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KINEMATICS

KINEMATICS

In this lesson we shall study the geometry of motion i.e., kinematics.
Kinematics is used to relate displacement, velocity, acceleration
and time without reference to the cause of motion. We shall discuss
about kinematics of the particle here. Use of the word 'particles’
does not mean that our study will be restricted to small corpuscles;
rather, it indicates that in this lesson the motion of bodies possibly
as large as men, cars, rockets, or aeroplanes will be considered
without regard to their shape and size.

The entire lesson is divided into two sections. In the first
section we shall study about the motion in a straight line. In the
second section motion of particle in a plane specially projectile
motion and the concept of the relative motion of one particle with

respect to another will be discussed.

IT-JEE Syllabus :
Kinematics in one and two dimension (cartesion coordinates only), projectiles;

Relative Motion.
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KINEMATICS

1.

REST AND MOTION :

* An object is said to be in motion wrt a frame of reference S,, when its location is changing with
time in same frame of reference S,.

* Rest and motion are relative terms.

*  Absolute rest and absolute motion have no meaning.

Motion is broadly classified into 3 categories.

1.
2.
3.

Rectilinear and translatory motion.
Circular and rotatory motion.
Oscillatory and vibratory motion.

1.1 Rectilinear or 1-D Motion

When a particle is moving along a straight line, then its motion is a rectilinear motion.
Parameters of rectilinear motion or translatory motion or plane motion :

(A) Time:

* It is a scalar quantity and its SI unit is second(s).
* At a particular instant of time, a physical object can be present at one location only.
* Time can never decrease.

(B) Position orlocation - 1t is defined with respect to y A C

some reference point (origin) of given frame of reference.
- . r
Consider a particle which moves from location r, (at time t,) ; B

to location r, (at time t,) as shown in the figure below,
following path ACB. X

(C) Distance:

The length of the actual path traversed by the particle is termed as its distance.
Distance = length of path ACB.

* Its SI unit is metre and it is a scalar quantity.

* It can never decrease with time.

(D) Displacement:

The change in position vector of the particle for a given time interval is known as its displacement.
- — — —
AB=r=nr-n
* Displacement is a vector quantity and its SI unit is metre.
* It can decrease with time.
For a moving particle in a given interval of time
* Displacement can be +ve, —-ve or 0, but distance would be always +ve.
* Distance > Magnitude of displacement.
* Distance is always equal to displacement only and only if particle is moving along a straight line
without any change in direction.

(E) Average speed and average velocity :

Average speed and average velocity are always defined for a time interval.
Total distance travelled _ As

Average speed(v,,) = Time interval At

Displacement AF K, -h

Average velocity (v.,) = =
g Y (Vav) Time interval At t, -t

* Average speed is a scalar quantity, while average velocity is a vector quantity. Both have the same
SI units, i.e., m/s.

For a moving particle in a given interval of time

* Average speed can be a many valued function but average velocity would be always a single-
valued function.

* Average velocity can be positive, negative or 0 but average speed would be always positive.
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KINEMATICS

(F)

(G)

Ex.1

Sol.

Instantaneous speed and instantaneous velocity
Instantaneous speed is also defined exactly like average speed i.e. it is equal to the ratio of total
distance and time interval, but with one qualification that time interval is extremely (infinitesimally)
small. The instantaneous speed is the speed at a particular instant of time and may have entirly
different value than that of average speed. Mathematically.
As ds
v= lim —=—"
As—0 At dt
When As is the distance travelled in time At.
As At tends to zero, the ratio defining speed becomes
finite and equals to the first derivative of the distance.
The speed at the moment 't' is is called the instantaneous
speed at time 't'.
On the distance - time plot, the speed is equal to the slope : 5
of the tangent to the curve at the time instant 't'. Let A , : St
and B point on the plot corresponds to the time t and t + o t t+At time
At during the motion. As At approaches zero, the chord AB
becomes the tangent AC at A. The slope of the tangent Instantaneous speed is equal to the slope
equal ds/dt, which is equal to the intantaneous speed at of the tangent at given instant.
't

rd ]

...(4) 4

Distance

B _DC ds
v = tane = AC = dt
Instantaneous velocity :
Instantaneous velocity is defined exactly like speed. It is
equal to the ratio of total displacement and time interval,
but with one qualification that time interval is extremely
(infinitesimally) small. Thus, instantaneous velocity can S

be termed as the average velocity at a particular instant =
of time when At tend to zero and may have entirely g :/B
different value that of average velocity : Mathematically. g y7 S

o

Ar dr 3 2 D[AS
v= IIm —=— c 5
At—)O At dt g A u C ................

[}
As At tends to zero, the ratio defining velocity becomes g A,t , t
finite and equals to the first derivative of the position O i t+At time
vector. The velocity at the moment 't' is called the Instantaneous velocity is equal to the slope
instantaneous velocity or simply velocity at time 't'. of the tangent at given instant.

The magnitude of average velocity |v,_ | and average speed v, may not be equal, but magnitude of

instantaneous velocity |v]| is always equal to instantaneous speed v.

In 1.0 sec a particle goes from point A to point B moving in a semicircle of radius 1.0 m. The
magnitude of average velocity is
(A) 3.14 m/sec (B) 2.0 m/sec (C) 1.0 m/sec (D) zero

Total displacement _ d

Average velocity = :
Total time t
D=A0+ OB
=1+4+1=2m

t = 1 sec (given)

2
= mgof v of 7= 2m/sec
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KINEMATICS

Ex.2 A particle moves along a semicircular path of radius R in time t with

Sol.

Ex.3

Sol.

constant speed. For the particle calculate
(i) distance travelled, A R
(ii) displacement, B

(iii) average speed,
(iv) average velocity,
(i) Distance = length of path of particle = AB = 7R
(ii) Displacement = minimum distance between initial and final point
=AB=2R
total distance R
t

(iii) Average speed, v = ~ tme =

(iv) Average velocity = ?
A body travels the first half of the total distance with velocity v, and the second half with

velocity v,. Calculate the average velocity :
Let total distance = 2x. Then

| ‘ x X Vi+V, A d 2x 2V4V,
total timetaken = 7t~ =x .. Average speed = =
Vi Vo ViV ge sp X[VH‘VQJ Vi+Va

(G-1) When velocity is given as a function of t :

Ex.4

Sol.

(A)
Ex.5

Sol.

Velocity-time equation of a particle moving in a straightline is,
v=(10 + 2t + 3t?)
Find :
(a) displacement of particle from the origin of time t = 1 s, if itis given that displacement is 20 m at
timet=0
(b) acceleration-time equation.
(@) The given equation can be written as,

ds 2
= —=(10+2t+3t
V=g ( )

ds = (10 + 2t + 3t2) dt

s t
or Ids:j(10+2t+3t2)dt or s-20= [10t+t2+t3]01
2

0 0
or s=20+12=32m
(b) Acceleration-time equation can be obtained by differentiating the given equation w.r.t. time.
Thus,

dt
SPECIMEN PROBLEM :
WHEN EQUATION OF DISPLACEMENT IS GIVEN AND SPEED TO BE FIND OUT

dv %(10+2t+3t2) ora=2+ 6t

If displacement is depend on time such that
x = 2t -2 then find out average speed upt to 4 sec.

Total distance

Average speed = Total ime

for Total distance

at t=0 itisatx=-2

at t=1 itisatOm

at t=4 itisaté6m.

Total distance= |-2]+04+6=8m
Average speed = 8/4 = 2m/sec
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KINEMATICS

(B)

Ex.6

Sol.

(G-2)

Ex.7

Sol.

(E)

(E-1)

Ex.8
Sol.

WHEN VELOCITY IS GIVEN AS A FUNCTION OF TIME AND DISTANCE TO BE FIND OUT
In this type of question first find out at what instant the velocity is zero. If this instant is come in our
time limit then distance can be calculated by breaking the integration in two part with modulas

Ifvelocity is depend on time such that v = 4 - 2t. Find out distance travelled by particle from 1
to 3 sec.
Velocity iszero (4 -2t =0) att = 2 sec

dx
So for distance P 4-2t = dx=

dx=1+1=2m

2
[@a-2tdy o

3
j (4 - 2t)dt
2

When veIocity is given as a function of x
V=fx) > —=Ffx) :If( o J.dt

If velocity is given by following function V = x2. Then find out relation between x & t (assume x =

Imatt=0)
Relation between v & x is
v =x2
dx dx
= — — =X
we know that v p = p

d Tdx 1T

X

_ —— = |dt - =t
X2 dt:-!xz j :{ x}

L b imtox=
= T X SEEXE
Average and instantaneous acceleration.
When the velocity of a moving object/particle changes with time, we can say that it is accelerated.
Average acceleration,

v1 Av  Change invelocity
( av) - =— =

t2 -t, At Time interval
Instantaneous acceleration,

dv i
a) = AItlm0 Ay = e Rate of change of velocity

Acceleration is a vector quantity whose direction is same as that of change in velocity vector. Its SI
un|t ism/s2.
When direction of acceleration and velocity are opposite to each other, then acceleration is termed
as retardation.
. 3.9V _ d’r ;d
dt  dt?

<l

F

Q

When acceleration is given as a function of x

if a = 2x ; initially particle is at x = 2m and is moving with 3 ms. Then find out vatx =5m.
Given a = 2x

\ 5
vdv _
SWZZX jjvdv_IZde

=25-4 =Vv2-9=21x2=vVv=.51ms!

N|©

:>V__
2
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KINEMATICS

(E-2) When acceleration is given as function of velocity

Ex.9 Ifaisdependonvina following way.
a=vandatt=0x=1m,v =1m/s.
(a) Find out its velocity at t = 2 sec.
(b) Find out its velocity at x = 3 m
Sol. Given a=v

\% 2
d_v—v ﬂ:jdt
- dt - 1 v 0
= Inv=2 = v =e?ms!

(b) Given a=v

3
vdv _
= ok = Idv = Idx
= v-1=2 = v=3ms!
(E-3) When acceleration is given as a function of t.

Ex.10 The acceleration of a particle which is depend on time is given by following function
a=2t+1
andattimet=0,x=1mandu,=2m/s.
Then find out displacement of the particle at t = 3 sec.

d d
Sol. .- We know that a = d—‘t’ = d—‘t’ =2t+1 —dv=(2t+1)dt

Vi t

jdv =j(2t+1)dt

2 0

V,-2 =P+t =>v,=82+t+2
dx

Now v = ot

X¢ t
= % =2 +t+2 = J‘dX=J‘(t2+t+2)
1 0

t°
X, = §+E+2t+1

So, x. att=3secis

£

_ BB 3)+1 = 20.5m
3 2

So, after t = 3 sec the position of the particle is 20.5m but the displacement of the particle is
=20.5-1=19.5m

(E-4) Constant Acceleration Format
Deduce the following equations for unifromly accelerated motion by using intergration technique.

1
(A)v=u+at (B)s=ut+Eat2

(C) v2 - u? = 2as (D)s., =u+ %(Zn -1)
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KINEMATICS

First equation of motion. Acceleration is defined as

dv
a=—
dt
or dv = adt

(1)

When time = 0, velocity = u (say)
When time = t, velocity = v (say)
Integrating equation (1) within the above limits of time and velocity, we get

t

Idv:jadt or
u 0

t
V]l =a jdt = a[t]g
0

or v-u=a(t-0)
or v=u+at ..(2)
Second equation of motion. Velocity is defined as
ds
V=—o
dt
or ds = vdt=(u+at) dt . (i)

When time = 0, displacement travelled = 0
When time = t, displacement travelled = s (say).
Integrating equation (3) within the above limits of time and distance, we get

S t t t t2 t
[ds=[(u+atydt=u [dt+a [tdt o [s]3=u[t]6+a|:?}
0 0 0 0

0

t2
or s—0=u(t—0)+aj_O

1
or s=ut+ —at’ . (4)

2

Third equation of motion. By the definitions of acceleration and velocity,

aodv_dv ds_dv
~dt ds dt ds

or ads = vdv

...(5)

When time = 0, velocity = u, displacement travelled = 0
When time = t, velocity = v, displacement travelled = s

(say)

Integrating equation (5) within the above limits of velocity and displacement, we get

A
ads:j

u

O ey 0

v 2 \
- s _ |V
vdv o a.([ds_:[vdv or alsly —{2}

S

u

2

or a[s—O]:V?—u? or 2as = v2 - u?
or v2 - u? = 2as ...(6)
Fourth equation of motion. By definition of velocity,
ds
V=—o
dt
or ds = vdt = (u + at) dt ..(7)

When time = (n - 1) second, displacement travelled

=s, _, (say).

When time = n second, displacement travelled = s_

(say)
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KINEMATICS

Integrating equation (7) within the above limits of time and distance, we get

Sn n n
I ds = I (u+at)dt o, [s]::i1 =u j
o

n-1

n 2 n
dt+a tdt o s -5, =ulth +a{%}
n-1

S, 1 n-1

n-1

= u[n -(n- 1)] + g n2-(n-1)2] =u+ g[nz—(n2—2n+1)]

Snth=u+§(2n_1) ...(8)

where s =s_-s_ _ = displacementin n* second.

1

Ex.11 A car starts from rest and accelerates uniformly for 20 seconds to a velocity of 72 km h, It
then runs at constant velocity and finally brought to rest in 200 m with a constant retardation.
The total distance covered is 600 m. Find the acceleration, retardation and the total time taken.
Sol. (i) Motion with uniform acceleration

5
Here,u=0;t1=205ec;v=72><§=20m5'1

SV =U+at
20=0+ax20 or a=1ms>?
Distance travelled by car in this time (20 sec),

1 1
Sl=ut+§at2=0+5 x 1 x (20)2 = 200 m

(i) Motion with uniform velocity.
As given, total distance = 600 m
we have calculated S, = 200 m (with uniform acc.)
and S, = 200 m (with retardation)
Net distance for which body moves with uniform velocity,
S=600-5, -5,
= 600 - 200 - 200 =200 m
distance ~ 200
uniform velocity 20
Total time of journey, t = (20 + 10 + 20) sec

Timetaken, t = =10sec.

t = 50 sec
. Total displacement 600
Average velocity = Total Time =50 = 12m/s .

(iii) Motion with uniform retardation.

For this motion, initial velocity, u = 20 m s™* and final velocity v=0; S, =200 m
Accelerationa' =7

Using, v2-u?=2a's,
(0)2 - (20)%2 = 2(a’) x 200
a’=-1ms>2

Let t” = time for which the body comes to rest.
v=u+at

0=20-1t
t" = 20 sec.
C. SPECIMEN PROBLEM ,
<« a=2m/s
Ex.12 Find out distance travelled by the block u=10 m/s =

in 10 sec. for a given situation.
Sol. First find out it what instant velocity of block becomes zero.
v=u+at
given: u=10m/s, a = -2m/s?
= 0=10-2t=t=>5sec

JTTrirrmrrryrririrg7iririrriri’z
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KINEMATICS

So we calculate distance for two time intervals.
For first 5 sec.

1 1

S, =ut- > at? = S, = (10)(5) - 2 (2) (5)?=25m

for Next 5 sec (blockis travelling towards the starting point)
1
S,=ut + E at?
u=20
1
SZ:E X 2x25=25m
S=S5,+S, =50m

(D) Reaction time:
When a particular situation demands our immediate action, it takes some time before we really respond.
Reaction time is the time a person takes to observe, think and act. For example, if a person is driving
and suddenly a boy appears on the road, then the time elapse before he applies the breaks of the car
is the reaction time. Reaction time depends on complexity of the situation and on an individiual.
One can measure one's reaction time by a simple experiment. Take a rule and ask your friend to drop it
vertically through the gap between your thumb and forefinger. As soon as it is dropped, note the time
elapsed t_ before you catch it and the distance d travelled by the ruler. (In a particular case, y was
found to be 21.0 cm. Estimate reaction time).
Sol. Astheruler drops under free fall sou = 0, and g = 9.8 ms=. The distance travelled d and the reaction
time t_are related by
d
d= %gtf = 4.9t o t=yzg
Here d=21.0cm=0.21m
t = ‘/% =~0.2s
4.9
Note: e.a V=0
Definition : Time taken by a driver to react for a situation i
Reaction Time of the driver E
isAt=t, - t, . : ]
Total distance covered by the car before stopping ; ) t
= distance covered in uniform motion during t_ to t, + distance t=t, (orakes applied) 2

Ex.13

Sol.

2

. i i ) u
cover in deaccelerated motion during t, to t, = Total distance = u(At) + %a

Assume that a car is able to stop with a retardation of 8 ms-2 and that a driver can react to an
emergency in 0.5 sec. Calculate the overall stopping distance of the car for a speed of 60 km™
of the car.

5 50 _

= -1=60x—=-—ms
Here, u =60 km h X18 3

50 _
Since the application of brakes takes 0.5 s, before this the car was moving with uniform speed of ?ms '

.. Distance covered in 0.5 sec, with a uniform speed is
S, —uxt =%><0.5 =2—35m - 8.33m
Now car begins to move with a retardation of 8ms
Distance covered before coming to rest,
2aS,=v2-u?

50
or g V- _ _(3] _50x50 =2990 _4736m
27 "), 2x8  9x2x8 4

Total (overall) distance =S, +S, =8.33+ 17.36 = S=25.69m
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KINEMATICS

Ex.14

Sol.

Ex.15

Sol.

Two buses A and B are at positions 50 m and 100 m from the origin at time t = 0. They start
moving in the same direction simultaneously with uniform velocity of 10 ms—* and 5 ms.
Determine the time and postion at which A overtakes B.
Here we use equation of motion for constant velocity in Cartesian form.
Given x,(0)=50m, x,(0) =100 m,

v,=10ms?, v, =5ms™
The positions of the two buses at any instant t are

X, (£)=x,(0)+v,t=50+ 10t

X, (t) =x,(0)+v,t =100+ 10t
When A overtakes B,

X, (£) = x, (t)

50 + 10t = 100 + 5t or 5t =50

t=10s

X, (10) = x, (10) = 150 m
Thus A overtakes B at a position of 150 m from the origin at time t = 10 s.

A bus starts from rest with constant acceleration of 5 ms-2. At the same time a car travelling
with a constant velocity of 50 ms- overtakes and passes the bus. (i) Find at what distance will
the bus overtake the car ? (ii) How fast will the bus be travelling then ?

(i) Suppose the bus overtakes the car after covering distance s.

When the two meet, time taken t is same.

For bus, s=ut+%at2 =0+%><5t2

Forcar,s =50t

5
Et2=50t or t=20s

Hence s =50t=50 x 20 = 1000 m.
(ii)vZ=u?+2as=0+2x5x 1000 = 10,000 or v=100 ms!

SPECIMEN PROBLEM

(E) Maximum Separation :

Ex.16

Sol.

i
i

Initially seperation between car & scooter increases and then decreases.
Separation between them will be maximum at an instant at which velocity of the car is equal to the
velocity of scooter.
Velocity car = Velocity scooter = 40 m/s
from v=u+at
40=0+ 4t = t=10sec
The distance travelled by scooter in 10 sec.
isS, =10 x 40 = 400 m
The distance travelled by car in 10 sec. is

1 1
S,=ut+ Eatz =0+ 5 x4x (102 =200m

So maximum seperation =S, - S, =400 - 200 = 200 m
* When they meet both will travel the same distance.

Questions 14, 15, 16 can be solved in a relatively easier way using the concept of relative motion
which is explained later

Now you can try Questions 1 to 13 in Ex. 1 and 1 to 6 in Exercise II

394,50 - Rajeev Gandhi Nagar Kota, Ph. No. : 93141-87482, 0744-2209671 M 0T<i>0 N
IVRS No : 0744-2439051, 52, 53, www. motioniitjee.com , hr @ motioniitjee.com

CBSE|SAT|NTSE|
OLYMPIADS

Nurturing potential through education




KINEMATICS

2. MOTION UNDER GRAVITY :

I FORMAT : (When a body is thrown vertically upward) B
It includes two types of motion

(i) Deaccelerated motion from A to B because the direction upward _§ %
of velocity and acceleration is opposite. So speed motion i i downward motion
decreases ; (accelerated motion)

(i) Accelerated motion from B to C because the direction of (denigiﬁjlﬁ;ated'
velocity and acceleration is same (downward). So speed u! :
increases A C
(a) Time of flight :
It is the time taken by the particle to reach the ground. If the particle is thrown vertically upward with
initial velocity u then
u=u
a = - g (take downward direction negative)
from equation

S=ut+ %atz = S,.. = 0 (when particle again reaches the ground)
t =T (time of flight)
1 2u
0=uT—§gT = T=E
(b) Maximum Height:
from v2=u?+ 2as
at maximum heightv=0,s=H

max

u
= 2 = —
= 0=uw-2¢gH_ = H. o 29
(c) Final velocity
fromv =u+ at
2 2u
V=V, a=-g t=T= g =Ve=u-g (7

V,=-u
i.e. the body reaches the ground with the same speed with which it was thrown vertically upwards as
it thrown vertically upward.

(d) Time to reach half of the maximum height :-
u=ua=-g

1 S R S
from S=ut+ Eat2 H. | T
H ;

1 5 P
— = - —qt : i
2 U39 u]‘ ;
H=2ut-gt? = gt?-2ut+H=0 % :
{ 2
u
+.ay? — 2ut,|4u® —4gx—— u?
- ¢ = 2ut4/4u“ —4gH b= 29 o Hopa = —

2
29 29 g
f o u@++2) 1
=" g ..(1)
Equation 1 gives two value of time which corresponds to
u(2—\/§) . .
t, = T 29 (from ground to H__ /2 in upward motion)
u(2++/2) . :
t, = T 29 (from ground toH__ /2 in downward motion)
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KINEMATICS

(e)

Time to reach any general height h
Let us assume that particle reaches from Ato Bintime t, & from A to Cis time t,.

1 1 .
So from S = ut + —at® = h=ut—§g’[2

2 i
gt?-2ut+2h=0 B iCc

2u+4/4u® — 8gh T
- t==2 T hood
2g A i
:L UI i

So ‘= u—4/u? —2gh . u++/u? —2gh "

’ T« = = -
g g

= t, +t, =T (Time of flight)

II Format (Free fall) :

(a)

A body released near the surface of the earth is accelerated downward under the influence of force of
gravity.

Time of Flight : (0,0)
1 A *qu=0
. 2 1
from equation S = ut + Eat i l
S=-H,u=0,a=-g 5
t = T (Let assume) H
1, 2H g
= -H=0)T- -0t =>T=,— i
2 g TITTTTITTITITITITITITITIT

(b) Final Velocity when body reaches the ground

from v2-u?=2as
s=-H v=v.,u=0 a=-g

= v? -0 =2(-9)(-H) = v, = J2¢H

Ex.17 A ballis thrown vertically upwards with a velocity u from the ground. The ball allains a maximum

Sol.

heightH,__ . Then find out the time and displacement at which ball have half of the maximum
speed.

Maximum speed of the ball isu
At point B and C ball have speed u/2 but direction 4
is opposite so from

v =u+ at 4%/2 c o
Let t, is the time taken by the ball from point Ato B and t, is TU i u
the time taken by the ball from Ato C h

From Ato B %=U—gt1 (D) WW

P
H
P
]
[}
[
H
)
H
i
1
H
i
H
H
H

A
From Ato C —%=U—gt2 e (2)
; . U 3u
rom (i) t, = 29" rom (ii) t, = 29
from equation v2 — u? = 2as
u)? 2
= v==xu/2,u=u, a=-g= (Ej —Uu" = -2gh
3u? u? _ 3
h = 8_9 {?g_Hmax} h = ZHmax
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KINEMATICS

Ex.18 A ball thrown vertically upwards with a speed of 19.6 ms~ from the top of a tower returns to

Sol.

Ex.19

Sol.

Ex.20

Sol.

the earth in 6 s. Find the height of the tower.
Here u=19.6 ms!

g=-9.8ms>
Net displacement, s = -h
Negative sign is taken because displacementis in
the opposite direction of initial velocity.

1
As s=ut+ Egt2

Tower
«—— 5 ——>

1
—h=19.6><6+5><(—9.8)><62

=117.6-176.4 = -58.8
or h =58.8m

A ball is thrown vertically upwards with a velocity of 20 ms-! from the top of a multistoreyed
building. The height of the point from where the ball is thrown is 25 m from the ground. (i) How
high will the ball rise and (ii) how long will it be before the ball hits the ground?
(i) Hereu = +20 ms™, g = -10 ms=
At the highest point, v = 0
Suppose the ball rises to the height h from the point of projection.
As v2 - u? = 2gs
02-202=2x (-10) x h or h=+20m.
(ii) Net displacement, s = =25 m
Negative sign is taken because displacement is in the opposite direction of initial velocity.

1
As s=ut+ Egt2

1
-25 =20t + 2 x (-10) x t2

or 5t2-20t-25=0o0rt?-4t-5=0
or t+1)(-5=0
As t# -1, sot = 5s.

A ball thrown up is caught by the thrower after 4s. How high did it go and with what velocity was it
thrown ? How far was it below the highest point 3 s after it was thrown ?

As time of ascent = time of descent

.. Time taken by the ball to reach the highest point=2s

For upward motionof theball :u=7?, v=0,t=2s,g=-9.8 ms>?

As v=u+ gt

- 0=u-9.8x2

or u=19.6 ms?

Maximum height attained by the ball is given by

1 1
s=ut+ Egt2 =19.6x2+ 5 x (9.8) x 22 =19.6m.

Displacement of the ball in 3 s,
1
§s=19.6 x 3 + 2 x (-9.8) x 32 =058.8-44.1=14.7m

Distance of the ball from the highest point 3 s after it was thrown
=19.6-14.7=4.9m.
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KINEMATICS

Ex.21

Sol.

Ex.22

Sol.

()

A balloon is ascending at the rate of 9.8 ms—* at a height of 39.2 m above the ground when a
food packet is dropped from the balloon. After how much time and with what velocity does it reach
the ground?

Takeg = 9.8 ms==,

Initially the food packet attains the upward velocity of the balloon, so
Uu=9.8ms+t,g=9.8ms2?,s=-39.2m

Here s is taken negative because it is in the opposite direction of initial velocity.

1
Using, s = ut + Egtz, we get

—39.2=9.8t—% x 9.8 t2

or 49t2-98t-39.2=0 ort?-2t-8=0

or t-4)(t+2)=0 ort=4sor-2s

As time is never negative, so t = 4s.

Velocity with which the food packet reaches the ground is
v=u+gt=9.8-9.8x4=-29.4mst.

Negative sign shows that the velocity is directed vertically downwards.

When a particle is dropped then it will automatically attains the velocity of the frame at that time.

Two balls are thrown simultaneously, A vertically upwards with a speed of 20 ms~ from the
ground, and B vertically downwards from a height of 40 m with the same speed and along the
same line of motion. At what points do the two balls collide? Takeg = 9.8 ms2.

Suppose the two balls meet at a height of x from the ground after time t s from the start.

For upward motion of balls A :

u=20ms?, g=-9.8ms2 u=20 ms™' @ B f
_ 12

s=ut+ Egt 40—x

1 . \ E
x=20t—5x9.8t2=20t—4.9t2 (D) AC =)
For downward motion of ball B, X

1

40-x=20xt+ — x 9.812

2 u=20 ms” N A
=20t + 4.9t ... (ii) DA

Adding (i) and (ii), 40 =40t ort=1s
From (i), x=20x1-4.9%x (1)?=15.1m
Hence the two balls will collide after 1 s at a height of 15.1 m from the ground.

GRAPHS :

Straightline:

Alinear relation between y & x represents a straight line.
General equation of straight line

y=mx+c

-~ =slope of line

c =y intercept i.e. where the line cuts the y-axis.

‘ m=tan6
Slope is defined as the tan of angle made by the m=tan@

straight line with positive x-axis in anticlockwise /44 0
direction. A/ \’\

m<0 = 6 >90°
m>0 = 6 <90°
0° <6< 180°
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KINEMATICS

Ex.23 Draw the graph for the equation: 2y =3x+ 2

tano =

3
Sol. 2y=3x+2=y= Ex+1
3
m = 2 >0 = 6<90°
=+4+1>0

= The line will pass through (0, 1)
Ex.24 Draw the graph for the equation : 2y +4x+2=0
Sol. 2y+4x+2=0 =oy=-2x-1

m=-2<0 i.e.,06>090°
c=-1i.e,
line will pass through (0, -1)

: (i) If c = 0 line will pass through origin.

tano= -2

(ii) y = cwill be a line parallel to x axis.

(iii) x = cwill be a line perpendicular to y axis

Parabola
A general quadratic equation represents a parabola.
y=ax?+bx+c az0

(ii)

ifa > 0; It will be a opening upwards parabola.
ifa < 0; It will be a opening downwards parabola.
if c = 0 ; It will pass through origin.

eg. y=4x%*+3x

N
TS

y_—4x +3X

Average velocity & instantaneous velocity from Position vs time graph

Average velocity from t, to t,

_ displacement Xz — Xq
~ timetaken ~ ta—t

tan® = slope of the chord AB

. Xp — X
_ lim 2™
astyot, t, —t,

Vinstantaneous

1 t,t,—>}

t, t,

when t, approaches t, point B approaches Point A and the chord AB becomes tangent to the curve.

Therefore
V. = Slope of the tangent x -t curve

instantaneous
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(i)
(A)

1)

(2)

(3)

(4)

(5)

(6)

7

Reading of Graph

Reading xv/s t graphs Explanation

XA

S
cd

XN

t,

S

o

Body is at rest at x,

Body starts from origin and is moving with speed tan 6 away from origin.

Body starts from rest from origin and moves away from origin with increasing
speed velocity and positive acceleration.

Body starts from rest from x = x; and moves away from origin with increasing
velocity or +ve acceleration.

Body starts from x = x, and is moving toward the origin with constant velocity
passes throw origin after same time and continues to move away from origin.

Body starts from rest at x = x, and then moves with increasing speed towards
origin
. acceleration is —ve

Body starts moving away from origin with some initial speed. Speed of body is
decreasing till t, and it becomes 0 momentarily of t = t, and At this instant. Its
reverses its direction and move towards the origin with increasing speed.

394,50 - Rajeev Gandhi Nagar Kota, Ph. No. : 93141-87482, 0744-2209671 M 0T<i>0 N
IVRS No : 0744-2439051, 52, 53, www. motioniitjee.com , hr @motioniitjee.com || fururing potential through education

CBSE|SAT|NTSE|
OLYMPIADS




Page#18

KINEMATICS

)

)

(1)

(2)

(3)

(4)

(5)

(6)

X
t: /\t
—
XA\
>
\%
t
VA
Vo>

v
v
VO

Vo

2
-

A

t
t

t
t

N

—

Body starts from origin moves away from origin in the -ve x-axis at t = t, with
decreasing speed and at t=t, it comes at rest momentarily, Reverses its direction
moves towards the origin the increasing speed. Crosses the origin at t = t,.

Body starts from origin from rest and moves away from origin with increasing
speed.

(B) V-T GRAPHS

Body is always at rest.

Body is moving with constant velocity v,

Body is at rest initially then it starts moving with its velocity increasing at a
constant rate i.e. body is moving with constant acceleration.

Body starts its motion with initial velocity v, and continues to move with its
velocity increasing at a constant rate i.e. acceleration of the body is constant.

Body starts its motion with initial velocity v,. Then it continues to move with its
velocity decreasing at a constant rate i.e. acceleration of the body is negative
and constant. Att = t; the body comes to rest instantaneously and reverses its
direction of motion and then continues to move with decreasing velocity or increasing
speed.

For 0 <t <t, motion of the body is deaccelerated (.. speed is decreassing)

t > t, motion of the body is accelerated (.. speed is increasing)

Body is at rest initially. Then it starts moving with increasing velocity. As time
increases its velocity is increasing more rapidly. i.e. the moving with increasing
acceleration.
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(7)

(1)

(2)

(3)

(4)

()

(6)

L.

Xh\

|

S
7

t

Body starts its motion with initial velocity v,. Its velocity is decreasing with
time and att =t . It becomes zero after body reverse its direction of motion and
continues to move with decreasing velocity or increasing speed. Since velocity
of the body is decreasing for whole motion. Therefore, its acceleration is
negative.For 0 <t <t, motion of the body is deaccelerated (speed is
decreassing) t > t, motion of the body is accelerated (-~ speed is increasing)

(C) READING OF a - t GRAPHS

acceleration of the body is zero that means the body is moving constant velocity.

Acceleration of the body is constant and positive.

Acceleration of the body is constant and negative

Initially the acceleration of the body is zero. Then its acceleration is increasing
at a constant rate.

The body starts accelerating(initial acceleration zero) at t = 0. Its acceleration is
negative for whole of its motion and is decreasing at a constant rate.

Initially acceleration of the body is zero. Its acceleration is positive for whole of
its motion. Its acceleration is increasing for whole of its motion.
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KINEMATICS

(IV) Drawing of graphs on the basis of given information.

(a) If acceleration of the body is zero.

(i) If the velocity of the body is v, and it starts from origin.
X VA
>
_\_//\} Vo
>t —_—t
(i) Ifatt =0, x = x, then
XA VA
s
X, +/;‘~ Vo ————>
— —1
(iii) Ifatt =0, x = - x, then
X v
Ayt
Ao Vo——>
+//
t S
X, t

(b) If a body has constant acceleration :
For this section
(i) u,, x, & a, are positive constants. (ii) u = initial velocity (iii) v = velocity at any time t.
(iv) x = Position at any time t.
X, = initial position

0) ifu=0,a=a,

if X, =0, x=lat2 |fx_x0,x_x + (1/2)at?
X
This is wrong because
it suggest the body don't
have some initial velocity
t t
slope = tang % >
0 -
t —>t
v=agt
(ii) Ifu=u, , a=a,
1
x-x+ut+—a0 v=u,+a;t
v a
K ao
if X, = if X, = X, t ——>t
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KINEMATICS

(iii) ifu=u, a=-a,

1
x—x+ut——aO

if x=0
t
a
—>t

Al
(iv) ifu=-u,, a=+a,
X =X - ut+ %aot2
X
X
t
ifx,=0 if X =X,

(v) Ifu=u, a=-a,
1 .
X =X - ujt- ant
X X

M
A

if x,=0 if X, = X,

—
—
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KINEMATICS

Ex.25 Draw the

(a) position vs time graph
(b) velocity vs time graph
(c) acceleration vs time graph
for the following cases
(i) If a body is projected vertically upwards with initial velocity u. Take the projection point to be
origin and upward direction as positive.

12
= - —qt
X = ut 2g

X 4

T A

2g

Q | © [prmmmemmeees

_g )

(i) If a body is dropped from a height h above the ground. Take dropping point to be origin and
upward direction as +ve.

1 2
= ——qt
X 29

X

=g

-h

>t

g—>

—J/2gh

(iii) If a body is projected vertically upwards from a tower of height h with initial velocity u. Take
the projection point to be origin and upward direction as +ve.

X
>

[\
«Q

ans

(iv) A car starting from rest accelerates uniformly at 2 ms-2 for 5 seconds and then moves with
constant speed acquired for the next 5 seconds and then comes to rest retarding at 2 ms=.

Draw its

(a) Position vs time graph
(b) Velocity vs time graph
(c) acceleration vs time graph
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KINEMATICS

acceleration vs time graph

inm
x(inm)a
1010 ]
a,
+2 1 J£] { i
i 10 15
5 1 ] L
i i 25 froeeeee ; ' :
-2+ — E
o e 51015 > !(Nsed
acceleration vs time graph velocity vs time graph Position vs time graph

(v) A particle starts from x = 0 and initial speed 10 ms~' and moves with constant speed 10ms-* for
20 sec. and then retarding uniformly comes to rest in next 10 seconds.
acceleration vs time graph

a
v
20 10ms™
: 30 > 1 (sec)
_1 rns’2 ____________ i 20 30 t (Sec)
Acceleration vs time graph velocity vs time graph
X
250m
200m fr=======- :
t (sec)

20 30sec

Position vs time graph

(v) Conversion of velocity v/s time graph to speed v/s time graph.
As we know that magnitude of velocity represent speed therefore whenever velocity goes -ve take its

mirror image about time axis.

velocity speed
Ex-26 \ >
t (sec)
velocity speed 2
)
&
<
<&
Ex-27 <
\ >t >t

394,50 - Rajeev Gandhi Nagar Kota, Ph. No. : 93141-87482, 0744-2209671 M OT<i>0 Nz
IVRS No : 0744-2439051, 52, 53, www. motioniitjee.com , hr @motioniitjee.com || fururing potential through education




KINEMATICS

(VI) Conversion of displacement vs time graph to distance vs time graph

ANV X

For distance time graph just make the mirror image of the displacement § - b Dist -t
time graph from point of zero velocity onwards. % P ist-ime
s N N
Q ' v . .
(VII) Conversion of v - t graphs in to x-t and a-t graphs 2 [—>D'Sp't'me
é’

Time

Vof——— X
. A
@) > | ¥
>t >t
v X as
%//'Z’Q Qp———>
(i) & = a - t graph
0
t t >t
v X
a
tan6 =—a,
! ,t
(iii) 0 t =
t}\ tlo >t -a, 5

at t = t, velocity reverses its direction.

(iv) x — t graph
Fromt = O to t = t, acceleration = 0 therefore

V,
fromt=0tot=t, x - tgraph will be a straight line. ’ i
From t = t, to t, acceleration is negative §
. It will be an opening downward parabola :

(v) upto t = t, acceleration is +ve
t, <t < t, acceleration is zero.
t > t, acceleration is -ve

x - t graph
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KINEMATICS

Ex-28

Ex-29

Ex-30

(VIII)
(a)

(1)
(i)
(iii)
(iv)
(v)

(vi)

Some important points :

a=c;—¥:>jdv=jadt

= Av = area under the a - t curve
dx J‘

V= — dx=J-vdt
at =

= AX = area under the v - t curve
= displacement = area under the v - t curve

Ifatt =0u = 5msthen velocity att= 10 sec

= u + change in velocity 5ms™

= 5 + area of the shaded part

=54+10x5

=55 ms! 10 sec

ifatt =0, u =2 ms2find out it maximum velocity 5ms™
Since whole motion is accelerating. Therefore velocity
will be max at the end of the motion which will be

=2+lx5x10=27m5'1 >t
2 | 10sec
ifatt=0,u=4ms!
Find out v at
t=10sec, t = 20 sec & t = 30 sec.
Since for whole motion acceleration of the body is positive

Q

10ms™ === ,

1
vt:msec=4+5x10x10=54m5'1 : ; ot
] 10sec  20sec 30sec
Viosse =4+ > x 10 x 10 + 10 x 10
=154 ms™
1
Vi _30sec = 154 + 2 X 10 x 10 = 204 ms™!
Reading of graphs if the motion of two bodies are sketched on the same axes.
Reading of x - t graphs Ax
Xy [Fmmmmmmmmmmmm e eeaeees Y,
b A,
Xfrmmmmmmmmnes
A i
o) Tt it

Conclusions :

Body A Start its motion at t = 0 from origin and is moving away from the origin with constant velocity.
Finally it ends its motion at a distance of x,m from origin att = t,.

Body B starts its motion at t = t, from origin and is moving away from origin with constant velocity.
Finally it ends its motion at a distance of x,m from originatt =t,

Since slope of B is greater than slope of A. Therefore velocity of B is greater than velocity of A.

At =t, Both A & B are at the same distance from starting point that means B overtakes Aatt = t,
- velocity of both A & B are constant

-+ acceleration of both the bodies are zero.

sXg > X,

. At the end of the motion B is at a greater distance from the starting point.
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KINEMATICS

X
O A
B
o) I '
EX-31 X0
) t, Lt
Conclusion :
(i) Body A starts its motion at t = 0 from origin and is moving away from the origin with constant
velocity. Finally its motion ends att = t, at x = x, m.
(i) Body B starts its motion att = 0 from x = x, and then moves with constant velocity away from the

origin. Finally it ends its motion att = t,.
(iii) Velocity of A is greater than that of B.
(iv) At t = t, A overtakes B
(v) acceleration of both A & B is zero.
(vi)  wx,>x,
.. At the end of the motion A is at a greater distance from the starting point then B

AX
B
A
Ex-32
.."" tw tz t
Conclusions :

(i) Both A & B starts their motion at same time t = 0 and from same point x = 0.
(i) Both are moving away from the starting point.

(iii) A is moving with constant velocity while B starts its motion from rest and its velocity is increasing
with time i.e. it has some positive acceleration.

(iv)  Att = t, the tangent on B's graph becomes parallel to the A's graphs
- Att = t, velocity of both A & B is same.

(v) For t < t, velocity of A is greater than velocity of B. Therefore up to t = t,, separation between A
& B increases with time.

(vi) For t > t, velocity of B is greater than velocity of A. Therefore after t = t, separation between A &
B starts decreasing and it becomes zero at t = t, where B overtakes A.

T2 Now you can try Questions 14 to 38 in Exercise I and Ques. 7 to 11 in Ex.II

4. TWO DIMENSIONAL MOTION OR MOTION IN A PLANE

Motion in a plane can be described by vector sum of two independent 1D motions along two mutual
perpendicular directions (as motions along two mutual directions don’t affect each other).
Consider a particle moving in X-Y plane, then its equations of motions for X and Y axes are

v,=u +at v,=u +at

1 1
X=ut+ Eaxtz, and; y = ut+ antz, and
vZ =u? 4+ 2a,x vi=u’+2ay

where symbols have their usual meanings. Thus resultant motion would be described by the equations
F=Xi+y] and V:vxf+vy]
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KINEMATICS

4.1

PROJECTILE MOTION

It is the best example to understand motion in a plane. If we project a particle obliquely from the
surface of earth, as shown in the figure below, then it can be considered as two perpendicular 1D
motions - one along the horizontal and other along the vertical.

Y u P
@i
= Bf | +O——
0 :sé; ucos®
O X

Assume that effect of air friction and wind resistance are negligible and value of ‘acceleration due to

LT
gravity g is constant.

Take point of projection as origin and horizontal and vertical direction as +ve X and Y-axes, respectively.
For X-axis For Y - axis

u, = u cose, u, = usiné

a =0, a,=-g,

v, = u cose, and v, = usind - gt, and
. 1

X = U cosf x t y=usmet—Egt2

It is clear from above equations that horizontal component of velocity of the particle remains constant
while vertical component of velocity is first decreasing, gets zero at the highest point of trajectory and
then increases in the opposite direction. At the highest point, speed of the particle is minimum.

The time, which projectile takes to come back to same (initial) level is called the time of flight (T).
At initial and final points, y = 0,

1
So usingt - Egt2= 0

2usin® 2usin®
So, T= g

Range (R) The horizontal distance covered by the projectile during its motion is said to be range of the
projectile

= t=0and t=

u’sin26

g
For a given projection speed, the range would be maximum for 6 = 45°.
Maximum height attained by the projectile is

R=ucosoxT=

u?sinZe
- 2_9
at maximum height the vertical component of velocity is 0.
usin® T
Time of ascent = Time of descent = g =3

Speed, kinetic energy, momentum of the particle initialy decreases in a projectile motion and attains a

minimum value (not equal to zero) and then again increases.

0 is the angle between y and horizontal which decreases to zero. (at top most point) and again

increases in the negative direction
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KINEMATICS

Ex.33 A body is projected with a velocity of 30 ms-* at an angle of 30° with the vertical. Find the

Sol.

Ex.34

Sol.

(©)

(D)

maximum height, time of flight and the horizontal range.
Here u=30ms,
Angle of projection, 6 = 90 - 30 = 60°
Maximum height,
2 ain2 2 ain2
ucsin“e °
o LS50 _ 307807 _ 5 44m
29 2x98

Time fo flight,

2usin®  2x30sin60°

T= —g =" 98 =53s

Horizontal range,
2 o 0 Qi o 2
u®sin20 _ 30°sin120 °
R = _ sin _ 30%sin60° _ 29.53 m.
g 9.8 9.8
Find out the relation between u,, u,, u.(where u, u, u_are the initial velocities of particles A,
B, C, respectively)

H.., is same for all three particle A, B, C
2

Uy
= Hoa = 54
= u issame forall .. U =Ug = U,
2u,
=>T,=T,=T, g
) 2u,u,
fromfigure R.>R,>R, wR=——
g
= u.>u,>u, = U, < U< u.

Coordinate of a particle after a given time t:

A

Particle reach at a point P after time t then Y v
X = ucos6 .t 1 v

P - X, v,
y = usine.t - Egt2 using L... P(x.y)

wi iy
Position vector a
H i X
i Y O lcose \

 =(ucos6.)i +((usin6)t—zgt2jj
Velocity and direction of motion after a given time :
After time 't' v, = ucosb and v = usiné - gt
Hence resultant velocity v = /v, +v,? = Ju2cos28+(usine —gt)2

v ine — in@—gt
_ Yy usin6-—gt _ tan“(usm gj
tan o = Ve ucos® == ucos®

M 0-'-?0 Nizie|| 39450 - Rajeev Gandhi Nagar Kota, Ph. No. : 93141-87482, 0744-2209671

OLYMPIADS

Nurturing potential through education]| IVRS No : 0744-2439051, 52, 53, www. motioniitjee.com , hr @ motioniitjee.com




KINEMATICS

Page #29

(E)
At a height 'h', v, = ucos6

v, = \Ju?sin?6—2gh

Resultant velocity

v=v,2+v,® = J(ucos6)? +u?sin?6—2gh
v = ,Ju? —2gh

And

Velocity and direction of motion at a given height:

Note that this is the velocity that a particle would have at height h if it is projected vertically from

ground with u.

Ex.35 A body is projected with a velocity of 20 ms~ in a direction making an angle of 60° with the
horizontal. Calculate its (i) position after 0.5 s and (ii) velocity after 0.5 s.

Sol. Here u=20mst 06=60°,t=0.5s

(i) x = (ucosB)t = (20 cos60°) x 0.5=5m
1
y = (usin6)t- gt = (20 x sin 60°) x 0.5

’
-5 X9.8x(0.5?2=7.43m

(ii) v, = ucos ® = 20 cos 60° = 10 ms™!

v, = usin 6 - gt = 20 sin 60° - 9.8 x 0.5
=12.42 ms™!
= Jvi4v2 = 2 2=1595ms?* t —V—y——12'42—1242
V= Vi vy = 4(10)° +(1242)* =15.95ms an[3—vx =0 - L
. Bp=tan11.242 = 51.16°.
Equation of trajectory of a projectile.
Suppose the body reaches the point P(x, y) after time t.
A
Y
VY
A Path of
........ X, v, projectile
usin® |- . ;P(Xa)') Max
YA Y height=h,
] i V,=U C0sO
O Ucose B\Vo -
(3 R >y
U, W

The horizontal distance covered by the body in time t,
x = Horizontal velocity x time = u cos 6. t

X
ucoso

or t=

For vertical motion : u = u sin®, a = —g, so the vertical distance covered in time t is given by

2

1, - 1y X
s=ut+ at® or y=usin®. i os0 ™ 2% 2 oos?e
o tano 19 x (1)

S _1 . x
y 27 u?cos? @
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KINEMATICS

Ex.36

Sol.

Ex.37

Sol.

or y = px — gx? where p and q are constants.
Thus y is a quadratic function of x. Hence the trajectory of a projectile is a parabola.

From equation (1)

y =xtane 1090 = y=xtan# {FZL}
2u? cos® 0sin® 2u° cos0sin®

X
y=xtane |:1—ﬁ:| ..(2)

Equation (2) is another form of trajectory equation of projectile

A ball is thrown from ground level so as to just clear a wall 4 m high at a distance of 4 m and falls
at a distance of 14 m from the wall. Find the magnitude and direction of the velocity.

The ball passes through the point P(4, 4). So its range = 4 + 14 = 18m.

The trajectory of the ball is,

Nowx =4m, y=4mandR =18 m

Y 1
4 7
4=4tano 1‘@ =4tane.§ P(4,4)
u

9 9 7 4

or tan9—7,SIn9—M,COSG—m m
18x9.8x130 we
% 9.8 X | S
— — ——l ¢ >

or u?= 5%9 7 =182 am 1am X

or u= ,/igo0 =13.5ms™
Also 6 = tan-%(9/7) = 52.1°

A particle is projected over a triangle from one end of a horizontal base and grazing the vertex
falls on the other end of the base. If aand g be the base angles and 6the angle of projection,
prove that tan 6 = tan o+ tan f.

If R is the range of the particle, then from the figure we have

y(R—X) +xy
R—x  x(R-x) YA

tana + tanp = +

x <
<

By

or tana+ tanf = %X(R—x) ..(1)

Also, the trajectrory of the particle is

X
- 1-=
y—xtane{ R}

y
= —X
or tan@ X (R=x)

From equations (1) and (2), we get
tan 6 = tan o + tan B.
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KINEMATICS

4.2

Projectile fired parallel to horizontal. As shown in shown

figure suppose a body is projected horizontally with velocity u 52 5 - X
from a point O at a certain height h above the ground level. y

The body is under the influence of two simultaneous independent X p v,
motions: h B ;

(i) Uniform horizontal velocity u. Vo

(ii) Vertically downward accelerated motion with Vo L
constant acceleration g. R

Under the combined effect of the above two motions, x 7

the body moves along the path OPA. Y A Ground

Trajectory of the projectile. After the time t, suppose the body reaches the point P(x, y).
The horizontal distance covered by the body in time tis

X
X =ut ot = =

u
The vertical distance travelled by the body in time t is given by

1_.
=ut + —at
s=ut+ 3
1 1
or y=0x1+§gt2=§gt2

[For vertical motion, u = 0]
2
1 (X g .2 [ _X}
= — —_ = —_— X . = —
o v=39(%] -[5%] X

or y = kx? [Here k = % = a constant]

As y is a quadratic function of x, so the trajectory of the projectile is a parabola.

Time of flight. It is the total time for which the projectile remains in its flight (from 0 to A). Let T be its
time of flight.

For the vertical downward motion of the body,

we use

1_ 5
= + —at
s =ut >

h=0xT+ =gT2 - 2
or h=0xT+ > g or =g
Horizontal range. It is the horizontal distance covered by the projectile during its time of flight. Itis

equal to OA = R. Thus R = Horizontal velocity x time of flight =u x T

R 2h
o =u,[—
r U\ g

Velocity of the projectile at any instant. At the instant t (when the body is at point P), let the
velocity of the projectile be v. The velocity v has two rectangular components:

Horizontal component of velocity, v, = u

Vertical component of velocity, v, = 0 + gt = gt

.. The resultant velocity at point P is

v= Vi Vi = Ju? + gt
If the velocity v makes an angle B with the horizontal, then

Vv t t
tan[5=v—i=% or B =tan! (%)
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KINEMATICS

Ex.38

Sol.

Ex.39

Sol.

Ex.40

Sol.

A body is thrown horizontally from the top of a tower and strikes the ground after three seconds
at an angle of 45° with the horizontal. Find the height of the tower and the speed with which
the body was projected. Take g = 9.8 ms=.

As shown in figure, suppose the body is thrown horizontally from the top O of a tower of height y with
velocity u. The body hits the ground after 3s. Considering verticlly downward motion of the body,

1 1
y=u;+§m2=0x3+5x98x@y 44.1m
Final vertical velocity,

v,=u +9gt=0+9.8x3=29.4ms"!
Final horizontal velocity, v, = u
As the resultant velocity u makes an angle of 45° with the horizontal, so

[ .. Initial vertical velocity, u, = 0]

VY
tan 45° = V—or1=
X

29.4

or u=29.4ms™.

A particle is projected horizontally with a speed u from the top of plane inclined at an angle 6
with the horizontal. How far from the point of projection will the particle strike the plane?
The horizontal distance covered in time t,

X
X=ut ort=—
u

The vertical distance covered in time t, 0

1 1 X
—gtz = gx—z
u

y=0+ > =5 [using (1)] y

2

0
Y _tane ory=xtane .. g%=Xtan9
X 2u <

Also

gx _
or X[E—tanej =0
. . 2u® tan®
As x = 0 is not possible, so x = ——
The distance of the point of strike from the point of projection is

D=x2+y? = X2 +(xtane)?

2u?
=X . 1+tan29 = XxXsecOor D= Ttanesece

A ball rolls off the top of a stairway with a constant horizontal velocity u. If the steps are h

2hu?

metre high and w meter wide, show that the ball will just hit the edge of nth step ifn = ow?

Refer to figure. For n th step,
netvertical displacement=ph  —————— > u
net horizontal displacement = no 1st )
Let t be the time taken by the ball to reach the nth step. Then
R =ut h
n_(n
u

~
e
.
N

or nw= ut or t=

1
Also,y = u, t + Egt2

1 1 n(x)2
= —_ 2=— b =
or nh—0+29t Zg(u] orn

2hu?

go’
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KINEMATICS

4.3

Ex.41

Sol.

4.4

Projectile at an angle 6 from height h

Consider the projectile as shown in the adjacent figure.
Take the point of projection as the origin the X and
Y-axes as shown in figure.

For X-axis,
= U cosé
a =0

v, = ucose, and
X=Uucosb xt

For Y-axis,
u =u sin o,
ay =-g,

ot?
v, = usin @ - gt, and y=usinet—?

From the top of a tower 156.8 m high a projectile is projected with a velocity of 39.2 ms~in a
direction making an angle 30° with horizontal. Find the distance from the foot of tower where it
strikes the ground and time taken to do so.

The situation is shown §

Here height of tower u=39.2 ms

OA =156.8m H

u=39.2ms!

6 = 30°

time for which projectile remainisair=t="7
Horizontal distance covered R = OD = ? 0=30°
Now u, = u cos 6 and f

u, = u sin 6 be the components of velocity g .
Motion of projectile from O to H to D

u, = usin® 1

u=ucosb B

. . 1 5 156.8 m
Using equationy = u t + ant
Here: y = 156.8 m ; u = -usin®
= 39.2 sin 30° | :
a,=9.8m/s?;t="7? o) C D

156.8 =-39.2x 0.5t +4.9¢t2
156.8 =-19.6t+ 4.9t
or 49t2-19.6t-156.8=0

or 2-4t-32=0 = t-8((t+4)=0
Wegett=8s;t=-4s
t = - 4 sis not possible, thus we take t = 8s.

Now horizontal distance covered in this time
R=u xXxt=ucos6xt=39.2x cos30°xt
R=271.57m

Projectile Motion in Inclined Plane

Here, two cases arise. One is up the plane and the other is down the plane. Let us discuss both the
cases separately.

(i) Up the Plane: In this case direction x is chosen up the plane and direction y is chosen perpendicular
to the plane. Hence,

u =ucosa, a =-gsinf

u, = usina and a, =-gcosp
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KINEMATICS

c

Now, let us derive the expressions for time of flight (T) and range (R) along the plane.

Time of flight
1
At point B displacement along y-direction is zero. So, substituting the proper valuesins = ut + ant2 ,
we get
1 , 2usino
o;u‘moc+5(—gcosﬁ)t . t=0and gcosp
. 2usina )
t = 0, corresponds to point Oand t = gcosp corresponds to point B. Thus,
2usino
gcosp

Range

Range (R) or the distance OB is also equal to be displacement of projectile along x-direction in the
t = T. Therefore.

R=sa=uXT+%axT2 = R=ucosocT—%sin[3T2
A
(ii) Down theinclined plane : y ./
along x - axis y-axis
(1) u, = ucos a (1) u, = usina. 4
(2)a,=gsinB (2) a, =gcosp

velocity at P
v, _= u +a T
v.=u +arT
2u 2usina

Time of flight T = a_y = gcosp
y

1
Range S =u T+ EaxTz

1 . .
=ucosaT + —gsinp.T? “
2 X
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KINEMATICS

Ex.42 A particle is projected at an angle a with horizontal from the foot of a plane whose inclination to
horizontal is B. Show that it will strike the plane at right angles if cotf= 2 tan (a- p)

Sol. Let u be the velocity of projection so that u cos (o - B) and u sin (o - B) are the initial velocities
respectively parallel and perpendicular to the inclined plane. The acceleration in these two directions
are (—g sin B) and (—g cosp).

The initial component of velocity perpendicular to PQ is u sin (o — B) and the acceleration in this
direction is (—g cosp). If T is the time the particle takes to go from P to Q then in time T the space
described in a direction perpendicular to PQ s zero.

l u

0 =usin (o - B).T - chos[i.T2 Q

2usin(o - B)
~  gcosB
If the direction of motion at the instant when the particle B
hits the plane be perpendicular to the plane, then the l
velocity at that instant parallel to the plane must be zero. P N
~ucos(a-B)-gsinpT =0

ucos(o - B) 2usin(o. - B)
gsinf =T= gcosp
- cosP = 2 tan (a - B)

Ex.43 Two inclined planes OA and OB having inclinations 30° and 60° with
the horizontal respectively intersect each other at O, as shwon in

figure. a particle is projected from point P with velocity u = 10J/3m/s

along a direction perpendicular to plane OA. If the particle strikes A
plane OB perpendicular of flight, then calculate. E
(a) time of flight v

(b) velocity with which the particle strikes the plane OB,

(c) height h of point P from point O

(d) distance PQ. (Takeg = 10 m/s?)

Sol. Let us choose the x and y directions along OB and OA respectively. Then,

u,=u=10y3 m/s,u, =0

a,=-gsin60° = - 543 m/s?

and a =-gcos60°=-5m/s

(a) At point Q, x-component of velocity is zero. Hence, substituting in
v=u +at

0=10/3-5/3t = t=%=25 Ans.
(b) At point Q, v=v =u +at

v=0-(5)(2)=-10m/s Ans.
Here, negative sign implies that velocity of particle at Q is along negative y direction.
(c) Distance PO = |displacement of particle along y-direction| = |s |

1 1
Here, s =ut+ antz =0- E(5)(2)2 - —-10m
PO=10m
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KINEMATICS

Ex.44

Sol.

1
Therefore, h = PO sin 30° = (10) [5] or h =5m Ans.

(d) Distance OQ = displaement of particle along
x-direction = s_

Here, s, =ut+ %axtz = (1043)(2) - %(5\/5)(2)2 =10/3m

or 0Q = 10/3m

PQ = (PO +(0Q)* = {(10)* +(10v3)> = 100+ 300 = 400

PQ=20m Ans.

Now you can try Questions 45 to 68 in Exercise I and Ques. 12 to 20 in Ex.II
RELATIVE MOTION

The word 'relative' is a very general term, which can be applied to physical, nonphysical, scalar or
vector quantities. For example, my height is five feet and six inches while my wife's height is five feet
and four inches. If I ask you how high I am relative to my wife, your answer will be two inches. What
you did? You simply subtracted my wife's height from my height. The same concept is applied everywhere,
whether it is a relative velocity, relative acceleration or anything else. So, from the above discussion

we may now conclude that relative velocity of A with respect of B (written as 7AB ) is

- - -
VAB = VA— VB

Similarly, relative acceleration of A with respect of B is

- - -

aaB = dA— as
Ifitis a one dimensional motion we can treat the vectors as scalars just by assigning the positive sign
to one direction and negative to the other. So, in case of a one dimensional motion the above
equations can be written as

Vas = Va~ Vs
and A =3, a,
Further, we can see that

- - Or% -
VAB = — VBA dBA = — dAB

Seeta is moving due east with a velocity of 1 m/s and Geeta is moving the due west with a
velocity of 2 m/s. What is the velocity of Seeta with respect to Geeta?
It is a one dimensional motion. So, let us choose the east direction as positive and the west as
negative. Now, given that
v, = velocity of Seeta = 1 m/s
and v, = velocity of Geeta = - 2m/s
Thus, v, = velocity of Seeta with respect to Geeta
=v,-Vv.,=1-(-2)=3m/s
Hence, velocity of Seeta with respect to Geeta is 3 m/s due east.
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KINEMATICS

(a)

(b)
(c)

IMPORTANT NOTE :
PROCEDURE TO SOLVE THE VECTOR EQUATION.

A=B+C (1)
Their are 6 variables in this equation which are following :

(1) Magnitude of A and its direction
(2) Magnitude of g and its direction

(3) Magnitude of ¢ and its direction.

We can solve this equation if we know the value of 4 varibales [Note : two of them must be directions]

If we know the two direction of any two vectors then we will put them on the same side and other on
the different side.

For example

(d)

Ex.45

Sol.

Ex.46

Sol.

If we know the directions of 4 and g and ¢'g direction is unknown then we make equation as follows : -

C=A-B
Then we make vector diagram according to the equation and resolve the vectors to know the
unknown values.

Car A has an acceleration of 2 m/s? due east and car B, 4 m/s? due north. What is the acceleration
of car B with respect to car A?

Itis a two dimensional motion. Therefore, N

%

aga = acceleration of car B with respect to car A
_ - - w E
T ap=-aa

%
Here, apg = acceleration of car
B = 4 m/s? (due north)

= acceleration of car A = 2 m/s? (due east)

aa

| §BA |= \(4)? + (2)% = 2/5m/s?

1[4
and a=tan™ (Ej = tan™1(2)

and

¢ 2
as=4m/s

%
Thus, aga is 2,/5 m/s? at an angle of a = tan-!(2) —aa=2m/s?
from west towards north.
Three particle A, B and C situated at the vertices of an equilateral triangle starts moving simul-

taneously at a constant speed "v" in the direction of adjacent particle, which falls ahead in the
anti-clockwise direction. If "a" be the side of the triangle, then find the time when they meet.

Here, particle "A" follows "B", "B" follows "C" and "C" follows A

"A". The direction of motion of each particle keeps chang-

ing as motion of each particle is always directed towards / \
other particle. The situation after a time "t" is shown in the

figure with a possible outline of path followed by the par- O

ticles before they

meet. B C
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KINEMATICS

(a)

Ex.47

Sol.

This problem appears to be complex as the path of motion

is difficult to be defined. But, it has a simple solution in A
component analysis. Let us consider the pair "A" and "B".

The initial component of velocities in the direction of line

joining the initial position of the two particles is "v" and

"vcost" as shown in the figure here :

The component velocities are directed towards eachother. vCcoso O v
Now, considering the linear (one dimensional) motion in the AN

direction of AB, the relative velocity of "A" with respect to B \7 C
"B"is :

Vas = Va~ Vg

Vg =V - (-VvcosB)=v+ vcosd
In equilateral triangle, 6 = 60°
\Y 3v
V,g = V + vCos60° = v + 3=
The time taken to cover the displacement "a" i.e. the side of the triangle
L. 2
T 3v

QUESTIONS BASED ON RELATIVE MOTION ARE USUALLY OF FOLLOWING FOURTYPES :

(@) Minimum distance between two bodies in motion
(b) River-boat problems

(c) Aircraft-wind problems

(d) Rain problems

Minimum distance between two bodies in motion

When two bodies are in motion, the questions like, the minimum distance between them or the time
when one body overtakes the other can be solved easily by the principle of relative motion. In these
type of problems one body is assumed to be at rest and the relative motion of the other body is
considered. By assuming so two body problem is converted into one body problem and the solution
becomes easy. Following example will illustrate the statement.

Car A and car B start moving simultaneously in the same direction along the line joining them.
Car A with a constant acceleration a = 4 m/s? while car B moves with a constant velocityv = 1
m/s. Attimet =0, car A is 10 m behind car B. Find the time when car A overtakes car B.
Given:u,=0, u;,=1m/s, a,=4m/s? anda, =0
Assuming car B to be at rest, we have
Ug=u,-u,=0-1=-1m/s
ap=a,-3,=4-0=4m/s?
Now, the problem can be assumed in simplified form as follow :
a=4m/s® v=1m/s’
— —

Substituting the proper values in equation

Up= —1m/s, a,,= 4m/s’®
AT

At rest
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1 .
= —at
S ut+2
1
weget 10=-t+ 5(4)(’(2) or 2t2-t-10=0

1+41+480 1++81 _1£9
- 4 T4 4

Ignoring the negative value, the desired
timeis 2.5s. Ans.

or t ort=2.5s and-2s

Note : The above problem can also be solved without using the concept of relative motion as under.

At the time when A overtakes B,
s,=5S;+ 10

%x4><t2=1><t+10

or 2t2-t-10=0

Which on solving gives t = 2.5 s and - 2 s, the same as we found above.

As per my opinion, this approach (by taking absolute values) is more suitable in case of two body
problem in one dimensional motion. Let us see one more example in support of it.

Ex.48 An open lift is moving upwards with velocity 10m/s. It has an upward acceleration of 2m/s> A

Sol.

ball is projected upwards with velocity 20 m/s relative to ground. Find :
(a) time when ball again meets the lift.

(b) displacement of lift and ball at that instant.

(c) distance travelled by the ball upto that instant. Takeg = 10 m/s?
(a) At the time when ball again meets the lift,

SL = SB
1 1 B
10t+ —x2xt2=20t- — x 10t2 2m/s®  10m/s 20m/s

2 2 Ball +ve

Solving this equation, we get a
> 10m/s®
= t==s
t=0 and 3 L — Lift B — Ball

5
Ball will again meet the lift after 55.

(b) At this instant

2
S. =Sg =10x§+%x2x[%} :%m:19.4m

(c) For the ball T la. Therefore, we will first find t,, the time when its velocity becomes zero.

u

a

_20_
10

0= 2s

5
As t[: Esjdo/ distance and displacement are equal

or d=19.4m Ans.
Concept of relative motion is more useful in two body problem in two (or three) dimensional motion.
This can be understood by the following example.
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Ex.49 Two ships A and B are 10 km aparton a line running south to north. Ship A farther north is
streaming west at 20 km/h and ship B is streaming north at 20km/h. What is their distance
of closest approach and how long do they take to reach it ?

Sol. Ships A and B are moving with same speed 20 km/h in

the directions shown in figure. It is a two dimensional, N
two body problem with zero acceleration. Let us find VA AI_,E
VBA ) —V>

Vea = Vg —Va 5
Here, | VBA |= ,(20)2 + (20)2 AB=10km

=20+2km/h

Vg =20km/h W: Vg, = 20r2km/h
i.e., Vga IS 20V2km/h at an angle of 45° from east ’

towards north. Thus, the given problem can be simplified as :

—Va =20km/h

A'is at rest and B is moving with vg, in the direction shown in figure. Al

Therefore, the minimum distance between the two is C_’
VBA

S, = AC = AB sin 450 45"

B

1
=10(—j km =
72 5/2km  Ans.

and the desired time is

_BC _ 52
"ol 2002 (BC = AC = 5\/2km)

=%h =15min Ans.

(B) River - Boat Problems

In river-boat problems we come across the following three terms :

B B
N T Vi, COSO
Vir W L \
> X 5
A v Vp, SING A v,

r
-

r

\'
\fbr = velocity of boatman with respect to river or velocity of boatman is still water

= absolute velocity of river

and 7&; = absolute velocity of boatman.

. Here, itis important to note that v_;r is the velocity of boatman with which he steers and V; is the

actual velocity of boatman relative to ground.

- - -

Further’ Vb = Vipr+ Vr

Now, let us derive some standard results and their special cases.
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()

(ii)

(i)

A boatman starts from point A on one bank of a river with velocity Tbr in the direction shown in fig.

River is flowing along positive x-direction with velocity 7r . Width of the river is w, then
- - -

Vb ~ Vbr+ Vr
Therefore, Vi =V, tVv, =V -V _sing
and Voy = Vo, + Vo
=0+ v, cosb = v, cosé
Now, time taken by the boatman to cross the riveris :

w w
t= —=—"7"
Vpy  Vpr COSO

W .

or t= vy, COSO (D)

Further, displacement along x-axis when he reaches on the other bank (also called drift) is :

x=v, t=(v -v,sin6) vy, c0s8

w
or X = (v, =V, sine)m (i)

Three special are :

Condition when the boatman crosses the river in shortest interval of time

B
From Eq.(i) we can see that time (t) will be minimum when 6 = 0°, i
i.e., the boatman should steer his boat perpendicular to the river i
current. V!
w N
Also, t . = v, s cos 6=1 A 7’

§
Condition when the boatman wants to reach point B, i.e., at a point just opposite from where

he started
In this case, the drift (x) should be zero.

x=0 B

w :

- i —— =0 - i

or (v, =V, sin6) Vi, COSO Vbr\%i
or V.=V, sing H S
v A S
- I T v
or sinG = ore = sin"|— r

Vor Vi

.1l Vv
Hence, to reach point B the boatman should row at an angle 6 = sin 1(—“} upstream from AB.

Vor
Further, since sin6 not greater than 1.
So, if v, > v, , the boatman can never reach at point B. Because if v. = v, ,sin® =1 o0r6 = 90° and itis
just impossible to reach at B if 6 = 90°. Moreover it can be seen thatv, = 0if v, = v, and 6 = 90°.
Similarly, if v. > v, , sine > 1, i.e., no such angle exists. Practically it can be realized in this manner that
it is not possible to reach at B if river velocity (v,) is too high.

Shortest path
Path length travelled by the boatman when he reaches the opposite shore is

S = Jw?+x2

Here, w = width of river is constant. So for s to be minimum modulus of x (drift) should be minimum.
Now two cases are possible.
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Ex.50
(a)
(b)
(©

(d)
Sol.

When v, <v, :Inthiscasex =0,

.1 Ve . ql Vv
when 6 = SIn (_v j or s, =w at §= sin [—r]
br Vbr

dx
When v, > v, : In this case x is minimum, where —— =0

de
d {L (Vy =V SiN 9)} =0

or d6 | v, cos 6
or -V, €0s?0 - (v, - v, sinB) (- sinB) =0
or -V, +tv.sine=0

. Vbr
or 0 =sin! {—]
VI’

Now, at this angle we can find x_, and then s_, which comes out to be

\" . 21V
s =W/ —I|at g=sint| 2L
min Vbr Vr

A man can row a boat with 4 km/h in still water. If he is crossing a river where the currentis 2
km/h.

In whatdirection will his boat be headed, if he wants to reach a point on the other bank, directly
opposite to starting point?

If width of the river is 4 km, how long will the man take to cross the river, with the condition in
part (a)?

In what direction should he head the boat if he wants to cross the river in shortest time and
what is this minimum time?

How long will it take him to row 2 km up the stream and then back to his starting point ?

(a) Given, thatv, =4 km/hand v, = 2km/h

Vr 2 1
0= sin'{v—] = sin'l[zj = sin-l(z} = 30°
br

Hence, to reach the point directly opposite to starting point he should head the boat at an angle of
30° with AB or 90° + 30° = 120° with the river flow.
(b) Time taken by the boatman to cross the river

w = width of river = 4 km

v,, =4 km/h and 6 = 30°

4 _ 2,
t= Zcos30° V3 Ans.
(c) For shortest time 6 = 0°

w 4

too = ¥ cos0° = g = I

and

Hence, he should head his boat perpendicular to the river current for crossing the river in shortest time
and this shortest time is 1 h.

be_vf vbr+vr
D C D C
(d) t =ty + ty
CD DC 2 2 1 4
t= + =2+ =1+—=>h Ans.
or Vap = Ve Vpr TV 4-2 4+2 3 3 S
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Ex.51

Sol.

Ex.52

Sol.

(©)

A man can swim at a speed of 3 km/h in still water. He wants to cross a 500 m wide river
flowing at 2 kh/h. He keeps himself always at an angle of 120° with the river flow while swim-
ming.

(a) Find the time he takes to cross the river.

(b) At what point on the opposite bank will he arrive ?

The situation is shown in figure

Here Vr,g = velocity of the river with respect to the ground

Vm, = velocity of the man with respect to the river

Vm‘g = velocity of the man with respect to the ground.
(a) We have

Ving = Vs +Vrg .. (i)
Hence, the velocity with respect to the ground is along AC.
Taking y-components in equation (i), A Vrg = 2km/h
Vimg SiN6 = 3 km/h cos 30° + 2 km/h cos 90° = % km/h
Time taken to cross the river
displacement along the Y - axis 1/2km 1 h
velocity along the Y -axis 33 /2km/h 343

(b) Taking x-components in equation (i),

- 1
Vg €086 = -3km/h sin 30° + 2 km/h =§km/h

Displacement along the X-axis as the man crosses the river
= (velocity along the X-axis) (time)

= (1;:]) % [3\1/§hj = 6\1/§km

A boat moves relative to water with a velocity v and river is flowing with 2v. At what angle the
boat shall move with the stream to have minimum drift?

(A) 30° (B) 60° (C) 90° (D) 120°

(D) Let boat move at angle 6 to the normal as shown in

figure then time to cross the river =
vCcos 0
\ ucoso T

. . .. Ub:U
driftx = (2v-vsin#6 for x to be minimum = Wi i
rift x = (2v - v si )vcose rx inimu | = width of river
dx . l
0 =0=1(2secHtan 6 - sec?) orsin6=1/2 \

usin® u=2v

or 6 =30°and ¢ =90+ 30 = 120°

Aircraft Wind Problems

This is similar to river boat problem. The only difference is that 7 is replaced by Vaw (velocity of

br
aircraft with respect to wind or velocity of aircraft in still air), 7r is replaced by 7W (velocity of wind)

- -

and = Vaw+v, - 1he following

Vb
example will illustrate the theory.

is replaced by 7a (absolute velocity of aircraft). Further, 7a
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NOTE : SHORT - TRICK

If their are two vectors A and B and their resultent

make an anlge o with A and B with B.
then Asinoa=fsinf

Means component of 5 perpendicular to resultant is equal in

magnitude to the compopent of g also perpendicular to resultant.

Ex.53 If two vectors 5 and g make angle 30° and 60° B
with their resultent and g has magnitude equal to k
10, then find magnitude of § . BsinB0S ™ / A

So B sin 60° = Asin 30°
= 10 sin 60° = Asin 30°

= A= 10/3

Asin30° N

Ex.54 An aircraftflies at 400 km/h in still air. A wind of 200,/ km/h is blowing from the south. The

pilot wishes to travel from A to a point B north east of A. Find the direction he must steer
and time of his journey if AB = 1000 km.

Sol. Giventhatv, =200,/2 km/h

v,, = 400 km/h and 7a should be along AB or in north-east direction. Thus, the direction of 7aw

- -
should be such as the resultant of v, and v, is along AB or in north - east direction.

Let 7aw makes an angle o with AB as shown in figure. [\‘ B
Applying sine law in triangle ABC, we get
%
AC__ BC Va 454V, = 200v/2km/h
sin45°  sina c
BC 200V2) 1 1 49 =
im ey = | —| «i - — = A Vaw =40Qkm/h
or smoc—(AC)sm45°—[4ooJ\/§ > aw >E
o = 30°
Therefore, the pilot should steer in a direction at an angle of (45° + a) or 75° from north towards
east.
- .
|V al 400 - _ sin105° km
Further, sin(180°—45°—30°) _ sin45° °"  [Val = “gingse * (400) 5,

_ (cos15°j (400) k?m _ (Mj (400) km

sin45° 0.707 h
= 546.47 km/h
. The time of journey from Ato B is
AB 1000 h 1 h
= Tbapay — =183
| Val

(D) Rain Problems
] - - —
In these type of problems we again come across three terms v, , v, and v, , Here,

% - -
v, = velocity of rain

CBSE|SAT|NTSE
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%
v, = velocity of man (it may be velocity of cyclist or velocity of motorist also)
and = velocity of rain with respect to man.

m

Here, v:; is the velocity of rain which appears to the man. Now, let us take one example of this.

Ex.55 A man standing on a road has to hold his umbrella at 30° with the vertical to keep the rain
away. He throws the umbrella and starts running at 10 km/h. He finds that raindrops are hitting
his head vertically. Find the speed of raindrops with respect to (a) the road, (b) the moving man.

Sol. When the man is at rest with respect to the ground, the rain comes to him at an angle 30° with the
vertical. This is the direction of the velocity of raindrops with respect to the ground. The situation
when the man runs is shown in the figure

(b)
(a)

Here Vr,g = velocity of the rain with respect to the ground

Vm,g = velocity of the man with respect to the ground and v, = velocity of the rain with respect to

the man.

We have, Vig = Vem + Vi g )

Taking horizontal components, equation (i) gives

10km/h
i o = = == 20km h
V,gSin30° =u, = 10km/hor, v,g =~ =G /
Taking vertical components, equation (i) gives

NE

V., €0s30° = v __ or, v, =(20km/h) 73 =10V 3 km/h.
Ex.56 To a man walking at the rate of 3 km/h the rain appears to fall vertically. When the increases
his speed to 6 km/h it appears to meet him at an angle of 45° with vertical. Find the speed of rain.

Sol. Letj and J be the unit vectors in horizontal and vertical directions respectively.

A

Let velocity of rain Vertical (j)
% A ~ .
Vr =ai +bj 0

Then speed of rain will be

%
| v |=va? +b? :

Horizontal (i)

CBSE|SAT|NTSE|
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In the first case

v, = velocity of man = 3j

- - - PN
Vim = Vr— Vm =(a-3)i +bj

It seems to be in vertical direction. Hence,
a-3=0o0ra=3

A~

In the second case 7 =6
m

—> N A ~ "
Vim =(a-6)i+bj =~ 3i + b

This seems to be at 45° with vertical.
Hence, |b] =3
Therefore, from Eq. (ii) speed of rain is

I7r I=J(3)2 + (3 = 3J2km/h Ans.

Relative Motion between Two Projectiles

Let us now discuss the relative motion between two projectiles or the path observed by one projectile
of the other. Suppose that two particles are projected from the ground with speeds u, and u, at angles
a, and a, as shown in Fig.A and B. Acceleration of both the particles is g downwards. So, relative
acceleration between them is zero because

a,=a, -a,=g-g=0

Y Y
I%\ [%UZ_\
Oy »X oo »X
(A) (B)

i.e., the relative motion between the two particles is uniform. Now
u,, =u, cos a,, u,, = U, COS a,
u, =u,sina, andu, =u,sina,
Therefore, u,,, = u, - U, = U, COS 0~ U,COS 0, y
and  u, =u,-u, =usina-u,sino,
u,,and u, arethe xandy components of relative
velocity of 1 with respect to 2. Uiz 4

Hence, relative motion of 1 with respect to 2 is a straight Uiz a,=0

. u . ., .
line at an angle ¢ = tan{ﬂJ with positive x-axis. Uy,

Ujox

Now, if u,, = 0 oru, cos a, = u, cos a,, the relative motion is along y-axis or in vertical direction
(as 6 = 90°). Similarly, if u, = 0 oru, sin a, = u, sin a,, the relative motion is along x-axis or in
horizontal direction (as 6 = 09).

Note : Relative acceleration between two projectiles is zero. Relative motion between them is uniform.
Therefore, condition of collision of two particles in air is that relative velocity of one with respect to

the other should be along line joining them, i.e., if two projecticles A and B collide in mid air, then \7AB

should be along AB or V;, along BA.
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Page #47

Condition for collision of two projectiles : Consider the situation shown in the figure. For projectiles to
collide, direction of velocity of A with respect to B has to be along line AB.

Here, v,,, = U, cos a, + U, COS a,

Ve, = U; Sin o, - u, sin o,

Let, direction of velocity vector of A(wrt B) is making an

angle B with +ve X-axis, which is given by

U, sinoy — U, sino,

v
tanp = —2 =

Vapy Ui COS Oy + U, COS O,

For collision to take place,

h, —h
tanB=tane=%

r Y

x
A

Ex.57 A particle A is projected with an initial velocity of 60 m/s. at an angle 30° to the horizontal. At
the same time a second particle B is projected in opposite direction with initial speed of 50 m/s
from a point at a distance of 100 m from A. If the particles collide in air, find (a) the angle of
projection aof particle B, (b) time when the collision takes place and (c) the distance of Pfrom A,

Sol.

where collision occurs. (g = 10 m/s?)

50m/s
30°
B
o 100m .
(a) Taking x and y directions as
shown in figure. Y.
Here, a, =—gj, 8g =g
u, = 60 cos 300 = 3043m/s
u,, = 60 sin 30° = 30 m/s >X
u, = -50cosa Uas

Bx
and u, =50sina

Relative acceleration between the two is zero as a, =ag. Hence, the relative motion between the two

is uniform. It can be assumed that B is at rest and A is moving with u,g. Hence, the two particles will

collide, if u,g is along AB. This is possible only when

u, =u

Ay By
i.e., component of relative velocity along y-axis should be zero.
or 30=50sina
. = sin' (3/5) Ans.

4
OW, |Upg|FUpy —Ugy = 3 + cosa)m/s = = = 3 + m/s
(b) N lipg |=Up, —Ug, = (3043 + 50 ym/ 30J§+50x5 m/s = (3043 + 40) m/

Therefore, time of collision is

AB 100
T |upg| ~ 3043 +40

t

(c) Distance of point P from A where collision takes place is

or t=1.09s Ans.

2 2
s = \/(uAXt)Z +(uAyt—%gt2) = \/(30\/§x1.09)2 +(30><1.09—%><10><1.09><1.09j ors = 62.64 m Ans.
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Ex.58 Two projectile are projected simultaneously from a point on the #

Sol.

y
T 5m/s

ground "O" and an elevated position "A" respectively as shonw in the
figure. If collision occurs at the point of return of two projectiles on
the horizontal surface, then find the height of "A" above the ground 10m/s
and the angle at which the projectile "O" at the ground
should be projected.

@) C

There is no initial separation between two projectile is x-direction. For collision to occur, the relative
motion in x-direction should be zero. In other words, the component velocities in x-direction should be
equal to that two projetiles cover equal horizontal distance at any given time. Hence,

qu = qu

Up 5 1
= u,cose=u, = CO0sb = E =10°- 3 = cos60° = 6=060°
We should ensure that collision does occur at the point of return. It means that by the time projectiles
travel horizontal distances required, they should also cover vertical distances so that both projectile are
at "C" at the same time. In the nutshell, their times of flight should be equal.
For projectile from "O".
2Uq Sin®

g

For projectile from "A",

T- [ﬁ]
g
For projectile from "A",

2u, sin® [2Hj
T=——""=.|—>

g g
Squaring both sides and putting values,
"o 4u3 sin® 0 H- 4x10? sin® 60°
- NT g T T T 2x10

2
H= 20(%) =15m

We have deliberately worked out this problem taking advantage of the fact that projectiles are colliding
at the end of their flights and hence their times of flight should be equal. We can, however, proceed to
analyze in typical manner, using concept of relative velocity. The initial separation between two projectiles
in the vertical direction is "H". This separation is covered with the component of relative in vertical
direction.

oy = Uy, = Uy SIN60° - 0 = 10x§ = 5/3m/s

Now, time of flight of projectile from ground is :

2Up Sin®  2x10xsin60°
T= g h 10 =3
Hence, the vertical displacement of projectile from "A" before collision is :

=  H=v, XT=5/3x/3 =15m/s

= Vg, = U
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Page #49

Ex.59 Two projectiles are projected simultaneously from two towers as shwon in figure. If the projectiles

collide in the air, then find the distance ""s" between the towers.

10vV2m/s

30m

10m

Sol. We see here that projectiles are approaching both horizontally and vertically. Their movement in two
component directions should be synchronized so that they are at the same position at a particular given
time. For collision, the necessary requirement is that relative velocity and displacement should be in the

same direction.

It is given that collision does occur. It means that two projectiles should cover the displacement with

relative velocity in each of the component directions. v 10ms p
In x-direction, D B
/2 1 1042m/s

Vi = Uy, = Ug, = 1042 cos45° - (-10) = 10 2E+10 =20m/s

A 45° 30m
If "t" is time after which collision occurs, then

:>S=VAY_UBY 10m
1

= Vg, = UC0s45° - 0 = 10\/§XE=10m/S o S y

The initial vertical distance between points of projection is 30 - 10 = 20 m.

This vertical distance is

covered with component of relative velocity in vertical direction. Hence, time taken to collide, "t", is :

20

o

Putting this value in the earlier equation for "s", we have :
= s=20t=20x2=40m

=>t= 2

"@’ Now you can try all the questions related to relative motion.
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