15. (b) 16. (d) 
21. (d) 22. (d) 
27. (b) 28. (d) 
33. (c) 34. (c) 

5. (d) 6. (b) 
11. (c) 12. (c) 
17. (b) 18. (d) 
23. (b) 24. (b) 
29. (c) 30. (c) 
35. (c) 
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Multiple Choice -II 
36. (a), (b) 37. (c) 38. (b), (d) 39. (a), (c) 40. (b), (c) 41. (c) 
42. (a), (d) 43. (b) 44. (c) 45. (a) 46. (a) 47. (c), (d) 
48. (d) 49. (c) 50. (a), (b), (c) 

Practice Test 

M b ) 2. (a) 3. (b.) (c), (d) 4.(b) 5. (a) 6. (b) 
7. (d) 8. (b) 9. (d) 10. (b) 



ELLIPSE 

1. Standard form of an Ellipse : 
x2 v2 

The general form of standard ellipse is : — + = 1 (a > b), where a & b are constants. Fig. 1. 
a b 

2. Important properties : 

(i) SP = ePM and AS = e AZ 
(ii) Co-ordinate of centre C (0, 0) 
(iii) AA' = 2a is the Major axis of the ellipse. 
BB = 2b is the Minor axis of the ellipse. 
(iv) Co-ordinates of vertices A and A' are 

(± a , 0). 
Extremities of minor axis B and B' are (0, ± b). 
(v) Relation in a , b & e is b2 = a2 (1 - e2) 
(vi) Co-ordinates of the foci S and S ' are 

(± ae, 0 ) . 

(vii) Co-ordinates of the feet of directrices are 
(± a/e, 0) 

(viii) Equation of directrix x = ± a/e. 

(ix) Equation of latus rectum x=±ae and length LL' = L1/.1' = 

B' (0, - b) 
Directrix 

b 

Fig. 2 

. (x) Ends of the latus rectum are L 

(xi) Focal radii: SP - a - ex and S'P = a+ ex 
SP + S'P = 2a = Major axis. 

f b2) , L' f b2) , Li 
/ tT and L'i b2) ae, — , L' ae, - — , Li - ae and L'i - ae ,- — I a J I a J , Li 
K a and L'i 

a ) 
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Note : Another form of ellipse is 

4 + 4 = 1 

a b 
AA ' = Minor axis = 2a 
BB' = Major axis = 2b 
& a2 = b2( 1 - e2) 

2a2 
Latus rectum LL' = L1L1' = 

3. General Equation of an Ellipse : 

Let (a, b) be the focus S, and lx + my+ n= 0 is the equation of directrix. 
Let P(x , y) be any point on the ellipse. Then by definition. 

=> SP = e PM (e is the eccentricity) 
,2 „ , ,2 2 (lx+my+n)2 

=> (x-a) + ( y - bf = e  1— ' 
{I2 + m2) 

(/2 + m2) { ( x - a)2 + ( y - b)2} = e2 (lx + my + n)2 . 

F(*,y) 

axis 

4. Parametric Equation of the Ellipse : 
S (a, b) 

4 . 4 = 1 are Fig. 3 

M 

The parametric equations of the ellipse , 
a 

x = a cos <)>, y.= b sin <|>, where 0 is the parameter. Since the point (a cos 0 , b sin 0) satisfies the equation 

therefore the parametric co-ordinates of any point on the ellipse is (a cos 0 , b sin 0) also the 
a" fcf 
point (a cos 0 , b sin 0) is reffered as 0 -point on the ellipse 0 e [0, 2it). 

5. Auxiliary Circle and Eccentric angle : 

The circle described on the major axis of an ellipse as diameter is 
called its auxiliary circle. (Fig. 4) 

The equation of the auxiliary circle is A' 
x2 + y2 = a2 

.-. Q = (a cos 0 , a sin 0) and P = (a cos 0 , b sin 0) 
0 = eccentric angle. 

6. Point and Ellipse : 

The point P ( x i , y i ) lies out side, on or inside the ellipse 
X 2 

"2 + a b 
2 2 

Si = ~~ + - 1 > 0, = 0, < 0. 
a2 b 

Fig. 4 

7. Ellipse and a Line : 

x2 v2 
Let the ellipse be + = 1 and the given line be y = mx+ c. 

a b 
Solving the line and ellipse we get 
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>£_ (mx+cf _ 
a2 fa2 

i.e., (a^m2 +1?) £ + 2mca2x + a2 - b2) = 0 
above equation being a quadratic in x 

discriminant = 4m2c2a4 - 4a2 ( a W + fa2) (c2 - fa2) 
= - fa2 {c2 - (a2™2 + fa2)} 
= fa2{(a2m2 + fa2) - c2} 

Hence the line intersects the parabolas in 2 distinct points if a2rrP + fa2 > c 2 , in one point if 
d2 = a W + fa2 , and does not intersect if a W +fa2 < <?. 

y = mx ± + fa2) touches the ellipse and condition for tangency 
c2 = a2™2 + fa2. 

Hence y = mx ± ^{a2rr? + fa2) , touches the ellipse ^ + ^ = 1 at 
± a2m ± fa2 

^a 2rrf + fa2 ' ^ a 2 m 2 + fa2 

Corollary 1 : x cos a + y sin a = p is a tangent if p2 = a2 cos2 a + fa2 sin2 a . 
Corollary 2 : lx+ my+ n = 0 is a tangent if n2 = a2/2 + fa2^2 . 

8. Equation of the Tangent: 

x2 y2 . . xxi yyi . 
+ „ = 1 is —r- + o = 1-(i) The equation of the tangent at any point (xi , yi) on the ellipse - , - . . 

a fa a b 

Slope of tangent is - , (Note) 
aryi 

(ii) the equation of tangent at any point '<(>' is 
x - COS w . , a Y fa 

Slope of tangent is — — cot 0 . a 

x v — cos d> + -f sin <t> = 1. 

9. Equation of the Normal: 

x2 
rmol sat an\/ r»r\int ( Vi \ r»n tho ollinco _u ^ x2 y2 

(i) The equation of the normal at any point (xi , yi) on the ellipse — + ^ = 1 is 

a2x fa2y 2 = a - tr xi yi 
(ii) The equation of the normal at any point '(j)' is 

ax sec <{> - fay cosec ty = a2 - b2 

10. Equation of Chord Joining two Points i.e., P(9) and Q (<j>) is : 

x f i + 6 ) y . f 9 + 0 ^ - cos — + f sin „ T = cos I r 
a { 2 J fa""| 2 ] — [ 2 

11. Equation of Chord with Mid point ( x i , yi) : 

x2 v2 
The equation of the chord of the ellipse + 2 = 1 • whose mid point be (xi , yi) is 

a tr 

where 7 ^ ^ + ^ - 1 = 0 

7 = Si 
xxi 
a2 ^ fa2 
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S 1 . 4 + 4 _ 1 = o 
a2 b2 

12. Chord of Contact: 

x2 v2 
If PA and PB be the tangents through point P ( x i , yi) (Fig. 5) to the ellipse — + ^ = 1 , then the 

a t r 
equation of the chord of contact AB is 

XX1 

a2 ' tf 
^ + ^ = 1 or T = 0 (a tx i , yi) 

13. Pair of Tangents : 

If P ( x i , yi) be any point lies outside the ellipse 4 * 4 - i . 
and a pair of tangents PA , PB can be drawn to it from P. 

then the equation of pair of tangents of PA & PB is 
SSi = T2 

x? v? 
where + 

a2 b 

a2 b2 Fig. 6 

14. Pole and Polar : 

Let P (xi , yi) be any point inside or outside the ellipse. Draw chords AB and A 'B passing through P, 

(h, k) Q 

Fig. 7 
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If tangents to the ellipse at A and B meet at Q {h , k), then locus of Q is called polar of P w.r.t. ellipse 
and P is called the pole and if tangents to the ellipse at A' and B' meet at Q', then the straight line QQ' is 

x2 f t to ^ + ^ = 1 is polar with P as its pole. Hence equation of polar of P (xi , yi) with respect I 
t? 

yyi 1 

a2 b2 

Corollary: The polar of any point on the directrix, passes through the focus. 

15. Diameter: 
The locus of the middle points of a system of parallel chords is called a diameter. 

a2 ti 
b2 

If y = m x + c represent a system of parallel chords of the ellipse ^ + ^ = 1 then the line 

ePm 
x is the equation of the diameter. 

16. Conjugate Diameters: 

Two diameters are said to be conjugate when 
each bisects ali chords parallel to the other. If 
y = mx & y = mixbe two conjugate diameters of an 

£2 
ellipse then mm\ = - - r -

a 
Conjugate diameters of circle i.e. AA' & BB are 

perpendicular to each other. Hence conjugate 
diameters of ellipse are PP' and DD'. 

Hence angle between conjugate diameters of 
ellipse > 90'. 

Now the co-ordinates of the four extremities of two 
conjugate diameters are 

P(a cos <(>, bs in <(>), P' ( - a cos $ , - b sin <(>) 
D ( - a sin <j>, b cos (j>), D' (a sin $ , - b cos <)>) 

17. Director Circle: 

j(2 
The locus of the point of intersection of the tangents to an ellipse - r 

a 
to each other is called Director circle. 

x2 f Hence the equation of director circle of the ellipse - r + ^ = 
a tr 

f + f = a2 + b 2 . 

4 = 1 which are perpendicular 
tr 

1 is 

18. Important Conditions of an Ellipse : 

(i) If a , p , y , 5 be the eccentric angles of the four concyclic points on an ellipse then 
a + p + y + 8 = 2rm, ne I. 

(ii) If eccentric angles of feet P, Q, R, S of these normals be a , p , y , 8 then 
a + P + y + 5 = (2n + 1) n , n e I 

(iii) The necessary and sufficient condition for the normals at three a , p , y points on the ellipse to be 
concurrent if 

sin (P + y) + sin (y + a) + sin (a + P) = 0. 
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Reflected ray 

19. Reflection Property of an Ellipse : 

If an incoming light ray passes through one focus (S) strike the concave side of the 
reflected towards other focus (S ' ) & Z SPS' = Z SQS'. 

ellipse then it will get 

Fig. 9 

MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. Let P be a variable point on the ellipse 
2 2 

+ 2- = \ w i th foci at S and 5'. If A be 
25 16 
the area of triangle PSS*, then the maximum 
value of A is 
(a) 24 sq. units (b) 12 sq. units 
(c) 36 sq. units (d) None of these 

2. The area of a triangle inscribed in an ellipse 
bears a constant ratio to the area of the 
triangle formed by joining points on the 
auxiliary circle corresponding to the vertices 
of the first triangle. This ratio is 
(a) b/a (b) 2a/b 
(c) cf/b2 (d) b2/a2 

3. The line Ix + my + n = 0 is a normal to the 
2 1 

ellipse ^ + = 1 if 
a b 

(a)-
m 

b 
+ — = r 

(az~br 

,, v (I (b)— + 

a' 
m 

b2 

(c) — - — = 
/" iii-

id) None of these 

(a2-l>2)2 

II 

The equation 
4-a 

= 1 represents 
1 0 - a 

an ellipse if 
(a) a < 4 (b) a > 4 
(c) 4 < a < 10 (d) a > 10 

5. The set of values of a for which 

(13.x- l)2 + ( 1 3 y - 2)2 = a (5.v + 1 2 y - 1): 

represents an ellipse, is 
(a) 1 < a < 2 
(b) 0 < a < 1 
(c) 2 < a < 3 
(d) None of these 

6. The length of the common chord of the 

ellipse = 1 and the ( • v - i r ( y - 2 ) -
9 4 

circle (.v - 1)" + ( y - 2)" = 1 is 
(a) zero (b) one 
(c) three (d") eight 

7. If CF is the perpendicular from the centre C 

of the ellipse = 1 on the tansrent at 

any point P. and G is the point when the 
normal at P meets the major axis, -then 
CF.PG = 
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(a) a 

(c )b2 

(b) ab 
(d ) b 3 

8. Tangents are drawn from the points on the 
line x - y - 5 = 0 to x + 4y2 = 4, then all 
the chords of contact pass through a fixed 
point, whose coordinate are 

(a) 

(b) 

W l 7 - - T 

(d) None of these 
9. An ellipse has OB as semi-minor axis. 

F and F' are its focii and the angle FBF' is 
a right angle. Then eccentricity of the ellipse 
is 
(a) 1/VT (b) 1/2 
(c) 1 /Vf (d) None of these 

10. The set of positive value of m for which a line 
with slope m is a common tangent to ellipse 

2 2 x y 2 —r + ^ r = 1 and parabola y = 4ax is given 
a b 
by 
(a) (2,0) 
(c)(0, 1) 

11. The eccentricity of the ellipse 
ax2 + by2 + 2fx + 2gy + c = 0 if axis of 
ellipse parallel to x-axis is 

(b)(3, 5) 
(d) None of these 

(a) W 
(b) 

(c) 

+ b 

+ b 

(d) None of these 
12. The minimum length of the intercept of any 

2 2 

tangent on the ellipse L. _ = 1 between 

the coordinate axes is 
(a) 2a (b) 2b 
(c )a-b (d )a + b 

13. If CP and CD are semi-conjugate diameters 
2 2 

of the ellipse ^ + ^ = 1, then CP2 + CD2 = 
a b 

(a) a + b 
(c) a2 - b1 

(b) a2+b2 

(d) 4a2 + b2 

14. A man running round a race course notes that 
the sum of the distances of two flag-posts 
from him is always 10 metres and the 
distance between the flag-posts is 8 metres. 
The area of the path he encloses in square 
metres is 
(a) 15:t (b) 12n 
(c) 187t (d) 8it 

15. If the normal at the point P (<(>) to the ellipse 

= 1 intersects it again at the point 
14 5 
Q (2<()), then cos <j) is equal to 

2 
3 
3 

(a)-

(c); (d) —: 

16. If a and P are eccentric angles of the ends of 
2 2 x y 

a focal chord of the ellipse —z + ^ = ' > then 

a P . tan — tan ^ is equal to 

(a) 

(c) 

1 - e 
1+e 
e+1 
e-1 

(b) 

(d) 

e - 1 
e+ 1 
e-1 
e + 3 

17. The eccertricity of an ellipse 
2 

= 1 
a" tf 

whose latusrectum is half of its minor axis is 

(a) 
1 

12 

( c ) T 

(b) VT 
(d) None of these 

18. The distances from the foci of P (a , b) on the 
2 2 

ellipse + = 1 are 

( a ) 4 ± | b 

( b ) 5 ± j a 
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(c)5 ±~b 

(d) None of these 
19. If the normal at an end of a latus rectum of 

2 2 x y 
the ellipse —2 + 2 = 1 passes through one 

a b 
extremity of the minor axis, then the 
eccentricity of the ellipse is given by 
(a) e4 + e1 - 1 = 0 
(b) e2 + e — 4 = 0 
(c)e = <2 
(d) e = 3je 

20. If A and B are two fixed points and P is a 
variable point such that PA + PB = 4, the 
locus of P is 
(a) a parabola 
(b) an ellipse 
(c) a hyperbola 

(d) None of these 
21. The area of the parallelogram formed by the 

tangents at the ends of conjugate diameters of 
an ellipse is 
(a) constant and is equal to the product of the 

axes 
(b) can not be constant 
(c) constant and is equal to the two lines of the 

product of the axes 
(d) None of these 

22. If C be the centre of the ellipse 
2 2 9x + 16v = 144 and S is one focus, the ratio 

of CS to major axis is 
(a) VT: 16_ (b) : 4 
(c) < 5 : VT (d) None of these 

23. The centre of the ellipse 
(JC + y - 2 ) 2 (x - Y ) 2 , . 

(a) (0, 0) 
(c) (0, I) 

(b)(1, 1) 
(d) (1, 0) 

24. The radius of the circle passing through the 
2 2 

JC y foci of the ellipse T7 + "ir = 1. and having its 
16 9 

centre (0, 3) is 
(a) 4 
(c) V12 

(b) 3 
(d) 7 / 2 

25. The length of the latus rectum of an ellipse is 
one third of the major axis, its eccentricity 
would be 
(a) 2/3 (b) 1/V3" 
(c) 1/V2 (d) <273 

26. If the length of the major axis of an ellipse is 
three times the length of its minor axis, its 
eccentricity is 
(a) 1/3 (b) 1/V3~ 
(c) 1/V2" (d) 2 / V 2 / 3 

27. An ellipse is described by using an endless 
string which is passed over two pins. If the 
axes are 6 cm and 4 cm, the necessary length 
of the string and the distance between the 
pins respectively in cms. are 
(a) 6, 2 <5 
(b) 6, V5 
(c) 4, 2 V J 
(d) None of these 

28. The locus of mid-points of a focal chord of 
2 2 

JC y 
the ellipse — + = 1 is 

a b 
2 2 , . x v ex 

( a ) — + — = — 
a b2 a 

•> 2 x e x 
(b) — - ^ = — 

a b2 a 
/ V 2 2 2 , 2 (c).v +y =a + b 
(d) None of these 

29. The locus of the point of intersection of 
2 2 

tangents to the ellipse + which 
a' b~ 

meet at right angles, is 
(a) a circle 
(b) a parabola 
(c) an ellipse 
(d) a hyperbola 

30. The number of real tangents that can be 
2 1 

drawn to the ellipse 3.v + 5y" = 32 passing 
through (3, 5) is 
(a) 0 ( b ) l 
(c)2 (d)4 

31. Equation to the ellipse whose centre is (-2. 3) 
and whose semi-axes are 3 and 2 and major 
axis is parallel to the .v-axis, is given by 



216 Objective Mathematics 

(a) 4x + 9y2 + 16x - 54y - 61 = 0 
(b) Ax + 9y2 - \6x + 54y + 61 = 0 
(c) Ax + 9y2 + I6x - 54y + 61 = 0 
(d) None of these 

32. The foci of the 
25 {x + l)2 + 9 (y + 2)2 = 225, are at 

ellipse 

(a) n/4' (b) n/2 
(c) n/3 (d) 71/8 

34. Eccentricity of the ellipse, in which the angle 
between the straight lines joining the foci to 
an extremity of minor axis is n/2, is given by 
(a) 1/2 (b) 1/V2 
(c) 1/3 (d) 1/43 

35. If O is the centre, OA the semi-major axis 
and S the focus of an ellipse, the ecentric 
angle of any point P is 
( a ) Z P O S (b) ZPSA 
(c) ZPAS (d) None of these 

(a) ( -1 ,2 ) and ( - 1 , - 6 ) 
(b) (-2, 1) and (-2, 6) 
(c) ( - 1 , - 2 ) and ( - 2 , - 1 ) 
(d) (-1, -2 ) and ( - 1 , - 6 ) 

33. Tangents drawn from a point on the circle 
2 2 

2 2 x y x +y = 4 1 to the ellipse + t h e n 

tangents are at angle 

MULTIPLE CHOICE =11 
Each question in this part has one or more than one correct answer(s). For each question write the letters a, 
b, c, d corresponding to the correct answer(s). 

36. The locus of extremities of the latus rectum 
2 2 2 2 2 of the family of ellipse b x + y = a b is 

/ 2 2 (a) x —ay = a 
(b) x - ay = b2 

/ \ 2 , 2 

(c)x +ay = a 
(d) x2 + ay = b2 

37. The distance of the point (V^Tcos 0, V2~sin 0) 
2 2 x y on the ellipse — + = 1 from the centre is 2 

6 2 if 
(a) 0 = 71/2 
(b) 0 = 3TI / 2 
(c) 0 = 571/2 
(d) 0 = 77t/2 

38. The sum of the square of perpendiculars on 
2 2 x v any tangent to the ellipse —̂  + ^ = 1 from 

a b 
two points on the minor axis, each at a 
distanct ae from the centre, is 
(a) 2a 
(c) a + b2 

(b) 2b 
(d) a2-b2 

39. A latus rectum of an ellipse is a line 
(a) passing through a focus 
(b) through the centre 

(c) perpendicular to the major axis 
(d) parallel to the minor axis. 

40. If latus rectum of the ellipse 
x tan2 a + y2 sec2 a = 1 is 1/2 then 
a (0 < a < 7t) is equal to 
(a) 7t/12 
(b) 7t/6 
(c) 5TT/12 
(d) None of these 

41. In the ellipse 

2 5 / + 9y2 - 1 50A: - 90y + 225 = 0 
(a) foci are at (3, 1), (3, 9) 
(b) e = 4 / 5 
(c) centre is (5, 3) 
(d) major axis is 6 

42. Equation of tangent to the ellipse 
2 2 

j c / 9 + y / 4 = l which cut off equal 
intercepts on the axes is 
(a) y = x + 4(13) 
(b)y = -x + 4(U) 
(c)y = x- 4(13) 
(d)y = -x-4(U) 

43. The equation of tangent to the ellipse 
2 2 

x + 3y = 3 which is perpendicular to the line 
4y =x — 5 is 
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(a) 4x + y + 7 = 0 
(b)4x + y - 7 = 0 
(c) 4JC + y + 3 = 0 
(d) 4x + y - 3 = 0 

44. If P (9) and <2 + 9 j are two points one the 

2 2 x y 
ellipse — + = 1, locus of the mid-point of 

a b 
PQ is 

2 2 , , . x y 1 

a b z 

(b) 
2 2 

Z / z a b 
2 .2 

2 ' . 2 a i> 

= 4 

* ' ^ = 2 

(d) None of these 
45. An ellipse slides between two perpendicular 

straight lines. Then the locus of its centre is 
(a) a parabola 
(b) an ellipse 
(c) a hyperbola 
(d) a circle 

46. If a , P are eccentric angles of the extremities 
of a focal chord of an ellipse, then 
eccentricity of the ellipse is 

cos a + cos P 
cos ( a + P) 

sin a - s i n P 
sin ( a - P) 

(a)-

(b)-

(c) sec a + sec P 
sin a + sin P 

(d) sin ( a + P) 
47. The points where the normals to the ellipse 

2 2 
x + 3y = 37 be parallel to the line : 
(a) (5, 2) (b) (2, 5) 
(c) (1, 3) (d) (-5, - 2 ) 

48. The length of the chord of the ellipse 

+ ^ = 1 where mid-point is ^ - , - j 

J _ s V8161 
' 1 0 

V8061 

(a)-

(c) 

(b) 

10 

10 

(d) None of these 

x y 
49. For the ellipse + the equation of 

a b 
the diameter conjugate to ax — by = 0 is 
(a) bx + ay = 0 
(b) bx — ay = 0 
(c) a'y + b x = 0 

(d) ay -b3x = 0 

50. The parametric representation of a point on 
the ellipse whose foci are (—1,0) and (7, 0) 
and eccentricity is 1/2, is 
(a) ( 3 + 8 cos 9, 4 V I sin 9) 
(b) (8 cos 9, 4 V I sin 9) 
(c) (3+ 4 VI cos 9, 8 sin 9) 
(d) None of these 

Practice Test 
M.M : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part 

1. Let , F 2 be two focii of the ellipse and 
PT and PN be the tangent and the normal 
respectively to the ellipse at point P. Then 
(a) PN bisects ZF]PF2 

(bj PT bisects ZFXPF2 

(c) PT bisects angle (180* - /b\PF.j) 
(dj None of these 

one or more than one correct answer(s). 
[10 x 2 = 20]y 

2 2 
2. Let E be the ellipse ^ + = 1 and C be 

the circle x2 + y 2 = 9. Let P and Q be the 
ponts (1,2) and (2, 1) respectively. Then 
fa) Q lies inside C but outside E 
fb) Q lies outside both C and E 
Ic) P lies inside both C and E 
(d) P lies inside C but outside E 
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3. The tangent at a point P (a cos 0, b sin 0) of 
2 2 

an ellipse + ^ = 1 meets its auxiliary 
a b 

circle in two points, the chord joining which 
subtends a right angle at the centre, then 
the eccentricity of the ellipse is 

(a) (1 + sin2 <(i)~ 1 

- 1 / 2 

3/2 
(b) (1 + sin ()>) 

(c) (1 + sin2 <)>)' 

(d) (1 + sin2 <(>)" 2 

4. If (5, 12) and (24, 7) are the focii of a conic 
passing through the origin then the 
eccentricity of conic is 

(a) 

(c) 

V386~ 
38 

V386 
13 

(b) 

(d) 

V386~ 
12 

>/386 
25 
2 2 

5. AB is a diameter of x + 9y = 2 5 . The 
eccentric angle of A is n/6 then the 
eccentric angle of B is 
(a) 5 n / 6 (b) - 5n/6 
( c ) - 2ji /3 (d) None of these 

6. The eccentricity of the ellipse which meets 
1 on the axis o f* x v the straight line — + ^ 

x v and the straight line — - tr = 1 on the axis 
o 5 

of y and whose axes lie along the axes of 
coordinates, is 

(a) 

(c) 

3 V2" 
7 

Vf 
7 

(b) 2 V3 

(d) None of these 

7. The eccentricity of an ellipse whose pair of 
a conjugate diameter are y = x and 
3y = - 2 x i s 
(a) 2/3 (b) 1/3 
(c) 1/V3" (d) None of these 

8. The eccentric angles of the extremities of 

latus rectum to the ellipse —̂  
a 

.2— = 1 are 

given by 

(a) tan" 1 

(b) tan - 1 1 
a 

(c) tan" 11 
, ae 

(d) t a n - 1 

[" fee 

10 

9. A latus rectum of an ellipse is a line 
(a) passing through a focus 
(b) perpendicular to the major axis 
(c) parallel to the minor axis 
(d) through the centre 
The tangents from which of the following 

2 2 
points to the ellipse 5x +4y = 20 are 
perpendicular 
(a) (1, 2 V2) (b) (2 V2, 1) 
(c) (2, VS) (d) (V5, 2) 

Record Your Score 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 
Multiple Choice-I 

1- (b) 2. (a) 
7. (c) 8. (b) 

13. (b) 14. (a) 

3- (b) 
9. (c) 

15. (a) 

4. (a) 
10. (c) 
16. (b) 

5. (b) 
11. (a) 
17. (d) 

6. (a) 
12. (d) 
18. (c) 
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19. (a) 20. (b) 21. (a) 22. (d) 23. (b) 24. (a) 
25. (d) 26. (d) 27. (a) 28. (a) 29. (a) 30. (c) 
31. (c) 32. (a) 33. (b) 34. (b) 35. (d) 

Multiple Choice-ll 
36. (a), (c) 37. (a), (b), (c), (d) 38. (a) 39. (a), (c), (d) 40. (a), (c) 
41. (a), (b) 42. (a), (b), (c), (d) 43. (a), (c) 44. (a) 45. (d) 
46. (d) 47. (a, d) 48. (d) 49. (c) 50. (a) 

Practice Test 
1. (a), (c) 2. (d) 3. (b) 4. (a), (b) 5. (b) 6. (d) 
7. (c) 8. (c) 9. (a), (b), (c) 10. (a), (b), (c), (d) 



HYPERBOLA 
1. Standard Form of a Hyperbola : 

x2 i/2 
The general form of standard Hyperbola is : —- - ^ = 1 , where a & b are constants. (Fig. 1) 

a tr 

X 

B 
S 
b 

M' 'J 

' " " T o . 0) 

l B | j 

! (a, 0) / \ a x i s 

4 (- ae, 0) S' ) A' 
/ ( - a, 0) 

^ ^ ® 
B 
I 
II 
H 

z' C zj AI S (ae, 0) 

<B I 
11 1 

B' 1 
1 

2. Important Properties: 
Fig. 1 

(i) SP = ePM and AS = e AZ 
(ii) Co-ordinate of centre C(0, 0). 
(iii) AA' = 2a is the transverse axis of the Hyperbola. 
(iv) 6 6 ' = 2b is the conjugate axis of the Hyperbola. 
(v) Co-ordinates of vertices A and A' are (± a , 0) & extremities of minor axis B and 6 ' are (0, ± b) 
(vi) Relation in a , b & e is b2 = a2 (e2 - 1) 

(vii) Co-ordinates of the foci S and S ' are (± ae, 0) 

(viii) Co-ordinates of the feet of directrices are ^ ± , 0 

(ix) Equation of directrix x = + a / e 
2 tf (x) Equation of latus rectum x = ± ae and length LL' = /_iLi' = • 

3. 

(xi) Ends of the latus rectum, are L ae, L-1-.-I , Li 
b2 

- ae, — a and Li' - ae, - i,2 

(xii) Focal radii: SP = ex - a and S'P = ex+ a 
S'P - SP = 2a = Transverse axis. 
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3. General Equation of Hyperbola : 

Let (a , b) be the focus S , and lx+ my + n = 0 is the equation of directrix, 
let P (x, y) be any point on the hyperbola, (Fig. 2) then by definition. 
=> SP = e PM (e > 1) 

,2 , . ,2 e2(lx+mv+nf => (x-af + ( y - bf = — — 2 
(r + rrr) 

=> (/2 + m2) {(x- a)2 + ( y - b)2} = e2(lx+my+n)2. 

p (x y) 

4. Parametric Equation of the hyperbola : 

The parametric equations of the hyperbola X2 

S (a, b) 

Fig. 2 

are x = a sec < 

y = b tan <j), where <j> is the parameter. Since the point (a sec 0 , b tan <j>) satisfies the equation 
x2 v2 

— - = 1, therefore the parametric co-ordinates of any point on the hyperbola is (a sec (|>, btan <|>) also 
a b 
the point (a sec 0 , b tan 0) is reffered as <|> point on the hyperbola. <j> e [0, 2K) 

5. Auxiliary circle: 
T h e circle described on transverse axis of the hyperbola 

as diameter is called auxiliary circle and so its equation is 
x2 + y2 = a2 

Let P be any point on the hyperbola. Draw perpendicular 
PN to x-axis. The tangent from N to the auxiliary circle x ' 
touches at Q, P and Q are called corresponding points on 
hyperbola and auxiliary circle and <j) is the eccentric angle of 
the point Pon the hyperbola. 

6. Point and Hyperbola : 

The point P (x 1 , yi) lies outside, on or inside the hyperbola 

4 - 4 = 1,. 

Fig. 3 

Si = xf 
- - 1 > 0, = 0, < 0. 

7. Hyperbola and a Line : 

Let the hyperbola be I I = 1 and the given line be y = mx+ c 

= 1 

a- tf 
Solving the line and hyperbola we get 

(mx + c)2 

a2 ~ b2 

i.e. (a2rrf - b2) x2 + 2mca2x+ a2 (c2 + b2) = 0. 
Above equation being a quadratic in x. 

discriminant = b2 {(a2m2 - b2) - c2} 
Hence the line intersects the hyperbola is 2 distinct points if a2m2 - b2 > c 2 , in one point if 

c2 = a2m2 - b2 and does not intersect if a2rr?-b2 < c2. 

y= mx ± V (a2m2 - b2) touches the hyperbola and condition for tangency 
c2 = a2™2 b2. 
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Hence y= mx± a2m - fa2) touches the hyperbola ~ - = 1 
sr b 

Corollary 1 : xcos a + y sin a = p i s a tangent if 
p2 = a2 cos2 a - t? sin2 a 

Corollary 2 •. Ix+ my + n = 0 is a tangent if 
rr2 = a2/2 - t?rr? 

8. Equation of the Tangent: 

x2 / (i) The equation of the tangent at any point (xi , yi) on the hyperbola = 1 is 
ar tr 

xxi _ yyi 
a2 t? ~ 

tfx-i 
Slope of tangent is — (Note) 

sry\ 
(ii) the equation of tangent at any point '<)>' is 

X V -sec<|> - tan 0 = 1 
a b  y  

Slope of tangent is - cosec <J>. 

31 

9. Equation of the Normal: 

x2 / (i) The equation of the normal at any point (x i , yi) on the hyperbola - = 1 is a tr 

xi yi 
(ii) The equation of the normal at any point "<t>' is 

axcos<f> + by cot t|> = a2 + P2 . 

10. Equation of Chord with Mid point ( x i , yi) : 

x2 f The equation of the chord of the hyperbola - ^ = 1 whose mid point be (xi , yi) is 
a b 

T = S1 
where 7 = ^ - ^ - 1 = 0 

a2 b2 

c _ x ? y? i n 
5 1 = 7 " 7 " 1 = 0 

11. Chord of Contact: 

x2 v2 

If PA and PB be the tangents through point P(x1, yi) to the hyperbola —z - ^ = 1, then the equation 
a tr 

of the chord of contact AB is (Fig. 4). 

^ - ^ = 1 or 7" = 0 (at xi , yi) 
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Fig. 4 

12. Pair of Tangents : 

If P ( x i , y i ) be any point out side the hyperbola 
x2 y2 

"T _ 2 = 1 a n d a Pa ' r tangents PA , PB can be drawn to it 
a b 
from P. (Fig. 5). 
then the equation of pair of tangents of PA & PB is 

SSi = T2 

x2 w2 

where S = - r - - 1 = 0 
a2 b2 

13. Pole and Polar: 

Let P(x1 , yi) be any point inside or outside 
P. 

the hyperbola. Draw chords AB and A B passing through 

Fig. 6 
If tangents to the hyperbola at A & B meet at Q(h, k), then locus of Q is called polar of P w.r.t. 

hyperbola and P is called the pole and if tangents to the hyperbola at A ' & B ' meet at Q ' , then the straight 
line QQ' is polar with P its pole. 

x2 K2 
Hence equation of polar of P (xi , yi) with respect to —r - f r = 1 is 

a tr 
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XXF yyi = 1. 

14. Diameter: 

The locus of the middle points of a system of parallel chords is called a diameter. 

If y = mx+c represent a system of parallel chords of the hyperbola 

x is the equation of the diameter. 

a b 
then the line 

15. Conjugate Diameters: 

Two diameters are said to be conjugate when each bisects all chords parallel to the others. 
If y = mxand y = mix be two conjugate diameters of a hyperbola then 

b2 

m/77i = —p 
a 

Property of conjugate diameters : If a pair of conjugate diameters of any hyperbola be given, only one 
of them will intersect it in real points. 

16. Asymptotes of Hyperbola : 

A hyperbola has two asymptotes passing through its 
I 
b2 

x2 v2 
centre. Asymptotes of hyperbola — - = 1 are given by 

a 

(i) Angle between asymptotes = 2 tan"1 (b/a) 
(ii) Asymptotes are the diagonals of the rectangle passing 

through A , B, A', B' with sides parallel to axes. 

17. Conjugate Hyperbola: 

If two hyperbolas be such that transverse and conjugate axes of 
one be the conjugate and transverse axes of the other, they are 
called conjugate hyperbolas of each other. 

4 - 4 = 1. , . 
f x2 

- -p = 1 is the conjugate hyperbola of 2 „ 
b a a b ei and ez are their eccentricities then 

and 

From (i) & (ii) we get 

e-p 

e# = 

1 b 
...(i) 

...(ii) 

1 1 
~ 2 + ~ 2 = 1 
ei ei 

Note : Complete line is Hyperbola & Dotted line is conjugate hyperbola. 
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18. Rectangular or Equilateral Hyperbola : 

If the lengths of transverse and conjugate axes of any hyperbola be equai, it is called rectangular or 
equilateral hyperbola. 

OR 
If asymptotes of the standard hyperbola are perpendicular to each other then it is known as rectangular 

hyperbola. 
According to the first definition : 

x2 f Thus when a = b,—z - ^ = 1 
a tr 

becomes x2 - y2 = a2 

Eccentricity, 

According to the second definition : 

2 tan-

V2 

*>) = * 

tan - 1 
2 

4 - 1 a 
a = b 

~ - 4 = 1 becomes x2 - y2 = a2. then 
a b 

is the general form of the equation of the rectangular hyperbola. 

19. The Rectangular hyperbola xy = c2 : 
Its asymptotes coincide with the co-ordinate axes, then its equation becomes xy - (?. 
Parametric Equations and t -po in t : 

Since x = ct, y = ^ satisfy xy = c2 , (x, y> = j' cf , -y j is called a ' f ' point with parameter t. 

Properties: 
(i) Equation of the chord joining fi & fe is 

x + yfi fc - c( f i + fe) = 0 
(ii) Equation of tangent a t ' t ' is 

x + yt2 - 2ct = 0 
(iii) Equation of normal a t ' / ' is 

x f3 - yt - ct4 + c = 0 
(iv) Equation of tangent at (xi , yi) is 

(v) Equation of normal at (x i , yi) is 

21. Director Circle: 

X'« 

xyi + yxi = 2c2 

xxi - yyi = xf - y? r 
Fig. 9 

The locus of the point of intersection of the tangents to a hyperbola 

perpendicular to each other is called Director circle. 
x2 v2 

Hence the equation of director circle of the hyperbola —z - ^ = 1 ' s 

a tr 

x2 V2 
—z — = 1 which are 
a2 b2 
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x2 + y2 = a2 - /j2 

22. Reflection Property of a Hyperbola : 

If an incoming light ray passing through one focus (S) strike convex side of the hyperbola then it will get 
reflected towards other focus (S') . fig. 10. 

Z TPS' = ZLPM = a. 
M .Light ray 

\ / L 

Fig. 10 
MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

2 2 
X "V 

If the foci of the ellipse — + j 
25 £ 

1 and the 

hyperbola 
x 
144 
,2 • 

81 25 
coincide, then 

the value of b is 
(a) 3 (b) 16 
(c )9 (d) 12 

2 2 2 
2. If chords of the hyperbola x —y = a touch 

the parabola y = 4ax then the locus of the 
middle points of these chords is the curve 
(a)y\x + a) = x 
(b)y2(x-a) = x 3 

(c)y2(x + 2a) = 3x3 

(d)y2(x-2a) = 2r 3 

3. If the sum of the slopes of the normals from a 2 
point P on hyperbola xy = c is constant 
k (k > 0), then the locus of P is 
(a) y2 = k2c 
(c )y2 = ck2 

(b) x = kc2 

(d) x = ck2 

2 2 4. If (a - 2) x + ay =4 represents 
rectangular hyperbola then a equals 
( a ) 0 (b) 2 

( c ) l (d) 3 
5. The number of point(s) outside the hyperbola 

2 2 x y 
— — -f— = 1 from where two perpendicular 
25 36 
tangents can be drawn to the hyperbola is/are 
(a) 1 (b) 2 
(c) infinite (d) zero 

6. If PQ is a double ordinate of the hyperbola 
2 2 x y 

—z - 2 = * SUC'1 ^ a t OPQ is an equilateral 
a b 
triangle, O being the centre of the hyperbola. 
Then the eccentricity e of the hyperbola 
satisfies 

(a) 1 < e < 

(c) e = V3 /2 

The equations 
hyperbola 
2x + 5xy + 2y2 — 1 lx - 7y - 4 = Oare 

(d)e 

of the asymptotes of the 

2 
> v r 

(a) 2x2 + 5xy + 2y2 l l ; c - 7 y - 5 = 0 
(b) 2x + 4xy + 2y2 - 7x - 1 ly + 5 = 0 
(c) 2x2 + 5xy + 2y2 -
(d) None the these 

1 lx - 7y + 5 = 0 



Hyperbola 227 

8. The normal at P to a hyperbola of 
eccentricity e, intersects its transverse and 
conjugate axes at L and M respectively. If 
locus of the mid point of LM is hyperbola, 
then eccentricity of the hyperbola is 

I -v e + 1 /U\ g 

(d) e (d) None of these 
9. Consider the set of hyperbola xy = k,ke R. 

Let £] be the eccentricity when k = 4 and e2 

be the eccentricity when k = 9 then e, - e2 = 
( a ) - l (b)0 
(c) 2 (d) 3 

10. The eccentaicity of the hyperbola whose 
asymptotes are 3JC + 4y = 2 and 
4x - 3y + 5 = 0 is 
(a) 1 (b)2 
(c) V2" (d) None of these 

11. If a variable straight line 
x cos a + y sin a = p, which is a chord of the 

2 2 
X V 

hyperbola —~ - 2 = 1 (b > a), subtend a right 
a b 

angle at the centre of the hyperbola then it 
always touches a fixed circle whose radius is 
/ \ ab a 

2 7 
ab ,... ab 

(c) (d>b^b + a) 

12. An ellipse has eccentiricity 1/2 and one focus 
at the point P (1/2, 1). Its one directrix is the 
common tangent nearer to the point P, to the 

2 2 
circle x + y = 1 and the hyperbola 

2 2 
x -y =1 . The equation of the ellipse in 
standard form is 
(a) 9x + 12y2 = 108 
(b) 9 (x— 1/3)2 + 12 (y - l)2 = 1 
(c) 9 ( x - 1/3)2 + 4 (y - l)2 = 36 
(d) None of these 

13. The equation of the line passing through the 
centre of a rectangular hyperbola is 
x - y - 1 = 0 . If one of its asymptote is 
3 x - 4 y - 6 = 0, the equation of the other 
asymptote is 
(a) 4* - 3y + 8 = 0 (b) 4x + 3y + 17 = 0 
(c) 3x - 2y + 15 = 0 (d) None of these 

14. The condition that a straight line with slope 
m will be normal to parabola y = 4ax as 
well as a tangent to rectangular hyperbola 

2 2 2 -x -y = a is 

(a) m6 - 4m + 2m - 1 = 0 

(b) m + 3m + 2m +1=0 
(c) m6-2m = 0 
(d) m6 + 4m + 3m2 + 1 = 0 

15. If e is the eccentricity of the hyperbola 
2 2 

~ - = 1 and 0 is angle between the 
a b 
asymptotes, then cos 0 / 2 = 

1-e . 1 (a) ( b ) - - l 
e e 

(c) l/e (d) None of these 
16. If H (x, y) = 0 represent the equation of a 

hyperbola and A (x, y) = 0, C (x, y) = 0 the 
equations of its asymptotes and the conjugate 
hyperbola respectively then for any point 
( a , p) in the plane; H ( a , P), A ( a , P) and 
C ( a , P) are in 
(a) A.P. (b) G.P. 
(c)H.P. (d) None of these 

17. The eccentricity of the conic 
4 (2y -x-3)2 -9 (2x + y—I)2 = 80 is 

(a) 2 (b) 1/2 
(c) V n / 3 (d) 2.5 

18. If e and e' be the eccentricities of a hyperbola 
, . . 1 1 

and its conjugate, then - j + = 
e e 

(a)0 (b ) l 
(c) 2 (d) None of these 

19. The line x cos a + y sin a = p touches the 
2 2 

x y 
hyperbola —z - ^ = 1 if 

a b 
2 2 2 2 2 (a) a cos a -b sin a =p 
2 2 2 2 

(b)a cos a -b sin a = p 
(c) a cos2 a + b2 sin2 a = p 2 

(d) a2 cos2 a + b2 sin2 a = p . 
20. The diameter of 1 6 x 2 - 9 y 2 = 144, which is 

conjugate to x = 2y, is 
15* 

(a)y = -
_ 32x 
(b) y = 
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(c)x 
16y 

(d)* = 
32y 

21. (a sec 9, b tan 9) and (a sec <}>, b tan <t>) are the 
2 2 

X V ends of a focal chord of —r — ~ = 1, then L i Z a b 
tan 9 / 2 tan <|>/2 equals to 

(a) 

(c) 

e - \ 
e + 1 
1 + e 

(b) 

(d) 

1 -e 
1 + e 
e+l 

1 — e e -
22. The equation of the hyperbola whose foci are 

(6, 5), ( - 4, 5) and ecountricity 5 /4 is 

2 2 

( b ) T 6 " i = 1 

( x - l ) 2 _ ( y - 5 ) 2 

16 9 

23. The locus of the middle points of chords of 
2 2 

hyperbola 3JC~ - 2y + Ax - 6y = 0 parallel to 
y = 2x is 

(a) 3JC - 4y = 4 
•(b) 3y - Ax + 4 = 0 
(c) Ax - Ay = 3 
(d) 3JC - Ay = 2 

24. Area of the triangle formed by the lines 
x- )' = 0, jc + y = 0 and any tangent to the 

2 2 2 hyperbola JC -y~ = a is 
(a) I a I 1 

2 

(b) j I a I 

(c) a ( d ) I a 2 

25. A rectangular hyperbola whose centre is C is 
cut by any circle of radius r in four points 
P, Q, R and S. Then CP2 + CQ2 + CR2 + 
CS2 = 

(a ) r 
(c) 3r2 

(b) 2r 
(d) 4r2 

(c) 

(d) None of these 

MULTIPLE CHOICE -II 
Each question in this part has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

26. T h e equa t ion 16JC2 - 3y 2 - 32JC - 12y - 44 = 0 
represents a hyperbola with 
(a) length of the transverse axis = 2 <3 
(b) length of the conjugate axis ='8 
(c) Centre at (1 , -2) 
(d) eccentricity = VHT 

27. The equation of a tangent to the hyperbola 
2 2 3JC - y = 3 , parallel to the line y = 2JC + 4 is 

(a) y = 2JC + 3 
(c)y = 2x- 1 

(b) y = 2JC + 1 

(d) y = 2x + 2 
28. Equation of a tangent passing through (2, 8) 

2 2 
to the hyperbola 5x —y = 5 is 
(a) 3JC — y + 2 = 0 (b) 3jc + y + 1 4 = 0 
(c) 23x - 3y - 22 = 0 (d) 3JC - 23y + 178 

29. If the line ax + by + c = 0 is a normal to the 
hyperbola xy = 1, then 
(a) a > 0, b > 0 (b) a > 0, b < 0 
(c) a < 0, b > 0 (d) a < 0, b < 0 

30. If m\ and m2 are the slopes of the tangents to 
2 2 

the hyperbola x /25-y / 1 6 = 1 which pass 
through the point (6, 2) then 

(a)/n, +m 2 = 24/11 
(b)m,m2 = 20/11 
(c) m, +m 2 = 48/11 
(d)m1m2= 11/20 

31. Product of the lengths of the perpendiculars 
drawn from foci on any tangent to the 

2 2 2 2 hyperbola JC /a -y /b = 1 is 

(a )\b2' 

(c) a2 

(b) r 

(d) | a 

32. The locus of the point of intersection of two 
perpendicular tangents to the hyperbola 
2 / 2 2 2 , • 

JC /a —y/b = 1 is 
2 2 2 (a) director circle (b) x + y = a 

t \ 2 , 2 2 ,2 , 2 . 2 2 , ,2 (c) x +y =a - b (a)x +y =a + b 
33. The locus of the point of intersection of the 

line <3x - y - 4 <3k = 0 and 
<3kx + ky-A<3=0 is a hyperbola of 
eccentricity 
(a) 1 (b) 2 
(c) 2-5 (d) <3 
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34. If a triangle is inscribed in a rectangular 
hyperbola, its orthocentre lies 
(a) inside the curve (b) outside the curve 
(c) on the curve (d) None of these 

35. Equation of the hyperbola passing through 
the point (1, -1 ) and having asymptotes 
x + 2y + 3 = 0 and 3x + 4v + 5 = 0 is 

(a) 3x2 - 1 Oxy + 8y2 - 14x + 22y + 7 = 0 
(b) 3x2 + 1 Oxy + 8y2 - 14x + 22y + 7 = 0 

(c) 3x2 - lOxy - 8y2 + 14x + 22y + 7 = 0 
(d) 3x2 + 1 Oxy + 8y2 + 14x + 22y + 7 = 0 

36. The equation of tangent parallel to y = x 
- 2 ? 

drawn to - ^r = 1 is 
3 2 

(a) x — y + 1 = 0 (b) x — y — 2 = 0 
(c) x + y - 1 = 0 (d) x — y — 1 = 0 

37. The normal to the rectangular hyperbola 
xv = c~ at the point *fj' meets the curve again 
at the point 'r2*. Then the value of tj t2 is 
(a) 1 (b) - 1 

Practice 

(c) c (d) - c 
38. If x = 9 is the chord of contact of the 

2 2 
hyperbola x - y =9 , then the equation of 
the corresponding pair of tangents is 
(a) 9x2 - 8y2 + 18x - 9 = 0 
(b) 9x2 - 8y2 - 18x + 9 = 0 
(c) 9x2 - 8y2 - 18x - 9 = 0 
(d) 9x2 — 8y2 + 18x + 9 = 0 

39. Tangents drawn from a point on the circle 
2 2 2 2 x y x + y = 9 to the hyperbola — - r r = 1. then 

25 16 
tangents are at angle 
(a) n/4 (b) n/2 
(c) Jt/3 (d) 2t i /3 

40. If e and e, are the eccentricities of the 
2 7 2 ** hyperbola xy = c and x" - y = c~, then 

e + ex 

(a) 1 
(c)6 

(b)4 
(d) 8 

Test 
M.M : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

3. The asymptotes of the hyperbola 
xy = hx + ky are 

(a) x = k, y = h (b)x = h, y = k 
(c)x = h, y = h (d)x = k, y = k 

4. If P (xj, yO, Q (x2, y2), R (x3, y3) and 
S (x4, y4) and 4 concyclic points on the 

2 

1. The points of intersection of the curves 
whose parametric equations are 

2 2 x = t + 1, y = 21 and x = 2s, y = — is 
s 

given by 
(a) (1, - 3) (b) (2, 2) 
(c) ( - 2, 4) (d) (1, 2) 

2. The equations to the common tangents to 
.2 ,2 

the two hyperbolas '— - ^ = 1 and 
a b 

2 2 
iL _ ^L 2 ,2 
a b 

1 are 

(a )y = + .v + 4(b2-a2) 

(b) y = ± x + V(a2 - b2) 
(c)y = ± x ± (a2

 - f t 2 ) 

(d)v = ± .v ± V ^ 2 + ft2) 

rectangular hyperbola xy = c , the co-ordi-
nates of the orthocentre of the APQR are 
(a)(x4, - y 4 ) (b)(x4 ,y4) 
(c)(-x 4 , - y 4 ) (d ) ( -x 4 , y 4 ) 

5. The equation of a hyperbola, conjugate to the 
2 2 hyperbola x + 3ry + 2v + 2x + 3y = 0 is 

(a) .r2 + 3xy + 2v2 + 2x + 3y + 1 = 0 

(b) x2 + 3lvv + 2y2 + 2t + 3y + 2 = 0 

(.c) x2 + 3xv + 2y2 + 2r + 3v + 3 = 0 

t,d) x2 + 3.vy + 2y2 + 2x + 3y + 4 = 0 



230 Objective Mathematics 

6. I f the tangent and normal to a rectangular 
hyperbola cut off intercepts x j and x2 on 
one axis and and y2 on the other axis, 
then 
(a)*!?! + x2y2 = 0 

( b ) * i y 2 + x 2 y i = 0 

(c)x a*2 + y\V2 = 0 

(d) None of these 
2 2 x y 7. A normal to the hyperbola —r - , = 1 

a o 
meets the transverse and conjugate axes in 
Af and iV and the lines MP and NP are 
drawn at r ight singles to the axes. The locus 
of P i s 

2 
(a) The parabola y = 4a (x + b) 

2 2 

(b) The circle x +y = ab 

(c) The ellipse b2x2 + a2y2 = a2 + b2 

(d) The hyperbola a x - by = (a + by 8. The line y = x + 5 touches 

Record Your Score 

2 
(a) the parabola y = 20x 

(b) the ellipse 9x2 + 16y2 = 144 
2 2 

(c) the hyperbola ~ - ^ = 1 

2 2 (d) the circle x +y =25 
9. A ray emanating from the point (5, 0) is 

2 2 
incident on the hyperbola 9x - lGy = 144 
at the point P wi th abscissa 8, then the 
equation of the reflected ray after first 
reflection is (P lies in first quadrant) 
(a) V 3 x - y + 7 = 0 
(b) 3 V3x - 13y + 15 V3 = 0 
(c) 3 a/3* + 13y - 15 V3 = 0 
(d) V3x +y - 14 = 0 

10. A straight line touches the rectangular 
2 2 

hyperbola 9x - 9y = 8 and the parabola 
y = 32x. The equation of the line is 
(a) 9x + 3y - 8 = 0 (b) 9x - 3y + 8 = 0 
(c) 9x + 3y + 8 = 0 (d) 9x - 3y - 8 = 0 

Max. Marks 
1. First attempt 
2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice-I 
l . ( c ) 2.(b) 3. (b) 
7. (c) 8. (b) 9. (b) 

13. (b) 14. (d) 15. (c) 
19. (a) 20. (b) 21. (b) 
25. (d) 

Multiple Choice-II 
26. (a), (b, (c) 27. (b), (c) 28. (a), (c) 
32. (a), (c) 33. (b) 34. (c) 
38. (b) 39. (b) 40. (b) 

Practice Test 
1. (b) 2. (b) 3. (a) 
7.(d) 8.(a),(b),(c) 9. (b) 

4. (c) 5. (d) 6. (d) 
10. (c) 11. (c) 12. (b) 
16. (a) 17. (c) 18. (b) 
22. (a) 23. (a) 24. (a) 

29. (b), (c) 30. (b), (c) 31. (b) 
35. (b) 36. (a), (d) 37. (b) 

4. (b), (c) 5. (b) 6. (c) 
10. (b), (c) 
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27 
TRIGONOMETRICAL, RATIOS AND IDENTITIES 

§27.1. Some Important Results 

(i) cos rm = ( - 1)", sin mz = 0 If n e I 

(ii) cos - y = 0, sin y = ( - 1) ( n"1 ) / 2 , If n is odd integer. 

(iii) cos (rm + 9) = ( - 1)" cos 0, If n e I 
and sin (rm + 8) = ( - 1 ) " sin 0, If n e I 

(iv) cos ( y + 9 1 = ( - 1) ( n + 1 ) 7 2 sin 0, If n is odd integer. 

and sin ^ y + 0 j = ( - 1 ) ( n " 1 ) 7 2 cos 0, If n is odd integer. 

§ 27.2. For any three Angles A, B, C. 

(i) sin (>4 + B + C) = sin A cos B cos C + sin B cos C cos A 
+ sin C cos A cos B + sin A sin B sin C. 

(ii) cos (A + B + C) = cos A cos B cos C - cos A sin B sin C 
- cos B sin C sin A - cos C sin A sin B. 

tan A + tan B + tan C - tan A tan B tan C (iii) tan (/4 + B+ Q = 1 - tan A tan B - tan B tan C - tan C tan A 
. . . . R _ cot A cot 5 cot C - (cot A + cot B + cot C) 
(iv)cot(A + U+U) - c o M c o t e + c o t S c o t c + c o t C c o M - 1 • 

§ 27.3. Greatest and least value of (a cos 0 + b sin 0) 

i.e., - V(a2 + b2) < (acos0 + bsin0) < "^(a2 + b2) 

§ 27.4. Some Important Identities : If A + B+ C = n, then 

(i) sin 2A + sin 2B + sin 2C = 4 sin A sin B sin C 
(ii) cos 2A + cos 2B + cos 2C = - 1 - 4 cos A cos B cos C 
(iii) sin A + sin B + sin C = 4 cos A/2 cos 6 /2 cos C/2. 
(iv) cos A + cos B + cos C = 1 + 4 sin A/2 sin B/2 sin C/2 
(v) tan A + tan B + tan C = tan A tan B tan C 
(vi) cot A cot B + cot B cot C + cot C cot A = 1 
(vii) tan A/2 tan B/2 + tan B/2 tan C/2 + tan C/2 tan A/2 = 1 
(viii) cot A/2 + cot B/2 + cot C/2 = cot >4/2 cot B/2 cot C/2. 
(ix) sin 2mA + sin 2m6 + sin 2mC = ( - 1)m + 1 . 4 sin mA sin mB sin mC. 
i \ » n m , * • mA mB mC (x) cos mA + cos mB + cos mC = 1 ± 4 sin sin - y sin - y 

according as m is of the form 4n + 1 or 4n + 3 



Trigonometric Rations 0' - 90* 

0" 7.5" 15" 18' 22.5" 30" 36". 45" 60" 67.5' 75" 90' 
sin 0 V8 - 2V6 - 2V2 V 3 - 1 

2-l2 
V 5 - 1 V 2 - 2 1 

2 
V10-2V5 1 

V2 
V3 -12 +-12 V3 + 1 1 sin 0 

4 
V 3 - 1 
2-l2 4 2 

1 
2 4 

1 
V2 2. 2 2-l2 

1 

cos 1 -IB + 2V6 + 2-12 
4 

V3 + 1 
2-l2 

Vl0 + 2>/5 
4 

-I2 + -I2 
2 

V3 
2 

V5+ 1 
4 

1 
72 

1 
2 

-12- -12 
2 

V 3 - 1 
2V2 

0 

tan 0 (> /3 -V2) (V2-1) 2 - V 3 V25-10V5 V 2 - 1 1 
7 3 

V5 - 2-15 1 V3 -12+1 2 + V3 OO tan 0 (> /3 -V2) (V2-1) 2 - V 3 
5 

V 2 - 1 1 
7 3 

V5 - 2-15 1 V3 -12+1 2 + V3 OO 

cot oo (-I3+-I2) (V2 + 1) (V6-V2) V( 5 + 2V5) V2~+1 V3 1 1 
-13 

-12-1 2--I3 0 

sec 1 V(16 - 10V2 +8V3 -6V6) (V6-V2) 

v ^ 

V4 - 2V2 2 
V3 

V5 - 1 -12 2 V4 + 2V2 -16 + -12 00 

cosec oo V(16+ 10V2 +8V3 +6V6) (-J6+-/2) V5"+ 1 V4 + 2V2 2 V2 2 
73 

-14 + 2-12 V6 +V2 1 
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Two very useful identities : 

MULTIPLE CHOICE - I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. If x = r sin 0 cos <(>, y = r sin 0 sin ()> and 
z = r cos 0 then the value of x + y1 + z is 
independent of 
(a) 0, <(> (b) r, 0 
(c) r, <{> (d) r 

2. If 0° < 0 < 180° then 

then 

(c)b0 = -l,b]=n (d)b0 = 0,b] - 3 « - 3 

6. If 0 is an acute angle and tan 0 = , then the 

value of 
cosec2 0 - sec2 0 . 

cosec2 0 + sec2 0 
is 

(a) 3/4 
(c)2 

7. t a n 7 | = 

(d) None of these 

3. If tan a / 2 and tan p / 2 are the roots of the 
equation 8x2 - 26x + 1 5 = 0 then cos ( a + P) 
is equal to 
, , 627 ... 627 

725 725 
(c) - 1 (d) None of these 

4. If a sec a - c tan a = d 
and b sec a + d tan a = c then 

(a) a +c2 = b2 + d2 (b) a2 + d2 = b2+c2 

(c) a2 + b2 = c2 + d2 (d) ab = cd 
n r 

5. Let n be an odd integer. If sin n 0 = £ br sin 0 
r = 0 

for all real 0 then 
(a)*b= 1 , * , = 3 (b)b0 = 0,b]=n 

11. 

(b) 1/2 
(d) 5/4 

. . 2 V 2 - ( 1 + V T ) ... 1+V3" 

(d) 2 V2"+ VJ" 

8. The maximum value of 
sin (x + 7t/6) + cos (x + 71/6) in the interval 
(0, TI/2) is alttained at 
(a) 7t/12 (b) 71/6 

(c) n/3 (d) tc/2 
9. The minimum value of the expression 

sin a + sin P + sin y, where a , p, 7 are real 
numbers satisfying a + P + 7 = Jt is 
(a) +ve (b) - v e 
(c) zero (d) - 3 

10. If sin a = sin P and cos a = cos P, then 

(a) sin 

(c) sin 

a + P „ , ( a + P = 0 (b) cos ^ • 0 

• 0 

, 71 
1 + cos — 

In 

1 + cos 
371 

1 + COS 
571 

8 
1 + cos -—- is equal to 

(a) 1/2 

(c) 1/8 

(b) cos 71/8 

12. If A + C = B, then tan A tan « tan C = 
(a) tan A + tan B + tan C 
(b) tan B - tan C - tan A 
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(c) tan A + tan C - tan B 
(d) - (tan A tan B + tan Q 

13. If A lies in the third quadrant and 
3 tan A - 4 = 0, then 

5 sin 2A + 3 sin A + 4 cos A = 
24 
5 

(a)0 (b)-

, , 2 4 
( c ) y ( d ) f 

14. If sin 0, + sin 92 + sin 93 = 3, 
then cos 0, + cos 02 + cos 93 = 
(a) 3 (b) 2 
(c) 1 (d)0 

2 
15. If sin x + sin x=l, 

then cos8 x + 2 cos6 x + cos4 x = 
(a) - 1 (b) 0 
(c) 1 (d)2 

27t 4k 
16. If x = y cos ~r = z cos — , then xy + yz + zx = 

( a ) - l 
( c ) l 

17. if 

3 
(b)0 
(d) 2 

2 2 2 a sin x + b cos x = c,b sin y 
2 

2 a + a cos y = d and a tan x = b tan y, then —=• 
b2 

is equal to 
(b-c)(d-b) 
0 a - d ) ( d - b ) 
(d-a) (c-a) 
(,b-c)(d-b) 

(a) 

(c) 

(b) 

(d) 

(a-d)(c-a) 
(b-c) (d-b) 
(b-c) (b-d) 
(a- c) (a- d) 

18. If 0 < a < 7 i / 6 and sin a + cos a = <7/2, 
then tan a / 2 = 
, , <7 - 2 / u . <7+2 
(a) — ; — (b) — - — 

(c) 
<1 

(d) None of these 

1Q Tl, I f 2 K 4 U , 67C ' 19. The value of cos — + cos — + cos — is 

(a) 1 
(c) 1/2 

( b ) - l 
(d) -1/2 

3tc 
20. If 7t < a < ^ , then the expression 

<4 sin4 a + sin2 2 a + 4 cos2 

(a) 2 + 4 sin a 
(c)2 

k a 
4 ~ 2 

(b) 2 - 4 sin a 
(d) None of these 

__ . , jc 2n 3K 4K 21. The value of cos — cos — cos — cos — 

5K 6K 7K . cos — cos — cos — is 

is equal to 

( 4 

(C) 
1 

2 

(d) None of these 

22. If a , (3, y e ^ 0, — J, then the value of 

sin (a + p + y) 

23. If 

sin a + sin P + sin y 
(a) < 1 (b) > 1 
(c) = 1 (d) None of these 

x i z 
cos a ( 2 K ) ( 2K 

cos I a - — cos a + — 

then x + y + z = 
(a) 1 (b) 0 
( c ) - l (d) None of these 

3K 24. I f A + B+C = 
2 ' 

then cos 2A + cos 2B + cos 2 C = 
(a) 1 — 4 cos A cos B cos C 
(b) 4 sin A sin B sin C 
(c) 1 + 2 cos A cos B cos C 
(d) 1 — 4 sin A sin B sin C 

-)c " n 

If L cos 9, = n, then £ sin 9; = 
1=1 i=l 

(a) n - 1 (b) 0 
(c) n (d) n + 1 

26. If cos a + cos P = 0 = sin a + sin p, then 
cos 2 a + cos 2p = 
(a) - 2 sin ( a + P) (b) - 2 cos ( a + P) 
(c) 2 sin ( a + p) (d) 2 cos ( a + p) 

27. If Xj > 0 for 1 < i < n and xx + x2 + ... + x„ = K 
then the greatest value of the sum 
sin X\ + sin x2 + sin x3 + ... + sin xn = 
(a)n (b) K 

(c) n sin — 
' n (d) 0 

28. If A = sin6 9 + cos14 9, then for all values of 9, 
(a) A > 1 (b) 0 < A < 1 
(c) 1 < 2a < 3 (d) None of these 
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29. If sin a = - 3 / 5 and lies in the third 
quadrant, then the value of cos a / 2 is 
(a) 1/5 (b) - l W l O 
(c) - 1 /5 (d) 1/VTo 

30. The values of 0 (0 < 0 < 360°) satisfying 
cosec 0 + 2 = 0 are 
(a) 210°, 300° (b) 240°, 300° 
(c) 210°, 240° (d) 210°, 330° 

6 
31. If sin3* sin3x = ^ cm cosmx 

m = 0 
where c0, q , c2, ...., c6 are constants, then 

(a) Co + c2 + c 4 + c 5 = 0 
(b) q + c3 + c5 = 6 
(C)2C2 + 3C6 = 0 
(d) C4 + 2C6 = 0 

32. If P is a point on the altitude AD of the 
triangle ABC such that ZCBP = B/3, then 
AP is equal to 
(a) 2a sin (C/3) (b) 2b sin (A/3) 
(c) 2c sin (B/3) (d) 2c sin (C/3) 

33. For what and only what values of a lying 
between 0 and 7t is the inequality 

3 3 sin a cos a > sin a cos a valid ? 
(a) a e (0, TI /4) (b) a e (0, TC/2) 

[K 

— , — (d) None of these 
34. Which of the following is correct 

(a) sin 1° > sin 1 (b) sin 1 ° < sin 1 
K (d) sin 1° = y j ^ sin 1 (c) sin 1 ° = sin 1 

35. If a , P , y do not differ by a multiple of n 
cos ( a + 0) cos(P + 0) 

and if f = ——i r 
sin (p + y) s i n ( Y + a ) 

k Then k equals 

(b )± 1 /2 
( d ) ± l 

_ cos (y + 0) 
sin ( a + P) 

(a) ± 2 
(c )0 

36. If the 
A cos (0 + a ) + B sin (0 + P) 
A' sin (0 + a ) + B' cos (0 + P) 
value for all '0' then 
(a) (AA' - BB') sin ( a - p) = (A'B - AB') 
(b) AA' + BB' = (A'B + AB') sin ( a - P) 

e x p r e s s i o n 

re ta in the s a m e 

(c) AA' - BB' = (A'B - AB') s i n ( a - P ) 
(d) None of these 

37. If 0 < x < 71/2, then 

i 2 
(a) cos x > 1 - — x 

K 

(b) cos x < 1 - — x 
K 

2 
(c ) COS X > — X 

71 

(d) cos x < — x 
7t 

38. The minimum and maximum value of 
ab sin x + - a ) cos x 
(I a I < 1, b > 0) respectively are 
(a ){b-c,b + c] (b ){b + c,b-c} 
( c ) { c - b , b + c] (d) None of these 

39. If cos x = tan y, cos y = tan z 
cos z = tan x then sin x equals 
(a) sin y (b) sin z 
(c) 2 sin 18° (d) sin (y + z) 

40. The value of the expression 

+ c 

and 

cos 

sin 

7 
371 
14 

cos 
2k 

cos 
107t 

- sin 
7t 

14 
5K. 

14 
is 

( a ) 0 

( d ) 4 

41. 
18 

The value of X cos (5r)° 
r = 1 

is, where x° 

42. 

43. 

denotes the degrees 
(a) 0 (b) 7/2 
(c) 17/2 (d) 25/2 
If An a = K then the numerical value of 
tan a tan 2 a tan 3 a tan (2n - 1) a = 
(a) - 1 (b )0 
(c) 1 (d)2 
If tan a is an integral solution of the 
equation 4 x 2 - 1 6 x + 1 5 < 0 and c o s P is 
the slope of the bisector of the angle in 
the first quadrant between thex and y axes 
then the value of sin ( a + P) : sin ( a - P) = 
( a ) - l (b )0 
(c) 1 (d) 2 
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44. If 2 cos 0 + sin 0 = 1 then 
7 cos 0 + 6 sin 0 equals 

(a) 1 or 2 (b) 2 or 3 
(c) 2 or 4 (d) 2 or 6 

45. The value of 2 ver sin A — ver sin2 = 
2 . s • 2 (a) cos A 

(c) cos 2A 
46. The ratio of 

(b) sin A 
(d) sin 2A 

the greatest value of 
2 - cos x + sin x to its least value is 
(a) 1/4 
(c) 13/4 

(b) 9/4 
(d) None of these 

47. If cos x+ sin x = a — 

then cos 2x = 

(a) a 
(c) a V2 + a 

48. Expression 2sm 0 + 2 

K 71 

2 < J C < " 4 

(b) a V2 - a 
(d) a4l-a 

is minimum when 
0 = and its minimum value is 

(a) 2/i7t + ~ , n e /, 

, , , ~ _ , 7rc i - 1/V2 (b) 2nn + —, n e 1,2 

(c) 7 I7 I ± TI /4 , n e /, 2 ' ~ l W 2 

(d) None of these 
49. If in a triangle ABC, 

cos 3A + cos 3B + cos 3 C = 1, 
then one angle must be exactly equal to 

71 
( a ) 3 

(C) 7t 

*>T 
(d) 

4 71 

50. In a triangle ABC, angle A is greater than B. 
If the measures of angle A and B satisfy the 
equation 3 sin x - 4 sin 3.v - k = 0, 
0 < k < 1, then the measure of angle C is 

M - f <h>§ 

(C) 
2tc 

0 0 ? 

51. If t anx tany = a and x + y = —, then tan x 
6 

and tan y satisfy the equation 
(a) x - V3~(l - a) x + a = Q 
(b) V3~X2-(1 -a)x + a^3=0 
(c)x2 + y!3(\+a)x-a = 0 

(d) V3~x2 + (1 + a) x - a yl3= 0 

cos 0 52. If sin"1 0 — cos3 0 
sin 0 - c o s 0 V( 1 +cot2 0) 

- 2 tan 0 cot 0 = - 1, 0 e [0, 271], then 
(a) 0 6 (0,71/2) - {71/4} 

( b ) 0 e f | , 711-{371/4} 

(c) 0 e | 7t, y {571/4} 

53. If 

(d) 0 e (0 ,7i)- {Tt/4,71/2} 
336 

sm a = and 450° < a < 540°, then 
625 

sin a / 4 is equal to 
1 

(a) 

(c) 

5 V2 
4 
5 

(b) 

(d) 

1_ 
25 
3 
5 

54. If sin (0 + a) = a and sin (0 + (3) = b, then 
cos 2 (a - p) - 4ab cos ( a — P) is equal to 
(a) 1 - a 2 - b 2 

(c) 2 + a l - b 2 

55. The expression 

(b) 1 - 2a2 - 2b2 

(d) 2 - a - b 2 

( 37t ^ . 4 , , 
I +sin (371 + a ) 

• (1 /7I > . fi , sin — + a + sin ( 5tt - a ) is equal to 

(a) 0 
(c) 1 

( b ) - 1 
(d) 3 

MULTIPLE CHOICE -II 
Each question in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c. d corresponding to the correct answcr(s). 

5 6 - If 0 < x < | and sin" x + cos" x > 1 then 

(a) 11 e (2, 00) 

( b ) / i e ( - ° ° . 2] 
(c) n e [— 1,1] 
(d) none of these 
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57. If 
tan x _ tan v _ tan z 

1 ~ 2 ~~ 3 
0) and x + y+ z = 7t 

then 
(a) maximum value of tan x + tan y + tan z is 6 
(b) minimum value of tan x + tan y + tan z is - 6 
(c) tan x = ± 1, tan y = ± 2, tan z = ± 3 
(d) tan x + tan y + tan z = 0 V x, y, z e R 

58. If 3 sin |3 = sin (2a + P) then 
(a) [cot a + cot ( a + P)] [cot P 

- 3 cot (2a + P)] = 6 
(b) sin P = cos ( a + p) sin a 
(c) 2 sin p = sin ( a + P) cos a 
(d) tan ( a + P) = 2 tan a 

59. Let Pn («) be a polynomial in u of degree n. 
Then, for every positive integer rc, sin 2nx is 
expressible is 
(a)P2 n (sinx) 
(b)P2„ (cos x) 
(c) cos x P2n- i (sin x) 
(d) sin x P2n _ , (cos x) 

60. If sin4 a cos2 a = ^ Ck cos 2ka. then 
k = 0 

C, + C3 = c 0 + c 2 = 
and C] + C2 + C3 + C0 = 
(a) 0 , 1 , 2 (b) 0 ,0 ,0 , 
(c) 0, 2, 3 (d) 0 , -1 , 2 

61. 3 5 
If cos a = — and cos P = — , then 

(a) cos ( a + P) = 
33 
65 

(b) sin ( a + P ) = | | 

a (c) sin 

( d ) c o s ( a - P ) = 

_1_ 
65 

63 
65 

62. The equation sin6 x + cos6 x = a2 has real 
solutions if 

(a) a G ( - 1, 1) 

(c) a e 
] I 
2 ' 2 

(b) a e 

( d ) « e 

63. If tan a and tan p are the roots of the 
2 

equation x + px + q = 0 {p * 0), then 

(a) sin (a + P) + p sin ( a + P) cos (a + p) 
+ q cos2 ( a + p) = q 

( b ) t a n ( a + p ) = p/{q - 1) 
(c) cos ( a + P) = 1 - q 
(d) sin (a + P) = - p 

64. If sin 6 + sin <f> = a and cos 0 + cos (J) = b, then 

(a) cos 

(b) cos 

(c) tan 

e-<[> 
2 

e — 4> 
2 

e — <p' 
2 

2 + b2) 

- w 4 — a—b 
2 , 1,2 

a+b 
2 , 1.2 a+b • (d) cos (0 - <t>) = 

65. Which of the following statements are 
possible, a, b, m and n being non-zero real 
numbers ? 

(a) 4 sin2 0 = 5 
(b) (a2 + b2) cos 0 = 2ab 

2 2 2 2 (c) (m + n ) cosec 0 = m -n 
(d) sin 0 = 2-375 

66. Let /„ (0) = tan - (1 + sec 0) (1 + sec 20) 

(1 +sec 40) ... 
(1 + sec 2" 0). Then 

(a ) / 2 

(c)/4 

/ 7t N 

16 

71 
64 

= 1 

= 1 

(b)/3 

(d)/5 

32 

K 
128 

= 1 

= 1 

67. The set of values of X e R such that 
tan2 0 + sec 0 = X, holds for some 0 is 
(a) ( - •» , 1] (b) ( - - , - 1 ] 
(c) <|> (d) [ - 1, °o) 

68. If the mapping/(x) = ax + b, a < 0 maps 
[-1, 1] onto [0, 2] then for all values of 0, 
A = cos2 0 + sin4 0 is 

( a ) / ^ j < A < / ( 0 ) 

(b) / (0) <A < / ( - 2) 

( c ) / f j l < A < / ( 0 ) 

( d ) / ( - l ) < A < / ( - 2 ) 
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69. For 0 < <!> < n/2 if 

x = L cos2" (b , y = X sin2" (!), 
n=0 n=0 

In In 
z = E cos " d> sin (b, then 

n = 0 

(a) xyz = xz + y 
(b)xyz = xy + z 
(c) xyz = x + y + z 
(d) xyz = yz + x 

70. If tan x = , (a * c) 
a-c 

i i y = a cos x + 2b sin x cos x + c sin x 
2 2 z = a sin x - 2b sin x cos x + c cos x , then 

(a) y = z 
(b) y + z = a + c 
( c ) y - z = a-c 
(d) y - z = (a - cf + 4b 1 

71. 

72. 

/ yi cos A + cos fi 
sin A — sin B 

y / 

(a) 2 tan" 
^ A - f i ^ 

^ sin A + sin B ^ 
cos A - cos B 
(n,even or odd) = 

(b) 2 cot" 
A-B 

( c )0 
3 + c o t 76° cot 16° 

(d) None of these 

cot 76° + cot 16° 
(a) tan 16° (b)cot 76° 
(c) tan 46° (d) cot 44° 

73. In a triangle tan A + tan B + tan C = 6 and 
tan A tan B = 2 , then the values of 
tan A , tan B and tan C are 
(a) 1,2, 3 (b)2, 1 ,3 
(c) 1 , 2 , 0 (d) None of these 

m* Tr a C 0 S <t> + b , 74. If cos e = J - * — - , then tan 9 / 2 = 
a + b cos <p 

( a ) A / 

(b)Vf^ ' a — 

76. 

78. 

(c) V 
ra-bN 

sin <()/2 
a + b 

(d) None of these 
75. The value of 

Jog10 tan 1 • + log]0 tan 2" + !og]0 tan 3" e 
(a)0 
(c) \ / e 
If in AABC, 

. + log10tan 89* 
IS 

(b) e 
(d) None of these 

tan A + tan B + tan C = 6 and 
• 2 sin C is • 2

 D sin fi : tan A tan fi = 2 then sin A 
(a) 8 : 9 : 5 (b) 8 : 5 : 9 
(c) 5 : 9 : 8 (d) 5 : 8 : 5 

77. If cot 9 + tan 9 = x and sec 9 - cos 9 = y, then 

(a) sin 9 cos 9 = — 

(b) sin 9 tan 9 = y 
, w 2 .2/3 , 2.2/3 , (c) (x y) - ( x y ) =1 
,JS , 2 ,1/3 , , 2x1/3 . (d) (xy) + (xy ) =1 

If — = C ° S ^ where A * fi then 
y 

(a) tan 

cos fi 
A + fi 

(b) tan 

2 
M - f i 

(c) 
sin (A + fi) 
sin (A - fi) 

x tan A + y tan fi 
x + y 

x tan A — y tan fi 
x + y 

y sin A + x sin fi 
y sin A - x sin fi 

(d) x cos A + y cos fi = 0 

79. If tan 9 = sin a - cos a , then 
sin a + cos a 

(a) sin a - cos a = ± <2 sin 9 
(b) sin a + cos a = ± V I cos 9 
(c) cos 29 = sin 2 a 
(d) sin 29 + cos 2 a = 0 

80. Let 0 < 9 < n/2 and x = Xcos 9 + Ksin 9 , 
y = X sin 9 - Y cos 9 such that 
x2 + 4xy + y2 = aX2 + bY2, where a , b are 
constants. Then 
(a )a = - 1,6 = 3 
(b) 9 = 71/4 
(c) a = 3, b = - 1 
(d) 9 = 71/3 
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Practice Test 
MM : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct ansuier(s). 
[10 x 2 = 20] 

1 2 2 • Minimum value of Ax - 4x | sin 9 | - cos 9 
is 
( a ) -2 ( b ) - l 
(c) -1/2 (d) 0 

2. For any real 8, the maximum value of 

cos2 (cos 9) + sin2 (sin 9) is 

(a) 1 (b) 1 + sin 1 

(c) 1 + cos 1 (d) does not exists 
3. If in a triangle ABC, CD is the angular 

bisector of the angle ACB then CD is 
equal to 

( a ) y ^ c o s (C/2) 

(b) — — c o s (C/2) ab 

(c) cos (C/2) 

(d) 

a+b 
b sin A 

sin (B + C/2) 
A Tr * R. 2 1 2 4. it cos 9 sec a , — ana sin 9 cosec a are in 

A. P. then 
8 n 6 1 j • 8 n 6 cos 9 sec a , — and sin 9 cosec a are in 

(b) G. P 
(d) None of them 

(a) A. P. 
(c) H. P. 

5. Given tha t 
(1 + V(1 + x)) t a n x = l + V ( l - x ) 

Then sin Ax is equal to 
(a) Ax (b) 2x 
(c) x (d) None of these 

Record Your Score 

6. If tan 9 = n t an (j), then maximum value of 
2 , tan (9 - <|>) is 

( a ) ^ An 

(c) 
(2 n + 1 

An 

(b) 

(d) 

(n - If 
An 

(2re - l)
2 

If 1 tan A | < 1, and | A 
Vl + sin 2A + Vl - sin 2A 

An 
is acute then 

is equal to V1 + sin 2A - Vl - sin 2A 
(a) tan A (b) - t an A 
(c) cot A (d) - cot A 

8. The maximum value of the expression 

I V(sin2 x + la ) - V(2a - 1 - cos2*) I, 
where a and x are real numbers is 
(a)V3 
(c ) l 

(b)V2 
(d)V5 

9. If 

cos 

J : an+l = y7 

V i - q p 

(1 + an) then 

a i <23 ...to 0° 
(a) 1 

(c) a 0 

is equal to 

( & - 1 

( d ) A 
a0 

10. If in A ABC, ZA = 90° and c, sin B, cos B 
are rational numbers then 
(a) a is the rational 
(b) a is irrational 
(c) b is rational 
(d) b is irrational 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 
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Answer 

Multiple Choice-1 
1. (a) 2. (a) 3. (a) 4. (c) 5. (b) 6. (a) 
7. (a) 8. (a) 9. (a) 10. (c) 11. (c) 12. (b) 

13. (a) 14. (d) 15. (c) 16. (b) 17. (b) 18. (a) 
19. (d) 20. (c) 21. (b) 22. (a) 23. (b) 24. (d) 
25. (b) 26. (b) 27. (c) 28. (b) 29. (b) 30. (d) 
31. (a) 32. (c) 33. (a) 34. (b) 35. (d) 36. (c) 
37. (a) 38. (d) 39. (c) 40. (c) 41. (c) 42. (c) 
43. (c) 44. (d) 45. (b) 46. (c) 47. (d) 48. (b) 
49. (b) 50. (c) 51. (b) 52. (d) 53. (c) 54. (b) 
55. (c) 

Multiple Choice-ll 
56. (a), 57. (a), (b), (c) 58. (a), (b), (c) 59. (c), (d) 60. (b) 61. (b), (c), (d) 
62. (b), (d) 63. (a), (b) 64. (a), (c), (d) 65. (b), (d) 66. (a), (b), (c), (d) 
67. (d) 68. (a) 69. (b), (c) 70. (b), (c) 71. (b), (c) 72. (c), (d) 
73. (a), (b) 74. (a) 75. (d) 76. (b), (d) 77. (a), (b), (c) 78. (a), (b) (c) 
79. (a), (b), (c), (d) 80. (b), (c). 

Practice Test 
1. (b) 2. (b) 3. (c), (d) 4. (a) 5. (c) 6. (b) 
7. (b) 8. (b) 9. (c) 10. (a), (c). 
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TRIGONOMETRIC EQUATIONS 

§ 28.1. Reduce any trigonometric equation to one of the following forms 

(i) If sin 6 = sin a 

(ii) If cos 0 = cos a 

(iii) If tan 0 = tan a 

(iv) If sin2 0 = sin2 a 
then 0 = rm. ± a, 

or cosec 0 = cosec a then 
0 = mt + ( - 1)" a, 

sec 0 = sec a then 
0 = 2rm ± a, 

cot 0 = cot a, then 
0 = rm + a, 

cos20 = cos2 a or tan2 0 = tan2 a. 

or 

or 

or 

(v) If cos 0 = 0 then 0 = rm + 2 ' 
n e I 

(vi) If cos 0 = 1 then 0 = 2rm, n e I 
(vii) If cos0 = - 1 then 0 = 2rm + n, net 
(viii) If sin 0 = 0, then 6 = rm, net 

(ix) If sin 0 = 1 ,then 0 = 2rm + net 

(x) If sin 0 = - 1 ,then 0 = 2m - | , n e I 

(xi) Equation of the type of 

then put 

then equation (1) reduces to 

a cos 0 + b sin 0 = c 
a = rcos a, b = rsin a 

r = "V a2 + b2 and a = tan 1 

r (cos0cosa + sin 0 sin a) = c 

cos (0 - a) = ~ 

(0-a) = 2rm ± cos 1 f 

0 = a + 2 rm ± cos"1 [ - \, n 

n e I 

n e / 

n € / 

n e I 

...(1) 
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MULTIPLE CHOICE-I 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. The number of values of x for which 
sin 2x + cos 4x = 2 is 
(a) 0 (b) 1 
(c)2 (d) infinite 

2. The number of solutions of the equation 
x3 + x2 + 4x + 2 sin x = 0 in 0 < x < 2n is 
(a) zero (b) one 
(c)two (d) four 

3. Let a , (3 be any two positive values of x for 
which 2 cos x, I cos x I and 1 - 3 cos x are in 
G.P. The minimum value of I a - (3 I is 
(a) 71/3 (b) TT/4 

(c) 7t/2 (d) None of these 
4. The number of solutions of the equation 

tan x + sec x = 2 cos x lying in the interval 
[0, 27t] is 
(a)0 (b) 1 
(c)2 (d)3 

2 
5. If 2 tan x - 5 sec x is equal to 1 for exactly 7 

nn' 
distinct values of x e 0, , ne N, then 

the greatest value of n is 
(a) 6 (b) 12 
(c) 13 (d) 15 

6. The general solution of the trigonometrical 
equation sin x + cos x = 1 for 
n = 0, + 1, + 2, ... is given by 
(a) x = 2nn 
(b) x = 2nn + n/2 

(c) x = nn + (- n" — - — 
' 4 4 

set of 
(d) None of these 
The solution 
(2 cos x- 1) (3 + 2 cos x) = 0 in the interval 
0 < x < 2x is 

(b) 

(c) 

If 
if 

5TC 
3 

571 
3 

-1 cos 

(d) None of these 
8. The smallest positive root of the equation 

tan x — x = 0, lies in 
1 
J 

271 1 
J 

9. The number of solutions of the equation 

(a) (0, n /2 ) 

( O I K . ? 

< b ) [ f . x 

. 5 sin x- cos x = - (sin x * cos x) is 

10. 

cos x sin x 
(b) 1 
(d) none of these 

2 

(a) 0 
(c) infinite 

The equation (cos p - 1) xz + (cos p) x 
+ sin p = 0, where x is a variable, has real 
roots. Then the interval of p may be any one 
of the followings 
(a) (0, 2n) (b) ( - 71, 0) 

n n 
(c) 

2 ' 2 
(d) (0,7i) 

11. The number of solutions of the equation 
2 (sin4 2x + cos4 2x) + 3 sin' x cos2 x = 0 is 

(b) 1 
(d) 3 

• 2a-1 possesses a solution 

(a) 0 
(c) 2 

12. cos 2x + a sin x = 
for 
(a) all a (b) a > 6 
(b) a < 2 (d) a e [2, 6] 

13. The complete Solution of the equation 
7- cos2 x + sin x cos x - 3 = 0 is given by 
(a) nn + n/2 (n e / ) 
(b) nn - n/4 (n e /) 
(c) nn + tan"1 (4/3) (n e I) 

(d) nn + ~~ , kn + tan" 1 (4/3) (k, n e /) 

14. If 0 < x < ft and 81sln f +81 c o : 

equal to 
(a) 7t/6 (b) 71/2 
(c) 7t (d) 71/4 

15. If 1 + s i n 0 + s i n 2 9 + . 
0 < 6 < 7i, 6 * n/2 then 

= 30 then x is 

: 4 + 2 <3, 
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(a) 6 = 71/6 (b) 6 = 71/3 
(c) e = 71/3 or 7C/6 (d) 0 = 71/3 or 271/3 

16. If tan (7i cos 0) = cot (n sin 0), then the 
value(s) of cos (0 - 7t/4) is (are) 

(a) | 

(d) None of these ( C ) 2^2* 
17. The equation a sin x' + b cos .v = c where 

I c I > y<? + b2 has 
(a) One solution 
(b) Two solutions 
(c) No solution 
(d) Infinite number of solutions 

18. The most general values of x for which 
2 

1,<3~-4(3 + 6} sin .v + cos x = min 
a e R 

are given by 
(a) 2/m 

(b) 2nn + j 

( c ) , m + ( - l ) ' ' J - f 

(d) None of these 
19. If / ( x ) = sin x + cos x. Then the most general 

71 
10 

the greatest integer less than or equal to .v.) 

solutions o f / ( x ) : / are (where [x] is 

(a) 2/171 + - , 1 1 6 / (b)/17t. /! 6 / 

(c) 2/m ± ~ , 11 e I (d) None of these 

20. If x e [0,2ti], y e [0, 2n] 
and sin x + sin y = 2 then the value of x + y is 

7t 
(a) 71 (b) 

(c) 37t (d) None of these 
21. The number of roots of the equation 

x + 2 tan x = n/2 in the interval [0, 2n\ is 
(a) 1 (b) 2 
(c) 3 (d) infinite 

22. If .v = X cos 0 — K sin 0, y = X sin 0 + Y cos 0 
and A2 + 4.vv + y2 = AX2 + BY' , 

0 < 0 < 71/2 then 
(a) 0 = n/6 (b) 0 = 7t/4 
(c) A = - 3 (d) B = 1 

23. The number of solutions of the equation 
cos (71 Vx - 4) COS (71 Vx) = 1 is 

(a) None (b) One 
(c) Two (d) More than two 

24. The number of solutions of the equation 

sin [ Y J 3 ) = * 2 - 2 ^ 3 x + 4 

(a) Forms an empty set 
(b) is only one 
(c) is only two 
(d) is greater than 2 

25. The solution of the equation 
logcos x sin x + logsin x cos x = 2 is given by 
(a) x = 2/i7i + 7t/4 (b) x = nn + n/2 
(c) x = /m + 7C/8 (d) None of these 

26. The general value of 0 such that 

20 = V3/2 and tan 0 = - j= is given by sin 

/ \ 
( a ) / i 7 t + — 6 

V T 
In 

(c) 2/171 + 
In 

(b) nn ± 

(d) None of these 

27. Values of x and y satisfying the equation 
sin7 y = I x3 - x2 - 9x + 9 I + I x3 - 4x - x2 

2 4 + 4 I + sec 2y + cos y are 
(a) x = 1, y = nn 
(b) x = 1, y = 2 /m+ 7t/2 
(c) x = 1, y = 2/m 
(d) None of these 

28. Number of real roots of the equation 
sec 0 + cosec 0 = Vl5~ lying between 0 and 
2n is 
(a) 8 (b)4 
(c)2 (d)0 

29. The solution of the equation 
• 10 10 29 4- . sin x + cos x = 77 cos 2xis 

16 

(a) x 
nn 
A 

(b) x = nn + — 

(c) x = 2/m + — (d) None of these 

30. Solutions of the equation I cos x I = 2 [x] are 
(where [ . ] denotes the greatest integer 
function) 
(a)Nill (b) x = ± 1 
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(c) x = 71/3 (d) None of these 
31. The general solution of the equation 

.100 100 . . sin x - cos x = 1 is 

(a)2nn + j , n e / (b) nn + ̂  ,ne I 

(c) mt + ^ , « e / (d) 2wJt - - j , « e / 

32. The number of solutions of the equation 
2cosx = I sin x I in [-271,27t] is 
(a) 1 (b)2 
(c)3 (d) 4 

33. The general solution of the equation 
. 2 

2cos2* , , . « - m i . 
+ 1 = 3 . 2 I S 

(c) nn-n (d) None of these 
34. If x e (0, 1) the greatest root of the equation 

sin 271 x = V I cosTtcis 
(a) 1/4 (b) 1/2 
(c) 3/4 (d) None of these 

35. If max {5 sin 9 + 3 sin (9 - a)} = 7, then the 
set of possible values of a is 9 e R 

(a) { x : x = 2nn ± — , n e I 

(b)\x:x = 2nn±Y >ne I 

(c) 
n 2tc 
3 ' 3 . 

(d) None of these 
(a) nn (b) nn + n 

MULTIPLE CHOICE - I I 

Each question in this part has one or more than one correct answers). For each question, write the letters 
a, b,c,d corresponding to the correct answer (s). 

36. 2 sin x cos 2x = sin x if 
( a ) X=MI + n / 6 (NE I ) 

(b) x = rat - n/6 (ne I) 
(c) x = nn (n e I) 
(d) x = nn + n/2 (ne I) 

37. The equation 
X 2 X 2 2 2 2 sin — cos x - 2 sin — sin x = cos x - sin x 
2 2 

has a root for which 
(a) sin 2x = 1 (b) sin 2x = - 1 
(c) cos* = 1 / 2 (d) cos 2x = — 1 /2 

38. s inx+ cos x = 1 + sin x cos x, if 

(a) sin (x + n/4) = 

(b) sin (x — JC/4) = 

(c) cos (x + Jt/4) = ^ 

(d) cos(.r-71/4) = ^ 

39. sin 0 + V I c o s 0 = 6 x - x 2 - l l , O < 0 < 4 7 t , x e 
holds for 
(a) no value of x and 0 
(b) one value of x and two values of 0 
(c) two values of x and two values of 0 
(d) two pairs of values of (JC, 0) 

40. The equation sin JC = [1 + sin JC] + [1 - cos JC] 
has 
(where [JC] is the greatest integer less than or 
equal to JC) 

n n 
' 2 ' 2 

(a) no solution in 

(b) no solution in 

(c) no solution in 
371] 

(d) no solution for JC e R 
41. The set of all JC in ( - 7t, 7t) satisfying 

I 4 sin x - 1 I < VF is given by 

( a ) x e | — ( b ) * e ( - K ^ 

(c) JC e - JC, 
371 

R, 

10 ' 10 

( d ) x e (-7t,7t) 

42. The solution of the inequality 
log1 / 2sinjc > log1 /2cosjc in [0, 2n] is 
(a) JC e (0,71/2) (b) JC e (0, ic/8) 
(c) JC e (0, Jt/4) (d) None of these 

43. Solutions of the equation 
sin 7JC + cos 2JC = - 2 are 

2*7t 3JC . , (a)x = — + —,n,ke I 

(b) x = nn + ^ , n e I 



Trigonometric Equations 245 

(c) x = nn + n/2, ne I 
(d) None of these 

44. The solutions of the system of equations 
sin x sin y = V3/4, cos xcos y = V3/4 
are 

(a) x, = | + | ( 2 n + k) 

( b ) y , = | + | ( * - 2 n ) 

(c)x2 = | + | ( 2 , n + t ) 

( d ) y 2 = | + | ( * - 2 n ) 

2 2 

45. 2 sin x + sin 2x = 2, - n <x< n, thenx = 
(a) ± 71/2 (b) ± 71/4 
(c) + 3TC/4 (d) None of these 

46. The number of all possible triplets (x, y, z) 
such that 
(x + y) + (y + 2z) cos 20 + (z - x) sin2 0 = 0 
for all 0 is 
(a)0 (b ) l 
(c) 3 (d) infinite 

47. The number of solutions of 
tan (5K cos a ) = cot(57t sin a ) for a in (0, 2JI) is 

Practice Test 

(a) 7 (b) 14 
(c) 21 (d) 28 

48. The number of solution(s) of the equation 
• 3 , - 2 2 3 , sin x cos x + sin x cos x + sin x cos JC = 1 

in the interval [0, 27t] is/are 
(a) No (b) One 
(c) Two (d) Three 

49. The most general values of JC for which 
sin x - cos x = min {2, e2, n, X2 - 4A. + 7] 

\eR 

are given by 
(a) 2nn 

(b) 2nn + ~~ 

(d)«7t + ( - 1 ) - - -
4 3 

50. The solution of the equation 
103 103 

( a ) - -

, N 71 
( O -

cos '~ JC - sin x = 1 are 

(b) 0 

(d)7t 

M.M. : 20 Time: 30 Min 

(A) There are 10 parts in this question. Each part has one or more than one correct answerfs). 
[10 x 2 = 20] 

3. The solution set of the inequality .2 3 . 1 sin x - — sinx + — 
1. If I cos x I 2 2 = 1 , 

possible values of x 
(a) nn or nn + ( - l ) n 7t/6, n e I 

(b) nn or 2nn + J or nn + (- l)n § i O 

(c) nn + (— l)n ~, n e I 
b 

(d) nn , n e I 
2. tan | x | = | t a n x | if 

(a)x e ( - it (2/fe + l ) /2 , - nk] 
(b) x e [nk , JC (2k + l ) /2) 
(c)x e (-nk , - 7i (2k- l ) /2) 
(d) x e (7C (2 k - l)/2, nk), k e N 

then 

, ne I 

2 a 1 . cos 8 < — is z 

(a) | 8/(8/1 + 1) | < 8 < (8/1 + 3) n 6 / j 

(b) 

(c) 

| 8/(8n - 3) | < 8 < (8n - 1) | , n e / 1 

8/(4j» + 1) T < 8 < (4n + 3) 
4 

(d) None of these 
4. If [y] = [sinx] and y = cosx are two 

given equations, then the number of 
solutions, is : 
([•] denotes the greatest integer function) 
(a) 2 (b) 3 
(c)4 
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(d) Infinitely many solutions 
(e) None of these 

1 
5. cos (sin x ) ~ 

interval 

(a) 
n n 
4 ' 2 

then x must lie in the 

< b ) | - j , 0 

< o f „ , f (d)| f , i t , 

6. A solution of the equation 
) 

(1 - t a n 6) (1 + tan 9) sec 0 + 2 

where 0 lies in the interval 

.tan 9 = 0 
7t 71 I . 
2 ' 2 J 18 

given by 
(a) 0 = 0 (b) 0 = T I / 3 

(c) 0 = - 71/3 (d) 0 = T I / 6 
7. The number of solutions of the equation 

2 1 + sin x sin x / 2 = 0 in [ - rt, 7t] is 

Record Your Score 

(a) zero (b) 1 
(c) 2 (d) 3 

8. The number of solutions of the equation 
1 cot X I = cot X + (0 < x < 271) is 

sin x 
(a) 0 (b) 1 
(c) 2 (d) 3 

9. The real roots of the equation 

cos7 x + sin4 x = 1 in the interval ( - 7t, 7t) 
are 
(a) - 7 i / 2 , 0 (b) - 7 1 / 2 , 0 , T I / 2 

( C ) T I / 2 , 0 ( d ) 0 , 7 I / 4 , 7 I / 2 

10. Number of solutions of the equations 

y = - j [sin x + [sin x + [sin x]]] and 

[v + [)']] = 2 cos x, where [.] 
greatest integer function is 
(a)0 (b) 1 
(c) 2 (d) infinite 

denotes the 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice -I 
l . ( a ) 2. (b) 3. (d) 4. (c) 5. (d) 6. (c) 
7. (b) 8. (c) 9. (a) 10. (d) 11. (a) 12. (d) 

13. (d) 14. (a) 15. (d) 16. (c) 17. (c) 18. (c) 
19. (d) 20. (a) 21. (c) 22. (b) 23. (b) 24. (b) 
25. (a) 26. (d) 27. (b) 28. (b) 29. (a) 30. (a) 
31. (b) 32. (d) 33. (a) 34. (c) 35. (a) * 

Multiple Choice -II 
36. (a), (b), (c) 37. (a), (b), (c), (dj 38. (a), (c), (d) 39. (b), (d) 
40. (a), (b), (c), (d) 41. (b) 42. (c) 43. (a), (c) 
44. (a), (b), (c), (d) 45. (b), (c) 46. (d) 47. (b) 
48. (a) 49. (b) 50. (a), (b) 

Practice Test 

1. (c), (d) 2. (a), (b) 3. (c) 4. (d) 5. (a), (d) 6. (b), (c) 
7. (a) 8. (c) 9. (b) 10. (a) 



INVERSE CIRCULAR FUNCTIONS 

§ 29.1. Principal values for Inverse Circular Functions 

Ex. 

§ 29.2. Some Results on Inverse Trigonometric Functions 

(i) s in" 1 ( - x) = - sin" 1 x, - 1 < x < 1 

(ii) COS" 1 ( - X) = 71 - cos" 1 x. - 1 < x < 1 

(iii) tan" 1 ( - x) =- tan" 1 x, x e R 
(iv) cot" 1 ( - x) = J I - cot" 1 x. x e R 

(v) s e c " 1 ( - x) = 7i - sec" 1 x. x < - 1 or x > 1 

(vi) cosec" 1 ( - x) = - cosec" 1 x. 

(vii) sin" 1 x + cos" ' x = T I /2 , - 1 < x < 1 

(viii) tan" 1 x + cot" 1 x = it/2, x e R 
(ix) s e c " 1 x + cosec" 1 x = k/2, x < - 1 or x > 1 

(x) s e c " 1 x = cos" 1 ' i — I, x < - 1 or x > i 

(xi) cosec" 1 x = sin" 1 I — >. x < - 1 or x > 1 
x 

(xii) cot 1 x = 
tan 

I 
1 ( 1 1 I I 

l x ; , 
. 1 i 1 \ 

, x > 0 

7t + tan | — . x < 0 
l x 

(xiii) If x > 0. y > 0, xy < 1, then 

t an" 1 x + tan" 1 y = t an" 1 ! 
K y I 
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(xiv) If x > 0, y > 0, xy > 1, then 

tan"1 x + tan"1 y = n + tan"1 { * + y 
{•i-xy 

(xv) If x < 0, y < 0, xy > 1, then 

tan"1 x + tan"1 y = - n + tan"1 ( 
[ 1 - xy 

(xvi) If x > 0, y > 0, x2 + / < 1, then 
sin"1 x + sin"1 y = sin - 1 [xVi - y 2 + y V i - x 2 ] 

(xvii) If x > 0, y > 0, x2 + y2 > 1, then 
s in - 1 x + sin - 1 y = n - s in - 1 [xVi - y 2 + y V1 - x 2 ] 

(xviii) If 0 < x, y < 1 then 

(xix) If 0 < x, y < 1 then 

(xx) If - 1 < x, y < 0 then 

(xxi) If - 1 < x < y <, I then 

(xxii) If I x I < 1 then 

(xxiii) If I x I > 1, then 

in"1 x - sin - 1 y = s in - 1 [ xV i - y 2 - y V 1 - x 2 ] 

f 1 X + cos"1 y = cos"1 [xy - V i - x 2 Vi - y 2 ] cos 

cos 1 x + cos"1 y = 2n - cos"1 [xy - V i - x 2 V i - / ] 

cos x - cos 1 y = cos"1 [xy + V i - x 2 Vi - y 2 ] . 

2 tan 1 x = sin 1 2x 

it - 2 tan 1 x = sin 1 

1+x 2 

r 2x ^ 
1+x 2 

= cos 

= cos - 1 

1 f i ^ z 

[ 1 + x 2  

1 - x 2 ! 1 + x 2 

= tan 

= tan 

_2x_] 
1 - x 2 

2x 
1 - x 2 

M U L T I P L E C H O I C E - I 

£ac/i question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. cos 

( a ) -

( 1 7 cos [ - - n 

1771 
15 (b) 

is equal to 

1771 
15 

. , 271 
( C ) 7 5 

2. tan 2 tan i_2E 
5 4 

«f (b) 16 

( d ) n 
_ . - 1 . - 1 271 3. I f sin x + sin y = — , 

then cos"1 x + cos"1 y = 
. . 271 
< a ) y 

. 71 
( c ) 6 

(b ,f 

(d)7t 

4. I f x + 1/x = 2, the principal value of sin x is 
(a) 71/4 (b) n/2 
(c ) n (d ) 3 T I / 2 

I f cos"1 x + cos"1 y + cos"1 z = 37t then 
xy + yz + zx is equal to 
(a)-3 (b)0 
(c)3 ( d ) - l 

6. The value of 

sin cot sin"1 V f 2 - V 3 " 

+ COS + sec m 
4 

(a) 0 7t/4 
(c) n / 6 (d) 7t/2 

7. The number of real solutions of 

- ' V 2 

tan 
(a) zero 

Vx(x+ 1) +sin 1 V ( x 2 + x + 1) =7t /2 is 
(b) one 
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(c) two (d) infinite 
8. A solution of the equation 

tan"1 (1 + JC) + t an - 1 (1 - JC) = T I / 2 is 
(a) JC = 1 (b) JC = - 1 
(c) JC = 0 (d) JC = 71 

9. If JC], JC2, JC3, JC4 are roots of the equation 

JC4 - JC3 sin 2P + JC2 cos 20 - JC cos P - sin P = 0. 

then X tan 
;= l 

X; = 

( a )P ( b ) 7 t / 2 - p 
(c) 7t — p (d) - p 

„ - 1 V ( 1 + JC 2 ) - V ( L - JC 2 ) , 2 10. If tan , = — r = = = a , then x = 
/(1 +x2) + V ( 1 - J C 2 ) 

(a) cos 2 a (b) sin 2 a 
(c) tan 2 a (d) cot 2 a 

11. If JC2 +y2 + z2 = r2, then 

t a n - 1 f 1+ t a n - 1 f ^ 1+ t a n - 1 f — 1= 
zr 

(a)7t 
( c )0 

12. — — is the principal value of 

xr 
(b) 7 1 / 2 

(d) None of these 

yr 

(a) cos" 
In ] . . -1 

cos — | (b) sin 

(c) sec sec 7 T I 
(d) sin 1 ( sin ( 

s i n y j 

2tc 
s i n | -

13. The value of 

t a n - 1 (1) + c o s - 1 ( - 1/2) + s in - 1 ( - 1/2) 
is equal to 
(a) T E / 4 (b) 5 N / 1 2 

( C ) 3 T C / 4 ( d ) 1 3 7 1 / 1 2 

In 2 n 
14. If ^T sin" Xj = nn then JC, is equal to 

i = 1 
(a) n 

(c) 
n (w + 1) 

i = 1 
(b) 2n 

(d) None of these 

15. The inequality sin (sin 5) > JC - 4JC holds if 
(a) JC = 2 — V9 - 271 
(b) JC = 2 + V 9 - 2TC 

(c)jce ( 2 - V 9 - 2 7 T , 2 + V 9 - 2 7 T ) 

(d) JC > 2 + V 9 - 2 7 t 

16. The sum of the infinite series 

c o t - 1
 2 + co t - 1

 8 + co t - 1
 1 8 + c o t - 1

 3 2 + . . . 

is equal to 
(a) 7t (b) 7t/2 
(c) TI/4 (d) None of these 

17. sin {cot - 1 (tan c o s - 1 JC)} is equal to 

(a) x (b) V(1 -x2) 

(d) None Of these 

18. The value of tan (sec ' 2 ) + cot2 (cosec 1 3) 
is 
(a) 1 3 (b) 1 5 

(c) 11 (d) None of these 

19. The equation s in - 1 JC = 2 s in - 1 a has a 
solution for 
(a) all real values of a 
(b) a < 1 
( c ) - l / V 2 < a < l W 2 
(d) - 1 < a < 1 

20. The number of real solutions of (JC, y) where 

I y i = sin JC, y = c o s - 1 (cos x), - 2n < x < In, is 
(a) 2 ( b ) l 
( c )3 (d) 4 

21. The number of positive integral solutions of 

tan"1
 JC + co t - 1 y = t an - 1

 3 is 
(a) one 
(b) two 
(c)three 
(d) four 

22. The value of cos - 1 (cos 12) - s i n - 1 (sin 12) 
is 
(a) 0 (b) 7 I 

(c) 87T - 24 (d) None of these 

23. The smallest and the largest values of 

1 \ O < J C < 1 a r e tan , 
1 + JC 

(a) 0, n 
( b ) 0 , 7 T / 4 

(c) - 7t/4, 71/4 
( d ) 7 T / 4 , 7 T / 2 

24. If - 1 < JC < 0 then sin 1 x equals 

(a) 71 - cos - 1 (Vl - J C 2 ) 
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- i (b) tan 

(c) - cot 

(d) cosec 1 x 

25. The value of sin 1 (sin 10) is 
(a) 10 (b ) 10 -3TC 
(c) 3TI - 10 (d) None of these 

26. If a, b are positive quantities and if 
a + b 

a i 

a2 = 

,b{= -laj? , 

al+bi i 
—-—, b2 = ya2bi and so on then 

cos - 1 (a /b) 

cos"1 (a/b) 

(c) b x = — 
cos (b/a) 

(d) None of these 

( a K . -

(b) b„ = 

27. tan ( C\ x-y ) + tan 1 r c 2 - c , \ ( C\ x-y ) + tan 1 

1 + c2c, ^ C\ y + x 
\ 

1 + c2c, ^ 

+ tan -1 C3 ~ c2 
1 + c3c2 

.. + tan -1 

(a) tan 1 (y/x) 

(c) - tan"1 f — 

(b) t a n " 1 -
y 

(d) None of these 

sin J (sin J I / 3 ) 
V(JC2 + k2 — kx) 

C O S 7T/6 

- C O S 

T(: x + k - kx) 

where - < j c < 2 £ , £ > 0 | i s 

(a) tan 

(b) tan 

-1 

-1 

2x +xk-k2 ^ 
x — 2xk + k2 

^ x+2 xk-k2 

x' — 2.xk + k2 

' x + 2xk - 2k 1 ^ 
(c) tan 

(d) None of these 

29. The value of tan 

2x — 2xk + 2k2 

cos -7C/2 is 

(b) 

(d) 

30. Sum infinite terms of the series 

cot l i 2
 + 4 + cot 

+ cot -1 

22 + 

32 + + 

(a) TC/4 

(c) tan"1 3 
(b) tan 1 2 
(d) None of these 

28. The value of 

MULTIPLE C H O I C E - I I 

Each question, in this part, has one or more than one correct answer(s). For each question, write the letters 
a, b, c, d corresponding to the correct answer(s). 

31. The x satisfying 
sin"1

 JC + sin"1 (1 - x) = cos"1 x are 
(a) 0 
(c ) l 

32. If 2 tan" 1 x + sin"1 

(b) 1/2 
(d)2 
2x 

1 +x 
2 is independent of x 

then 
( a ) x e [1, + °°) (b) x e [— 1, 1] 
( c ) t € (— — 1 ] (d) None of these 

33. If ^ < I x I < 1 then which of the following are 

real ? 
(a) sin" x 
(c) sec 1 x 

(b) tan x 
(d) cos"1 x 

34. sin 1 x > cos 1 x holds for 
(a) all values of JC (b) JC e (0, 1 / V 2 ) 
(c)jce (1/V2, 1) (d) JC = 0-75 

35. 6 sin"1 (x2 -6x + 8-5) = 71, if 
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( a ) x = l 
( c ) x = 3 

36. If cot -1 n 

value of n is 
( a ) l 
( c )9 

(b)x = 2 
(d) x = 4 

> | ~ ], n e N, then the maximum 

(b )5 
(d) None of these 

37. If (tan 1 x)A + (cot 1 x)2 = ~ , then x equals 
5ft 

( b ) - l 
(d) - 3 

1 

2r 
is 

( a ) 0 
( c ) - 2 

oo 
38. The value of ^ tan" 

r = 1 

(a) 7t/2 (b) n / 4 
(c) ft (d) 271 

39. The number of the positive integral solutions 
of 

. - i f 3 ^ = sin - i — . -1 , tan x + cos 
VT + y 

(a) 1 * (b) 2 
( c )3 _ (d )4 

40. L e t / (JC) = E C O S ' s i n + r t / 3 ) then 

[ V T o J 

(a ) / 
871 5)1/18 

871 13ir/18 
( b ) / [ T J - « 

(c)/[-t)="2 
J In \ iiti/12 

( d ) / [ " T j = e 

41. If a < sin" 1 JIC + cos - 1 JC + tan - 1 x < p, then 
(a) a = 0 (b) P = 7t/2 

(c) a = 71/4 (d) p = 7t 
42. The greatest and least values of 

(s in - 1 JC)3 + (cos 1 x)3 are 
3 , , ft 

32 

(c) 
In 

( d » f 

43. tan 
i a (a + b + c) 

be 
+ tan 4 i -\\b {a + b + c) 

ca 

+ tan 
c (a + b + c) . 

ab 
is 

(a) 7t/4 (b) 71/2 
(c) 7t (d) 0 

44. If au a2, a3,.., an is an A.P. with common 
difference d, then 

tan 
_ 1 ( d 1 tan ( d 1 tan 

1 + a , a 2 , 1 + a , a 2 , 
+ tan 

+ ... + tan -1 

1 + a1a-i 

d 

is equal to 
(n-l)d 

(a) 

(c) 

a, + a n 

nd 
1 + axan 

(b) 

(d) 

1 +a„- i<a n 
V 

(n- 1) d 
1 +axan 

an-ax 

a„ + a 

45. If tan 0 + tan ^ — + 0 | + t a n | - ^ - + 0 |= it tan 30, 

then the value 
of k is 

(a) 1 
( c )3 

(b) 1/3 
(d) None of these 

Practice Test 
M.M: 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

1. The principal value of 2. The sum of the infinite series 
- l ( 2n) - - i f - 2ti V . -i( 1 > . - i f V 2 - n . - i f V l - V 2 ) cos ^ c o s Y J + s i n ^ s i n y j i s sin [ ^ h ^ - ^ J 

(a) It (b) 7i/2 . - l f V ^ - V n - l 
(c) 7C/3 (d) 471/3 + + S l n [ <n {n +1) l+' 

<a)§ ( b ) f 
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( C ) ; (d)7t 

3. The solution of the equation 
sin [2 cos 1 [cot (2 tan 1 x)]] = 0 are 
(a) ± 1 
(b) 1 ± <2 
(c) - 1 + <2 
(d) None of these 

4. a, (3 and y are the angles given by 
a = 2 tan"1 (V2~- 1), P = 3 sin"1 (1/V2) 
+ sin"1 ( - 1/2) and y = cos"1 (1/3) then 
(a) a > p (b) p > y 
(c) y > a (d) none of these 

5. The number of distinct roots of the equation 
3 3 A sin x + B cos x + C = 0 no two of which 

differ by 2n is 
(a)3 (b)4 
(c) infinite (d) 6 

6. If fsin" 1 cos"1 sin"1 tan" x] = 1, where [•] 
denotes the greatest integer function, then 
x is given by the interval 
(a) [tan sin cos 1, tan sin cos sin 1] 
(b) (tan sin cos 1, tan sin cos sin 1) 
(c) [- 1, 1] 
(d) [sin cos tan 1, sin cos sin tan 1] 

7. If sin" 1 x + sin" 1 y + sin 1 z = 3K/2 then 
the value of 

100 100 100 x +y +z 101 , 101 , 101 x +y +z 
is 

(a) 0 
(c) 2 

(b) l 
(d) 3 

8. If - ^ < x < ^ , then the two curves y = cos x 

andy = sin 3x intersect at 

(a) 

(b) 

(c) 

K 1 

4'72 
_n 1 

4 '72 
n _ 1 
4' 72 

and 
/ \ 

N K 

8 ' C ° S 8 

and 

and 
V 

W l - T . 1 

- 8 ' C ° S 8 
It 71 

8 ' " C O S 8 

4'72 
9. The solution of the inequality 

— 1 2 - 1 (cot x) - 5 cot x + 6 > 0 is 
(a) (cot 3, cot 2) 
(b) ( - cot 3) u (cot 2, «) 
(c) (cot 2, <*>) 
(d) None of these 

10. Indicate the relation which is true 
(a) tan I tan 1 x I = | x \ 

(b) cot | cot 
(c) tan 

- 1 
X = X 

-1 

(d) sin I sin 1 x I = 

tanx | = I x 
x I 

Record Your Score 

Max Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice -I 
1. (d) 2. (c) 3. (b) 4. (b) 5. (c) 6. (a) 
7. (c) 8. (c) 9. (b) 10. (b) 11. (b) 12. (b) 

13. (c) 14. (b) 15. (c) 16. (c) 17. (a) 18. (c) 
19. (c) 20. (c) 21. (b) 22. (c) 23. (b) 24. (b) 
25. (c) 26. (b) 27. (b) 28. (c) 29. (a) 30. (b) 
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Multiple Choice -II 
31. (a), (b) 32. (a) 
37. (b) 38. (b) 
43. (c), (d) 44. (b) 

Practice Test 

33. (a), (b), (d) 34. (c), (d) 
39. (b) 40. (b), (c) 
45. (c) 

35. (b), (d) 36. (b) 
41. (a), (d) 42. (a), (c) 

1. (a) 
7.(c) 

2. (c) 
8. (a) 

3. (a), (c) 4. (b), (c) 5. (d) 
9. (b) 10. (a), (b), (d) 



PROPERTIES OF TRIANGLE 

§30.1 

Some important formulae relating the sides a, b, c and angles A, 6, C of a triangle are : 

1. Area of the A4BC: 

The area of A ABC (denoted by A or S) may be expressed in many ways as follows : 

(i) A = ^ be sin A = ^ ca sin B = ^ ab sin C. 

(ii) A = Vs (s - a) (s - b) (s- c) a + b+ c 

(iii) A = a2 sin B sin C b2 sin C sin A c2 sin A sin B 
2 sin A 

2. Sine Rule 

In any A ABC, 

3. Cosine Rule : 

In any A ABC, 

2 sin B 2 sin C 

cos A = b2 + c2 - a2 

2 be 

sin A sin B sin C 

„2 , „2 .2 „2 , 
n c + a - b _ a + ; cos B = ; cos C t?-c2 

2 ca 2 ab 

4. Projection Rule 

In any A ABC, 
a = b cos C + c cos B, b = c cos A + a cos C, c = a cos B + b cos A. 

5. Tangent Rule (Nepier's Analogy): In any A ABC, 

B-C tan b-c . . 4 ( C-/4 
T cot A/2, tan b + c 

c- a 
c+ a cot B/2, 

tan A - B a-b 
2 | a + b 

6. Trigonometrical Ratios of the Half-Angles of A ABC 

cot C/2 

(ii) 

sin A/2 4 (s - b) (s - c) 
be 

cos A/2 = V s ( s - a) 
be 

, sin 6 /2 

sin C/2 = 

, cos 0 /2 = 

w (S-c) ( S - a) 
' ca 

/ (s - a) (s - b) 
V ab 

Is(s-b) 
ca 
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cos q/2 = V^ST 
' ab 

(,ii) tan A /2 = V ( S ' b H 5 " C ) • tan 6 /2 = y s ( s - a ) y s(s-b) ' 

t a n c / 2 = 
" SIS - C) 

§30.2 

The lengths of the radii of the circumcircle, the 
A, B, Cwill be denoted respectively by Ft, r, n, r2, m. 

1. Formulae for Circum-radius fl 

inscribed circle, and the escribed circles opposite to 

sin A sin B sin C 

2. Formulae for In-radius r 

(ii) r = (s - a) tan A /2 = (s-b) tan 0 /2 = (s - c) tan C/2 
a sin B/2 sin C/2 b sin C/2 sin A/2 c sin A/2 sin B/2 

cos A/2 cos B/2 
(iv) r = 4 R sin A/2 sin B/2 sin C/2 

3 Formulae for Ex-radii r1 ; r2, r3 

cos C/2 

A A 
>~2 = r , r3 = s - b s-

i n = — . _ . 
s - a s - D s - c 

(ii) n = s-tan A/2, = stan B/2, r3 = stan C/2 
a cos B/2 cos C/2 b cos C/2 cos A/2 (iii) n 

r3 = 

cos A /2 
c cos A/2 cos B/2 

T2 = cos B/2 

cos C/2 
(iv) ri = 4H sin A /2 cos B/2 cos C/2, r2 

r3 = 4 R cos A/2 cos B/2 sin C/2. 
4R cos A/2 sin B/2 cos C/2 , 

4. Orthocentre and Pedal triangle of any Triangle 

Let ABC be any triangle and let the perpendiculars 
AD, BE and CF from vertices A, B and C on opposite BC, CA and AB 
respectively, meet at P. then P is the orthocentre of the A ABC. (Fig. 
30. 1) the triangle DEF, which is formed by joining the feet of these 
perpendiculars, is called the pedal triangle of A ABC. 

5. The distances of the orthocentre from the Vertices and the 
Sides 

(i) PA = 2R cos A, PB = 2R cos 8, PC = 2R cos C 
(ii) PD = 2R cos B cos C, PE = 2R cos C cos A, PF 2f?cos A cos B. 
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6. Sides and Angles of the Pedal Triangle 

(i) EF = a cos A, DF = b cos B, DE = c cos C 
(ii) Z EDF = 180' - 2A, Z DEF = 180" - 2B, Z EFD = 180' - 2 C 

7. Length of the Medians 

If AD, BE and CF are the medians of the triangle ABC then 

AD = | ^(2/t2 + 2c2 - a2) 

BE .= ~ V (2c 2 +2a 2 -b 2 ) 

CF = ^ V(2a2 + 2b 2 - c 2 ) 

8. Distance between the Circumcentre and the Orthocentre 

If O is the circumcentre and P is the orthocentre then 
OP = R V(1 - 8 cos A cos S cos C) 

9. Distance between the Circumcentre and the Incentre 

If O is the circumcentre and I is the Incentre then 
01 = R V( 1 - 8 sin A/2 sin B/2 sin C/2) = V (Rs-2Rr) 

10. Ptolemy's Theorem 

In a cyclic quadrilateral ABCD. 
AC. BD = AB. CD+BC.AD. 

11. Area of the Quadrilateral 

A = (s - a) (s - b) (s - c) (s - d) - abed cos a 
Corollary I : If d = 0, then the quadrilateral becomes a triangle. 
Corollary II : The quadrilateral , whose sides are given, has 

therefore the greatest area when it can be inscribed in a circle. 

12. Regular Polygon 

Let Ai, A2,... An be a regular polygon of n sides each of length a. 
(i) Inscribed circle of a regular polygon of n sides : 

Fig. 30.3. 
Area = n/2 tan n / n 

Fig. 30.2. 

Radius r = — cot n/n 
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(ii) Circumscribed circle of a regular polygon of n sides : 
. n H2 . 2n Area = ——- sin — 2 n 

Radius = R = f cosec — 2 n An l 

Fig. 30.4. 

13. Some More Relations Regarding a Triangle : 

(i) a cos A + b cos B + c cos C = 4ft sin A sin B sin C. 
(ii) a cot A + b cot B + c cot C = 2 (R + t) 
(iii) r-\ + r2 + rz = 4R+ r 
(iv) rir2 + r2r3 + = s 2 

MULTIPLE CHOICE-I 
question in this part has four choices out of which just one is correct. Indicate your choice of correct 

answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. In a trinagle 
ABC, (a + b + c) (b + c - a) = k be if 

(a)A:<0 (h) /t > 6 
(c) 0 < & < 4 ( d ) * > 4 

2. If X be the perimeter of the A ABC then 
, 2 C 2 B . b cos — + c cos — is equal to 

(a) X (b) 2X 
(c)X/2 (d) None of these 

3. If the area of a triangle ABC is given by 
2 2 A = a ' - (b - c) then tan A/2 is equal to 

( a ) - l (b)0 
(c) 1/4 (d) 1/2 

4. The perimeter of a triangle ABC is 6 times 
the arithmetic mean of the sines of its angles. 
If the side a is 1 then ZA is 
(a) 30° (b) 60° 
(c) 90° (d) 120° 

5. a3 cos (B-Q + b3 cos ( C - A ) + c3 cos (A-B)-
(a) 3abc 
(c) abc (a + b + c) 

(b) 3 (a + b + c) 
(d)0 

6. If cos A cos B cos C and the side a = 2, 
a b c 

then area of triangle is 
(a) 1 (b)2 
(c) V3/2 (d) <3 

7. If in a AABC, cos A + 2 cos B + cos C = 2, 
then a, b, c are in 

(a) A.P. (b) G.P. 
(c) H.P. (d) None of these 

In a triangle ABC, ZB = n/3 and Zc = 71/4 
let D divide BC internally in the ratio 1 : 3. 

sin (Z BAD) . Then . ) y ^ . J . equals sin (Z CAD) 

( c ) 7 T (d) VT 
9. If D is the mid point of side BC of a triangle 

ABC and AD is perpendicular to AC, then 
(a) 3a2 = b2- 3c2 

(c )b 2 = a 2 - c 2 
(b)3 b2 = a2-c2 

(d) a2 + b2 = 5c2 

10. I f f , g, h are the internal bisectors of a AABC 
. 1 A 1 fi 1 C then — cos — + — cos — + — cos — = 

/ 2 g 
. , 1 1 1 

a b c 
, , 1 1 1 
(c) - + T + -a b c 

2 h 

a b c 

(d) none of these 

11. If a, b, c, d be the sides of a quadrilateral and 

8 (x) = f ( f ( f ( x ) ) ) where f(x) = then 

a +b2 + c2 

(a)>*(3) 
( c ) > g ( 2 ) 

(b) < g (3) 
(d) < g (4) 
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12. If in a AABC, sin3 A + sin3 B + sin3 

C = 3 sin A. sin B. sin C, then the value of the 
determinant 

a b c 
b c a is 
c a b 

(a)0 
(b )(a + b + cf 
(c) (a + b + c) (ab + be + ca) 
(d) None of these 

13. In a AABC, if r = r2 + r3 - rx, and Z A > j 

j 
then the range of — is equal to 

(a) 

(c) 
1 

, 3 

(b) 

(d) (3, 

14. If the bisector of angle A of triangle ABC 
makes an angle 0 with BC. then sin 0 

(a) cos B — C 

(c) sin LB -

(b) sin 

(d) sin 

B-C 

15. With usual notations, if in a triangle ABC, 
b+c c + a a+b 

11 " 12 ~ 13 
then cos A : cos B : cos C = 
(a) 7 : 19: 25 (b) 1 9 : 7 : 2 5 
(c) 12 : 14 : 20 (d) 19 : 25 : 20 

B C 16. If b + c- 3a, then the value of cot — cot — = 
2 2 

(a) 1 (b) 2 
(c) 43 (d) 41 

17. If in a triangle ABC, 
cos A cos B + sin A sin B sin C= 1, then the 
sides are proportional to 
(a) 1 : 1 : 42 (b) 1:42:1 
(0)42:1:1 (d) None of these 

18. In an equilateral triangle, R : r : r2 is equal to 
(a) 1 : 1 : 1 (b) 1 : 2 : 3 
(c)2 : 1 : 3 (d) 3 : 2 : 4 

19. If in a A ABC, a2 + b2 + c2= 8R2, where R = 
circumradius, then the triangle is 
(a) equilateral 

(b) isosceles 
(c) right angled 
(d) None of these 

20. Let A0AXA2A3A4A5 be a regular hexagon 
inscribed in a circle of unit radius. The 
product of the length of the line segments 
A0 A j, Aq A2 and A0 A4 is 

(a) 3/4 (b) 3 <3 
343 (c)3 (d) 

22, 

(a) : 

(c) 

<b > £ 

(d) 
2r 

21. If in a A ABC, r, r2 + r2r3 + r3r, = (where 
r] r2, r3 are the ex-radii and 2s is the 
perimeter) 
(a) s2 (b) 2s2 

(c) 3s2 (d) As2 

In a A ABC, the value of 
a cos A + b cos B + c cos C 

a + b + c 
R 
r 
r^ 
R v_/ R 

23. In a A ABC, the sides a, b, c are the roots of 
the equation x3 - l l x 2 + 38* - 40 = 0. Then 
cos A cos B cos C . + —:— + is equal to 

a b c 
(a) 1 (b) 3/4 
(c) 9/16 (d) None of these 

24. If the base angles of a triangle are 22^° and 

112^°, then height of the triangle is equal to 

(a) half the base (b) the base 
(c) twice the base (d) four times the base 

25. In a triangle ABC, a = A,b = 3,ZA = 60°. 
Then c is the root of the equation 
(a) c2 - 3c - 7 = 0 (b) c2 + 3c + 7 = 0 
(c) c2 - 3c + 7 = 0 (d) c2 + 3c - 7 = 0 

26. The area of the circle and the area of a 
regular polygon inscribed the circle of n sides 
and of perimeter equal to that of the circle are 
in the ratio of 

n .E 
n n 
n 71 
n ' n 

(b) cos 
n > 

I - -
n > In 

n 
' n 
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27. The ex-radii of a triangle r b r2, r3 are in H.P., 
then the sides a, b, c are 
(a) in H .P. (b) in A.P. 
(c) in G.P. (d) None of these 

7K t , A D „ - sin2 A + sin A + 1 . In any triangle ABC, z, :— is 
sin A 

always greater than 
(a) 9 (b) 3 
(c) 27 (d) None of these 

29. If twice the square of the diameter of a circle 
is equal to half the sum of the squares of the 
sides of inscribed triangle ABC, then 

2 2 2 sin A + sin B + sin C is equal to 

30. 

(a) 1 
(c)4 
If 

(b)2 
(d)8 

in a triangle ABC, 
„ cos A cos B „ cos C a b , , 
2 + —-— + 2 = — + — then the 

a b c be ca 
value of the angle A is 
(a) 71/3 (b) 7t/4 
(c) JC/2 (d) n/6 

31. If in a triangle 1 - ^ 1 - - = 2, then the 

A.P. If — = -J— , then angle A is 

triangle is 
(a) right angled (b) isosceles 
(d) equilateral (d) None of these 

32. Angles A, B and C of a triangle ABC are in 
.b_<3 
c H' 

(a) n / 6 (b) 71/4 
(c) 571/12 (d) tc/2 

33. In any A ABC, the distance of the orthocentre 
from the vertices A, B,C are in the ratio 
(a) sin A : sin B : sin C 
(b) cos A : cos B : cos C 
(c) tan A : tan B : tan C 
(d) None of these 

34. In a A ABC, I is the incentre. The ratio 
IA : IB : IC is equal to 
(a) cosec A / 2 : cosec B/2 : cosec C/2 
(b) sin A /2 : sin B/2 : sin C /2 
(c) sec A/2 : sec B/2 : sec C / 2 
(d) None of these 

35. If in a triangle, R and r are the circumradius 
and inradius respectively then the Hormonic 
mean of the exradii of the triangle is 
(a) 3r (b) 2R 
(c )R + r (d) None of these 

36. In a AABC, a = 2b and \A-B\ = n/3. Then 
the Z C is 
(a) 7t/4 (b) n/3 
(c) 7t/6 (d) None of these 

37. In a A ABC, tan A tan B tan C = 9. For such 
triangles, if 

tan2 A + tan2 B + tan2 C = X then 
(a)9-3V3~<A,<27 (b) M 2 7 
(c)X<9-3<3 (d) A, 4 27 

38. The two adjacent sides of a cyclic 
quadrilateral are 2 and 5 and the angle 
between them is 60°. If the area of the 
quadrilateral is 4 <3, then the remaining two 
sides are 
(a) 2, 3 (b) 1, 2 
(c>3,4 (d) 2 , 2 

39. If in a A ABC, a2 cos2 A = b2+c2 then 

(a ) A < J 

( O A > f 

( b ) f < A < f 

( d ) A = f 

40. In a A ABC, the tangent of half the difference 
of two angles is one third the tangent of half 
the sum of the two angles. The ratio of the 
sides opposite the angles are 
(a) 2 : 3 (b) 1 : 3 
(c) 2 : 1 (d) 3 : 4 

41. If P\,P2,Pi are altitudes of a triangle ABC 
from the vertices A, B, C and A, the area of 
the triangle, then p\! + p2 ~Pi is equal to 

(a) 

(c) 

s — a 
A 

s-c 

(b) 
s-b 

< 
42. If the median of AABC through A is 

perpendicular to AB, then 
(a) tan A + tan B = 0 
(b) 2 tan A + tan B = 0 
(c) tan A + 2 tan B = 0 
(d) None of these 
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43. In a triangle ABC, cos A + cos B + cos 
C = 3 /2 , then the triangle is 
(a) isosceles (b) right angled 
(c) equilateral (d) None of these 

44. If AxA2A3 ...An be a regular polygon of n 

sides and -
1 1 1 • + — — , then 

52. Three equal circles each of radius r touch one 
another. The radius of the circle touching all 
the three given circles internalW is 

(a) (2 + V 3 ) r 

AtA2 AxA 3 a,A4 

(a) n = 5 (b) n = 6 
(c) n = 7 (d) None of these 

45. If p is the product of the sines of angles of a 
triangle, and q the product of their cosines, the 
tangents of the angle are roots of the equation 

(a) qx -px + (1 + q) x-p = 0 

( b ) p x - qx2 + (l+p)x-q = 0 
(c) (1 + q) x - px + qx - q = 0 
(d) None of these 

46. In a A ABC, tan A/2 = 5/6 
and tan C / 2 = 2 / 5 then 
(a) a, c, b are in A.P. 
(b) a, b, c are in A.P. 
(c) b, a, c are in A.P. 
(d) a, b, c are in G.P. 

47. In a triangle, the line joining the 
circumcentre to the incentre is parallel to BC, 
then cos B + cos C = 
(a) 3/2 (b) 1 
(c) 3/4 (d) 1/2 

48. If the angles of a triangle are in the ratio 1 : 2 
: 3, the corresponding sides are in the ratio 
(a) 2 : 3 : 1 (b) VT: 2 : 1 
(c) 2 : V3~: 1 ( d ) l : V 3 ~ : 2 

49. In a AABC, a cot A + b cot B + c cot C = 
(a) r+R ( b ) r - R 
( c ) 2 (r + R) (d) 2 (r - R) 

50. In a triangle, the lengths of the two larger 
sides are 10 and 9. If the angles are in A.P., 
then the length of the third side can be 
(a) 5 ± 46 (b) 3 43 
(c) 5 (d) 45 ± 6 

51. In a triangle, a2 + b2 + c2 = ca + ab4f. 
Then the triangle is 
(a) equilateral 
(b) right angled and isosceles 
(c) right angled with A = 90°, B = 60°, C = 30° 
(d) None of the above 

< 0 ^ 3 ® 

(US (2 + 43) 

(d) (2 — 43) r 

53. In a triangle ABC\ AD, BE and CF are the 
altitudes and R is the circum radius, then the 
radius of the circle DEF is 
(a) 2R (b) R 
(c) R/2 (d) None of these 

54. A right angled trapezium is circumscribed 
about a circle. The radius of the circle. If the 
lengths of the bases (i.e., parallel sides) are 
equal to a and b is 

(a) a + b (b) • a b 

(c) 
a + b 

ab 

a + b 

{d)\a-b\ 

55. If a , b , c , d are the sides of a quadrilateral, 
. . . . . fa2 + b2 + c2 . 

then the minimum value of = is 
d2 

(a) 1 (b) 1/2 
(c) 1/3 (d) 1/4 

56. If r, , r2, r3 are the radii of the escribed 
circles of a triangle ABC and if r is the radius 
of its incircle, then 
r i r2r3~ r (rir2 + r2r3 + r3 ri) i s equal to 
( a )0 (b) 1 
(c) 2 (d) 3 

57. If in A ABC, 1-
a c , 

h — then 
be ab c a 

the trangle is 
(a) right angled (b) isosceles 
(c) equilateral (d) None of these 

58. A triangle ABC exists such that 
(a ){b + c + a)(b + c-a) = 5 be 
(b) the sides are of length V19", V38~, VTT6 

(c) 
, 2 2 b -c 2 2 c -a + ;— + 

2 J.2 a -b 

(d) cos 

a' b 
B-C 

= 0 

= (sin B + sin C) cos 
B+C 
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59. The ratio of the areas of two regular octagons 
which are respectively inscribed and 
circumscribed to a circle of radius r is 
, . n 
(a) cos -

/ \ 2 7t (c) C O S — 

,, . • 2 n (b)sin — 

(d) tan 2 71 

60. In a triangle ABC right angled at B, the 
inradius is 
(a) AB + BC-AC 
(b) AB+AC-BC 
, .AB + BC-AC 
<0 

(d) None of these 

MULTIPLE CHOICE - II 
Each question, in this part has one or more than one correct answer (sj. For each question, write the 
letter(s) a, b, c, d corresponding to the correct answer (s). 

61. If in a triangle ABC, ZB = 60 then 
(a) (a - b)~ = c2 -ab 

• c)2 = a" - be 
1.2 a) = b - ac 

62. 

(b) (b-
(c) (c -
(d) a2 + b2 + c2 = 2b2 + ac 
Given an isosceles triangle with equal sides 
of length b, base angle a < n/4. r the radii 
and O, I the centres of the circumcircle and 
incircle, respectively. Then 

(a) R = ~ b cosec a 

(b) A = 2b2 sin 2 a 

(c ) r = 

(d) 01 

b sin 2 a 
2 (1 +cos a ) 

b cos (3a /2 ) 
2 sin a cos ( a / 2 ) 

63. In A ABC, A = 15°, b = 10 <2 cm the 
value of 'a ' for which these will be a unique 
triangle meeting these requirement is 
(a) 10 >/2~cm (b )15cm 
(c )5 (V3~+l )cm (d)5(V3~-

64. If A ABC; a = 5, b = 4, A = ^ + B for 

1) cm 
7t 
2 

(b) tan 

(d) 2 tan" 

-1 (c) tan 

(e) None of these 

JL 
40 

65. 

the value of angle C 
(a) can not be evaluated 

i 
(40 

If tan A, tan B are the roots of the quadratic 
abx2 — c^ x + ab = 0. where a, b. c are the 
sides of a triangle, then 

(a) tan A = a/b (b) tan B = b/a 

(c) cos C = 0 (d) tan A + tan B = 
ab 

2 2 ' (e) sin A + sin B + sin" C = 2 
66. There exists a triangle ABC satisfying 

(a) tan A + tan B + tan C = 0 
. . . s i n A s inB sin C 

(c) (a + b)2 = c2 + ab and V^(sin A + cos A) = 
, , , . , . _ <3 + 1 „ V3" (d) sin A + sin B = — - — , cos A cos B = — 

67. In a AABC, 2cos 

= sin A sin B 
(A-C a + c 

2 J V(a2 + c2 - ac) 
Then 
(a) B = 71/3 
(b) B = C 
(c)A,B, Care in A.P. 
(d) B+ C = A 

68. If in A ABC, 
a cos A + b cos B + c cos C _ a + b + c 
a sin B + b sin C + c sin A 9R 

then the triangle ABC is 
(a) isosceles (b) equilateral 
(c) right angled (d) None of these 

69. In a triangle ABC. AD is the altitude from A. 
abc Given b > c. ZC = 23° and AD = 

b'-c' 
then ZB = 
(a) 53° 
(c) 87° 

(b) 113° 
(d) None of these 
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70. If a, b and c are the sides of a triangle such 
that b. c = X2, then the relation is a, 
X and A is 
(a) C>2X sin C / 2 (b) b > 21 sin A/2 
(c) a>2X sin A / 2 (d) None of these 

71. In a A ABC, tan C< 0. Then 
(a) tan A tan B < 1 
(b) tan A tan B > 1 
(c) tan A + tan B + tan C < 0 
(d) tan A + tan B + tan C > 0 

72. If the sines of the angles A and fi of a triangle 
ABC satisfy the equation 

2 2 
c x -c(a + b)x + ab = 0, then the triangle 
(a) is acute-angled 
(b) is right-angled 
(c) is obtuse-angled 
(d) satisfies sin A + cos A = (a + b)/c 

73. In a A ABC tan A and tan B satisfy the 
inequation 43 x2 -Ax + 4f<0 then 
(a) a + b2 + ab > c2 (b) a2+b2-ab< c2 

(c) a +b2 > c2 (d) None of these 
74. If A, B, C are angles of a triangle such that 

the angle A is obtuse, then tan B tan C < 
(a) 0 ( b ) l 
( c ) 2 (d) 3 

75. If the sines of the angles of a triangle are in 
the ratios 3 : 5 : 7 their cotangent are in the 
ratio 
(a) 2 : 3 : 7 (b) 33 : 65 : - 15 
(c) 65 : 33 : - 15 (d) None of these 

76. For a triangle ABC, which of the following is 
t rue? 

cos A cos B cos C (a)-

(b) 
2 2 2 cos A cos B cos C a +b" + c 

+ —:— + 
a 2abc 

, . sin A sin B sin C 3 

(d) 
sin2 A sin2 B sin2 C 

1 , L t 
a b c 

77. Let f ( x + y)=f(x).f(y) for all x a n d y and 
/ ( l ) = 2. If in a triangle ABC, 
a =/(3) , b = / ( l ) +/(3) , c = / (2) +/(3), then 2A^= 
(a) C (b) 2C 
(c) 3C (d) 4C 

78. If sides of a triangle ABC are in A.P. and a is 
the least side, then cos A equals 

(a) 

(c) 

83 

84. 

3c-2b 
2c 

4a-3b 
2c 

(b) 
Ac-3b 

2c 

(d) None of these 

79. If the angles of a triangle are in the ratio 2 : 3 
: 7, then the sides opposite these angles are in 
the ratio 
(a) 42 : 2 : 43 + 1 (b) 2 : <2 : <3 + 1 
. M PT , 1 . 43 + 1 

80. In a AABC, b2 + c2= 1999a2, then 
cot B + cot C 

cot A 

(b)-
1 

1999 
(c) 999 (d) 1999 

81. There exists a triangle ABCsatisfying the 
conditions 
(a) b sin A = a, A < n/2 
(b) b sin A > a, A > n/2 
(c) b sin A > a, A < n/2 
(d) b sin A < a, A < n/2, b> a 

82. If cos (0 - a ) , cos 9, cos (0 + a ) are in H.P., 
then cos 0 sec a / 2 is equal to 
(a) - 1 ( b ) - V 2 
(c) 42 (d) 2 
If sin (3 is the G.M. between sin a and cos a , 
then cos 2P is equal to 

2 
(a) 2 sin 

71 

4 ~ a 

( c )2 cos 

( b ) 2 c o s 2 f J -

(d) 2 sin2 n 
^ + a (d) 2 sin" -y + a 

If I is the median from the vertex A to the 
side BC of a A ABC, then 

(a) AI2 = 2b2 + 2c - a 
(b) 4/2 = b2 + c2 + 2bc cos A 
(c) 4/2 = a2 + Abc cos A 
(d) 4/2 = {2s- a)2 - Abc sin2 A / 2 

85. If in a A ABC, /-,; 
(a) a/b = 4 / 5 
( b ) a / b = 5 / 4 
(c) a/c = 3 / 5 
(d) a/c = 5 / 3 

: 2r2 = 3r3, then 
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86. In a AABC, 2 cos A = sin B 
and 2 

9x + 8 = 0, 

87. If 

sin C 
2 

solution of equation x -
AABC is 
(a) equilateral (b) isosceles 
(c) scalene (d) right-angled 

sin A _ sin (A - B) 

tan B • is a 

then 

sinC 
(a) A.P. 
(c) H.P. 

88. In a 
a + b + c <2 is equal to 
(a) 2b (b) 2c 
(c) 3b (d) 3a 

2 2 2 then a , b ,c are in 
sin ( B - C ) 

(b) G.P. 
(d) None of these 

A ABC, A : B : C = 3 : 5 : 4. Then 

89. If in an obtuse-angled triangle the obtuse 
angle is 371/4 and the other two angles are 
equal to two values of 9 satisfying 
a tan 9 + b sec 9 = c, when 

2 2 then a —c is equal to 
(a) ac 
(c) a/c 

90. In a AABC, A -
<3 

tan 9 = , 0 < 9 = 

(a) B = 60° + 9 
(c) B = 60° - 9 

(b)2ac 
(d) None of these 

: n / 3 and b : c = 2 : 3. If 

: 71/2, then 

(b) C = 60° + 9 
(d) C = 60° - 9 

Practice Test 
M.M. : 20 Time : 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

inradius 1. I f A , A 1 , A 2 , A 3 are the areas of incircle and 
the ex-circles of a triangle, then 

1 1 1 

2_ 
VA 

1_ 
2VA 

In any A ABC 

(a)-

(c) 

(b) 

(d) 

n ( sin2 A + sin A + 1 

TA 

3 

is always greater 
[ sin A 

than 
( a ) 9 (b)3 
(c) 27 (d) None of these 

3. If A is the area and 2s the sum of three 
sides of a triangle, then 

2 
(a) A < 

(c) A > 

s 
3 \3~ 

2 

(b) a < 

(d) None of these 

of the following 
V 3 

4. In A ABC, which 
s ta tements are t rue 
(a) maximum value of sin 2A + sin 2B + sin 2C 

is same as the maximum value of 
sin A + sin B + sin C 

(b) R > 2r where R is circumradius and r is 

abc ( O B - > , 
a + b + c 

(d) AABC is r ight angled if r + 2R = s where s 
is semi perimeter 

(e) None of these 

5. In a tr iangle if r j > r 2 > r 3 , then 
(a) a > b > c (b)a < b < c 
(c) a > b & b < c (d) a < b & b > c 

6. If there are only two l inear functions 
f and g which map [1, 2]-on [4, 6] and in a 
AABC, c=f(l) +g(l) and a is the 
maximum value of r , where r is the 
distance of a variable point on the curve 

2 2 
x +y - xy = 10 from the origin, then 
sin A : sin C is 
(a) 1 : 2 (b) 2 : 1 
(c) 1 : 1 (d) None of these 

sin A _ sin (A - B) 
s i n C ~ sin (B-C) 

(a) cot A, cot B, cot C in A.P. 
(b) sin 2A, sin 2B, sin 2C in A.P. 
(c) cos 2A, cos 2B, cos 2C in A.P. 
(d) a sin A, b sin B, c sin C in A.P. 

8. If in a AABC sin C + cos C + sin (25 + C) 
- cos (2B + C) = 2 <2 , t hen AABC is 

7. In a t r iangle : 
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(a) equilateral (b) isosceles 
(c) r ight angled (d) obtuse angled 

9. The radius of the circle passing through the 
centre of incircle cf AABC and through the 
end points of BC is given by 
(a) (a /2) cos A (b) (a /2) sec A / 2 
(c) (a /2) sin A (d) a sec A / 2 

10. In a triangle ABC, 4a + 4b -4c is 
(a) always positive 
(b) always negative 
(c) positive only when c is smallest 
(d) None of these 

Record Your Score 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple choice-l 

1- (c) 2. (c) 3. (c) 4. (a) 5. (a) 6. (d) 

7. (a) 8. (a) 9. (b) 10. (c) 11. (b) 12. (a) 
13. ( a ) 14. (a) 15. (a) 16. (b) 17. (a) 18. (c) 
19. (c) 20. (c) 21. (a) 22. (c) 23/(c) 24. (a) 
25. (a) 26. (a) 27. (b) 28. (a) 29. (c) 30. (c) 
31. (a) 32. (c) 33. (b) 34. (a) 35. (a) 36. (b) 
37. (b) 38. (a) 39. (c) 40. (c) 41. (c) 42. (c) 
43. (c) 44. (c) 45. (a) 46. (a) 47. (b) 48. (d) 
49. (c) 50. (a) 51. (c) 52. (b) 53. (c) 54. (b) 
55. (c) 56. (a) 57. (a) 58. (d) 59. (c) 60. (c) 

Multiple Choice-ll 
61. (c), (d) 62. (a), (c), (d) 
66. (c), (d) 67. (a), (c) 
72. (b), (d) 73. (a), (b) 
78. (b) 79. (a), (c), (d) 
84. (a), (b), (c), (d) 
89. (b) 90. (b) 

Practice Test 

1. (b) 2. (c) 
6. (c) 7. (a), (c), (d) 

63. (a), (d) 
68. (b) 
74. (b) 
80. (a) 
85. (b), (d) 

3. (a) 
8. (b), (c) 

64. (b), (d) 
69. (b) 
75. (c) 
81. (a,) (d) 
86. (a) 

65. (a), (b), (c), (d), (e) 
70. (c) 
76. (b), (c) 
82. (b), (c) 
87. (a) 

4. (a), (b), (c). (d) 
9. (b) 10. (a) 

71. (a), (c) 
77. (a) 
83. (a), (c) 
88. (c) 

5. (a) 



31 
HEIGHTS AND DISTANCES 

§ 31.1. If O be the observer's eye and OX be the horizontal line through O. If the object P is at a higher 
level than O, then angle POX = 0 is called the angle of elevation. 

If the object P is at a lower than O, then angle POX is called the angle of depression. 

Horizontal line 

Horizontal line 

X 

Fig. 31.1. 

31.2. Properties of Circle 

(i) Angles of the same segment of a circle are equal 
i.e., Z APB = Z AQB = Z ARB 

(ii) Angles of alternate segment of a circle are equal 
(iii) If the line joining two points A and B subtend the greatest 

angle a at a point P then the circle, will touch the straight 
line, at the point P. 

Fig. 31.3. 

Fig. 31.4. Fig. 31.5. 
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(iv) The angle subtended by any chord on centre is twice the angle subtended by the same chord on 
any point on the circumference of the circle. 

P 

Fig. 31.6. 

§ 31.3. The following results will be also useful in solving 
problems of Heights and Distances 

then 

or 

(i) Appollonius Theorem: 
If in a triangle ABC, AD is median, 

AB2 + AC2 = 2 (AD2 + 0D2) 
(ii) m-n Theorem : 

If BD: DC = m : n then 
(m + n) cot 6 = m cot a - n cot (3 

(.m + n) cot 9 = n cot B - m cot C. 
(iii) Angle Bisector: 

If AD is the angle bisector of Z BAC 
BD AB 
DC ~ AC 

(iv) The exterior angle is equal to sum of interior opposite 
angles. 

(v) Always remember that if a line is perpendicular to a plane, 
then its perpendicular to every line in that plane. 

Remember: 

V 2 

7t 
2 

1-412, \3 = 1/3, = 0-7, 4 = 1 - 1 5 , f = 0-87, * 

1 1-57, ^ = 1, rt = 9-87, e = 2-718, - = 03183, logioe = 0-4343 

loge 71 = 0-4972; loge10 = 2 303; loge x = 2-303 logio x. 
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MULTIPLE C H O I C E - I 

Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. An isosceles triangle of wood is placed in a 
vertical plane, vertex upwards and faces the 
sun. If 2a be the base of the triangle, h its 
height and 30° the altitude of the sun, then 
the tangent of the angle at the apex of the 
shadow is 

(a) 

(c) 

2ah<3 
3h —a 
ah 43 
12 2 h — a 

(b) 
2ah<3 
3 h2 + a 

(d) None of these 

2. As seen from A, due west of a hill HL itself 
leaning east, the angle of elevation of top H 
of the hill is 60°; and after walking a distance 
of one kilometer along an incline of 30° to a 
point B, it was seen that the hill LH was 
printed at right angles to AB. The height LH 
of the hill is 

(a) - i - km 
\ 3 

(c) 2 4 T km 

(b)V3 km 

(d) km 

3. A tower subtends angles 0 , 20 and 30 at 3 
points A, B, C respectively, lying on a 
horizontal line through the foot of the tower 
then the ratio AB/BC equals to 

(a) 

(c) 

sin 30 
sin 0 

cos 30 

(b) 

(d) 

sin 0 
sin 30 
tan 0 

tan 30 cos 0 
4. ABC is a triangular park with 

AB = AC = 100 metres. A clock tower is 
situated at the mid point of BC. The angles of 
elevation of the top of the tower at A and B 
are cot - 1 3.2 and cosec - 1 2.6 respectively. 
The height of the tower is 
(a) 16 mt (b) 25 mt 
(c) 50 mt (d) None of these 

5. From a station A due west of a tower the 
angle of elevation of the top of the tower is 
seen to be 45°. From a station B, 10 metres 
from A and in the direction 45° south of east 

the angle of elevation is 30°, the height of the 
tower is 
(a) 5 V2~(V5~+ 1) metres 

(b) 5 metres 

, , 5(V5 + 1) (c ) metres 

(d) None of these 
A tree is broken by wind, its upper part 
touches the ground at a point 10 metres from 
the foot of the tree and makes an angle of 45° 
with the ground. The entire length of the tree 
is 
(a) 15 metres 
(b) 20 metres 
(c) 10 (1 + V2) metres 

(d) 10 1 + 43 metres 

7. A person towards a house observes that a 
flagstaff on the top subtends the greatest 
angle 0 when he is at a distance d from the 
house. The length of the flagstaff is 

(a) | d tan 0 (b) d cot 0 

(c) 2d tan 0 (d) None of these 
8. A tower and a flag staff on its top subtend 

equal angles at the observer's eye. if the 
heights of flagstaff, tower and the eye of the 
observer are respectively a, b and h. then the 
distance of the observer's eye from the base 
of the tower is 

(a) 
a + b-2h 

i + b 

(b )b Vf1 + b-2h\ 
a-b 

(c) 
•h \ 

a + b J 
(d) None of these 

9. The angle of elevation of the top of a tower 
from a point A due south of it, is tan ' 6 and 
that from B due cast of it. is tan 1 7-5. If h is 
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the height of the tower, then AB = Xh, 
where X" = 
(a) 21/700 (b) 42/1300 
(c) 41 /900 (d) None of these 

10. A ladder rests against a wall at an angle a to 
the horizontal. If foot is pulled away through 
a distance a, so that it slides a distance b 
down the wall, finally making an angle (3 
with the horizontal. Then 

(a) b/a (b) a/b 
(c) a-b (d) a + b 

11. Two rays are drawn through a point A at an 
angle of 30°. A point B is taken on one of 

tan 

them at distance a from the point A. A 
perpendicular is drawn from the point B to 
the other ray, another perpendicular is drawn 
from its foot to AB, and so on, then the length 
of the resulting infinite polygonal line is 
(a) 2 <3 a (b) a (2 +-If) 
(c) a ( 2 - - I f ) (d) None of these 

12. From the top of a cliff h metres above sea 
level an observer notices that the angles of 
depression of an object A and its image B are 
complementry. if the angle of depression at A 
is 9, The height of A above sea level is 
(a) h sin 9 (b) h cos 9 
(c) h sin 29 (d) h cos 29 

MULTIPLE C H O I C E - I I 

Each question, in this part, has one or more than one correct answer(s). For each question, write the 
letters(s) a, b, c, d corresponding to the correct answer(s) : 

13. A person standing at the foot of a tower 
walks a distance 3a away from the tower and 
observes that the angle of elevation of the top 
of the tower is a . He then walks a distance 
4a perpendicular to the previous direction 
and observes the angle of elevation to be p . 
The height of the tower is 
(a) 3a tan a (b) 5a tan P 
(c) 4a tan P (d) la tan P 

14. A tower subtends an angle of 30° at a point 
on the same level as the foot of the tower. At 
a second point, h meter above the first, the 
depression of the foot of the tower is 60°, 
horizontal distance of the tower from the 
point is 

(a) h cot 60° 

( c ) - h cot 60° 

(b) I h cot 30° 

(d) h cot 30° 

15. The upper (3/4)th portion of a vertical pole 
subtends an angle tan" 1 (3/5) at a point in 
horizontal plane through its foot and distant 
40 m from it. The height of the pole is 
(a) 40 m (b) 160 m 
(c) 10 m (d) 200 m 

16. The angles of elevation of the top of a tower 
from two points at a distance of 49 metre and 
64 metre from the base and in the same 
straight line with it are complementry the 
distances of the points from the top of the 
tower are 
(a) 74-41 (b) 74-28 
(c) 85-04 (d) 84-927 

17. The angle of elevation of the top P of a pole 
OP at a point A on the ground is 60°. There is 
a mark on the pole at Q and the angle of 
elevation of this mark at A is 30°. Then if 
PQ = 400 cm 
(a) OA = 346-4 cm 
(b) OP = 600 cm 
(c) AQ = 400 cm 
(d) AP = 946-4 cm 

18. ABCD is a square plot. The angle of 
elevation of the top of a pole standing at D 
from A or C is 30° and that from B is 9 then 
tan 9 is equal to 
(a) <6 (b) 1/V6 
(c) V3~AT (d) - I f / - I f 

19. If a flagstaff subtends the same angle at the 
points A, B, C, D on the horizontal plane 
through the foot of the flagstaff then 
A, B, C, D are the vertices of a 
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(a) square (b) cyclic quadrilateral 
(c) rectangel (d) None of these 

20. The angle of elevation of the top of a T.V. 
tower from three points A, B, C in a straight 
line, (in the horizontal plane) through the 

Practice Test 
M.M.: 10 

foot of the tower are a, 2a, 3a respectively. 
If AB = a, the height of the tower is 
(a) a tan a (b) a sin a 
(c) a sin 2a (d) a sin 3a 

Time : 15 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

From the top of a building of height h, a 
tower standing on the ground is observed to 
make an angle 0. If the horizontal distance 
between the building and the tower is h, 
the height of the tower is 

2 h sin 0 
(a) 

(b) 

(c) 

(d) 

sin 0 + cos 0 
2h tan 0 
1 + tan 0 

2 h 
1 + cot 0 

2 h cos 0 
sin 0 + cos 0 

2. From the top of a light house, the angle of 
depression of two stations on opposite sides 
of it at a distance a apart are a and p. The 
height of the light house is 
, . a tan a tan B . (a) £ (b) tan a + tan p 

(0 ° (d) 

a cot a cot P 
cot a + cot P 

a 
cot a + cot p cot a cot P 

3. A vertical lamp-post, 6m high, stands at a 
distance of 2m from 2m from a wall, 4m 
high. A 1-5m tall man starts to walk away 
from the wall on the other side of the wall, 
in line with the lamp-post. The maximum 
distance to which the man can walk 
remaining in the shadow is 

, , 5 (a) — m ( b ) | m 

(c) 4m (d) None of these 
4. The angle of elevation of the top of a tower 

standing on a horizontal plane, from two 
points on a line passing through its foot at 
distances a and b respectively, are 
complementary angles. If the line joining 
the two points subtends an angle 0 at the 
top of the tower, then 

•b 
(a) sin 0 = 

(b) tan 0 = 

(c) sin 0 = 

(d) cot 0 = 

a + b 
2 <ab 
a-b 

a + b 
a-b 
2 -lab 
a-b 

5. A man standing between two vertical posts 
finds that the angle subtended at his eyes 
by the tops of the posts is a right angle. If 
the heights of the two posts are two times 
and four times the height of the man, and 
the distance between them is euqal to the 
length of the longer post, then the ratio of 
the distances of the man from the shorter 
and the longer post is 
(a) 3 : 1 (b) 3 : 2 
(c) 1: 3 (d) 2 : 3 

Record Your Score 

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 
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Multiple Choice -1 

1. (a) 2. (d) 
7. (c) 8. (b) 

Multiple Choice - II 
13. (a), (b) 14. (a), (b) 
19. (b) 20. (c) 

Practice Test 
1. (a), (b), (c) 2. (a), (c) 

Answers 

3. (a) 4. (b) 
9. (c) 10. (b) 

15. (a), (b) 16. (a), (c) 

3. (a) 4. (a), (d) 

Objective Mathematics 

5. (d) 6. (c) 
11. (b) 12. (d) 

17. (a), (b), (c) 18. (b) 

5. (a), (c). 
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VECTORS 
1. Linearly Independent Vectors : 

A set of vectors a t , a! , ... , an is said to be linearly independent iff 
> —> X|ai + X2S2 + ... + Xnan = 0 => X1 = x2 = ... = xn= 0 

2. Linearly Dependent Vectors : 

A set of vectors ai , a! an is said to be linearly dependent iff there exists scalars xi , xz xn not 
all zero such that 

*iai + X2a2 +.,.. + Xnan = 0. 

3. Test of Collinearity : 

(i) Two vectors a*and b*are collinear<=> a*= Xb^for some scalar X. 
(ii) Three vectors a*, b*, c*are collinear, if there exists scalars x , y , zsuch that 

xa*+ybVzc* = 0 , where x+ y+z-0 ; —> —> 
Also the points A, B, C are collinear if AB = X BC for some scalar X. 

4. Test of Coplanarity : 

(i) Three vectors a*, b*, c*are coplanar if one of them is a linear combination of the other two if there 
exist scalars xand ysuch that c* = x a V y b* 

(ii) Four vectors a*, b*, c*, d*are coplanar if 3 scalars x , y , z , w not all zero simultaneously such that 
x a + y b * + z c > + wd* = O w h e r e x + y + z + w = 0. 

5. Scalar or Dot product: 

The scalar product of two vectors a* and b*is given by 
I I b*l cos e (0 < 0 < 7i) 

where 0 is the angle between a*and b*. 
Properties of the Scalar product: 

(i) a . a = I a I = a 
(ii) Two vectors a*and b* make an acute angle if a*. b*> 0 , an obtuse angle if a \ b* < 0 and are 

inclined at a right angle if a*, b* = 0. 
a* b* (iii) Projection of a on b = \ 
I D I 

a* b* (iv) Projection of b on a = 
I a I 

(v) Components of n n the direction of a*and perpendicular to a*are 
r . a 
I V 

a and r -
r -* r . a 

i V 
a respectively. 
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(vi) If t , | and 1< are three unit vectors along three mutually perpendicular lines, then 
A A A A A A . . A A A A A A _ 
I . I = J . J = K . K = 1 a n d I . j = J . K = K . I = 0 

(vii) Work done : If a force F* acts at point A and displaces it to the point B, then the work done by the 
force F is F . A i . 

(viii) If a* = ai 1 + az1+ a3 ft and b* = 1 +bz j + bs ft then 

a*, b* = ai£>i + azbz + azbz 

and I a I = Vaf + a l + a l , 

I b*l = b? + b£ + b£) 

a-\b\ + azbz + azbz 
if angle between a* and b*is 0 then 

cos 0 = 
+ + ^b? + bi + b£) 

(ix) (a*+ b ) . (a*- b) = a2 - b2 

6. Vector or Cross Product: 

The vector product of two vectors a*and b^is given by a*x b* = I a* I I b*l sin 0 n , (0 < 0 < n) where 0 
is the angle between a*and b \ n is the unit vector perpendicular to a*and b*. 

Properties of the Vector Product: 
( i ) a x b = - b x a (i.e. , a x b * b x a) 
(ii) a*x a* = 0 
(iii) (a*x b*)2 = a2b2 - (a*. b*)2 

(iv) If a* = ai f + az f + az (< and b* = £>-m + to £>3 ft then 
A A A 

• I J K 
a ' x b ' = ai az a3 

bi bz bz 

(v) The vector perpendicular to both a*and b*is given by a*x b*. 
(vi) The unit vector perpendicular to the plane of a^and b*is 

i * x jj* 
I a x b I 

and a vector of magnitude X. perpendicular to the plane of (a*and b*or b*and a*) is 
, X (a*x b t 

I a x b I 
(vii) If f , f , ft are three unit vectors along three mutually perpendicular lines, then 

1x1' = t x f = ftxft = 0& 
A A A A A A A A A 
i x j = k , j x k = I , KX I = J. 

(viii) If a*and b^are collinear then 
a x b = 0. (a , b * 0) 

(ix) Moment: The moment of a force F applied at A about the point B is the vector B l x F * . 
(x) (a) The area of a triangle if adjacent sides are a*and b*is given by 

- l a x b I 
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(b) The area of a parallelogram if adjacent sides are a* and EMS given by 
I a* x b* I 

(c) The area of a parallelogram if diagonals are c and d*is given by 
1 i ^ -f> i = - I c x d I 

7. Scalar Triple Product: 

If a~\ b*and c*be three vectors, there (a*x b*) . c^is called the scalar triple product of these three vectors. 
Note : The scalar triple product is usually written as (a*x b5 . c* = [a* b* c*| or [a*, b*, c*] 

Properties of scalar Triple product: 

(i) a>. (b*x $ = (a*x b*) . c* 
(n) [a b c ] = [b c a ] = [c a b ] = - [ b a c ] = - [ c b a ] = - [ a c b ] 
(iii) If X is a scalar then 

[ A a , b , c ] = A . [ a , b , c ] 
(iv) If a = ai t + az 33 ft, b = bi bz t + b3 ft and c = ci cz C3 ft, then 

[a b c ] = a x b . c = 
ai 
bi 
C1 

az as 
bz bs 
Cz C3 

(v) The value of scalar triple product, if two of its vectors are equal, is zero. 
i.e., [a b b ] = 0 

(vi) [a b ci + C2 ] = [a b ci ] + [a b C2 ] 
(vii) The volume of the parallelopiped whose adjacent sides are represented by the vectors a*, b*and 

c is [a b c ] 
(viii) The volume of the tetrahedran whose adjacent sides are represented by the vectors a \ and c^is 

g [a b c ] 

(ix) The volume of the triangular prism whose adjacent sides are represented by the vectors a*, b*and 

c is - [a b c ] . 

(x) If [a* b* c*] = 0 a \ b*and c*are coplanar. 
(xi) If [a b c ] = [d a b ] + [d b c ] + [d c a ] <=> a , b , c and d are coplanar. 
(xii) Three vectors a*, b*, c^form a right handed or left handed system according as 

(xin) [ a b c ] [ u v w ] = 
a . b 
a . v 
a . w 

[a b c ] > or < 0. 
r-> —> —» —> 
b . u c . u 
b . v c . v 
b . w c . w 

(xiv) [a*, b*+ d*, c*+ r~*| = [a* b* c*] + [a* b* r~*| + [a* d* c*] + [a* d* r^ 

8. Vector Triple Product 

The vector triple product of three vectors a*, b*and c*is the vector a*x (b*x c^. 
and 
Also 

a*x (b*x c^ = (a*. c ] b > - (a*. b5 c* 
(a*x b5 x c* = (a*. c^ b* - (b*. c ) a* 

clearly a*x (b*x c^ * (a*x b5 x c*; in general. 
Equality holds if either a*or b*or c^is zero or c*is collinear with a*or b^is perpendicular to both a*and c* 
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9. Scalar product of four Vectors 
— > — ^ — ^ — > — ^ — > — > — > If a , b , c , d are four vectors, the products (a x b) • (c x d) is called scalar prodgcts of four vectors. 

i.e., (a x b ) • (c x d ) = 

This relation is known as Lagrange's Identity. 

a . c b . c 
^ ^ a . d b . d 

10. Vector product of four Vectors 
— > — > — > —y — > — > — > — > 

If a , b , c , d are four vectors, the products (a x b ) x (c x d) is called vector products of four vectors. 
i.e., ( a x b ) x ( c x d ) = [a b d ] c - [ a b c ] d 
Also, ( a x b ) x ( c x d ) = [a c d ] b — [ b c d ] a . 

An expression for any vector r*. in space, as a linear combination of three non coplanar vectors ii* a , b , c . 
[ r b c ] a + [ r c a ] b + [ r a b ]c 

r ~ r —* —N a b c ] 

11. Reciprocal System of Vectors 

If a*, b*, c*be any tl 
defined by the equations 

If I * , b*, c*be any three non-coplanar vectors so that [a* b* c*] * 0, then the three vectors a* , b* , c* 

a' = b x c 
[ a b c ] 

b' = 
— > 

c x a 
[ a b c ] 

> _ a x b 
[a d c ] 

are called reciprocal system of vectors to the vectors a , b , c . 

Properties of Reciprocal System of Vectors 

(i) a . a = b . b = c . c 
(ii) I * , b*' = b*. ~c ' = c^"a ' = 0 
(iii) [a* b* c*] fa ' ' "c 1 = 1 

1 

(iv) t = ' x c ' 
, b* = 

- > / c x a 
["a ', ~c ' ] 

—> c = 
[ a ', b ', c ' ] 

(v) The system of unit vectors t , | , ft is its own reciprocal. 
i.e., = * , ^ = | ar<d ft' = ft . 

7 r tZ / 
a x b 

[ a ', b , c ] 

APPLICATION OF VECTORS TO GEOMETRY 

(1) Bisector of an angle : The bisectors of the angles between the lines r^= xa*and t * = yb*are 
given by 

F*= A 
f -*• 

+ _L_ 
a* I I b*l 

(Xe R) 

'+ ' sign gives internal bisector and '—' sign gives external bisector. 
(2) Section formula : If a*and b*are the P.V. of A and B and rt>e the P.V. of the point P which divides 

to join of A and B in the ratio m: n then 
—>_ m b + n a 

m ± n 
'+ ' sign takes for internal 
'—' sign takes for external. 
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(3) If a*, b*, c*be the P.V. of three vertices of A ABC and F^be the P.V. of the centroid of A ABC, then' 
- » - » 

-> a + b + c 
f = 3 ' (4) Equation of straight line 

(') Vector equation of the straight line passing through origin and parallel to b*is given by r *= fb*, 
where t is scalar. 

(ii) Vector equation of the straight line passing through a* and parallel to b*is given by f - a*+ fb , 
where t is scalar. 

(iii) Vector equation of the straight line passing through a*and b*is given by r^= a*+ t (b*- a^ when t is 
scalar. 

(5) Equation of a plane 
(i) Vector equation of the plane through origin and parallel to b*and c*is given by 

r = sb + fc 

(ii) Vector equation of the plane passing through a^and paralel to E^and c*is given by r~*= a*+ s b*+ Ic* 
where s and fare scalars. 
Vector equation of the plar 
where s and t are scalars. 

(in) Vector equation of the plane passing through a , b and c is 
— » _ - > — » r = (1 - s - f) a + s b + f c 

where sand fare scalars. 
(6) Perpendicular distance of the line 

r^= a*+ tb^from the point P(P. V. c) 
_ I (c*- a*) x b*l 

= i f - l 
(7) Perpendicular distance of the plane i.e., r . n = p from the point P (P. V. a) 

l a . n - p I 
= I r j l ^ 

(8) The condition that two lines r = a + f b , and r = c + fi d (where f and fi are scalars) are coplaner 
(they much intersect) is given by 

r—> —> r-> "V>, 
[a - c , b , d ] = 0 

(9) The shortest distance between two non intersecting lines (skew lines) r = a + fb , and 
F*= c% fi d* (where t and fi are scalars) is given by 

= [b* .d* , ( i * -E5 l 
I b*xd*l 

(10) Vector equation of sphere with centre a and radius p is 
I r - a I = p 

(11) Vector equation of sphere when extremities of diameter being a , b is given by 
(F± 15 . (r*- bV = 0 
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MULTIPLE CHOICE - 1 

Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. The two vectors {cr= 2 i+j + 3 h? 
= 4 i - Xj + 6 are parallel if X = 
(a) 2 (b)-3 
(c)3 (d ) -2 

2. If I a + bl = I a^- b l , then 
(a) ats parallel to b*(b) at l b* 
(c) I at = I b l (d) None of these 

3. If a and b are unit vectors and 0 is the angle 

between them, then ¥ 1 IS 

. , . e (a) sin - (b) sin 0 
(c) 2 sin 0 (d) sin 20 

4. If a + b + c~= 0,1 a t = 3,1 bl = 5,1 c t = 7, 
then the angle between a and b is 
(a) n/6 (b) n/3 
( c ) 2 J I / 3 (d) 5 n / 3 
If a t b t c * are unit vectors such that 
a + b + c = 0, then the value of 

.—.—» —> —>. 
a . b + b . c + c . a is 

(a) 1 (b) 3 
(c) -3/2 (d) None of these 

6. Vectors aandb*are inclined at an angle 
0 = 120°. If I a t = 1,1 bt = 2, 
then {(a + 3 b f x (3 a^- bf}2 is equal to 
(a) 225 (b) 275 
(c) 325 (d) 300 

7. If a , b , c are vectors such that a . b = 0 
and a + b = c then 
(a) I at2 +1 bt2 = I c t 2 

(b) I at2 = I bl2 +1 ct2 

(c) I bl2 = I at2 +1 c i 2 

(d) None of these 
8. If a tbtc^are three non-coplaner vectors, 

then [ a x b , b x c , c x a j 
is equal to 

(a)0 ( b ) [ i t b t ^ 1 
(c) [at bt c t 2 (d) 2 [at bt c t 

9. If a t b t c~are non-coplanar vectors, then 

c t b ! ( c x a ' c ^ ( b x at . . + is equal to a . ( b x 

b t (c~x a t c t ( a x b t a * ( b x c t 
(a) 0 ( b ) l 
(c) 2 (d) None of these 

10. If at bt ctire three non-coplanar unit vectors, 
then [a*b*ct is 
(a) ± 1 (b) 0 
( c ) ± 3 (d) 2 

11. The value of c so that for all real x, the 
vectors cx f — 6 j + 3 ic, x f + 2 j + 2cx £ make 
an obtuse angle are 
(a) c < 0 (b) 0 < c < 4 / 3 
(c) - 4 / 3 < c < 0 (d) c > 0 

12. If a , 6 and c are three unit vectors, such that 
a + 6 + c is also a unit vectors 0], 02 and 03 are 
angles between the vectors a , and i^les between the vectors a , t>; D , c 
c , a respectively, then among 8,, 02 and 03 

(a) all are acute angles 
(b) all are right angles 
(c) at least one is obtuse angle 
(d) none of these 

13. If f , j \ fc are unit orthonormal vectors and a^ 
is a vector if a x r = j , then a . r is 
(a)—1 (b) 0 
(c) 1 (d) None of these 

14. If I a t = 3,1 b t = 4 and I a + b t = 5, then 
l ^ - b 1 = 
(a) 3 
(c)5 

(b) 4 
(d)6 

15. If ( t x b t 2 + ( a t b t 2 = 144 and I a t = 4, then 
I b U 
(a) 16 (b) 8 
(c) 3 (d) 12 

16. The projection of the vector 2 f + 3 f - 2 £ on 
the vector f + 2 jV 3 ic is 

( a ) v k ( b ) Vl4 
, , 3 (d) None of these 
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17. For non-zero vectors a t b t c^ 
I ( a x b 5 . c t = l a t l b 1 l c t holds iff 
(a) a^b*= 0, b* ctr 0 (b) b^ 0, c* a t 0 
(c) a t : 0, a t bt= 0 (d) a* b*= b* ~z = ~t= 0 

18. If a* is a unit vector such that 
a x ( f + jA+ 1c) = f - £ , then at= 

1 A A 
(a) — J (2 f + . f + 2 ft) 

(b)jA 

( c ) y ( f + 2 j A + 2 k ) 

(d)f 

19. Let aand b~*be two unit vectors and a be the 
angle between them, then a + b is a unit 
vector if 
(a) a = n/4 
(c) a = 2n/3 

(b) a = 7t/3 
(d) a = T I / 2 

I f a + 2 b + 3 c = 0 and a x b + b x c + c x a i s 
equal to X ( bt< c^ then X = 
(a)3 (b)4 
(c) 5 (d) None of these 

21. If oA. = f + 3 _f- 2 (c and ofe = 3 ?+.f— 2 ic, 
then 

o b which bisects the angle AOB is 
given by 
( a ) 2 i - 2 j - 2 f c 
(b) 2 t + 2 j + 2 ft 
( c ) - 2 t + 2 j - 2 ft 
( d ) 2 t + 2 ? - 2 f t 

22. If a t t + j + ft,bt4 i + 3 j + 4 f t and 
c = ,i + a j + p f t are linearly dependent 
vectors and I c t = 4T, then 
(a) a = 1, P = - 1 (b) a = 1, P = ± 1 
( c ) a = - 1, P = ± 1 (d) a = ± 1 , P = 1 

23. If a^ by any vector, then 
l ^ x t l 2 + l i 1 < | l 2 + l ^ x f t l 2 = 
(a) ( I f (b) 2 ( 
( c) 3 ( a t 2

 A (d )0 
24. If the vectors a ?+ j + ft , t + b j + lc and 

t + j + c ft (a * b, c jt 1) are coplanar, then 
r 1 1 1 . the value of + - — - + is 

(c) 2 (d) None of these 

25. For any vector A*, the value of 
I X ( A * x t ) + j x (A*x j ) + ftx(A*x ft) is 
equal to 

(b) 2 A* (a)0* 
( c ) - 2 A > (d) None of these 

26. If a , b , c and p , q , r are reciprocal system 
of vectors, then a x p + b x q + c x r equals 
/ s r-hr*—* .. . —» —> 
(a) [a b c j (b) p + q + r 
( c ) ( f (d)a + b + c* 

27. If at band ctare unit coplanar vectors, then 
the scalar triple product 

(a) 0 (b) l 
( c ) - V T (d)V3~ 

28. If at bt (Tare non-coplanar unit vectors such 
that 

b + c , r^ b + c a x ( b x c ) = - ^ - , 

(a) 1 
1 — a 1-b 1 — c 

(b) -1 

then the angle between aand bis 
(a) n/4 (b) 7t/2 
(c) n (d) 3tc/4 

29. Let at(jc) = (sin JC) f + (cos x) f and 
(cos 2x) i + (sin 2x) j be two variable 

vectors (JC E R), then a (JC) and b (JC) are 
(a) collinear for unique value of x 
(b) perpendicular for infinitely many values of JC 
(c) zero vectors for unique yalues of JC 
(d) none of these 

30. Let the vectors at bt cand d*be such that 
( a x bt x ( c x d t = ot Let PlnndP2 be 
planes determined by the pairs of vectors 
a , b and c , d respectively. Then the angle 
between P\ and P2 

(a) 0 (b) Jt/4 
(c) ji/3 (d) n/2 

31. Let I a t = l , l b 1 = 2, I c 1 = 3 and 
atl. ( b + c t , btL ( c + at and ctl. ( a + bt. 
Then I at- b + c t is 
(a) V6 (b) 6 
(c) VTT (d) None of these 
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32. If aand Ft arc two vectors of magnitude 2 
inclined at an angle 60° then the angle 
between a and a + b is 
(a) 30° (b) 60° 
(c) 45° (d) None of these 

is equal to 

(a) 3 7* 

(OO* 

(b)F* 
(d) None of these 

34. a , b , c are non-coplanar vectors and p , q , r 
are defined as 

b x c 
P = 

— > 
—» c x a 
q = . ) ). i >r = 

a x b 

b l [ b ' c ' a V [ c *a 'b ^ [ a *ct 
then ( a + ^ . p + ( b + c t . q + ( c + a t . r t 
is equal to 
(a) 0 ( b ) l 
(c)2 (d)3 

„ , , —» - A A „ A , .—> A A T r — 
35. Let a = 2 i + j - 2 k and b = I + j . If c is a 

vector such that a t c = I c t , I a t = 2 >fl 
and the angle between a x b and c is 30° then 
l ( a x b t x c t is equal to 
(a) 2/3 (b) 3/2 
(c)2 (d)3 

36. The number of vectors of unit length 
perpendicular to the vectors a = (1, 1,0) and 
b*=(0, 1,1) is ( a ) l 
(c)3 

(b) 2 
(d) infinite 

If a and b are two vectors, such that 
a* b^< 0 and I a t b l = I a^x b l , then angle —> -> 
between vectors a & b is 
( a ) 7i ( b ) 7TT /4 

( c ) T I / 4 ( d ) 3TC /4 

38. if X ( a~x b t + M- ( b x c t + v ( c~x a t and 
[ a V c t = 1/8, then X + p. + v = 

(a) d* ( a + b + c t (b) 2 d*. ( b + ^ 
(c) 4 ^ ( b + c t (d) 8 dt ( t + b + c t 

39. If a t b a n d c ^ a r e any three vectors, then 
—> —> —> —> —> —i 
a x ( b x c ) = ( a x b ) x c i f and only if 

(a) b amd c are collinear 
(b) aand care collinear 

(c) a and b are collinear 
(d) None of these 

40. The position vectors of the points A, B and C 
A A A A -A A A _ A _ A 

are l + j + k , i + 5 j - k and 2 I + 3 j + 5 k 
respectively. The greatest angle of the 
triangle ABC is 
(a) 90° (b) 135° 
(c) cos (d) cos -1 

r-» 41. Let a and b are two vectors making angle 0 
with each other, then unit vectors along 
bisector of a and b is 

A A A A 
, . , a + b a + b 
(a) ± — — (b) ± 

(c )± 

2 
A A 
a + b 

(d)± 

2 cos e 
(a + b) 

2 cos 0 / 2 v"y | S + £ I 

42. The volume of the tetrahedron whose 
vertices are with position vectors 
i-6j+\0t -1- 3j +1%, 5 t—j + }Jc and 
7 (' - 4 j + 7 k is 11 cubic units if X equals 
(a) - 3 (b) 3 
(c) 7 (d) - 1 

43. If a , b , c be three vectors such that 
T-> , - » , 

a x b = c and b x c = a then 
(a) a , b , c are orthogonal in pairs 
(b) I a t = I b l = i c i = 1 
(c) I a i = I b l = 1 c i 1 
(d) I a i * I b l * I c i 

44. A vector a 4 has components 2p and 1 with 
respect to a rectangular cartesian system. 
This system is rotated through a certain angle 
about the origin in the clockwise sense. If 
with respect to new system, a has 
components p + 1 and 1, then 
(a) p = 0 
(b)p = 1 or p = 

(c) p = - 1 or p = 

(d) p = 1 or p = - 1 

45. If a \ n d b are parallel then the value of 
( atx bt x ( c tx d t + ( a~x c t x ( ET̂ x d t is 
equal to 

(a) { ( a x c t . b t d* (b) {(b*x c t . a t d* 
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(c) {( a~x t t • c t d 4 (d) None of these 
46. If f x ( r"x f) + f x ( F x j) + £ x (r~x ic) 

= a x b ^ ( a % 0, b*± 0), then 

(a) r = a x b 

(c) 0* 

(b)r 
a x b 

(d) None of these 

47. Let a t bt, c^be three vectors such that ^ 0 
and a*x 2 a * x c t I a t = I c t = 1, 
I b t = 4 and I b tx c t = 4 l 5 , if 
b - 2 c = A, a . Then A. equals 
(a) 1 ( b ) - l 
(c)2 (d) — 4 

48. Let AD be the angle bisector of the angle A 
of A ABC, then 

A t . = a A§ + p , where 

IAB I „ I AC I 
(a) a = , P = 

( b ) a = 

!AB + AC I ' 

AB I + I AC 

( c ) a = 

I AB I 

I AC I 

1AB l + I A C 

P = 

• (3 = 

AB + AC I 

AB l + I A C I 

I AC I 

I AB I 

AB l + I A C 

IAB I 0 I AC I (d) a = — , p = 
I AC I IAB I 

49. p f + 3 _f + and ~iq f + 4 (c are two vectors, 
where p,q > 0 are two scalars, then the 
length of the vectors is equal to 
(a) All values of (p , q) 
(b) Only finite number of values of ( p , q) 
(c) Infinite number of values of ( p , q) 
(d) No value of ( p , q) 

50. The vectors p* = 2 f + log3 vjA+ a C and 

q* = - 3 f + a log3 x j + log3 x £ include an 
acute angle for 
(a) a = 0 (b) a < 0 
(c) a > 0 (d) no real value of a 

5 1 - If f x ( i t x i ) + | x (o^x 3 + 

( f x £) = ..•{(?•?)?+(?•?)}+(?•£)*) 
( a ) - l (b) 0 
(c) 2 (d) None of these 

52 . If a , b, c are pos i t i on vec to r s of th ree 
non-co l l inea r po in t s A ,B ,C r e spec t ive ly , 
the shor tes t d i s t ance f r o m A to BC is 

(a) a*. I b*- c t a* 

(b) 
a . b 

(c) I b*- S i 
(d) None of these 

53. If the non-zero vectors and T? are 
perpendicular to each other then the solution 

-¥ T + . of the equation r x a = b is 
. . 1 .—J 
(a) r = x a + (a x 

(b) r = JC V 
a • a 

1 

P-F 
X b] 

.(a x 

(c) r = x (a 
(d) None of these 

54. Let dX = S t 0% = 10a + 2 b* and 
where A and C are non-collinear 

points. Let p denote the area of the 
quadrilateral OABC, and let q denote the area 
of the parallelogram with OA and OC as 
adjacent sides. If p = Icq, then k = 
(a)2 (b) 4 
(c) 6 (d) None of these 

55. Let r t a t b * a n d c*be four non-zero vectors 
that I r x b*\= \ T*\\b r ' a * = 0, 

= I r t I c t then = 

56. 

such 
I r x c 

(a) - 1 (b )0 
(c) 1 (d)2 
Given a cube ABCDAXBXCXDX with lower 
base ABCD, upper base A\BXCXDX and the 
lateral edges AA, , BBy , CC, and DDX ; M 
and M, are the centres of the faces ABCD and 
A,B,C,D, respectively. O is a point on the 
line MM, such that 

OA + OB + OC + OO = OM, , 

then OM 

(a) 1/16 
(c) 1/4 

= AOM, if A = 
(b) 1/8 
(d) 1/2 



280 Objective Mathematics 

— > — > ^ 

57. Let a, fc and c be three non-zero and 
non-coplanar vectors and p*, q* and r*be 
three vectors given by 

p = a + b - 2 c, q = 3 a -2 b + c 
and r = a - 4 b +2 c 
If the volume of the parallelopiped 
determined by a , F*and c*is V, and that of 
the parallelpiped determined by p*, ^and r* 
is V2 then V2 : V, = 
(a) 3 : 1 (b) 7 : 1 
(c) 11:1 (d) 15 : 1 

58. A line Lx passes through the point 3 i and 
parallel to the vector - i + j + £ and another 
line L2 passes through the point i + j and 

parallel to the vector ?+£, then point of 
intersection of the lines is 
(a) 2 i + | + f t (b) 2 t - 2 j + ft 
(c) t + 2 j - ft (d) None of these 

The line joining the points 6 a*- 4 b*- 5 c*, 
- 4 c 4 and the line joining the points 

—> „ r * „ —» —> „ r-> _ ->. - a - 2b— 3 c , a + 2 b - 5 c intersect at 
(a) 2 c* (b) - 4 c* 
(c) 8 C* (d) None of these 

60. Let A*, B^and ( f be unit vectors. Suppose 
that A*. B* = A*. C? = 0 and that the angle 
between B and C is n/6 then 
A* = k ( i f x (?) and k = 
(a) ± 2 (b )±4 
(c) ± 6 (d) 0 

MULTIPLE CHOICE - I I 
Each question, in this part, has one or more than one correct answer (s). For each question write the letters 
a, b, c, d corresponding to the correct answers) 

61. If a vector r satisfies the equation 
F x (f + 2 jV it) = f - ic, then r~is equal to 
(a ) f+3j j + £ A (b) 3 1 + 7 j + 3 £ 
(c) jA+1 ( f+ 2 J+ ic) where t is any scalar 
(d) f+ ( f + 3 ) M where t is any scalar 

62. If d A = a*, A& = b* and c S = k a*, 
where k > 0 and X, Y are the mid points of 
DB and AC respectively such that I a*l = 17 —» 
and I XY I = 4, then k is equal to 
(a) 8/17 (b) 9/17 
(c) 25/17 (d) 4/17 

63. a*and c*are unit vectors and I b*l = 4 with 
a x b = 2 a x c . The angle between a 

—> -1 —* —> —> and c is cos (1/4). Then b - 2 c = Xa , 
if A. is 
(a) 3 (b) 1/4 
(c) - 4 (d) - 1/4 

64. If / be the incentre of the triangle ABC and 
a, b, c be the lengths of the sides then the 

force <jIA+i> IB + cIC = 
(a ) - l (b) 2 
(c) 0 (d) None of these 

65. If 3 a*- 5 b*and 2 a*+ b*are perpendicular to 
each other and a + 4 b , - a + b are also 
mutually perpendicular then the cosine of the 
angle between a*and b*is 

/ ^ 1 7 ™ 19 
(a)?w (b)yw 

21 (c) ^ ^ (d) None of these 

66. A vector a*= (x, y, z) makes an obtuse angle 
with" y-axis, equal angles with 
b = (y, - 2z, 3x) and c = (2z, 3x, - y) and 
a is perpendicular to d = ( 1 , - 1 , 2 ) if 
I a I = 2 <3, then vector a is 
(a) (1,2, 3) (b ) (2 . -2 , -2 ) 
(c) ( -1 ,2 , 4) (d) None of these 

67. The vector ^directed along the bisectors of 
the angle between the vecotrs 
a = 7 * — 4 j - 4 ft and b t = - 2 i - j + 2f t if 
I c t = 3 V(Tis given by 
(a) 1 - 7 j + 2 ft 
. . . A _ % _ A 
(b) * + 7 j - 2 ft 
( a ) - f + 7 j - 2 f e 
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68. Let a t n d t t be non collinear vectors of 
which a is a unit vector. The angles of the 
triangle whose two sides are represented by 
V3"(a~x bt) and b* - ( a t b i atare 
(a) 7t/2,7t/3,71/6 (b) 7t/2, t i /4 , 7i/4 
(c) 7t/3,7t/3,7C/3 (d) data insufficient 

6"- Let a and b i , e two non-collinear unit vectors. 
If iT= a t - ( a* b t b a n d I v l = a~x bt then I v t 
is 

(a) I u l (b) I u l + I u 4 a t 

(c) I u l + I u* b i (b) I u l + u^ ( a + b t 
70. If A, B, C are three points with position 

A A A A , A A A 

vectors 1 + j , 1 - j and p i + + 
respectively, then the points are collinear if 
(a)p = q = r=l (b)p = q = r = 0 
(c) p = q, r=0 (d)p=\,q = 2,r = 0 

71. In a parallelogram ABCD, I 

and I I = c. Then has the value 

(a) 

(c) 

o 2 , . 2 2 3 a + b - c 

a - b +3 c 

(b) 

(d) 

2 , 0 . 2 2 a +3 b - c 

a + 3 tf + c 
2 2 

72- If | a t = 4, Ib1 = 2 and the angle between 

aand b i s then ( a x b t 2 is 6 
(a) 48 
(c) 16 

(b) ( ^ t 2 

(d) 32 

73. If a t b t (Tare non-coplanar non-zero vectors 
and r is any vector in space then 
[ b c r ] a + [ c a r ] b + [ a b r ] c is equal 
to 

(a) 3 [ a V c t r * (b) [ a V c t r ^ 

(c) [ b * c V j r * (d) [ c V b t 

74. If the unit vectors aand {Tare inclined at an 
angle 20 such that I a^- b1< 1 and 0 < 0 < 71, 
then 0 lies in the interval 
(a) [0,71/6) (b) (5tc/6, 7t] 
(c) [7t/6,71/2] (d) [7t/2, 57t/6] 

75. The vectors 2 i - A j + 3A ft and 
(1 + X) t - 2X j + ft include an acute angle 
for 

(a) all values of m (b) X < - 2 
(c) A> - 1 /2 (d) A, e [ - 2 , - 1 / 2 ] 

76. The vectors a t ; c ' i - 2 j + 5 ft 

and b"t * + y j - z ft are collinear if 
(a )x = 1, y = - 2, z = - 5 
(b) x = 1/2, y = —4, z = - 10 
(c) x = - 1/2, y = 4, z = 10 
(d) x = - 1, y = 2, z = 5 

77. Let a~=2 1 - j + ft, b = t + 2 j - ft and 
c t ' i + j - 2 f t b e three vectors. A vector in 
the plane of btind ctvhose projection on a t s 
of magnitude V(2/3) is 
( a ) 2 t + 3 j - 3 f t (b) 2 ? + 3 j + 3 ft 
(c) — 2 i - j + 5 ft (d) 2 t + j + 5 ft 

78. The vectors 
(x, x + 1, x + 2), (x + 3, x + 4, x + 5) 

and (x + 6, x + 7, x + 8) are coplanar for 
(a) all values of x (b) x < 0 
(c) x > 0 (d) None of these 

79 If a t b t ca re three non-coplanar vectors such 
that 

r] = a - b + c , r 2 = b - ) - c - a , 

r3 = c + a + b , r = 2 a - 3 b + 4 c i f 

r = A,] r, + X2 r2 + A3 r 3 , then 

(a) A, = 7 / 2 (b) A, + A, = 3 

(c) A, + A2 + A3 = 4 (d) A2 + A3 = 2 

80. A parallelogram is constructed on the vectors 
a t 3 a - j f , b t o + 3 j f if I otl = I p i = 2 and 
angle between otand (its 7t/3 then the length 
of a diagonal of the parallelogram is 
(a) 4 V5~ (b) 4 V3~ 
(c) 4 4 T (d) None of these 

81. The position vectors a t b t ctind d^of four 
points A, B, C and D on a plane are such that 

( I t d t . ( b 4 - ^ t = ( b t t ) • ( c * - a } = 0, 
then the point D is 
(a) Centroid of A ABC 
(b) Orthocentre of A ABC 
(c) Circumccnlre of AABC 
(d) None of these 
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82. The vector at- b* bisects the angle between 
the vectors a and 6 if 

(a) I a t = I b l 
(b) angle between aand b i s zero 
( c ) l a t + l b 1 = 0 
(d) None of these 

83. If a*, b t c^are three non-zero vectors such 
that b*is not perpendicular to both a and c 
and ( a x b ) x c = a x ( b x c ) then 
(a) atind c^are always non-collinear 
(b) a and c are always collinear 
(c) a and c are always perpendicular 
(d) a , b and c are always non-coplanar 

84. Image of the point P with position vector 
7 f - j V 2 ft in the line whose vector equation 
is T*= 9 i+ 5j + 5 ft + X (f+ 3 ) + 5 ft) has the 
position vector 
(a) — 9 f + 5 j V 2 ft 
(b) 9 f + 5 
(c) 9 f - 5 j - 2 ft 
( d ) 9 f + 5 j A + 2 f t 

85. If a x b = c x d and a x c = b x d , then 

(a) ( a t . d t = X (bt-
(b) a t - d = X ( b + c t 
(c) ( a t - b t = X (c + d t 
(d) None of these 

86. I f ( I x b t x ^ = I x ( b x ^ t 
, then 

(a) bt< ( ct< a t = 0 
(b) ( c x i t x t t= 0 
(c) c x ( a x b t = 0 (d) None of these 

87. If the vectors t t= (tan a , - 1, 2 Vsin a / 2 ) 
3 

makes an obtuse angle with the z-axis, then 
the value of a is 

and c = j tan a , tan a , -
Vsin a / 2 

are 

(a) a = (4n + 1) n - tan 1 2 
(b) a = (4n + 2) n - tan 1 2 
(c) a = (4n+ 1) n + tan - 1 2 
(d) a = (4n + 2) n + tan"1 2 

88. The resolved part of the vector a^along the 
vector b i s iCand that perpendicular to t t i s 
(I^Then 

(a*, b t a* 

_ (a*. b t b* 

(b*. b t i * - b t b* 

89. Let the unit vectors aand bt?e perpendicular 
and the unit vector 

e inclined at an angle 9 
to both aand b^If c"t= a at- P b1- y ( a t - b l 
then 
(a) a = P 
(b) y2 = 1 - 2a 2 

(c) y2 = - cos 20 
(d)P2 = ^ p 

90. Consider a tetrahedran with faces 
F2, F3, F4. Let be the 

vectors whose magnitudes are respectively 
equal to areas of F,, F2, F3, F4 and whose 
directions are perpendicular to their faces in 
outward direction. Then I \ t + V^ + v t + V^ I 
equals 
(a) 1 (b)4 
(c) 0 (d) None of these orthogonal and a vector a = (1, 3, sin 2a) 
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Practice Test 
MM : 20 Time 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

1. Let the unit vectors a and b be 
perpendicular to each other and the unit 
vector c"*be inclined at an angle 6 to both a* 
and b*. Ifc* = x a*+y b*+z (a x b), then 
(a) x = cos 0, y = sin 0 , z = cos 20 
(b) x = sin 0, y = cos 0 , 2 = - cos 20 

2 
(c) x = y = cos 0, z = cos 20 

2 

2. A = 
f 

(d) x = y = cos 0, z = 

a 
a • a a o j* - > 

a • c o • c 

cos 29 —» 
c 

—> a • c then 

(a) A = 0 
(b) A = 1 
(c) A = any non-zero value 
(d) None of these A A /S 

3. The image of a point 2i + 2\j-k in the line 
passing through the points i - j + 2k and 
3 i + f - 2k is 

A A 
, ^ , * „ „ - i - l l j + lk (a) 3i + 11/ + Ik (b) ^ 

(c) - 2 i - 2 /+ ^ (d) None of these 
4. Let O be the circumcentre, G be the 

centroid and O ' be the orthocentre of a 
AABC. Three vectors are taken through O 
and are represented by a 
and c then a + b + c is 
(a) 0& (b) 2 6& 
(c) 6 6 ' 

(d) None of then 
5. If the vectors c, a = xi+yj+z fi and 

b = j are such that a , c and b form a right 
handed system, then c is 
(a )zi-x% (b)o* 
(c )yj (d )-zi+xk 

6. The equation of the plane containing the 
line r = a + k b and perpendicular to the 
plane r n = q is 

(a) b) 
—> 
a) 

0 x a) 

(a* x b ) ) = 0 

(n x b] = 0 

[n* x (b) (r 

(c) 
(d) (r*— b) • [n x (a' x 6')} = 0 
Find the value of A so that the points 
P, Q, R, S on the side OA, OB, OC and AB 
of a regular tetrahedron are coplanar. You 

,, , 0?1 1 are given that = — ; 
OA 3 

1 , OS 
= 3 

0$ _1 ot 
o S 2 ' ofc 
(a) A = 1/2 (b) A. = - 1 
(c) A = 0 (d) for no value of A 
x and y are two mutually perpendicular 
unit vectors, if the vectors ax + ay + c (x x y), 
A A A J A A A A . 

x + (x + y) and cx + cy + b (x x y), lie in a 
plane then c is 
(a) A.M. of a and b 
(b) G.M. of a and b 
(c) H.M. of a and b 
(d) equal to zero 

9. If a* the 

•2% 

i+j + fi and b = i - j , then 
vectors (a 1) 1 + (a J)J + (a • % , 
(fc • ^ ? + (b*-j)j + (F4 £) £ ,and f + y -
(a) are mutually perpendicular 
(b) are coplanar 
(c) Form a parallelopiped of volume 6 units 
(d) Form a parallelopiped of volume 3 units 

10. If unit vectors 1 and j are at right angles to 
each other and p* = 3 1 + 4 j, 

_.. , - * -> , , „ -» g = 5 i, 4 r = p + g , then 2 s = p - q —> —> —> —> 
(a) I r + k s I = I r - k s I for all real k 

(b) r is perpendicular to s 
(c) r* + s^is perpendicular to r 
(d) | ^ f = | = = | 

— > 
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Record Your Score 

Answer 

Multiple Choice-1 

1. (d) 2. (b) 3. (a) 4. (b) 5. (c) 6. (d) 
7. (a) 8. (c) 9. (b) 10. (a) 11. (c) 12. (c) 

13. (d) 14. (c) 15. (c) 16. (b) 17. (d) 18. (a) 
19. (c) 20. (d) 21. (d) 22. (d) 23. (b) 24. (a) 
25. (b) 26. (c) 27. (a) 28. (d) 29. (b) 30. (c) 
31. (a) 32. (a) 33. (c) 34. (d) 35. (b) 36. (b) 
37. (d) 38. (d) 39. (b) 40. (a) 41. (c) 42. (c) 
43. (b) 44. (b) 45. (d) 46. (b) 47. (d) 48. (c) 
49. (c) 50. (d) 51. (c) 52. (d) 53. (a) 54. (c) 
55. (b) 56. (c) 57. (d) 58. (a) 59. (b) 60. (a) 

Multiple Choice-ll 
61. (a), (b), (c) 62. (b), (c) 63. (a), (c) 64. (c) 65. (b) 66. (b) 
67. (a), (c) 68. (a) 69. (a), (c) 70. (c), (d) 71. (a) 72. (b), (c) 
73. (b), (c), (d) 74. (a), (b) 75. (b), (c) 76. (a), (b), (c), (d) 77. (a), (c) 
78. (a), (b), (c) 79. (a), (c) 80. (b), (c) 81. (b) 82. (a), (b) 83. (b) 
84. (b) 85. (a), (b) 86. (a), (b) 87. (a), (b) 88. (b), (c), (d) 
89. (a), (b), (c), (d) 90. (c). 

ractice Test 
l . (d ) 2. (c) 3. (d) 4. (c) 5. (a) 6. (c) 
7. (b) 8. (c) 9. (a), (c) 10. (a), (b), (c) 



CO-ORDINATE GEOMETRY-3D 
1. The distance between two points P(x-|, yi, zi) and Q(x2, y2, z2) is space in given by 

PQ = V(x2 - xi)2 + (ys - yi)2 + (z2 - zQ2 

Corollary 1. Distance of (xi, yi, zi,) from origin = + yi2 + zi2) 
2. Section formula : If R(x, y, z) divides the join of P(xi,yi ,z-|) and Q(x2, y2, z2,) in the ratio 

mi : m2 (m-i, m2 > 0) then 
mi x2 + m2 xi mi yz + mzyi . _ m-i z2 + m2 zi x = 

and x = -

m i + m2 

mi X2- rri2 xi 
mi - m2 

;y=- mi + rri2 
]Z 

m 1 yi - rri2 yi 
mi - mz 

mi + m2 

(divides internally) 
mi z2— ^ Z1 

z = 
mi - rm 

(divides externally) 
Corollary 1. If P(x, y, z) divides the join of P(xi, yi, zi) and 0(x2 , ys, z2) in the ratio X : 1 then 

Xxz ±xi Xy2 ± yi . _ Xz2 ± zi 
x±-\ 

x = z = -

Corollary 2. The mid point of PQ is 

A+1 17 X+1 ' X±1 
positive sign is taken for internal division and negative sign is taken for external division. 

xi + x2 yi +y 2 zi +Z2 
2 ' 2 ' 2 

3. Centroid of a Triangle : The centroid of a triangle ABC whose vertices are A (xi, yi, zi), B (x2, y2, z2) 
and C (X3, yz Z3) are 

(X1+X2 + XZ y i + y 2 + yz zi + z 2 + z 3 

I 3 ' 3 ' 3 
4. Centroid of a Tetrahedron : The centroid of a tetrahedron ABCD whose vertices are 

A (xi, yi, zi), B (X2, y2> z2), C (xz, yz, zz) and D (X4, yt, Z4) are 
( X1 + X 2 + X 3 + X 4 y i + N + y3 + y4 ZL + Z2 + Z3 + Z4 
I 4 ' 4 ' 4 

5. Direction Cosines (D.C.'s) : If a line makes an angles a,|3, y with positive directions of x, y and z 
axes then cos a, cos (3, cos y are called the direction cosines (or d.c.'s) of the line Generally direction cosines 
are represented by /, m, n. 

Then angles a, p5, y are called the direction angles of the line AB & the 
direction cosines of BA are cos (7t - a), cos (n - P) and cos(7t-y) i.e., 
- cos a, - cos p, - cos y. 

Corollary 1. The direction cosines of the x-axis are 
cos 0, cos 7t/2, cos n /2 i.e., 1, 0, 0. 

Similarly the d.c.'s of y and z axis are (0, 1, 0) and (0, 0, 1) respectively. 
Corollary 2. If I, m, n be the d.c.'s of a line OP and OP= r, then the 

co-ordinates of the point P are (Ir, mr, ni). 
Corollary 3. F + m2 + n2 = 1 

or cos2 a + cos2 p + cos2 y= 1 
P-

Corollary 4. sin2 a + sin2 p + sin2 y = 2 
6. Direction ratios (d.r.'s) : Direction ratios of a line are numbers which 

are proportional to the d.c.'s of a line. 
Fig. 
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Direction ratios of a line PQ, (where P and Q are (xi,yi,z-|) & (X2.y2.z2) respectively, are 
x 2 - x i , y 2 - y i , z 2 - z i . 

7. Relation between the d.c.'s and d.r.'s : If a, b, c are the d.r.'s and I, m, n are the d.c.'s, then 
+ a m- + - n- + -

V(a2 + b2 + c2) ' V(a2 + b2 + c2) ' V(a2 + b2 + c2) 
Note : If a, b, c are the d.r.'s of AS then d.c.'s of AS are given by the + ve sign and those of the line SA 

by - ve sign. 
8. The angle between two lines : If (/•), mi, m) and (tz, mz, nz) be the direction cosines of any two lines 

and 0 be the angle between them, then 
cos 0 = hlz + m-\mz + mm 

Corollary 1. If lines are perpendicular then 
h k + mi mz + m nz = 0 

Corollary 2. If lines are parallel then 
h _ rm _ m 
tz mz nz 

Corollary 3. If the d.r.'s of the two lines are ai, bi, ci and a2, bz, ci then 
aia2 + bi b2 + ci C2 cos 0 = 

V(a2 + b 2 + c2) V(a22 + b | + C22) 

& o;..o i V x ( f r i C 2 - b 2 C i ) 2 

S ' n V(a-p + b f + ci2) V ( a | + b$ + c£) 
So that the conditions for perpendicular and parallelism of two lines are respectively. 

ai bi ci 
aia2 + b\bz + C1C2 = 0 and — = — = — 

az bz cz 
Corollary 4. If h, mi, m & I2, mz, nz are the d.c.'s of two lines, the d.r.'s of the line which are 

perpendicular to both of them are : mi nz - mzm, mk- nzh, hmz- kmi. 
9. Projection of a line joining the points P(xi, yi, z-i) and 0(X2, yz, z2) on another line whose direction 

cosines are /, m, n. 
= I (X2 - xi) /+ (yz - yi) m + (zz- z-i) n I 

Corollary 1. If P is a point (xi, yi, zi) then the projection of OP on a line whose direction cosines are 
h, mi, m is I/1X1 + miyi + mzi,\ where Ois origin. 

Corollary 2. The projections of PQ when P is (xi, yi, zi) and Q is (X2, y2, Z2) on the co-ordinates axes 
are x2 - xi, y2 - yi, z2 - z-|. 

Corollary 3. If Projections of PQ on AS is zero then PQ is perpendicular to AS. 

THE PLANE 

A plane is defined as the surface such that if any two points on it are taken as then every point on the 
line joining them lies on it. 

1. Equation of plane in various forms 

(i) General form : Every equation of first degree in x, y, z represent a plane. 
The most general equation of the first degree in x, y, z is 

ax+ by+cz+ d= 0, where a, b, care not all zero. 
Note: (a) Equation of yz plane is x = 0 

(b) Equation of zx plane is y = 0 
(c) Equation of xy plane is z = 0 

(ii) One-point form : The equation of plane through (xi, yi, zi) is 
a(x-xi) + b(y-yi) + c(z-zi) = 0 

(iii) Intercept form : The equation of plane in terms of intercepts of a, b, cfrom the axes is 
* y z i 
- + JL + - - 1 
a b c 
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(iv) Normal form : The equation of plane on which the perpendicular from origin of length p and the 
direction cosines of perpendicular are cos a, cos |3 and cos y with the positive directions of x, y & z axes 
respectively is given by 

xcos a + y cos (3 + zcos y = p 
(v) Equation of plane passing through three given points : Equation of plane passing through 

A (xi, yi, zi), B (x2, yz, z2) and C (x3, y3, z3) is given by 
x - x i y - y i z - z i 
x - x2 y- yz z - z2 =0 
x - x 3 y - y s z - z 3 

(vi) Equation of a plane passing through a point and parallel to two lines : The equation of the 
plane passing through a point P (xi, yi, zi) and parallel to two lines whose d.c.'s and h, mi, m and fe, mz, nz 
is 

' x - x i y - y i z - z i 
/1 mi m = 0 
Iz mz nz 

(vii) Equation of a plane passing through two points and parallel to a line : The equation of the 
plane passes through two points P (x i , y i , z i ) and Q(x2, y2, z2) and is parallel to a line whose d.c.'s are 
1, m, n is 

x - x i y - y i z - z i 
x2 - xi yz - yi z2 - zi =0 

I m n 

2. Angle Between two Planes : 

If 0 be the angle between the planes a ix+ £>iy+ c iz+ di = 0 and a2x+ bzy+ c2z+ dz = 0 then 

0 = cos aia2 + b\bz + ci cz 
V(a-p + £h2 + ci2) V(a | + + d ) 

Corollary 1. If planes are perpendicular then 
aia2 + bibz + cicz = 0 

Corollary 2. If planes are parallel then 

az bz cz 

3. Angle Between a Plane and a Line : 

If a be the angle between the normal to the plane and a line then 90' - a is the angle between the plane 
and the line. 

4. Length of Perpendicular from a Point to a Plane 

The length of perpendicular from (xi, yi, zi) on ax + by+ cz+ d= 0 is 
I axi + byi + czi + d I 

V(a2 + ^ + <?) 

5. Positions of Points (xi, y i . zi) and (x2, yz, 22) relative to a Plane : 

If the points ( x i , y i , z i ) and (x2, yz, z2) are on the same side or opposite side of the plane 
ax+ by + cz+ d= 0 then 

axi + byi + czi + d „ axi + byi + czi + d „ 
r — ^ > 0 o r — — u — ^ < 0 ax2 + byz + cz2 + d ax2 + byz + cz2 + d 

6. Distance between the Parallel Planes : 

Let two parallel planes be ax+ by+ cz+ d= 0 and ax+ by+ cz+ di = 0 
First Method : The distance between parallel planes is 
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I d - di 
/̂(a2~H b2 + c2) 

Second Method : Find the co-ordinates of any point on one of the given planes, preferably putting 
x = 0, y = 0 or y = 0, z = 0 or z = 0, x = 0. Then the perpendicular distance of this point from the other plane is 
the required distance between the planes. ^ 

7. Family of Planes 

Any plane passing through the line of intersection of the planes ax+ by+ cz+ d = 0 and 
aix+ biy+ ciz+ di =0 can be represen ted by the equation 

(ax+ by+ cz+ d) + X (aix + £>iy+ ciz + di) = 0 

8. Equations of Bisectors of the Angles between two Planes : 

Equations of the bisectors of the planes 
Pi : ax+ by+ cz+ d= 0 & P2 = a ix+ biy + C1Z + di = 0 

(where d > 0 & di >0) are 
(ax+ by+ cz+ d) _ (aix+ biy + c iz+ di) 

V(a2 + b2 + c2) ~ -J(a? + b? + c2) 

Conditions Acute angle Bisector Obtuse angle Bisector 

aai + bbi + cci > 0 - + 

aai + bb-\ + cci < 0 + -

9. The Image of a Point with respect to Plane Mirror: 

The image of A (xi, yi, zi) with respect to the plane mirror ax+ by+ cz+ d= 0 be B (x2, y2, z2) is given 
by 

X2 - X1 Y2 - yi _ z2 - Z1 
a ~ b ~ c 

- 2 (axi + byi + czi + d) 
(a2 + b2 + c2) 

10. The feet of perpendicular from a point on a plane 

The feet of perpendicular from a point A (xi, y , Zi) on the plane ax + by+cz + d= 0 be B (x2, y2, z2) is 
given by 

X2 - xi = yz - yi = z 2 - b i = - (axi + byi + czi + d)  
a _ b ~ c ~ (a2 + b2 + c2) 

11. Reflection of a plane on another plane : 

The reflection of the plane ax+ by + cz+ d= 0 on the place a ix+ biy+ c iz+ di = 0 is 
2 (aai + bbi + cci) (aix+ b iy+ c iz+ di) = (ai + b? + cf' (ax+ by+ cz+b) 

12. Area of a Triangle 

If Ay z , Azx, AXy be the projections of an area A on the co-ordinate planes yz, zx and xy respectively, 
then 

A = V(A^ + A| f+Ax^) 
If vertices of a triangle are (xi, yi, zi), (x2, y2, z2 

1 
V = 2 

yi zi 
y2 z2 
y3 Z3 
Z1 X1 
z2 .x2 

Z3 X3 

and (X3, y3, z3) then 
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& AXy=± I 
1 
2 

yi 1 
xz yz 1 
X3 ys 1 

Corollary: Area of triangle = — be sin A 

PAIR OF P L A N E S 

1. Homogeneous Equation of Second degree: 

An equation of the form 
ax2 + by2 + cz2 + 2fyz+2gzx+ 2hxy= 0 is called a homogeneous equation of second degree. It 

represent two planes passing through origin. Condition that it represents a plane is 
a h g 

= 0 

i.e., 

h b f 
g f c 

abc + 2 fgh - at - be? - c/r2 = 0 

2. Angle between two Planes: 

If 6 is the acute angle between two planes whose joint equation is 
ax2 + b/ + c^ + 2 fyz+ 2 gzx + 2 hxy = 0, then 

e = t a n - i f 2 Vf 2 + <? + rf - be-(ca-ab) ] 
1 a+b+c j 

Corollary: If planes are perpendicular then 
a + b +c = 0 

T H E STRAIGHT LINE 

Straight line is the locus of the intersection of any two planes. 

1. Equation of a straight line (General form): 

Let ax + by + cz+ d= 0 and aix+ biy+ c iz+ di = 0 be the equations of any two planes, taken together 
then 

ax+ by + cz+ d= 0 = atx+ biy+ c iz+ di is the equation of straight line. 
Corollary: The x-axis has equations y= 0 = z, the y-axis z=0 = xand the z-axis x= 0 = y. 

2. Equation of a line Passing through a Point and Parallel to a Specified Direction: 

The equation of line passing through (xi, yi, zi) and parallel to a line whose d.r.'s an a, b, c is 

x ^ = Z - y 1 = z - z 1 = 

a b c  v " 
& the co-ordinate of any point on the line an (xi + ar, yi + br, zi + cr) 

when ris directed distance. 

3. Equation of line Passing through two Points: 

The equations of line passing through (xi, yi, zi) and (X2, yz, zz) is 
x - x i _ y - y i z - z i 
xz - yz - yi zz - z\ 

4. Symmetric F o r m : 

The equation of line passing through (xi, yt, zi) and having direction cosines I, m, n is 
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X-X1 y - y i 
m 

z - z i 
I m n 

5. To convert from General Equation of a line to Symmetrical Form : 

(i) Point: Put x = 0 (or y= 0 or z = 0) in the given equations and solve for y and z. The values of x, y and 
z are the co-ordinates of a point lying on the line. 

(ii) Direction cosines : Since line is perpendicular to the normals to the given planes then find direction 
cosines. Then write down the equation of line with the help of a point & direction cosines. 

6. Angle between a Line and a Plane : 

If angle between the line ——— - -—— Z-Z1 
a b 

the angle between normal and the line 
iaai + bb] + cci) 

cos (90 - 9) = j P p o i * \ = r 
"V(a + tf + c f ) V(af + bf + c f ) 

(aai + bb\ + ccQ 

and the plane a i x + b i y + c i z+ d= 0 is 0 then 90° - 9 is 

i.e., 

or sin 9 = -
Vta2 + b2 + (?) V(af + b? + c?) 

Corollary: If line is parallel to the plane then aai + bbi + cci = 0 

7. General Equation of the Plane Containing the Line : 

x - x i y - y i Z-Z1 

is 
I m n 

a ( x - xi) + b ( y - y i ) + c(z- zi) 
where al+bm + cn = 0 

8. Coplanar l ines: 

(i) Equations of both lines in symmetrical form : 
If the two lines are 

x - x i y - y i 

Coplanar then 

h m 
X2-X1 yi - yi Z2 - zi 

z-z\ x - x 2 & — - — : 

ni /2 

= 0 

y - y 2 z - z 2 

m2 n2 

h rm m 
Iz mz nz 

the equation of plane containing the line is 
x - x i y - y i z - z i 

/1 
Iz 

mi 
mz 

m 
nz 

(il) If one line in symmetrical form 
Let lines are 

= 0 

& other in general form : 

X - X1 y - y i 
m 

Z-Z1 
and I m n 

a i x + b iy+ c i z + di = 0 = azx+bzy+czz+dz 
The condition for coplanarity is 

aixi + biyi + C1Z1 + di a-|/+ bim + cm 
a2Xi + b2yi + C2Z1 + dz ~ azl+ bzm + czn 

(iii) If both line in General form : 
Let lines are a i x + b iy+ c i z + di = 0 = azx + bzy + czz+ dz 

and a3x+b3y+c3z+cfe = 0 = a4x+b4y+c4z+d4 
The condition that this pair of lines is coplanar is 
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ai bi C1 dt 
a2 bz C2 dz 
a3 bs C3 da 
a4 b4 C4 ck 

= 0. 

9. Skew Lines : 

Two straight lines in space are called skew lines, when they are not coplanar. Thus skew lines are 
neither parallel, nor intersect at any point. 

10. Shortest Distance (S.D.) 

Let PQ and RS are two skew lines and a line which is perpendicular to both PQ and RS. Then the length 
of the line is called the shortest distance between PQ and RS. 

Let equations of the given lines are 
x - x i = y - y i = z-zi a n d x-x2 = y - y s = z-zz 

h /T71 m fe /TJ2 fJ2 
Let S.D. lie along the line 

x - a y ~ p z - y 
I ~ m ~ n 

S.D. = 11 (x2 - xi) + m (yz - y,} + n (z2 - z\) I 
and Equation of shortest distance is 

x - X1 
h 
I 

y-yi 
m 
m 

Z - Z 1 

m 
n 

= 0& 
X-X2 

k 
I 

y-yz z-zz 
mz nz 
m n 

= 0 

11. Volume of Tetrahedron 

If vertices of tetrahedron are (xi, yi, zi), (X2, yz, z2), (xa, yz, Z3) and (M, y4, ZA) is 
xi yi zi 1 

1 
6 

x2 y2 z2 

X3 yB Z3 
X4 y4 Z4 

MULTIPLE CHOICE 
Each question in this part has four choices out of which just one is correct. Indicate your choice of correct 
answer for each question by writing one of the letters a, b, c, d whichever is appropriate. 

1. The four lines drawn from the vertices of any 
tetrahedron to the centroid of the opposite 
faces meet in a point whose distance from 
each vertex is k times the distance from each 
vertex to the opposite face, where k is 

( a ) } 

(d) * 4 
2. Which of the statement is true ? The 

coordinate planes divide the line joining the 
points (4, 7, -2) and (-5, 8, 3) 
(a) all externally 
(b) two externally and one internally 
(c) two internally and one externally 

(d) none of these 
The pair of lines whose direction cosines are 
given by the equations 3/ + m + 5n = 0, 
6mn - 2nl + 5 Im = 0 are 
(a) parallel (b) perpendicular 

(c) inclined at cos -

(d) none of these 
4. The distance of the point A ( - 2 , 3,1) from 

the line PQ through P(-3,5,2) which 
make equal angles with the axes is 

(a) ^3" (b) 

, , 16 
( d ) i 
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5. The equation of the plane through the point 
(2, 5, -3 ) perpendicular to the planes 
x + 2y + 2z = 1 and x - 2y + 3z = 4 is 
(a) 3JC — 4y + 2z - 20 = 0 
(b) 7;r - y + 5z = 30 
(c)x-2y + z= 11 
(d) 10r —y — 4z = 27 

6. The equation of the plane through the points 
(0, —4, -6 ) and (-2, 9, 3) and perpendicular to 
the plane x - 4y - 2z = 8 is 
(a) 3JC + 3y - 2z = 0 
(b)x-2y + z = 2 
(c)2x+y-z = 2 
(d) 5x-3y + 2z = 0 

7. The equation of the plane passing through the 
points (3, 2, -1), (3, 4, 2) and (7, 0, 6) is 
5x + 3y -2z = X where X is 
(a) 23 (b) 21 
(c) 19 (d) 27 

8. A variable plane which remains at a constant 
distance p from the origin cuts the coordinate 
axes in A, B, C. The locus of the centroid of 
the tetrahedron OABC is y~z + Z V + xy1 

2 2 2 = kxy z where k is equal to 

(a) 9p2 ( b ) 4 
P 

( o ^ ( d ) 4 
p p 

9. The line joining the points (1, 1, 2) and (3, 
-2 , 1) meets the plane 3x + 2y + z = 6 at the 
point 
(a) (1 ,1 ,2 ) (b) (3 ,-2, 1) 
(c) (2, - 3 , 1 ) (d) (3,2, 1) 

I®- The point on the line X ^ = ^ = Z + ^ at 

a distance of 6 from the point (2, -3 , -5 ) is 
(a) ( 3 , - 5 , - 3 ) (b) (4, -7 , -9 ) 
(c) (0,2S - 1 ) (d) (-3, 5, 3) 

11. The plane passing through the point (5, 1, 2) 
perpendicular to the line 
2 ( j t - 2 ) = y - 4 = z - 5 will meet the line in 
the point 
(a) (1,2, 3) (b) (2, 3,1) 
(c) (1,3, 2) (d) (3, 2 ,1) 

12. The point equidistant from the four points 
(a, 0, 0), (0, b, 0), (0, 0, c) and (0, 0, 0) is 

( C ) ( 2 ' 2 ' 2 ) ( d ) N ° n e ° f t h e S C 

13. P, Q, R, S are four coplanar points on the 
sides AB, BC, CD, DA of a skew quadrilateral. 
^ J AP BQ CR DS 
The p r o d u c t - • — equals 

( a ) -2 (b) - 1 
(c) 2 (d) l 

14. The angle between any two diagonals of a 
cube is 

<3 1 (a) cos 0 = — (b) cos 0 = 

(c) cos 0 = j (d) cos 0 = ^ 

15. The acute angle between two lines whose 
direction cosines are given by the relation 

2 2 2 
between I + m + n = 0 and I +m -n = 0 is 
(a) n / 2 (b) Jt/3 
(c) 7t/4 (d) None of these 

The lines = = ^ = Z m e lines J 2 > 2 1 

(a) parallel lines 
(b) intersecting lines 
(c) perpendicular skew lines 
(d) None of these 

17. The direction consines of the line drawn from 
P(- 5, 3, 1) t o g ( 1 , 5 , - 2 ) is 
(a) (6, 2 , -3) (b) (2, -4 , 1) 

(c) (-4, 8 , -1) ( d ) [ ^ f . f . - f 

18. The coordinates of the centroid of triangle 
ABC where A,B,C are the points of 
intersection of the plane 6x + 3 y - 2 z = 18 
with the coordinate axes are 
(a) (1,2,-3) (b) (-1, 2, 3) 
(c) ( - 1 , - 2 , - 3 ) (d) (1 ,-2, 3) 

19. The intercepts made on the axes by the plane 
which bisects the line joining the points (1,2, 
3) and ( -3 ,4 , 5) at right angles are 
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( 0 9 . - f , 9 

(b)( 2 . 9 , 9 

(d) | 9 , | , 9 

20. A line makes angles a , P, y, 8 with the four 
diagonals of a cube. Then cos2 a + cos2 P 
+ cos2 cos2 8 is 
(a) 4/3 (b) 2/3 
(c) 3 (d) None of these 

21. A variable plane passes through the fixed 
point (a, b, c) and meets the axes at A, B, C. 
The locus of the point of intersection of the 
planes through A, B, C and parallel to the 
coordinate planes is 
, . a b c - a b c 
( a ) - + - + - = 2 (b) —h — H— = 1 

x y z x y z 
. . a b c . . . . a b c 
( c ) - + - + - = - 2 (d) - + - + - = - 1 

x y z x y z 
22. A plane moves such that its distance from the 

origin is a constant p. If it intersects the 
coordinate axes at A, B,C then the locus of 
the centroid of the triangle ABC is 

1 1 1 _ 1 (a) - J + ~2 + ~2 - ~2 
x y z p 

, , 1 1 1 9 
(b) - j + - j + ~2 = — 

x y Z P 
(w 2 2 2 ~~ 2 

x y Z P 
. 1 1 1 4 

X y Z P 
23. The distance between two points P and Q is d 

and the length of their projections of PQ on 
the coordinate planes are d\,d2,d3. Then 
d\ + d] = Kd2 where K is 
(a) 1 
(c)3 

(b)5 
(d) 2 

24. The line | = = f 
2 3 1 is vertical. The 

direction cosines of the line of greatest slope 
in the plane 3x - 2y + z = 5 are Proportional 
to 
(a> (16, 11,-1) (b) (-11, 16,1) 
(c) (16, 11,1) (d) (11, 16,-1) 

25. The symmetric form of the equations of the 
line JC + y - z = 1, 2x - 3V + z = 2 is 

i \ x 1 z 

2 = 3 5 
( b ) £ = 2 = i n i 

2 3 5 

(c) 
J C - 1 

3 5 w 3 2 5 
26. The equation of the plane which passes 

through the jc-axis and perpendicular to the 

line ( J C - 1 ) (y + 2 ) ( z - 3 ) 
is 

cos 0 sin 9 0 
(a) jctan e + y sec 0 = 0 
(b) x sec 0 + y tan 0 = 0 
(c) JC cos 0 + y sin 0 = 0 
(d) JC sin 0 - y cos 0 = 0 

27. The edge of a cube is of length of a. The 
shortest distance between the diagonal of a 
cube and an edge skew to it is 
(a) a 42 (b) a 
(c) 42/a (d) a/42 

28. The equation of the plane passing through the 
intersection of the planes 2x — 5y + z = 3 and 
JC + y + 4z = 5 and parallel to the plane 
JC + 3y + 6z = 1 is x + 3y + 6z = k, where k is 
(a) 5 (b) 3 
(c)7 (d) 2 

29. The lines which intersect the skew lines 
y = mx, z = c; y = - mx, z = - c and the x-axis 
lie on the surface 
(a) cz = mxy (b) cy = mxz 
(c) xy = cmz (d) None of these 

30. The equation of the line passing through the 
point (1, 1, -1 ) and perpendicular to the 
plane x - 2y - 3z = 7 is 

x - 1 y - 1 z + 1 
2 (a): 

(b) : 

(c) : 

- 1 2 3 ' 
x - 1 y - 1 z + 1 

' - 1 ~ - 2 3 
x - 1 y - 1 z + 1 

1 ~ - 2 ~ - 3 
(d) none of these 

31. The plane 4x + 7y + 4z + 81 = 0 is rotated 
through a right angle about its line of 
intersection with the plane 5x + 3y + 10z = 25. 
The equation of the plane in its new position 
is x - 4y + 6z = k, where k is 
(a) 106 (b) -89 
(c) 73 (d) 37 
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32. A plane meets the coordinate axes in A, B, C 
such that the centroid of the triangle ABC is 
the point (a, a, a). Then the equation of the 
plane is x + y + z = p where p is 
(a) a (b) 3 / a 
(c) a/3 . (d) 3a 

33. If from the point P (a, b, c) perpendiculars 
PL, PM be drawn to YOZ and ZOX planes, 
then the equation of the plane OLM is 

( a ) - + £ + - = 0 (b) — - £ + - = 0 
a b c a b c 

a b c a b c 
34. A variable plane makes with the coordinate 

planes, a tetrahedron of constant volume 64 
k3. Then the locus of the centroid of tetrahed-
ron is the surface 

(a) xyz = 6 k2 

(b )xy + yz + zx = 6k2 

(c) x2 + y2 + z2 = &k2 

(d) none of these 

35. The plane — + + - = k, meets the 
a b c 

co-ordinate axes at A, B, C such that the 
centroid of the triangle ABC is the point 
(a, b, c). Then k is 
(a) 3 (b)2 
(c) 1 (d)5 

36. The perpendicular distance of the origin from 
the plane which makes intercepts 12, 3 and 4 
on x, y, z axes respectively, is 
(a) 13 ( b ) l l 
(c) 17 (d) none of these 

37. A plane meets the coordinate axes at A, B, C 
and the foot of the perpendicular from the 
origin O to the plane is P, OA = a, OB = b, 
OC = c. If P is the centroid of the triangle 
ABC, then 
(a) a + b + c = 0 (b) I a I = I b I = I c I 

(c) — + 7 + — = 0 (d) none of these 
a b c 

38. A, B, C,D is a tetrahedron. A,, Bt, Ch D, are 
respectively the centroids of the triangles 
BCD, ACD, ABD and ABC\ AA,, BBh CCh 

DDj divide one another in the ratio 

(a) 1 : 1 (b)2 : 1 
(c) 3 : 1 (d) 1 : 3 

39. A plane makes intercepts OA, OB, OC whose 
measurements are a, b, c on the axes 
OX, OY, OZ. The area of the triangle ABC is 

(a) ^ {ab + bc + ca) 

1 ( 2 . , 2 2 . 2 2,. 1/2 

(b) — (a b + b c +c a) 

(c) ^ abc (a + b + c) 

(d )±(a + b + c)2 

40. The projections of a line on the axes are 9, 12 
and 8. The length of the line is 
(a) 7 (b) 17 
(c) 21 (d) 25 

41. If P, Q, R, S are the points (4, 5, 3), (6, 3, 4), 
(2, 4, -1) , (0, 5, 1), the length of projection of 
RS on PQ is 

(b)-3 
(c)4 (d) 6 

42. The distance of the point P ( - 2, 3, 1) from 
the line QR, through Q ( - 3, 6, 2) which 
makes equal angles with the axes is 
(a)3 (b)8 
(c) <2 (d) 2 <2 

43. The direction ratios of the bisector of the 
angle between the lines whose direction 
cosines are l\, l2, m2, n2 are 
(a) /| + l2, nj] + m2, «] + n2 

(b) /|ffj2
 — hmb min2 ~ w2ni> n\h ~ nih 

(c) l]m2 + l2mx, mxn2 + m2nx, nxl2 + n2/] 
(d) none of these 

44. The points (8, -5 , 6), (11, 1, 8), (9, 4, 2) and 
(6, -2 , 0) are the vertices of a 
(a) rhombus 
(b) square 
(c) rectangle 
(d) parallelogram 

45. The straight lines whose direction cosines are 
given by al + bm + cn = 0, 
fmn + gnl + him = 0 are perpendicular if 
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( a ) ^ + f + ^ = 0 
a b c 

2 , 2 2 ...a b c (b) — + — + — = 0 
/ g h 

(c) a\g + h) + b2 (h +f) + c2 (f + g) = 0 
(d) none of these 

46. The three planes 4y + 6z = 5; 
2x + 3)- + 5z = 5; 6x + 5y + 9z = 10 
(a) meet in a point 
(b) have a line in common 
(c) form a triangular prism 
(d) none of these 

x + 1 y + 1 z + 1 
2 - 3 ~ 4 

plane x + ly + 3z = 14, in the point 
(a) (3 , -2, 5) (b) (3, 2, -5 ) 
(c) (2 ,0 ,4) (d) (1, 2, 3) 

48. The foot of the perpendicular from P (1, 0, 2) 

47. The line meets the 

to the line x + 1 y - 2 z+ 1 . — i 
- 2 - 1 

(a) (1 ,2 , -3 ) 0 » | 

(c) (2, 4, -6) (d) (2, 3, 6) 
49. The length of the perpendicular from (1, 0, 2) 

on the line 

(a) 
3 46 

x + 1 y - 2 z + 1 . 
3 ~ - 2 ~ - 1 

is 

2 • 5 
(c) 3 4l (d) 2 Vf 

50. The plane containing the two lines 
x - 3 v - 2 z — 1 , x-2 y + 3 
~ r = 4 = — a n d 

z + l is 11 x + my + nz = 28 where 
5 

(a) m = - 1, n = 3 
(b) 7M = 1, n = — 3 
(c) m = - 1, n = - 3 
( d ) m = l , n = 3 

is the point 

Practice Test 

MM: 20 Time: 30 Min. 

(A) There are 10 parts in this question. Each part has one or more than one correct answer(s). 
[10 x 2 = 20] 

3. The distance of the point (2, 1, -2) from the 1- The projection of the line X + ^ = « = Z
 Q ^ 

— 1 z u 
on the plane x - 2y + z = 6 is the line of 
intersection of this plane with the plane 
(a) 2x +y +z =0 
(b) 3x+y -z = 2 
(c) 2x - 3y + 8z = 3 
(d) none of these 

2. A variable plane passes through a fixed 
point (1, -2 , 3) and meets the co-ordinate 
axes in A, B, C. The locus of the point of 
intersection of the planes through A, fi, C 
parallel to the co-ordinate planes is the 
surface 
, , 1 1 (a)xy--yz + -zx = 6 

(b) yz - 2zx + 3ry = xyz 
(c) xy - 2yz + 3zx = 3xy2 
(d) none of these 

line 1 y + 1 2 - 3 measured parallel 2 1 - 3 
to the plane x + 2y + z = 4 is 
(a) <10 (b) V20 
(c) V5 (d) V30" 

4. The shortest distance between the lines 
x - 3 y +15 z - 9 , x + 1 y— 1 

2 - 9 . 
= — I S 

(a) 2 V3 (b) 4 V3 
(c) 3 V6 (d) 5 V6 

5. The area of the triangle whose vertices are 
at the points (2, 1, 1), (3,1, 2), (-4, 0 ,1) is 

(a)Vl9" 

(c ) |V38 

( b ) | V l 9 

( d ) | V 5 7 
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6. The equation to the plane through the 
points (2, -1 , 0), (3, -4, 5) parallel to a line 
with direction cosines proportional to 2, 3, 4 
is 9x - 2y - 3z = k where k is 
(a) 20 (b) -20 
(c) 10 (d) -10 

7. Through a point P ( f , g, h) a plane is drawn 
at right angles to OP, to meet the axes in 
A, B, C. If OP=r, the centroid of the 
triangle ABC is 

' f_ JL A 
3r ' 3r ' 3r (a) 

(b) 

(c) 

3 f 3g 3h 
2 2 2 r r r 

{3f'3g'3h 
(d) none of these 
The plane Ix + my = 0 is rotated about its 
line of intersection with the xOy plane 
through an angle a. Then the equation of 
the plane is Ix + my +nz = 0 where n is 

Record Your Score 

(a) 

(b) 

± V F + m cos a 

m sin a 

+ m tan a 
(d) none of these 

9. If a straight line makes an angle of 60° 
with each of the X and Y axes, the angle 
which it makes with the Z axis is 

'i 
3n 
4 

10. The condition for the lines x = az + b, 
y = cz+d and x = atz + b\,y = c\z + di to be 
perpendicular is 
(a) aci + 0^0 = 1 
(b) aa1 + cc1 + 1 = 0 

(c) bci + b]C + 1 = 0 
(d) none of these 

( O f 

(b); 

(d)-

Max. Marks 
1. First attempt 

2. Second attempt 

3. Third attempt must be 100% 

Answers 

Multiple Choice 
l . ( c ) 2. (c) 3. (c) 4. (b) 5. (d) 6. (c) 
7. (a) 8.(d) 9. (b) 10. (b) 11. (a) 12. (c) 

13. (d) 14.(d) 15. (b) 16. (c) 17. (d) 18. (a) 
19. (a) 20. (c) 21. (b) 22. (b) 23. (d) 24. (d) 
25. (c) 26. (c) 27. (d) 28. (c) 29. (b) 30. (c) 
31. (a) 32. (d) 33. (c) 34. (a) 35. (a) 36. (d) 
37. (b) 38. (c) 39. (b) 40. (b) 41. (a) 42. (d) 
43. (a),(c) 44. (b) 45. (a) 46. (b) 47. (d) 48. (b) 
49. (a) 50. (c) 

ractice Test 
1. (a) 2. (b) 3. ((d) 4. (b) 5. (c) 6. (&) 
7. (c) 8. (c) 9. (b),(d) 10. (b) 


