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Preface

The main idea behind this book is to amalgamate the de
scription of the basic concepts of the theory and the practical
methods of solving problems in one book. Therefore, each
chapter contains first a description of the theory of the
subject being considered (illustrated by concrete examples)
and then a set of selected problems with solutions. The prob
lems are closely related to the text and often complement it.
Hence they should be analysed together with the text. In
author's opinion, the selected problems should enable the
reader to attain a deeper understanding of many important
topics and "to"'·visualize (even without solving the problems
but just by going through them) the wide range of applica
tions of the ideas presented in this book.

In order to emphasize the most important laws of electro
magnetism, and especially to clarify the most difficult top
ics, the author bas endeavoured to exclude the less impor
tant topics. In an attempt to describe the main ideas concise
ly, clearly and at the same time correctly ~ the text has heen
kept free from superfluous mathematical formulas, and the
main stress has heen laid on the physical aspects of the phe
nomena. With the same end in view, various model repre
sentations, simplifying factors. special cases, symmetry con
siderations, etc. have been employed wherever possible.

SI units of measurements are used throughout the book.
However, considering that the Gaussian system of units is
still widely used, we have included in Appendices 3 and 4
the tables of conversion of the most important quantities
and formulas from SI to Gaussian units.

The most important statements and terms are given in
italics. More compl icated material and problems involving
cumbersome mathematical calculations are set in brevier
type. This material can be omitted on first reading without
any loss of cont inuity. The brevier type is also used for
problems and examples.
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'The book is intended as a textbook for undergraduate stu
dents specializing in physics (in the framework of the course
on general physics). It can also be used by university
teachers.

The author is grateful to Prof. A.A. Detlaf and Reader
L.N. Kaptsov who reviewed the manuscript and made a
number of valuable comments ann suggestions.

I. Irodov
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List of Notations

Vectors are denoted by t he hold-face upright letters
(e.g. r, E). The same let ter in the standard-type print (r, E)
denotes the magnitude of the. vector.

Average quantities are denoted by angle brackets ( ),
e.g. (v ), <P).

The symbols in front of the quantities denote:
.~ .is the finite increment of the quantity, viz. the difference
between its final and initial values, e.g. ~E = E 2 - E 1 ,

A(f) = <r2 - <f;t;
d is the differentialfinfinitesimal increment), e.g. dE, dq>;
(, is the incremental value of a quantity, e.g. 6A is the ele
mentarv work.

Unit "vectors:
ex, ell' e z (or i, j, k) are the unit vectors of Cartesian coordi
nates x, y, z:
e,H e~., e z are the unit vectors of cylindrical coordinates
p, q, z;
n is the unit vector of the normal to a surface element;
"t is the unit vector of the tangent to the contour or to an
interface.

'I'ime derivative of an arbitrary function f is denoted by

.o//ot or by the dot above the letter denoting the function, t.
Integrals of any rnul tipl icity are denoted by a single sym-

bol ) and differ only in the notation of the element of inte

grat ion: dll is the vol ume element. dS is the surface ele

ment a,;d dlis the element of length. Symbol~. denotes the

integration oyer a closed contour or a closed surface.
Vector operator V (nabla). The operations involving this

operator are denoted as Iol lows: vcr is the gradient of
cp (grad cp), V·E is the divergence of E (div E), and V X E
is the curl of E (curl E).

Vector product is denoted 18 -: b], where a and bare
vectors.



f.-~rostatic Field in a Vacuum

t. t. Electric Field

Electric Charge. At present it is known ·that diverse phe
nomena in' nature are based on four fundamental interactions
among elementary particles, viz. strong, electromagnetic,
weak, and gravitational interactions. Each type of inter
action is associated with a certain characteristic of a particle.
For example, the gravitational interaction depends on the
mass of particles, while the electromagnetic interaction is
determined by electric charges.

The electric charge of a particle is one of its basic charac
teristics. It .has the following fundamental properties;

(t) electrlc charge exists in two forms, i.e. it can be posi
ttve or negative;

(2) the algebraic sum of charges in any electrically insu
Iated system does not change (this statement expresses ·the
laui of conservation of electric charge);
. (3) electric charge is a relativistic invariant: its magni
tude does not depend on the reference system, in other words,
it does not depend on whether the charge moves or is fixed.

It will be shownIater that these fundamental properties
have far-reaching consequences.

Electric Field. In accordance with modern theory, inter
action among charges is accompl ished through a field. Any
electric charge q alters in a certain way the properties of
the space surrounding it, i.e. creates an electric fiela. This
means that another, "test" charge placed at some point of
the field experiences the action of a force.

Experiments show that the force F acting on a fixed test
point charge q' can always be represented in the Iorm

F == q'E, (1.1)

where vector E is called the intensity of the electric Held at .
a given point. Equation ·(1.1) shows that vector E can be
defined as the force acting on a positive fixed unit charge.
Here we assume that the test charge q' is sufficiently small so
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that its introduction does not noticeably distort the field
under investigation (as a result of possible redistribution of
charges creating the field).

The Field of 8 Point Charge. I t follows directly from exper
iment (Coulomb's law) that the intensity of the field of a
llxed point charge q at a .distance r from it can be represent
ed in the form

1 q
E=::-2 e ,4n£o r r ('1.2)

where e0 is the electric constant and er is the unit vector of
the rad ~ us vector r drawn from the centre of the field, where
the charge q is located, to the point we are interested in.
Formula (1.2) is written in SI. Here the coefficient

1/4n~o == 9 X 109 m/F,

the charge q is measured in coulombs (C) and the field inten
sity t~ in volts per metre (Vim). Vector E is directed along r
or oppositely to it depending on the sign of tile charge q.

Formula (1.2) expresses Coulomb's law in the "field" form.
It is important that the intensity E of the field created by a
point charge is inversely proportional to the square of the
distance r. All experimental results indicate that this law
is valid for distances from 10-13 em to several kilometres,
and there are no grounds to expect that this law will be
violated for larger distances.

It should also be noted that the force acting on a test
charge in the field created by a fixed point charge does not
depend on whether the test charge is at rest or moves. This
refers to a system of fixed charges as well.

Principle of Superposition. Besides the law expressed by
(1.2), it also follows from experiments that the intensity of
the field of a system of fixed point charges is equal to the
vector sum of the intensities of the fields that would be
created by each charge separately:

E '" E~ 1" qi "=LJ ·=--LJ/1 - e ·
1 4nco rl TI' (1.3)
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where ri is the distance between the charge qi and the point
under consideration.

This statemen t is called the principle of superposit ion of
electric fields. I t ex presses one of the most remarkable pro p
erties of fields and allows us to calculate field intensit y of
any system of charges by representing this system as an ag
gregate of point charges whose individual contriburions are
given by formula (1.2).
. Charge DistributioR. In order to simplify mathematical
calculations, it is Of~n convenient to ignore the Iact that
charges have a discr te structure (electrons, nuclei) and
assume that they are U eared" in a certain way in space. In.
other words, it is conv nient to replace the 3CtU[\} distribu
tion of discrete point] charges by a fict.itious contiuuous
distribution. This makes it possible to simplify calculations
considerably without introducing any significant error.

While going over to a continuous distribution, the concept
of charge de.psity is introduced, viz. the volume density P,
surface density 0, and linear density A. By definition,

dq ,. dq dq
P=dj!t a=dS' "-=7[, (1.4)

where dq is the charge contained in the volume dlt , 011 the
surface dS, and in the length dl respectively.

Taking these distributions into consideration we can repre
sent formula (1.3) in a different form. For example, if the
charge is distributed over the volume, we must replace q,
by dq == p dV and summation by integration. This gives

E=_1_ r pedll' =_1_ \ prdr (1.5)
4n£0 J,' 4nEo J r' ,

where the integration is performed over the entire space with
nonzero values of p.

Thus, knowing the distribution of charges, we can complete
Iy solve the problem of finding the electric field intensity
by formula (1.3) if the distribution is discrete or by formu
la (1.5) or by a similar formula if it is continuous. In the
general case, the calculation involves certain difficulties
(although they are not of principle nature). Indeed, in order
to find vector E, we must first calculate its projections E"~,

E", and E z, which means that we must take three integrals
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of the t.vpe (1.5)~ kJ a rule, the prohlem becomes mUM
simpler in cases when a system of charges has a certain sym
metry. Let us consider two examples.

Example t. The field on th~ asis of a .tbin ••iformly charged rlDg.
A charge q > 0 is uniformly distributed over a thin ring of radius ••
Find the electric field intensity E on tbe ois 'Of the ring a8 a function
of the distance z from its "centre.

I t can be easily shown that vector E in this case .must be directed
along the axis of the ring (Fig. t. t). Let us isolate element dl on the

r z

Fig. 1.1

ring in the vicinity of POIntA. We write the expression for the comp
onent dE z of the ~eld created"by this element at a point C:

1 AdZ.
dE z = -1.-. -,- cos a,..ne. r

where At =-= q/2na. The values of r and a will be the same for all the
elements of the ring, and hence the integration of this equation is sim
ply reduced to the replacement of A,dl ~y q. As a result, we obtain

E=-"_q_ I
4n£o (al +JI)I/I

1t can be seen that for z~ a the field E ~ q/4n£o.zl, i.e. at large dis-
tances the system behaves as a point charge. .

Example 2. The field of a ...iformlyebarged stnl.ht 11a.-lll. A
thin straight filament of length 21 is Uniformly charged by a charge q.
Find the field intensity E at a point separated by a distance z from
the midpoint of the filament and located symmetrically with respect
to its, ends.

I t is clear from symmetry considerations that vector E must he
directed as shown in Fig. t .2. This shows the way of solviDg this
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problem: we must find the com ponen t d Ex of the tield crea ted by the
element dl of the .fJlalnent, having the charge dq, and then integrate
the result over all the elements of the filament. In this case

t A.u
dEx=dE cos '1.=-/.- -~ cos '1.,. ~~eo r-

where Iv :.= q/2l is the linear charge density. Let us reduce this equation
to the form convenient for integration. Figure 1.2 shows that.
dl cos a = rda and r = x/cos a; consequently,

1 x- drJ.. A
dE x =--' --2- -=-::-- cos ada.

~ 4,nEo r 4J1f oX

This expresslo.i can be easily integrated:
ao

E=_A_ 2 f cos c dr:x.=-4'A 2sinao'
4nE ox .l :teeX

I)

where cx.o is the maximum value of the angle Ct, sin Cto= ill/12 + ~2.
Thus.

E :;.' q/21 2 l::7 q "
4JtEoX vr~~ -1- x 2

r 4ne ox Vl"+x2

In this case also E ~ q/41f.etz'i for z > l as the field of a point charge.

Geometrleal Descriptton of Electric Field. If we know
vector E at each point, the electric field can be visually re
presented with the help of field lines, or lines of E. Such a
line is drawn so that a tangent to it at each point coincides
with the direction of vector E. The density of the lines,
i.e. the number of lines per unit area normal to the lines is
proportional to the magnitude of vector E. Besides, the lines
are directed like vector E. This pattern g-ives the idea about
the configuration of a given electric field, i.e. about. the di
rection and magnitude of vector E at each point of the field.

On the General Properties of Field E. The field E defined
above has two very important properties. The knowledge of
these properties helped to deeper understand the very con
cept of the field and formulate its laws, and also made it pos
sible to solve a number of problems in a simple and elegant
way. These properties, viz. the Gauss theorem and the theo
rem on circulation of vector E. are associated with two most
important mathematical characteristics of all vector fields:
the flux and the circulation. It wil l he shown below that in



t6 1. Electrostatic Field in Q racuum

terms of these two concepts not only all the laws of electri
city but also all the laws of magnetism can be described. Let
us go over to a systematic. description of these properties.

1.2. The Gauss Theorem

E

Fig. 1.3

Flux of E. For the sake of clarity, we shall use the geornet
rical description of electric held (with the help of lines

of E). Moreover, to simp] ify the
analysis, we shall assume that the
density of lines of field E is equat
to the magnitude of vector E. Then
the number of lines piercing the
area element dS., the normal It to
which forms angle ex. with vector E,
is determined as E -d.S cos a. (see
Fig. -t .3). This quantity is just the

flux dID of.E through the area element dS. In a more compact
form! this can be written as

dfl> = En dS = E·clS,

where En is the projection of vector E onto the normal n to
the area element d.S; and dS is the vector whose magnitude
is equal to dS and the direction coincides with the direction
of the normal. I t should be noted that the choice of the di
rection of n (and hence of dS) is arbitrary. This vector could
be directed oppositely.

If we have an arbi trary surface S t the flux of E through
it can be expressed as

(1.6)(1)= I E as.
s

This is an algebraic quantity. since it depends not only on
the configuration of the field E but also on the choice of the
normal. If a surface is closed it is customary to direct the
normal n outside the region enveloped by this surface, i.e,
to choose the ouiuiard normal. Henceforth we shall alwavs
assume that this is' the case. ·

Although we considered here the flux of E, the concept of
flux is applicable to any vector field as "Tell.
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The Gauss Theorem. The flux of E through an arbitrary
closed surface S has a remarkable property: it depends only
on the algebraic sum of the charges embraced by this sur
face, i.e,

I'~ 1I t\) E dS;.-;.- gin' (1.7)
I 'j £0

where the circle on the integral symbol indicates that the
integration is performed over a closed surface.

This expression is essen t iall y the Gauss theorem: the flux oj

Fig. 1. /
t

q

Fig. 1.5

E through a closed surface is equal to the algebraic sum of the
charges enclosed by this sur/ace, divided by Eo.

Proof. Let us first consider the" field of a single point charge
q. \Va enclose this charge by an arbitrary closed surface S
(Fig. 1:4) and find the flux of E through the area element dS:

d«D=~sa==-4~1 ~ dScosa=-4Q dQ, (1.8)
'-''_. nEo r» n£.o

where dO is the solid angle resting on the area element dS
and having the vertex at the point where the charge q is lo
cated. The integration of this expression over the entire
surface S is equivalent to the integration over the entire
solid angle, i.e. to the replacement of dQ by 4n. Thus we
obtain <1> ..=:. qle«, as is defined by Iormula (1.7).

It should be noted that for a more complicated shape of a
closed surface, the angles a may be greater than n/2~ and
hence cos o: and d~l ill (1.8) generally assume either positive
or negative v a l ues. Thus, d~2 is an algebraic quantity: if
d~1 I'BstS 011 the inner sid« 01' the surface 5;, dQ > 0, while if
it rests on the outer side, d~l < o.
:l-ltil
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In particular, this leads to the following conclusion: if
the charge q is located outside a closed surface S, the flux
of E through this surface is equal to zero. In order to prove
this, it is sufficient to draw through the charge q a conical
surface. tangent to the closed surface S. Then the integration
of Eq. (1.8) over the surface S is equivalent to the integra
tion over Q (Fig. 1.5): the outer side of the surface S will be
seen from the point q at an angle Q > 0 .. while the inner side,
at an angle -Q (the t\VO angles being equal in magnitude).
'The sum is equal to zero, and <1> ~-;. 0, which.. also agrees
with (1.7). In terms of field lines or lines -of E, this means
that the number of lines entering the volume enclosed by
the surface S is equal to the number of lines emerging from
this surface.

Let us now consider the case when the electric field is
created by a system of point charges ql' Q2' •••• In this
case, in accordance with the principle of superposition E =
= E1 + E 2 + ..., where .~l is the field created by the
charge Ql' etc. Then the flux of E can be written In the form

~EdS=~(r~I-; j~2-!' ... )dS

= ~ E1dS+ ~E2dS+ ••. ='1)1 +(!J2+ ...

In accordance with what was said above, each integral on: the
right-hand side is equal to qiieo if the charge q, is inside
the closed surface S and is equal to zero -if it is outside the
surface S. Thus, the right-hand side will contain the alge
braic sum of only those charges that lie inside the surface S.

To complete the proof of the theorem, it remains for us
to consider the case when the charges are distributed contin
uously with the volume density depending on coordinates.
In this case, we may assume that each volume element dV
contains a "point" charge p dV. Then on the right-hand side
of (1.7) we have

qln= JpdV, (1.9)

where the integration is performed only over the volume
contained within the closed surface S.

We must pay attention to the following important circum-
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stance: while the Iiel d J~ itself depends Oil the mutual con
figuration of all the charges, the flux of E through an arbi
trary closed surface S is determined hy the algebraic sum
of the charges inside the surface S. This means that if we
displace the charges, the field E wi ll Le changed everywhere,
and in particular on the surface L'). Generally, the flux of E
through the surface S wi ll also change. However, if the
displacement. of charges d id not involve their crossing of
the surface S, the flux of E through this surface would re
main unchanged, although, we stress again, the field E itself
may change considerably. What a remarkable property of
electric field I

1.3. Applications of the Gauss Theorem

Since the !\eld E depends on the configuration of all charges,
the Gauss tbeorem generally does not allow us to deter
mine this field. However, in certain cases the Gauss theorem
proves to be a very effective analytical instrument since it
gives answers to certain principle questions without solving
the problem and allows us to determine the field E in a very
simple way. Let us consider some examples and then formu
late several general conclusions about the cases when appli
cation of the Gauss theorem is the most expedient.

Example t . 00 the impossihilit.y of stable equilibrium of a charge
tn an electric field. Suppose that we have in vacuum a system of fixed
point charges in equilibrium. Let us consider one of these charges,
e.g. a charge q. Cani~ he stable?

In order to answer this question, let us envelop the charge q by a
small closed surface S (Fig. 1.6). For the sake of definiteness, we as
sume that q > O. For the cquilibrtum of this charge to be stable, it is
necessary that the field E created by all the remaining charges of the
system at all the points of the surface S he directed towards the charge
q. Only in this case any sin all displacement of the charge q from the
equilibrium position will gi ve rise to a restoring Iorce, and the equilib
rium state will actually be stable. But such a configuration of the
field E around the charge q is in contradiction to the Gauss theorem:
the flux of E through the surface S is negative, while in accordance
with the Gauss theorem it must be equal to zero since it is created by
charges lying outside the surface S. Un the other hand, the Iact that
E is equal to zero indicates that at so me points of the surface S vector
E is directed inside it and at some other points it is directed outside,



1. Electro,tatlc Field In tJ Vaclllllb

lienee it follows that in any electrostatic Jicld_.a charge cannot be in
stable equilibrium.

Example 2. The field of a uniformly charged plane. Suppose that
the surface charge density is G. It is clear from the symmetry of the
problem that vector E can only be normal to the charged plane. More
over, at points symmetric with respect to this plane, vectors E obvi
ously have the same magnitude hut opposite directions. Such a configu
ration of the field indicates that a right cylinder should be chosen for
the closed surface as shown in Fig. 1.7, where we assume that a > o.

a

Fig. 1.6 Fig. 1.7

The flux through the lateral surface of this cylinder is equal to
zero, and hence the total flux through the entire cylindrical surface
is 2£ f)"S, where f::..S is the area of each endface. A charge (J AS is
enclosed within the cylinder. According to the Gauss. theorem, 2E AS ==
= a I1S/ eo, whence E = a/2eo. In a more exact Iorm, this expression
must he written as

En = a/2eo, (i.tO)

where En is the projection of vector E onto the normal D to the charged
plane, the normal n being directed away from this plane. If (J' > 0
then En > 0, and hence vector E is directed away from t.he charged
plane, as shown in Fig. 1.7. On the other hand, if a < 0 then En < 0,
and vector E is directed towards the charged plane. The fact that E is
the same at any distance from the plane indicates t.hatJ the corre
sponding electric field is uniform (both on the right and on the left of .
the plane).

The obtained result is valid only for an infinite plane surface,
since only in this case we can use the symmetry considerations dis
cussed above. However, this result is approximately valid for the region
near the middle of a fini te uniformly charged plane surface far from
its ends.

Example 3. The field of two parallel planes charged uniformly with
densities a and -0 by unlike charges. .

This Held can be easily found as. superposi lion of the Iields created
by each plane separately (Fig. 1.8). Here the upper arrows correspond
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to the field from the positively charged plane. while the lower arrows,
to that from the negati vcly charged plane. In the space between the
planes the intensi ties of the fields being added have the same direc
tion, hence the result (1.10) will be doubled, and the resultant field
intensity 'I,ill he

E ~ a/fOt (i.11)
where {J stands for the magnitude of the surface charge density. It can
be easily seen that outside this space the field is equal to zero. Thus,

+

h

£=0

Fig. 1.8 Fig. 1.9

in the given case the field is located between the planes and is uni
form.

This result is approximately valid for the plates of finite dimen
sions 8S well, if only the separation between the plates is considerably
smaller than their linear dimensions (parallel-plate capacitor). In this
case, noticeable deviations of the field from uniformity are observed,
only near the edges of the plates (these distortions are often ignored in
calculations) ..

F..xample 4. Tbe field (If an infinite circular cylinder uniformly
charged over the surface so that the charge A. corresponds to its unit
Ieneth ..

In this case, as follows from symmetry considerations, the field
is of a radial nature i.e. vector E at each pOInt is-perpendicular to
the cylinder axis, and its magnitude depends only on the distance 1

from the cylinder axis to the point. This indicates that a closed sur
face here should be taken in the form of a coaxial right cylinder
(Fig. 1.9)c Then the flux of E through the endfaces of the cylinder it
equal to zero, while the flux through the lateral surface is E; 2 strl:
where E; is the projection of vector E onto the rad ius vector r coincid
ing with the normal n to the lateral surface of the cvlindcr of radius
r and height h .. According to the Gauss theorem, f~r2nrh -== "Ahh··o (OJ

> at whence
t: A. ( \:r= -211 r>a).eoT

(1.12
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For A> 0, Er > 0 as well, Le. vector E is directed away from
the charged cylinder, and vice versa.

If r < a, the closed surface does not contain any charge since in
this region E == 0 irrespective of r. Thus, inside a circular infinite
cylinder uniformly charged over the surface the field is absent.

Example 5. The field of a spherical surface uniformly charged by
the charge q.

This field is obviously centrally symmetric: vector E from any
point passes through the centre of the sphere, while its magnitude
must depend only on the distance r from the point to the centre of the
sphere. I t is clear that for such a configura tion of the field we should
take a concentric sphere as a closed surface. Let the radius of this
sphere be r ;> 4. Then, in accordance with the Gauss theorem,'Er4nrl =
= qleo' whence

Er=-4q I (r > a), (i.iS)
neor

where E; is the projection of vector E onto the radius vector r coinciding
with the normal D to the surface at each of its points. The sign of the
charge q determines the sign of the projection E; in this ease as well.
Hence it determines the direction of vector E itself: either away from
the sphere (for q > 0) or towards it (for q < 0).

If r < 4, the closed surface does not contain any charge and hence
within this region E = 0 everywhere. In other words, Inside a uni
formly charged spherical surface the electric field is absent. Outside
this surface the field decreases with the distance T in accordance with
the same law as for a point charge. .

Example 6. The field of 8 uniformly charged sphere. Suppose that
8 charge q is uniformly distributed over a sphere of radius 4. Obvious
ly, the field of such a system is centrally symmetric, and hence for de
tennining the field we must take a concentric sphere as a closed sur
face. It can be easily seen that for the field outside the sphere we obtain
the same result as in the previous example [see (t.iS)]. However,
inside the sphere the expression for the field will be different. The
sphere of radius r < a encloses the charge q' = q (rla.)' since in our
case the ratio of charges is equal to the ratio of volumes and is pro
portional to the radii to the third power. Hence, in accordance with
the Gauss theorem we have

t (r)'Er·41lT' = - q - t
Eo a

whence
i . q

Er=-,--... rneo a
(r ~ a), (i.i4)

I.e. inside a uniformly charged "sphere the field intensity grows linear
ly with the distance r from its centre. The curve representing the de
pendence of E on r is sbown in Fig. 1.to.

General Coneluslons, The results obtained in the above
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,

Fig. 1.tO

E

examples could be found by direct integration (t.5) as well.
However, it is clear that these problems can be solved in it
much simpler way by using the Gauss theorem.
,..., The simple solution of the problems considered above may
create an illusive impression about the strength of the' method
based on the application of
the Gauss theorem and
about "the possihility of
solving many other prob
lems by using this the
orem. Unfortunately, it is
not the case. The number of
problems that can be easily
solved with the help of the
Gauss theorem is limited.
We cannot use it even to
solve the problem of finding the field of a symmetric charge
distribution. oil-on a uniformly "charged disc. In this case, the
field configuration is rather complicated, and a closed
surface for a simple calculation of the flux of E cannot be
found.

The Gauss theorem can be effectively applied to calcula
tion of fields only when a field has a special symme;ry (in
most cases plane, cylindrical, or circular). The symmetry,
and hence the field configuration, must be such that, firstly,
a sufficiently simple closed surface S can be found and,
secondly, the calculation of the' flux of E can be reduced
to a simple multiplication of E (or E r) by the area of the
surface S or its part. If these conditions are not satisfied,
the problem of finding the field should be solved either di
rectly by formula (1.5) or by using other methods which
will be discussed below.

t .4. Differential Form of the Gauss Theorem

A remarkable property of electric field expressed by the Gauss
theorem suzzests that this theorem be represented in a different form
'which would broaden its possibilities as an instrument for analysis
and calculation.

In contrast to (t.7) which is called the integral form we shall seek
the differential form of the Gauss- theorem, which establishes the rela
tion between the volume charge density p and the changes in the field
intensity E in the vicinity of a given point in space.
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For this- purpose, we first represent the charge q In the volume V
enveloped by a closed surface S in the form qtnt = (p) V, where (p)
is the volume charge density, averaged over the-volume V. Then we
substitute this expression into Eq. (1.7) and divide both its sides by
V, which gives

(t.15)

We now make the volume V tend to zero by contracting it to the
point we are interested in. In this ease, (p) will obviously tend to the
value of p at the given point of the field, and hence the ratio on the
left-hand side of Eq. (i.t5) will tend to p/so.

The quantity which is the limit of the ratio of ~ E tISto V as V - 0
Is called the divergence of the field E and is denoted by divE. Thus,
by defmitiOD.

div E= lim ~ k- E dS. (U6)
V-+O ';Y

The dlveNence of any other vector field is determined in a similar
way. It· follows from definition (t.t6) that divergence is a scalar
function of coordlnates.

In order to obtain the. expression for the divergence of the field E,
wemust, in accordance with (t.f6), take an infinitely small volume V,
determine the Oux of E through the closed surface enveloping this
volume, and find the ratio of this Dux to the volume. The expression
obtained for the divergence will depend on the choice of the coordi
Date system (in different systems of coordinates it turns out to be
different). For example, in Cartesian coordinates it is given by

div E= BEx + BEy _L 8E% (i.i7)
8z 8y' aJ ·

Thus, we have found that as V -+ 0 in (i. is), its right-hand side
tends to p/eG, while the left-hand side tends to div E. Consequently,
the divergence of the field E is related to the charge density at the
same point through the equation

Idiv E= p/eo· I (U8)

This equation expresses the Gauss theorem in the differential form.
The form of many expressions and their applications can be consid

erably simplified if we introduce the vector differential operator V.
In Cartesian coordinates, the operator V has the form

· {} a +k a i 19)
V = I 8z +1 8y 8i · ( ·

where I, J, and k are the unit vectors of the X·, Y·, and Z-axes. The
operator V itself does Dot have any meaning. It becomes meanlngfu l
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only in combination with a scalar or vector function by which it is
symbolically multiplied. For example, if we form the scalar product
of vector V and vector E, we obtain

lJ a a
V-E=V:cEx+VyEy+VzEz= 0% Ex+ay Ey+a; Ez-

It follows from (1. t 7) that this is just the divergence of E.
Thus, the divergence of the field E can be written as div E or V ·E

(in both cases it is read as "the divergence of E"). We shall be using
the latter, more convenient notation. Then, for example, the Gauss
theorem (t .18) will have the form

IV·E=p/8o· I (1.20)

The Gauss theorem in the differential form is a local theorem:
the divergence of the field E at a given point depends only on the
electric ch~ density p at this point. This is one of the remarkable
properties of electric field. For example the field E of a point charge
is different at different points. Generally, this refers to the spatial
derivatives aE~a%t iJEll'IJy , and iJE../o: as well. However, the Gauss
theorem states that the sum of these A-derivatives, which determines the
divergence of Ef.Jtums out to he equal to zero at all points of the field
(outside the charge Itself).

At the points of the field where the divergence of E is positive, we
have the source, of the fie18 (positive charges), while at the joints
where it is negative, we have sinks (negative charges). The fiel lines
emerge from tile field sources and terminate at the sinks.

••5. Circulation of Vector E. Potential

Theorem on Circulation of Vector E. I t is known from
mechanics that any stationary field of central forces is con
servative, i.e. the work done by the forces of this field is
independent of the path and depends only on the position
of the initial and final points. This property is inherent in
the electrostatic field, viz. the field created by a system ol
ned charges. If we take a unit positive charge for the test
charge and carry it from point 1 of a given field E to point 2.
the elementary work of t he forces of the field done over the
distance dl is equal to E· dt, and the total work of the fielc
forces over the distance between points 1 and 2 is defined a~

2

~ Edl.
t
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(t.22)
1248

This integral is taken along a certain line (path) and is
therefore called the line integral.

We shall now show that from the independence of line
integral (1.21) of the path between two points it follows
that when taken along an arbitrary closed path, this inte
gral is equal to zero. Integral (1.21) over a closed contour is

called the circulation of vector E and is denoted by ~.

'Thus we state that circulation of vector E in anv electro-
static field is equal to zero, Le. .,

~Ed;=o·1

2

Fig. i.1 t

1

This statement is' called the theorem on circulation of
vector E.

In order to prove this theorem, we break an arbitrary closed
path into two parts la2 and 2bl
(Fig. 1.11). Since line integral (1.21)

(we denote it by \ ) does not
'" 12

depend on the path between 'points 1
(a) (b)

and 2, we haver = \ .'. On the.J 12 eo' 12
other hand, it is clear that

(b) (b) (b)

\ = - r ,where \ is the
.. 12 J 21 .., 21

integral over the same segment b but taken in the opposite
direction. Therefore

(n) (b) (a) (b)

\ -f-' - r - \ - 0J12 J21 - J t 1 J 12 - ,

Q.E.D.
A field having property (1.22) is called the potential field.

Hence, any electrostatic field is a potential field.
The theorem on circulation of vee-tor E makes it possible

to draw a number of important conclusions without re
sorting to calculations. Let us consider two examples.'

Example f. The field lines or an electrostatic fteld E cannot be
closed.
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Indeed, if the opposite were true and some lines of field E'fICr.e
closed, then taking the circulation of vector E along this line we would
immediately come to contradiction with theorem (1.22). This means
that actually there are no closed lines of E in an electrostatic field:
theJlnes emerge from positive charges
an~ ter.minate on negative ones (or go F:- 71
to Infinl ty). f • t

Example 2. Is the configuration of an I. J

electrostatic field shown in Fig. t. 12 -4 I
p08S1ble? ' ..

No, it is not. This immediately becomes t
clear if we apply the theorem on circula- I. I
tion of vector E to the closed contour L -.J
shown in the figure by the dashed line. ----
The arrows on the contour indicate the •
direction of circumvention. With such a
special choice of the contour, the contri- Fig 1 t2
button to the circulation from its ver- · ·
tical parts is equal to zero, since, in
this case E ..L dl and E ·dl = O. It remains for us to consider the
two horizontal segments of equal lengths, The figure shows that the
eontributions to the circulation from these regions are opposite in
sign, and. unequal in magnitude (the contribution from the upper seg
ment is larger since the field lines are denser, and hence the value of
E is larger). Therefore, the ctrculation of E differs from zero, which
contradlcts to (1.22).

Potential. Till now we considered the description of elec
tric field with the help of vector E. However, there exists
another adequate way of describing it by using potential q>
(it should be noted at the very outset that there is a one-to
one correspondence between the two methods). It will be
shown that the second method has a number of significant
advantages.

The fact that line integral (1.21) representing the work-of
the field forces done in the displacement of a unit positive
charge from point 1 to point 2 does not depend on the path
allows us to!state that for electric field there exists a certain
scalar function <p (r) of coordinates such that its decrease is
given by

(1.23)

where q> 1 and qJ2 are the values of the function cp at the
points 1 and 2. The quantity <p (r) defined in this way is
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called the field potential. A comparison of (t.23) with the
expression for the work done by the forces of the potential
field (the work being equal to the decrease in the potential
energy of a particle in the field) leads to the conclusion
that the potential is the quantity numerically equal to the po
tential energy of a unit positive charge at a given point 0/ the
field.

We can conditionally ascribe to an arbitrary point 0 of the
field any value CPo of the potential. Then the potentials of
all other points of the field will be unambiguously deter
mined by formula (1.23). If we change <Po by a certain value
Aq>, the potentials of 'all other points of the field will change
by the same value.

Thus, potential q> is determined to within an arbitrary
additive constant. The value of this constant does not play
any role, since all electric phenomena depend only on the
electric field strength. It is determined, 8S .will be~shown

later, not by the potential at a given point but by the~poten

tisl difference between neighbouring points of the field.
The unit of potential is the volt M.

Potential of the Field of a Point Cbarge. Formula (1.23)
contains, in addition to the definition of potential <p, the
method of finding this function. For this purpose, it is suf-

ficient to evaluate the integral rE dI over any path be
tween two points and than represent the obtained result as
8 decrease in a certain function which is just <p (r). We can
make it even simpler. Let us use the fact that' formula
(1,.~3) is valid not only for finite displacements but!for ele
mentary displacements dI as well. Then, in accordance with
this formula, the elementary decrease in the potential over
this displacement is

-dq> =--: E·dI. (1.24)

In other words, if we know the field E (r}, then to find q>
we must represent E·dl (with the help of appropriate trans
formations) as a decrease in a certain function. This function
will be the potential <p.

Let us apply this method for finding the potential of the
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field of a fixed point charge: •

E .dJ ::.= __1_ .-!4- (. .d1-:- __~L._ d r
/.nf,o ,.~ r .j:lf ll r~

(
1 (}. )= - d -- --- -1- COJJst.

4;(£0 r J ,

where we took into account that e, dl ::.= 1· (dl)r .~ dr, since
the projection of dl onto e., and hence 011 r , is equal to the
increment of the magnitude of vector r , i.e. dr. The quantity"
appearing in the parentheses under the differential is exact
ly '-P (r). Since the additive constant contained in the for
mula- does not play any physical role, it is usually omitted in
order to simplify the expression for q., Thus, the potential
of the field of a point charge is given by

I 1 q Icp==-- -
__4n~_-_

The absencefif an additive constant in this expression
. indicates that we conventionally assume that the potential
is equal to zero at infinity (for r -+ (0).

Potential of the Field ofa System of Charges. Let a system
consist of fixed point charges Ql' Q2" •••• In accordance
with the principle of superposition, the field intensity at any
point of the field is given by E = E1 + E 2 + . _., where
E1 is the field intensity from the charge ql' etc. By using
formula (1.24)J we can then write

E·dl = (E1 + E 2 + ...)dl = E1-d1 + E 2·dl + ...
= -dq>l - d(()2 - ..• = --d<p,

where cp = ~<Ph i.e. the principle of superposition turns out
to be valid for potential as well. Thus, the potential of a
system of fixed point charge~ is given by .

l.~=~ ~ *,1 (1.26)

where ri is the distance from the point charge qi to the point
under consideration. Here we also ornitted an arbitrary con
stant. This is in complete agreement with the Iact that any
real system of charges is bounded iu space, and hence its
potential can be taken equal to zero at infinity.
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If the charges Iorrn ing the SYSU~lll are distributed cout in
uously, then, as hef'ore , \VO assume that each volume ele
ment dll contains a "point" charge p dV, where p is the charge

. density in the volume dv', Taking this into consideration,
we call write formula (1.26) in a different form:

(1.27)

where the integration is performed either over the entire
space or over its part containing the charges. If the charges
are located only on the surface S, we can write

.1 rodS
q> = 4nEo J -r-' (1.28)"

where 0 is the surface charge density and dS is the element
of the surface S. A similar expression corresponds to the
case when the charges have a linear distribution.

Thus, if we know the charge distribution (discrete or con
tinuous), we can, in principle, find the potential of any
system.

1.6. Relation Between Potential and Vector E

It is known that electric field is completely described by
vector function E (r). Knowing this function, we can find
the force acting on a charge under investigation at any point
of the field, calculate the work of Iield forces for any displRce
ment of the charge, and so on. And what do we get by
introducing potential? First of all, it turns out that if we
know the potential cp (r) of a given electric Iield , we can re
construct the field E (r) quite easily. Let us consider this
question in greater detail.

The relation between q> and E can be established with tho
help of Eq. (1.24). Let the displacement dl be parallel to
the X-axis; then dl == i dx, where i is the unit vector along
the X-axis and dx is the increment of the coordinate x, In
this case

E· dl :== E· i dx =-=: Ex dx,

where E:c is the projection of vector E onto the unit vector i
(and not on the displacement dll). A comparison of this ex-
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pression with formula (1.24) gives

Ex:=': - f)(p/Dx, (1.29)

where the symbol of part ial jlerivative emphasizes that the
function <p (x, y, z) must he differentiated only with respect
to a, assuming that y and z are constant in this case.

In a similar way, we can obtain the corresponding expres
sions for the projections E u and E z' Having determ inod
Ex, E,l' and E z, we can easily find vector E itself:

E=-( :: i+ ::-i+ ~~ k). (1.30)

The quantity in the parentheses is the gradient of the po
tential cp (grad cp or V<p). We shall be using the latter, more
convenient notation and will formally consider Vcp as the
product of a symbolic vector V and the scalar cp. Then
Eq. (1.30) can be represented in the form

~:' (1.31)

i.e. the field intensity E "is equal to the potential gradient
with the minus sign. This is exactly the formula that can
be used for reconstructing the field E if we know the
function cp (r).

Example. Find the field intensity E if the field potential has the
form: (1) q> (x, y) = -axy, where a is a constant; (2) <p (r) = ~a -r,
where a is a constant vector and r is the radius vector of a point under
consideration.

(t) By using formula (1.30), we obtain E = a (yi -1- xj).
(2) Let us first represent the function <p tis q> =::: -ax·x --- {lJlY -

- azz, where ax, ay and az are constants. Then with the help of for
mula (1.30) we find E = Qxi -+ ayj -t- azk == a. I t can he seen tha t in
tJl!s case the field E is uniform.

Let us derive one more useful formula. \Ve write the right
hand side of (1.24) in the form E·dl =-::: l~ I dl, where dl =-=
= (dll is an elementary displacement and l~ l is the prcjec
tion of vector E onto the displacement dl. Hence

I E 1 = - orp/ol, I (1.32)

i.e. the projection of vector E onto the direction of the dis-
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Fig. 1.13
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placement dl is equal to the directional derivative of the
potential (this is emphasized by the symbol of partial de-
rivative). .

Equipotential Surfaces. Let us introduce the concept of
equipotential surface, viz. the surface at all points of which
potential q> has the same value. We shall show that vector E
at each point of the surface is directed along the normal to
the equipotential surface and towards the decrease in the

.potential. Indeed. it follows
from formula (1.32) that the
projection of vector E onto
any direction tangent to the
equipotential surface at a given
point is equal to zero. This
means that vector E is norm
al to the given surface. Fur
ther. let us take a displace
ment dl along the normal to the
surface, towards decreasing
cp. Then ocp < 0, and accord
ing to (1.32), E I > 0, Le.

vector E is directed towards decreasing cp, or in the direc-
tion opposite to that of the vector vcp. .

It is expedientjto draw equipotential surfaces in such a
way that the potential difference between two neighbouring
surfaces be the same. Then the density of equipotential
surfaces will visually indicate the magnitudes of field inten
sities at different points. Field intensity will be higher in
the regions where equipotential surfaces are denser ("the
potential relief is steeper").

Since vector E is normal to an equipotential surface every
where, the field lines are orthogonal to these surfaces.

Figure i.t3 shows a two-dimensional pattern of an electric field.
The dashed lines correspond to equipotential surfaces, while the MUd
lines to the lines of E. Such a representat-ion can be easily visualised.
It immediately shows the direction of vector E, the regions where field
intensity is higher and where it is lower, as well ~JS the regioD8 with
greater steepness of the potential relief. Such a pattern e3.D be used to
obtain qualitative answers to a number of ~lu"8tioj)~, su~h, as "In 'what
direction will a charge placed at a certain point move P. WherlJ is 1J'.ti
magnitude of the potential gradient hi~~er? i\ t which point will
the force acting Oil the charge he greater: etc.
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On the Advantages of Potential. It was noted earlier that
. electrostatic field is completely characterized by vector
function t~ (r). 'I'hen what is the use of introducing potential?
There are several sound reasons for doing that. The concept
of potential is indeed very useful, and it is not by chance
that this concept is widely used not only ill physics but in
engineering as well.~

i1. If we know the potential cp (r), we can easily calculate
the work of field forces done in the displacement of a point
charge q' from point 1 to point 2: .

A 12 ~ q' (Pi - q>z)" (1.33)

where <Pi and.q>2 are the potentials at points 1 and 2. This
means that the required work is equal to the decrease in the
potential energy of the charge q' upon its displacement from
point 1 to 2. Calculation of the work of the held forces with
the help of formula (1.33) is not just very simple, but is
in some cases the only possible resort.

Example, ,\ cff~rgc q is distributed over a thin ring of radius a.
Find the work of the held forces dune in the displacement of a point
charge s' from the centre of tJ1e ring to i.alinity, .

Since the distribution of the charge q over the ring is unknown, we
cannot say anything detini te about the intensi ty E of the field created
by this charge. This rneaus that we cannot calculate the work by eval-

uating the integral ~ q'E dl in this casco This problem can he easily

solved with the help of potential. indeed, since all elements of the
ring are at the same distance a Irom the centre of the ring,' the poten
tial of this point is q>o ;:.:= lJ/4it:':'ou. And we know that <p == 0 at infinity.
Consequently, the work A ::.= q'cpo = q' ql4nEoa.

2. I t turns out in many cases that in order to Iind electric
field intensity E, it is easier first to calculate the potential
cp and then take its gradient than to calculate the value of E
directly. This is a considerable advantage of potential. In
deed, for calculating (j), we must evaluate only one integral,
while for calculating E \ve must take three integrals (since
it is a vector). Moreover, the integrals for calculating rp are
usually simpler than those for Ex, 1£11' and E z-

Let us note here that this does not apply to a comparative
ly small number of problems with high symmetry, in
which the calculation of the field E directly or with the help
of the Gauss theorem turns out to be much simpler.

3-0181
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There are some other advantages in using potential which

will be discussed later.

1.7. Electric Dipole

The Field of a Dipole. The electric dipole is a system of two
equal in magnitude unlike charges + q and - q,scparated
by a certain distance l. When the dipole field is considered,

e,

r (b)

e/t

+q

1
q P

Fig. 1.14

it is assumed that the dipole itself is pointlike, i.e. the dis
tance r from the dipole to the points under consideration is
assumed to be much greater than l.

'The dipole field is axisymmetric. Therefore, in any ·plane
passing through the dipole axis the pattern of- the field is
th-e same, vector E lying in this plane.

Let us lirst find the potential of the dipole field and then
its intensity. According to (1.25), the potential of the dipole
field at the point P (Fig. 1.14~) is defined as

'1 (q (j ) 1 q(r _- r.)
tp ~ - 4i1t:o r+- - r: :=: 4Jt8o T+r _ •

Since r » It it call be seen Irom Ftg, 1.14a that r _ - r+ =
= l cos \) and r+r_ = r'l., where r is the distance from the
point P to the dipole (it is pointlikel). Taking this into
account, we get

. 1 p cos {}
q;~ ~nl;;o --r:.!.-' (1.34)

where p == ql is the electric moment oj the dipole. This quan
tity corresponds to a vector directed along the dipole axis
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from the negative to the positive charge:

p = ql, (1.35)

(1.36)

where q > 0 and I is the vector directed as p.
It can be seen from formula (1.34) that the dipole field

depends on its electric moment p. It will be shown below
that the behaviour of the dipole in an external field also
depends on p. Consequently, p is an important characteristic
of the dipole. .

It should also be noted that the potential of the dipole field
decreases with the distance r faster than the potential of the
field of a point charge (in proportion to 1/r2 instead of 1/r).

.!In order to find the dipole field, we shall use formula (1.32)
and calculate the projections of vector E onto two mutually
perpendicular directions along the unit vectors e, and eo
(Fig. 1.14b):

E = _ oq> =_1_ 2pcos~
.J(' r iJr 41teo ,.a t

E - _~ _ 1 p sin it
" - rlt} - 41180 --,3-·

Hence, the modulus of vector E will be

E=VE~+E6= '-! -?V1+3cos2t;. (1.37)
~ ..eo r

In particular, for t} = 0 and '6' = n/2 we obtain the ex
pressions for the field intensity on the dipole axis (E u) and
on the normal to it (Eel):

E - 1 2p E - 1 p (1 38)
II - 4neo ra, .1 - 4n£o ra, ·

i.e. for the same r the intensity E u is twice as high as E J..

The Force Acting on a Dipole. Let us place a dipole into
a nonuniform electric field. Suppose that E+ and E_ are
the intensities of the external field at the points where the
positive and negative dipole charges are located. Then the
resultant force F acting on the dipole is (Fig. 1.15a):

F ::z qE+ - qE_ = q (E+ - E_).

The difference E+ - E_ is the increment dE of vector E
on the segment equal to the dipole length l in the direction
3·
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of vector I. Since the length of this segment is small, we can
write

Fig. 1.15

(~)

Substituting this expression into the formula for F, we
find that the force acting on the dipole is equal to

I F=p-;}. (1.39)

where p == ql is the dipole electric moment. The derivative
appearing in this expression is called the directional deriva-

(a) tive .of the. ve~tor.. T~e symbol ~f
. partial derivative indicates that It

is taken with respect to a certain
direction, viz. the direction coincid
ing with vector I or p.

Unfortunately, the simplicity of
formula (1.39) is delusive: taking
the derivative iJE/{)l is a rather com
plicated mathematical operation.
We shall not discuss this question
in detail here but pay attention to
the esser ce of the obtained result.
First of all, note that in a uniform
field iJE/al = 0 and F = O. This
means that generally the force acts

on a dipole only in a nonuniform field. Next, in the gener
al case the direction of F coincides neither with vector E
nor with vector p. Vector F coincides in direction only
with the elementary increment of vector E, taken along the
direction of I or p (Fig. 1.15b).

Figure 1.16 shows the directions of the force F acting on a dipole
in the field of a point charge q for three different dipole orientations.
We suggest that the reader prove independently that it is really so.

If we are interested in the projection of force F onto a
certain direction ~, it is sufficient to write equation (1.39)
in terms of the projections onto this direction, and we get

Fx=p a~x , (1.40)
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p..

Fig. 1.16

F
Il. - - -c;;;;-e-=;;=o~...

~F

q...-----tp
FJ

q-----~

where 8E%lfJl is the derivative of the corresponding projec
tion of vector E again onto the direction of vector I or p.

Let a dipole with moment p be oriented along the symme
try axis of a certain nonuniform field E. We take the positive
direction of the X-axis, for example,
as shown in Fig. i. f 7. Since the incre
ment of the projection E % in the direc
tion of vector p will be negative, Fx < 0,
and hence vector F is directed to the
left, i.e. towards increasing field in
tensity. If we rotate vector p shown in
the figure through 90° so that the dipole
centre coincides with the symmetry
axis of the field t it can be easily seen
that in this position F:tt: = O.

The Moment of Forces Acting on 8

Dipole. Let.~s consider behaviour of a dipole in an exter
nal electric field. in its centre-of-mass system and find out
whether the dipole will rotate or not. For this purpose, we
must find the moment. of external forces with respect to the
dipole centre of mass".
~By definition, the moment of forces F + = qE+ and F _ =:

= -qE_ with respect to the centre of mass C (Fig. 1.18) is
equal to

M = (r+ X F+l + [r; X F_l = [r , X qE+l - Ir, X qE_J,

where r + and r _ are the radius vectors of the charges + q
and - q relative to the point C. For a sufficiently small di
pole length, E+ ~ E_ and M = [(r+ -r_) X qEJ. It re
mains for us to take into account that r + - r _ = I and
ql = p, which gives

IM= fpX EJ.! (t.4t)

This moment of force tends to rotate the dipole so that
its electric moment p is oriented along the external field E.
Such 8 position of the dipole is stable.

Thus, in a nonuniform electric field a dipole behaves 8S

• We take the moment with respect to the centre of mass in order
to eliminate the moment of inertial forces.
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follows: under the action of the moment of force (1.41),
the dipole tends to get oriented along the field (p tt E),
while under the action of the resultant force (1.39) it is

-q

Fig. t.t7 Fig. t.f8

displaced towards the region where the field E has larger
magnitude. Both these motions are simultaneous.

The Energy of a Dipole in an External Field. We know
that the energy of a point charge q in an external field is
W = q«p, where q> is the field potential at the point of lo
cation of the charge q. A dipole is the system of two charges,
and hence its energy in an external field is

W = q+<f'+ + q-<i>- = q (q>+ - <1>-),

where q>+ and q>_ are the potentials of the external field at
the points of location of the charges +q and -q. To within
a quantity of the second order of smallness, we can write

oq>
<J>+-CP-= all,

where ocp/8l is the derivative of the potential in the direc
tion of the vector 1. According to (1.32), ocp/iJl = -E"
and henca ip., - 'P- = r E ,l - E1'1, from which we get

IW = -p.E. (1.42)

It follows from this formula that the dipole has the mini
mum energy (IVmin = -pEl in the position p tt E (the
position of stable equilibrium). If it is displaced from this
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position, the moment of external forces will return the di
pole to the equilibrium position. •

Problems

• t. t . A very thin disc is uniformly charged with surface charge
density (J > o. Find the electric field intensity E on the axis of this
disc at the point from which the disc is seen at an angle .0.

Fig. t.t9 Fig. 1.20

E·

Solu'ioL It is clear from symmetry considerations that on the diac
axis vector E must coincide with the direction of this axis (Fig. tJ.D).
Hence, it is safleieftt.to find the component dEz from the charge of
the area e1elamt tiS at the point A and then integrate the obtaine~
expresrion over tile entire surface of [the disc. It can be easily seen
that ·

t adS
dEz =-4- -. cos "3. (t'nEe r

In our case (dS cos '6)/r" = de is the solid angle at which the area
element dS is Been from the point A, and expression (1) can be writ
ten as

t
dEz = -L- a de.

~mo

Hence, the required quantity is
t

E=-L.- on.
~n£o

it should be Doted that at large distances from the disc, Q = Sir',
where S is the area of the disc and E = q/4neor2 just as the field of the
point charge q == as. In the immediate ,?icinity of the point O,the
solid angle g = 2st and E ;= al2eo-
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• f .2. A thin nonconducting ring of radius R is charged with a
linear density A = 10 cos q>, where ~ is 8 positive eoMtant and cp
is the azimuth angle. Find the electric field intensity E at the centre
of the ring.

Solution. The given charge distribution is shown in Fig. t.20.
The symmetry of this distribution implies that vector E at the point 0
Is directed to the right, and its magnitude is equal to the sum of the
projections onto the direction of E of vectors dE from elementary
charges dq. The projection of vector dE onto vecClOr B Is

t dq
dE cos q>= -,- -Rs cos q>, (t)neo

where dq = AR dg> = AoR cos cp dcp. Integrating (1) over cp between 0
and 21t, we find the magnitude of the vector E:

2n

E=2L r eos'q>dq>= ~.
4neoR J 4!oR

o
It should be noted that this Integral is evaluated in the! most simple
way if we take into account that (cos! <p) = 1/2. Then

2n

~ eos1tp dtp=(eos1tp) 2n=n.
o

• t .3. A semi-infinite straight uniformly charge" filament has a
charge)., per unit length. Find the magnitude and the direction of the
field Intensity at the point separated from the filament hy a distanee y
and lying on the normal to the filament, passing through It! end.

Solution. The problem is reduced to finding E% and Ell t viz. the
projections of vector E (Fig~ i .21, where it is assumed t.1iat 1 > 0).
Let us start with Ex. The contribution to Ex from the-charge element
of the segment dz Is

1 'Adz.
dE~=-J.- -I-SIn a.. (1)

~1teo r )

Let us reduce this expression to the form convenient for inlegration.
In our case. dx = r dateos at r = ylcos a. Then .

dE x =~ sin a da:
~n~cY

Integrating tbls expression over a between 0 and nl2, we find

Ex = 1/4:tEoY.

In .order to find t~e proiec~ioD ...ElI • it is. sufficient to recall that
dEli d.ff~q from dExIn that sm ex m (1) is Simply replaced by cos ~.
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This gives

dEy = (1 cos a da)/4neoy and E y = 'A/4::tEoY.

We have obtained an interesting result: E% = Ey independently of y,

a

dx

Fig. 1.2t

i.e. vector E is oriented at the angle of 45° to the filament. The modu-
lus of vee tor E is ,.

E=VE:i+E;=A V2j4=te·oy •

• t.,. The Gau!s theorem, The Intensity of an electric field de
pends only on the coordinates x and y as follows:

E = a (xi -f- yj)/(x2 + yl)t

where a is a constant, and i and j are the unit vectors of the X- end
Y~axes. Find the charge within a sphere of radius' R with the centre
at the origin.

Solution. In accordance. with the Gauss theorem, the required
charge is equal to the flux of E through this sphere, divided by Eo.
In our ease, we can determine the flux as follows. Since the field E is
axisymmetric (as the field of a uniformly charged filament), we arrive
at the conclusion that the flux through the sphere of radiu~.~.R is equal
to the flux through the lateral surface of a cylinder having the same
radius and the height 2R, and arranged as shown in Fig. 1.22·. Then

q=80 ~ EdS=8oErS.

where E; = aIR and S = 2nR·2R = 4nR'. Finally, we get,

q = 4neoaR.

• 1.5. A system consists of a uniformly charged sphere of radius
R and a surrounding medium filled by a charge with the volume den
sity p = alr, where a is a positive constant and r is the distance from
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the centre of the sphere. Find the charge of the sphere for which the
electric field intensity E" outside the sphere is independent of r. Find
the value of E.

Solution. Let the sought charge of the sphere be q. Then, Using the

Fig. 1.22 Fig. 1.23

Gauss theorem, we can write the following expression for a spherical
smlKe' of radius r (outside the sphere with the charge q):

r

q 1 ~ a£·4nr2 =--f-- - 4nrt dr.
Eo E. o • r

R

After Integration, we transform this equation to

E ·4nr2 = (q -:- 2na,RI)/eo + 4nar2/2Eoo

The intensity E does not depend on r when the expression in the paren
thews is equal to zero. Hence

q = 2naR2 and E = a,/2Eo•

• f .6. Find the electric field intensity B in the region of inter
section of two spheres unifonnly charged by unlike charges with the
volume densities p and -p, if the distance between the centres of the
spheres i! determined by vector I (Fig. 1.23).

Solution. Using the Gauss theorem, we can easilY.Jshow that the
electric field intensity within a uniformly charged spnere is

E = (p/3Eo) r,

where r is the radius vector relative to the centre of the sphere. We
can consider the field in the region of intersection of the spheres as the
superpeeitton of the fields of two uniforlmy charged spheres. Then at
an arbitrary point A (Fig. 1.24) of this region we have

E = E+ + R_ -== P (r , - r_.)/3~o = pI/3F-o.

Thus, in the region of intersection of these spheres the field is uni
form .. This conclusion is valid regardlese of the ratio between the radi i
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of the spheres and of the distance between their centres. In particular,
it is valid when one sphere is completely within the other or, in other
words, when there is a spherical cavi ty in a sphere (Fig. 1.25).

• t. 7• Using the 80111tion of the previous problem, find the field
intensity E inside the sphere over which a charge is distributed with

Fig. t.24 Fig. 1.25

the surfKe density (J = 00 cos '6, where a0 is a constant and t is
the polar angle~:'

Solutto«. Let us consider two spheres of the same radius, having
uniformly distributed volume charges with the densities p and -p.
Suppose that the centres of the spheres are sep-
arated by the distance I (Fig. t.26). Then, in
accordance with the solution of the previous tz
problem, the field in the region of interseetion
of these spheres will be uniform:

E = (p/3to) I. (1)

In our case, the volume charge differs from zero
only in the surface layer. For a very small I,
we shall anive at the concept of the surface
charge density on the sphere. The thickness of
the charged layer at the points determined by
angle -& (Fig. 1.26) is equal to l cos ". Hence,
in this region the charge per unit area is
CI = pi cos -& = Go cos a, where 00 = pl, and
expression (t) can be represented in the form 'Fig. 1.26

E = -(°0/3£0) k,

where k is the unit vector of the Z-axis from which the angle " is
measured.

• t .8. Potential. Tho potential of a certain' electric field has the
form q> = a (xy - z2). Find the projection of vector E onto the di
rection of the vector 8 = i + 3k at the point M (2, 1, -3).

Solu·tion. Let us first find vector E:

E = -V<J» = -a (yl + %) - 2m).



1. Blectrostauc Field In II V4cuam

The sought projection ia

E =E..!..= -a(yl-zj-2&k)(i+3k). -a (y-6J)

a . II Vl+S1 vro
At the point M we have

E - -(I (1+t8) _~ a
.- ytO ViO ·

• f.9. Find the potential fP at the edge of a thin dUe of ......us R
with a charge uniformly distributed over oae of its sides with &be ....
face density 0.

Solution. By deflnltlon, the potential in the case of a surface charge
distribution is defined by integral (i.28). In order to simplify in-

. terratlon, we shall choose the area element dS in the fonn of a part
of the ring of radius r and width~dr (Fig. t.27). Then dS ~ 2itr Gr.
T = 2R cos -&, and dr = -2R shi" d&. After substituting 1Jle!e ex
pressions into integral (i.28), we obtain the expression for cp at &he
point 0:

Oo----'-----H--~

Fig. f.27

o
«p=_ oR r ~sin~dit.

:teo J
nIl

We integrate by parts, denoting -6 = •
and sin '6' d't} = dv:

) e sin {t d'6 = - e cos e

+ \ cos -& d'& = -~ cos "+sin it,
eJ

which gives -1 after substituting the limi ts of integration. As a re-
sult, we obtain -:»

cp = oR In,eo_

• t .to. The potential of the field inside a charged sphere depends
only on the distance r from its. centre to the point under consideration
in the following way: q> = ar' + b t where a and.b are constants.
Find the distribution of the volume charge p (r) within the 'sphere,

Solution. Let us first find the field intensity. According to (1.32).
we have

E; = -ocr'ar = -2ar. (t)

Then we use the Gauss theorem: 4nr'Er = qleo• The differential of
this expression is

t 1
4n d(rIEr) = - dq =- p·4nr! dr,

66 e~
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where dq is the charge contained between the spheres or radii rand
r + dr. Hence

"·E -z-s.» 1 v« iJEr+2 E· Prr a r+~r r r=-pr r, ~ - -r ..:=-.
£0 vr r Eo

Substituting (1) into the last equation, we obtain

p =-.:: -Beoa,

i.e. the charge is distributed uniformly wi thin the sphere•

• l.t 1. Dipole. Find the force of interaction between two point
dipoles with moments PI and P2, if the vectors PI ann P2 are directed
along the straight line connecting the dipoles and the distance be
tween the dipoles is 1.

Solution. According to (1.39), we have

F = PI i esto: I,
where E is the held intensity from the dipole P2' determined by the
first of formulas (1.38):

E=_1_ 2P2
.If:' 4neo L3·

Taking the derivative of this expression with respect to l and sub
stituting it into the formula for F, we obtain

F=_l_ 6ptpt
41t£o l4·

II. should be noted that the dipoles will be attracted when PI t t P2 and
repulsed when PI t~ P2·

2. A Conductor in an Electrostatic Field

2.1. Field in a Substance

Micro- and Macroscopic Fields. The real electric field in
any substance (which is called the microscopic field) varies
abruptly both in space and in time. It is different at differ
ent points of atoms and in the interstices. In order to find
the intensity E of a real field at a certain point at a given
instant, we should sum up the intensities of the fields of all
individual charged particles of the substance, viz. electrons
and nuclei. The solution of this problem is obviously not
feasible. In any case, the result would be so complicated
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that it would he impossible to use it. Moreover, the knowledge
of this field is not required for the solution of macroscop
ic problems. In many cases it is sufficient to have a simpler
and rougher description which we shall be using henceforth.

Under the electric field E in a substance (which is called
the macroscopic field) we shall understand the microscopic
field averaged over space (in this case time averaging is
superfluous). This averaging is performed over what is called
a physically infinitesimal volume, viz. the volume contain
ing a large number of atoms and having the dimensions
that are many times smaller than the distances over which
the macroscopic field noticeably changes. The averaging over
such volumes smoothens all irregular and rapidly varying
fluctuations of the microscopic field over the distances of
the order of atomic ones, but retains smooth variations of
the macroscopic field over macroscopic distances.

Thus, the field in the substance is

E = Emacro = (Eml cro). (2. t)

The Inftuence of a Substance on 8 Field. If any substance is
introduced into an electric field, the positive and negative
charges (nuclei and electrons) are displaced, which in turn
leads to a partial separation' of these charges. In certain
regions of the substance, uncompensated charges of different
signs appear. This phenomenon is called the electrostatic
inductions while the charges appearing as a result of sepa
ration are called induced charges.

Induced charges create an additional electric field which
in combination with the initial (external) field forms the
resultant field. Knowing the external field and the distribu
tion of induced charges, we can forget about the presence of
the substance itself while calculating the reSultantieldt

since the role of the substance has already been taken into
account with the help of induced charges

Thus, the resultant field in the presence of a substance is
determined simply as the superposition of the external Jield
and the field of rnduced charges. However, in many cases
the situation is complicated by the fact that we do not kROW

beforehand how all these charges are distributed in space,
and the problem turns out to be not as simple as it could
seem at first sight. It will be shown later that the distri-
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bution of induced charges is mainly determined by the prop
erties of the substance, i.e. its physical nature and the
shape of the bodies. We shall have to consider these ques
tions ill greater detail.

1.1. Fields Inside and Outside a Condudor

Inside a Conductor E =. O. Let us place a metallic conduc
tor into an external electrostatic field or impart a certain
charge to it. In both cases, the electric field will act on all
the charges of the conductor, and as a result all the negative
charges (electrons) will be displaced in the direction against
the field. This displacement (current) will continue until
(this practically takes a small fraction of a second) a eer-

• tain charge distribution sets in, at which the electric field
at all the points inside the conductor vanishes. Thus, in the
static case the electric field inside a conductor is absent
(E = 0).

Further, si~e E = 0 everywhere in the conductor, the
density of excess (uncompensated) charges inside the conduc
tor is also equal to zerp at all points (p = 0). This can be
easily explained with the help of the Gauss theorem. Indeed!
since inside the conductor E = 0, the flux of E through any
closed surface inside the conductor is also equal to zero.
And this means that there are no excess charges inside the
conductor.

Excess charges appear only on the conductor surface with
a certain density a which is generally different for different
points of the surface. It should be noted that the excess
surface charge is located in a very thin suriace layer (wllose
thickness amounts to one or two interatomic distances).

The absence of a field inside a conductor indicates, in
accordance with (1.31), that potential rp in the conductor
has the same value for all its points, i.e. any conductor in
an electrostatic field is an equipotential region, its surface
being an equipotential surface.

The fact that the surface of a conductor is equipotential
implies that in the immediate vicinity of this surface the
field E at each point is directed along the normal to the sur
face. If the opposite were true, the tangential component of
E would make the charges move over the surface of the
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conductor, i.e. charge equilibrium would be impossible.

Fig. ~.1

r

Example .. Eind the potential of all uncharged conducting sphere
provided that a point charge q is located. at a distance r from its centre

(Fig. 2.1).
Potential ~ is the same for all points

of the sphere. Thus we can calculate
its value at the centre 0 of the sphere,
because only for this point it can
he calculated in the most simple way:

. 1 lJ., (1)
«p= 4'1£0· -r-t-q>.

where the first term is the potential of
the charge C], while the second is the
poten tial of the charges induced on

the surface of the sphere. But since aU induced charges are at the same
distance a froru the point 0 and the tolal induced charge is equal to
zero, cp'=O as well. Thus, in this case the potential of the sphere will
be determined only by the first terru ill (1).

Figure 2.2 shows the field and the charge distributions for
a system consisting of two conducting spheres one of which
(left) is charged. As a result of electric induction, the charges
of the opposite sign appear on the surface of the right
uncharged sphere. The field _of these•.charges will in turn
cause a redistribution of charges on the surface of the left
sphere, and their surface distribution will become nonuni
form. The solid lines in the figure are the lines of E, while
the dashed lines show the intersection of equipotential sur
faces with the plane of the figure. As \ve move away from
this~system, the equipotentiaJ surfaces become closer_and
closer to spherical, and the field lines become closer to ra
dial. 'The field itself in this case resembles more and more the
'field of a point charge q, viz. the total charge of the given
system.

The Field Near aConductor Surface, \Ve shall show that
the electric field intensity in the immediate vicinity of the
surface of a conductor is connected with the local charge
density at the conductor surface through a simple relation.
This relation can be established with the help of the Gauss
theorem.
, Suppose that the region of the conductor surface we are
interested in borders on a vacuum. The field lines are nor
mal to the conductor surface, Hence for. a closed surface we
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shall take a small cylinder and arrange it as is shown in
Fig. 2.3. Then the flux of E through this surface will be
equal only to the flux through the "outer" endface of the
cylinder- (the fluxes through the lateral surface and the
inner endface are equal to zero). Thus we obtain Eft ~S =

n

.1:('

Fig. 2.2 Fig. 2.3

= CJAS/8ot where En' is .the projection of [vector E onto
the outward normal n (with respect to the conductor), as
islthe cross-sectional area of the cylinder and a is the local
surface charge density of the conductor. Cancelling both
sides of this expression by ~S, we get

I En = a/eo- I (2.2)

If a > 0, then En > 0, Le, vector E is directed from the
conductor surface (coincides in direction with the normal n).
If CJ < 0, then En < 0, and vector E is directed towards the
conductor surface.

Relation (2.2) may lead to the erroneous conclusion that
the field E in the vicinity of a conductor depends only on
the local charge density 0'. This is not so. The intensity E
is determined by all the charges of the system under con
sideration as well as the value of (1 itself.

2.3. Forces Acting on the Surface of a Conductor

Let us consider the case when a charged region of the sur
face of a conductor borders on a vacuum. The force acting
on a small area ~S of the conductor surface is

~F = (J~S .Eo, (2.3)
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Fig. 2.4 ~

where C1 ~S ~is the charge of this element and Eo is the field
created by all the other charges of the system :in the region
where the charge a 68 is located. It should be noted at the
very outset that Eo is not equal to the field intensity E in
the vicinity of the given surface element of the cotductor,
although there exists ~a certain relation between them, Let
us find this relation, i.e, express Eo through E.

Let Ea be the intensity of the field created by the charge
on the area element ~S at the points that are very close to
this element. In this region, it behaves as an infinite uni
formly charged plane. Then, in accordance with (1.10), Eo =
= 0/28••

The resultant field both inside and outside the conductor
(near the area element 68) is the superposition of the fields
Eo and Eo- On both sides of the area element 6.8 the field Eo
is practically the same, while the field Eo has opposite di
rections (see Fig. 2.4 where (for the sake of definiteness it is
assumed that (J > 0). From 'the condition E = 0 inside the
conductor, it follows that Eo = Eo, and then outside the
conductor, near its surface, E = Eo + Eo = 2Eo. Thus,

Eo = E/2, (2.4)
.and Eq. (2.3) becomes

1
4F=T aAS·E. (2.5)

Dividing both sides. of this
equation by 6.8, we obtain the
expression for the force acting
on unit surface of a conductor:

1
FU-T.. aE. (2.6)

We can write this expression
in a different form since the

quantities (J and E appearing in it are interconnected. Indeed,
in accordance with (2.2), En = 0/£0' or E = (a/eo) D, where
n is the outward normal to the surface element at a given
point of the conductor. Hence

(2.7)
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where we took into account that a = eoEn~ and E~ = E2.
The quantity Fu is called the surface density of force. Equa
tion (2.7) shows that regardless of the sign of a, and hence
of.the direction of E, the force Fu is always directed outside
the conductor, tending to stretch it:

Example. Find the expression for the electric force acting in a
vacuum on a conductor as a whole, assuming that the field intensities
E are known at all points in the vicinity of the conductor surface.

Multiplying (2.7) by dS. we obtain the expression for the force dF
acting on the surface element dS:

dF ={ eo£Z dS,

where dS = n dS. The resultant force acting on the entire conductor
can be found by integrating this equation over the entire conductor
8Ul'face:

1.4. Properties of a Closed Conduding Shell

It was shown that in equilibrium there.are no excess charges
inside a conductor, viz. the material inside the conduc
tor is electrically neutral. Consequently ~ if the substance is
removed from a certain volume inside a conductor (a closed
cavity is created), this does not change the field anywhere,
i.e. does not affect the equilibrium distribution of charges.
This means that the excess charge is distributed on a
conductor with a cavity in the same way as on a uniform
conductor, viz. on its outer surface.

Thus, in the absence of electric charges within the cavity
the electric field is equal to zero in it. External charges,
including the charges on the outer surface of the conductor, do
not create any electric field in the caVity inside the conductor.

. This forms the basis of electrostaticshielding, i.e. the screening
of bodies, e.g. measuring instruments, from the influence
of external electrostatic fields. In practice, a solid conduct
ing shell can be replaced by a sufficiently dense metallic
grating.

That there is no electric field inside an empty cavity can
be proved in a different way. Let us take a closed surface S
enveloping the cavity and lying completely in the material
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of the conductor. Since the field E is equal to zero inside the
conductor, the flux of E through the turfacc S is also equal
to zero. Hence, in accordance with the Gauss theorem, the
total charge inside S is equal to zero as well. This does not
exclude the situation depicted in Fig 2.5, when the surface

Fig. 2.5 Fig. 2.6

r
p

of the cavity itself contains equal quantities of positive
and negative charges. However, this assumption is prohibit
ed by another theorem, viz. the theorem on circulation of
vector E. Indeed, let.the contour I' cross the cavity along
one of the lines of E and be closed in the conductor material.
It is clear that the line integral of vector E along this contour
differs from zero, which is in contradiction with the theorem
on circulation.

Let us now consider the case when the cavity is not empty
but contains a certain electric charge g (or several charges).
Suppose also that the entire external space is filled by a
conducting medium. In equilibrium, the field in this medium
is equal to zero, which means that the medium is electrical
ly neutral and contains no excess charges.

Since E = 0 inside the conductor, the field flux through a
closed surface surrounding the cavity is also equal to zero.
According to the Gauss theorem, this means that the alge
braic sum of the charges within this closed surface is equal to
zero as well. Thus, the algebraic sum of the charges induced
on the cavity surface is equal in magnitude and opposite in
sign to the algebraic sum of the charges inside the cavity.
In equilibrium the charges induced on the surface of the
cavity are.arranged so as to compensate completely, in the
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space outside the cavity, the field created by the charges
located inside the cavity.

Since the conducting medium is electrically neutral every
where,. it does not influence the electric field in any way.
Therefore, if we remove the medium, leaving only a conduc
ting shell around the cavity, the field will not be changed
anywhere, and will remain equal to zero beyond this shell.

Thus, the field of the charges surrounded by a conducting
shell and of the charges induced on the surface of the cavity
(on the inner surface of the shell) is equal to zero in the en-
tire outer space. .

We arrive at the following important conclusion: a closed
conducting shell divides the entire space into the inner .and
outer parts which are completely independent of one another
in respect oj electric fields. This must be interpreted as follows:
any arbitrary displacement of charges inside the shell does
not introduce any change in the field of the outer space,
and hence the charge distribution on the outer surface of the
shell remains unchanged. The same refers to the field inside
the cavity (if it contains charges) and to the distribution of
charges induced on the cavity walls. They will also remain
unchanged upon the displacement of charges outside the
shell. Naturally, the above arguments are applicable only
in the framework of electrostatics.

Example. A point charge q is within an electrically neutral shell
whose outer surface has spherical shape (Fig. 2.6). Find the potential
4p at the point P lying outside the shell at a distance r from the
centre 0 of the outer surface.

The field at the point P is determined only by charges induced on
. the outer spherical surface since, as was shown above, the field of the
point charge q and of the charges induced on the inner surface of the
sphere is equal to zero everywhere outside the cavity. Next, in view of
symmetry, the charge on the out.er surface of the shell is distributed
uniformly, and hence

1 q

(J)= 4neo 7-

An infinite conducting plane is a special case of a closed
conducting shell. The space on one side of this plane is

.electrically independent of the space on its other side.
We shall repeatedly use this property of a closed con...

ducting shell. .
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2.5. General Problem of Electrostatics.
Image Method

Frequently, we must solve problems in which the charge
distribution is. unknown but the potentials of conductors,
their shape and relative arrangement are given. We must
find the potential <p (r). at any point of the field between the
conductors. It should be recalled that if we know the poten
tial q> (r), the field E (r) itself can be easily reconstructed
and then its value in the immediate vicinity of the conductor
surfaces can be used for determining the surface charge
distribution for the conductors.

The Poisson and Laplace equations. Let us derive the differential
equation for the function cp (potential). For this purpose, we substitute
into the left-hand side of (1.20) the expression for E in terms of q>,
i.e. E = -vq>. As a result, we obtain the general differential equation
for potential, which is called the Poisson equation:

(2.8)

where V2 is the Laplace operator (Laplacian). In Cartesian coordinates
it has the form .

a2 at at
V

2
= ax! + ay" + Bzt '

l.e. is the scalar product V·V [see (1.19)].
If there are no charges between the conductors (p = 0), Eq. (2.8)

is transformed into a simpler equation, viz. the Laplace equation:

(2.9)

To determine potential, we must find a function q> which satisfies
Eqs. (2.8) or (2;9) in the entire" space between the conductors and ac
quires the given values <PI' <P2', • . • on the surfaces of the conductors.

It can be proved theoretically that this problem has a uni
que solution. This statement is called the uniqueness theo
rem. From the physical point of view, this conclusion is
quite obvious: if there are more than one solution, there
will be several potential "reliefs", and hence the field E at
each point generally has not a single value. Thus we arrive
at 8 physically absurd conclusion.

Using the uniqueness theorem, we can state that in a
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static case the charge is distributed over tine surface of a
conductor in a unique way as well. Indeed, thiere is a one-to
one correspondence (2.2) between the charges; on the conduc
tor and the electric field in the vicinity of itts surface: C1 =

II
•

(a) (b) (c) ~

Fig. 2.7

= EttEn. Hence it immediately follows that the uniqueness
of the field E 4etermines the uniqueness of the charge
distribution over the conductor surface.

The solution of Eqs. (2.8) and (2.9) in the geuerarl case is a compli
cated and laborious ·problem. The analytic solutions, of these equations
were obtained only for a few particular cases. As ffor the uniqueness
theorem, it simplifies the solution of a number of (electrostatic prob
lems. If a solution of the problem satisfies the Laiplace (or Poisson)
equation and the boundary conditions, we can statce that it is correct
and unique regardless of the methods by which itt was obtained (if
only by guess).

Example. Prove that in an empty cavity of a cconductor the field
is absent.

The potential cp must satisfy the Laplace equatlcon (2.9) inside the
cavity and acquire a certain value <Po at the'cavlty's vwalls, The solution
of the Laplace equation satisfying this condition csan immediately be
found, It is <p = <Po' In accordance with the uniquerness theorem, there
can be no other solutions. Hence, E = -Vcp = ~ o.

Image Method. This is an artificial metho-d that makes it
possible to calculate in a simple way the I electric field in
some (unfortunately few) cases. Let us consiider this method
by using a simple example of a point charge ~q near an infinite
conducting plane (Fig. 2.7a).

.. The idea of this method lies in that we rmust find another
problem which can be easily solved and whcose solution or a
part of it can be used in our problem. In ourr case such a sim
pIe problem is the problem about two charrges: q and -q.
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The field of this system is well known (its equipotential
surfaces and field lines are shown in Fig. 2.7b).

Let us make the conducting plane coincide with the mid
dle equipotential surface (its potential q> = 0) and remove
the charge --g. According to the uniqueness theorem, the
field in the upper half-space will remain unchanged. Indeed,
q> == 0 on the conducting plane and everywhere at infinity.
'The point charge q can be considered to be the limiting case
of a small spherical conductor whose radius tends to zero
and potential to infinity. Thus, the boundary condit ions for
the potential in the upper half-space remain the same, and
hence the field in this region is also the same (Fig. 2.7c).

It should be noted that we can arrive itt this conclusion
proceeding from the properties of a closed conducting shell
[see Sec. °2.11. since hoth half-spaces separated by the con
ducting plane are electrically independent of one another,
and the removal of the charge -q will not affect the field
in the upper half-space.

Thus, in the case under consideration the field differs from
zero only in the upper half-space. I n order to calculate this
field, it is sufficient to introduce a fictitious image charge
q' = -q, opposite in sign to the charge q, by placing it on
the other side of the conducting plane at the same distance
as the distance from q to the plane. The fictitious charge q'
creates in the upper half-space the same field as that. of the
charges induced on the plane. This is precisely what is
meant when we say that the fictitious charge produces the same
"effect" as all the induced charges. We must only bear in
mind that the "effect" of the fictitious charge extends only to
the half-space where the real charge q is located. In another
half-space the field is absent.

Summing up, we can say that the image method is essen
tially based on driving the potential to the boundary con
ditions, i.e. we strive to find another problem (configura
tion of charges) in which the field configuration in the region
of space we are interested in is the same. The image method
proves to he very effective if this'can be done with the help
of sufficiently simple configurations. Let us consider one
more example..

Example. A point charge q is placed between two mutually perpen
dicular half-planes (Fig. 2.8a). Find the location of fictitious point
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q0----1---0'- q

I
I

---1-
1
I

charges whose action on the charge q is equivalent to the action of all
charges induced on thC3C half planes. -.

We have to lind a system of point charges for which the equipoten
tial surfaces wi th cp = 0 would
coincide with the conducting <a> (~)
half-planes. One or two fictitious
charges are insufticient in this ~ f
case; there should be three of q .qo----I-......q
them (Fig. 2.8b). Only wit.h such a
configuration of the system of four
charges we can realize the re
quired "trimming", i.e, ensure
that the potential on -the con
ductluz half-plnnes be equal to
zero. These three lict i tiOHS char
g'es create just the same Held
within the "right angle" as the Fiu 2.8
field of the charges induced on g.
the conducting planes.

Having found this configuration of point charges (another problem),
we can easi lv answer a number of other questions, for example, lind
the potential' and Held intensity on any point wi thin the "right angle"
or determine the ferce acting on the charge q.

1.6. Capaatance. Capacitors

Capacitance of an Isolated Cond uctor, Lot us consider a
solit.arv conductor, i.e. the conductor removed from other
conductors, bodies, and charges. Experiments show that the
charge q of this conductor is directly proportional to its
potential rp (we assumed that at infinity potential is equal to
zero): cr oc q. Consequently, the ratio ql(p does not depend
on the charge q and has :l certain value for each solitary
conductor. The quantity

C :=--= q/cp (2.10)

is called the electrostatic capacitance'of an isolated conductor
(Qr simply capacitance). It is numerically equal to the charge
that must be supplied to the conductor in order to increase
its potential by unity. The capacitance depends on the size
and shape of the conductor.

Example. Find the capacitance of an isolated conductor which has
the shape of a sphere of radius R.

I t can be seen from formula (2.10) that for this j)urpose we must
mentally charge the conductor by a charge q and calculate its potell-
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tial q>. In accordance with (1.23), the potential of a sphere is

00 00

)
' t ~ q t qcp= Er dr=-- -- dr =-- -

4neo . r l 4nBo R·
R R

Substituting this result into (2.10), we find

C = 4rtf·oR. (2.tf)

The unit 'ofcapacitance is the capacitance of a conductor
whose potential changes by 1 V when a charge of i C is
supplied to it. This unit of capacitance is called the fa
rad (F).

The farad is a very large quantity. It corresponds to the
capacitance of an isolated sphere 9 X 106 km in radius,
which is 1500 times the radius of the Earth (the capacitance
of the Earth is 0.7 mF). In actual practice, we encounter
capacitances between 1 flF and 1 pF.

Capacitors. If a conductor is not isolated, its capacitance
will considerably increase as other bodies approach it. This
is due to the fact .that the field of the given conductor causes
a redistribution of charges on the surrounding bodies, i.e.
induces charges on them. Let the charge of the conductor
be q > o. Then negative induced charges will be nearer to
the conductor than the positive charges. For this reason, the
potential of the conductor, which is the algebraic sum of the
potentials of its own charge and of the charges induced on
other bodies will decrease when other uncharged bodies
approach it. This means that its capacitance increases.

This circumstance made it possible to create the system
of conductors, which has a considerably higher capacitance
than that of an isolated conductor. Moreover, the capacitance
of this system does not depend on surrounding bodies.
Such a system is called a capacitor. The simplest capacitor
consists' of two conductors (plates) separated by a small
distance.

In order to exclude the effect of external bodies on the
capacitance of a capacitor, its plates are arranged with re
spect to one another in such a way that the field created by
the charges accumulated on them is concentrated almost
completely inside the capacitor. This means that the lines
of E emerging on one plate must terminate on the other,
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I.e. the charges on the plates must be equal in magnitude
and opposite in sign (q and -q).

The basic characteristic of a capacitor is its capacitance.
Unlike the capacitance of an is6lated conductor, the capaci
tance of a capacitor is defined as the ratio of its charge to
the potential difference between the plates (this difference is
called the voltage):

IC=qlU.! ·(2.12).

The charge q ofa capacitor is the charge of its positively
charged" plate.

Naturally, the capacitance of a capacitor is also measured
in farads. I

The capacitance of a capacitor depends on its geometry
(size and shape of its plates), the gap between the plates,
and the mateuial that fi'ls the capacitor. Let us derive
the expressions for the capacitances of some capacitors
assuming that there is a vacuum between their plates.

Capacitance of a ParalCel ..plate Capacitor. This capacitor
consists of two parallel plates separated by a gap of width h.
If the charge of the capacitor is q, then, according to (1.11),
the intensity of the field between its plates is E = a/ee,
where a = q/Sand S is the area of each" plate. Consequent
ly, the voltage between the plates is

[1 == Eh == qh/EoS.

Substituting this expression into (2.12), we obtain

C = EoS/h. (2.13)

This calculation was made without taking into account
field distortions near the edges of the plates (edge effects).
The capacitance of a real plane capacitor is determined by
this formula the more accurately the smaller the gap h in
comparison with the linear dimensions of the plates.

Capacitance of a Spherical Capacitor. Let the radii of the
inner and outer capacitor plates be a and b respectively. 11
the charge of the capacitor is q, field intensity between thr
plates is determined by the Gauss theorem:

1 q

Er = 4neo fI'
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The voltage of the capacitor is
b

U = r E dr = .s.: (-!.. __1 ).J r 4neo a b
a

It can be easily seen that the capacitance of a spherical
capacitor is given by

I. ab
C=qneo --.b-a

(2.14)

I t is interesting that when the gap between the plates is
small, i.e. when b - a «a (or b), this expression is re
duced to (2.13), viz. the expression for the capacitance of a
parallel-plate capacitor.

Capacitance of 8 Cylindrical Capacitor. By using the same
line of reasoning as in the case of a spherlcal capacitor, we
obtain

c _. 2n£ol (2 15)
- In (b/a) , •

where l is the capacitor's length, a and b are the radii of the
inner and outer cylindrical plates. Like in the previous
case, the obta.ined expression is reduced to (2.13) when the
gap between the plates is small.

The influence of the medium on the capacitance of a ca
pacitor will be discussed in Sec. 3.7.

Problems

• 2.1. On the determination or potential. A point charge q is at
a distance r from the centre 0 of an uncharged spherical conducting
layer, whose inner and outer radii are equal to a and b respectively.
Find the potential at the point 0 if r ...,:: a.

Solution. As a result of electrostatic induction, say, negative charges
will he induced on the inner surface of the layer and positive char
ges on its outer surface (Fig. 2.9). According to the principle of super
position, the sought potential at the point 0 can be represented in
the form

<p == _f_ (.3- -t- (~ 0_ dS+ f) _(J+ dS ) ,
4:1£0 r .r a. i:l b

where the first integral is taken over all the charges induced on the
inner surface of the layer, while the second integral, over all the
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charges on the outer surface, It follows from this expression that

cp=_q_ (..!.__1 +~).
4neo r a b

It should be noted that the potential can be found in such a simple
form only at the point 0 since all the like induced charges are at the
same distance from this point and their
distribution (which is unknown to us)
does not play any role.

• 2.2. A system consists of two
concentric spheres, the inner sphere of
radius R1 having a charge qt- What cha
rge qf. must be placed onto the outer
sphere of radius Rg to make the poten
tial of the inner sphere. equal to zero?
What will be the dependence of poten
tial q> on the distance r from the cen
tre of the system? Plot schematically
the graph of this dependence, assuming
that ql < o. 4" tFig. 2.9

Solution, We write the expressions
for potentials outside the system (CPII) and in the region between the
spheres (CPI):

t qt + q2 t ql
CPII= 4neo -r-' 'PI= 4n80 -r+q>o,

where <Po is a certain constant. Its value can be easily found from the
boundary condition: for r = R 2 , <PIr = CPl. Hence

CPo = Q2/4n£oR2•

From the condition <PI (R1) = 0 we find that q'l = -q1R t/ R1
The <P (r) dependence (Fig. 2.10) will have the form:

ql 1-RIIR1 ql (t 1)
<I'll= 4neo r ,q>I = 4neo -r-.7l-; ·

• 2.3. The force acting on a surface charge. An uncharged me
tallic sphere of radius R is placed into an external uniform field, as a
resul t of which an induced charge appears on the sphere with surface
density 0' = 0'0 cos jl, where (Jo is a positive constant and '6 is a polar
angle. Find the magnitude of the resultant electric force acting on
like charges.

Solution. According to (2.5), the force acting on the area element
dS is

. 1
aF=c;- oE dS.

. ... (1)

It follows from symmetry considerations that the resultant force It'
is directed along t.he Z-axis (Fig. 2.11), and hence it can be represented
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as the sum (integral) of the projections of elementary forces (1) onto
the Z-axis:

dFz = dF cos '6'. (2)

It is expedient to take for the area element dS., a spherical zone dS =

Fig. 2.10 Fig. 2.11

= 2nR sin 'f)·R d{}. Considering that E = aleot we transform (2) 8S
follows:

dFz = (no'R" leo) sin -& cos ~ d{} = - (no!R"If 0) cos' '6' d (cos it).

Integrating this expression over the half-sphere (l.e. with respect to
cos if between 1 and 0) t we obtain

F = no8R2/4eoe

• 2.4. Image method. A point charge q is at a distance l from an
infinite conducting plane. Find the density of surface charges induced
O,D the plane as a function of the distance r from the base of the per
pendicular dropped from the charge q onto," the plane.

Solution, According to (2.2), the surface charga'density on a conduc
tor is connected with the electric field near its surface (in vacuum)
through the relation a = 8oEn • Consequently, the problem is reduced
to determining the field E in the vicinity of the conducting plane.

Using the image method, we find that the field at the point P
(Fig. 2.12) which is at a distance r from the point 0 is

q l
E=2Eqcosa,=2 --2- -- ,,;

4n80% Z

Hence
(J= _ ql

2n (l' + r'J.)Stl. '
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where the minus sign indicates that the induced charge is opposite
to sign to the point charge q•

• 2.5. A point charge q is at a distance l from an infinite conduc
tiDg plane..Find the w~rk of the electric force acting on the charge q
done upon Its slow removal to a very large distance from the plane.

f

F q

«
I

x

~

1

-f

Fig. 2.12
It"':'

-q

x

Fig. 2.13

dx x

Solution; By definition, the work of this force done upon an ele
mentary displacement dz (F;.ig. 2.13) is given by

ql
fJA=F~ tlz= - 4nEo (a)1 dz,

where the expression for the force is obtained with the help of the
image method. Integrating this equation over z between land 00, we
find .

00

ql r dz ql
A = - 16nEo J7= - 16neol •

I
Remark. An attempt to solve this problem in a different way (through

potential) leads to an erroneous result which differs from what
was obtained by us by a factor of two. This is because the relation
A = q (<<J>l - <PI) is valid only for potential fields. However, in the
reference system fixed to the conducting plane, the electric field of
induced charges is not a potential field: 8 displacement of the charge
q leads to a redistribution of the induced charges, and their field turns
out to be time-dependent.

• 2.6. A thin conducting ring of radius R, having a charge q, is
arranged 80 that it is parallel to an infinite conducting plane at a dis
tance l, from it. Find (1) the surface charge density at a point of the
plane, which IS symmetric with respect to the ring and (2) the electric
field potential at the, centre of the ring. .

Solution. It can be easily seen that in accordance with the image
method, a fictitious charge -q must be located on a similar ring but
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on the other side of the conducting plane (Fig. 2.14). Indeed, only in
this case the potential of the midplane between these rings is equal to
zero, i.e. it coincides with the potential of the conducting plane. Let
us now use the formulas we already know.

(1) In order to find (J at the point 0, we must, according to (2.2),
find the field E at this point (Fig. 2.14). The expression for E on the

R

Fig. 2.14 Fig. 2.15

(J = 21t {RI+1'),,1 •

(2) The potential at the centre of the ring is equal to the algebraic
sum of the potentials at this point created by the charges q and -q:

1 (q q)
cp= 4neo R yRI+4l' ·

• 2.7. Three unlike point charges are arranged as shown in
fig. 2.15a, where AOB is the right angle formed by two conducting
half-planes. The magnitude of each of the charges is 1q I·and the dis
tances between them are shown in the figure. Find (1) the total charge
induced OD the conducting half-planes and (2) the force acting on the
charge -q.

Solution. The half-planes forming the angle AGB go to infinity,
and hence their potential tp = O. It can be easily seen that a .~ystem
having equipotential surfaces with cp = 0 coinciding with the conduc
ting half-planes has the form shown in F~ig. 2.15b. Hence the action
of the charges induced on the conducting hall-planes is equivalent to
the action of the fictitious charge -q placed in the lower left comer of
the dashed scuare,

Thus we have already answered the fl..nt question; -ll"
By reducing the system to Jour point charges, we can easily lind

axis of a ring was obtained in Example 1 (see p. t4). In our case. this
expression must he doubled. As a result, we obtain

ql
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the required force (see Fig. 2.15b)

F--F -F _21/ 2- 1
-- 2 1- 4n£0

65

and answer the second question .

• 2.8. Capacitance of parallel wires. Two long straight wires
with the same cross section are arranged in air parallel to one another.

({J

Fig. 2.16

1 2

A B

Fig. 2.17

The distance between the wires is 11 times larger than the radius of the
wires' cross section. Find the capacitance of the wires per unit length
provided that 11 ~ 1. .

Solution. Let us mentally' charge the two wires by charges of the
same magnitude and opposite signs so that the charge per unit length
is equal to A.. Then, by definition, the required capacitance is

Cu == 'AIu, (1)

and it remains for us to find the potential difference between the wires.
I t follows from Fig. 2.16 showing the dependences of the potentials

cp + and (j)_ on the distance between the plates that the sought potential
difference is

(2)

(3)

The intensity of the electric field created by one of the wires at a dis
tance z from its axis can be easily 'found with the help of the Gauss
theorem: E = 'A/2neox. Then ..

b-a

~
A b-a

I t1<p+ , = E dX==-2-- l n --- ,
11eo a

a

where a is the radius of the wires' CfOSS section and b is the separation
between the axes of the wires,

5-0181
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It follows from (1), (2) and (3) "nat

Cu = neo/In 1),

where we took into account that b ;p a.

• 2.9. Four identical 'metallic plates are arranged in air at the
same distance h from each other. The outer plates are connected by a
conductor. The area of each plate is equal to S. Find the capacitance
of this system (between points 1 and 2, Fig. 2.17).

Solution. Let us charge the plates 1 and 2 by charges qo and -qo.
Under the action of the dissipation tield appearing between these
plates (edge effect), a charge will move in the connecting wire, after
which the plate A will be charged negatively while the plate B will
acquire a. positive charge. An electric field appears in the gaps be
tween the plates, accompanied by the corresponding distribution of
potential cp (Fig. 2.18). I t should be noted that as follows Irom the
symmetry of the system, the potentials at the [middle of the system as
well as on its outer plates are equal to zero.

By definition, the capacitance of the system in this case is

C = qo/ II . (1)

where [I is tho required potential di Ilerence between the points 1
and 2. Figure 2.18 shows that the potential difference U between the
inner plates is twice as large as the potential difference between the
outside pair of plates (both on the right and on the left). This also
refers to the field intensi ty:

E = 2£'. (2)

And since E ex:: 0, we can state that according to (2) the charge qo 011

plate 1 is divided into two parts: qo/3 on the left side of the plate 1
and 2qo/3 on its right side. Hence

U == Eti = Oh/Eo = 2Qoh/3eoS,

and the capacitance of the system (between points 1 and 2) is

C == 3EoS
'2h •

• 2.10. Distribution of an induced charge. A point charge q is
placed between t\VO large parallel conducting pla tes 1 and 2 sepa
rated by a distance t, Find the total charges ql and q2 induced on each
plate, if the plates are connected by a wire and the charge q is located
at a distance II from the left plate 1 (Fig. 2. t9a).

Solution. Let us use the superposition principle. We mentally
place somewhere on a plane P the same charge q. Clearly, this wilt
double the surface charge on each plate. If we now distribute uniformly
on the surface P a certain charge with surface density c, the electric
field can be easily calculated (Ftg. 2.19b).

The plates are connected hy the wire, and hence the potential
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(b)

1

(a)

.A

difference between them is equal to zero. Consequently,

£1%11 + E 2X (l - l1) = 0,

where E1% and E,x are the projections of vector E onto the X-axis to
the left and to the right of the plane P (Fig. 2.19b).

On the 0 ther hand, it is clear tha t

a = -(01 + 0'1),

where, in accordance with (2.2), 01 = coE 1n 1 = EoE1x and 02 =
= £oE2n = -EOE2% (the minus sign indicates that the normal D2

is direc";d oppositely to the unit vector of the X-axis).
Eliminating E1% and E2% from these equations, we obtain

(Jt = -0 (l - ll)/I, <12 = -Oll/l.

The formulas for charges ql and q2 in terms of q have a similar form.
It, would be difficult, however, to solve this problem with the help

p

Fig. 2.1Bt: Fig. 2.19

of the image method, since it would require an infinite series of ficti
tious charges arranged 011 both sides of the charge q. and to find the
field of such a system is a complicated problem.

3. Electric Field in Dielectrics

3.1. Polarization of Dielectrics

Dielectrics. Dielectrics (or insulators) are substances that
practically do not cond uct electric current. This rneans that
in contrast, for example, to conductors dielectrics do not
contain charges that can move over considerable distances
and create electric current.
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When even a neutral dielectric is introduced into an exter
nal electric field, appreciable changes are observed in the
field and in the dielectric itself. This is because the dielec
tric is acted upon by a force, the capacitance of a capacitor
increases when it is filled by a dielectric, and so on.

In order to understand the nature of these phenomena, we
must take into consideration that dielectrics consist either
of neutral molecules or of charged ions located at the sites

. of a crystal lattice (ionic crystals, for example, of the NaCI
type). The molecules can be either polar or nonpolar. In a
polar molecule, the centre of "mass" of the negative charge
is displaced relative to the centre of "mass" of the positive
charge. As a result, the molecule acquires an intrinsic dipole
moment p. Nonpolar molecules do not have intrinsic dipole
moments, since the "centres of mass" of the positive and ne
gative charges in them coincide.

Polarization. Under the action of an external electric
field, dielectric is polarized. This phenomenon consists in
the following. If a dielectric is made up by nonpolar molecu
les, the positive charge in each molecule is shifted along the
field and the negative, in the opposite direction. If a dielec
tric consists of polar molecules, then in the absence of the
field their dipole moments are oriented at random (due to
thermal motion).LJnder the action of an external field, the
dipole moments acquire predominant orientation in the
direction of the external field. Finally, in dielectric crystals
of the NaCI type, an external field displaces all the positive
ions along the field and the negative ions, against the field. *

Thus, the mechanism of polarization depends on the struc
ture of a dielectric. For further discussion it is only impor
tant that regardless of the polarization mechanism, all the
positive charges during this process are displaced along the
field, while the negative charges, against the field. It should
be noted that under normal conditions the displacements of
charges are very small even in comparison with the dimen
sions of the molecules. This is due to the fact that the inten
sity of the external field acting on the dielectric is consider-

• There exist ionic crystals polarized even in the absence of an
external field. This property is inherent in dielectrics which are
called electrets (they resemble permanent magnets).
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xx

ably lower than the intensities of internal electric fields in
the molecules.

Bulk and Surface Bound Charges. As a result of polariza
tion, uncompensated charges appear on the dielectric surface
as well as in its bulk. To understand better the mechanism

E=O

(a) (b) (c)

Fig. 3.1
-'1::

of emergence of these charges (and especially bulk charges),
let us consider the following model.' Suppose that we have a
plate made of a neutral inhomogeneous dielectric (Fig. 3.1a)
whose density increases with the coordinate x according
to a certain law. We denote by p~ and p~ the magnitudes of
the volume densities of the positive and negative charges in
the material (these charges are associated withYnuclei and
electrons). ..'-

In the absence of an external field, P: = p~ at each point
of the dielectric, since the dielectric is electrically neutral.
However, p~ as well as p~ increase with x due to inhomoge
neity of the dielectric (Fig. 3.1b). This figure shows that in

. the absence of external field, these two distributions ex
actly coincide (the distribution of p: (x) is shown by the
solid line, while that of p~ (x), by the dashed line).

Switching on of the external field leads to a displacement
of the positive charges along the field and of the negative
charges against the field, and the two distributions will be
shifted relative to one another (Fig. 3.1c). As a result, un
compensated charges will appear on the dielectric surface as
well as in the bulk (in Fig. 3.1 an uncompensated negative
charge appears in the bulk). It should be noted that the re-
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version of the field direction changes the sign of all these
charges. It can be easily seen that in the case of a plate made
of a homogeneous dielectric, the distributions p: (x) and
p~ (x) would be n-shaped, and only uncompensated surface
charges would appear upon their relative displacement in
the field E.

Uncompensated charges appearing as a result of polariza
tion of a dielectric are called polarization, or bound, charges.
The latter term emphasizes that the displacements of these
charges are limited. They can move only within electrically
neutral molecules. We shall denote bound charges by a prime
(q', p', 0").

Thus, in the general case the polarization of a dielectric
leads to the appearance of surface and bulk bound charges
in it.

We shall call the charges that do not constitute dielectric
molecules the "extraneous charges. * These charges may be
located both inside and outside the dielectric.

The Field in a Dielectric. The field E in a dielectric is the
term applied to the superposition of the field Eo of extra
neous charges and the field E' of bound charges:

E = Eo + E', (3.1)

where Eo and E' are macroscopic fields, i.e. the microscopic
fields of extraneous and bound charges, averaged over a
physically infinitesimal volume. Clearly, the field E in the
dielectric defined in this way is also a macroscopic field.

3.2. Polarizati"on

Definition. It is natural to describe polarization of a dielec
tric with the help of the dipole moment of a unit volume.
If an external field or a dielectric (or both) are nonuniform,
polarization turns out to be different at different points of
the dielectric. In order to characterize the polarization at a
given point, we must mentally isolate an infinitesimal volume
~V containing this point and then find the vector sum of the

• Extraneous charges are frequently called free charges, but this
term is not convenient in some cases since extraneous charges may he
not free.
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dipole moments of the molecules in this volume and write
the ratio

(3.2)

Vector P defined in this way is called the polarization of a
dielectric. This vector is numerically equal to the dipole mo
ment of a unit volume of the substance.

There are two more useful representations of vector P.
Let 8 volume AV contain AN dipoles. We multiply and di
vide the right-hand side of (3.2) by AN. Then we can write

P == n (p), (3.3)

where n = ANIAV is the concentration of molecules (their
number in 8 unit volume) and (p) = (~PI)!~N is the mean
dipole moment of a molecule.

Another expression for P corresponds to the model of
a dielectric as a mixture of positive and negative "fluids".
Let us isolate a very small volume AV inside the dielectric.
Upon polarization, the positive charge p+ ~V contained
in this volume will he displaced relative to the negative
charg-e by a distance I, and these charges will acquire the
dipole moment ~p = p~ AV·1. Dividing both sides of this
formula by L\V, we obtain the expression for the dipole mo
ment of a unit volume, i.e. vector P:

p = P+). (3.4)

The unit of polarization P is the coulomb per square meter
(elm').

Relation Between P and E. Experiments show that for
8 large number of dielectrics and 8 broad class of phenomena,
polarization P linearly depends on the field E in a dielectric.
For an isotropic dielectric and for not very large E, there
exists 8 relation

P = xEoEJ (3.5)

where x is a dimensionless quantfty called the dielectric
susceptibility of a substance. This quantity is independent
of E and characterizes the properties of the dielectric itself.
x is always greater than zero.

Henceforth, if the opposite is not stipulated, we shall
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consider only isotropic dielectrics for which relation (3.5)
is valid.

However, there exist dielectrics for which (3.5) is not
applicable. These are some ionic crystals (see footnote on
page oR) and [erroelectrics. The relation between P and E
for ferroelectrics is nonlinear and depends on the history
of the dielectric, i.e. o~ the previous values of E~ (this'phe
nomenon is called hysteresis).

3.3. Properties of the Field of P

The Gauss Theorem for the Field of P. We shall show
that the field of P has the following remarkable and impor
tant property. It turns out that the flux of P through an

p

(a)

Fig. 3.2

( b)

arbitrary closed surface S is equal to the excess bound charge
(with the reverse sign) of the dielectric in the volume en
closed by the surface S, i.e.

~ PdS= -qint. (3.6)

This equation expresses the Gauss theorem lor vector P.
Proof of the theorem. Let an arbitrary closed surface S

envelope a part of a dielectric (Fig. 3.2a, the dielectric is
hatched). When an external electric field is switched OD,

the dielectric is polarized-its positive charges are displaced
relative to the negative charges. Let us find the charge which
passes through an element dS of the closed surface S in the
outward direction (Fig. 3.2b).

Let 1+ and 1_ be vectors characterizing the displacement
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of the positive and negative bound charges as a result of
polarization. Then it is clear that the positive charge
p:l+dS cos a inclosed in the "inner" .part of the oblique
cylinder will pass through the area element dS from the
surface S outwards (Fig. 3.2b). Besides, the negative charge
p~l_dS cos ex enclosed in the "outer" part of the oblique cyl
inder will enter the surface S through the area element dS.
But be know that the transport of a negative charge in a
certain direction is equivalent to the transport of the posi
tive charge in the opposite direction. Taking this into account,
we can write the expression for the total bound charge pass
ing through the- area element dS of the surface S in the out
ward direction:

dq' = p:l+ dS cos ex + Ir:II- dS cos <1,.

Since r r~ I = p; we have

dq' = P+ (1+ + 1_) dS cos ex = pi-l dS cos a,
;t" (3.7)

where l = l ; + l __ is the relative displacement of positive
and negative bound charges in the dielectric during polari
zation.

Next, according to (3.4), p:l = P and dq' = P dS cos at
or

dq' == P n dB = P·dS. (3.8)

Integrating this expression over the entire closed surface
S t we find the total charge that left the volume enclosed
by the surface S upon polarization. This charge is equal to

~ P·dS. As a result, a certain excess bound charge q' will

be left inside the surface S. Clearly, the charge leaving the
volume must be equal to the excess bound charge remaining
within the surface S, taken with the opposite sign. Thus, we
arrive at (3.6).

Differential form of Eq. (3.6). Equation (3.6), viz. the Gauss
theorem for the field of vector P, can be written in the differential form
as follows:

V·P=-p', (3.9)
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i.e. the divergence of the field of vector P is equal to the volume density
of the excess bound charge at the same point, but taken with the oppO
site sign. This equation can be obtained from (3.6) in the same manner
as the similar expression for vector E was obtained (see p. 24). For
this purpose, it is sufficient to replace E by P and p by p' ..

When Is p' Equal to Zero in a Dielectric? We shall show
that the volume density of excess bound charges in a dielec
tric is equal to zero if two conditions are simultaneously
satisfied: (1) the dielectric is homogeneous and (2) there
are no extraneous charges within it (p = 0).

Indeed, it follows from the main property (3.6) of the
field of vector P that in the case of a homogeneous dielectric,
we can substitute xeoE for P in accordance with (3.5), take
.x out of the integral, and write

x £> £oE ·dS -= - q' •
tJ

The remaining integral is just the algebraic sum of all the
charges-extraneous and bound-inside the closed surface
S under consideration, i.e. it is equal to q + q'. Hence,
" (q + q') = - q', from which we obtain

q' = - 1~" q. (3. to)

This relation between the excess bound charge q' and
the extraneous charge q is valid for any volume inside the
dielectric, in particular, for 8 physically infinitesimal vol
ume, when q' ~ dq' = p'dV and q -+ dq = pt!V. Then, after
cancelling out dV, Eq. (3.10) becomes

p' = - 1~" p, (:1.11)

Hence it follows that in a homogeneous dielectric p' = 0
when p = o.

Thus, if we place a homogeneous isotropic dielectric of
any shape into an arbitrary electric field, we can be sure
that its polarization will give rise only to the surface bound
charge, while the bulk excess bound charge will be zero at
all points of such a dielectric.

Boundary Conditions for Vector P. Let us consider the
behaviour of vector P at the interface between two homo
geneous isotropic dielectrics.. We have just shown that in
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(3.12)

I

~n'

Fig. 3.3

such 8 dielectric there is no excess bound bulk charge and
only 8 surface bound charge appears as a result of polari
zation.

Let us find the relation between polarization P and the
surface density (J' of the bound charge at the interface be
tween the dielectrics. For this purpose, let us use property
(3.6) of the field of vector P. We _
choose the closed surface in the
form of a Oat cylinder whose end
faces are on different sides of the
interface (Fig. 3.3). We shall as
sume that the height of the cyl
inder is negli~ibly small and the
area ~S of each endface is so small
that vector P is the same at all
points of each endface (this also refers to the surface density
(1' of the bound charge). Let 11 be the common normal to the
interface at 11 given point. We shall always draw vector n
from dlelecfr!c 1 to dielectric 2.

Disregarding the flux of P through the lateral surface
of the cylinder, ,ve can write, in accordance with (3.6):

P2n fiS + Pln~ ~S = - a' f!.S,

where P 2n and P 1n" are the projections of vector P in d ielec
tric 2 onto the normal On and in dielectric 1 onto the normal
0' (Fig. 3.3). Considering that the projection of vector Ponto
the normal 0' is equal to the projection of this vector onto

. the opposite (common) normal D, taken with the opposite
sign, i.e. Ptn' = - Ptn, we can write the previous equation
in the following form (after cancelling ~S):

P 2n ~ PIn = - a'.

This means that at the interface between dielectrics the
normal component of vector P has a discontinuity, whose
magnitude depends on a'. In particular, if medium 2 is a
vacuum, then P 2n = 0, and condition (3.12) acquires a
simpler form:

(3.13)

where Pn is the projection of vector P onto the outward nor
mal to the surface of 8 given dielectric. The sign of the pro-



76 3. Electric Field in Dielectrics

jection Pn determines the sign of the surface bound charge
Of at a given point. Formula (3.13) can be written in a differ
ent form. In accordance with (3 .. 5), we can write

(3.14)

where En is the projection of vector E (inside the dielectric
and in the vicinity of its surface) onto the outward normal.
Here, too, the sign of En determines the sign of 0'.

A Remark about the Field of Vector P. Relations (3.6)
and (3.13) may lead to the erroneous conclusion that the
field of vector P depends only on the bound charge. Actually,
this is not true. The field of vector P, as well as the field of E,
depends on all the charges, both bound and extraneous.
This can be proved if only by the fact that vectors P and
E are connected through the relation P = xeoE. The bound
charge determines the flux of vector P through a closed sur
face S rather than the field of P. Moreover, this flux is de
termined not by the whole hound charge but by its part
enclosed by the surface S.

3.'. Vedor D

The G8US~ Theorem for Field D. Since the sources of an
electric field E are all the electric charges-extraneous and ,
bound, we can write the Gauss theorem for the field E in
the following form:

~ eoE dS = (q+ q')tntt (3.15)

where q and q' are the extraneous and bound charges en
closed by the surface S. The appearance of the bound charge
q' complicates the analysis, and formula (3.15) turns out
to be of little use for finding the field E in a dielectric even
in the case of a "sufficiently good" symmetry. Indeed, this
formula expresses the properties of unknown field E in terms
of the hound charge q' which in turn is determined by un
known field E.

This difficulty, however, can be overcome by expressing
the charge q' .in terms of the flux of P by formula (3.6). Then
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expression (3.15) can be transformed as Iollows.

~ (eoE+ P) as-. qlnt. (3.t6)

The quantity in the parentheses in the integrand is denoted
by D. Thus, we have defined an auxiliary vector D

(3.17)

whose flux through an arbitrary closed surface is equal to the
algebraic sum of extraneous charges enclosed by this sur
face:

(3. i8)

-- This statement is called the Gauss theorem for field D.
It should b~..noted that vector D is the sum of two complete

ly different quantities: EoE and P. For this reason, it is
indeed an auxiliary vector which does not have any deep
physical meaning. However, the property of the field of
vector D, expressed by equation (3.18), justifies the intro
d uction of this vector: in many cases it considerably simpli
fies the analysis of the fleld in dielectrics. *

Relations (3.17) and (3.18) are valid for any dielectric,
.hoth isotropic and anisotropic.

Expression (3.17) shows that the dimensions of vector
D are the same as those of vector P. The quantity D is
measured in coulombs per square metre (C/m 2) .

Differential form of Eq , (3.t8) is

(3.19)

i.e. the divergence of the field D is equal to the volume densi ty of an
extraneous charge at the same point.

This equation can be obtained from (3.18) in the same way as it
was done for the field E (see p. 24). I t suffices to replace E by D and
take into account only extraneous charges.

* The quantity D is often called dielectric displacement; or electro
static induction. \Ve shall not he using this term, however, in order to
emphasize the auxiliary nature of vector D.
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At the points where the divergence of vector D is positive we have
the sources of the field D (p > 0), while a t the points where the diver
gence is negative, the sinks of the held D (p < 0).

Relation Between Vectors D and :E. In the case of isotrop
ic dielectrics, polarization P = x£oE. Substituting this
expression into (3.17), we obtain D = E. (1 + x) E, or

where e is the dielectric constant of a substance:

8=1+x.

(3.20)

(3.21)

The dielectric constant e (as well as x) is the basic electric
characteristic of a dielectric. For materials 8 > 1, while
for vacuum E = 1. The value of e depends on the nature of
the dielectric and varies betwe.en the values slightly differ
ing from unity (for gases) and several thousands (for some
ceramics). The value of 8 for water is rather high (8 = 81).

Formula (3.20) shows that in isotropic dielectrics vector
D is collinear to vector E. For anisotropic dielectrics, these
vectors are generally noncollinear.

The field D can be graphically represented by the lines
of vector D, whose direction and density are determined in
the same way as for vector E. The lines of E may emerge and
terminate on extraneous as well as bound charges. We say
that any charges may be the sources and sinks of vector E.
The sources and sinks of field D, however, are only extraneous
charges, since only on these charges the lines of D emerge and
terminate. The lines of D pass without discontinuities
through the regions of the field containing bound charges.

A Remark about the Field of \1ector D. The field of vector
D generally depends on extraneous as well as bound charges
(just as the field of vector E). This follows if only from the
relation D = £oeE..However, in certain cases the field of
vector D is determined only by extraneous charges. It is
just the cases for which vector D is especially useful. At'
the same time, this may lead to the erroneous conclusion
that vector D always depends only on extraneous charges
and to au incorrect interpretation of the laws (3.18) and
(~i.1U). 'These laws express only a certain property of field
D but do not determine this field proper.
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Let us illustrate what was said above by several examples.

Example t. An extraneous point charge q is located at the centre
of a sphere of radius a, Blade of an isotropic dielectric with a dielectric

Fig. ~L4

r

constant 8 .. Find~he projection E; of lieltl iuteusity E as a function of
the distance r Irom the centre of this sphere.

The syuuuetry of the system al lows us to use the Gauss theorem
for vector D for sol ving the "problem (we canno t usc here the similar
theorem "for vector E, since the hound charge is unknown to us). For a
sphere of radius r with the centre at the point ol Iocation of the charge
q, we can write the following relation: 4JLr:!.1J r == q. lienee we can lind
Ir; and then, using Iorrnula (3.20), thc rcq uired quanti ty E r :

1 lJ 1 q
Er(r<a)~ 4n8~ c:r'1.' Er(r>a)~~-4nEo 7-

Figure 3.4 shows the curves LJ (r) and E (r).
Example 2. Suppose that a system consists of a point charge q > 0

and an arbitrary sample of a homogeneous isotropic dielectric
(Fig. 3.5), where S isa certain closed surface. Find out what will hap
pen to the fields of vectors E and D (and to their fluxes through the
surface S) if the dielectric is removed.

The field E at any point of space is determined by the charge q
and by bound charges of the polarized dielectric. Since in our case
D = BoeE, this refers to the Held D as well: it is also determined by
the extraneous charge q and by the bound charges of the dielectric.

The removal of the dielectric will change the field E, and hence the
Held D. The flux! of vector E through the surface S will also change,
since negative bound charges will vanish from inside this surface.
However, the flux of vector D through the surface S will remain the
same in spi te of the change in the Held D.

Example 3. Let us consider a system containing no extraneous
charges and having only bound charges. Such a system can, for
example, he a sphere made of an electret (see p. 6S). Figure 3.6a shows
the field E of this system, What can we say about the field D?
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First of all, the absence of extraneous charges moans that the Held
I) has no sources: tho Jines of D do not emerge or terminate anywhere,
However, the field ) exists and is shown in Fig. 3.Gb. The lines of E

Lines ofE

(a)

Fig. 3.G

Lines of D

(.b)

and D coincide outside the sphere, hut inside the sphere they have
opposi te directions, since here the relation D ::.= 2 0 eE is no longer va
lid and U = foE + P.

3.5. Boundary Conditions

Let us first consider the behaviour of vectors E and D
at the interface between two homogeneous isotropic dielec
trics. Suppose that, for greater general ity, an extraneous
surface charge ex ists at the in terfaee between these d ielec
tries. The required conditions can be easily obtained with
the help of two theorems: the theorem on circulation of
vector E and the Gauss theorem for vector D:

~E dt = 0 and ~ n dS =--= qlnt-

Boundary Condition for Vector E. Let the field near the
interface be E 1 in dielectric 1 and E 2 in dielectric 2. We
choose a small elongated rectangular contour and orient it as
shown in Fig. ;~ -, 7. The sides of the contour parallel to ...he
interface must have such a length that the field E ovett this
length in each dielectric call he assumed COn~LaI1t. The
"height" of the contour must be negligibly small. Then, in
accordance with the theorem on circulation of vector E,
we 11& ve
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where the projections of vector E are taken on the direction
of the circumvention of the contour, shown by arrows in
the figure. If in the lower region of the contour we take the

n

.". I
~ ---~

l:-,~
21,.- I~...
~ t ' ~

Fig. 3.7

I

+n'
Fig. 3.8

projection of vector E not onto the unit vector 't' but onto
the common unit vector 't, then EI't' = - E1"t, and it f01
lows from the above equation that

ri:'

(3.22)

i.e. the tangential component of vector E turns out to be
the same on both sides of the interface (it does no..t have a
discontinuity).

Boundary Condition for Vector D. Let us take a cylinder
of a very small height and arrange it at the interface be
tween two dielectrics (Fig. 3.8). The cross section of the
cylinder must be such that vector D is the same within each
of its endfaces. Then, in accordancewith the Gauss theorem
for vector D, we have

D2n·~S + DIn' ·fiS = aAS,

where (J is the surface density of the extraneous charge at
the interface. Taking both projections of vector D onto the
common normal n (which is directed from dielectric 1 to
dielectric 2), we obtain D1n , == - DIn, and the previous
equation can be reduced to the form

(3.23)

It follows from this relation that the normal component
of vector D generally has a discontinuity when passing

6-0181
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through the intt'rfacp. If, however, there nre flO extraneous
charges at the interluco (a :.::..= 0), \ve uhtaiu

IDill ll~". I
In this case the normal compououts of vector 1) do not have
a discontinuity and turn out to be the same on different
sides of the interface.

Thus, in the absence of extraneous charges at the inter
Inco between t\VO homogeneous isotropic dielectrics, the
components J~1; and l)n vary cont inuuusly during a transi
tion through this interface, while the ·components En and
D; have discontinuities.

Helraction of E and D Lines. The boundary conditions
which we obtained for the components of vectors E and D
at the interface between two dielectrics indicate (as will
be shown later) that these vectors have a break at this in
t.erface, i.e. are refracted (Fig. 3.9). Let us find the relation
between the angles at and Ct;l.

In the absence of extraneous charges at the interface,
wo have, in accordance with (3.22) and (3.24), E 2T == E1't

and c'!.E2n == ErEln. Figure 3.U shows that

E2;:/E2 n

E 11;/ I~' 1n •

'raking into account the above conditions, we obtain the
law of refraction of lines E, and hence of lines D: •

# tan ((2

tan a.

'This means that lilies of D and E will form a larger angle
with the normal to the interface in the dielectric with a
larger value of E (in Fig. :3.9, £2 > cl).

Example, Let us represent graphically the fields E and D at the
ill i!.·rface between two homogeneous dielectrics 1 and 2, assuming that
::t > F 1 an.l 11J,~rc is JlO extraneous charge on this surface.

Since F 2 > ;"h in accordance with (3.25) ((2 > ((l (Fig. 3.10).
Cousirlering that the tangential component of vector E remains un
changed and using Fig. ;-J.9, we can easily show that h'2 < 1~'1 in
magnitude, i.e. the lines of E ill dielectric 1 must be denser than in
dielectric 2, as is shown in Fig. 3.10. The fact that the normal COm-
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pouents .o{vcc!.ors J) al:(\ equal leads to the conclusion that /)2 > VI
10 magnitude, r.e. the Iines of D must be denser in dielectric 2.

FieldE Field D

Fig 3.9 Fig. 3.10

\Ve see that in the case under consideration, the lines of E are
refracted and undergo discontinuities (due to the presence of bound
charges), while-she lines of D are only refracted, without discontinu
ities (since there are no extraneous charges a t the interface).

Boundary Condition "on the Conductor-Dielectric Inter
face. If medium 1 is a conductor and medium 2 is a dielectric
(see Fig. 3.8), it follows from formula (3.23) that

(3.26)

where n is the conductor's outward normal (we omitted the
subscript 2 since it is inessential in the given case). Let us
verify formula F~.26). In equilibrium , the electric field
inside a conductor is E :.;:~ 0, and hence the polarization
p = O. This means, according to (;3.17), that vector D =--: 0
inside the conductor, i.e. in the notations of Iormula (::).23)
D1 = 0 and IJl n = O. lIenee .D2n ~ c.

Bound Charge at the Conduclor Surface. If a homogeneous
dielectric adjoins a charged. region of the surface of a COIl

ductor, bound charges of a certain density a' appear at the
conductor-dielectric interface (recall that the vol ume den
sity of hound charges p' === 0 for a homogeneous dielectric).
Let us now apply the Gauss theorem to vector E in the same
way as it was done while deriving formula (2.2). Consider
ing that there are both bound and extraneous charges (0
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and 0') at the couductor-dlelectrlc interface we arrive at
the following expression: En = (0 + O')/E o• On the other
hand , according to (3.26) E,l = Dnleeo = 0/e80 • Combin
ing these two equations, we obtain ale == (J --{- 0', whence

I

, B-1 IC1 == --e-o. (3.27)

-I t can be seen that the surface density a' of the bound
charge in the dielectric is unambiguously connected with
the surface density a of the extraneous charge on the con
ductor, the signs of these charges being opposite.

3.6. Field in a HoMogeneous Dielectric

It was noted in Sec. 2.1 that the determination of the
resultant field E in a substance is associated with consider
able difficulties, since the distribution of induced charges in
the substance is not known beforehand. It is only clear
that the distribution of -these charges depends on the nature
and shape of the substance as well as on the configuration
of the external field Eo- .

Consequently, in the general case, while solving the prob
lem about the resultant field E in a dielectric, we encounter
serious difficulties: determination of the macroscopic field
E' of bound charges in each specific case is generally a com
plicated independent problem, since unfortunately there
is no universal formula for finding E'_

An exception is the case when the entire space where there
is a field Eo is filled by a homogeneous isotropic dielectric.
Let us consider this case in greater detail. Suppose that we
have a charged conductor (or several conductors) in a va
cuum. Normally, extraneous charges are located on conduc
tors. As we already know, in equilibrium the field E inside
the conductor is zero, which corresponds to a certain
unique distribution of the surface charge a. Let the field
created in the space surrounding the conductor be Eo-

Let us now fill the entire space of the field with a homo
geneous dielectric. As a result of polarization, only surface
bound charges (J will appear in this dielectric at the inter
face with the conductor. According to (3.27) the charges
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0' are unambiguously connected with the extraneous charges
o on the surface of the conductor.

As before, there will be no field inside the conductor (E =
= 0). This means that the distribution of surface charges
(extraneous charges 0 and bound charges 0') at the conductor
dielectric interface will be similar to the previous distri
bution of extraneous charges (0), and the configuration of
the resultant field E in the dielectric will remain the same
as in the absence of the dielectric. Only the magnitude of
the field at each point will be different.

In accordance with the Gauss theorem, 0' + 0' = BoEn ,

where En = Dn/ef!,o = (J188o, .and hence

a + a' = a/e. (3.28)

But if the charges creating the field have decreased by a factor
of e everywhere at the interface, the field E itself has, become
less than the field Eo by the same factor: .

,~.' E = EJe. (3.29)

Multiplying both sides of this equation by EEo, we obtain

~ D = Do, (3.30)

i.e. the field of vector D does not change in this case.
It turns out that formulas (3.29) and (3.30) are also valid

in a more general case when a homogeneous dielectric fills
the volume enclosed between the equipotential surfaces
of the field Eo of extraneous charges (or of an external field).
In this ea. also E = Eo/e and D = Do inside the dielectric.

In the eases indicated above, the intensity E of the field
of bound charges is connected by a simple relation with
the polarization P of the dielectric, namely,

E' = -vt«; (3.3t)

This relation can be easily obtained from the formula E =
= Eo + E' if! we take into account that Eo = BE and
P = x£oE.

As was mentioned above, in other cases the situation
is much more complicated, and formulas'[ (3.29)-(3.31) are
inapplicable.

Corollaries. Thus, if a homogeneous dielectric fills the
entire space occupied by a field, the intensity E of the field
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will be lower than the intensity Eo of the field of the same
extraneous charges, but in the absence of dielectric, by a
factor of e. Hence it follows that potential q> at all points
will also decrease by a factor of e:

q> = CPole, (3.32)

where CPo is the field potential in the Jib s ce of tJae dielectric.
The same applies to the potential difference:

U = Uo/e, (3..33)

where U0 is the potential difference in a vacuum, in the
absence of dielectric.

In the simplest ease, when a homogeneous dielectric
fills the entire space between the plates of a capacitor, the
potential difference U between its plates will be by a factor
of e less than that in the absence of dielectric (naturally,
at the same magnitude of the charge q on the plates). And
since it is so, the capacitance C = qlU of the capacitor
filled by dielectric .will increase e times

C' = «c. (3.34)

where C is the capacitance of the capacitor in. the absence
of dielectric. I t should be noted tha t this formula is val id
when the entire space between the plates is filled and edge
effects are ignored.

Problems

• 3.1. Polarization of a dielectric and the bound charge. An extra
neous point charge q is at the centre of a spherical layer of a heteroge
neous isotropic dielectric whose dielectric constant varies only in the
radial direction as e = alr, where a. is a constant and r is the distance
from the centre of the system. Find the volume density p' of a hound
charge as a function of r within the layer.

Solution, We shall use Eq. (3.6), taking a sphere of radius r as
the closed surface, the centre of the sphere coinciding with the centre
of the system. Then

4nr2 • Pr = -q' (r),

where q' (r) is the bound charge inside the sphere. Let us take the
differential of this expression:

4", d(r t ·Pr) = - dq", (1)
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Here dq' is the bound charge in a thin layer between the spheres with
radii rand r + dr. Considering that dq' = p'4nr2 dr, we transform (1)
as follows:

r2 dPr + 2rPr dr = -p'rs dr,
whence

p' = - (dP r -t-2- Pr ) •
dr r (2)

In the case under consideration we have

e-1 e-1 q
Pr=xeoEr == -e- Dr=-e- 4nr 2

and after certain transformation expression (2) will have the form

-1 q
p'= 4na rt

which is just the required result•

x

E~

\ .
,fJ
\

\

J

O~a

Ex fJ

/

-0

• 3.2. The Gauss theorem for vector D. An infInitely large plate
made of a hsmogeneous dielectric with the dielectric constant e is
uniformly charged by an extraneous
charge with volume density p > o.
The thickness of the plate is 2a. (1)
Find the magnitude of vector E and
the potential cp as functions of the di
stance 1 from the middle of the plate
(assume that the potential is zero in
the middle of the plate), choosing the
X-axis perpendicular to the plate.
Plot schematic curves- for the pro
jection Ex (x) of vector E and the po
tential <p (x). (2) Find the surface and
volume densities of the hound charge.

Solution. (1) From symmetry con-
siderations it is clear that E = 0 in Fig 3 i 1
the middle of the plate, while at all · .
other points vectors E are perpend-
.icular to the surface of the plate. In order to determine E, we shall
use the Gauss theorem for vector D (since we know the distribu
tion of only extraneous charges). We take for the closed surface a
right cylinder of height 1, one of whose endfaces coincides with the
midplane (x = 0). Let the cross-sectional area of this cylinder be S.
Then

DS = pSl, D = pi,

DB = pSa, D = pa,

E = pl/ec:o (1 -< a),

E = paleo (l ~ a).
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The graphs of the Iuntions Ex (x) and q> (x) are shown in Fig. 3.tl.
It is useful to verify that the graph of Ex (x) corresponds to the de
rivative- -orplax.

(2) In accordance with (3.13), the surface density of the bound
charge is

, 8-1
a =Pn ='Xt.oEn = (e- 1) pa/e=--. pa> O.

- e

This result is valid for both sides of the plate. Thus, if the extraneous
charge p > 0, the bound charges appearing on both surfaces of the
plate are also positive.

In order to find the volume density of the bound charge, we use
Eq. (3.9) which in our case will have a simpler form:

p'=_ 8P" =_.!.- ( e-1 px)=-- e-t p.
8x 0% 8 8

It can be seen that the bound charge is uniformly distributed over
the bulk and has the sign opposite to that of the extraneous charge .

• 3.3. A homogeneous dielectric has the shape of a spherical
layer whose inner and outer radii are a and b. Plot schematically the
curves of intensity E and potential <p of the electric field as functions
of the distance r from the centre of the system, if the dielectric is
charged by a positive extraneous charge distributed uniformly (1)
over the inner surface of the layer, (2) over the layer's bulk.

Solution. (1) We use the Gauss theorem for vector D, taking
for the closed surface a sphere of radius r:

4nr3D = q,

where q is the extraneous charge within this sphere. Hence it follows
"that

D (r < a) = 0, D (r > a) = q/4nr2•

The required intensity is

E (r < a) = 0, E (r > a) = Dleeo.

The curve for E (r) is shown in Fig. 3.12a. The curve for q> (r) is also
shown in this figure. The curve q> (r) must have such a shape that the
derivative ocpl8r taken with the opposite sign corresponds to the curve
of the function E (r). Besides, we must take into account the normali
zation condition: cp ~ °as r -+- 00.

It should be noted that the curve corresponding to the function
cp (r) is continuous. At the points where the function E (r) has finite
discontinuities, the function <p (r) is only broken. "

(2) In this case, in accordance with the Gauss theorem, we have

4
4nr2D ;':': T n (r3-a3 ) p,
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where p is the volume density of the extraneous charge. Hence

D p rS-a3
E=- ------

£E u -- 3e08 r'·

The eorresponding' curves for E (r) and q> (r) are shown in Fig.· 3.12b.

o a b

(a)

Fig. 3.12

(b)

• 3 ..4. Extraneous charge is uniformly distributed with the volume
deMity p > 0 over a sphere of radius at made of a homogeneous dielec
\ric -with the pennittivity E. Find (1) the magnitude of vector E as a
fUIICtion of the distance r from the centre of the sphere and plot the
CUI"YeS of the functions E (r) and cp (r); (2) the surface and volume den
sities of bound charge.

Solution. (1) In order to determine E, we shall use the Gauss theo
rem for vector D since we know the distribution of only extraneous
ebuge:

r~a, 4nr 2D ==-!.. nrsp,
3

p
D=T r ,

D PE=-=-r,
££0 3E80

4 pw D pal 1
r~tJ, 4nr2D = T na'p, D= 3r" E=e;== 380 ~.

The curves for the functions E (r) and q> (r) are shown in Fig. 3.t3.
(2) .The surface density of the bound charge is

, £-1 pa
a =Pn = - - -e 3·

In order to find the volume density of bound charge, it is sufficient to
repeIIt tbe reasoning that led us to formula (3.11), and we get

£--1
p':-..;--- p. (1)

t:

rrbis result can be obtained in a different way, viz. by usiflg
Eq. (3.9). Since P = xf..E and x docs not depend on coordinates (in-
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side the sphere), we obtain
p ' = -V·p = -xe,V ·E,

where eoV·E = p + p'. Hence p' = -x (p + p'), which gives for
mula (f) .

• 3.5. Capacitance of a eeaducter. Find the capacitance of a
spherical conductor of radius a, surrounded by a layer of a homoge-

o a

·Fig. 3.13

o

Fig. 3.14

r

neous dielectric and having the outer radius b and the dielectric con
stant r . Plot approximate curves for E (r) and cp (r), where r is the dis
tance Irom the centre of the sphere, if the sphere is charged positi
vely.

Solution. By definition, the capacitance C = q/ffJ. Let us find the
potential q> of the conductor, supplying mentally a charge q to Tt:

00 b 00

\

( e 1 \ q I 1 \ qcp== E; dr.=-- -2- dr-t---- -2" dr.
• 4n£o ... t r 4nEo ... r
on' h

Integrating this expression, we obtain

<p= _q_ (_1_ ~_ e.-.i) C== 4nEf)ea
4nf-oE a b' i+(e-1)a/b ·

The curves for E (r) and (J) (r) are shown in Fig. 3.14 .

• 3.6. Capacitance of a capacitor. A spherical capacitor with
the radii of the plates a and b, where a < b, is filled with an isotropic
heterogeneous dielectric whose permittivity depends on the distance r
from the centre of the system as f = air, where a is a constant. Find
the capacitance of the capacitor.

Solution. In accordance with the definition of the capacitance of a
capacitor (C == q/[T), the problem is reduced to determination of the
potential difference U for a given charge q:

b

U = JE dr, (1)
a
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where we assume that the charge of the inner plate is q > O. Let us
find E with the help of the Gauss theorem for vector D:

D 1 q 1 q
,41lrID=q~ E=--==-- --2 ~ ...---.

££0 4neo er 4~to ar

Substituting the latter expression into (1) and integrating, we find

q b 41teoCl
U==4-·- 1n -, C=-l(b/)·11.80Ct a n a

• 3.7. The GSWIS theorem and the prineiple of supel1lOSition.
Suppose that we have a dielectric sphere which retains polarization

Fig. 3.15 Fig. 3.16

alter an external electric field is switched off. If the sphere is. polar
ized uniformly, the field intensity inside it is E' = - P/3eOt where P
is the polarization. (1) Derive this formula assuming that the sphere jR
polarized as a result of a small displacement of all positive charges of
the dielectric with respect to all its negative charges. (2) Using this
formula, find the intensity Eo of the field in the spherical cavity inside
an infinite homogeneous dielectric with the permittivity f· if the field
intensity in the dielectric away from the cavity is E.

S olution, (1) Let us represent this sphere as a combination of two
spheres of the same radii, bearing uniformly distributed charges with
volume densities p and -p. Suppose that as a result of a small shift,
the centres of the spheres are displaced relative to one another by a
distance 1 (Fig. 3.15). Then at an arbitrary point A inside the sphere
we have

E'=E~.+.E~=-3P(r+-t_)= --~,
eo 3Eo

where we used the fact that field .intensity inside a uniformly charged
sphere is E = pr/3Eo' which directly follows from the Gauss theorem.
It remains for us to take into account that in accordance with (3.4L
pi ;=: P. .

(2) The creation of a spherical cavity in a dielectric is equivalent
to the removal from a sphere of a ball made of a polarized material.
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Consequently, in accordance with the principle of superposition, the
field E inside the dielectric can be represented ~s the sum E == E' +
·t Eo· Hence

Ee = E - E' = E + P/3eo'
Considering that P = (e :- 1) foE, we obtain

Eo == (2 + e) E/3.

• 3.8. Boundary conditions. In the vicinity of point A (Fig. 3.16)
bl'longing to a dielectric-vacuum interface, the electric field intensity
in vacuum is equal to Eo, and the vector Eo forms the angle CLo with
the normal to the interface at the given point. The dielectric permitti v~
ity is E. Find the ratio E/ Eo, where E is the intensity of the field in:'
side the dielectric in the vicinity of point A.

Solution. The field intensity inside the dielectric is

E=VE~-I-E~. (t)

Usi~ conditions (3.22) and (3.21) at the interface between dielectrics,
we find

E,; = Eo sin cto, En = J)n/f.Eo = Eonle = Eo cos ao/~,

wht-re Eon is the normal component of the vector Eo in a vacuum.
Substitoting these expressions into (1), we obtain

E _ 1/... 2 L c.os2 ao ..*'E;; --= sin (10 -.~ < J,

i.e. E < Eo.

• 3.9. A point charge q is in a vacuum at a distance l from the
plane surface of a homogeneous dielectric filling the half-space below
the plane. The dielectric's permittivity is E. Find (1) the surface den
sity of the bound charge as a function of the distance r from the point
charge f[ and analyse the obtained result; (2) the total bound charge on
the surface of the dielectric.

SOlUU01l. Let us use the continuity of the normal component o!
vector D at the dielectric-vacuum interface (Fig. 3.17):

D2n = DIn' E2n = eE1n

or
1. q 0' ( i q a' )--- 2 cos {}·t--==r. --- --. cos ,~--,- ,

4nf.o r 2eo 4neo r3 . 2£0

where the term ol/2fo is the component of the electric field created
near the region of the plane under consideration, where the surfaco
charge densit.y is a'. From the last equality it follows that

0' = _ £-1 -!!.!.- (1)
E+ t 2nr 3 •
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Here we took into account that cos it = llr, As 1 --.. 0 the quantity
a' -to- 0, i.e. if the charge q is just at the interface, there is no surface
charge on the plane.

(2) Let us imagine at the interface a thin ring with the centre at
the point 0 (Fig. 3. t 7). Suppose that the inner and ou ter radii of this

ring are r' and r' -t- dr': The surface
bound charge wi thi n this ring is
dq'=a' • 2nr' dr'; It can be seen

n from the figure that r2 = 12 + r'2,
whence r dr = r' dr', and the expres
sion for dq' combined with (t)"givt's

, e-l dr
dq == -8"+ 1 q] -;:2.

Integrating this equation over r be
tween land 00, we obtain

Fig. 3.17 , e-1
q = - 8+1 q.

• 3.10. A point charge q is on the plane separating a vacuum
from an infinite fiomogeneous dielectric with the dielectric permittivi
ty e. Find the magnitudes of vectors D and E in the entire space.

Solution. In this case, it follows from the continuity of the normal
component of vector D that.E2n = t=,Et n " Only the surface charge a'
will contribute to the normal component of vector E in the vicinity
of the point under consideration. Hence the above equality can be
written in the form

0'/2£0 = E (-0'/2£0).

We immediately find that 0' ;::= o.
Thus, in the given case there is no bound surface charge (with the

exception of the points in direct contact with the extraneous point
charge q). This means that the electric Held ill the surrounding space
is the Held of the point charge q + q", and E depends only on the dis
tance r Irorn this charge. But the charge q' is unknown, and hence
we D1USt use the Gauss theorem for vector D. Taking for the closed
surface a sphere of radius r with the centre at the point of location or
the charge q, we can write

2nr2D o + 2nr2!J = q,

where Do and 1) are the magnitudes of vector D at the distance r
from the charge q in the vacuum and in the dielectric respectively.

Besides, from the continuity of the langential component of vector
E it follows that

D = fDo.

Combining these two conditions, we lind

q
Do

.:-= 2n (1 -I-e) ,2 '
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and the electric field intensity in the entire space is

E=...!!.!.=-= q 2
80 2n (t -/.- e) t:or

It can be seen that for 8 = t these formulas are reduced to the al
ready familiar expressions for D and E of the point charge in a vac
uum.

The obtained results are represented graphically in Fig. 3.18. It

"Field E

Fig. 3.18

FieldD

should be no led tha t the field n in this case is not determined by the
extraneous charge alone (otherwise it would have the Iorm of the field
of a point charge).

4. Energy of Electric Field

4.1. Electric Energy of a System of Charges

Energy Approach to Interaction. The energy approach
to interaction between electric charges is, as will be shown,
rather fruitful in respect of its applications. Besides, this
approach makes it possible to consider the electric field
from a different point of view.

First of all, let us find out how we can arrive at the con
cept of the energy of interaction in a system of charges.

1. Let us first consider a system of tU10 point charges 1
and 2. We shall find the algebraic sum of the elementary
works of the forces F 1 and F 2 of interaction between the
charges. Suppose' that in a certain system of reference K
the charges were displaced by dl 1 and dl 2 during the time
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dt, Then the corresponding' work of these forces is

6i1l.2 ==Fl· flit -1- F2 ·dI2 •

Considering that 1·"2 == - t\ (according to the Newton
third law), we can write this expression ill the form ~

6..41. 2 .:= F t (dl t - dl l ) ·

The quantity in the parentheses is the d isplucernent of
charge 1 relative to charge 2. In other words, it is the dis
placement of charge 1 in the system of reference K', which
is rigidly fixed to charge 2 and accomplishes with it a tI'HIlS

lational mot jon relal.i vo to the init ial reference system K.
Indeed, the displacement dl 1 of charge 1 in system K can
be represented as the displacement dJ 2 of system K' plus
the displacement dli of charge 1 relative to system
K' : dl1 == d12 +dl;. Hence, dl 1 - dl 2 == dl'b and

11:' 6At.2=Ft.dl~.

Thus, it turns out that..the sum of the elementary works
done by two charges in an arbitrary system of reference K
is always equal to the elementary work done by the force
acting on one charge in another reference system (/( ') in
which the other charge is at rest. In other words, the work
6A 1.2 does not depend on the choice of the initial system of
reference.

The force F 1 acting on charge 1 from charge 2 is conserva
tive (as a central force). Consequently, the work of the given
force in the displacement dli can be represented as the de
crease in the potential energy of interaction between the
pair of charges under consideration:

6.11 1. 2-"~ - d ~'Vt2'

where W 1 2 is the quantity depending only on the distance
between these charges.

2. Let us now go over to a system of three point charges
(the result obtained for this case can be easily generalized
for a system of an arhitrary number o[ charges). 'The wort,
performed by all forces of interaction during elernentary
displacements of all the charges can be represented as the
sum of the works of three pairs of interactions, i.e. 6..1 =--=
= «5..41.2 -1- ~A1.3 -t- 6·c'l2.3. But as it has just been shown,
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for each pair of interactions 6.A i, h = - dlV l1u and hence.

6A == - d (W12 + W13 + W 23) = - dW,

where W is the energy of interaction for the given system of
charges:

W = W l 2 + W 13 -t- W 2 3 -

Each term of this sum depends on the distance between
corresponding charges, and hence the energy W of the given
system of charges is a function of its configuration.

Similar arguments are obviously valid for a system of
any number of charges. Consequently, we can state that to
each configuration of an arbitrary system of charges, there
corresponds a certain value of energy W, and the work of
all the forces of interaction upon a change in this configu
ration is equal to the decrease in the energy W

c5A = - dW. .(4.1)

Energy of Interaction. Let us find the expression for the
energy W. We again first consider a system of three point
charges, for which we have found that W = Ul'12 + "'II +
+ W 2S- This sum can be transformed as follows. We
represent each term. Wilt in a symmetric form: Wile =

= ~ (Wilt + Witt), since Wilt = Will. Then

W =i- (Wt 2 +W2• +W 13+W,. +W23 + W32) .

Let us group the terms with similar first indices:

W =+ [(WI 2 +W.,) + (TV2t + 11l23) + (W:u + W32)] .

Each sum in the parentheses is the energy W"f of interaction
between the ith charge with all the remaining charges..
Hence the latter expression can be written in the form

3

W = ~ (W.+ W2+ W,) =+ ~ Wi-
i=l

This expression can be generalized to a system of an arbi
trary number of charges, since the above line of reasoning
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obviously docs Hot depend on the number of charges con
stituting the system. Thus, the energy of interaction for
a system of point charges is

(4.2)

Considering that It"i =:-:- qi<Ph where qi is the ith charge of
the system and «('1 is t he potential created at the point of
location of the ith charge by all the remaining charges, we
obtain the final expression for the energy of interaction of
the system of point charges:

(4.3)

Exa.pIe. Four similar poi Ill. charges q arc Ioca t(\d a t the vertices
of a tetrahedron w~h an edge a (Fig. 4.1). Find the energy of inter
aetiou of charges 'in t his system.

q

q

q

Fig. 4.1

q

1 I 1 ()q2
-fjfjff):=:. --
2 4nf,o a

4

W = ~ h qjqJ/

1=1

The energy of interaction f\)d' each pair of charges of this system Is
the same and equal to Hit = q2/4nfoa . I t can be seen from the figure
that the total number of interacting pairs is six, and hence the energy
~r interaetion of all point charges of the system is

lV === 6lV1 = 6q2/4ncoa.

Another approach to the solution of this
problem is based on formula (4.3). The pote
ntial q> at the point of location of one of the
charges~ created by the Held of all the 0 l her
charges, is q» === 3q/4ncoa. lienee

Total Energy of Interaction. If the charges are arranged
continuously, then, representing the system of charges as
a combination of elementary charges dq == r dV and going
over in (4.:1) from summation to integrat ion , we obtain

w' -~- .\ plpdV, I
7-0181
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where q> is the potential created by all the charges of the
system in the volume element dV. A similar expression can
be written, for example, for a surface distribution of charges.
For this purpose, we must replace in (4.4) p by {J and dV by
as.

Expression (4.4) can be erroneously interpreted (and
this often leads to misunderstanding) as a modification of
expression (4.3), corresponding to the replacement of the
concept of point charges by that of a continuously distrib
uted charge. Actually, this is not so since the two expres
sions differ essentially. The origin of th is difference is in
different meanings of the potential q> appearing in these ex
pressions. Let us explain this difference with the help of
the following example.]

Suppose a system consists of two small balls having
charges ql and q2. The. distance between the balls is consi
derably larger than their dimensions, hence ql and ill can be
assumed to be point charges. Let us find the energy W of
the given system by using both formulas.

According to (4.3), we have
1

W =2 (qt<pt + Q2cr2) = Q1<Pl = Q2CP2,

where <PI (q>2) is the potential created by charge q2 (ql) at
the point where charge ql (q2) is located.

On. the other hand, according to formula (4.4) we must
split the charge of each ball into infinitely small elements
p dV and multiply each of them by the potential q> created
by not only the charge elements of another ball but by the
charge elements of this ball as well. Clearly t the result will
be completely different:

W = WI + W 2 + W 12 ' (4.5)

where WI is the energy of interaction of the charge elements
of the first ball with each other, W 2 the same but for the
second ball, and W 12 the energy of interaction between the
charge elements of the first ball and the charge elements of
the second ball. The energies WI and W 2 are called the
intrinsic energies of charges ql and Q2' while W1 2 is the energy
of interaction between charge ql and charge Q2 0

Thus, we see that the energy W calculated by formula (4.3)
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corresponds only to the energy W l 2 t while calculation by
formula (4.4) gives the total energy of interaction: in addi
tion to W 1 2 t it gives intrinsic energies WI and W 2 • Disre
gard of this circumstance is frequently a cause of gross
errors.

We shall return to this question in Sec. 4.4. Now, we
shall use formula (1.1) for obtaining several important re-:
sults.

4.2. Energies of a Charged Condudor and
a Charged Capacitor .

Energy of an Isolated Conduetor, Let a conductor have
a charge q and a potential <p. Since the value of cp is the
same at all points where charge is located, .we can take q>
in formula (4.4~/out .of the integral. The remaining integral
is just the charge q on the conductor, and we obtain

HI _. (,:~ _ Cq>2 _ -1:_ I
_n 2 .- 2 -. 2C . (~.())

These three expressions are written assuming that C == s!w.
Energy of a Capacitor. Let q and ({)+ be the charge and

potential of the positively charged plate of a capacitor.
According to (4.4), the integral can be split into two parts
(for the two plates). Then .

1
W === T (q+fP+ +q-q>-).

Since q: == - q+, we have
1 t

W = T q; (rp; - <p-) = T qU,

where q = q+ is the charge of the capacitor and U is the
potential difference across its plates. Considering that
C = qlU,we obtain the following expression for the energy
of the ca pacitor:

I

I
~v == 5!!-. - Cll' ._.- L (4.7\,2 _.- 2 -2C·

7*
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Jt should be noted here that these formulas determine the
lolu] energy of iutcruction, viz. not ouly the energy of in
teract ion Let ween the charges of one plate and those of the
other plate, but also the energy of interaction of charges
within each plat.e.

And What ir \Ve Have a Dielectric? We shall show that
[ormulas (4. (j) and (4.7) are valid in the presence 0/ a dielectric.
For this pu rpose, we consider the process of charging a
capacitor as a transport of small portions of charge (dq')
Irom one pla te to the other.

The elementary \\"01'1\ performed against the forces of the
field in this case is

bL 1 =~:: V' dq' ~ (q'le) dq',

where U' is the poteutial d iflerence between the plates at
the moment when the next portion of charge dq' is being
transferred.

Integrating this expression over q' between 0 anti q, we
obtain

A = q2j2(",

which coincides with the expression for the total energy of
a capacitor. Conseq uentJy, the work done against the forces
of the electric field is completely spent for accumulating
the energy ltV of the charged capacitor. Moreover, the expres
sion obtained for the work A is also valid in the case when
there is a dielectric between the plates of a capacitor. Thus,
we have proved the validity of (4.7) in the presence of a
dielectric.

Obviously, all this applies to (4.6) as well.

4.3. Energy of Electric Field

On Localization of Energy, Formula (4.4) defines electric
energy Jtl'J' of any system in terms of charge and potential.
It turns out, however, that energy W can also be expressed
through another quantity characterizing the field itself,
viz. through field intensity E. Let us at first demonstrate
this by using the simple example of a parallel-plate capaci
tor, ignoring field distortions near the edges of the plates
(edge effect). Substituting into the formula W = CU2/2
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the expression C = 88oSlh , we obtain

W = CUI ~ uoSUI _ UO (_U )2 Sh
2- 2 --2 h •

And since U/h = E and Sh = V (the volume between the
capacitor plates), we get

1
W ='TeoeE%V. (4.8)

This formula is valid for the uniform field which fills the
volume V.

In the general theory, it is proved that the energy W
can be expressed in terms of E (in the case of an isotropic
dielectric) through the formula

W = I to~EIl dV = I E~D dV.

~/

The integrand in this equation has the meaning of the energy
contained in the volume dV. This leads us to a very impor
tant and fruitful physical idea about localization 01 energy
in the field. This assumption was confirmed in experiments
with fields varying in time. It is the domain where we en
counter phenomena that can be explained with the help of
the notion of energy localization in the field. These varying
fields may exist independently of electric charges which
have generated them and may propagate in space in the
form of electromagnetic waves. Experiments show that
electromagnetic waves carry energy, This circumstance con
firms the idea that the field itself is a carrier of energy.

The Jast two formulas show that the electric energy is
distributed in space with the volume density

EoeEt E·D
w=-2- ==-~- (4.10)

It should be noted that this formula is valid only in the
case of isotropic dielectrics for which the relation P = x€oE
holds.

For anisotropic dielectrics the situation is more complicat
ed.
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Fig. 4.2

A~other substantiation for formula (4.9). It is known that the
en~rgy of an i~olated charged con~uctor is W == q<p/2. Let us show that
this formula IS correct, proceeding from the idea of localization of
energy in the field.

Let us consider an arbitrary positively charged conductor. \Ve
mentally isolate a tube of infinitesimal cross section, which is bound
ed by lines of E (Fig. 4.2), and take init an elementary volume dV·=

=dS dl.This volume contains the energy

ED dS d l = DdS Edl..
2 2

Let us now find the energy local
ized in the entire isolated tube. For
this purpose, we integrate the last ex
pression, considering that the product
D dS is the same in all cross sections
of the tube and hence it can be taken
out of the integral:

00

dW=DdS r Edl= DdS
2 J 2 q',

A

wh ere A is a point at the beginning of the imaginary tube.
It remains for us to make the last step, i.e. integrate the obtained

expression over all the tubes, and find the energy localized in the entire
field. Considering that potential <p is the same at the endfaces of all
the tubes (since they originate on the surface of the conductor), we
write

w= ! ~ DdS,

where the integration is performed over a closed surface coinciding
with one of the equipotential surfaces. In accordance with the Gauss
theorem, this integral is equal to the charge q of the conductor, and
we finally get

W = gcp/2,

Q.E.D.

Let us consider two examples illustrating the advantages
we get by using the idea of energy localization in the field.

Example t. A point charge q is at the centre of a spherical layer
made of a hornogeneous dielectric with the dielectric constant E. The
inner and outer radii of the layer are equal to a and b respectively.
Find the electric energy contained in this dielectric layer.

We mentally isolate in the dielectric a very thin concentric spher
ical layer of radius from r to r + dr. The energy localized in this
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(4.11)

£otEI 4 »sdW=-2- :r.t r ,

where E = q2/4nBoBr2 • Integrating this expression over r between a
and b, we obtain

q2 (1 1)
w= 8nEoB a -T ·

'. Example 2. Find the work that must be done against the electric
forces in order to remove a dielectric plate from a parallel-plate char
~d capacitor.. It is assumed that the charge q of the capacitor remains
unchanged and that the dielectric fills the entire space between the
capacitor plates. The capacitance of the capacitor in the absence of
the dielectric is C.

The work against the electric forces in this system .is equal to the
increment of the electric energy of the system:

A = 6W == W 2 - WI'

where WI is the energy of the field between the capacitor 'plates in
the presence of th@t8ielectric and W 2 is the same quantity in the absence
of the dielectric. Bearing in mind that the magnitude of vector D
will Dot change as a result of the removal of the plate, i.e. that D 2 =
= D 1 = a, we can write ,.

I D2 D2) q2 ( 1)
A = W 2 - W 1 = \ 2£0 \-- 2£08 V:= 2C 1- -;- ,

where V = Sh and C= e.sn; S being the area of each plate and h
the distance between them.

The Work of the Field During Polarization of 8 Dielectric.
An analysis of Iormuln (-1.10) for the volume energy density
reveals that for the same value of E, the quantity w is e
times greater in the presence of a dielectric than when it is
absent. At· first glance this may seem strange: field intensity
in both cases is maintained the same. As a matter of fact.
when a field is induced in a dielectric, it does an additional
work associated with polarization. Therefore, under the
energy of the field in the dielectric we must understand the
-sum of the electric energy proper and an additional work
which is accomplished during polarization of the dielectric.

In order to prove this, let us substitute into (4.10) the
quantity foE + P for D, which gives

t-· oE2 + E .P
U'=-- --2 2·
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The first term on the right-hand side coincides with the
energy density of the field E in a vacuum, It remains for
us to verify that the "additional" energy E· P/2 is associated
with polarization.

Let us calculate the work done by the electric field for
polarization of a unit volume of the dielectric, i..e. for the

o

1-1.- I ..

Fig. 4.3

displacements of charges p+ and p:' respectively along and
against the field upon an increase in the field intensity from
E to E + dE. Neglecting the second-order terms, we write

6A = p;E.dl+ + r~E·dl_

where dl + and dl_ are additional displacements due to an
increase in the field by dE (Fig. 4.3). Considering that
p:' = -- p~, we obtain

6:1 ==p; (dl+ - dJ_> ·E ~~ p~ dl· E,

where dl = dI+ - dl_ is the additional displacement of
the positive charges relative to the negative charges. Accord
ing to (3.4), p~dl = dP and we get

6A == E·dP. (4.12)

Since P = xEoE, we have

oA = E.x€odE ~~ d (Xe~EI ) = d (Et).
Hence, the total work spent for the polarization of a

unit volume of a dielectric is

A == E·P/2, (4.13)

which coincides with the second term in formula (4.1.1).
Thus, the volume energy density w = E· D/2 includes

the energy £oE"/2 o~ the field proper and the energy E-P/2
associated with the polarization of the substance.
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4.4. A System of Two Charged Bodies

Suppose that we have a system of two charged bodies in a
vacuum. Let one body create in the surrounding space the
field E 1 , while the other body, the field E 2 • The resultant
field is E == E] -\- E2~ and the square of this quantity is

£2 = E: +E: + 2E t·E2 .

Therefore. according to (4.9), the total energy TV of the
given system is equal to the sum of three integrals:

W = .~ Fn~':T_ dV + J t
o
{ ' dV + JeoEI·E~ dl'. (4.14)

which coincides with formula (4.5) and reveals the field
meaning- of the terms appearing in this sum. The first two
integrals in (4.14) are the intrinsic energies of the first and
second chaseed bodies (WI and W 2 ) , while the last integral
is the energy of their interaction (W12) .

The following important circumstances should be men
tioned in connection with formula (4.14).

f. The intrinsic energy of each charged body is an essen
tially positive quantity. The t ot al energy (1.9) is also always
positive. This can be readily seen from the fact. that the in-
tegrand contains essentially positive quantities. However,
the energy of interaction can be either posit ive or negative.

2. The intrinsic enerzv of hod ies remains constant upon
all possible d isplncernents that do not. change the confizu
ration of charg-es on each hotly, and consequently this energy
can be assumed to he an additive constant in the expression
for the total energy W. In such cases, the changes in ll' are
completely determined only hy the changes in the interac
tion energy Wl~' In particular, this is just the mode of be
haviour of the energy of a system consisting of two point
charges upon a change in the distance between them.

3. Unlike vector E, the energy of the electric field is
not an additive quantity, i.e. tho energy of a field E which
is the sum of fields E. and E 2 is generally not equal to the
sum of the energies of these fields in view of the presence of
the interaction energy TV l :!. In particular, if E increases 12

times everywhere, the energy of the field increases n2 times.
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4.5. Forces Acting in a Dielectric

Electrostriction. Experiments show that a dielectric in
an electric field experiences the action of forces (sometimes
these forces are called ponderomotive). These forces appear
when the dielectric is neutral as a whole. Ponderomotive
forces appear in the long run due to the action of a nonuni
form electric field on dipole molecules of the polarized dielec
tric (it is known that a dipole in a nonuniform electric
field is acted upon by a force directed towards the increasing
field). I n this case, the forces are caused by the nonuniformi
ly of not only the macroscopic field hut the microscopic
field as well, which is created mainly by the nearest mole
cules of the polarized dielectric.

lJnder the action of these electric forces, the polarized
dielectric is deformed. This phenomenon is called electro
striction. As a resul t of electrostriction, mechanical stresses
a ppear in the dielectric.

Owing to electrostriction, not only the electric force
(which depends on the charges) acts on a conductor in a

.polarized dielectric, but also an additional mechanical
force caused by the dielectric. I n the general case, the effect
of a dielectric on the resultant force acting on a conductor
cannot be taken into account by any simple relations, and
t he problem of calculating the forces with simultaneous
analvsis of the mechanism of their appearance is, as a rule,
rather complicated. However, in many cases these forces
can be calculated in a suflicient.ly simple way without a
detailed analysis of their origin by using the law of conser
vation of energy.

Energy Method for Calculating Forces. This method is
the most general. It allows us to take into account automat
ically all force interactions (both electric and mechanical)
ignoring their origin, and hence leads to a correct result.

Let us consider the essence of the energy method for cal
culating forces. The simplest case corresponds to a situa
tion when charged conductors are disconnected from the
power supply. In this case, the charges on the conductors
remain unchanged, and we may state that the work A of
all internal forces of the system upon slow displacements
of the conductors and dielectrics is done completely at the
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expense of a decrease in the electric energy W of the system
(or its field). Here we assume that these displacements do
not cause the transformation of electric energy into other
kinds of energy. To be more precise, it is assumed that such
transformations are .negligibly small. Thus, for infinitesimal
displacements we can write

BA = -dWlq, (4.15)

where the symbol q emphasizes that the decrease in the
energy oJ the system must be calculated when charges. on
the conductors are constant.

Equation (4.15) is the initial equation for determining
the forces acting on conductors and dielectrics in the electric
field. This can be done as follows. Suppose that we are in
terested in the force acting on a given body (a conductor or
a dielectric). Let us displace this body by an infinitesimal
distance dx in the direction X we are. interested in. Then
the work of ~e required force F over the distance dx is
6A = Fxdx, where Fx is the projection of the force F onto
the positive direction of the X-axis. Substituting this ex
pression for 6A into (4.15) and dividing both parts of (4.15)
by dx, we obtain .

IF=-~I·Ix ax ,q
(4.16)

We must pay attention to the following circumstance.
I t is well known that the force depends only on the position
of bodies and on the distribution of charges at a given in
stant. It cannot depend on how the energy process will deve
lope if the system starts to move under the action of forces.
And this means that in order to calculate F:x by formula
(4.16), we do not have to select conditions under which all
the charges of the conductor are necessarily constant
(q = const). We must simply find the increment dW under
the condition that q = const, which is a purely mathemati
cal operation.

It should be noted that if adisplacement is performed at
constant potential on the conductors, the corresponding
calculation leads to another:expression for the force: F% =
= + oW/ox Iq;. However (and it is important!) the result
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of the calculation of F:c with the help of this formula or
(4.16) is the same, as should be expected. Therefore, hence
forth we shall confine ourselves to the application of only
formula (4.16) and will use it for any conditions, including
those where q =1= const upon small displacements. We must
not be confused: the derivative fJWliJx will be caleulated
at q =. const in such cases as well.

Q

Fig. 4.4 where e is the permittivity of the dielec
tric, S is the area of each pIa ttl, and z is
the distance between them (x = h).

Next, let us choose the positive direction of the X -axis as is 8ho\1,"0
in Fig. 4.4. According to (4.16), the force acting on the upper plate
of the capaci tor is

Example. Find the force acting on one of the plates of a parallel
plate capacitor in a liquid dielectric, if the distance between the
plates is h, the capacitance of the capacitor under given conditions is
C and the voltage U is maintained across its plates.

In this case, if we mentally move the plates aptil'l. the voltage U
remains constant, while the charge q of the capacitor changes (this :
follows from the relation C = qIU). In spite of this, we shall calculate

the force under the assumption that q =
X = const, i.e. with the help of formula

x~dx (4.16). Here the most convenient expres-
_q---- ----- sion for the energy of the capacitor is

x ql q2
e 'F W=-...... -::-.::--z,

+q---...-.o---- "I.e 2£eoS

(f)

The minus sign in this formula indicates that vector F is directed
towards the negative values on the X-axis, i.e. the force is attractive
by nature. Considering that q = as = DS = eeoES and E = ut».
we transform (1) to

F% = -CU'/2h.'

Forces in 8 Liquid Dielectric. Formula (1) of the last
example shows that the force of interaction between the
plates of a parallel-plate capacitor in a liquid dielectric
is smaller than the corresponding force in a vacuum by a
factor of E (in vacuum B =:::: 1). Experiment shows that this
result can be generalized: if the entire space occupied by a
field is filled by a liquid or gaseous dielectric, the forces of
interaction between charged conductors (at constant charges
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on them) decrease by a factor of e:

F = J?oIB. (4.17)

Hence it follows that two point charges qt and qz separat
ed by a distance r and placed into an infinite liquid or gas
eous dielectric in terac t with the force

F:=::_1_~, (4.18)
41t€o er 2

which is smaller than the force in a vacuum by a factor of
£. This formula expresses the Coulomb law for point charges
in an infinite dielectric.

We must pay a special attention to the fact that point
charges in this law are extraneous charges concentrated on
macroscopic bodies whose dimensions are small in comparison
with the distance between them. Thus, the law (4.18) has,
unlike the Coulomb law in vacuum, a very narrow field
of applicationxthe dielectric must be homogeneous, infinite,
liquid or gaseous, while the interacting bodies must be
pointlike in the macroscopic sense.

I t is interesting to note that the electric field intensity
E, as well as the force 'F acting on a point charge q in a
homogeneous liquid or gaseous dielectric filling the en tire
space of the field, are by a factor of E smaller than the values
of Eo and F 0 in the absence of dielectric. This means that
the force F acting on the point charge q in this case is de
termined by the same formula as in vacuum:

F == qE, (4.19)

where E is the field intensity in the dielectric at the point
where the extraneous charge q is placed. Only in this case
formula (1.19) makes it possible to determine the field E
in the dielectric from the known force F. It should be noted
that another field differing from the field in the dielectric
will be acting on the extraneous charge itself (which is
located on some small body). Nevertheless, formula (4.19)
gives the correct result, strange as it may seem.

Surface Density of a Force. We shall be speaking of the
force acting on a unit surface area of a charged conductor
in a liquid or gaseous dielectric. For this purpose, let us
consider a parallel-plate capacitor in a liquid dielectric.
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(4.20)

Suppose that the capacitor is charged and then disconnected
from the power supply to maintain the charge and the field
E of the capacitor constant when the plates are moved apart.

Let us consider once again Fig. 4.4. The energy of the
capacitor is the energy of the field within it. In accordance
with (4.9), this energy is W = (1/2) EDSx, where S is the
surface area of each plate and x is the distance between them
(Sx is the volume occupied by the field). By formula (4.16),
the force acting on the upper plate is

1
Fx==~ -oWjoxl q = -2: EDS,

whence the surface density of the force is

F E·D I
u==-2 -I

We have obtained an interesting and important result
of a general nature (for a liquid or gaseous dielectric). It
turns out that the surface density of the force acting on a
conductor is equal to the volume density of the electric
energy near the surface. This force is directed always out
ward along the normal to the surface of the conductor (tend
ing to stretch it) regardless of the sign of the surface charge.

Problems

• 4.1. Energy of interaction. A point charge q is at a distance l
from an infinite conducting plane. Find the "energy W of interaction
between this charge and the charges induced on the plane.

Solution. Let us mentally "freeze" the charge distributed over the
plane and displace under these condi tions the point charge q to in
finity. In this case the charge q will move in the potential field which
is 'equivalent to the field of a fixed fictitious point charge --qt located
at a fixed distance 1 on the other side of the plane. Vie can write
straightaway

1 q2
W=----

4;''1eo ~l·

• 4.2. Intrinsic, mutual, and total energies. A. system consists
of two concentric metallic shells of radii R 1 and R t with charges ql
and q2 respectively. Find intrinsic energies WI and ~V2 of each shell,
the energy Wit of interaction between the shells, and the total elec
tric energy 0 the system W, if R'}, > R 1 •



Problems fit

Solution. In accordance with (4.6), the intrinsic energy of each
shell is equal to qff>/2, where q> is the potential of a shell created only
by the charge q on it, i.e. (p = q/4:teoR, where H is the shell rad ius.
Thus, the intrinsic energy of each shell is

1 q~, 2
W I 2 =- - -.- - .

'4rc£o 2R 1, 2

The energy of interaction between the charged shells is equal to the
charge q of one shell multiplied by the potential <p created by the charge
of the other shell in the point of location of the charge q: W12 := fJrp.

In our case (R 2 > R), we have

1 Q2 1 q1Q'2W12 r .:: q l - - - - =:..= - - - - .
4neO R 2 4neO u,

The total electric energy of the system is

. 1 (qi . q~ . qt q2 )
W=Wl --1- W 2 --1-· lV I 2= -4- - --;~J~ +-~R .t--J~ ·nco .... 11 I.J:! 12

• 4.3. Two small metallic balls of radii III and R2 are in VaCUUll1

at a distance considerably exceeding their dimensions and have a
certain total charge. Find the ratio q./q2 between the charges of' the
balls at which the energy of the system is minimal. \Vhat is the po
tential difference between th~ balls in this' case?

Solution, The electric energy of this system is

1 (qi q~ ql q2 )
W = WI -I- ~V2 -!·-lV12 ~ 4ne

o
2R

1
-t- 211

2
' -t--l- ,

where WI and W2 are the intrinsic electric energies of the balls (qrp/2),
W12 is the energy of their interaction (Ql<'p2 or Q2q>1), and l is the dis
tance between the balls. Since q2 :-=-:: q - qlt where q is the total charge
of the system, we ha ve

",=-=_1_ [--.J.L -t- (q-fJl)2 _+ ql (ql-qd ]
4n£0 2R 1 211.2 l •

The energy W is minimal when owto«, :-= o. Hence

liz
and q'!. ~ q R -1 R '

1 .- 2

where we took into account that R 1 and R 2 are considerably smaller
than land

q1lq2 == R1/R2•

The potential of each hall (llH~Y can he considered isolated] is 'P ex: (]" R.
Hence it follows trnm tilt' above rclut iuu t hn t (I', : -: (r~, i.e. t lu. pnlpll
tial difference is oq ual to zero fur sur h a II is' I'i hut ion.
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• 4.4. Energy localization in the field. A charge q is uniformly
distltbuled inside a sphere of radius R. Assuming that the dielectric
constant is equal to unity' everywhere, find the intrinsic electric energy
of the sphere and the ratio of the energy WI localized inside the sphere
to the energy W2 in the surrounding space.

SolutLiin. Let us first find the fields inside and outside the sphere
with the help of the Gauss theorem:

q 1
E2=-4--2 (r~R).

n80 r

We can now calculate the intrinsic electric energy of the sphere:
R 00

r eoEf 4 2 d + f eoE~ 4 I _ qt (1 1)
W=W1+W2 = J -2- nr r J-2- rtr dr- 8neoR 5+ ·

o R

Hence, it follows that

1 3q2
w=----

41t2o 5R '

It is interesting to note that the ratio W1/W2 does not depend on
the radios of the sphere .

• 4.5. A spherical shell is uniformly charged by a charge q.
A point charge q, is at its centre. Find the work of electric forces upon
the expansion of the shell from radius' R 1 to R 2 •

Solution. The work of electric forces is equal to the decrease in
the eleetric energy of the system:

A = W1 - W 2•

In order to find the difference WI - W 2 t we note that upon the expan
sion of the shell (Fig. 4.5), the electric field, and hence the energy
localized in it, changed only in the hatched spherical layer. Conse
quently,

Rr2 eo
Wt - W2 = J T (Ei- E~) 4nr2 dr ,

HI

where E1 and E2 are the field intensities (in the hatched region at a
distance r from the centre of the system) before and after the expan
sion of the shell. By using the' Gauss theorem, we find

E =_1_ q+qo ~ =_1_!k.
1 4nEo r2 2 4neo r'·
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As a result of integration, we obtain

A =~ q (qo-f- q/2) (_1 1_)
41lEo R 1 11. '1 # •

Remark, If we try to calculate the work in terms of the potential
as A === q (<<PI - CP2)' where <p is the potential created by the charge q(l
at the point of location of the charge q, the answer would be tlirrerent

Fig. 4.5 Fig. 4.6

and incorrect. T~ is due to the fact that this approach does not take
into account the additional work performed by electric forces upon
the change in the oonflguration of the charge q located on the expend
ing shell.

• 4.6. A point charge q is at the centre of a sphc rical uncharged
conducting layer whose inner and outer radii are a and b respectively.
Find the work done by electric forces in this system upon the rernov
al of the charge q from its original posi tion through a small hole
(Fig. 4.6) to a very large distance from the spherical layer.

Solution. We shall proceed from the fact that the work of electric
forces is equal to the decrease in the electric energy of the SystCIO. As
is well known, the latter is localized in the field itself. Thus, the prob
lem is reduced to determination of the change in the Held as a result
of this process.' .

I t can be easily seen that the field around the charge q will change
only within the spherical layer with the inner radius a and the outer
radius b. Indeed, in the initial position of the charge; there was no
field in this region, while in the final position there is a certain field
(since the conducting spherical layer is far from the charge q). Conse
quently, the required work is

b
\ EoE2

A=O-Wl= - J -2- dV.
a

Considering that R == q/4neor2 and d V == 4nr 2 dr, and integrating,
we obtain

q2 a-b
/1==-- -- ~o., 811:£0 ab _.

8-0181
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• 4.7. Tbe work done upon moving capaci tor plates apart.

A parallel-plate air capacitor has the plates of area S each. Find the
work A' against the elect-ric forces, done to increase the distance be
tween the plates from Xl to X2' if (1) the charge q of the capacitor and
(~) its voltage U are maintained constant. Find the increments of the
plpf trlc energy of the capaci tor in .he two cases.

Solution, (1) The required work is

whore £1 is the intensity of the Held created by one plate (E == u!2f.o).
It j:-; ill this field that the charge located on the other plate moves.
This work is completely spent for increasing the r-lectric energy:
1\ J'V :.-. A I •

(2) JJl this case, the force acting on each capacitor plate will de
Iwnd 011 the distance between the plates, Let us write the elementary
work or the force acting on a plntc during its displacement over a dis
t anc« dr relative to the other plate:

Ji.:A' - E d _. £oSU
2 .3.!-

u _.. qt: 1 X - 2 x 2 '

wherr- wo took into account that q = CU, £1 = UI2;1:, and C == £oS/x.
Af'h-r intcgration, we obtain

The iIHTflUH'Uf. of the l&lt~\'tric. energy of the capacitor is

I t should be noted that ~ ~f' == -A'.
Thus, by moving the plates apart, we perform a positive work

(against. tho electric forces). The energy of the capacitor decreases in
this case. In order to understand this, we must consider a soi-ree main
taining the potentral difference of the capacitor at a constant value.
This source also accornplishes the work As. According 10 the law of
tonserva,tio~ ~f)f energy: A ~ -~- A' = 1\lV, whence As:"'::: AW - A' ===
~ ---2.4 ....<, u.

• tj.8. Forces art ing between conductors in a dteleetrte. A paral
lel-plate capacitor is immersed, in the horizontal position, into a liq
uid dielectric with the dielectric constant F, filling the gap of width h
between the plates. Then tho cnpacltor is connected to a source of
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pl~"lnan~nt voltag~ u. F.ind the force I' acting- on a unit surface of the
plate from the dielectric.

Sol~tion. The resultant force I acting per unit area of each plate
can be represented as

I = 10 -I', (1)

where /0 is the electric force acting per unit area of a plate Irorn the
other plate (it is just the force per unit area when the dielectric is
absent). In our case, we have

f = lo/e, 10 = aE = (12/2£0, (2)

where E is the field intensity in the region occupied by one plate, creat
ed by the charges of the other plate. Considering that (J :.-= D =
= eeoU/h and substituting (2) into (1), we obtain

I' == /0 (1 - 1/£) = e (e - t) £oU2/2/1,2.

For example, for U = 500 V, h == 1.0 rom and £ = 81 (water), we get
If ~ 7 kPa (0.07 atm) .

• 4.9. The force acting on a dielectric. A cylindrical layer of a
homogeneous di~lectric with the dielectric constant l: is introduced
into a cylindricAl capacitor so that the layer tills the gap of width d
between the plates. The mean radius of the plates is 11 such that 11 ~ d.
The capacitor is connected tp a source of a permanent voltage U. Find
the force pulling the dielectric inside the capacitor.

Solution. Using the formula W == q2/2C for the energy of a capac
itor, we find that, in accordance with (4.16), the required force is

F«> _ a;: Iq = ~ a~~iJX = ~2 ~~ • (1)

Since d <....<:: R the capacitance of the given capacitor can be calculated
by the formula for a parallel-plate capacitor. Therefore, if the diele
ctric is introduced to a depth x and the capacitor length is it we have

C == EEox .2n R + Eo (l-x)· 2nR
d d

eo·2:tR
d (ex 4-1- x) . (2)

Substituting (2) into (1), we obtain

Fx = eo (t-~ - 1) rtRU 2/d.

• 4.10. A capacitor consists of two fixed plates in the form of a
semicircle of rad ius R and a movable plate of thickness h made of a
dielectric with the dielectric constant E, placed between them. The
latter plate can freely rotate about the axis 0 (Fig. 4.7) and practical
ly fills the entire gap between the fixed plates, :\ constant voltage U is
maintained between the plates. Find the moment AI about the axis 0
of forces acting on the movable pin te when it is placed as shown ill the
ngure.

Solution, The work performed by the moment of forces M upon

8*
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the rotation of the plate through an .....glc~:elelnent do: Isequal to the
decrease in the electric cnerg.y of the system at q = const (see (4.16)]:

11t11, da= -dWl q ,

where W == ql/2C. Hence

M - _ iJW I· -L iJC/oa (1)
Z - {Ja q -- 2 Ct •

In the case under consideration, C = C1 + Cet where C1 and Ce
are the capacitances of the parts of the capacitor with and without the
dielectric. The area of a sector with an angle a is determined as S =

== aR212, and hence

C == coaR2/2h + e£o (n - a) R2/2h.

Differentiating with respect to a, we find
aC/{Ja = (eoR2/2h) (i-e). Substituting
this expression into formula (1) and con
sidering that C = q/U, we obtain

U2 eoRI
M Z=-2- 2"h (i-e)

F' 4 7 e R2U 2

rrg. . =--(B-1),o4h <0.

The negative sign of M z indicates that the moment of the force is
acting clockwise (oppositely to the .positlve direction of the angle a;
see Fig .. 4.7). This moment tends to pull the dielectric inside the ca
pacitor.

It should be noted that Atz is independent of the angle (x. However,
in equilibrium, when a == U, the moment M % :.= O.This discrepancy
is due to the fact that for small values of a we cannot ignore edge effects
as was done in the solution of this problem.

5. Direct Current
5.1. Current Density. Continuity Equation

Electric Current. In this 'chapter, we shall confine our
selves to an analysis of conduction current in a conducting
med ium , especially in metals. I t is well known that electric
current is the transfer of charge through a certain surface
S (say, the cross section of a conductor).

In a conducting medium, current can be carried by elec
trons (in metals), ions (in electrolytes), or some other parti
cles. In the absence of electric field, current carriers perform
chaotic motion and on average the some number of carriers
of either sign passes through each side of any 'imaginary
surface S. Thus, the current passing through S in this 'case
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is zero. However, when an electric field is applied, an orde
red motion with a certain average velocity u is imposed on
the chaotic motion of the carriers, a nd a current flows
through the surface S. Thus, an electric current is essentially
an ordered transfer of electric charges.

The quantitative measure of electric current is intensity
I, defined as the charge transferred across the surface S in
a unit time:

I = dQldt.

The unit of current is the ampere (A).
Current Density. Electric. current may be distributed non

uniformly over the surface through which it passes. Hence,
in order to characterize the current in greater detail, current
density ·vector j is introduced. The magnitude of this vee-tor
is equal to the ratio of the current dI through a surface
element perpendicular to the direction of motion of charge
carriers to thg" area dS J. of this element: j :::-~ dIIdS 1. For
the direction of vector j we take the direction of velocity
vector u of the ordered "motion of positive carriers (or the
direction opposite to that of the velocity vector of the or
dered motion of negative carriers). If the current consists of
positive and negative charges, its density is defined by the
formula

(5.1)

where p , and p, are the volume densities of positive and
negative charge carriers respectively, and u., and u., arc the
velocities of their ordered motion. In conductors, .where the
charge is carried only by electrons (p, < 0 and. u , .~ 0),
the current density is given by

j = p_u_. (5.2)

The field of vector j can be graphically represented with
the help of lines of current (lines or vector j), which arc
drawn in the same way as for vector E.

Knowing the current density vector at each point of the
surface S under consideration, we can also fuul the current
passing through th is surface ClS the flux of vector j:

I = j j .ss. rl .:3)
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Curren t I is (\ scalar al gebra ic quantity. I t can be seen
Irorn formula (5.:-1) that besides other factors, the sign of.
the current is determined by the choice of the direction of
the normal at each point on the surface S, i.e. by the choice
of the direction of vectors dS. If the directions of all the
vectors as are reversed; the current I changes sign.

Continuity Equation. Let us imagine a closed surface S
in a conducting medium through which a current is. passing.
It is customarv to choose the outward direction for vectors
normal to clo~erl surfaces, and hence, for vectors dS. Con-

sequently, the integral ~ j dS gives the charge leaving

the volume V (enveloped by the surface S) per unit time.
According to the law of conservation of charge, this integral
is equal to the decrease in the charge inside volume ~7 per
unit time:

I~jdS= -*. I (5.4)

This relation is called the continuity equation. I t is an ex
pression for the law of conservation of charge.

In the case of a steady-state (direct) current, the charge
distribution in space must remain unchanged. I n other
words, 011 therhrht-hand side of Eq. (5.4) dq/dt :=: O. COIl

sequently, for direct. current we have.

~ j dS= O. (5.5)

This means that in this case, the lines of vector j (10 not
start or terminate anywhere. The Held of vector i is said
to have no sources in the case of direct current.

Differential form or the continuity equation, Let us write Eqs,
(5.ti) and (5.f) ill the di Ilerontial Iorm. For this purpose, we express the

charge lJas ) p d Ii awl the right-hand ~ide of Eq. (5.4) as _.~ ~ p dr ~.~

:=. _ .. ) c:Ji dr. Hero, we have taken the partial lime derivative of p,

sinc« r can OPlu.))Hl on time as well n~ on coordinntt"~. Thus,

~
.. , j" iJp r( J d~ -'; - ---at ~/\..

Co
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Proceeding in the same way as for the flux of vector E in Sec. 1.4, we
lind that the diverzonce of vector j at a certain point is equal to the
decrease in the charge de-vsity per unit time at the same point:

rV·j=-aplilt·1

I'll is leads to the steady-state condition (when iJp/iJt == 0):

IV-j=o·1

(5.6)

(5.7)

This Ul(~':UI:) that Ior direct current the field of vector j does not ha ve
sources,

5.2. Ohm's Law for a Homogeneous Conductor

Ohm's law, which was discovered experimentally, states:
the current passing through a homogeneous conductor is pro
portional to the potential ditJerence across its terminals (or
to the uoltae« [~'..

o ~

j I VIR, I (5.8)

where R is the electric resistance of the conductor.
The unit of resistance is the ohm (Q).
Resistance R depends on the shape and size of the conduct

or, on its material and temperature, and above all on the
configuration (distribution) of the current through the con
ductor. The meaning of resistance is quite clear when we
are dealing with a wire. In a more general case of the volume
distribution of current, it is meaningless to speak of re
sistance until we know either the position of the leads at
tached to the conductor or the current configuration.

In the simplest case of a homogeneous cylindrical con
ductor, resistance is given by

l
R=ps' (;-l.B)

where l is the length of the conductor, S is its cross-sectional
area, and p is the resistivity, which depends on the material
of the conductor and its temperature. Resistivity is measured
in ohm-metres (Q·m).

Resistivity of the best conductors like copper and alumi
nium is of .jhe order of 10-8 ~~·m at room t.emperature.
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(5.10)

Differential Form 01 Ohm'8 Law. Let us establish a re
lation between the current density j and the field E at a
point of a conducting medium. We shall confine ourselves
to an isotropic conductor in which the directions of vectors
i and E coincide. .

Let us mentally isolate around a certain point in a con
ducting medium a cylindrical volume element with .genera
trices parallel to vector j, and hence to vector E. If the cylind
er has a cross-sectional area dS and length dl, we can write
on the basis of (5.8) and (5.9) the following expression for
such cylindrical element:

.dS E dl
] = pdlldS •

After cancelling out common terms we obtain the following
equation in vector form: .

I i=fE=aE, I

where (J = f/p is the conductivity of the medium. The unit
reciprocal to an 'ohm is called a mho (Siemens). Consequently,
the unit for the measurement of a is mho per metre.

Equation (5.10) is the differential form' of Ohm'8 law.
It does not contain any differentials (derivatives), but is
called the differential form since it establishes a relation
between quantities corresponding to the same point in a
conductor. In other words, Eq. (5.10) is an expression for
Ohm'8 law at a point.

Methods for Calculating Resistance (R). There are several
methods for measuring resistance and all of them are ulti
mately based on the application of relations (5.8)-(5.10).
The expedience of using a particular method is determined
by the formulation of the problem and by its symmetry.
The practical applications of these methods are described in
Problems 5.1-5.3 and 5.6.

Charge "in 8 Current-carrying Conductor. If the current is
direct (constant) the excess charge inside a homogeneous
conductor is equal to zero everywhere. Indeed, Eq. (5.5)
is valid for direct current..Taking into account Ohm's law
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in the form (5.10) we can rewrite (5.5) as follows:

1.£ aEdS=O,
,j

where the integration is performed over any closed surface
S inside the conductor. For a homogeneous conductor, the
quantity a can be taken out of the integral:

(J~ EdS=O..

According to the Gauss theorem, the remaining integral is
proportional to the algebraic sum of the charges inside the
closed surface S, i.e. proportional to
the excess charge in this surface. How
ever, it can be directly seen from the
last equation that this integral is
equal to zero (since a =1= 0). This means
that the excess charge is also equal to
zero. Since the surface S is chosen ar
bitrarily, the excess charge 'under these
conditions is always equal to zero in-

.side a conductor.
The excess charge can appear only Fi~. 5.1

at the surface of a homogeneous con-
ductor at places where it comes in COJltct\..t with other
conductors, as well as in the regions where the conductor
has inhomogeneities.

Electric Field of 8 Current..carrying .Conductor. Thus,
when current flows, an excess charge appears on the surface
of a conductor (inhomogeneity region). In accordance with
(2.2), this means that the normal component of vector E
appears at the outer surface of the conductor." Further, from
the continuity of the tangential component of vector E,
we conclude that a tangential component of this vector also
exists near the surface of the conductor. Thus, near the. sur-'
face of the conductor, vector E forms (in the presence of the
current) a nonzero angle a. with the vertical (Fig. 5.1). When
the current is absent a = O.

If the current flows in a steady state, the distribution
of electric charges in the conducting medium (generally
speaking, inhomogeneous) does not change in time, although
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the charg-es are in motion: at each point, new charges con
tinuously replace the departing ones. These moving charges
create a Coulomb field which is identical to the one created
by stationary charges of the same configuration. This means
that the electric field of stationary currents is a potential
field.

At the same time, electric field in the case of stationary
currents differs significantly from electrostatic, or Coulomb,
field of fixed charges. If charges are in equilibrium, the
electrostatic field inside a conductor is always equal to zero.
The electric field of stationary currents is also an electro
static (COUIODlb) field, although the charges inducing this
field are in mot ion. Hence, the field E of steady-state currents
exists also inside a current-carrying conductor.

5.3. Generalized Ohm's Law

Extraneous Fo rces. If all the forces acting 011 charge
carriers were reduced to electrostatic forces, the positive
carriers would move under the action of these forces from
regions with a higher' potential to those with a lower poten
tial, while the negative carriers would move in the opposite
direction. This would lead to the equalization of potentials,
and the potentials of all mutually connected conductors
would become the same, thus terminating the current. In
other words, under the action of Coulomb forces alone, a
stationary Held Inust be a static field.

In order to prevent this, a direct current circuit must
contain, besides the subcircuits in which positive carriers
move in the direction of decreasing potential (f', subcircuits
ill which positive carriers move ill the direction of increas
ing (}-; or against the electric field forces. In these subcircuits,
the transfer of carriers is possible only through forces that
are not electrostatic. "Ve shall call such forces extraneous.

Thus, a direct current tan be sustained only with the
help of extraneous forces which are applied either to CC1"

t.ain parts of the circuit, or to the entire circuit. The
physical nature of ex II"aJH\OllS forces mav be quite diverse.
Snell Iorces mnv he <.rpnlpd hv phvsical or chernicnl inho
mogoucit ics ill a courluctor. l"OI' cx amplo , Iorcos resultiutr
Irom () coutact or contlue-Lol'S or different types (galvanic
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cells, accumulators) or conductors at differen t temperatures
(thermocouples).

Generalized Ohm's Law. In order to describe extraneous
forces quantitatively, the concepts of extraneous force field
and its strength E* are introduced. The latter is numerically
equal to the extraneous force acting on a unit positive charge.

I....et us now turn to current density. If an electric field E
generates in a conductor a current of density j = oE, it
is obvious that under the combined action of the field E
and the extraneous force field E*, the current density will
be given by

'- i=a(E+E*)·1 (~.11 )

This equation generalizes the law (5.10) to the case of
inhomogeneous regions of a conducting medium, and is
called the generalized Ohm's [au) in the differential form.

Ohm's La\f" for a Nonun Iform Subcircuit.. Nonuniform
suhcircuits are characterized by the presence of extraneous
forces in them.

Let lIS consider a special, but practically quite important
case when a current flows along a thin wire. In this case, the
direction of the current wi ll coincide with the ax is of the
wire and the current density j can be assumed to be the same
at all points on the cross section of the wire. Suppose that
the cross-sectional area of the wire is equal to S (8 need not
be the same over the entire length of the wire).

Dividing both sides of Eq. (5.11) by a, forming a scalar '.
product of the resulting expression with the element dl
of the wire along its axis from cross section .1 to cross section
2 (this direction is taken as the positive direction) and in
tegrating over the length of the wire between the t\VO cross
sections, we obtain

2 2 2

J1:1 = JEdl+ i E*dl. (5.12)
1

Let 11S transform the integrand in the first integral: we
replace (J hy 1/(> HIHi j til hy j.dl, where t. i~ the projection
of vector j onto the direction of vector ill. Further, we note
that. i , is an algebraic quantity and depends 011 the orienta
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tion of vector j relative to dl: if i tt dl then j l > .0; if j Uell,
then t, < O. Finally, we replace i, by Ils, where I, the
current, is also an algebraic quantity (like j ,). Since I is
the same in all sections of the circuit when ,va are dealing
with direct current, this quantity can be taken out of the
integral. Cosequently, we get

2 2

r j dl = I r p.!E-. (5.13)J a J s
1 1

(5.14)
21

The expression p dl/S defines the resistance of the sub
circuit of length dl, while the integral of this expression is
the total resistance R of the circuit between cross sections
1 and 2.

Let us now consider the right-hand side of (5. t2). Here,
R the first integral is the poten-

~~ rial difference 'PI - 'Pt. while
1 2 the second in tegral is the elec

tromotive force (a.m.f.) ~, act-
f/1 2 ing in the given subcircuit:

2

~12= ) E*dl.
1

Fig. 5.2 Like the current I, the electro-
motive force is an .algebraic

quantity: if e.m.f. facilitates the motion of positive carriers
in a certain direction, then W12 > 0; if, the e.m.f. hinders
this motion (:12 < o.

As a result of all the transformations described above,
(5.12) assumes the following form:

IRI = 'PI - 'P2 +~12· I (5.15)

This equation is the integral form of Ohm's law for a non
unijorm subcircuit ref. Eq. (5.11) which describes the same
law in the differential forml. .'

Example. Consider the subcircuit shown in Fig. 5.2. The resistance
is nonzero only in the segment R, The lower part of the figure shows
the variation of potential <p over this region. Let us analyse the course
of events in this circuit.
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Since the potential decreases over the segment R from left to right,
I > o. This means that the current flows in the positive direction
(from 1 to 2). In the present case, q>1 < q>2' but the current flows from
point 1 to point 2, I.e. towards increasing potential. This is possible
only because 'an e.m.f. ~ is acting in this circuit from 1 to 2, Le. in
the positive direction.

Let us consider Eq. (5.15). It follows from this equation
that points 1 and 2 are identical for a closed circuit, i.e.
«PI = (fl· In this case, the equation acquires a simpler form:

RI = ~, (5.16)

where R is the total resistance of the closed circuit, and I
is the algebraic sum of all the e.m.I, '8 in the circuit.

Next, we consider the subcircuit containing the source
of the e.m.f. between terminals 1 and 2. Then, R in (5.15)
will be the internal resistance of the e.m.f. source in the
subcircuit under consideration, while CPl - q>2 the potential
difference across its terminals. If the source is disconnected,
I ~--= 0 and t"== q>2 - <Pl. In other words, the e.m.f. of
the source can be defined as the" potential difference across
its terminals in the open circuit.

The potential difference across the terminals of an e.m.f.
source connected to an external resistance is always less
than its e.m.f. and depends on the load.

Example. The external resistance of a circuit is 11 times higher than
the Internafresistauce of the source. Find the ratio of the potential
diDerence across the terminals of the source to its e.m.I,

Let R, be the internal resistance of the source and Ra the external
resistance of the circuit. According to (5.15), .<P2 - (J)1 = <9 - R,I,
while according to (5.16), (R, + Ra) I = <9. From these two equa
tions, we get

It follows from here that the higher the value of 1], the closer the po
tential diftcrenc,e across the current terminals to its e.rn.L, and vice
versa.

Concluding this section, let us consider a picture illus
trating the now of direct current in a closed circuit. Fig
ure 5.:J shows the distribution of potential along a closed
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B

Fig. 5.3

circuit containing the e.m.f. source on segment AB. For
the sake of clarity of representation, potential 4> is plotted

along the generatrices of a cylindri
cal surface resting on the current con
tour. Points A and B correspond to
the positive and negative terminals
of the source. It can be seen from the
figure that the flow of current can be
described as follows: the positive
charge carriers "slide" along the in
clined "chute" from point <P A to point
CP B along the external suhcircuit,

while inside the source, carriers "rise" from point q> B to q> A

with the help of extraneous force shown by an arrow.

5.4. Branched Circuits. KirchhoWs Laws

Calculations of branched circuits, for example, determina
tion of current in individual branches, can be considerably
simplified by using the following two Kirchhoff's laue.

Kirehhoff's Ftrst Law pertains to the junctions, i.e.
branch points in a circuit, and states that the algebraic
sum of the currents meeting at a junction is equal to zero:

~[k = O. (5.17)

Here, currents converging at a junction and diverging from
it are supposed to have opposite signs; for example, we can
assume the former to be.positive and the latter to be negative
(or vice versa, this is immaterial). When applied to Fig. 5.4,
Eq. (5.17) assumes the form [1':--12 "+ 13 :::~=. O.

Equation (5.17) is a consequence ~f the steady-state con
dition (5.7); otherwise, the charge at a junction would change
and the currents would not be in a steady state.

Kirchhoff's Second Law. This law is applicable to any
closed contour in a branched circuit and states that the
algebraic sum of the products oj current and resistance in each.
part of a netuiorl: is equal to thr algebraic sum of e.m.j.:s in
the circuit:

(5.18)
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III orrlcr to fH'O\"(' l h i- ln w, it is ~t1rl'J('i'_'1l1 to consider the
ease when tho circuit (,()Ilsi~ts of three subc ircuits (Fig. r).:).
Let 1I~ assume tltl' d in-ct.iuu or c ircumvoutinn to he clockwise,

Fig. 5.1 Fi~. 5.;)

as shown in lite figure. l\pplyillg Ohms luw U>.1;'l) 10 each
of the t hroe subcircuits. we obtain

I tIll = CP2 -- (P3 + r i'

12112 = (P3 - (jJt -1- f 2 ,

1311M = fPt - (P~ + 't3 -

Adding these equations and cancelling all potent ials, we
arrive at Iormula (5.-18), i.e. Kirchhoff's second law.

Thus, Eq. (5.18) is a consequence of Oluns law for 1l011-

uniform subcircuits. .
Setting up of a System of Equations. In each specific cuso ,

.J\. irchhoffs laws lead to a complete system of algebraic:
cquat.iouswhich call he used, say, for' fllHlilig all the IIn
known currents in the circuit.

The number of equations of the Iorm (;-).17) and (5.18)
must he equal to the number of unknown quau t it.ios. t:HI'e
should be taken to ensure that none of the cqu.u ions is a
corollary of any ot lier equation in tilP system:

(1) if a branched circuit has :.V junct ions, iadl'pPBtl(\Jtt
eq UHl ions of type (5.17) can he set (I p Oil IY 1'01.' ~\( ... 1 ju ".6
tions, <111d the cquat iou for the last juurt ion \\'i l l be (, {'.orol-
l.u-y of the precvd ing equal ions; .

(:!) if (1 branched r irru i t ('oflt.ain~ s(\vc·,.al c)cspd JOOpf' ..

thp i ndeperulont cquat ions o[ t ype (:-).lS) c.ui 1)(.' ~t:l tip oIiJ~~

Ior 1001'S whic-h caun«: j,p \)hlainpd hy ~,qh.\f'inlf)()~in~

t he loops ('on sulored heInn-. For P\ HJn pip, .~·qH·h t~q qa
I iOlts wi ll ht, iudepl'lld(,lIt 1'01' 1001':-- 1.".!..1 and :!,:r4 of t.lu-
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circuit shown ill Fig. j.(j. Equation Ior the Ioop 1234
will £0110\1/ Irom the two preceding ones. 1t is possible to
set up autonomous equations for lwo other loops, say,
124 and 1234. Theil the equation {Ole contour 2.14 wi ll he a

3

T------a4

Fig. 5.6 Fig. 5.7

consequence of these two eqnations. The number of auto
nomous equations of type (5.1R) will be equal to the srnal lest
number of discontinuities which must be created in a cir
cuit . in order to break all the loops. This number is
equal to the number of suhcircuits bounded by conductors
if the circuit can be drawn in a plane without intersections.

For example, it is necessary to set up three equations of
type (5.17) and three of type (5.18) for a circuit (Fig. 5.7)
containing four junctions. This is so because the number of
discontinuities (marked by crosses in the circuit) breaking
all tho loops is three (the number of subcircuits "is also
equal to three in this case). If we assume the currents to
be unknown the number of discontinuities will be six in
accordance with the number of subcircuits between junctions,
which corresponds to the number of independent equations.

The following procedure should be adopted while set
ting up equations of type (5.17) and (5.18).

f. The directions of currents are marked hypothetically
by arrows, without 'caring for the direction of those arrows.
If a certain current turns out to be positive as a result of
calculations, this means that the direction chosen for it is
correct. If, however, the current is found to be negative, its
actual direction will be opposite to the one pointed by the
arrow.

2. Having selected an arbitrary closed loop, we cir
cumvent its sections in one direction, say, clockwise. If
the assumed direction for any current coincides with the
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I

direction of circumvention, the:corresponding tterm IR in
(5.18) should be taken with the positive sign; in the opposite
case, the minus sign should be used. The same procedure is
applicable to ~: if an e.m.f. increases potential in the di
rection of circumvention, it should be assigned the positive
sign; the negative sign should be used in the opposite case.

Example. Find the magnitude and direction of the current passing
through resistor R in the circui t shown in Fig. 5.8. All resistances and
e.m.I. 's are assumed to be known. R

There are three subcircui ts, and hence t

three unknown currents I, 1\ and II in
this circuit. We mark (arbitrarily) the sup
posed directions of these currents by ar
rows (at the right junction).

The circuit contains N = 2 junctions.
This means that there is only one inde
pendent equation of type (5.17):

I + /1 + 12 = o.
Let us now ,Met up equations of type

(5.t8). According to the number of sub
cireui ts, there should be two of them. Let
us consider the loop coataining R and Fig. 5.8
R1 and the loop with Rand R 2 • Taking
the clockwise direction for circumventing each of these loops, we
can write

-IR + I 1R1 = -t8h -IR·+ 12R2 = ~2.

We can verify that the corresponding equation for the loop with
III and R1 can be obtained from these two equations. Solving the
system of three equations, we obtain

1= -Rl~2+R2tUl
R tR2+RR l +RR2 •

If we Imd that as a result of substitution of numerical values into
this equation I > 0, the current actually flows as shown in Fig. 5.8.
If I < 0, the current flows in the opposite direction.

5.5. Joule's Law

The passage of current through a conductor having a
resistance is invariably accompanied by liberation of heat
(heating of conductors). Our task is to find the quantity
of heat liberated per unit time in a certain part of the cir-
9-0USI
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cuit. We shall consider two cases which are possible, viz.
uniform and nonuniform subcircuits, The problem is consid
ered on the basis of the law of conservation of energy and
Ohm's law.

Uniform Subclrcuit. Suppose that we are interested in
the region between cross sections 1 and 2 of 8 conductor

(Fig. 5.9). Let us find the work
2 done by the field during a time

interval dt in the region 12.
If the current through the con

ductor is equal to I, a charge
dq = 1 dt will pass through each
cross Isection of the conductor

. Fig. 5.9 during the time dt. In particular,
this charge dq will enter cross

section 1 and the 'same charge will leave cross section 2.
Since charge distribution in the conductor remains unchanged
in this case (the current is direct), the whole process
is equivalent to a transfer of charge dq from section 1 to
section 2 with potentials <1>1 and <PI respectively.

Hence the work done by the field in such a charge trans
fer is

6A =.dq (<1>1 - <l>s) = I «(J)1 - CPs) dt.

According to the law of conservation of energy, an equiv
alent amount. of energy must be liberated in another form.
If the conductor is stationary and no chemical transforma
tions take place in it, this energy must be liberated in the
form of internal (thermal) energy...Consequently, the con
ductor gets heated. The mechanism of this transformation
is quite simple: as a result of the work done by the field,
charge carriers (for example, electrons in metals) acquire
an additional kinetic energy which is then spent on exciting
lattice vibrations due to collisions of the carriers with the
lattice sites' atoms.

Thus, in accordance with the law of conservation of ener-

gy, the elementary work 6A = 'o dt, where Q is the heat
liberated per unit time (thermal power). A comparison of
this equation with the preceding one gives
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Since in accordance with Ohm's law <PI - <4>2 = RI,
we get

(5.19)

This is the expression for the well-known Joule's law.
We shall now derive an expression for the differential

form of this law, characterizing the liberation of heat at
different parts of a conducting medium. For this purpose,
we isolate a volume element of this medium in the form of
a cylinder with its generatrices parallel to vector j, viz.
the current density at the given point. Let dS and dllbe the
cross-sectional area and length of the small cylinder re
spectively. The amount of heat liberated in this volume during
the time dt will be given, in accordance" with Joule's law, by

fJQ =;;=, RI2 dt = ~~l (j dS)2 dt = pj2dV dt I

where dV == dS dl is the volume of the small cylinder. Di
viding the last equation" by dV dt, we obtain a formula for
the amount of heat liberated per unit time in a unit volume
of the conducting medium, or the thermal power density of
the current:

(5.20)

This formula .expresses Joule's law in the differential form:
the thermal pouer density of current at any point is propor
tional to the square of the current density and to the resistivity
of the medium at that point.

Equation (5.20) is the most general form, of Joule's law,
applicable to all conductors "irrespective of their shape or
homogeneity, as well as the nature of forces which induce
the electric current. If the charge carriers are subjected to
electric forces only, we can write, on the basis of Ohm's law
(5.10),

Qd=j·E=crE2. (5.21)

This equation is of a less general nature than (5.20).
Nonuniform Subcircuit. If a subcircuit contains a source
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of e.m.f., the charge carriers will be subjected not only to
electric forces, but to oxtraneous forces as well. In accordance
with the law of conservation of energy, the amount of heat
liberated in this case will be equal to the algebraic sum of
the works done by the electric and extraneous forces. The
same applies to the corresponding powers: the thermal power
must be equal to the algebraic sum of the powers due to
electric and extraneous forces. This can be easily verified
by multiplying (5.15) by I: .

RI2 = (cpt - «P2) I + ~I. (5.22)

The left-hand side of this expression is the thermal power

Qliberated in the subcircuit, In the presence of extraneous

forces, the value of Q"is determined by the same formula
(5.19) which is applied to a uniform subcircuit. The last
term on the right-hand side is the power generated by ex
traneous forces in the subcircuit under consideration. It
should also be noted that the last tor;n (l·I) is an algebraic
quantity and, unlike RI2, it reverses its 81611 Wh9D the di-
rection of the current I is reversed. ·

Thus, (5.22) indicates that the heat liberated in the re
gion between points 1 and 2 is equal. to the algebraic sum of
the electric and extraneous powers.. The sum of these powers,
i.e. the right-hand side of this equation, is called the electric
power developed in the subcircuit, It can then be stated
that for a stationary subcircuit, the thermal power evolved
is equal to the electric power developed in the subcircuit
by the current.

Applying (5.22) to the entire unbranched circuit (<PI ==
= <Pt), we get "f

Q=~I. (5.23)

In other words, the total Joule heat liberated per unit time
in the entire circuit is equal to the power developed by
extraneous forces only. This means that heat is generated
only by ext.raneous forces. The role of the electric field
is reduced to redistribution of this heat over different parts
of the circuit.

We· shall now derive Eq. (5.22) in the differential form.
For this purpose, we multiply both sides of Eq. (5.11) by
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(5.24)

j, and consider that a ::.::: 1/p and pj2 ~._~ Q~ (see (5.20)).
The thermal power density of current ill an inhomogeneous
medium can then he written ill the form

r •IQd"-' pj2 '''' I-(E -t. E*).

R

I

K

Fig. 5.10

5,,6. Transient Processes in a Capacitor Circuit

Transient Processes. These are the processes involving
.a transition from one stationary regime of the circuit to
another. An example of such a process-
is the charging and discharging of a
capacitor, which will be considered in
detail in this section. C q±

So far, we have considered only di
rect currents"] t turns out, however, that
most of the laws obtained in this case
are also applicable to ..alternating cur
rents. This applies to all cases in which
the variation of current is not too rapid.
The instantaneous value of current will then practically
be the same at all cross sections of the circuit. Such currents
and fields associated with them are called quusistationaru
(a more exact criterion for quasistationary currents and
fields is given in Sec. 11.1).

Quasistationary cnrrents can be described by the laws
obtained for constant currents by applying these laws to
instantaneous values of quantities.

Let us now consider the discharging and charging of a
capacitor, assuming' that the currents in these processes
are quasistationary.

Discharging of a Capacitor. If tho plates of a charged
capacitor with capacitance C are connected through a resis
tor R, a current will flow through the resistor. Let I, q
and U be the instantaneous values of the current, charge
of the positive plate, ann the potential difference between
the plates (vol tuge),

Assuming that the current I is positive when it flows
from the positive plate to the negative plate (Fig. 5.10),
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we can write I = - dq/dt. According to Ohm's law, we
obtain the following expression for the external subcircuit
having resistance R: .

RI == U.

Considering that I == - dq/dt and U = qlG, we can
transform the above equa lion as fol lows:

dq lJ
dt + RC :::= o. (5.25)

After separating the variables in this differential equation
and integrating, we get

q ;::;.-= qoe- tiT, (5.26)

where qo is the iuitial charge on the capacitor and 't is a
constant having dimensions of time:

T = RC. (5.21)

This constant is called relaxation time. It can be seen from
(5.26) that l' is the time during which the capacitor charge
decreases to 1le of its .initial value.

Differentiating (5.26) with respect to time, we obtain
the law of variation of current:

dq
I~ -dt=.:;[oc- t / l , (5.28)

where I 0 = qo/T. is the current at the instant t = O.
Figure 5.11 shows the dependence of the capacitor charge

q on time t. The I vs. t dependence also has the same form.
Charging of a Capacitor. Consider a circuit in which

a capacitor C, a resistor R and a source of e.rn.I. o' are
connected in series (Fig. 5.12). To begin with, the capacitor
is not charged (key K is open). At the instant t ~== 0 the
key is closed, and a current starts "to flow through the circuit,
thus charging the capacitor. The iucreasiug charge on the
capacitor plates will obstruct the passage of the current
and gradually decrease it.

The current in the circuit will now be assumed positive
if it flows toward the positive plate of the capacitor: I
::.= dq/dt. Applying Ohrns law for a nonuniform subcircuit
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to the loop 1~R2, we get

RI. ~ <PI - tp2 + ~,

where R is the total resistance of the circuit, including
the internal resistance of the e.m.f. source. Considering

o
Fig. 5.f1 Fig. 5.12

that I == dq/j,t and (f>2 - <vI == .U .:.:--:: q/L', we can rewrite
the last equation in the form

,.
dq 8-q/C
dt= R

Separating the variables, we get

Rdq
cS-qlC == dt: o

Fig. 5.13
Integrating this equation under
the initial condition q === 0 at t =:: 0, we obtain

RCln( 1 - lqc ) = -t,
whence

q = qm(1-e- t 1t ) . (5.29)
Hero qnl = ~[' is the limiting value of the capacitor charge
(for t ~ (0), aut! 't ::=: Re.

The current varies with time according to the following
law: ..

dq[ - - - I e- t/'t- dt -- 0 t
(5.30)

where 10 == 'tIll.
The dependences of q and I on t are shown ill Fig. 5.13.
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Problems

• 5.1. Resistance of a conducting medium. A metallic sphere of
radius a is surrounded by a concentric thin metallic shell of radius b.
The space between these two electrodes is filled with a homogeneous
poorly conducting medium of resistivity p, Find the resistance of the
gap between the two electrodes.

Solution. Let us mentally isolate a thin spherical layer between
radii 'r and r + dr. Lines of current at all points of this layer are per
pendicular to it, and therefore such a layer can be treated as a cylin
drical conductor of length dr and a cross-sectional area 4nr2l• Using
formula (5.9), we can write

dr
dR=P-4t·nr

Integrating this expression with respect to r between a and b, we get

R=~(~-~) .
• 5.2. Two identical metallic balls of radius a am placed in a

homogeneous poorly conducting medium with resistivity p, Find the
resistance of the medium between the balls under the condition that
the distance between them is much larger than their size.

Solution. Let us mentally impart charges +q and -q to the balls.
Since the balls are at a large distance from one another, electric field
near the surface of each ball is practically determined only by the
charge of the nearest sphere, and. Its charge can be considered to be
uniformly distributed over the surface. Surrounding the positively
charged .ball by a concentric sphere adjoining directly the ball's sur
face, we write the expression for the current through this sphere;

I = 41ta2 j .

where j is the current density. Using Ohm's law (j = Elp) and the
formula E === ql4neoa2, we obtain

I = qleop.

Let us now find the potential difference between the balls:

U = <p + - q>_ ~ 2q/4nt:oa.

The sought resistance is gi ven by

R == UII = p/2na.

This result is valid regardless of the magnitude of the dielectric con
stant of themerlium.

• 5.3. Two conductors of arbitrary shape are placed into an in
finite homogeneous slightly conducting medium with the resistivity p
and the dielectric constant c. Find the value of the product He for
this SYSL~Ul. where R is the resistance of the medium between the
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conductors and C is the mutual capacitance of the conductors in the
presence of the medium.

Solution. Let us mentally supply the charges +q and -9 to the
conductors. Since the medium between them is poorly conducting,
the surfaces of the conductors are equipotential, and the neld configU
ra tion is the same as in the absence of the medium.

Let us surround, for example, the positively charged condudol' hy
a closed surface S directly adjoining the conductor and calculate R
and C separately;

U
R=T-

where the integrals are taken over the given surface S. While calcu
lating R, we used Ohm's law in the form j = aE , and C was calcula
ted with the help of the Gauss theorem.

T\lultiplying these expressions, we obtain

,/:{! RC = Boc/a = eoEp•

• 5.4. Cendltienacn the boundary of a conduelor. A collduelor
with resistivity p borders on a dielectric whose dielectric oooslaat is
E. The electric induction at a certain point A at the surface of the con
ductor is equal to D, vectorD being directed away from the conductor
and forming angle a. with the normal to the surface. Find the 8W"face
charge density on the conductor and the current density aear the
point A.

Solution, The surface charge density on the conductor is given hy

(J = Dn = D cos a.

The current density can be found with the help of Ohm's law: j =
= E/p. It follows from the continuity equation (5.5) that the normal
components of vector j are equal, and since in the dielectric ill = 0
(there is no current), in the conductor we also have in = o. HeD£e,
vector j in the conductor is tangent to its surface. The same applies
to vector E inside the conductor.

On the other hand, it follows from the theorem on circulation
of vector E that its tangential components on dillerent sides of the
ill terface arc equal, and hence E = E t =: J) sin atEF.I, where E~ is
the tangential component of vector E in the dielectric. Taking UIeae
arguments into account, we obta.in

. E D sina
]=p Eoep

• 5.5. The gap between the plates of a parallel-plate capacito1' is
filled consecutively by two dielectric layers 1 and 2 with thicknl'tlSeS
II and 12 , dielectric constants Cl and £2' and resistivities PI and Ps.
The capacitor is under a permanent voltage U, the electric fieJd being



138 5. Direct Current

directed from layer 1 to 2. Find the surface density of extraneous
charges at the interface between the dielectric layers.

Solution. The required surface charge density is given by

a=Dsn-.Dln=eo82E2-to81El' (1)

In order to determine E1 and E2 , we shall make use of two conditions:
since it = ii, it follows that Et/Pl = E 2/ p 2 t and besides Ell! + E2 l2== U. Solving the two equations, we find Eland E2 • Substituting these
values into (t), we obtain

(J::::.: B2P2 - £IPt toU.
PIll+P2l2 .

Hence it follows that (J = 0 for, BIPI = E2P2 •

• 5.6. NODho~ogeDeous conductor. A long conductor of a cir
cular cross section of area S is made of a material whose resistivity
depends only on the distance r from the conductor axis as p = a/r2 ,

where a is a constant. The conductor carries current I, Find (1) field
inteDsity E in the conductor and (2) the resistance of the uni t length
of the conductor.

Solution.. (1) In accordance with Ohm's law, field intensity E is
related to current density t, while j is related to current I . Hence we
can write

1 = ) j2nr dr = ) (E/p) 2nr dr .

The field intensity E is the same at all poi ts of the cross section of
the given conductor, i.e. is independent of r, We can easily verify
this by selecting a rectangular contour in the conductor so that one
side of the contour coincides with, for example, the conductor's axis,
and then applying to this contour the theorem on circulation of
vector E.

Thus, E can be taken out of the integral, and as a result of inte
gration we obtain

E = 2naIISJ.

(2) The resistance of a unit length of the conductor can be found
wilhthe help of the formula R = UtI. Dividing both sides of this
equation by length l of the section of the conductor, having resistance
R and voltage U, we find

R u = Ell = 2na/S2•

• 5.7. Ohm's law for nonuniform subcircuit. In the circuit
shown in Fig. 5.t4 the e.m.I, 's ~ and ~oof sources, the resistances
Rand R., and the capaci tance C of.a capaci tor are known. The inter
nal resistances of sources are negligibly small. Find the charge on
plate 1 of the capacitor.

Solution. In accordance with Ohm's law Iora closed circuit con-
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&aiDing resistors Rand Re, we can write

(R + R o) I = 8 - 10,

where the positive direction is chosen clockwise. On the other hand, for
the nonuniform subcircuit aRb of the circuit we have

Fig. 5.t4

a ~~2
~"'C-t-·.b

~o

Rl = epa - «Ph + I,

.while for the aubcircuit aCb we have

4 + CPI - tpl = «Ph - (J)a·

The joint solution of these equations
gives

The charge on plate 1 is determined by the formula ql = C (cpt - CPI)
Therefore, the final result is

RC
4' q1 ==- R +R 0 (tE- '0)·

It can be seen that ql > 0 f~r ~ > 80 and vice versa .
• 5.8.. The work of an e.m.I, source. A glass plate completely

fills the gap between the plates of a parallel-plate capacitor whose
capacitance is equal to C. when the plate is absent. The capacitor is
connected to a source of permanent voltage U. Find the mechanical
work which must be done against electric forces for extracting the
plate out of the capacitor.

Solution. According to the law of conservation of 'energy, we can
write

Am + As = AW, (1)

where Am is. the mechanical work accomplished by extraneous forces
against electric forces, A 8 is the work of the voltage source in this
process, and AW is the corresponding increment in the energy of the
capacitor (we assume that contributions of other forms of energy to
the change in the energy of the system is negligibly small).

Let us find !1Wand A s- I t follows from the formula W = CU 2/2 =
= qU/2 for the energy of a capacitor that for U = const

AlV == sc U2/2 = &q U/2. (2)

Since the capacitance of the capacitor decreases upon the removal of
the plate (~C < 0), the charge of the capacitor also decreases (Aq <
< 0). This means that the charge has passed through the source against
the direction of the 1lction of extraneous forces, and the source has
done negative work

As = ~q'U,
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Comparing formulas (3) and (2), we obtain

As == 26 »-".
Substitution of this expression into (1) gives

Am = -hW or A 1n = ~ (8 - 1) Col/I,

Thus, extracting the plate out of the capacitor, we (extraneous
forces) do a positive work (against electric forces).· The e.m.I. source in
this case accomplishes a negative work, and the energy of the capaci
tor decreases:

Am>O, As<O, AW<O.

(t)

11 ~ !if
&Lm-J

R

Fig. 5.15

• 5.9. Transient precesses. A circuit consists of a permanent
source of e.m.f. <8, and a resistor R and capacitor C connected in se
ries. The internal resistance of the source is negligibly small. At the
moment t = 0, the capacitance of the capacitor was abruptly (jump
wise) decreased by a factor of 11. Find the current in the circuit as a

function of time.

Solution. We write OhIU'S Iaw for the
inhomogeneous part 1 <KR2 of the circuit
(Fig. 5.15):

RI = <PI - CJ.'2 - IJ" ~ U - 11.

Considering t.hat V = qlC' t where C' =
= cit], we obtain

I ~- loe-TltIRC,

\Ve differentiate this equation with respect to time, considering that
in our case (q decreases) dqld: = -1:

dl TJ dl T)
Rdt==-C l , -/:::;=- RC dt .

Integration of this equation gives

I T]t
In-r;;= - RC t

where 11) is determined by condition (1). Indeed, we can write

RIo = Tlqo/C - ~,

where qo = {JC is the charge of the capacitor before its capacitance
has changed. Therefore,

10 ~:= ('I - 1) ~/R .

• 5.10. A charge qo was supplied to a capacitor with capacitance
C, which at the moment t == 0 was shunted by resistor R. Fmd
the amount of heat liberated in the resistor as a function of time It
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SoluUf)n. The requi red amount of heat is given by
t

<1= J/lJ2dt, (1)
~ u
from which it follows that first of all we must find the time dependence
I (I). For this purpose, we shall use Ohm's law for the part JR2 of.
the circuit (Fig. 5.10):

RI = <PI - <F2 = U,.
or

R
dl t dl dt

Rtit==C I, T==: RC ·

Integrating the last equation, we obtain

1 J t -IIRC Fig. 5.16
n T;; = RC' 1 = loc , (3)

where I. is detenamod by condition (2) for q = qs, i ,e. 10 -:-:: qolRC,
Substituting (3) into (1) anti integrating Over limp, we get

2
Q=~ (f_e- 2 t / RC) .

RI = qlC. (2)

Let us differentiate (2) with respect to
time:

6. Magnetic Field in a Vacuum

6.t. Lorentz Force. Field B

Lorentz Foree. Experiments show that the force F acting
on a point charge q generally depends not only on the posi
tion of this charge but also on its velocity v. Accordingly,
the force F is decomposed into two components, viz. the
electric component Fe (which docs not depend on the motion
of the charge) and the magnetic component F m (which
depends on the charge velocity). The direction and magn i
tude of the magnetic force at any point of space depend
on the velocity v of the charge, this force being always
'perpendicular to vector v. Besides, at any point, the magne-
tic force is perpend icular to the direction specified at this
point. Finally, the magnitude of this force is proportional
to the velocity component which is perpendicular to this
direction.



142 6. Magnetic Field in a Vacuum

All these properties of magnetic Iorce can be described
by introducing the concept of magnetic field. Characterizing
this field by vector B which determ ines the specific direction
at each point of space, we can write the expression for
magnetic force .in the form

F m ~ q Iv >~ 81. (6.t)

Then the total electromagnetic. force acting on charge q
will be given by .

IF=qE+q Iv xU). I (6.2)

It is called the Lorentz force. Expression (B.2) is universal:
it is valid for constant as well as for varying electric and
magnetic fields for any velocity v of the charge.

The action of the Lorentz force on a charge can in prin
ciple be used for determining the magnitudes and directions
of vectors E and B..Hence, the expression for the Lorentz
force can be considered as the definition of electric and
magnetic fields (as was done in the case of electric field). *

It should be emphasized that magnetic field does not act
on an electric charge at rest. In this respect; magnetic field
essentially differs from electric field. Magnetic field acts
only on moving charges.

Vector B characterizes the Iorce acting due t.o magnetic
field on a moving charge, and hence in this respect it is
an analog of vector E characterizing the force acting due
to electric field.

A distinctive feature of magnetic force is that it is always
perpendicular to the velocity vector of the charge. There
fore, no work is done over the charge. This means that the
energy of a charged particle 1110V ing in a permanent magne
tic field always. remains unchanged irrespective of the
motion of the particle.

In the nonrelativistic approximation, the Lorentz force
(6.2), like any other force, docs not depend on the choice

• Several methods of measuring field B have been worked out. In
the final analysis, they all are based on the phenomena that can he
described by Eq. (G.2).
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B

Fig. 6.1

of the (inertial) reference system. On the other hand, the
magnetic component of the Lorentz force varies upon a tran-

.sition from one frame of reference to another (because of v).
Therefore, the electric component qE must also change.
lienee it follows that the decomposition of the total force F
(the Lorentz force) into the electric and magnetic compo
nents depends on the choice of the reference system. Without
specifying the reference system, such a decomposition is
meaningless.

Magnetic Field of a Uniformly Moving Charge. Experi
ments show that magnetic field .is generated by moving
charges (currents). As a result. of the generalization of expe
rimental results, the elementary law defining the field B
of a point charge q moving. at a constant nonrelativistic
velocity v was obtained. This law is written in. the form*

I B == b.. q Iv X r] I (6.3)
4n r3 ,

h:'

where ""0 is the magnetic constant, the coefficient

IJ.o/4n == "10-7 Him,

and r is the radius vector from the point charge q to the
point of observation. The tail of the radius vector r is
fixed in a given frame of refe
rence, while its tip moves with
velocity v (Fig. 6.1). Conse-
quently, vector B in the given
reference frame depends not
only on the position of the
point of observation but on
time as well.

In accordance with formu
la (6.3), vector B is directed
normally to the plane containing vectors v and r, the rota
tion around vector v in the direction of vector B forming

• Formula (6.3) is also valid in the case when the charge moves
with an acceleration, but only at sufficiently small distances r from
the charge (so small that the velocity v of the charge does not noti
ceably change during the time ric).
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the rig-ht-haJHle,' system wil h vector V (Fig. n.1). It should
be noted that vector B is (IX inl (pseudovector).

The quantity B is called magnetic induction.
MaJ{llctic induction is measured in ieslas (1').
The electric field of a point churge q moving at a non

relativ istic velocity is desctihed by the same law (1.2).
Hence expression «().~) can be written in the form

(6.4)

where c is t he electrotlunamic constant (c r :': 1/V£of!o), equal

,t---1,
1 2

Fig. fi.2

to the velocity of light in vacuum (this coincidence is not
accidental).

Example. Comparison of forces of magnetic and electric interaction
between moving Cb8rg~. Let two point charg-esq of a sufficiently large
IBaas move in parallel to one another with the same nonrelativistic
velocity v as is shown in Fig. 6.2. Find the ratio between the magnetic
Fm and electric Fe forces acting, for example, from charge 1 0'(\

cfulrge 2.

According to (6.2), Fm = quB and Fe = qE where v is the velocity
or charge 2 and Band E are the induction of the magnetic and the
intensity of the electric fields created by charge 1 at the point of loca
lion of chalJ:e 2.

The ratio FmlFe -.=: vB/E. According to (6.4), in our case B :=

= rJE/~2. and hence

(6.5)

Even at sufficiently high velocities, e.g. v == 300 km/s, this ratio
is equal to 10-', i.e. the magnetic component of the force is a mllli
onth fraction of the electric component and constitutes a negligible
correction to the electric force.

This example may g-ive rise to the following question:
Are such forces worth investigating? It turns out that they
are, and there are two sound reasons hell ind th is.



6.2. The Btot-Saoart Law 1.45

First, we have to deal with beams of particles moving
at velocities close to the velocity of light, for which this
"correction" and the electric force become comparable (it
should be noted that relation (6.5) is also valid for relati
vistic velocities).

Second, during the motion, say, of electrons, along wires,
their directional velocity amounts to several tens of a mil
limeter per second at normal densities, while the ratio
(t'fer!. ~ 10-24 • I t is ind.eed a negligible correction to the
electric force! But as a matter of fact, in this case the magne
tic force is practically the only force since electric forces
disappeared as a result of an almost ideal balance (much
more perfect than 10-24 ) of negative and positive charges
in the wires. The participation of a vast number of charges
in creating current compensates for the smallness of this
t.erm.

In other ~or~s, the excess charges on the wires are negli
gibly small irr'companscn with the total charge of carriers.
For this reason, magnetic forces in this case considerably
exceed the electric forces acting on excess charges of the
wires.

6.2. The Biot-Savart Law

The Principle of Superposition. Experiments show that
magnetic fields, as well as electric fields, obey the principle
of superposition: the magnetic field created by several
moving charges or currents is equal to the vector sum of the
magnetic fields created by each charge or current separately:

(6.6)

The Biot-Savart Law. Let us consider the problem
oi determining the magnetic field created by a direct electric
CUITent. We shall solve this problem on the basis of law (6.3)
determining the induction B of the field of d. uniformly
moving point charge. We substitute into (6..i~) the charge
p dl/ for q (where dV is the vol ume clement and p is the
volume charge density) and take into account that ill accord-

10-0181
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ance with (5.2) r~· = j. 'Then formula (6.3) becomes

I dB = -ti- Ii Xr~J dl' .1 (6.7)

If the current I flows along a thin wire with the cross
sectional area dS, we have

j dV = j ~S dl = I dl,

where dl is an element of the length of the wire. I ntro
ducing vector dt in the direction of the current I, we can
write this ex pression as follows:

j dV = I dJ. (6.8)
Vectors j d~' and I dl are called volume and linear current
elements respectively. Replacing ill formula (6.7) the vol
ume current element by the linear one, \ve obtain

I dB = -ti- /(~~ X r
J• I (6.9)

Formulas (6.7) and (6.9) express the -Biot-Saoart law.
In accordance with the principle of superposition the

total field B is found as a result of integration of Eq. (6.7)
or (6.9) over all current elements:

B =-= Y,_Cl:. r lj x rl dV '8 ==~ ~ I [dl x rJ (6.10)
4:1 J r S t 4n ~ r 3 •

Generally, 'calculation of the magnetic induction of
a current of (111 arbitrary configuration by these formulas
is complicated. However, the calculations can be consider
ably simplified if current. distribution has a certain sym
metry. Let. us consider several simple examples of drter
mining' the magnetic induction of current. .

Example f. l\fagnetic field 0" the line current. i.e. the' current
flowing along Ct thin straight wire of infinite length (Fig. 6.3).

In accordance with (0.9), vectors dB from all current clements have
at a point A the same direction, viz. are directed behind the plane of
the figure. Therefore, t he summation of vectors dB can hI' replaced by
the surnmut ion of their magnitudes dB, where

dB=:--=~ I dl cosa
4n r 2 •
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~It is clear frOID the figure that dl cos a = r da and r -== b/cos a. Hence

"B=-;;~ I cusacla.
lin b •

Integrating this expression over all current elements, which is equiva-
lent to the integration over a between -n12 and n/2, we find ,.,.

.~ 2/
B=_o - (H.i1)

4n b·

Example 2. Magnetic field at the axis of circular current. Figu
re 6.4 shows vector dB Irom the current element I lit located to the

dBz -
dB

dl A

.!;:t., r
z

I
dB,B

b A 0

I
Fig. 6.3 Fig. 6.4

right. All current clements wil l Iorm the cone of vectors dB, and it can
be easily seen that the resultant \'('flOI" ,8 at point A will be directed
upwards along the Z-axis. This nu-ans that ill order to find the magni
tude of vector II, it is sullicivn t to sum tip the components of vectors
rill along the Z-axi~. Ea('h :-'lIch IH'oj('c.lion has the 'Of In

~lo I dl
dR z =- dB cos () t :': -I.- --2- cos ~,

1.:1 r

where we took into account that the angl~ between the element dl
and the radius vector r is equal to n12, and hence the sine is equal to
unity. Inle~ralin~ t his ox prossiou over dl (which gives 2rrn) and taking
into account 'lint ('OS ~ ~- Rlr and r =:-: (Z2 .: 1l2)li2 , we get

(tl.12)

Hence it follows that. the maznltudo of vector B at the centre of UIP

curro n t r i n.~ (z -=- ()) an <l it tad j !"Itan ce z » R js give n b.v
B ~ 2:tI B ~ ~ 2nR2J

Z '-:0 1:1 n ::,,>,dl 4:1 z3 (6. t 3)

to*
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(6.14)

6.3. Basic Laws of Magnetic Field

Like electric field, magnetic field has two very important
properties. These properties, which are also related to the
flux and circulation of a vector field, express the basic laws
of magnetic field.

Before analysing these laws, we should consider the
graphic representation of field B. Just as any vector field,
field B can be visually represented with the help of the
lines of vector B. They are drawn in a conventional way,
viz. so that the tangent to these lines at any point coincides
with the direction of vector B, and the density of the
lines is proportional to the magnitude of vector B at a given
point.

The geometrical pattern obtained in this way makes it
possible to easily judge about the configuration of. a given
magnetic field and considerably simplifies the analysis of
some situations.

Let us now consider the basic laws of magnetic field,
i.e. the Gauss theorem and the theorem on circulation.

The Gauss Theorem for Field B. The flux of B through
any closed surface is equal to zero: .

. 1 PBdS=o·1
This theorem is essent.ially a generalization of experience.

It expresses in the form of a postulate the experimental
result that the lines of vector B have neither beginning
nor end .. Therefore, the number of lines of vector B, emerg
ing from any volume bounded by a closed surface S, is
always equal to the number of lines entering this volume.

Hence follows an important corollary which will be repeat
edly used below: the flux of B through a closed surface S
bounded by a certain contour does not depend on the shape
oj the surface S.· This can be easily grasped with the help
of the concept of the lines of vector B. Since -these lines
are not discontinued anywhere, their number through the
surface S bounded by a given contour (i.e. the flux of B)
indeed must be independent of the shape of the surface S.

Law (6.14) also expresses the fact that there are no magne
tic charges in nature, on which the lines of vector B begin
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'or terminate. In other 'VOI'tlS, magnet ic field has 110 sources.
in contrast to electric field.

Theorem Oft Circulation of Vector B (for the ma:..{I)(~ti(~
field of a direct current in a vacuum}, Circulation of vector 1\

'around an arbitraru contour r is equal to the product o] p.o
by the algebraic SUTn of the currents enveloped by the contour I':

(6.15)

wh ere I ~ I It, and I h are a Ige bra ic q tl a It tit ies. Tho f, II r
rent is assumed positive if its direction is connected w it It
the direction of th~ circumven..
tion of the contour through the
right-hand screw rule. The cur
rent having t.he opposite direc
tion is considered to be neg-at ive.
This rule is illustrated, In Fig.
6.5: here currents 1] and {3 ai·e
posit.ive sinee their directions are
connected with the direction of /1> 0
contour circumvention through 1:2 <, 0

the right-hand screw rule, while Fig. 6.5
current 12 is negative.

The theorem on circulation (H.15) can he proved on the
basis of the Biot-Savart Jaw. In the general case of arbitra
ry currents, t.he proof is rather cumbersome and will not
be considered here. We shall 'treat statement (H.i5) as
a postulate verified experhnentally.

Let us make one more remark. If current I ill ((L1;-») is
distrihuted over tho volume where contour r is located,
it C(lB I.e represented in the form

1= ~ j dS. (6.1H)

In this expression, the integral is taken over an arbitrary
surfaceS stretched on contour r. Current density i in
the integrand corresponds to the point where the area
element. dS is located, vector dS forming the right-handed
system with the direction of the contour circumvention

Thus, in the general case Eq. (6.15) can be written as
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follows:
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~ B dl =.~IO r j ciS = f.&o .\ in«s. (6.17)

Tho fact that circulnt i ;,t or vector B gonerally differs
from zero indicates that ·.ill contrast to electrostatic field,
field B is not a potent in I field. Such fields are called
vortex .. 01.· solenoidal fields,
\ Since circulation of vector B is propor tional to the cur

rent I enveloped by the contour, in general we cannot
ascribe to magnetic field a scalar potential which would be
related 'to vector B through an expression similar to E =
:= -V<p. This potential would not be single-valued: upon
each circumvention of the current and return to the initial
point, this potential would acquire an increment equal to
f.1ol. However, magnetic potential <Pm can be introduced and
effectively used in the region of space where the currents
are absent. .

The Role of the Theorem on Circulatton of Vector B.
This theorem plays almost tho same role as the Gauss
theorern for vectors E and D. I t is well k nown that field B
is determined by all currents, while circulation of vector B,
only by the currents enveloped by the given contour. In
spite of this, in certain cases (ill the presence of a special
symmetry) the theorem 011 circulation proves to be quite
effective since it allows us to determine B in a very simple
way. K

This can be done in the cases when the calculation of
circulation of vector B rail be reduced, by an appropriate
choice of the contour, to the product of B (or B ,) by the
length of the contour 01' its part. Otherwise, field B must
be calculated hy SOBle ot her methods, for example. with
the help 01 the Biot-Snvart law or by solving the cor
responding d iffereut.ial equat ious, and the calculation be
comes m uch more d ifficult ,

6.4. Applications of the Theorem
on Circulation of Vector B

Let us consider several practically i~po.rtant examples
illustrating the effectiveness of the applrcation of the theo-
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rem Oil circulation of vector B and then see whet.her t It is
method is universal.

.• Example t , Magnetic field'o[~a straight current. Direct current I
flows along an infinitely long straight wire wi th a circular cross section
of radius 4. Find the magnetic field induction 8 outside and inside the
wire.

It follows from the symmetry of the problem that the lines of
vector B in this case have the form of circles with the centre at the

Fig. 6.7

wire axis. The magnitude .,f vector B must he the- same at all points
at a distance r from the axis of the wire. Therefore, in accordance with
the theorem on circulation of vector B for a circular contour r l
(Fig. 6.6), we have B -2nr = floI, whence it fellows that outside the
wire

B = (f.1012n) Ilr (r > a). (6.t8)

It should be noted that a direct solution of this problem (with the help
of the Biot-Savart law) turns out to he more complicated.

From the same symmetry considerations it follows that inside the
wire the lines of vector B are also circles. According to the theorem on
circulation of vector n for a circular contour r 2 (see Fig. 6.6),
B ·21lr == ~o/r' where I r = 1 (rla)2 is the current enveloped by the gi
ven cont.our. Whence we lind that insirle the wire

B ~~ (~to/2n) /rla2 (r <: a) (6.19)

The dependence B (r) is shown in Fig. 6.7.
If the wire has the shape of a tube, the induction B outside it is

determined by formula (6.18), while inside the tube magnetic field is
absent. This can also be easily shown with the help of the theorem on
circulation of vector B.

Example 2. Magnetic field of 8 solenoid. Let current I now along a
conductor helically wound on the surface of a cylinder. Such cylinder
streamlined by the current is called a solenoid. Suppose that a unit
length of the solenoid contains n turns of the conductor. If the pitch
of the helix is sufficiently small, each turn of the solenoid can beapprox
imately replaced by a closed loop. We shall also assume that tlie con-
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ductor cross-sectional area is so small that the current in the solenoid
can be considered Ilowinu over its surface.

Experiments and calculations SllO\V that the longer the solenoid,
the less the mannct ic induction outside it. For an inlinitely long solc-,
noid, magnetic field outside it is absent at all.
. It is clear from svmmetrv considerations that the Jines of vector B
inside the solenoid ilfe directed along its axis, vector B Iorming the
r ight-handed system with the direction of the current in the solenoid.

I
r-~-...,

•.....•••.....••..~ .
i t 4-- J
: B-----. ~---............................

Fig. G.8 Fig. e.n

Even the above considerations about the magnetic field configura
tion of the solenoid indicate that \\TP must choose a rectangular contour
as shown in Fig. n.H. Circulation of vector II around this contour .is
equal to Bl , and tlu: contour envelops the current nl l , According to
the theorem on circulation, Bl =::: ~lonl/, whence it follows that inside
a long solenoid

B == ~tonl, (6.20)

i ,e. the field iusitle a long solenoid is uniform (with the exception of
the regions adjoining the solenoid's endfaces, which is often ignored
in calculations). TIle product 11' is called the number of ampere-turns.
For 11 = 2000 turns/m and J == 2 A, the magnetic field inside the so
lenoid is equal to 5 m'I',

Example 3. ~fagneth~ field 01 a toroid. A toroid is a wire wound
around a torus (Fig. 6.9). .

It can he easily seen Irom symmetry considorutions that the lines
of vector n must be circles whoso centres lie on the axis 00' of the
toroid. H pore it is clear tha t for the contour we must take one of such
circles.

If a contour lies inside t.hf~ toroid, it envelops the current IVJ, where
.AT is the number of turns in the toroidal coil and I is the current
in the wire. Let the contour radius be r; then, according to the theorem
on circulation B·2rrr - fl01\//, whence it follows that. inside the toroid

JJ ~ (tt o/2n ) IV I lr, (fL2·j)

/\ comparison of (H.21) anti (6.1H) shows that the Jll,!gIW(.it: lield i nsid«
tho toroid coincides with the magnetic field IVJ 01 tho ~lraig-ht i'tJr
rent flowing along the 00' axis. Tending N and radius 11 uf the toroid
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Fig. 6.10

B

B

to infinity (at a constant toroid cross section), we obtain in the limit
the expression (6.20) for the magnetic field of an infinitely lone so
lenoid.

If the chosen circular contour passes outside the toroid, it does
not envelop any currents, and hence B ·2Hr ::-= 0 for such a contour.
This means that outside the toroid magnetic field is absent.

In the above considerations it was assumed that the lines of cur
rent. He in meridional planes, i .r-. the planes passing "through the "axis
00' of the toroid. In'real toroids, the lines of cur- .
rent (turns) do not lie- strictly in these planes, and
hence there is a current component around
the 00' axis. This component. creates an addi
tional field similar to the field of a circular cur
rent.

Example 4. Magnet ie field of a current-ear
r)·ing plane. Let us consider an infinite conduct
ing plane with undirectional current uniformly
distributed over its surface. Figure 6.10 shows
the crORS section of such a plane when the cur
rent flows behind the plane of the fi~ure (this
is marked bv crosses). Let us introduce the con
cept of Linear cuerent density i directed along the
lines of current. The maznitude of this vector
is the current per unit lcnzth which plays the
role of the "cross-sectional a'rea··. •

Mentally dividing tho current-carrying plane into thin current
tilamentc, we can easily see that. the resultant field B wi ll be directed
parallel to the plane, downwards to the right of the plane and upwards
to the left or it (Pig. 6.10) .. These directions can be easily established
with the help of tho right-hand screw rule.

In order to determine indue-finn B of the field, we shall use the
the-orem on circulation of vector B. Knowing- the .arrangcment of the
lines of vector B, we shall choose the contour in the form of rectangle
1234 (Fig. 6.10). Then, in accordance with tho theorem on circulation,
2Bl ::.:: J.':oil, where l is the Ionath of the contour side parallel to the
conducting plane. This ~ive~

1 .
B == 2~LOI. (6.22)

This formula shows that the magnetic field is uniform on both sides
of the plane. This result is also valid for a bounded current-carrying
plane, but only for the points lying near the plane and far from its
ends.

General Consideratl8IJS. The results obtained in the above
examples could be found 'directly with the help of the
Biot-Savart Iaw, lIowever, the theorem on circulation
makes it possible to obtain these results much more simply
and quickly.

However, the simplicity with which the field was cal
culated in these examples must not produce an erroneous



154 6. Magnetic Fteld In II V4CIJIJm

impression about the potentialities of the method based
on the application of the theorem on circulation. Just as
in the case of the Gauss theorem for electric field, the num
ber of problems that can be easily solved by using the theo
rem on circulation of vector B is quite limited. It is suffi
cient. to say that even for such a symmetric current configu
ration as the current ring, the theorem on circulation be
comes helpless. Despitean apparently high symmetry, the
magnetic field configuration does not allow us .. however,
to find a simple contour required for calculations, and the
problem has to be solved by other, much more cumber-
some, methods. .

6.5. Differential Forms of Basic Laws
of Magnetic Field

Divergence of field B. The differential form of the Gauss theorem
(6.14) for field B can be written as

(6.23)

(6.24)

Le. the divergence 0/ field B is equal to zero everywhere. As was men
tioned above, this means that magnetic field has no sources (magnetic
charges). Magnetic field is generated by electric currents and not by
magnetic charges which do not exist in nature.
. Law (6.23) is of fundamental nature: it is valid not only for con
stant but for varying fields as well.

Curl of field B. The important property of magnetic field expressedbl the theorem on circulation of vector B motivates the representation
o this theorem in the differential form which broadens its potential
ities as a tool for investigations and calculations.

For this purpose, we consider the ratio of circulation of vector 8
to the area S bounded by a contour. It turns out that this ratio tends
to a certain limit as S ~ O. This limit depends on the contour orienta
tion at a given point of space. The contour orientation is specified by
vector n (the normal to the plane of the contour around which the
circulation is calculated) the direction of n being connected with tbe
direction of contour circumvention through the right-hand screw rule.

The Jirnit obtained as a result of this operation is a scalar quantity
which behaves as the projection of a certain vector onto the direction
of the normal n to the plane of the contour around which the circula
tion is taken. This vector is called the curl of field B and is denoted as
curl B. Thus, we can wri te

" \" Udl
lun'-'--=(<.all'l Jl)n,
8-0 S
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where 011 the right-hand side we have the projection of curl 8 onto
normal n.

Hence, each point of vector field B can be characterized by curl 8
whose direction and magni tude arc determined by the properties of
the field itself at a given point. The direction of curl B is determined
by the direction of normal n to the surface element S, for which the
quantity (u.24), which defines the magnitude of curl B, attains its
maximum value.

In mathematics, curl B is obtained in coordinate representa
tion. However, for our purposes another fact "is more important: it
turns out that formally curl 8 can be considered as the cross product
of the operator V by vector B, Le. V X B. \VC shall be using the
latter, more convenient notation since it allows us to represent the
cross product V X B with the help of the determinant:

V X n= Ia~;x a;Zy iJ;~7.I, (1).25)
s, By Hz

where ex, e'I' ez are the unit vectors of Cartesian coordinates. This
expression j~ valid for the curl of not only field B, but of lilly other
vector tield ~o, in particular, of field E.
. Let us now consider the theorem on circulation of vector B. Accord-

ing to (u.24), Eq. (6. t 7) can be represented in the form

". JDdt .
Iim --P- = flo!1\'
8-0 .')

or (V X Bln = flui Tt • Hence

IV X B= !1oj:I (6.26)

This is precisely the differential form of the the~re~ on ~irculation
of vector B. Obviously, the direction of. curl. B eOln~ldes with t~at of
vector j, viz. the current density at this POIDt, while the magnitude
of V X B is equal to lioj. .

In an electrostatic field, circulation of vector E IS equal to zero,
and hence

IV XE.-:o·1 (6.27)

A vector field whose curl is equal to zero everywhere is, a potential
neld. Otherwise it is called the solenoidal field. Consequently, electro
static field is a potential field, while magnetic field is a solenoidal ",~ld.

6.6. Am"r.'s Force

Ampere's Law. Each charge ~arrier ~xperien~es the
action of a magnetic force. The action of this force IS traus
nutted to a conductor through which charges are moving.
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As a result, magnetic field acts with a certain force on a cur
rent-carrying conductor. Let us find this force.

Suppose that the volume density of charges which are
the carriers of current (e.g. electrons in a metal) is equal
to p. We mentally isolate a volume element dV in the
conductor. It contains the charge (current cacrier) equal
to p dl'. Then the force acting on the volume element dV
of the conductor" can be' written by formula (6.1) as follows:

dF == p Iu X B) dV.

Since i = pu, we have

IdF=UXB)dV,1 (6.28)

If the current flows along a thin conductor, then, ac
cording to (6.8), j dV = I dl, and

IdF = I rd} X BJ, I (6,29)

where dJ is the vector coinciding in direction with the
current and characterizing an element of length of the thin
conductor. .

Formulas (6.28) and (6.29) express Ampere's law. Inte
gratin~ these expressions over the current elements (vol lime
or Jinear), we can find the magnetic force acting on a cer
tain vol ume of a conductor or on its linear part.

The forces acting on currents in a magnetic field are
called Ampere's forces.

EXAmple. The force of interaction between parallel currents.
Find the Ampere's force with which two infinitely long wires with
currents /1 and 12 interact in a vacuum, if the distance between them
is b. Calculate the force per unit length of the system.

Each current element of 12 is in the magnetic field of the current 11,

l.e. according to (6.19), the field B. :=: (!l1/4n) 211/b. The angle be
tween the element of current 12 .and vector B, is n/2. Hence, it follows
from formula (6.29) that the force acting per unit length of the con
ductor with current I'J, is Fu == J281' or

(6.30)

Naturally, the same expression can be obtuiued for the force acting
per unit leagth of the conductor with current fl'
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Finally, it can he easily seen that currents of the same
direction are attracted, while the opposite currents repell
each other. Here V·le speak only about a magnetic force.
I t should he rccal lerl , however, that besides magnetic forces
there are electric forces, i.e. the forces due to excess charges
on the surface of cond uctors. Consequently, if we speak about
the total force of interaction between the wires, it can either
be attractive or repulsive, depending on the ratio between
the magnetic and electric components of the total force
(see Problem 6.7). .

The Force Act.ing on a Current Loop. l'he resultant Ampe
re '5 force acting on a current loop in a magnetic field is
defined , in accordance with (6.29), by

F = I ~ [dl X Bj, (6.31)

where the integration is performed along the given loop
with current f.

If the In~netic field is uniform, vector B can he taken
out of the integral. and the problem is reduced to the calcu-

lation of the integral ~~ dl. This integral is a dosed chain

of elementary vectorsdl and hence is equal to zero. Conse
quently, F == 0, i.e. the resultant Ampere's Iorce in a uni
Iorrn magnetic field is equal to zero.

If, however, the magnetic field is nonuniform, the resul
tant force (6.31) generally differs from zero and ill each
concrete ease is determined with the help of (6.31). 'I'he
most interesting case for further analysis is that of a plane
current loo-p of sufficiently small size. Such a current loop
is called elemeniaru,

The behaviour of an elementary current loop can be
conveniently described with the help of magnetic moment PIn
By deiinition, magnetic moment Pm is given by

Pm ~ ISo, (u.;J2)

where I is tlln current, S is the area hounded hv the loop
and n is tbe normal to the locp whose direr-lion is connected
wi tit the direction of the current in jho !(;OP through the
riglLl-hand screw rule (Fig. 6.11). In terms of magnetlc flBld,
the element»: v loop is completely charucterized by its
magnetic moment Pm-
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An involved calculation with the help of formula (6,31),
taking into account the smal I size of the loop, yields the
following expression for the force acting 011 a II elemeu tary
current loop in a nonuniform magnetic field:

I F=Pm*, (6.33)

where Pili is the magnitude of the magnetic moment of the
loop, and oB/on is the derivative of vector B along the

100 F<:::4>Pm

D

loe---~Pm

F~

Ioe· • 0 PID
1::0

Fig. 6.11 Fig. 6.12

direction of normal n or along the direction of vector Pm
This formula is similar to expression (1.39)· for the force
acting on an electric dipole in an electric field.

It follows from formula (6.33) that, like in the case of
electric. di pole,

(1) in a uniform magnetic field F == 0 since aB/an = 0;
(2) the direction of vector F ~enerally does not coincide

with vector B or with vector Pm; vect.or Fvcoincides in
direction only with the elementary increment of vector B
taken in the direction of vector Pm at the locus of theloop.
This is illustrated by Fig. 6.12, where three arrangements
of the loop in the magnetic field of straight current To
are shown, The vector of the resultant force F acting on the
loop in each case is also shown in the figure (it is useful
to verify independently that it is really so).

If we are interested in the projection of force F onto
a certain direct.ion ~Y, it is sufficient to wr ite expression
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(6.3:l) in terms of the projections onto this direction. 'l'his
~ivcs

F iJBx
x=P1niin (6.34)

where iJIlxiiJn is the derivative of 'the corresponding pro
jection of vector B again with re
spect to normal n (01' with respect
to Pm) to the loop.

Example. An elementary current loop
having a magnetic moment Pm is ar
ranged perpendicularly to the symmetry
axis of a nonuniform magnetic field, vec
tor Pmbeing directed along vector B. Let
us choose the positive direction of the
X-axis as is shown in Fig. 6.13. Since
the increment of projection Bx will be
negative in the direction of vector Pmt Fig. 6.13
F% < o. Hence )rector F is directed to
tile left, I.e. to .flle side where B is greater. If we rotate the cur
rent loop (and vector Pm) through 90° so that the loop centre coin
eides with the symmetry axis, of field B, in this position Fx = 0, and
vector F is directed perpendicularly to the X-axis and to the same

'side as vector Pm. "

6.7. Torque Acting on a Current Loop

Let us consider a plane loop with a current I in a uniform
magnetic field B. It was shown above (see p. 157) that
the resultant force (6.31) acting on the current loop in
a uniform magnetic field is equal to zero. It is known from
mechanics that if the resultant of the forces acting on any
system is equal to zero, the resultant moment of these forces
does not depend on the position of .point 0 relative to which
the torques are determined. Therefore, we can speak about
the resultant moment of Ampere's forces in our case.

fly defiuitiou , tlie resultant moment of Ampere's forces
is given by

M = ~ [r « dFj, (6.35)

where dF is defined by formula (6.29). If Vle perform cal
culation by formula (6.35) (it is cumbersome and hardly
interesting, hence we omit it here), it turns out that the
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moment of forces for an arbitrary shape of the loop can
be represented in the form

IM = [Pm >< Bj, I (6.36)

F

Fig. 6.14

F.

where Pnl is the magnet.ic moment of the current loop (Pm =
zzr: ISo for a plane loop). *

I t is clear from (G.36) that the UIOtn

ent M of Ampere's forces acting on
a current loop in a uniform magne
tic field is perpendicular Loth to vec
tor Pm and to vector B. The mag
nitude of vector 1\1 is Jl1 == P,nB sin Ct.,

where a is the angle between vec
tors Pm and B. vVhen POl tt B, M :--:= 0
and it is not difficult to see that the
position of the loop is stable. When
Pm .J.t B, 1\'1 also eq uals zero but Stich

a position of the loop is unstable: the 5J ightest deviation
from it leads to the appearance of the moment of Iorce that
tends to deviate the loop from the initial position still
further.

Example. Let us verify the validi ty of formula (0.36) by using
a simple example of a .rectangular current loop (Fig. 6.14).
. It. can be seen from the figure that the forces acting on sides a are
perpendicular to them and to vector B. Hence these forces DTP directed
along the horizontal (they are not shown in the figure) and only strive
to stretch (or compress) the loop. Sides b are perpendicular to D,
and hence each of them is acted upon by the force

F ~= IhB.

These forces tend to rotate the' loop so tl.at vector Prr. becomes directed
1i ke vector B. Hence, the loop is acted upon by it couple of forces
whose torque Is equal to the product of the arm a sin (J., of the couple
by the force F ~ i e.

.1lf == 1bBa ~i:~ Ct.

,~

* If the lonp is no t plane, its !na;;nei.i;~ moment i-. I}nl ~ i \ dS,

when" the integral is tul.en over the surface S st«.. tche.i over tnt; cur
rent loop, This intoirral does ned. depend OIl the choice of th~ surface S
and depends only 011 the loop over which it is stretched,
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Considering that ab is the area bounded by the loop and lba = Pm'
we obtain

M = PmB sin a,
which in the vector form is written as (6.36).

Concluding this section, we note that expression (6.36)
is valid for nonuniform magnetic fields as well. The only
requirement is that the size of the current loop must be

.sufficiently small. Then the effect of nonuniformity on the
rotational moment (torque) M can be ignored. This pre
cisely applies to the elementary current loop.

An elementary current loop behaves in a nonuniform
magnetic field in the same way as an electric ~dipole in
an external nonuniform electric field: it will be rotated
towards the position of stable· equilibrium (for" which
Pm tt B) and, besides, under the action of the resultant
force F it will be pulled into the region where induction B
is larger. ~:

1

6.8. Work Done upon "Displacement of Current Loop

\Vhen a current loop is in an external magnetic field (we
shall assume that this field is constant), certain elements
of the loop are acted upon by Ampere's forces which hence
will do work during the displacement of the loop. We shall
show here that the work done by Ampere's forces upon an
elementary displacement of the
loop with current I is given by

F
@

B,D

Fig. 6.15

(~.37)6A = Id<D,

where d<D is the increment of the
magnetic flux through the loop
upon the given displacement.

We shall prove this formula
in three stages.

1. Let us first consider a particular case: a circuit (Fig -. 6.15)
with a movable jumper of length 1 is in a uniform magnetic
field perpendicular to the circuit plane and directed behind
the plane of the figure. In accordance with (6.29), the jumper
is acted upon by Ampere's force F ;=: Ill], Displacing the
jumper to the right by dx, this force accomplishes positive

It-0181
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work

6. Magnetic Field '" 4 Vatuum

6A = F d» = IB l dx = IB dS, (6.38)

where dS is the increment of the area bounded by the con
tour.

In order to determine the sign of magnetic flux <1>, we
shall agree to take the normal n to the surface bounded by
the contour always in such a way that it Iorms with the
direction of the current in the circuit a right-handed system
(Fig. 6.15). In this case, the current I will always be a posi
tive quantity. On the other hand, the flux <I> may be either
positive or negative. In our case, however, both $ and.
d<I> == B dS are positive quantities (if the field B were
directed towards us or the jumper were displaced to the
left, del> < 0). In 8.0Y of these cases expression (6.38) can
be represented in the form (6.37).

2. The obtained result is valid for an arbitrary direction
of the field B as well. To prove this, let us decompose vec
tor B into three components: B =-~ B, + Hz + Bx . The
component B, directed along! the jumper is parallel to the
current in it and does not produce any force acting on the
jumper. The component Bx {along the displacement) is
responsible for the force perpendicular to the displacement,
which does not accomplish any work. The only remaining
component is Dn which is normal to the plane in which
the jumper moves. Hence, in formula (6.38) instead of B
we must take only 8 n • But B n .dS = d<1l, and we again
arrive at (6.37).

3. Let us now consider any current loop which is arbi
trarily displaced in a eonstant nonuniform magnetic field
(the contour of this loop may be arbitrarily deformed in
this process). We mentally divide the given loop into infinite
ly small current elements and consider their infinitesimal
displacements. Under these conditions, the magnetic field
in which each element of current is displaced can be as
sumed uniform. For such a displacement, we can apply to
each element of current the expression dA == I d'(D for the
elementary work, where .d'$ expresses the contribution of
8 given element of current to the increment of the flux
through the contour. Summing up elementary works for
all the elements ·of the loop, we again obtain expression



(6.39)

(6.37), where d(J) is the increment of the magnetic flux
through the entire circuit.

In order to find the work done by Ampere's forces upon
the total displacement of the current loop from the initial
position 1 to the final position 2, it is sufficient to integrate
expression (6.37):

2

A = JI d<tJ.
t

If the current I is maintained constant during this dis
placement we obtain

(6.40)

where <Ill and <Il2 are magnetic fluxes through the contour
in the initial and final positions. Thus, the work of Ampere's
forces in this case is equal to the product of the current
by the iocremeflt of the magnetic flux through the circuit.
Expression (6.40) gives not only the magnitude but also
the sign of the accomplished work.

Example. A plane loop with current I is rotated in magnetic
field B from the position in which 0 -L-t B to the position in which
D tt H, D being the normal to the loop (it should be recalled that the
direction of the normal is connected with the direction of the current
through the right-hand screw rule). The area bounded by the loop is S.
Find the work of Ampere's forces upon such a displacement, assuming
that the current I is maintained constant.

In accordance with (6."40), we have

A = 1 [BS - (-BS)) = 2IBS.

In the given casu, the work A > 0, while upon the reverse rotation
A <0.

It should be noted that work (6.40) is accomplished not at the
expense of the energy of the external magnetic field (which does not
change) but at the expense of the e.m.f. source maintaining the current
in the loop. (This question will be considered in greater detail in
Chap. 9.) .

Problems

• 6.1. Direct calculation of induction B. Current I flows along
a thfn conductor bent as is shown in Fig. 6.16. Find the magnetic
induction B at point O. The required data are presented in the figure.

Solution. The required quantity B = B _ + B _' where B _ is the
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magnetic field created by the rectilinear part of the loop and B ,
by its curvilinear part. According to the Biot-Savart law (see Examplei
on p. 146), we have

f.101 cos ex dex
4na cos eto

B __~ I (2n - 2eto) a
-- 41£ at

As a result, we obtain

B = (n - CXo + tg ao) 'r101/211,a.

It is interesting to show that for ao -+- 0, we arrive at the familiar
expression (6.13).

Fig. 6.16 Fig. e.r7

and of all the turns,

• 6.2. A thin isolated wire forms a plane spiral consisting of
a large number N of closely packed turns through which a direct cur
rent I is Oowing. The radii of the internal and external loops are a
and b (Fig. 6.17). Find (1) the magnetic induction B at the centre
of the spiral (point 0), and (2) the magnetic moment of the spiral for
the given current.

Solution. (1) According to (6.13), the contribution of one turn of
radius r to the magnetic induction is equal to

B 1 = ~oItz-, (1)

B= ) e.s»,

where dN is the number of turns in the interval (r, r+ dr),

N
dN;::::: h-n dr ,

(2)
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Substituting (1) and (3) into (2) and integrating the result over r
between tJ and b, we obtain

B= JiolN In!..
2 (b-a) a

(2) The magnetic moment of a turn of radius r is Pta: = Jrrr2 ,

and of all the turns, Pm = 1Pmt dN. here dN is defined by formula

(3). The integration gives

__ sclN bS
- a3

_ nIIf ( 2 + b+ b2 )
Pm - b _ a -3- - 3 a a .

• 6.3. Current I flows in a long straight conductor having th"
shape of a groove with a cross section in the form of a thin half-ring

Fig. 6.18 Fig. 6.19

of radius R (Fig. 6.18). The current is directed from the reader behind
the plane of the drawing. Find the magnetic induction B on the axis O.

Solution. First of all, Jet us determine the direction of vector B
at point O. For this purpose, we mentally' divide the entire conductor
into elementary filaments with currents dl . Then it is clear that the
sum of any two symmetric filaments gives vector dB directed to the

. right (Fig. 6.19). Consequently, vector B will also be directed to the
right.

Therefore, for calculating the field B at point 0 it is sufficient to
find the sum of the projections of elementary vectors dB from each
current filament onto the direction of vector B:

B= .\ «e-s« cp (1)

In accordance with (6.11), we have

dB == 110 «uzx«. (2)

where dl :;;..::: (lin) dq; (see Fig. 6.19). Substituting (2) into (1), we get
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.• 6.4. Theorem on circulation of 8 nnd principlt, of sup«-rposi·
t ion. Inside a homogeneous long straight wire of circular cross section,
there is a circular cylindrical cavity whose axis is parallel to the con
ductor axis and displaced relative to it by a distance I. A direct cur
rent of density j flows along the wire. Find magnetic induction 8
inside the cavity.

Solution. In accordance with the principle of superposition, the
required quantity can be represented as follows:

B=Bo-B', (1)

where 80 is the magnetic induction of the conductor without cavity,

Fig. 0.20 Fig. 6.21

while B' is the magnetic induction of the field at the same point due
to the current flowing through the part of the conductor which has
been removed in order to create the cavity. .

. Thus, the problem implies first of all the calculation of magnetic
induction B inside the solid conductor at a distance r from its axis.
Using the theorem on circulation, we can write 2nrB = ~))nrlj, whence
B = (1/2) florj. This expression can be represented with the help of
Fig. 6.20 in the vector form:

B= -} flo (j X r].

Using now this formula for Do and B', we find their difference (1):

B= ~o (jxr]- ~o [jxr']= io [jX(r-r'».

Figure 6.21 shows that r === I + r", whence r - r' = I, and

B=i-Jl.o(j::<I).

Thus, in our case the magnetic field B in the cavity is uniform, and
if the current is flowing towards us (Fig. 6.21), the Held B lies in the
plane of the ligure and is directed upwards.
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• 6.5. Principle of superposition. Current I Dows through a long
solenoid, whose cross-sectional area is S and the number of turns n.
Find the magnetic nux through the endface of this solenoid.

Solution. Let the flux of 8 through the solenoid endface be GJ. If
we place another similar solenoid in contact .with the endface of our

-~ Ai~
B~

.. . i"-~

-_.~~

t " Ca) (b)

Flg. 6.22 Fig. 8.23

solenoid, the flux through the contacting endfaees will be 0 + cJ) =
= <b01 where ~. is the flux through the solenoid's cross section far
from its endface, Then we have

-I> ~ t1>o/2 = f.10nlS12.
By the way, we must pay attention to the following propertle

of the field B at the ondface of a long solenoid.
1. The lines of B are arranged as shown in Fig. 6.22. This can be

easily shown with the help of superposition principle: if we place on
the right one more solenoid, field B outside the thus formed solenoid
must vanish, which is pcssible only with the field configuration shown
in the figure. .

2. From the principle of superposition, it follows that the normal
component Bn will be the same over the area of the endface, since when
we form a composite solenoid, Bn + Bn = Be, where B1, is the field
inside the solenoid away frorn its endfaces. At the centre of the endface
B = B n , and we obtain B = Bo/2 .

• 6.6. The field at 8 solenoid. The winding of a long solenoid of
radius a is a thin conducting band of width h, wound in one layer prac
tically without gaps. Direct current I flows along the band. Find
magnetic field B inside anti outside the solenoid as a function of dis
tance r from its axis.

Solution. The vector of linear current density I can be represented
as the sum of t\VO components:

i=i 1 +i".
The meaning of vectors i. l and I" is clear from Fig. 6.23b. In our
case, the magni tudes of these vectors can be found with the help 0 f
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Fe

Fig. 6.23a by the formulas

i.l =icosa=i Yi-sin2 a = (I /h) Y1-(h/2na)l.

ill = t sin a= 1/2na.

The magnetic induction B inside the solenoid is determined, in
accordance with (6.20), by the quantity iI' while outside the solenoid,
by ill: -

Bi = J1ot .l = (JJ.oI/h) lfi- (h/2na)2 (r < a),

Be = f.Loili a/ r = J.1oI /2n r (r > a),

where we used the theorem on circulation while calculating Ba out
side the solenoid: 21trBa = "Lb2naill•

Thus, having represented the current in the solenoid as the super
posltion of "transverse" and "longitudinal" components, we arrive at
the conclusion that only the longitudinal component of the field B
exists inside such a solenoid and only the transverse component out
side it (as in the case of a straight current).

Besides, if we decrease the band width maintaining the curren t
density unchanged, I ~ 0 as h ~ 0, but 11k = const. In this case,
only the field inside the solenoid remains, i.e. the solenoid becomes
"ideal"

.·6.7. Interaction of parallel currents. Two long wires with
negligible resistance are shunted- at their ends by resistor R and at

the other ends are connected to a
source of constant voltage. The
radius of the cross section of each

R wire is smaller than the distance
between their axes by a factor of
T) = 20. Find the value of the re
sistance R at which the resultant
force of interaction between the
wires vanishes.

Fig. Solution. There are excess sur-
. face charges on each wire (irrespec-

trve of whether or not the current is flowing through them) (Fig. 6.24).
Hence, in addition to the magnetic force Fro, we must take into account
the e.lectric force Fe. Suppose that an excess charge A corresponds to
a unit length of the wire. Then the electric force exerted per unit
length of the wire by the other wire can be found with the help of the
Gauss theorem: '

1 2"- 2A2

Fe='AE='A -- --=-.:--,
4neo 1 4Jl.F·ol

where l is the distance between the axes of the wires. The magnetic
force acting per unit length of the wire can be found with the help
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of the theorem on cirulation of vector JI:
Fm = (~o/4n) 212/1,

where I is the current in the wire. .
It should be noted that the two forces, electric and magnetic, are

directed oppositely. The electric force is responsible for the, attraction
between the wires, while the magnetic force causes their repulsion.
Let us find the ratio of these forces:

Fm/Fe = eOllo/2/ /...2 • (1)

There is a certain relation between the quantities 1 and A (see
Problem 2.8):

A=CtU= Into U, (2)
fill

where U = RI. Hence it follows from relation (2) that

I/A == In Tl/neoR. (3)

Substituting (3) into (1), we obtain

F m J.Lo In2 TJ
------ (It)

I:t:' Fe - Eo n 2R 2 ·

The resultant force of interaction vanishes when this ratio is equal
to unity. This is possible w~en R = R 0, where

R o= " / Ilo InT) =360Q.
V 80 1t

If R < Rr, then Fm > Fe, and the wires repel each other. If, 011

the contrary, R > R«, Fm < Fe, and the wires attract each other.
This can be observed experimentally.

Thus, the statement that current-carrying wires attract each other
is true only in the case when the electric component of the interac
tion can be neglected, i.e. for a sufficiently small resistance R in the
circuit shown in Fig. 6.24.

Besides, by measuring the force of interaction between the wires
(which is always resultant), we generally cannot determine current I.
This should be borne in mind to avoid confusion .

• 6.8. The moment or ~mpere's forces. A loop with current I
is in the field of a long straight wire with current I 0 (Fig. 6.25). The
plane of the loop is perpendicular to the straight wire. Find the moment
of Ampere '5 forces acting on this loop. The required dimensions of the
system are given in the figure.

Solution. Ampere's forces acting on curvilinear parts of the loop
are equal to zero. On the other hand, the forces acting on the rectilinear
parts form a couple of forces. We must calculate the torque of this
couple. . .
Let us isolate two small elements of the loop (Fig. 6.26). It can be

seen from the figure that the torque of the couple of forces correspond -
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in~ to these elements is

dM = 2% tan cp dF,

where the elementary Ampere's force is given by
dF = I dlB.

(I)

(2)

The dependence of the magnetic induction B on the distance r

/0

Fig. 6.26

from the straight wire can be found with" the help or the theorem on
circula tion:

B = ~oI12nr. (3)

Let us now substitute (3) into (2), then (2) into (t) and, conslde
ing that dl == dr and s: =-= r cos <p, integrate the obtained expression
over r between a and b. This gives

ill = (!loIn) 110 (b - a) sin q:,

vector M being' directed to the left (Fig. 6.26) .

• 6.9. A sinal] coil with current, having the magnetic moment
Pm, is placed on the axis of a circular loop of radius R, along which
current 1 is flowing. Find the force F acting on the coil if its' distance
from the centre of the loop is 1 and vector Pm is oriented as is shown
in Fig. 6.27.

Solution. According to (6.33), the required force is defined as

F ~ Pm eeto«, (t)

where B is the magnetic induction of the tleJd created by the loop
at the locus of the coil. Let us select Z-axis in the direction of the vec
tor Pm' Then the projection of (1) onto this. axis will be

Fz = Pm 6Hz/i)z = Pm aB/a:,

where we took into account that B z == B for the given direction of
current in the loop. The magnetic induction B is defined by formula
(tL12), whence

aB 3 ~oRzJl

-az =-=- -- 2" (f~+R2)"/s·
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I Pm----.....
Since aB/az < 0. the projection of the force Fl < 0, i.e. vector F
is directed towards the loop with current I. The obtained result can
be represented in the vector form as follows:

3 f.1oRsTl
F= -2" (l'+R')&/2 Pm·

It should be noted that if Pm (and hence
Z-axis as well) were directed oppositely, then
B z = -Band 8B z/oz > O,and hence Fz>O
and vector F would be directed to the right, Fig. 6.27
Le. again oppositely to the direction of Pm-
IIeDCe, the obtained direction for F is valid for both orientations of Pm

• 6.10. Current I flows in a long thin-walled circular cylinder
of radius R. Find the pressure exerted on the cylinder walls.

Solution. Let us consider a surface current element I dS, where
i is the linear current density and dS is the surface element. \Ve shall

dS

____r/

Fig. 6.28 Fig. 6.29

lind the relation between the surface and volume elements of the cur
rent:

j dV = jf>h·fJb dl = idS.

The meaning of the quanti ties appearing in this relation is clarified
in Fig. 6.28. In the vector form, we C3.n write

jdV=idS. (t)

The Ampere's force acting on the surface current element in this
case is determined by the formula obtained from (6.28) with the help
of substitution (1):

dF == [i X B'l as, (2)

where D' is the magnetic induction of the field at the point of location
of the given current element, but created by all other current elements
excluding the given one. In order to find B', we proceed as for cal
culating electric force (Sec. 2.3). Let B, be the magnetic Iaductieu
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of the field created by the surface element itself at a point very close
to its surface (see Fig. 6.29, where it is assumed that the current is
flowing from us). According to (6.22), B i = (1/2) ....oi.

Further, using the theorem on circulation of vector B and symmetry
considerations, we can easily see that the magnetic induction of the
field outside the cylinder near its surface is equal to

B = ~oI/2nR, (3)

while inside the cylinder the field is absent.
The latter fact indicates that the field B' ·from the remaining cur

rent elements at points 1 and 2 very close to the cylinder surface (see
Fig. 6.29) must be the same and satisfy the following conditions inside
and outside the cylinder surface:

B'=B, and B=B'+B,=2B'.
Hence it follows that

B' = B/2. (4 )

Substituting this result into (2), we obtain the following expression
for the required pressure: .

p=..!!!- = iB' = 2B' B' = B2 .
dS ~b 2~o

Taking into account (3), we finally get

P = lJ.o/2/8n2R 2.

It is clear from formula (2) that the cylinder experiences lateral com
pression.

7. Magnetic Field in a Substance
7.1. Magnetization of a Substance.

Magnetization Vector J

Field in .Magnetics. If a certain substance is introduced
into a magnetic field formed by currents in conductors,
the field will change. This is explained by the fact that each
substance is a magnetic, i.e, it is magnetized (acquires
a magnetic moment) under the action of magnetic field.
A magnetized substance creates its own magnetic field B',
which forms, together with the primary field Bo created
by conduction currents, the resultant field

B := n, + B'. (7.1)

Here B' and B stand for the fields averaged over a
physical infinitely small volume.
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The field B', like the field no of conduction currents,
has no sources [magnetic charges). l Ionce , for the resultant
field B in the presence of a rnagnetic, the Gauss theorem
is applicable:

I ~BdS=o·1 (7.2)

This means that the field lines of B remain continuous
everywhere in the presence of Ct substance.

Meehanlsm of Magnetization. At present, it is estab-
. lished that molecules of many substances have intrinsic

magnetic moments due to the mot.ion of intrinsic charges
in them. Each magnetic moment corresponds to a circular
current creating a magnetic field ill the surrounding space.
In the absence of external magnetic field, the magnetic
moments of molecules are .oriented at random, and hence
the resultant' magnetic field. due to these moments is equal
to zero, as well as the total magnetic moment of the sub
stance. This also applies to the substances that have no
magnetic moments in the absence of an external field.

If a substance is placed into an external magnetic field,
under the action of this field the magnetic moments of the
molecules acquire a predominant orientation, and the sub
stance. is magnetized, viz. its resultant magnetic moment
becomes other than zero. In this case, the magnetic mo
ments of individual molecules no longer compensate each
other, and as a result the field B' appears.

Magnetization of a substance' whose molecules have no
magnetic moments in the absence of external field proceeds
differently. When such materials are introduced into an
external field elementary circular currents are induced
in the molecules, and the entire substance acquires a mag
netic moment, which also results in the generation of the
field B'.

Most, of materials are weakly magnetized when introduced
into a magnetic. field. Only ferromagnetic materials such
as iron, nickel, cobalt and their many alloys have clearly
pronounced maunetic properties.

Magnetization. The degree of mugnet ization of a magnet
ic is characterized by the magnetic moment of a unit
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volume. This quantity is called magnetization and denoted
by J. By definition , .

(7.3)

where L\ V is a physical infinitely small volume surround
ing a given point and Pm is the magnetic moment of an
individual molecule. The summation is performed over
all molecules in volume t.\ v.

By analogy with what was done for polarization P
[see (3.3) 1, magnet izat ion can be represented in the form

J = n (Pm), (7.4)

where n is molecular concentration and (Prn) is the average
magnetic moment of a molecule. This formula shows that
vector J is collinear precisely to the average vector {P,n}.
Hence for further analysis it is sufficient to know the behav
iour of vector (Pm) and aSS\11ne that all the molecules
within the volume ~V have the same magnetic moment
(Pin). This will considerably simplify the understanding of
questions associated with the phenomenon of magnetiza
tion. For example, an increase in magnetization J of a mate
rial implies the corresponding increase in vector (Pm): if
J == 0, (Pnl) == 0 as well.

If vector J is the same at each point of a substance, it is
SAid that the substance is uniformly magnetized.

Magnetization Currents l' • As was mentioned above, mag
netization of a substance is caused by the preferential orienta
tion of mag-netic moments of individual molecules in one
direction. The same can be said about the elementarv circular
currents associated with each molecule and called ~olecular
currents. It will he shown that such a behaviour of molecular
currents JCHds to the appearance of macroscopic currents I'
called magnetization currents. Ordinary currents flowing in
t.he conductors are associated with the motion of charge
carriers in a substance and are called conduction currents (I).

In order to understand how magnetization currents appear,
Jet us first Imagine a cylinder Inane of H homogeneous mag
net if. whose maguet.izat iou J is uniform and directed along
the axis. Molecular currents in the magnetized mnznet.ic
are oriented as shown in Fig. 7.1. Molecular currents of
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adjacent molecules at the points of their contact have op
posite directions and compensate each other. The Oil) Y uncom
pensated molecular currents are those emerging on the lateral
surface of the cylinder. These currents Iorrn macroscopic
au/ace magnetization current I' circulating over the lateral

J

Fft. 7.1 Fig. 7.2

x

surface of the cylinder. The current I' induces the same n18C

roscopic magnetic field as that of all molecular currents
taken together.

Let us now consider another case: a magnetized magnetic
is nonhomogeneous. Let, for instance, the molecular currents
be arranged as shown in Fig. 7.2, where the line thickness
corresponds to the intensity of molecular currents. I t follows
hom the figure that vector J is directed behind the plane
of the figure and increases in magnitude with the coorrli
nate z, It can be seen that the molecular currents are not
compensated inside a nonhomogeneous magnetic, and as
a result, the macroscopic volume magnetization current I'
appears, which flows in the positive direction of the l"'-axis.
Accordingly, we can speak about the linear i' and surface j'
current densities, i' being measured in Aim and j' in A/m2 •

Calculation of Field B in a Magnetic. It can be stated that
the contribution to field B from a magnetized magnetic
is equal to the contribution that would be created by the
same distribution of currents I' in a vacuum. In other
words, having established the distribution of magnet.ization
currents /', we can find, with the help of the Biot
Savart law, the field B' corresponding to them, and then
'calculate the resultant field B by formula (7.1).
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LJ nfortunately , the distribution of currents I' depends
not only on the configuration and the properties of a mag
netic but on the field B as well. For this reason, in the general
case the problem of finding 8 in a magnetic cannot be solved
directly. It remains for us to try and find another approach
to the solution of this problem. The first step in this direction
is the establ ishment of an important relation between mag
n etizat ion current I' and a certain property of vector J t

viz. its circulation.

7.2. Circulation of Vedor J

I t turns out that for a stationary case the circulation of
magnetization J around an arbitrary contour r is equal

dl

r
Fig. 7.3 Fig. i.4

to the algebraic sum of magnetization currents I' enveloped
by the contour I':

(7.5)

where l' = ~ j' dS and integration is performed over an
arbitrary surface stretched on the contour f.

In order to prove this theorem, we shall calculate the
algebraic sum of molecular currents enveloped by contour I'.
Let us stretch an arbitrary surface S on the contour r
(Fig. 7.3). It can be seen from the Jigurethat some molecular
currents intersect the surface S twice (once in one direction
and for the second time in the opposite direct ion). Hence
such currents make no contribution t.o the resultant mag
netization current through the surface S.

However, the molecular' currents that are wound around
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the contour I' intersect the surface S only once. Such molec
ular currents create a macroscopic magnetization current I'
piercing the surface S.

Let each molecular current be equal to lrn and the area
embraced by it be Sm- Then, as is shown in Fig. 7.4, the
element dl of the contour r is wound by those molecular
currents whose centres get into the oblique cylinder with
the volume dl/ :-_= SUI cos a dl, where a, is the angle between
the contour element dl and the direction of vector J at the
point under considera tion. All these molecular currents
intersect the surface S once, and their contribution to the
magnettzation current is dI' === I ron dV, where n is the molec
ular concentration. Substituting into this formula the
expression for dV, we obtain

dI' = I,DSmn cos a dl == J cos a dl == J dl,

where we took into account that I nlS III --=:: Pm is the magnetic
moment of -1in individual molecular current., and ImSmn
is the magnetic moment. of H unit volume of the material.

Integrating this expression over the entire contour I',
we obtain (7.5). The ·theorem is proved.

It remains for us to note that if a magnetic is nonhomo
geneous, magnetization current I' generally pierces the
entire surface (see Fig. 7.3) and not only the region near its
boundary, adjoining the contour I'. This is why we can use

the expression l' ,=rj' dS, where integration is performed

over the entire surface S, bouuded by the contour r. In
the above proof, we managed as if to "drive" the entire
current I' to the boundary of the surface S. The only goal
of this method is to simplify the calculation of the current I'.

Differential form of Eq.(7.5):

(7.6)

Le, the curl of magnetization J is equal to the magnetization current
density at the same point of space.

A Remark about the Field of J. The properties of the
field of vector J, expressed by Eqs. (7.5) and (7.6)" do not
imply at all that the field J itself is determined only by the
currents I'. The field of J. (which is hounded only by the

12-0181
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spi ti·:t t region filled hy magnet.c) depends on all currents,
viz. ~Jt)i h on the magnetization currents I' and the conduc

tion currents I. However, in some cases
with a definite symmetry the situation
is such as if the field of "vector J were
determined only by currents I'.

Example. Find the surface magnetization
current' per unit length of a cylinder made
of a homogeneous magnetic, if. its magnet
ization is J, vector J being directed cvery
where along the cy Iinder axis.

Let us apply Eq. (7.5) to the contour
chosen as is shown in Fig. 7.5. I t can be
easily seen that the circulation of vector J
around this contour is equal to the product

Fig. 7.5 J t, In this case, the magnetization current
is the surface current. If we denote its linear

density l-y if t the contour under consideration embraces the magne
tization current if l. It follows from the equality / l === if l that

i' ~ J. (7.7)

It should "be noted, by the way, that vectors i' a:hl J are mutually
perpend icular: if 1- J. '

7.3. Vector H

Theorem on Circulation of Vector H (for magnetic fields
of direct currents). In magnetics placed into an external
magnetic field magnetization currents are induced. Hence
circulation of vector B will now be determined not only
by conduction currents but by magnetization currents as
well:

~ Ddt = J.Lo (I +1'), (7.8)

where I and I' are the conduction ..and magnetization cur
rents embraced by a given contour r.

Since the determination of currents I' in the general case
is a complicated problem, formula (7.8) becomes inap
plicable in practical respect. It turns out, however, that
we can find a certain auxiliary vector whose circulation
will be determined only by the conduction currents embraced
by the contour r. Indeed, as we know, the current I' is
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lated to the circulation of the magnetization:

,".
',;
~,~ -

~ J dl=I'. (7.9)

(7.10)~ (:u - J ) dl = 1·

t.: Assuming that the circulation or vectors Band J is taken
r{over the same contour I', \VC express I' in Eq. (7.8) through
~:'orm111a (7.9). Then

~>
~j:'.

Let us denote the integrand of this expression by H.
:.n Thus, we have found an auxiliary vector H,

H=-.!!.-J, I (7.11)
llo

whose circulation around an arbitrary contour r is equal
.. to the algebraic-sum of the conduction currents I embraced

by this contour:

~ Rdl =1. (7.12)

This formula ex presses the theorem on circulation of vec
tor H: the circulation oj vector H around an arbitrary closed
'contour is equa.l to the algebraic sum of the conduction currents
embraced by this contour.

The sign rule for currents is the same as iu the case \)f

circulation of vector B (see p. 149).
It should be noted that vector II is a combination of t\VO

quite different quantities, B/flo and J. I-Ience, vector II
is indeed an auxiliary vector which does not have any deep
physical meaning. * However, the important property of
vector H expressed in the theorem on its circulation justifies
the introduction of this vector: in many cases, it consider
ahly simplifies the investigation of the Held in magnetics.

Relations (7.11) and (i .12) are val id for any mnguet.ics,
including anisotropic ones.

* The quanti ty I I is often called magnetic field intensity, hn t \VC

shall not be using this term to emphasize again its auxil iary nature.

12*
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I t follows Irorn Iormula (7.12) that the fn:'~llitu'de of
vector H has the dimensions of the current pel' umt h.. n!!'tlt.
Hence, H is measured ill amperes per metre (/\/m).

Differential form or the theorem on circulation of veetor H:

(7.13)

i.e, the curl of vector 1-1 is equal to the density of the conduction
current at the same point of the substance.

Relation Between Vectors J and H. It was shown above
that magnetization J depends on the magnet ic induction B
at a given point of the substance. However, customarily
vector J is related not with B but with H. \Ve shul] confine
ourselves to the analysis of only those magnetics Ior witich
the dependence between J and H is lineal', viz.

J == XH, (7.14)

where 'X is the magnetic susceptibility. It is a dimensionless
quantity typical of each magnetic (that X is dimensionless
Iol lows from the fact that, according" to (7.1 t), the dimen
sions of Hand J are tl.e same).

Unlike electric susceptihil ity x which is always positive,
magnetic susceptibility X may be either posit ivo hi" negative.
Accordingly, the magnetics satisfviug formula (7.14) are
divided into paramagnetics (X > 0) and diamagnetic» (z < 0).
In paramagnetics, J tt H, while in dian,p~t(~t it.: J ~t H.

I t should be noted that in addition to tIH'·';,· -u.ignet.ics.
there exist [erromagnetics for wh ich the depeuder.ce J (H)
has a rather complicuted form: it is Bot linear, and besides,
it has a hysteresis, i.e. J depends on the prehistory of it mag
netic. (Ferromagnetic's will be described in greflte,o dr-tai I
in Sec. 7.6.)

Relation Between Band H. For magnetics Ohl' ~ifi~ (7.1-~)~

expression (7.11) acquires the Iorrn (1 t- z) II .: 8/Jlo·
Hence

where ~l is the permeabi lity of the med ium ,

~ ~ 1 -~ 'I..

(7.13)

(7.In)
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Fig. 7.6

For paramagnetics p, > 1, while for diamagnetics f.1 < 1.
It should be noted that in both cases .... differs from unity

.only slightly, i.e. the magnetic properties of these magnetics
are manifested VCI·Y weakly.

A Remark about the Field of H. Let us consider a question
which often involves misunderstanding: which currents
determine the field of vector H? Generally, the field of H
(just as the field of B) depends on all currents, both con
duction And magnetization. This can be seen even from
(7.i5). However, in some cases the field H is determined
only by conduction currents. Vector H is very helpful for
'these cases in particular. At the same time, this makes
grounds for the erroneous conclusion that the field of H
always dr pends on conduction currents and for incorrect
interpretations of the theorem on circulation of vector H
and Eq. (7.13). This theorem expresses only a certain prop
erty of tit(~ tipl(l Jof H without defining the ~field itself.

-'t

Example. A system consists of a lon~ straight wire with current J
and an arbitrary piece of a p3Jamagnetic (Fig. 7.6). Let us find the
changes in tbe fields of vectors B and II
and in the circulation of vector II around r
a certain fixed contour r upon tile
removal of the magnetic.

The field B at each point of space is
determined by the conduction current I
as well as by the magnetization currents
in the paramagnetic. Since in our case,
in accordance with (7.15), II === B/f!J.1o,
this also applies to the Held of vector
II, i.e. it also depends on the conduction
current 1 and the magnetization cur-
rents,

The removal of t.he piece of paramag-netic will lead to a change
in the field H, and hence in the Held II. The circulation of vector B
around the contour r wil! also change, since the surface stretched on
the contour r will no longer be pierced by the magnotizution currents.
()nly the conduction current will remain. However, the circulation
of vector II around the conto.ur r will remain unchanged in spite 01'
the variation of the Held ]1 itself.

\Vben j' = 0 Inside 8 Magnetic? We shall show flOW that
magnetizntion currents inside a magnetic arc absent if (1)
the matruel.ic is lIonlogftlu.)OllS and (2) there are 110 cond uct ion
currents ill it (j - 0). I II this case. Ior any shape of it lnag
netic and any configurution of the mugnet ic field, we call be
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sure that volume magnetization currents are equal to zero,
and only surface magnetization currents remain.

In order to prove this, we shall use the theorem on cir
culation of vector J around an arbitrary contour r com
pletely lying inside the magnetic. I n the case of a homo
geneous magnetic, we can, substituting XH for J t take 'X
ill Eq. (7.5) out of the integral and write

I'=X~Hdl.

III accordance with (7.12), the remaining integral is equal
to the algebraic SUIH of the conduction currents I embraced
by the contour r. Hence for a homogeneous magnetic, we
have

l' == Xl. (7.17)

This relationship between the currents I' and I is valid for
any contour inside the magnetic, in particular, for a very
small contour, when ]'--.. dI' ~ j~ d.S and I -+ dI == in dS.
Then j~ dS =:::: tin d.S', and after cancelling dS, we obtain
j~1. _:~ vi.. This equation holds for any orientation of the
small contour, i.e. (or any direction of the normal n to it.
Hence the vectors j' and j themsel ves are related through
the same aqua tion:

j' === xi. (7.18)

·'rla us it Iollows that ill a homogeneous uraguetic j' ::....:.: 0
if j .:», 0, (J .E ~ D.

7.4. Boundary Conditions for Band H

\Vc shall analyse the conditions for vectors Band H at
the interface between t \VO homogeneous magnetics. These
cnud itions wi ll be obtained, just us ill the case of dielectrics,
wilh I he hplp of the (;~U1SS thCOl.'C1H aud the theorem on cir
cu lat iou .. \Ve recall that for vectors Jl and H these theorems
have {he Iorrn

1dJdS-oO, 1; Ifdlc--c T. (7.19)

Condition for Vector B. J..ot us itl1ngine (l very ]O\V cyl indcr
located a L the intel'fnee botwoen {.\\'u··lllaguetics as is shown
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in.Fig. 7.7. Then the flux of B in the outward direction ('NC

ignore the flux through the lateral surface) can be written
in the form

B2n ~S -t- Bin' ~S = o.
Taking the two projections of vector P (into the normal

n to the interface, we obtain BIn' == -13Jl1 .. and after can
celling 118, the previous equation becomes

(7.20)

i.e. the normal component of vector B turns out to be the

2

1

D

n

2
1

Fig. 7.7 Fig. '7.8
t'

same on both sides of the interface. This quantity does not
have a discontinuity.

Condition for Vector H. We shall assume, for higher
generality that a surface conduction current with linear
densiy i flows over the interfacial surface of the magnetics,
Let us apply the theorem on eirculat.ion of vector H to
a very small rectangular contour whose height is negligibly
small in comparison with its length l (the arrangement of
the contour is shown in Fig. 7.8). Neglecting' the contribu
tions fro III smaller sides of the contour to the circulation,
we can write Ior the en tire contour

112'tl -r- Hi't,l ==-= iNl,

where iN is the projection of vector i onto the normal N
to the contour (vector N forms a right.-handed system with
the direction of contour circumvention). Taking the t\VO

projections of vector II onto the common unit vector of the
1,:1 ngent T (i n mod i um 2), we obta in TTl t ' :== -II. t - (:C1n-
foiling' lout. of t.he iprev ious equation, we get .

(7.2-1 )
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i.e. the tangential component of vector H generally bas
a discontinuity upon a transition through the interface ,
which is due to the presence of conduction currents.

If, however, there are no conduction currents at the inter
face between magnetics (i :=; 0), the tangential component
of vector H turns out to be the same on both sides of the
interface:

(7.22)

J:ieJd B Field H

Fig. 7.10Fig. 7.9

1

Thus, if there is no conduction current at the interface
between two homogeneous magnetics, the components Bn

B2fr--- .
I

~n 1«2

2

and H T. vary continuously (without a jump) upon a transition
through this interface. On the other hand, the components
B; and I Hn in this case have discontinuities.

It should be noted that vector B behaves at the interface
like vector D, while vector H behaves like E.

Refra~tion of Lines of B. The lines of B undergo refraction
.at the interface between two magnetics (Fig. 7.9). As in
the case of dielectrics, we shall find the ratio of the tangents
of angles at and cx 2 :

tan az B2't/B2n

tan a. == Bi't/Bln·

We shall confine ourselves to the case when there is no con
duction current at the interface. According to (7022) Hn(1
(7.20), in this case we have

B2 -r / J12= B t -r/!J. l and B2n=B1n •
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~Takin~ these relations into account, we obtain the law of
:lefractioll of the lines of vector B (and hence of vector H
as well similar to (2.25):

(7.23)

Figure 7.10 depicts the fields of vector's Band H Hear the
interface between two magnetics (in the absence of con
du~tion currents). lIere J12 > ~tl. A comparison of the den
sities of the lines shows that lJ'}. > nt, while H~ < H t .

The lines of B do not have (l sliscont.inui ty upon a transit.ion
through the interface, while the H lines do (d lie to the sur
faee magnetization currents).

The refraction of magnetic field lines is used in magnetic protection,
1ft for example, a closed iron shell (layer) is introduced into an exter
Dal magnetic Held. the field lines will be concentrated (condensed)
mainly on the shell itself. Inside tho shell (in the cavity) the magnetic
field turns out todle considerably weakened in comparison wi th the
rxlemal field. In other words, tho iron shell acts Iiko a screen. This
is used in order to protect sensitive devices from external magnetic
faelds. t

7.5. FieIcI ill a Homogeneous Magnetic

It. was rnentioned in Sec, 7.1 that determination of the
resultant magnetic field in the presence of arbitrary mag
netics is generally a complicated problem. Indeed, for this
purpose, in accordance with (7.1), the field Bo of conduction
currents mnst be supplemented by the macroscopic field B'
created by magnetization currents. The prohlem is that we
do not know beforehand the configuration of magnetization
currents. We can onlv state that the distribution of these
currents depends on 'the nature and configuration of the
magnetic as wel l as on the configuration of the external
lield Do, viz. the field of conduction currents ....And since we
do not know the distribution of magnetizat ion currents, we
cannot calculate the Held B'. -

The only exception is the case when the entire space
occupied hy the field B is nlIetl hy a homogeneous isotropic
diclectri«. l ..et 1I~ consider this case ill ~r(\ntpl· detail. Hut
first of all , we shal l annlyse the ph(\II01llPIlCl observed when
conduct ion current tlO\VS fllong a homogeuoous conductor
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in a vacuum. Since each conductor is a magnetic, magneti
zation currents also flow through it, viz. volume currents
given by (7.18) and surface currents. Let us take a contour
embracing our current-carrying conductor. In accordance
with the theorem on circulation of vector J (7.5)) the alge
braic sum of magnetization (volume and surface) currents is
equal to zero everywhere since J = 0 at all points of the
contour, i.e. I' == I~ .+ I~ = O. Hence I~ = -I~, i.e. the
volume and surface magnetization currents are equal in
magnitude and opposite in direction.

Thus, it can be stated that in an ordinary case, when cur-
rents flow along sufficiently thin wires, the magnetic field
in the surrounding space (in a vacuum) is determined only
by conduction currents, since rnagnetization currents com
pensate each ot her (except for, perhaps, the points lying
very close to the wire),

Let us now fill the space surrounding the conductor by
a homogeneous nonconducting magnetic (for the sake of
definiteness, we assume that it is a paramagnetic, X > 0).
At the interface between this magnetic and thewire, surface
magnet.izat ion current If wil l appear. It can be easily seen
that this current has the same direction as the conduction
current I (when X> '0).

I\S a result, we shall have the conduction current 1 II the
surface and volume magnetization currents in the conductor
(the magnetic. fields of these currents compensate one another
and hence can be disregarded), and the surface magnetiza
t io n current 1/ on the nonconducting magnetic. For sufficient
ly thin wires, the magnetic field B in the magnetic will he
deterruiued as the field of the current I + I'.

Thus, the problem is reduced to finding the current I',
For this purpose, we surround the conductor by a contour
arranged in the surface layer of the nonconducting magnetic.
Let the plane of the contour be perpendicular to the wire
ax i~, i.u. to the magnetization currents, 'I'hen, taking (7.7)
and (7.1.-'1) into considerut.ion, we can write

I' = \~ i' dl = ~ .r dl = Yo ~ II .u.
;\cc,ording 1.0 (7.12), it Iollows that If ~ zl.

T! ie eo Itli~·tI I"atio IlS of t lif' 1l1.a~·net iza t io Il curren l I' and
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of the cond uction current I practically coincide (the wires
arc thin), and hence at all points the induction B' of the
field of the magnetization cu -its differs from the induc
tion' Bo of the field of the cunuuction currents only in mag
nitude , these vectors being related in the same way as the
corresponding currents, viz.

B' =-~ XBo. (7.24)

Then the induction of the resultant field B = Bo -;-. B' ='
=(1 + X) Bo or

B :._-~ 1l,Bo" (i .25)

This means that when the entire space is filled with a homo
geneous magnetic, B increases fJ, times. In other words, the
quantity ~l shows the increase in the magnetic field B upon
Iilling the entire space occupied by the field with a magnetic.

If \\'C divide both parts of (7.25) by f.tfAo, we obt.aiu
~.,. H ::=: H, (7.2{))

(in the case under consideration, field II turns out to be
the SHIue as in a vacuum).

Formulas (7.24)-(7.26) are also valid Loken a. homogeneous
magnetic fills the entire volume bounded by the surfaces [armed
by the lines of Bo (the field of the. conduction current). In
this case too the magnetic. induction B inside the magnet.ic
is t-t times larger than Bo.

In the cases considered above, the magnetic induction 13'
of the Held of magnetization currents is connected with
muguet.izatiou J of the magnetic through the simple relation

B' == !loJ. (7.27)

Th is expression can be eusil y obtained from the formula
B ._-=:: Do -+- B' if we take into account that B' :--= %B.o and
B :..---- f-llloII, where H =~ J/X.

As has already been meutioneu above. ill other eases the
situation is much THOrf-) compl icatcd , and Iorrnulas (7.24)
(7.2i) become iuu ppi icable.

Concl nd ing i.ito ~,(\(',(ion, let us consider two simple exam
ples,

Example L Field H in a solenoid. /\ solenoid having nl ampere
turns per uni t length is Iillcd wi th a homogeneous magnetic of the
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nermeabtlity ,.... > 1. Find the magnetic induction I~ 01 tnt> Held in
the magnetic,

According to (6.20), in the absence' of magnetic the magnetic
induction Do in the solenoid is equal to !.lonI. Since the magnetic fills
the entire space where the field differs from zero (we ignore the edge
effects), tho magnetic induction B must be ,.... times larger:

B = ~lJ.1onI. (7.28)

In this case, the field of vector 1{ remains the ~,:~~n as in the absence
of the magnetic, i.e. H = Ho.

The change in field B is caused by the appearance of rnagnetization
currents flowing over the surface of the .
magnetic in the same direction as the ,
conduction currents in the solenoid .,
winding when p c- 1. If. however.jr-c f ,
the directions of these currents will be
opposite.

The obtained results are also valid
when the magnetic has the form of a
very long rod arranged inside the sole
noid so thatit is paraIlel to the sole-
noid's axis. r

Example 2. The field of straight.
correat ia the pre!eIIee 01 a Inagnetic.
Suppose that a magnetic fills a long
cyl~nderof radius a along whose axis Fig. 7.11
a grven current I flows. The permea-
bility of the magnetic f.4 > 1. Find the
magnetic induction B as a function of the distance r from the cylin-
der axis.

We cannot use directly the theorem on circulation of vector B
since maznetizatlon currents are unknown. In this situation, vector II
is very helpful: its circulation is determined only by conduction cur
rents. For a circle of radius r, we have 2nrH = I, whence

B = ll~oH ==- f.1floII21tr.
Upon a ,. transition through the lnagnetic-vacuum interface, the

magnetic induction B, unlike H t undergoes a discontinuity
(Fig. 7.11).

An increase in B inside the magnetic is caused by surface magnetiza
tion currents. These currents coincide i .. direction with the current I
in the wire on the axis of the system and hence "amplify" this current.
On the other hand, outside the cylinder the surface magnetization
current is directed oppositely, but it does not produce any effect
on field B in the mag-netic. Outside the magnetic, the magnetic fields
of both currents compensate one another.

7.6. Ferromagnetism
Ferromagnetics. III magnetic respect, all suhstances can

be divided into weakly magnetic (paramagnctics and diu-
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magnet.ics) and stl'ollg'ly m.urnot ir (Ierromagnet ics), I t is
wel l known that in the absence of magnetic field, para
and d iamaguetics are 110t mngnet.izcd and are characterized
by a one-to-nne correspoude nce between magnet.iznt.ion J
and vector H.

Ferronuignetics are the substances (solids) that. may possess
spontaneous magnetizaiion , i.e. which are magnetized even

o
~Tjg. 7.12

H

B

o
Fig. 7,13

H

in the absence of external magnetic field. Typical fel-ro
magnet ics are iron, cobalt, and many of their alloys. .

Basic Magnetization Curve. 1\ typical fea t ure of ferro
magnetics is the complex nonl inear dependence J (H) or
B (H). Figure 7.12 shows the magnetization curve for a
Ierrornaguet ic whose rnagnetization for H =-:= 0 is also zero.
This curve is called the basic magnetization curve. Even at
comparatively small values of II, mugnet izut.ion J attains
saturation (J ~). Magnetic inti uction B == ~o (II ~- J) also
increases with H. After attaining saturation, H continues
to grow with II according to the linear law H :== tlo11 _.\
+const , where const ~ ~oJs. Figure 7.13 represents the basic
mugnetiznt iou curve on the IJ-H diagram.

In view of the nonlinear dependence B (If). the permeabil
ity Il for Ierromagnetics cannot be defined as a constant
characterizing' the magnetic properties of <t specific £('ITO

magnet ic. However, as before, it is assumed that p. -'.~ Jli~oH,

but here ~l is a function of 1/ (Fig. 7.14). The value }lm:i':

of perrucabil ity for Ierromaguetics may I)e very large. For
example, for PUI'P iron Pmax :: ;)~OOO, ,,,II de for supermalloy
t!max = HOO,OOO.

It should hl.~ !loted Lhat the concept of pcrmeuhil ity is
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appl icuhle only Lo the basic unuruct.izntiou curve since, as
wi ll he xl.owu ~ thp /1 (/-/) dopeurlcuce is uouuuiq ue.

l\iagnetic Hysteresis. Besides the nonlinear dependence
B (II) (H".J ([1), feJTOlnn~~'nelics also exhibit magnetic hystere
sis: t.ho rr1a t ton btl f,\vr(~" 11 nIHl II or J and If turns 011 t to

1/

/ ~ j.J.

1 -~J-~------ .._-~
? : ..

H

Fig. 7.14 Fig. 7.15

be arn biguous and is determined by the history of the ferro
magnetic's magnetization. If we magnetize an initially
nonmaguet.izcd ferromagnetic by increasing II from zero
to tlu' value at wh ich saturation sets in (point 1 in Fig. 7.15),
and then reduce H from -'t-!ll to --[fl , the magnetization
CU rv e will H () t f0 II() \v path ] 0, hut \v i lJ t akepa t h 1 2 3 4.
Ir we then change If from -1/1 to +H1 the maguetizution
curve w i l l lie below, and take path 4561.

The ohtaincd closed curve is called the hysterc.\'is loop.
The maximum hysteresis loop is obtained who» saturatton
is attained at po iut s 1 and 4. If, however, there is no satu
ration at extreme points, the hysteresis loops have similar
form but smaller size, as jf inscribed into the max imum
II yst('l'psis loop.

Figul'o 7."15 shows that for II =-=--: 0 magnetization docs not
vau ish (point 2) and is characterized by the quantity ll ,
('cd h'd 1he residual induction. It corresponds to the residual
magnetization J r : 'The existence of permanent magnets is
il."soeialed with this residual magnetization. The quantity B
vuu ishe- (point rj) only under the action of the field He
wh ir h ha~ the d i I'PC t ion opposite to that of the field causing
till' muguot.iznt ion. The quantity TTc: is cal led the coercive
force.
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The values of B; and Il; for different Icrromuzuct.ics vary
over broad ranges. FOI' transformer steel, the hysteresis
loop is narrow (He is small), while for Ierromagnet.ics used
for manufacturing permanent magnets it is wirle (Hr. is

.Iarge). For example, for alnico alloy, He :::::- ;)0,000 Aim
and B; = 0.9 T.

These peculiarities of magnetization curves arc used in a convenient
practical method for demagnetizing Ierromagnetics, A magnetized
sample is placed into a coil through which an alternating current is
passed, its amplitude being gradually reduced to zero. In this case,
the ferromagnetic is subjected to multiple cyclic reverse magnetiza
tions in which hysteresis loops gradually decrease, contracting to the
point where magn~tization is zero.

Experiments show that a ferromagnetic. is heated upon
reverse magnetization. It can be shown that in this case the
amount of heat Qu liberated per unit volume of the Ierromag
netic is numerically equal to the "area" Sn of the hysteresis
loop: ~:'

(7.29)

Curie Point. As the temperature increases, the ability of
Ierromagnetics to get magnetized becomes weaker, and in
particular, saturation magnetization becomes lower. At a
certain temperature called the Curie point, Ierromngnctic
properties of the material disappear.

At temperatures above the Curie point, a Ierromnznctic
. becomes a paramagnetic.

On the Theory of Ferromagnetism, The physical nature
of ferromagnetism could be explained only with the help or
quantum mechani.cs. The so-called exchange forces may
appear in crystals under certain conditions. These forces
orient parallel to each other the magnetic moments of elec
trons. As a result, regions (1-10 urn in size) of spontaneous
magnetizat.ionv which are called domains, appear in crystuls.
Within the limits of each domain, a ferromagnetic is mag
netized to saturation and has a certain magnetic. moment.
The directions of these moments are different for different
domains. Hence, in the absence of external fielrl, the resultant
magnetic moment of the sample is equal to 'zero, and the
sample as a whole is macroscopically nonmugnetized.

When an external magnetic field is switched Oil, the
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doruu ins ol'iplIled alollg' the Held gTOW at the expense of
dorua i n~ ol'ieutptl a~ain~t the lu-ld. JII weak Iiclds, this
gTo\\'l Ii is reversi hlt-. I n st rouge .. (jieltl~, the simultaneous
reor ieutut io n or IHH~'lIeli(' 11)()lnPIlI~ within the entire domaiu
t.akes pluce. This Pl'OCPSS is irreversible, which {\xpJaius
It y~ te resis a IId 1'(.' s i tl IIa I IIIa go Il e t i za t i()11•

Problems

• 7.1. Condit.iens at the interface. III the vicinity of point A
(Fig. 7.1fi) on a nuumctic-vncuum Iuterf'acr-, tho magnotic inductjon

Fig. 7.16

I

Fig". i.17

in the vacuum is Bo, vector Bo forming an angle a o with the normal
to tho interface. The permeubilitv of the magnctio is p. Find lhp
Inagnetic induction B ill th(' nlagnl'Hc. in UH~ vie inity of point J'1.

Solution, The required quantity

n == JI'-B;I -1- lJi . (I)

Considering condif.ions (7.2u) and (7.22) at. tho interface, we find

Bn = B p cos ClOt

ll ; :::"7'ltpo!fT ~ It~t()l{01 :-- ~IIJOt 7"7 ftB o sin Clo'

where HO't is the tangential component of vector 11 0 in the vacuum.
Snbst.ituting these expressions into (1), we obtain

B -=:-:Bo IfCOg 2 'Xo+ f.l2 sin" 0..0 •

• 7.2. Surface magnet lxat lon eurrent , 1\ long thin current-carry
ing conductor wi th current J i:-: arranged perpendiculartv to a vlanc~

vacuum-maznctic intorfncc (Fj~. 7.1;~. Thr- pprn}('abi~ity of the Inag
netic is ~. Find the hncnr current densi ty i' of the surface nla~t.ila

lion current Oil this intprfa('c it!' a Iuncuon uf the distance r Irum the
conductor.

Soluttou . Let U~ nrst cuusuior the coutiguration of the surface HlCig

nctizatiou current. It is ('JC~H' Iroru Fig, 7.17 thaL tlus current bas tltt·
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radial direction. We shall use the theorem Oil circulation of magnetiz
ation vector J, taking as a contour a small rectangle whose plane IS

perpendicular to the magnetization current in this region. The ~rr~nge
ment of this contour is shown in Fig. 7.18, where the crosses indicate
the direction of the surface magnetization current. From the equality
Il= i'l we get t' = J. .

Then we can write J ::x XH, where H can be determined from the
circulation of vector II around the circle of radius r with the centre

Fig. 7.t8 Fig. 7.19

(2)

on the conductor axis: 2nrH = I (it is clear from symmetry consider
ations that the· lines of II must be circles lying in the planes per
pendicular to the conductor with the current I). This gives

t' = (J.1 - 1) J/2nr•

• 7.3. Circulation of vector 1-1. A long thin conductor with cur..
rent I lies in the plane separating the space filled with a nonconduct
ing magnetic of permeability fA. from a vacuum. Find the magnetic
induction B in the entire space as a function of the distance r from
the conductor. Bear in mind that the lines of B are circles with centres
on the conductor axis.

Solution, The lines of H are clearly also circles. Unlike vector B,
vector H undergoes a discontinuity at the vacuum-magnetic interface.
We denote by H and Do magnetic fields in the magnetic and vacuum
respectively. Then, in accordance with the theorem on circultaion
of vector H around the contour in the form of a circle of radius r with
the centre on the conductor axis, we have

nrH + nrHo == I. (1)

Besides, B :=: Bo at the interface, or
J.1H == 110 •

Solving Eqs. (1) and (2) together, we obtain

/1 =-: I , R = 'l,toll =-= Jl~oI
(1-i- Jt) n r (1+u) rt r •

13-01Rt
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The configurations of U)t: fields B and II in this case are shown in
)t'ig. 7.1U. \Ve advise the reader to convince himself that for ~.. = 1,
we arrive at the well-known formulae for Band /1 ill a vacuum.

• 7.4. Circulation of vectors Hand J. ~ 'direct current I Dows
along a long homogeneous cylindrical wire with a circular cross section
of radius R. The wire is made of a paramagnetic with the susceptibil
ity X. Find (t) field B as a function of the distance r from the axis
of the wire and (2) magnetization current density t' inside the wire.

Solution. (1) From circulation of vector H around the circle of
radius r with the centre at the wire axis, it follows that

r < R, 21trH = I (r/R)t (H ex: r),

r > R, 2nrH = I (H ex: tlr).

Figure 7.20 shows the plots of the dependences H (r) and B (r).
(2) Let us use the theorem on circulation of magnetization J

arour.-l the circle of radius r (see Fig. 7.20): 21trJ = I', where I' is
the magnetization current embraced by this contour. We find the
differential of this expression (going over from r to r + dr):

2n d (rJ) = dl",

orncc dl' :-~: j'2nr dr, the above equation can btl transformed as
follows:

j' = .!... -r- .!!L .
r tlr

Let us now consider that J = XH = (xlI2nR2) r, This gives

j' = X/lnR2•

I t can be easily seen tha t this curren t has the same dircc tion as the
conduction current (unlike the surface magnetization current which
has the opposite direction).

• 7.5. A long solenoid is filled wi th a nonhomogeneous isotropic
paramagnetic whose susceptibility depends only on the distance r
from the solenoid axis as X ==ar2 , where a is a constant. The magnetic
induction on the solenoid axis is B o• Find (1) 'magnetization J and (2)
magnetization current density j' as functions of r.

Solution. (1) J = XH. In our case, H is independent of r (tbis di
rectly follows from circulation of vector II around the contour shown
in the left part of Fig. 7.2t). Hence H = H·o on the solenoid's axis,
and we obtain

J == ar 2H 0 = ar2Bo/flo.

(2) From the theorem on circulation of magnetization J arOUD d
an infinitely narrow contour shown in Fig. 7.21 on the right, it follows
that

Il - (J + dJ) 1 == j~l dr,
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where 1 is the contour height and dr its width. Hence

., dJ '!.tllJo
In=~ ---a;:-:-=--~ r .

The minus sign indicates t.hat vector j' is directed against tho normal
vector n which forms the right-hand system wi th UtP direction of cir-

Fig'. 7.20

r dr

Fig. 7.21

cumvention of the contour. In other words, j' is directed towards us
in the region of the right contour in the figure, i.e. volume magnetiza
tion currents Iorrn with vector 8,. the left-hand system .

.. 7.6. A permanent magnet has the shape of a ring with a narrow
gap between the poles. The middle diameter of the ring is d. The gap
width is b, the magnetic induction of the Held in the gap is B. Find
the magnitudes of vectors Hand J inside the magnet, ignoring the
dissipation of the field at the edges of the gap.

Solution. Using the theorem on circulation of vector II around tho
dashed circle of diameter d (Fig. 7.22) and considering that there is
no conduction cU1TPnf, we can write

(nd - b) lIT: + bB/fl'O = 0,

where JI-r: is the projection of vector JI onto the direction of contour
circumvention (which is taken so that it coincides with the direction
of vector B in the gap). Hence

bB bB
lIT:~ ~ --- (1)

J.1o (nd - b) J.1ond •

The minus sign indicates that the direc tion of vector II inside the
magnetic material is opposite to the direction or vector B at the same
point. It should he noted that as b ~ 0, 11~ 0 as well.

The magni tude of mngnctiznt.ion J can be found by Iormula (7.11).

13*
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taking inlo account (1):

J
n.v;

1-h,/j'uL

The relat.ionship ln-twoou vectors 8/110, III and J at any point
inside tho magnet is shown in Fig. 7.23.

Fig. 7.22

O/J-Jo

}"

Fig. 7.2:i

• 7.7. A winding conl.aiuiug N turns is wound on an iron core
in the Iorru of a lOfUS with the midrl le diameter d. A narrow transverse
slot of width b (Fig. 7.22) is cut in the core. \Vhen current 1 is passed
through tltl' winding, tilt' magnetic indur tiou in the slot is B. Find
the permeabi li ty of iron under those conditions, neglecting the dis
sipation of tho field at. the crlges of the slot.

Solution, In accordance with the theorem on circulation of vector II
around the circle of diameter d (see Fig. 7.22), \VC have

(nd - b) H -I' 'blfo :"=-.: N I,

where JI a nd 110 nrc the magni tudes of II in i ron and in the slot rv
"sp(lclivply. B(\~id('s, the absence of field dissipation at the ed~es means
lllat

B :-"" B«.

tlsiug lhl'~f' two ('({uatinlls and t.aldll~ into account that B::.=
fl~loJJ aUt! 11« d , wo nul ai II

ndB
~t -:-

'tloN }--·bB •

• 7.H. The Iorce a('Ung on a magnet ic, TfH.~ device shown in
Fig'. 7.24 is used for mcnsuri ng (with thp help of n balance) a Iorre with
which a sinal! pnrnmagnetic sphere of volume V is attracted to the
pole of magnet .lI. The magnetic induction on the axis of the pole
shoe depends on l he height a~ R ~ Boe- fl x '.!. , where B 0 and a arc con
stants. Pint! (1) thf' ht'ight .Tnt at which the sphere Joust he placed
so that the n l lrnr tivu forte bp maximum and (2) the mnanctlc sus
ceptibility of the pal'aluag-lIt1 t ic it' the IU:lxiIIlUIH for('.p of attraction
is r.;
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Solution. (1) Let, for the sake of definiteness, vector B on the axis
be directed upwards and coincide with the X-axis. Then, in accordance
wit.h (6.34), Fx :'-= I'm 8Blax, where we took into account that the
magnetic moment Pm is directed as vector B (for paramagnetics) and
hence replaced all,. by ax.

Next, since Pra ?" JV =#XIIV and
cJBliJx == -2aBoxe- ax \ we have

Fx:::::: - Axc-2ax 2, (1)

where A = 2aB~ 'Xl'/'l~to.

Having calculated the derivative
dPxldx and equating it to zero, we ob
tain the following equation for deter
mining Xm : t - 4ax2 == 0, whence

X m = 1/2 V~. (2)

(2) Substituting (2) into (I), we
find

X= l~~11 V : ' 11ig. 7.24

where we took into account that 1-1. ~ 1 for paramagnetics.

• 7.9. A long thin cylindrical rod made of a paramagnetic with
the magnetic susceptibility X. and cross-sectional area S is arranged

x dx

Fig. 7.25

along the axis of a currentcurrying coil. One end of the rod is at the
centre of the coil, wlu-r« l Ill' mugnetic field is B, while the other end
H<'8 in t.he region where t lu- magnetic field is prncticnlly absent. Find
the force with which the coil acts UII the rod.

Solutiofl. Let us mentally isolate an clement of the rod of length dr
(Fi~. 7.25). The force acting 0!1 this element is given by

sr "'-:-dp aBx
:\ In an ·

~UflflOSC that vector n on tho a xis of the roil is directed to the right
(see the iigure), towards l)(}~i livc values of x, Then Bx == B 1 an == OXI
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and since dPm = IS dx = XHS da; we get

dFx=XHS dx °aB ==~BdB.
x JA. ....o

Having integrated this equation, we obtain
()

F x =~ ~ BdB= _ XSBz •
fJf.1o L' 2""""0B

The minus sign indicates that vector F is directed to the left, i.e, the
rod is attracted to the current-carrying coil.

• 7.10. A small sphere of volume V, made of a paramagnetic with
magnetic susceptibility X, was displaced along the axis of a current
carrying coil Irom the point where the magnetic induction is B to the
region where the magnetic field is practically absent. Find the work
against the magnetic forces accomplished in this case.

Solution. Let us direct the X-axis along the axis of the coil. Then
the elementary work done against the magnetic forces upon the dis
placement of the sphere by dx is equal to

6A== -F dx=.=; -p dB x dx
x m on '

where Fx is the projection of the magnetic force (6.34) onto the X-axis
The minus sign indicates that the work is done against this force.

Suppose that vector B on the axis is directed towards positive
values of x. Then Bx ~ B and on = ax (otherwise, Bx = ~B and
on = -ax, i.e. the derivative aB x /8n does not depend on the direction
of vector B). Considering that Pin = JF = X/IV, we rewrite Eq. (1)
in the form

oe XV
6A= -XHV~ dx =:: --- BdB.

oz f1~"o

Integrating this equation between Band 0, we obtain
()

A== _ XV
Jlf.1o

\ B dB== X
B2V

J 2J1JLo •
B

8. Relative Nature of Electric

and Magnetic Fields

8.1. Electromagnetic Field. Charge lavariance

So far, we have considered electric and magnetic fields
separately, without establishing any clear relation between
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them. This could be done only because the two fields were
static. In other cases, however, it is impossible.

It will be shown that electric and rungnet ic fields must
always be considered together as a single total electromagnetic
field. In other words, it turns out that electric and magnetic
fields are ill :t certain sense the components of a single physi
cal object which we call the electromagnetic field.

The division of the electromagnetic field into electric
and magnetic fields is of relative nature since it depends to
it very large extent on the reference system in which the
phenomena are considered. The field which is constant ill
one reference frame in the general case is found to vary ill
another reference frame.

Let us consider some examples.

A charge moves in an inertial system K at a constant velocity v.
In this system, we shall observe both the electric and magnetic fields
of this charge, the two fields varying with time. If, however, \VC go
over to an inerfial system K' moving together with the charge, the
charge will beo!At rest in thissystem, and we shall observe only the
electric field.

. Suppose t\VO identical charges move in the system K towards each
other at the same velocity" v. In this system, we shall observe both
electric and magnetic fields, both these fields varying. In this case it
is impossible to find such a system K' where only one of the fields
would be observed.

In the system K, there exists a permanent nonuniform magnetic
field (e.g., the field. of a fixed permanent mag-net). Then in the system
K' moving relative to the system K we shall observe a varying mag
netic field and, as will be shown below, an electric Held as well.

Thus, it is clear that in different reference frames different
relations are observed between electric and magnetic fields.

Before considering the main points of this chapter, viz.
the laws of transformation of fields upon a transition from
one reference system to another, we must answer the
question which is important for further discussion: how do
an electric charge q itself and the Gauss theorem for vector E
behave upon such transitions?

Charge Invarlanee, At present, there is exhaustive evi
dence that the total charge of an isolated system does not
change with the change in the motion of charge carriers.

This may 'be proved by the neutrality of a gas consisting
of hydrogen molecules. Electrons in these molecules move
at much higher velocities than protons. Therefore, if the
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charge depended on the velocity, the charges of the elec
trons and protons would not compensate each other and the
gas would be charged. However, no charge (to 20 decimal
places!) has been observed in hydrogen gas. .

Another proof can be obtained while observing the heat
ing of a piece of a substance. Since the electron mass is
considerably smaller than the mass of nuclei, the velocity
of electrons upon heating must increase more than that of
nuclei. And if the charge depended on the velocity, the sub
stance would become charged upon heating. Nothing 'of
this kind was ever observed.

"Further, if the electron charge depended on its velocity,
then the total charge of a substance would change as a result
of chemical reactions, since the average velocities of electrons
in a substance depend on its chemical composition. Cal
culations show that even a weak dependance of the charge
on the velocity would result in extremely strong electric
fields even in the simplest chemical reactions. But nothing
of this kind was observed in this case either.

Finally, the design and operation of all modern particle
accelerators are based on the assumption that a particle's
charge is invariable when its velocity is changed.

Thus, we arrive at the conclusion that the charge of any
particle is a relativistic invariant quantity and does Hot
depend on thepartlcle's velocity or on the choice of the
reference system.

Invarianee of the Gauss Theorem for Field E. It turns
out, as follows from the generalization of experunentul

results, that the Gauss theorem ~ E dS = qleo is valid

not only for fixed charges but for moving charges also. In
the latter case, the surface integral must be taken for a dcf
illite instant of time in a given reference system.

Besides, since different inertial reference systems are
physically equivalent (ill aCCOrdHJH:e with the rel ativity
principle), we can state that the Gauss theorem i~ valid
for all iuertinl systems of reference.

8.2. Laws of Transformation for Fields E and B

Wlule going over Irom one reference system to another,
fields E and Bare trunslormed in a certain .way. The Iaws
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of this transformation are established in the special theory
of relativity in a rather complicated way_ For this reason,
we shall not present here the corresponding derivations and
will pay main attention to the co.ntent of these laws, the
corollaries following from them, and the application of
these laws for solving some specific problems,

Formulation 01 the Problem. Suppose we have two inertial
systems of reference: the system K and the system K' moving
relative to the first system at a velocity V o' We know the
magnitudes of the fields E· and B at a certain point in space
and time in the system K. What are the magnitudes of the

.fields E' and H' at the same point in space and time in the
system K'? (Recall that the same point in space and time
is a point whose coordinates and time in the two reference
systems are related through the Lorentz transformationst]

As was mentioned above, the answer to this question is
given in the theory of relativity from which it follows that
the laios oj transformation of fields are expressed by the
formulas ~'

E11=En,
E' __ E.L-t- [v.xB]

.i - --V--1~_-~2- ,

B] = B'b
B' __ B 1. - [voXE]/c2

1. - --V-1--~2_ ·
(8.1)

Here the symbols " and -L mark the longitudinal and trans
verse (relati ve to the vector vo) components of the electric
and magnetic fields, ~ == vole, and c is the velocity of light
in a vacuum (c2

:=: 1/Eo~o).

Written in .terms of projections, these formulas have the Iorm

E~ == Ex, B~=Bx,

e;«. E~/-voBz
H~~

By"t· uo/tJl z/ c2

V1-P~
,

l/1-B2 (8.2)

E'····· ~'Z -·I-polly
B;~

LJz- voEy lc2

,-
V1-~1

,
V1-~2

where it is assumed that the X- and X'-axes of coordinates are directed

", x-vnt
x Vt _(Vo/c)~ ,

v'<u, z'=z, t ' t - x v01c2 •

V t -("vO/C)2
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along the vector ve, the Y'-axis is parallel to the Y-axis and the Z'-axis
to the Z-axis.

It fullows from Eqs. (8.1) and (R.2) that each of the vectors
E' and B' is expressed both in terms ~f E and B. This is
an evidence of H common nature of electric (\11(1 magnetic
fields. Taken separately, each of these fields has no absolute
meaning: speaking of electric and magnetic fields, we must
indicate the system of reference in which these fields arc
considered.

It should be emphasized that the properties of electro
magnetic field ex pressed by the laws of its transformation
are local; the values of E' and B' at a certain point in space
and time in the system K' are uniquely determiued only hy
the values of E and B at the same point in space and time
in the system K.

The following features of the Iaws of field trnnsformatiou
are also very important.

t. Unlike the transverse components of E and B, which
chauge upon a transition from uno reference SystCIH to an
other, their longitudinal components do not change and remain
the same in all systems.

2. Vectors E and B in different systems arc connected
with each other through highly symmetric relations. This
can be seen most clearly ill the form of the laws of trans
formation for the projections of the fields [see (8.2)1.

3. I n order to obtain the Iormulas of the inverse trnus
formation (Irom K' to K), it is sufficient to replace in for
In uIas (H. 1) a Jl d (8. 2) aII pr i Ined q 11 a Jl tit ies by U H Pr im0 d
ones (and vice versa) as wel l as the sign of vo'

Special Case of Field Transformation (L'o ~ c). If the
system K' moves relative to the system K at a velocity
Vo «c, the rad icals in the denominators of Iorrnulas (8.1)
CUll he replaced by unity, and we obtain

E11=Elh

E~ == EJ. -1- [vo X BJ,

Hence it follows that

B,,=BH'

8J. :=.: B.L - [vo X EJ/c2 • (8.3)
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It should be noted that the first formula in (8.1) can he
directly obtained in a very simple way. Let a charge q
in the system K have a velocity Yo at a certain instant t.
The Lorentz Iorce actiug on this charge is :F ~ qE -\
-~ q [v o X BI. We go over to the inertial system K' mov iug
relative to the system K at the same velocity as the 'charge q
at the instant t, viz. the velocity Yo' At this instant, the
charge q is at rest in the system K', and the force act ing
on tho' imrnohile charge is purely electric: F' ::.:; qE'. If
Vo «;c (as in the case under consideration}, this force is
invariant (F' === F), whence we obtain the first formula ill
(8.4).

However, the. transformation Iorrnu las for magnetic Held
can be obtained only with the help of the theory of relativity
as a result of rather cumbersome calculations"

Let us consider a simple example of the appl icatiou of
Iorrnulas (8.1)"

Example, A}arge metallic plate InOVl·S at a constant uonrelutivistic
velocity v in auniform magnetic Held B (Fig-. 8.1). FilHI the surface
density of charges induced on the. surfaces of the plate as a result. :0£
its motion. ,.

Let us go over to the reference sys- B
tern fixed to the plate. In accordance
with the first of Iormulas (8.4), in this.
system of reference a constant uni-
form electric field "

E' == Iv X B)

will be observed. It is ~direct(ld towards
us. Under the action of this external
field, the charges will be displaced so
that positive charges will appear on
the front surface of the plate and negative charges, 011 the hind sur
face.

The surface density a of these charges will be such that the Held
created by these charges inside the plate completely compensates the
external field E", since in equilibrium the resultant electric Held inside
the plate Blust be equal to zero. Taking into account relation (1.11),
we obtain .

(J = foE' = fouR.

It should be noted that while solving this problem, we could follow
another line of reasoning, viz. Irom the point of view of the reference
frame in which the plate moves at the velocity v. In this system there
will be an electric field inside the plate. It appears as a result of the
action of the magnetic component of the Lorentz force causing the
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displaeement of all the electrons in the plate behind the plane of
Fiz. 8.1. As a result, the front surface of the plate will be charged
positively and the hind surface, negatively, ann the electric field
appearing in the plate will be such that the electric force qE compen
sates the magnetic component of the Lorentz force, q [v X B), whence
E :-= -fl· X B). This field is connected with the surface charge density
through the same formula a =-= eovB .
! Both approaches to the' solution of the given problem arc equally
justified. .

Relativistic Nature of Magnetism. Formulas (8.1) and
(8.2) for the transformation of fields lead to a remarkable
conclusion: ... the appearance of the magnetic field is a purely
relativistic effect following from the existence in nature
of the limiting velocity c equal to the velocity of light in
a vacuum.

If this velocity (and hence the velocity of propagation of
interactions) were infinite, no' magnetism would exist at all.
Indeed, let us consider a free electric charge. Only electric
field exists in the system K where this charge is at rest. Con
sequently, according to (8.1), no magnetic field would
appear in any other system K' if c tended to infinity. This
field appears only due to the fact that c is finite, i.e. in the
long run due to the relativistic effect.

The relativistic nature of magnetism is a universal physical
fact, and its origin is associated with the absence of mag
netic charges.

Unlike most of relativistic effects, magnetism can be
easily observed in many cases, for example, the magnetic
field of a current-carrying conductor, The reason behind
such favourable circumstances is that the magnetic field
may be created by a very large number of moving electric
charges under the conditions of the almost complete vanish
ing of the electric field due to practically ideal balance of
the numbers of electrons and protons in cond uctors, In
this ease the magnetic interaction is predominant.

The almost complete compensation of electric charges
made it possible for physicists to study relativistic effects
(i.e. magnetism) and discover correct laws. For th is reason,
the laws of electromagnetism; unlike Newton's 13\\18, have
not'been refined after the creation of the theory of rclntivity.

Field Varies Rather than Moves. Since the relutious hp-·
tween electric and magnetic fields vary upon a transition
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to another rolereuce system, the fields E and B Blust he
treated with care. FoJ' instance, even the concept of the
force exerted on H fHOV iug charge by a moving muguet.ic
field does not have any precise meaning. The force is deter
mined by the values of the quantities E and B at the point
where the charge is located. If as a result of mo t iun of the
sources of the fields E and B their values at this point change,
the force will change as well. Otherwise the mot ion of the
sources does not affect the magnitude of the force.

Thus, while solving the problem about the force acting
on a charge, we must know E and B at the point of location
of the charge as well as its velocity v. Al I these quantities
must be taken relative to the inertial reference frame we are
interested in.

The expression "mov
ing field" (if it is used)
should be int~rpreterl as
a convenient way of the
verbal description of a
varying field under cel'
taiu conditions, and noth
ing more.

The following simple
example will illustrate the f:lctlthat upon a transit ion
Irom one reforeuco Irrune to another the Iicld must be
treated with care.

Example, A charged particle is at rest between the poles of a mag
net fixed in the system K. Let us go over to the system K' that moves
to the right (Fig. 8.2) at a nonrelativistic velocity ve relative to the
system K. (1) Can we state that the charged particle moves in the mag
netic field in the system K'? (2) Find the force acting on this particle
in the system K'.

(1) Yes, the particle moues in the magnetic field. It should Le noted,
however, that it moves in the magnetic field and not relative to the
magnetic Held. It Ismeaningful to say that a particle moves relative
to the reference system, a magnet, or other objects. However, we cannot
state that a particle moves relative to the magnetic field. The Iatter
statement has no physical meaning. All this refers not onlv (0 magnetic
but to electric fields 3S wel].

(2) In order to find the force, we must take into account that the
electric Held E! z>: lve x HI directed towards us {Fig. 8.2), wil!
appear in the svst-m 1('. III this system, the charge will move to the
left at the veloci t,: --Vo, alld this motiou will occur ill crossed electric
and magnetic fields. FOl' the sake of definiteness, we suppose that the
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charge of the particle is q > o. Then the Lorentz force in the system K'
is

F' =-= qE' +q l-va X B] =q lvoX B]-q[vo X 8]=0

which .. however, directly follows from the invariance of the force upon
nonrelati vistic transformations from one reference frame to the other.

8.3. Corollaries of the Laws of Field Transformation

Some Simple Corollaries. Several simple and useful rela
tions follow in some cases from transformation formulas
(8.1).

'. I f the electric field E alone is present in the system K
(the magnetic field B == 0), the following relation exists
between the fields E' and H' in the system K':

H' == -[Yo X E/]/C2
• (8.5)

Indeed, if B == 0, then E~ .::= E.lJV 1 - ~2 and B'I == 0,
B~ =-~ -[Yo X E]/c 2 Vi - ~~ ~--= -rv o X ·<E']/c2 , where we
took into account that in the cross product we can write
either E or El. (the same applies to the primed quantities).
Considering that B' == B I, -t- B~ == B~, we arrive at for
mula (8.5).

2. If the magnetic field B alone is present in the system K
(while the electric field E == 0), then for the system K'
we have

E' == [Yo X B']. (8.6)

In teed, if E == 0, then B~ == B.L/V1- ~2 and Ell ~ 0
E~ ::= [vo X BlIV 1 - ~~. Substituting Bj for B and the~
B' for BJ. in the last cross product, we arrive at formula
(8.6).

Formulas (8.5) and (8.6) lead to the following important
conclusion: If only one of the fields (E or B) is present in the
system K, the electric and magnetic fields in the system K'
are mutually perpendicular (E' .L B'). I t should be noted
that the opposite statement is true only under certain ad
ditional limitations imposed on the magnitudes of the vec-
tors E and B. .

Finally, since Eqs. (8.5) and (8.6) contain only the quan
tities referring to the same system of reference, these equa-
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tions can be easily applied to the fields varying in space and
time. An illustrative example is the field of a uniformly
moving point charge.

Field of Freely Moving Relativistic Charge. The formulas
for field transformation are interesting above all by that
they express remarkable properties of electromagnetic field.
Besides, they are important from a
purely practical point of view since
they allow us to solve some problems
in a simpler way.

For example, the problem of deter
mining the field of a uniformly mov-

ving point charge can be solved ..as a
result of transformation of a purely
Coulomb field which is observed in the
reference system fixed to the charge.
Calculations show (see Problem 8.10)
that the lines 6f the field E created by
a freely moving charge q have the form
shown in Fig. 8.3, where"v is the ve- Fig. 8.3
locity of the charge. This pattern cor-
responds to the instant "picture" of the electric field config
uration. At an arbitrary point P of the reference system, vec
tor E is directed along the radius vector r drawn from the
point of location of the charge q to point P.

The magnitude of vector E is determined by the formula

E_~._1_...!L 1-~2 (87)
-- 4neo r 2 (1- ~2 sin2 ~)3/2 , •

where ~ = vIc, 'it is the angle between the radius vector r
and the vector v corresponding to the velocity of the charge.

The electric field is "flattened" in the direction of motion
of the charge (see Fig. 8.3), the degree of flattening being
the larger the closer the veloci ty v of the cliarge to the veloc
ity c of light. I t should be also borne in mind that the field
shown in the figure "moves" together with the charge. That
is why the field E in the reference frame relative to which
the charge moves varies with time.

Knowing the field E, we can find the field B in the same
reference system:

t 'E Jio q (v X r] 1- ~J 8
B ==~ Iv >: J= 4it ,.a (1- fi2 sinz ~)3/! • (8.)
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This formula is a corollary of relation (8.5) ill which we have
replaced the primed quantities by un primed ones and v
by -v.

When v ~ c (~ « 1), expressions (8.7) and (H.S) are trans
formed to (1.2) and (6.3) respectively.

8.4. Elecfro...-gnetk Field Invariants

Since vectors E and B characterizing electromagnet.ic field
depend on the system: of reference (at the same point in
space and time), a natural question arises concerning the
invariants of electromagnetic field, i.e. the quantitative
characteristics independen t of the reference system.

It can he shown that there exist two such invariants which
are the combinations of vectors E and B, viz.

IE.B = inv. and E2- c2B2=== inv.1 (8.9)

The invariance of these quantities (relative to the Lorentz
transformations) is a consequence of field transformation
formulas (8.1) or (8.2). This question is considered in greater
detail in Problem 8.9.

The application of these invariants allows us in some
cases to find the solution quickly and simply and make the
corresponding conclusions and predictions. We shall list
the most important conclusions.

t , The invariance of. E· B immediately implies that if E -L B
in some reference system, i.e. E· B = 0, in all other inertial systems
E' 1. B' as well.

2. It follows from the invariance of E2 - c2B 2 that if E == cB
(i.e. £2 - c2B 2 ==- 0), in any other inertial system E' == eB' as well.

3. If in a certain reference system the angle between vectors E
and B is acute (obtuse) (this means that E· B is greater (less) than zero),
in any other reference system the angle between vectors E' and )J'
will be acute (obtuse) as well.

4. If in a certain reference system F ::> cB (or E < cB). (which
means that. E2 - r 2B 2 is greater (or less) than zero), in any other
reference system E' > cB' (or E' ....~ cH') as well.

5. If both invariants are equal to zero, then E 1. R and 1:: ~ cB
in all reference systems. I t will be shown later that this is precisely
observed in electromagnetic waves.

6. If the invariant I:· B aloue is equal to zero, W~ can find a ref~r

ence system in which either E' = 0 or H' = o. The sign 01 the other
invariant determines which of these vectors is equal to zero. The
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opposite is also true: if E = 0 or B = 0 in some reference system,
then E' 1.. H' in any other system. (This conclusion has already been
drawn in Sec. 8.3.)

And finally one more remark: it should be borne in mind
that generally fields E and B depend both on coordinates

K X-I

r/
lL~--q

Fig. 8.1

IB

,
c ~-

I

Fj~ 8.5

and on time. Consequently, each invariunt of (S.U) refers
to the same point in space and time" of the field, the coordi
nates and time.of the point in different systems of reference
being connected through the Lorentz transformations.

Problems

• 8.t. Special case of Held t ranstormatlon. A nonrelativistic
point charge q moves at a constant velocity v. Using the transforma

. tion formulas, find the magnetic field B of this charge at a point whose
position relative to the charge is defined by the radius vector r.

Solution. Let us go over to the system of reference K' fixed to the
charge. In this system, only the Coulomb field with the intensity

E'- _1_!L r
- 4nBo r S '

is present, where we took into account that the radius vector r' = r
in the system K' (nonrelativistic case). Let us now return from the
system K' to the system K that moves relative to the system K' at
the velocity -v. For this purpose, we shall use the formula for the
field B from (8.4), in which the role of primed quantities will be played
by unprimed quanti lies (and vice versa), and replace the velocity Vo
by -Vo (Fig. 8.4). In the case under consideration, VI) = v, and hence
B = B' + [v X E']/c 2• Considering that in the system K' B' = 0
and that c2 = 1h:o~o, we find

B==h q[vXrJ
4n ,3 •

\Ve have obtained formula (6.3) which was earlier postulated as
a result of the generalization of experimental nata.

1'-0181
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• 8.2. A large plate made of homogeneous dielectric with the
permittivity ~: 1l10VeS at a constant nonrelativistic velocity v in a uni
form magnetic Held B as shown in Fig. 8.5. Find the polarization P
of the xllelectric and the surface density a' of hound charges.

S olution, In the reference system fixed to the plate, in addition to
the magnetic field, there will be an electric field which we shall denote
by E~. In accordance with formulas (8.4) of field transformntion, we
have

E~ ~=: [v X B).
The polarization of the diplectri(' is giv(,11 by

P , e-1 l B)'=== xeoE ::=~ £o-e- v X t

where we took into account that according to' (3.~9)t E' == Eo!t.:. The
surface densi ty of bound charges is ~

8-1
10'1 ~P~l$o---vB.

e

At the front surface of the plate (Fig. 8.5), 0' > 0, while on the opposite
face a' < O.

• 8.3. Suppose we have an uncharged long straight wire with
a current I. Find the charge per uni t length of this wire in the reference
system moving translationally with a nonrelati vistic velocity Vo
along the conductor in the direction of the current I.

Solution. In accordance with the transformation formulas (8.4),
the electric field E' = lvo X B) wil! appear in the moving reference
system, or

E~ = -l·'o!-toI/2nr (1)

where r is the distance from the wire axis.
The expression for B in this formula was obtained with the help

of the theorem on circulation.
On the other hand, according to the Gauss theorem (in the moving

system) we have

1;; ==-: 'A' /2neor, (2)

where A' is the charge per uui t length of the wire.
A comparison of (1) and (2) gives

A' = -vollc 2,

~where c2 ~ 1/foflo. The origin of this charge is associated with the
Lorentz contraction experienced by the "chains" of positi ve and nega
tive charges (they have different. velocitiesl) .

• 8.4. There is a narrow beam of protons Gloving with a relativis
tic velocity v in the system of reference K. At a certain distance Irom
the beam, the intensity of the electric field is equal to E. Find the
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induction JJ' of the maguetic field at the same distance Irum the beau}
in the system K' that moves relative to the system K at the velocity Vo
in the direction of the proton beam.

Solution. This problem can be solved in the most simple way wit.h
the help of formulas (8.1). But first we must find the induction B in
the system K at the same distance from the beam where the intensity E
is given.

Using the theorem on circulation of vector B and the Gauss theo
rem for vector E, we find

R ~ ~bJ12nr, F "-:. ')..!2nfo,.,

where r is the distance Irom the beam, I = Av is the current, and "
is the charge per uni t length of the beam. I t follows from these formulas
that

st» = f,o~olIA = vlc 2
,

where c2 == 1/Eol!e. Substituting the expression for B Irum this for
mula into the last of transformation formulas (8.t), we obtain

,Af' B' = 1~'lv-vol
c' Vi - (vo/c}I

If in this case v. < v, the Jines of B' form the right-handed system
with the vector v•. If Vo > v, they form the left-handed system (since
the current 1/ in the system K' in this case will flow in the opposite
direction) .

• 8.5. A relativistic charged particle moves in the space occupied
by. uniform mutually perpendicular electric and magnetic fields E
and B. The particle moves rectilinearly in the direction perpendicular
to the vectors E and B. Find E' and B' in the reference system moving
translationally wi th the particle.

Solution. It follows from the description of motion of the particle
that its velocity must satisfy the condition

vB = E. (1)

In accordance with the' transformation formulas (8. t), we have

E' == E+·[v X B] =0
V1-~s t

since in the case under consideration the Lorentz force (and hence
the quantity E + 1v X B]) is equal to zero.

According to the same transformation formulas, the magnetic
field is given by

H'==: B-l.vXEJ/c' .
}'/ 1-~1:

The arrangement of vectors is shown in Fig. 8.6, from which it follows
that lv X El tt B. Consequently, considering that according to (1).,.
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v = EtB, we can write

B' = B-E2/Bc" _
y't pi

or in the vector form

B' = B Y1-(ElcB)I.

We advise the reader to verify that the obtained expressions satisfy
both field invariants.

• M.G. The mot iun or a charge in crossed fields Jl~ and R. A non
relativistic particle wi th a specific charge ql m moves in a region where

E Y

E

v X
B q

B'
[V"E]

Z

Fig. 8.6 Fig. 8.7

uniform, mutually perpendicular fields E and B have been created
(Fig. 8.7). At the moment t = 0 the particle was at point 0 and its
veloci ty was equal to zero. Find the law of motion of the particle,
z (t) and y (t).

Solution, The particle moves under the action of the Lorentz force.
I t can be easily seen that the particle always remains in the plane XY.
Its motion can be described most easily in a certain system K'. where
only the magnetic field is present. Let us find this reference system.

It follows from transformations (8.4) that E'· = 0 in a reference
system -that moves with a velocity Vo satisfying the relation E =
= -[vo X B). It is more convenient to choose the system K ' whose
velocity vo is directed towards the positive values on the X-axis
(Fig. 8.7), since in such a system the particle will move perpendicularly
to vector H' and its motion will be the simplest.

Thus, .in the system K' that moves to the right at the velocity
Vo = EIB, the field E' = 0 and only the field B' is observed. In accord-
ance with (8.4) and Fig. 8.7, we have _.

B' = B - [vo X E]/c 2 = B (1 - v3/c2).

Since for a nonrelativistic particle Vo « C, we can assume that B' = B.
In the system K', the particle will move only in the magnetic field,

its velocity being perpendicular to this field. The equation of motion
for this particle in the systemK' will have the form

mv31R = qvoB. (1)
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This equation is written for the instant t = 0, when the particle
moved in the system K' as is shown in Fig. 8.8. Since the Lorentz
force F is always perpendicular to the velocity of the particle, vo =
= const, and it follows from (1) that in the system K' the particle
will move in a circle of radius

R = mv.lqB.

. Thus, the particle moves uniformly with the velocity Vo in a circle
in the system K' which, in turn, moves uniformly to the right with
the same velocity Vo = EIB. This motion can be compared with the
motion of the point q at the rim of a wheel (Fig. 8.9) rolling with the
angular velocity co = voiR = qB/m. .

Figure 8.9 readily shows that the coordinates of the particle q
at the instant tare gi yen by

x=vot-R sinoot=a (rot-sin CUi),

1J=R-RcosCI>t=a (i-cos wt),

where a = mE/qBI and w = qBlm•

• 8.7. There is only a uniform electric field E in an inertial sys
tern K. Find the magnitudes and directions of vectors E' and B' in
the system K' IIWvingrelative to the system K at a constant relativistic
velocity Vo at an angle a to vector E.

Solution. According to tzansformation formulas (8.t) and taking
into account that B == 0 in the system K, we obtain

E'II= E cos a, E~ = E sin a/ J/1-~t, ~=vo/c.

Hence the magnitude of vector E' is given by

E' "--= V E~f f- HI:- E 1/(1- ~I cosS a)/(t - ~2)

and the angle a' between vectors E' and Vo can be determiued Irom
the formula .

tan a' == E~IEll = tan a! Vt - pl.
The magnitude and direction of vector D' can be Iouud in a similar

way: .

B II=0, BJ. = -(vOX E l/ (c2 y1-~I), D' =B~.

This means that H' 1- ve, and

B' == voE sin a/(c2 V1-~I) .

• 8.8. Uniform electric and magnetic fields E and B of the same
direction exist in a system of reference K. Find the magnitudes of
vectors E' and B' and the angle between these vectors in the system K'
moving at a constant relativistic velocity Vo in the direction perpen
dicular to vectors E and B.

Solution. In accordance with formulas (8.1), in the system K'
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the two vectors E' and H' will be also perpendicular to the vee tor v 0
(Fig. &.10). The magnitudes of the vectors E~ and B' can be found by
the formulas

E'=-';- EI+(voB)2 B'=";- B'+<vnElc2)1
V i - (vole)' , V t - (vo/e)1 ·

The angle between the vectors E' and B' can be found from its tan
gent through the formula

tan a' = tan (aE-!-etB) = (tan ct E-1- tan ctB)/(t- tan (Xi: tan aBle

Since tan ai; = voB/E and tan (XB = voElctB (Fig. 8.tO), we obtain

, Vo (HI +Ellel )

tan a =-.: (1-~1) EB •

This formula shows that as VI -+ C (~ -+ t), the angle a' ~~ 1t/2. The

t y'
.---J- ...'1I 1 i)B

l~
~---Yo 0 X'

Fig. H.X
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opposi te is also true: if we know E and 8 in one reference system, and
the angle between these vectors is less than 90°, there exist reference
systems where the two vectors E' and H' are parallel to one another .

• M.9. Invariant E· B. Using transformation formulas (8.1)
show that t.he quantity E· n is all invariant.

Solution. In the system K', this product will be

E'· H' === (EI! -t El)' (811 +B~) == En' 811 +E~. B~. (1)

Let us write the last term with the help of formulas (8. t):

E ' B' - (E-1 -r- [Yo X Hi])' (B-1- (vo X Ei lIeS)
1.. 1. -- t _ ~2 • (2)

Considering that the vectors E.l and B1. are perpendicular to the
vector Vo, we transform the numerator of (2) to the form

E.l.B.l-(vo/C)2EJ..B~ ~El·B-l (1-~2), (3)
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where we used the fact that [VI X B J.l ·[v. X E.Ll = viS.LE.L X
X cos ~ = v3B.L -E.l (Fig. 8.11). The remaining two scalar products
in (2) are equal to zero since the vectors are mutually perpendicular.

1~hU8, the right-hand side of (1) becomes

E~,·Btl +E~ .Bl. =E..oBIi +E.L .B.L=E·B
Q.E.D•

• 8.tO. Field E of a uniformly moving charge. A point charge q
moves uniformly and rectilinearly with a relativistic veloGity v.

Fig. 8.tO Fig. s.u

Find the intensity E of the fie1d created by this charge at a point whose
radius vector relative to the charge is equal to r and forms an angle tt}
with the vector v.

Solution. Suppose that the charge moves in the positive direction
of the X-axis in the system of reference K. Let us go over to the sys
tem K' at whose origin this charge is at rest (the axes X' and X of
these systems coincide, while the ¥'- and Y-axes are parallel). In (the
system K' the field E' of the charge has a simpler form:

E' t q ,
:=: 4neo ---,:;a r ,

and in the X'Y' plane we have

E' 1. q , E' f q ,
:c === -4-- --;ax , :Ill =--= -4-- IS y • (1)neo r neo r

Let us now perform the reverse transition to the initial system K,
which moves relative to the system K' with the velocity -v. At the
moment when the charge passes through the origin of the system K,
the projections x and y of vector r are connected with the projections
x' and yf of vector r' through the following relations:

x=r cos '6'=:z'Yl-P' y=r sin {}=y' (2)

where Jl = vIc. Here we took into account that the longitudinal dimen
sions undergo the Lorentz contraction, while the transverse dimensions
do not change. Besides, in accordance with the transformations invetse·
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to (8.2), we obtain

E:J:=E~, Ey=E~/Vi _~I.
Substituting into these expressions (1) where e' and y' are replaced

by the corresponding expressions from formulas (2), we get

E%-==_1_L x E __t q_ JJ
4neo r'3 V1- ~2 ' 11 - 41(eo r's V'1- ~2 •

• v

• v

K'I
Iq.
IIq.
L _

K

It should be noted that EJE1/= xly, i.e. vector E is directed
radially along the vector r. The situation is such as if the effect of lag
were absent altogether. But this is true only when v = coast. If,
however, the charge moves wi th an acceleration, the field E is no longer

radial.
It remains for us to find the magni

tude of vector E:

V- 2- t- 2 1 q}/ zI+yl
E·= Ex - ,- e; = -4- --;s 1 pl·neo r -

Since .x2 + yt = r 2 and

Fig. 8.t2 = 3 ( 1-~2 sin2 '6 )3/2
r 1- ~I '

in accordance with (2), the electric field intensity will be given by

R ".=: _1_ _q __-1----=--~2 __
4nF.o r' (1 - ~I sin' ,~)3/2 •

• 8. t f. Interaction between two moving charges. The relativistic
particles having the same charge q move parallel to each other at the
same velocity v as is shown in Fig. 8.12. The separation between the
particles is 1. Using expression (8.7), find the force of interaction be
tween the particles.

Solution: In this case, the angle between the vector v of one of the
particles and the direction towards the other particle is '6 = 90°.
Hence, in accordance with formula (8.7), the electric component of
the Lorentz force is given by

(2)

(i)
1 q'l.

Fe= qE == -4n-B-o -,-I-V-=t~--~I-

while the magnetic component of the Lorentz force is

J1 qlv'Fm=qvB== _0 ..;;......-__

4n II Vt-~' '
where we took into account that in the case under consideration B
is related to E through formula (8.5) from which it follows that B =
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= est», C2 = 1/eOllo. It should be noted that the ratio

FmIF~ = follolJ2 == (vIc)?,

just as in the nonrelativistic case (6.5). It can be seen that as u -+- c
the magnetic component of the force Fm tends to Fe. '

The resultant force of interaction (repulsive force) is given by

. 1 q2 ../--
I- =F -·F ==-- -- y 1-~2.

e m 4rtco l2 .

9. Electromagnetic Induction

9.1. Faraday's Law of Electromagnetic Induction.
Lenz's Law

In the previous chapter it WClS established that the relation
between the "components" of an electromagnetic. field, viz.
electric and J;Pugnetic fields, is
mainly determined by the
choice of the reference system. In
other words, the two components
of electromaznetic field are in-'
terrelaterl. We shall show here
thht there exists a still closer
connection hetween the E- anrl
B-ftelds, which is exhi hitorl in
phenomena of electromagnetic
induction.

Faraday's Discovery. In 1831 Fig. 9.1
Faradav made one of the most
ftl,)(la,~pntal discover-ius in p]('c1rod y na rn if.s - t he pheno
menon of electromagnetic induction. It consists in that
an electric current (called the induced current) appears in.
a closed conducting loop upon a change in the magnetic flux
(i.e. the flux of B) enclosed hy this loop.

The appearance of t.he induced current indicates that the
induced electromotive force ('; appears in the loop as a result
of a change of the magnetic flux. I t is important here that
t; cioe~ not at al l depend on how the r.hClnge in the magnet.ic
nux ({) was ronlized and is doterm iucd only hy tho rate of
its variation, i.e. by d<P/dt. Besides, a chnnge ill the sigH
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of the derivative d<1>/dt leads to a change in the sign or
"direction" of t i :

Faraday found out that the induced current may be gener
ated in two different ways. This is illustrated in Fig. 9.1,
which shows the coil C with current I (the coil creates the
magnetic field) and the loop L connected to the galvano
meter G which indicates the induced current.

The first way consists in the displacement of the loop L
(or its separate parts) in the field of the fixed coil C.

In the second case, the loop is fixed but the magnetic
field varies either due to the motion of the coil C or as a result
of a change in the current I in it, or due to both reasons.

In all these cases the galvanometer G indicates the pres
ence of induced current in the loop L.

Lenz's Law. The direction of the induced current (and
hence the sign of the induced e.m.f.) is determined by Lens's
law: the induced current is directed so that it counteracts the
cause generating it. In other words, the induced current
creates a magnetic flux which prevents the variation of the
magnetic flux generating the induced ..e.m.f.

If, for example, the loop L (Fig. 9.1) is drawn to the
coil C, the magnetic flux through the loop increases. The
current induced in the loop in .this case is in the clockwise
direction (if we look at the loop from the right). This current
creates tlH~ magnetic ft ux "directed" to the left, which pre
vents an increase in the magnetic nux, which causes the
induced current.

The same situation takes place if we increase the current
in the coil C, keeping fixed the coil and the loop L. On the
'other hand, if we decrease the current in the coil C, the cur
rent induced in the loop L will reverse its direction (it will
now be directed counterclockwise if we look from the right),

Lenz's law expresses an important physical fact, viz. the
tendency of a system to counteract the change in its state
(electromagnetic inertia).

Faraday's Law of Eleetromagnetie Induction. According
to this law, the e.m.f. induced in a loop is defined by the
formula

(~).1 )
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regardless of the cause of the variation of the magnetic flux
embraced by the closed conducting loop. The minus sign
in this equation is connected with a certain sign rule. The
sign of the magnetic flux <1> is determined by the choice of
the normal to the surface S bounded by the loop under
consideration, while the sign of ~i depends on the choice
of the positive direction of circumvention of the loop.

As before, we assume that the direction of the normal 11

to the surface S and the .positive direction of the loop cir-,
eumvention are connected through the right-hand screw rule"
(Fig. 9.2). Consequently, when we choose
(arbitrarily) the direction of the normal,
we define the sign of the flux <D as well as
the sign (and hence the "direction") of the
induced e.rn.I. s..

With such a choice of positive directions
(in accordance with the right-hand screw Fig. 9.2
rule), the quapttties 1, and dcDldt have
opposite signs..

The unit of the magnetic flux is the weber (Wb). If the
rate of variation of the magnetic flux is 1 Whls, the e. m.f.
induced in the loop is equal to 1 V [see (9.1)1.

Total Magnetic FJux (Magnetie-tlux Linkage). If a closed
loop in which an e.rn.I. is induced contains not one but N
turns (like a coil), 'f:i will be equal to the sum of the e.m.I.s
induced in each turn. And if the magnetic flux embraced by
each turn is the same and equal to <Ill' the total flux <D through
the surface stretched over such a complex loop can be
represented as

(n.2)

This quantity is called the total magnetic flux, or .the
magnetic-flux linkage. In this case, the e.m.I, induced in
the loop is defined, in accordance with (9.1), by the formula

(9.3)

• I f these two directions were connected through the left-hand
screw rule, Eq. (9.1) would not contain the minus sign,
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v

Fig. 9.3

9.2. Origin of Electromagnetic Induction

Let us now consider the physical reasons behind' the
appearance of induced e.m.f. and try to derive the law of
induction (9.1) from what wealready know. Let us consider
two cases.

A Loop Moves in 8 Permanent Magnetic Field. Let us
'first take a loop with a movable jumper of length l (Fig. 9.3).

Suppose that it is in a uniform mag
.netic field perpendicular to the plane
of the loop and directed behind
the plane of the figure. We start
moving the jumper to the right with
velocity v. The charge carriers in
the jumper, viz. the electrons, will
also start to move with the same
velocity. As a result, each electron
will be acted upon by a magnetic

force F = -e Iv X B1 directed along the jumper. The
electrons will start moving downwards along the jumper,
which is "equivalent to electric current directed upwards.
This is just the induced current. The charges redistributed
over the surfaces of the "conductors will create an electric
field which will induce a current in the remaining parts of
the loop.

The magnetic force F plays the role of an extraneous force.
The field corresponding to it is E* = F/(-e) = Iv X Bl.
It should be noted that this expression can also be obtained
with the help of field transformation formulas (8.4).

Circulation of vector E* around a closed contour gives,
by definition, the magnitude of the induced e.m.f. In the
case under consideration, we have

~i = -vBl t (9.4)

where the minus sign is taken in accordance with the adopted
sign rule: the normal n to the surface stretched over the
loop was chosen so that it is directed behind the plane of
Fig. 9.3 (towards the field B), and hence, according to
the right-hand screw rule, the positive direction of circum
vention is the clockwise direction, as is shown in the figure.
In this case, the extraneous field E* is directed against the
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positive direction of loop circumvention, and hence ~f

is a negative quantity.
The product vl in (9.4) is the increment of the area bounded

by the loop per unit time (dSldt). Hence vBl = B dSldt =
= d<f)/dt, where d(J> is the increment of the magnetic flux
through the area of the loop (in our case, dd> > 0). Thus,

I, = -d<bldt. (9.5)
It can be proved in the general form that law (9.1) is

valid for any loop moving arbitrarily in a permanent non
uniform magnetic field (see Problem 9.2).

Thus, the excitation of induced e.m.f. during the motion
of a loop in a permanent magnetic field is explained by the
action of the magnetic force proportional to [v X B],
which appears during the motion of the conductor.

It should be noted by the way that the idea of the circuit
shown in Fig. 9.3 forms the basis of all induction generators
in which a rOt'Or with a winding rotates in an external mag
netic field.

A Loop Is at Rest In-a Varying Magnetic Field. In this
ease also, the induced current is an evidence of the fact that
the magnetic field varying with time creates extraneous
forces in the loop. But what are these forces? What is their
origin? Clearly, they cannot be magnetic forces proportional
to Iv x Bl, since these forces cannot set in motion the
charges that have been at rest' (v = 0). But there are no
other forces .besides qE and q Iv X B]! This leaves the only
conclusion that the induced current is due to the appearance
of an electric field E in the wire. I t is this field which is
responsible for the induced e.m.f. in a fixed loop placed
into a magnetic field varying with time..

Maxwell assumed that a magnetic field varying with time
leads to the appearance in space of an electric field regardless
of the presence of a conducting loop. The latter just allows
us to reveal the existence of this electric field due to the
current induced in the loop.

Thus, according to Maxwell, a magnetic field varying
with time gerierates an electric field. Circulation of vector E
of this field around any fixed loop is defined as

~ E dl = - ~~ . (9.6)
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(9.7)

Here the symbol of partial derivative with respect to time
(%t) emphasizes the fact that the loop and the surface

stretched on it are fixed. Since the flux <1> = ( B dS (the

integration is performed around an arbitrary surface stretch
ed over the loop we are interested in), we have

a J r aD7ft BdS= Jat dS.

In this equality, we exchanged the order' of differentiation
with respect to time and integration over the surface, which
is possible since the loop and the surface are fixed. Then
Eq. (9.6) can be represented in the form

k\ • aD
'j'E dl = - ~ at dS.

This equation has the same structure as Eq. (6.t 7) the role of the
vector j being played by the vector -aB/at. Consequently, it can
be written in tile differential form the same as Eq. (6.26), i.e.

V X E = -iJ B/8t. (9.8)

This equation expresses a local relation between electric and magnetic
fields: the ttm« variation 0/ magnetic field B at a given point determines
the curl 01 vector E at the same point. The fact that V X E differs from
zero is an evidence of the presence of the electric field itself.

The fact that the circulation of the electric field induced
by a varying magnetic field differs from zero indicates that
this electric field is not a potential field. Like magnetic field,
it is a vortex field. Thus, electric field can be either a potentia)
field (in electrostatics) or a vortex field.

In the general case, electric field E may be the sum of the
electrostatic field and the field induced by a magnetic
field varying in time. Since the circulation of the electrostatic
field is equal to zero, Eqs. (9.6)-(9~8) turn out to be valid
for the general case as well, when the field E is the vector sum
of these two fields.

Betatron. The vortex electric field has found a brflllant applicatlon
in the induction electron accelerator, viz. betatron. This accelerator
consists of a toroidal evacuated chamber arranged between the poles
of an electromagnet (Fig. 9.4). The variation of the current in the
electromagnet wlndlng creates a va.rying magnetic field which Induces
a vortex electric. field. The latter accelerates the electrons and simul
taneously retains them on an equillbrium circular orbit of a certain
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radius (see Problem 9.5). Since the electric field is a vortexlfieldi
the direction of the force acting on the electrons always coincides witli
the direction of motion, and the electrons
continuously increase their energy. During the
time when the magnetic field increases (~1

ms), the electrons manage to make about a
million turns and acquire an energy up to 400
MeV (at such energies, the electrons' veloc
ity is almost equal to the velocity of light
c in vacuum).

The Induction accelerator (betatron) re
sembles a transformer in which the role of
the secondary winding consisting of a single Fig. U.4
turn is played by an electron beam.

Conclusion. 'rhus, tile luw of electromagnetic induction
(9.1) is valid when the magnetic flux through a loop varies
either due to the mot.ion of t.he loop or Lll(~ lillie variat inu
of the maguet ic Held (or due lo hoth J'ea~oHs).1lowever,
we had to fes~H·t to t \\'0 quite different phenomena for ex
plaining the nnv in these two cases: for the moving loop we
used the action of the maguet.ic force proportional to [v >~ B)
while for the magnet ic field varylug wi th tiIHC, aB/at,
the concept of vortex electric field E was employed.

Since there is IlO unique and profound principle which
would combine these phenomena, we Blust interpret the law
of electromagnetic induction as the combined effect of two
entirely different phenomena. These phenomena are gen
erally independent and nevertheless (which is astonishing)
the e.m.f. induced in a loop is always equal to the rate of va
riation of the magnetic flux through this loop.

In other words, when the field B varies with time as well
as the configuration or arrangement of the loop in the field,
the induced e. m.f. should be calculated by formula (9.1)
containing on its right-hand side the total time derivative
d<D/dt that automatically takes into consideration the two
factors. In this connection, Iaw (9.1) can be represented
in the form

(9.9)

The expression on the right-hand side of this equation is
the total derivative dW/dt. Here the first term is due to
the time variation of the magnetic field, while the second
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is due to the mo t ion of the loop. The origin of the second
term is ex pln iued in greater detail in Problern 9.2.

Possible Difficulties. Sometimes we come across a situ
ation when the b.1\\· of oloctromagnetic induction in the form
(9.t) turns out to be inapplicable (rnainly because of the
difficulties associated wi th the choice of the contour itself).

~' ~f0i'i!~ ~~.....:/ot'--~
---

Fig. 9.5

I __ ---""2,.. .......,,
I

Fig. 9.6

In such cases it is necessary to resort to the basic laws, viz.
the Lorentz force qE + q lv X BI and the Iaw V X E ."=
=..; -aBlate These Iaws express the physical meaning of the
law of electromagnetic induction in all eases.

Let us consider .t\VO instructive examples.

Example f. A conducting strip is displaced at a velocity v through
a region in which a magnetic field B is applied (Fig. 9.5). In the
figure, this region is shown by the dotted circle where the field B is
directed towards us. A galvanometer G is connected to fixed contacts
(arrows) touching the moving strip. Will the galvanometer indicate
the presence of a current?

At first sight, the question seems not so simple, since in this case it
is difficult to choose the contour itself: it is not clear where it should
be "closed" in the strip and how this" part of the contour will behave
during the motion of the strip. If, however, we resort to the Lorentz
force, it becomes immediately clear that the electrons in the moving
strip will be displaced upwards, which will create an electric current
in the galvanometer circuit, directed clockwise,

It should be noted that the idea of this experiment formed the basis
of MHD generator in which the internal (thermal) energy is directly
converted into electric energy. Instead of a conducting strip, a plasma
(consisting of electrons and positive ions) is blown at a high speed
through the generator: In all other respects, the situation is the same
as in the case of the conducting strip.

Example 2. The dotted circle in Fig. 9.6. shows the region in which
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a permanent magnetic field B is localized (it is directed perpendicularly
to the plane of the figure). This region is encircled by a fixed metallic
ring R. By moving the sliding contacts to the other side of the ring
(see Fig. 9.6), we introduce tile magnetic flux <I> into the closed con
tour containing a galvanometer G (i-initial position, 2-final posi
tion). Will the galvanometer show a current pulse?

Applying formally the law (9.1), we should conclude that there
will be an induced current. But it is not so. There is no current since
in this case both aD/at and the Lorentz force are equal to zero: the
magnetic field B is constant and the closed loop moves in the region
where there is no magnetic field. Thus, we have none of the physical
reasons underlying the law of electromagnetic induction.

On an Apparent Paradox. We know that the force acting
on an electric charge in a magnetic field is perpendicular
to its velocity and hence accomplishes no work. Meanwhile,
during the motion of a current-carrying conductor (mo ving
chargesl) Ampere's forces undoubtedly accomplish some
work (electric motor l). What is the matter?

This seeming contradiction disappears if we ~ake into
account that the.itIDotion of the current-carrying conductor
in the magnetic neld is inevitably accompanied by electro
magnetic induction. And since the e.m.f. induced in the
conductor performs work on the charges, the total work of

. the forces of the magnetic field (the work done by ..Ampere's
forces and by the induced e.m.f.) is equal to zero. Indeed,
upon an elementary displacement of a current loop in the
magnetic field, Ampere's forces perform the work (see
Sec. 6.8)

(9.10)

while the inducecv.m.I. accomplishes during the same time
the work

6A i == ~iI dt = -I d<D (9.11)

where we took into account that Ci == -d<1>/dt. I t follows
. from these two formulas that the total work is

6A A + «SA i = O. (9.12)

Thus, the work of the forces of the magnetic field includes
not only the mechanical work (due to Ampere's forces)
but also the work done by the e.ID.L induced during the
motion of the loop. 'These works are equal in magnitude and
opposite in sign, and hence their sum is equal to zero.

15-0181
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The work of Ampere's forces is done not at the expense
of the energy of the external magnetic field but at the expense
of the power supply which maintains the current ill the loop.
In this case, the source performs additional work against
the induced e.m.f., equal- to 6Aad = -'til dt = I d<1>,
which turns out to be the same as the work 6A A of Ampere's
forces.

The work 6A which is done during the displacement of
the loop against the impeding Ampere's forces (which
appear due to the current induced in accordance with Lens's
law) is transformed into the work of the induced e.m.I.:

6A == -«SA A ~ lL1 i- (9.13)

From the point of view of energy, this is the essence of the
operation' of all induction generators.

9.3. Self-indudion

. Electromagnetic induction appears in all cases when the
magnetic .flux through a loop changes. It is not important
at all what causes the variation of this flux. If in a certain
loop there is a time-varying current the magnetic field of
this current will also change. And this leads to the variation
of the magnetic flux through the contour, and hence to the
appearance of induced e.m.f.

Thus, the variation of current in a circuit leads to the
appearance of an induced e.m.f: in thiz ~jrr,~it. This phe-
nomenon is called sell-induction. '~-(

Inductance. If there are no Ierrornaguetics in the space
where a loop with current I is located, field B and hence
total magnetic flux <1> through the contour are proportional
"to the current I, and we can write

<1> = LI (9.14)

where L is the coefficient called the inductance of the circuit.
In accordance with the adopted sign rule for the quantities
<1> and I, it turns out that <D and I always have the same
signs. This means that the inductance L is essentially a
positive quantity.

The inductance L depends on the shape and size of-t11e
loop as well as on t he magnetic properties of the surrounding
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medium. If the loop is rigid and there are no ferromagnetics
in its neighbourhood, the inductance is a constant quantity
independent of the current I.

The unit of inductance is henry (H). In accordance with
(9.14) the inductance of 1 H corresponds to the loop the
magnetic flux through which is equal to 1 Wb at the current
of 1 A, which means that 1 H == t WblA.

Example. Find the inductance of a solenoid, neglecting edge effects.
Let the volume of the solenoid be V, the number of turns per unit
length n , and the magnetic permeahlllty of a substance inside the
solenoid ..... ,

According to (9. i4), L :=: cD/I. Consequently, the problem is re
duced to the determination of the total magnetic nux «I>, assuming
that the current I is given. For the current I, the magnetic field in the
solenoid is B = ....lJonI. The magnetic flux through a turn of the sole
noid is ¢t -= BS == 'tJlon/S, while the total magnetic nux piercing 1\'
turns is

<.J> == N$l = ",l·BS ~ """"on2 Vl ,
where V = SI. Jlence the inductance of the solenoid is

L = ~J1onIV. . (9.t5.)

On Certain Difficulties. It should be noted that the deter
mination of inductance with the help of formula L = et>II
is fraught with certain difficulties. No matter how thin the
wire may be, its cross-sectional area is finite, and we simply
do not know how to draw in the body of the conductor a geo
metrical contour required for calculating <D. The result
becomes ambiguous, For a sufficiently thin wire this ambigu
ity is immaterial .' However, for thick wires the situation is
entirely different: in this case, the result of calculation of L
may contain a gross error due to the indeterminacy in the
choice of the geometrical contour. This should be always
kept in mind. We shall later show (see Sec. 9.5) that there
exists another method of determining [.I, which is not subject
to the indicated drawbacks.

E.M.F. of Self-induction. According to (9.1), a variation
of the current in the circuit leads to the appearance of the
e.m.f'. of self-induction f-,

dcI> ide.= -dt~ -lit (1,,1). (9.16)

If the inductance L remains .constant upon a variation of
the current (the configuration of the circuit does not change

15*
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and there are no Ierromagnetlcs), then

f = - L .E- (L = canst).
B dt (9.17)

The minus sign here indicates that ~a is always directed
so that it prevents a change in the current (in accordance
with the Lenz 's law). This e.m.I. tends to keep the current
constant: it counteracts the current when it increases and
sustains it when it decreases. In self-induction phenomena,
the current has "inertia". Therefore, the induction effects
strive to retain the .magnetic flux constant just in the same
way as mechanical inertia strives to preserve the velocity
of a body.

Examples of Self-induction Effects. Typical manifesta
tions of self-induction are observed at the moments of con
nection or disconnection of an electric circuit. 'rho increase
in the current before it reaches tho stead y-st a te value after
closing the circuit and the decrease in the current when
the circuit is disconnected occur gradual ly and not instant
aneously. These effects of lag are the more pronounced the
larger- the inductance of the circuit.

Any large electromagnet has a large inductance. If its
winding is diseonnectedjfrom the source, tho current rapidly
diminishes to zero and creates during this process a huge
e.m.f. This often leads to the appearance of a Voltaic arc
between the contacts of the switch which is not only very
dangerous for the electromagnet winding but may even prove
fatal. For this reason, a bulb with the resistunce of the
same order of magnitude as that of the wire is normally
connected in parallel to the electromagnet winding. In this
case, the current in the winding decreases slowly and is not
a hazard.

Let us now consider in greater detail the mode of vanishing
and establishment of the current in a circuit.

Example f , Current collapse upon the disconnection of a circuit.
Suppose that a circuit consists of a coil of constant inductance L,

a resistor R, an ammeter A, an e.m.I. source ji and a special key K
(Fig. 9.7a). Initially, the key K is in the lower position (Fig. 9.7b)
and a current 10 = ~/R flows in the circuit (we assume that the re
sistance of the source of e.m.I, ~ is negligibly small).

At the instant t = 0, we rapidly turn key K clockwise from the
lower to the upper position (Fig. 9.7a). This leads to the following:
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the key short-circuits the source for a very short time and then dis
connects it from the circuit without hreaking the latter.

The current through the inductance coil L starts to decrease, which
leads to the appearance of self-induction e.m.I, ~8 == -L dlldt

L

(a)

Fig. 9.7

L

(b)

1
10

o
Fig. 9.8

(9.18)

which, in accordance with Lenz's law, counteracts the decrease in
the current. At~ach instant of time, the current in the circuit will be
determined by Ohm's law 1 = ~aIR, or

RI= -IJ dI_
dt •

Separating the variables, we obtain

.!y-- _..!!.- dt;
I - L

Integration of this equation over I (between 10 and I) and over t
(between 0 and t) gives In (111'0) = -RLlt. or

I = Ioe-t/T.

where 't is a constant having the dimension uf time:

't = LIR.

(9.t9)

(9.20)

It is called the time constant (or the relaxaton time). This quantity
characterizes the rate of decrease in the current: it Iollows from (0.19)
that T is the time during which the current. decreases to (tIe) times its
initial value. The larger the value of "t, the slower the decrease in the
current, Figure 9.8 shows the curve of the dependence I(t) describing
the decrease of current with time (curve 1).

Example 2. Stabilization or current upon closure of a circuit.
At the instant t = 0, we rapidly turn the switch S counterclock

wise front the upper to the lower position (Fig. 9.7b). We thus con
nected t.he source ~ to the inductance coil L. The current in the cir
cuit starts to grow, and a self-induction e.m.f., counteracting this
increase, will ~ain appear. In accordance with Ohm's law. RI :=
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dl
RI=qz-L-

" dt · (9.21)

We transpose I to the left-hand side of this equation and introduce
a new variable u = RI -~. du = R dl . After that, we transform
the equation thus obtained to

dulu = -sdtl«,

where 't == LIR is the time constant.
Integration over u (between - ~ and RI - ~) and over t (be

tween 0 and t) gives In (RI - 1)/(-"» = -stl«, or

1= 10 (t_e-f/'t), (9.22)

where I. = ~/R is the value. of the steady-state current (for t ~ 00).
Equation (9.22) shows that the rate of stabilization of the currentis
determined by the same constant T. The curve I(t) characterizing the
increase in the current with time is shown in Fig. 9.8 (curve 2).

On the Conservation of Magnetic Flux. Let a current
loop 1110Ve and be deformed in an arbitrary external mag
netic field (permanent or v.arying). The current induced in
the loop in this case is given by

I _ ~f+~. = _-.!.- d<1l
- R R dt·

If the resistance of the circuit R = 0, det>/dt must also be
equal to zero, since the current I cannot be infinitely large.
Hence it follows that cI> == const.

Thus, when a superconducting loop moves in a magnetic
field, the magnetic flux through its contour remains constant.
This conservation of the flux is ensured by induced currents
which, according to Lenz's law, prevent any change in the
magnetic flux through the contour.

Tho tendency to conserve the magnetic flux through
a contour al ways exists but is exhibited in the clearest form
in the circuits of superconductors.

Example. A superconducting ring of radius a and inductance L'
is in a uniform magnetic field B. In the initial position, the plane of
the ring is parallel to vector B, and the current in the ring is equal
to zero. The ring is turned to the position perpendicular to vector B.
Find the current in the ring in the final position and the magnetic
induction at i Ls centre.

The magnetic nux through the ring does not change upon its rota
tion and remains equal to zero. This means that the magnetic fluxes
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of the field of the induced current and of the external current through
the ring are equal in magnitude and opposite in sign. Hence LI =
= 1f,(J,tB, whence

I = na2BIL.

This current, in accordance with (6.13), creates a field B I = ttf!oaB/2L
at the centre of the ring. The resultant magnetic induction at this
point is given by

B r es= B- B] = B (1 - n~oa/2L).

9.4. Mutual Inducti'on

Mutual Inductance. Let us consider two fixed loops 1
and 2 (Fig. 9.9) arranged sufficiently. close to each other.
If current /1 flows in loop 1, it creates through loop 2
the total magnetic flux <1>2 proportional (in the absence of
ferromagnetics) to the current It:

$2 = 421[t· (9.23)

Similarly, if current 12 flows in
loop 2, it creates through the
contour 1 the total magnetic
Dux

(9.24)

The proportionality factors £12
and L 21 are called mutual induc
tances of the loops. Clearly, mutual' inductance is nu
merically equal to the magnetic flux through one of the
loops created by a unit current in the other loop. The coef
ficients £21 and L 1 2 depend on the shape, size, and mutual
arrangement of the loops, as well as on the magnetic perme
ability of the medium surrounding the loops. These coef
ficients are measured in the same units as the inductance L.

Reciprocity Theorem. Calculations show (and experiments
confirm) that ill the absence of Ierromaguetics, the coef
ficients L1 2 and £21 are equal:

(9.25)

This remarkable property of mutual inductance is usually.
called the reciprocity theorem. Owing to this' theorem, we
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do not have to distinguish between L 12 and L 21 and can
simply speak of the mutual Inductance ·of two circuits.

The meaning of equality (9.25) is that in any case the
magnetic flux <1>1 through loop 1, created by current I
in loop 2, is equal to the magnetic flux cI>2 through loop 2,
created by the same current I. in loop 1. This circumstance
often allows us to considerably simplify the calculation,
for example, of magnetic fluxes. Here are two examples.

&ample t , Two circular loops 1
~ ~ and 2 whose centres coincide lie in a,--I c::;:::> 1~2 plane (Fig. 9.10). The radii of the loops

are 41 and a.. Current 1 flows j n
loop 1. Find the magnetic nux <1>2 em-

Fig. 9.10 braced by loop 2, if til <: at-

The direct calculation of the Dux (J>,
is clearly a rather complicated problem
since the configuration of the field

O
itself is complicated. However, the

1
.application of the reciprocity theorem
greatly simplifies the solution of the
problem. Indeed. let us pass the same
current I through loop 2. Then the
magnetic flux <1>1 created by this cur
rent through loop 1 can be easily
found, provided that a1 «al: it is suf-

F ficient to multiply the magnetic Indue-
ig. 9.1 lion B at the centre of the loop (B =

=.....112a,,) by the area naT of the circle
and take into account that <1}2 = 01 in accordance wi th the reci
procity theorem.

Example 2. A loop with current 1 has the shape of a rectangle.
Find the magnetic nux cI> through the hatched half-plane (Fig. 9. t f)
whose boundary. is at a given distance from the contour. Assume that
this half-plane and the 'loop are in the same plane.

10 this case too, the magnetic field of current 1 has a complex con
figuration, and hence it is very difficult to directly calculate the Dux <1>
in which we are interested. However, the solution can be considerably
simplified by using the reciprocity theorem.

Suppose that current I flows not around the rectangular contour
hut along the boundary of the half-plane, enveloping it at infinity.
The magnetic field created by this current in the region of the rectan
gular loop has a simple configuration-this is the field of a straight
current. Hence we can easily find the magnetic flux <1>' through the
re~tanguJar contour (with the help of simple. integration). In accordance
With the reciprocity theorem, the required Oux <P == <1>' and the
problem is thus solved.
, However. the presence of ferromagnetics changes the
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situation, and the reciprocity theorem becomes inapplicable.
Let us verify this with the help of the Iol lowing concrete
example.

Example. A long ferromagnetic cylinder of volume V has two wind
ings (one over the other). One winding contains nl turns per unit
length, while the other contains n2 turns. Find their mutual inductance
ignoring the edge effects. '

AccordiDjt to (9.23), L21 =-= cDJl t • This means that we must create
current 11 in winding 1 and calculate the total magnetic Dux through
all the turns of winding 2. If winding 2 contains fl" turns, we obtain

$2 = N 2B1S,

where S is the cross-sectional area of the cylinder. Considering that
N 2 = n2 l , where l is the cylinder length, and B 1 == ~l~lonillt where
lJ.l is the magnetic permeabiltty for current I l' we write et>2 ::-=;

= f.11f.1o nl n2 V/1' where )! =- lS. II ence

L 21 == J11f.!onln2 V.
Similarly, we-ccan find £12:

L 12 = J.12f.10nln2 v.
Since the values of J!I and "112 in the last two expressions are generally
di.fferent (they depend on .currents II and 12 in ferromagnetics) , the
values of L 21 and L 12 do not coincide.

Mutual Induction. The presence of a magnetic coupling
between circuits is manifested in that any variation of
current in one of the circuits leads to the appearance of
an induced e.rn.I. in the other circuit. Thisphenomenon
is called mutual induction.

According to Faraday's law, the e.m.f. 's appearing in
contours 1 and 2 are given by

~t = - deDI == - L
1
., dI,. t

dt w dt

-e 'd<1>:l 1 ell t
(2==-= -dt="· - .J2t~'

respectively. Here we assume that the contours are fixed
and there are no ferromagnetics in the surroundings.

Taking into account self-induction, the current appearintr,
say, in contour 1 upon a change in currents of hoth circuits
is determined according to Ohm 's la w through the formul a

«t, st,
RtI1=II-LJ ---L11 - - ,at dt
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where Cl is the extraneous e.m.f. in contour 1 (besides
induced e.m.f.s) and L 1 is the inductance of contour 1.
A similar equation can be written for the current 12 in
contour 2.

It should be noted that transformers, devices intended
for transforming currents and voltages, are based on the
principle of induction. ,

On tbe Sign of L.2• Unlike inductance L which, as was
mentioned earlier, -is essentially a positive quantity, mutual
inductance L 12 is an algebraic quantity (which may, in

particular, be equal to zero). This is

00 O~
due to the fact that, for instance, in

. (~.23) the quantities <D 2 and L, refer

.
to different contours. It immediately
follows from Fig. 9.9 that the sign

L't>O L12< 0 of the magnetic flux <1>2 for a given
direction of current I} will depend on

<a} (b) the choice of the normal to the sur
face bounded by contour 2 (or on the

Fig. 9.12 choice of the positive direction of cir
cumvention of this contour).

The .positive directions for currents (and e.m.f.s) in both
contours can always be chosen arbitrarily (and the positive
direction of contour circumvention is uniquely (through
the right-hand screw rule) related to the direction of the
normal n to the surface bounded by the contour, i.e. in the
long run with the sign of the magnetic flux). As soon as
these directions are specified, the quantity £12 should be
assumed to be positive if the fluxes, of mutual induction
through the contours are positive for positive currents,
i.e. when they coincide in sign with self-induction fluxes.

I It other words, L1 2 > 0 if for positive currents the con
tours "magnetize" each other. Otherwise, L 1 2 < O. In special
cases, the positive directions of circumvention of the con
tours can be establ ished beforehand so that the req uired
sigu of the q uantity L 12 can be obtained (Fig. U.1~).

9.5. Magnetic Field Energy

Magnetic Energy of Current. Let us connect a fixed circuit
containing induction coil L a-nd resistor R to a source of
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e.m.f. ~o. As we already know, the current in the circuit
will start increasing. This leads to the appearance of a self-.
induced e.m.f. ~•. In accordance with Ohm's law, RI =
= ~o + ~" whence

~o = RI - ~•.

Let us find the elementary work done by extraneous forces
(Le. the source of ~o) during time dt. For this purpose, we
multiply the above equality by I dt:

~oI dt = RI2 dt - ~,l dt.

Taking into account the meaning of each term and the rela
tion ~8 == -d<Dldt, we can write

6A.xt r = 6Q + I d<I>.

It can be seen that in the process of current stabilization,
when the flux <1> varies so that dcD > 0 (if I > 0), the work
done by the ssurce of ~o turns out to be greater than the
Joule heat liberated in the circuit. A part of this work
(additional work) is performed against the self-induced
e.m.f. It should be noted that afterfhe current has been
stabilized, d<I> = 0, and the entire work of the source of ~o

will be spent for the liberation of the Joule heat.
Thus, the additional work accomplished by extraneous

forces against the self-induced e.m.f. in the process of current
, stabilization is given by

16Aadd = I da>.1 (9.27)

This relation is of a general nature. I t is valid in the
presence of ferromagnetics as well, since while deriving it
no assumptions have been made concerning the magnetic
properties of the surroundings.

Here (and below) we shall assume that there are no ferro
magnetics, Then d<I> == L dl , and

6Aadd :-:-= Ll st. (9.28)

Having integrated this equation, we obtain A add ==
= L[2/2. According to the law of conservation of energy,
any work is equal to the increment of any kind of energy.
It is clear that a part of the work done by extraneous forces
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(~o) is spent on increasing the internal energy' of conductors
(it is associated with the liberation of the J oule heat), while
another part (during current stabilization) is spent on some
thing else. This "something" is just the magnetic field, since
its appearance is associated with the appearance of the
current.

Thus, we arrive at the conclusion that in the absence of
ferromagnetics, the contour with the induction coil L
and current I has the energy

IW= {LJ2=-}I(J> =*.J (9.29)

This energy is called the magnetic, or tntrtnsie, energy of
current. It can be completely converted into the internal
energy of conductors if we disconnect the source of to
from the circuit as shown in Fig. 9.7, Le. if we rapidly turn
the key K from position b to position a.

Magnetic Field Energy. Formula (9.29) expresses the
magnetic energy of current in terms of inductance and CUf

rent (in the absence of ferromagnetics). In this case, however,
the energy like the electric energy of charged bodies, can be
directly expressed in terms of magnetic induction B. Let
us show this first for a simple case of a long solenoid, ignoring
field distortions at its ends (edge effects). Substituting the
expression II == f..l~on2V into (9.29) we obtain

W = (1/2)£12 = (1/2)~J1on212V.

And. since nI == H = BlJA. ....ot. we have

W=~V=B·H V. (9.30)
2Jif.1o 2

This formula is valid Ior a uniform field filling the volume V
(as in the case of the solenoid under consideration).

The general theory shows that the energy l-V can be ex
pressed in terms of Band H in any case (but in the absence
of Ierromagnetics) through the formula

l~= JB;JI dv·1 (9.31)

The integrand in this equation has the meaning of the
energy contained in the volume element dV.
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Thus, as in the case of the electric field energy, we arrive
at the conclusion that the magnetic energy is also localized
in the space occupied by a rnagnetic field.

It follows from formu las (9.30) and (9.31) that the mag
netic. energy is distributed in space with the volume density

I w ===~ =-~~ I2 2;.t ....o •
(9.32)

It should be noted that this expression can b(~ npp lied
only to the med ia for which the II V~. II dependence is
linear, i.e. ~t in the relation B :=-~:: llJ-loH is independent of If.
In other words, expressions (D.31) and (n.32) are applicable
ouly to paramaguet ics and dia,n;q.~'n(ltic~. In the case or
ferroruagnetics, these expressions ,H'P j IlH ppl icable"

J l should also be noted "that
the {Hug-netic energy is an essen
tially positive Auant.ity. This
can he easily seen from the last
two formulas.

Another Approach lo the Sub
stantiation of Formula (9.32). Let
us prove the validity of this formula
by proceeding "the other way round!"
i.e. let us show that if formula (9.32) Fig. 9.13
is valid, the magnetic energy of the
current loop is W = LI2/2.

For this purpose, we consider the magnetic field of an arbi trary
loop with current I (Fig. 9.13). Let us imagine that the entire field is
divided into elementary tubes whose generatrices are the field lines
of B. \Ve isolate in one such tube a volume element dV = dl d.S:

According to formula (9.32), the energy ~ BH dl dS is localized in

this volume.
Let us now find the energy dJ-V in the volume of the entire elementa

ry tube. For this. purpose, we integrate the latter expression along
the tube axis, The flux dcI> = B dS through the tube cross-section is

* This is due to the fact that in the long run expressions (9.31)
and (9.32) are the consequences of the formula 6Aadd =-.= J d(j) and of
the fact that, in the absence of hysteresis, the work 6A add is spent only
on increasing the magnetic energy dW. For a ferromagnetic medium,
the situation is different: the work 6Aadd is also spent on increasing
the internal energy of the medium, i.e. on i~s ~~eating.
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constant along the tube, and hence d<1l can be taken out of the integral:

dW = d:' ~ II dl = 1 d~ •

Here we used the theorem on circulation of vector H (in our case, pro
jection H, = H).

Frnally, we sum up the energy of all elementary tubes:

w= {! ) d(J>=!(J>/2=Lf2/2.
~.

where <I> := 1.,1 is the total magnetic nux enveloped by the current
loop, Q.E.D.

Determination of Inductance from the Expression for
Energy. We have intcoduced the inductance 1./ as the pro
portionality factor between the total magnetic nux tD and
current I . There is, however, another possibility of calculat
in~ 1.1 from the expression for energy. Jndeod , coiupuring
formulas (9.31) and' (9.29), we see that irr the absence of
ferromagnetics,

t " BI
L =JS ~ 11110 dV. (9.33)

The value of ·L found in this way is free of indeterminacy
associated with the calculation of the magnetic flux et>
in formula (9.14) (see p. 227). The discrepancy appearing
sometimes in determining L through formula (9.33) and
from the expression (9.14) for the flu x is illustrated in
Problem 9.9 about a coaxial cable.

9.6. M8gnetic Energy of Two Current Loops

Intrinsic and Mutual Energies. Let us consider two fixed
Ionps 1 anti 2, arranged near one another at a sufficiently
small distance (so that there is a magnetic coupling between
them). We assume that each loop includes its own source
of constant e.m.I. Let us close each loop at the instant
t ==: O. I n each loop, its own current will start being estab
lished, anti hence self-induced e.rn.f. (8 and the e.m.f. ei
of mutual induction wil l appear. The additional work done
in this case by the ~OUI'('.es of constant e. m. f. against ~s

and t i is spent, as was shown above, for creating the luag
netic energy.
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Let us find this work over the time dt:

6Aadd == -(t'.l -~- Cil) II dt - (£'2 + ei2) 12 dt =-= dW.

Considering that t S l == -L1dIl/dt, f il = -L1 2 dI2/dt,
etc., we transform this formula as follows:

dW:=.:=LIIldll-t-IJ1211d/2 ·1-L2/ 2dI2 \-L2112dIl o

Taking into account the fact that L 1 2 = L 21 , we represent
this expression in the form

dli/ = d (L j l :t2) -t d (L 2 / ; /"2 )

+ d (I.J12! 1/2)'
whence

Iw=¥ +¥+/'12/1 /..... \ (!I.:H)

'I'he first two terms in this expression are called the intrinsic
energies of cuzrents II and 12 , while the last term, the mutual
energy of the currents. Unlike the intrinsic energies of cur
rents, the mutual energy is an algebraic quantity. A change
in the direction of one of the currents leads to the reversal
of the sign of the last term in (9.34), viz. the mutual energy.

Example. Suppose that we have two concentric loops with currentsIt and /2 whose directions are shown in Fig. 9.14. The mutual energy
o these currents (WI 2 = LJ 21 1/2) depends on three algebraic quantities
whose signs are determined by the choice of positive directions of cir
cumvention of the two loops. It is useful to verify, .however, that the
sign of Wl~ (in this case W12 > 0) depends only on the mutual orien
tation of the currents themselves and is independent of the choice of
the positive directions of circumvention of the loops. We recall that
the sign of the quantity Ll~ was considered in Sec. 9.4.

Field Treatment of Energy (9.34). There are some more
important problems that can be solved by calculating the
magnetic energy of two loops in a different way, viz. from
the point of view of localization of energy in the field. .

Let B1 be the magnetic field of current II, and B 2 the
field of current 12 • Then, in accordance with the principle
of superposition, the field at each point is B :"--= B) -i- B 2 J

and according to (9.31), the field energy of this system of

currents is W = ~ (H2/2~t!!o) dV. Substituting into this

formula ,B'2 ,.=. Jl~ -+- IJ~ '-t- 2B 1B 2 , we obtain
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Iw=, /~-dV + \~dV+ I' ~l·BI dv.1 (9.35)
f__' .:.....-.:.~J.lo J 2~~t() J J..l~o I

The correspondence between indiv id ual terms in formulas
(9.35) and (9.34) is beyond doubt.

Formulas (9.:3--1) and (9.35) load to the Iol lowing important
sequences.

1. The magnetic energy of a system of two (or more)
currents is an essentiallv positive quantity (~V > 0). This

follows Irorn the Iact that W 0( ~ IF dl', where the iutegraud

contains positive quantities.
2. The energy of currents is a nonadditive quantity (due

to thp ex istence of mutual energy).
3. Tho last integra! in (u.;~)r)) is proportional to the pro

duct. 11/ 2 of currentvsiucc /-/ 1 ex: II anrl 11~ ex: I:!. 'fhe pro
portionall ty factor (i. e. the rema ining' i utegral) turns out
to he symmetr ic with respect to indices 1 and 2 and hence
can he denoted by 1J12 or 1..121 ill accordance with formula
(9.34). Thus, £12 =-= L 2 1 indeed.

4. Expression (U.35) leads to another defiuition of mutual
inductance 1J12. Indeed, a comparison of (~)'~1;») and (9.~14)

gives

l 1 \' B1 .82 d 1.T
..112=-11 --- t'.

1 2 " ~~lo
(9.36)

9.7. Energy and Forces in Magnetic Field

The most general method for determining the forces acting
in a magnetic field is the energy method, in which the expres
sion for the magnetic field energy is used.

We shall confine ourselves to the ease when the system
consists of two loops with currents II and 12 • The magnetic
energy of such a system can be represented in the form

ltV '" ~ (11<1)1 + 12(1)2)' (9.37)

where Q>J and (1)~ are the total magnetic fluxes piercing
loops 1 and ~ respect! vcly. This expression can be easily
obtained from formula (U.31) by ropreseut iug the last term
in it as the sum (1/2) 1.'12[1[ 2 + (1/2) £'2112/1 and then taking
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into account that

<1>1 = L1I1 + L 1212 , <D 2 = L2/ 2 + L 21I 1• (9.38)

According to the law of conservation of energy, the work
6A* done by the sources of e.m.f. included into circuits 1
and 2 is converted into the heat 6Q and is spent to, increase
the magnetic energy of the system by dW (due to the motion
of the loops or the variation of currents in them as well as
to accomplish the mechanical work 6A m (as a result of a
displacement or deformation of the loops):

6A* = 6Q + dW -t-' 6Am• (9.39)

We assumed that the capacitance of the loops is negligibly
small and hence the electric energy can be ignored.

Henceforth, we shall be interested not in the entire work
6A * of the source of e.m.f. but only in its part which is done
against the induced and self-induced e.m.f.s (in each loop).
This work (which was called the additional "'f;,l:') is equal

to 6Aadd' = -(lil + li,t) II dt - (l'2 -l- (' s '/ I . dt.

Considering that ~i + ~8 = -d<fJ/dt f01 t:li'; loop, we

can write the expression Ior the.. additional worl. i: the form

6Aadd = II d<1>1 + /2 dft),!" (9.40)

.It is just this part of the work of the p,'r; l '~I)H!'ces (the
work against the induced and self- ind uet'~·! u. ,H, f. ~) tha t
is associated with the variation of tho fluxes (l}t and <1>2
and spent for increasing the magnetic energy of the system
as well as for accomplishing the mechanical work:

II d<D1 + 12 d<1>2 = dW + 6.. 'lrno (9.41)

This formula forms the basis for calculating the mechanical
work 6A m and then the forces acting in a magnetic field.

Formula (9.41) can be used for obtaining simpler expres
sions for 6A m by assuming that either all the magnetic fluxes
through the loops, or currents flowing in them remain un
changed during a displacement. Let us consider this in
greater detail.

t. If the fluxes are constant (cD k == const), it immediately

16-ot81
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IOJlO\\TS from (9./!1) that

1-6-A-nl-===---I~1 (9.42)

where the subscript <D indicates that the increment of the
magnetic energy of the system must be calculated. at constant
fluxes through the loops. The obtained formula is similar
to the corresponding formula. (4.15) for the work in an elec-
tric field. -.

2. If the currents are constant (I It == const), we have

(9.43)

Indeed, for I k == const, it follows from formula (9.37) that

dWI, = ~ (II d<1>l + 12 d<1>2)'

i.e. in this case, in accordance with (9.40), the increment
of the magnetic energy of the system is equal to half of the
additional work done by the -sources of e.m.f. Another half
of this work is spent for doing mechanical work. In other
words, when the currents are constant, dWlr = 6A Ill'

Q.E.D.
It should .be emphasized that the two expressions (9.42)

'and (9.43) obtained by us define the mechanical work of
the same force, i.e. we can write

F·dl == -dWI<1' == dWJr. (9.44)
In order to calculate the force with the Help of these

formulas, there is no need, of course, to choose a regime in
which either magnetic fluxes or currents would necessarily
remain constant. We must simply find the increment dW
of magnetic energy of the system provided that either <Dk ===
== const or I k == const, which is a purely mathematical
operation, .

The value of the obtained expressions (9.42) and (9.43)
lies in their generality: they are applicable to systems con
sisting of any number of contours-one, two, or more.

Let us consider several examples illustrating the applica
tion of these formulas.

Example 1. Force in the case of one current loop. Suppose tha t
we have a current loop, where AB is a movable jumper (Fig. 9.15).
The inductance of this 100" depends in a certain way on the coor-
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dinate x, i.e. L (x) is known. Find the Ampere's force acting on the
jumper, in two ways: for I = cons! and for (j) = const,

A"

B

Fig. H.t5

x o x X

~-----~
Fig. 9. -J{i

In the case under consideration, the magnetic energy of the system
can be represented, in accordance with (~.29)t as follows:

W = L12/2 = <,p2/2L,

where $ = LI. Let us displace the jumper, for example, to the right
by dx, Since ~Am = Fx dx, we have

F .=~cJW I =E- aL
~ ax 1 2 ax'

or
F = _ oW I ,.~ <Il

2
iJL ==~ iJ£

x iJx ~ 2£2 ax 2 ax '

Le, the calculations carried out with the help of the two formulas
give, in accordance with (9.44), the same result.

Example 2. Interaction between two current-carrying coils. Two
coils 1 and 2 with currents II and 12 are mounted on a magnetic core
(Fig. 9.16). Suppose that the mutual inductance of the coils depends
on their separation x according to a known law L 12 (x). Find the force
or interaction between the coils.

The magnetic energy of the system of two coils is given by formula
(9.34). For determining the force of interaction, we shall use expres
sion (9.43). Let us displace coil 2 through a distance da at constant
currents II and 12" The corresponding increment of the magnetic ~

energy of the system is

d IV II = III 2 dL 12 (x) .

Since the elementary mechanical work OAm == F2x dr ; according to
(9.43) we obtai n

I I
ot.; (z)

F2 x = 1 2 --....;..;;.----.;-ax
Let currents 11 and 12 magnetize each other. Then L 12 > 0, and for
dx > 0 the increment dL 12 < 0, i.e. F2.y: .< O. Consequently, the force
exerted on coil 2 by coil' is the attractive force: vector F2 is directed
to the left in the figure.

16*
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Example 3. Magnetic pressure acting on selenoid wiwling.
Let us mentally increase the radius of the solenoid cross section

by dr, retaining the current I through the winding constant. Then
Ampere's forces will accomplish the work 6Am = dJV II. In the case
under consideration, we have

~Am = pS dr,

where p i~ the required pressure and S is the lateral surface of the
solenoid, and

(
B' ) 8'dWII-=-:.d -2-V ::::-.-Sdr .
•10 ~'lo

Il ....re we look into account the fact that when I == const, B =-= const
as well. Equati ng these two expressions, we obtain

p = BI/2f!o.

Magnetic Pressure. The expression for pressure obtained
in Example 3 can be generalized for the case when the mag
netic field is different (B1 and B 2) on different sides of a sur
face with current (conduction current or magnetization cur
rent). I n this case, the magnetic pressure is given by

p= I B1;H1
-- Bsts I. (9045)

The situation is such as if the region with a higher magnetic
energy density were the- region of higher pressure.

Helation (9.45) is one of the basic relations in magneto
hydrodynamics which studies the behaviour of electroconduct
ing liquids (in electrical engineertng and astrophysics).

PNltlems
• 9.t. Induced e.m.I, A wire in the shape of a parabola y = hi

is in a uniform magnetic field B perpendicular to the plane XY.
A jumper translates without initial velocity and at a constant acceler
ation a from the apex of the parabola (Fig. 9.17). Find the e.m.I,
induced in the formed .contour as a function of the coordinate v-

Solution. By definition,' I, == d<1>/dt. Having chosen the normal n
to the plane of the contour in the direction of vector 0, we write dlll =
= B dS, where dS =: 2x dYe Considering now that x = Vylk, we
obtain

~i= -R.2l/y/kdy/dt.

During the motion with a constant acceleration, the velocity dr/dt =
== V2ay, and hence
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This fonnula shows that ~i ex: y. The minus sign indicates that ~i
in the figure acts counterclockwise

• 9.2. A loop moves arbi trarily. A closed conducting loop is moved
arbitrarily (even with a deformation) in a constant nonuniform mag
netic field. Show that Faraday's law (9.1) will be fulfilled in this case.

y.

o

Fig. 9.17

·x

Fig. 9.18

Solution. Let u§: consider an element dl of loop length, which at
a given instant moves at a velocity v in the magnetic field B. In
aeeerdanee wi th formulas (8.4) of field transformation, in the reference
system fixed to the given element the electric field E = [v X B) will
be observed. It should be noted that this expression can be also ob
tained with the help of the Lorentz force, as it was done at the beginn
ing of Sec. 9.2.

Circulation of vector E around the entire contour is, by definition,
the induced e.m.I.:

~F-= ~ (v X HI dl. (t)

Let us now find the corresponding Increment of the magnetic nux
through the loop. For this purpose, we tum to Fig. 9.18. Suppose that
the loop was displaced from position r1 to r2 during time dt. If in
the first position the magnetic flux through the surface 8 1 stretched
over the loop was $1' the corresponding magnetic flux in the second
.peeitlon can be represented as <1>1 + d<I>, i.e, as the flux through the
surface S + dS. Here d<D is the required "increment of the magnetic
Dux through the narrow strip dS between contours r 1 and r 2• ,"

Using Fig. 9.18, we can write

dIlL=-) B.dS=.~ H.(drXdlJ=-~(drXHldl. (2)

Here (t) the direction of normal n is matched with the direction of
circumvention of the contour, viz. with vector dl (right-handed sys
tem); (2) the direction of vector d.~, viz. the area element of the strip,
is matched with the choice or normals 0, and (3) the following cyclic
transposition is used in the scalar triple product:

a-jb X c] = h-]c X a] = c-Ia X b) = -(b X a]-c,
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Dividing expression (2) by dt t we find

d<Pjdt= -~ IvX BJ dl, (3)

Fig. 9.19

where v :.=: drldt. It remains for us to compare (3) with (1), which
gives <t i == -d<P/dt.

• 9.3. A flat coil with a large number N of tightly wound turns
is in a uniform magnetic field perpendicular to the plane of the coil
(Fig. 9.19). The external radius of the coil is equal to a. The magnetic
field varies in time according to the Iaw B == B» sin. wt.' Find the
maximum [value of the e.m.I. induced in the coil.

Solution. Since each turn of the coil
practically does not differ from a circle. the
e.m, f. induced in it is given by

fi == - d(J)/dt == -nr2B ow cos tot;

where r is the radius of the turn under COIl

sideration, The number of turns corresponding
to the interval dr of the values of the radius
is dN == (N/a) dr. The turns are connected in
series, hence the total e.m.I, induced in the
coil is

~i=JEi(r)dN.

Having integrated this expression, we obtain the following for the
maximum value of the induced e.m.f.:

'tun = (1/3)na2NBow.

• 9.4. A coil of N turns wi th the cross-sectional area S is placed
inside a long solenoid. The coil is rotated at a constant angular velocity
(a) around the axis coinciding with its diameter and perpendicular
to the axis of tho solenoid. The magnetic field in the solenoid varies
according to the Jaw B =--.: B» sin sot, Find the e.m.I, induced in the
coil, if at the instant t =-= 0 the coil axis coincided wi th the axis of
the solenoid. ·

S~lution. A t the instant t, the total magnetic nux through the
coil is

<I> == NBS cos wt = N!JoS sin wt·cos wi == (1/2)NB oS sin 20)t.

In accordance wi th Faraday' s law, we have

cB'i == -dCP/dt == -(1/2)NBoS·2w cos 2wt :=: -NBoSw cos 2(1)1.

• 9.5. The betatron eondlt lon. Show that electrons in a betatron
will move in an orbit of a constant radius r» provided that the magnetic
field Eo on the orbit is equal to half of the value (B) of the magnetic

field averaged over the area inside the orbit. i.e. B« = <:> .
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Solution. Let us write the relativistic equation for motion' of an
electron,

dp/dt = eE + e [v X Do]' (1)

where E is the vortex electric Held, in terms of the projections onto
the tangent 't and the normal n to the trajectory. For this purpose,

o

a 0 1

b

--,,
2 I

I
1000..---0+-- __ --.J

10 ~ a

Fig. ~.20 Fig. 9.21

we write the electron momentum as p =.: fJ'C and lind its time derivative

dp dp dT dp lo2

([t==dt T-r P d[==([f T-t-m --r; 0, (2)

where we took into account that p = mv, m being the relativistic
mass, and dxldt = (vlro)o (this can be easily seen from Fig. 9.20).
Indeed, d't:.= dcp·n ;~.-:: (v dtlro)n, and the rest is obvious.

Besides, according to Faraday's law, 21tro~·~.;; Id<J)/dl\, where
$ = nrfi (B). Hence

'0 d
E~= Tdt(B). (3)

Let us now write Eq. (1), taking into account (2) and (3), in terms
of the projections onto the tangent and "the normal to the trajectory:

dp '0 'd
dt:::=eE:==eT (fi.(R). (4)

r 2
n~----=-evBo'

'0

The last equation can be written, after cancelling- v, in the form

P ::..:: e'oB o.

\Ve differentiate this equation with respect to time, considering
tha t ro,:,::= const:

~ =:. er dBo
dt 0 dt . (5)
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A comparison of Eqs, (5) ann (4) gives

d 1 d
CIt 8 0 = 2 CIt (!/).

In particular, the last condition will be satisfied when

1
IJo~:' 2 (fl).

Practically, it is attained by munufucturing pole pieces in a special
forrn (in the form of a blunt-nosed cones) .

• !).6. Induced current, A square wire frame with side a and
a long straight conductor with a direct current I 0 lie in the same plane
(Fur. 9.21). The inductance of the Irarue is L and its resistance is 11.
The Irarno has been rotated throug-h 1MO° around the axis 00' and
then stopped. Find the amount of electricity that has pusseil throuuh
the frame. 'The distance b between the axis OU' and the slrai~ht wire
is assumed to be known.

Solution. According to Ohm's Iaw, the current I appcarill~ ill the
Irume dllrin~ its rotation is determined by the Ioruiula

d<I> dl
'RI=---L-

dt dt •

Hence the required amount of electricity (charge) is

r 1 ~ . 1
q= J I dt = -n .\ (dfll ! L d/)= -If (Mlt- L M).

Since the frame has been stopped after rotation, the current in it
vanishes, and hence !\l .:: O. It remains for us to find the increment
of the flux &$ through the frame (L\(ll ---- $2 - <Ill)'

Let us choose the normnl n to the plane of the Irame, for instance.'
so that in the final position n is directed behind the plane of the figure
(along B). Then it can be easily seen that in the final position <1>2 > 0,
while in the initial position <1>1 < () (the normal is opposite to B),
and &$ turns out to be simply equal to the flux through the surface
boun-ded by the final and initial. positions of the frame:

b+a

A(f> = (JJ2 +I <1>1 1= , Ba dr,

b:a

where B is a function uf r, whose Iorm call be easily Iounrl with the
help of the theorem on circulation.

Finally, omitting the minus sign, we obtain

~tofll0 In b+a
2nll b-a ·
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I~ can be seen that the obtained quantity is independent of the induct
ance of the circuit (the situation would be different if the circuit were
supereondueting) .

• 9.7. A jumper 12 of mass m slides wi thout friction along two long
conducting rails separated by a distance I (Flg. 9.22). The sys~enl.is
in 8 uniform magnetic field perpendicular to the plane of the crrcui t.

1

R~ 1
y

@B ., •
X

2

Fig. U.22 Fig. H.23

TIle h-It ends.~l the ruils aloe shun ted through resistor R, A t the j nstaut
t "-:= ()~ the jumper received the initial velocity Vo directed to the right.
Fintl the velocity of the jumper as a function of time, ignoring the
resistances of the jumper and of the rails as well as self-inductance of
the circui t .

.. Solution, Let us choose the positive direction of the normal n
to the plane of the circuit away Irom us. This means that the positive
direction of circumvention of the circuit (for induced e.m. r. and cur
rent) is chosen clockwise, in accordance wi th the right-hand screw
role. It follows from Ohm's law that

d(1) dS
RI = --dt~= -lJ dt-=-=- -Hlv, (1)'

where we took into account that when the jumper moves to the right,
d(J) > O. According to Lenz's law, the induced current I causes the
Ampere force counteracting the motion, directed to' the left.

Having chosen the X-axis to the right, we wri te the equation of
motion of the jumper

m duldt = liB, (2)

where the right-hand side is the projection of the Ampere force onto
the X-axis (this quantity is negative, but we omit the minus sign
~inc.-;e, as can be seen from (1), current I < 0).

Elinlinaling I Irom Eqs, (1) and (~), we uhtuiu

dulu :== -a dt; a = JJ2 l2/n 1R .

The integration of this expression, taking into account the initial
condition, gi yes

In (lJ/v(J) = -at, v == vec-tlt
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• 9.8. The role of transient processes. In the circuit shown in
Fig. 9.23, the e.m.f. ~ of the source, its internal resistance R and the
inductances L

1
and L 2 of superconducting coils are known. Find the

currents estab ished in the coils after key K has been closed.

Solution. Let us use Kirchhoff's laws for electric circuits ~Ll

and ~L2:

at,
RI=~-Ll

dt '
~ d/2

RI= -L 2 
dt •

(2)

(1)

A comparison of these expressions shows that L1 dl1 :=:: L 2 dI2 , while
for stabilized currents we have

L 1/ 10 == L 2/ 20• (1)
Besides,

110 + 120 == 10 === ~ IR. (2)

From these equations, we find

~ L 2 Vi L 1

I t o == /f L1 + £ 2 ' 12o == Jf L 1-+-L2 •

• 9.9. Calculation of inductance. A coaxial cable consists of
internal solid conductor of radius a and external thin-wall conducting
tube of radius b. Find the inductance of a unit length of the cable,
considering that the current distribution over the cross section of the
internal conductor is uniform. The permeability is equal to unity
everywhere.

Solution. In the case under consideration, the inner conductor is
not thin, and hence the inductance should be determined in terms of
the energy rather than through the magnetic flux. In accordance with
(9,33), we can write

b
1 r B2

L U = J2 .l --2rtrdr,
~ (.10
o

where r is the distance from the cable axis. In order to evaluate this
integral, we must find the dependence B(r). Using the theorem on
-circulation, we have

J.LoI ~oI t
Br<a = 2na2 r, Ba<r<b =--= 21t -;, Br>h == O.

The form of these dependences is shown in Fig. 9.24. On account of
(2), integral (1) is split into two parts. As a result of integration, we
obtain

t.; ==~ ( .!. -t-1n .!!- )
2n 4 a·

It should he noted that an attempt to determine this quantity in
terms of magnetic flux by the formula L n = <f)~/1 leads to a different
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(erroneous) result, namely, instead of 1l'l, 1/2 is obtained in the paren
theses. The thinner the central wire, 'i.e. the larger the ratio bla,
the smaller the relative difference in the results of calculation by these
two methods, viz. through the energy and through the nux.

• 9.10. Mutual induct lon. A long straight wire is arranged along
the symmetry axis of a toroidal co~l of rectangular cross section, whose

Fj~ 9.24

b

Fig. U.25

dirnonsions are given in Fi~. H.:!5. The number of turns on the coil
is lV, and the IH.:rrncabiljly of the surrounding medium is unity. Find
the ampli tude of tho e.ru.f. induced in this coil if the current I =
:=: 1m cos wt flows along the straight wire.

Solution. The required e.rn.I. 1:/ i == -det>ldt, where et> = N$l
and <1)1 is the magnetic flux through the cross section of the coil:

h

\
' • \' ~t 0 ~ 0 hI I b

()l.=- Bnd~:.- -.-Ihdr~-- fl-
• .. 2nr 2n a '

(l

where n;t is determi ncd with the help of the theorem on circulation
of vector H. Taki£lg' the t lme derivative of (1)1 and multiplying the
obtained result hy IV, \VP lind the following expression for the amplitude
value of induced e.rn.L:

~. _ ~lt)hwlm N 1 .!:,
r In!"- 2.rr. n a •

• 9.11. Calculation of mutual inductance. Two solenoids of the
same length and of practically the same cross section are completely
inserted one into tho other. The inductances of solenoids are L 1 and L 2 •

Neglecting edge cllects, find their mutual inductance (modulo).

Solution. By deflnition, the mutual inductance is

1'1 2 = (})1/ J 2 ~ ( 1)

whore (I). is the total magnetic nux through all the turns of solenoid 1
provided that current 1"2 flows in solenoid 2. The nux (Ill :--:::: JV 1!12S,

where Nt is the number of turns in solenoid J, S is the cross-sectional
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area of the solenoid, and B 2 = J.l#onsI 2• Hence formula (1) can be
written (after cancelling 12 ) as follows:

, L u 1= J.lJion2N.S=J.lf.Lonln2V, (2)

(2)

Fig. 9.26

(1)

when! (J) is the magnetic flux through the coil at the beginning of the
process (we omitted the minus sign since it is Immaterial),

Thus, the problem is reduced to the calculation of the flux <D through
the coil. This quantity cannot be determined directly. This difficulty,
however, can be overcome by using the reciprocity theorem. We men
tally replace the magnet by a small current loop creating in the sur
rounding space the same magnetic field as the magnet. Ir the area of
the loop is S and the current is I, their product will give the magnetic
moment I'm of the magnet: I'm :_~ I S, According (.0 the reciprocity
theorem, II I ?[ ':=: L 21' and the problem is reduced 1.0 determining the'
magnetic nux through the area S of the loop, which creates the same
current J. but flowing in the coil. Assuming the field to be uniform
within the loop, we obtain

~ -== BS = p.oHI stu.

where we took into account that N 1 -= nIl, where 1 is the solenoid
length and lS ;~ V is its volume. Expression (2) can be represented
ill terms of L 1 and IJ2 as follows:

I 1.12 1= rl" ~~loll{V YilJ.lon~V ~ l/£1 L2 •

It should be noted that this expression defines the limiting (maximum)
value of I L 12 I· In general, "J 1.']21 < VL 1L 2•

• 9.t2. Reciprocity theorem. A small cylindrical magnet M is
placed at the centre of a thin coil of radius a, containing N turns
(Fi~. 9.26). The coil is connected to a ballistlc galvanometer. The
r('sjsta~eof the circuit is R. After the magnet had been rapidly re
moved from the coil, a charge q passed through the galvanometer.
Find the magnetic moment of the magnet.

Solution. In the process of removal of the magnet, the total mag
netic flux through the coil was changing, which resulted in the emerg
ence of induced current defined by the following equation:

R/= __ d(D -L dI
dt dt ·

We multiply both sides of this
equation by dt and take into
account tha t I dt = dq. This
gives

R dq = -d<D - L dI.

Having integrated this expression, we obtain Rq = -fi<n - L !il.
Considering now that AI = 0 (the current was equal to zero at the
beginning as well as at the end of the process), we obtain

q = ~(f}/R = $/R,
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10.1 Displacement Current---------
It remains for us to substi lute (2) into (f ) and recall that IS = Pm'
Then q = JloNPm/2aR, and

pm = 2aRq1JloN.

10. Maxwell's Equations.

Energy of E~ectromagnetic Field

......DiIpIK tl.snt c.rent

Maxwell's Discovery. The theory of electromagnetic field
founded by Faraday was mathematically completed by
Maxwell. One of the
most important new
ideas put forward by
Maxwell was the idea
of symmet.fY in the
mutual dependence
of electric and mag
netic fields. Name- t'

ly, since a time-var
ying magnetic field
(8n/at) creates an electric field, it should be expected that
a time-varying electric field (oE/fJt) creates a magnetic field.

This idea necessitating the existence of a new in principle
phenomenon of induction can be approached, for example,
by the following line of reasoning. We know that according
to the theorem on circulation of vector H,

(10.1 )

Let us apply this theorem to the case when a preliminarily
charged parallel plate capacitor is being discharged through
a certain external resistance (Fig. 10. fa). For the contour r
we take a curve embracing the wire. We can stretch various
surfaces on this contour, for example, Sand S'. -These two
surfaces have "equal rights". However, current I flows through
surface S, while through surface Sf there is na currentl

I t turns out that the circulation of vector H''depends on
the surface stretched over a given contour (?!), which i,s
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obviously ruled out (and never happened in the case of
direct currents).

Is it possible to change somehow the right-hand side of
(10.1) to avoid this inconvenience? Fortunutely , th is can
be done in the following way.

First, we note that surface 8' "cuts" only the electric
field. In accordance with the Gauss theorem, the flux of

vector D through a closed surface is f D dS = q, whence

A~ an 8q
'j' 7ft dS = 7ft · (10.2)

On the other hand, according to the continuity equation
(5.4), we have

~;dS=-:~, (10.3)

Summing up the left- and right-hand sides of Eqs. (10.2)
and (10.3) separately, we obtain

~ (i+ ~~) dS=O. (10.4)

This equation is similar to the continuity equation for
direct current. I t can be seen that in addition to the density j
of the conduction current, there is one more term aD/iJt
whose dimensions are the same as for current density. Max
well termed this addend the density of displacement current:

id == etue: (10.5)

The sum of the conduction and displacement currents is
called the total current: Its density is given by

jt=j+~~. (10.6)

According to' (10.4), the lines of the total current are con
tinuous in contrast to the lines of conduction current. If
conduction currents are not closed, displacement currents
close them.

We shall show now that the introduction of the concept of
total current eliminates the difficulty associated with the
dependence of circulation of vector H on the choice of the
surface stretched over contour r. I t turns out that for this
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it is sufficient to introduce on the right-hand side of Eq.
(10.1) the total current instead of conduction current, viz.
the quantity

(10.7)

(10.8)

Indeed, the right-hand side of (10.7) is the sum of conduc
tion current I and displacement current I d :1t == I -+ I d.

Let us show that the total current It wi ll be the same for
surfaces Sand S' stretched over the same contour r. For
this purpose, we apply formula (10.4) to the closed surface
composed of surfaces S and Sf (Fig. 10.1b). Taking into ac
count the fact that for a closed surface the normal n is di
rected outwards, we write

It (8') + It (8) = o.
Now, if we direct the normal 0' fo~ surface S' to the same
side .as for surface S, the first term in this expression will
change the ~gn, and we obtain

It (8') == It (8),

Q.E.D.
Thus, the theorem on circulation of vector H, which was

established for direct currents, can be generalized for an ar
bitrary case in the following form:

I .!~Hdl= J(i+{¥-)dS.

In this form, the theorem on circulation of vector H is al
ways valid, which is confirmed by the agreement of this
equation with the results of experiments in all cases without
any· exception.

Ditlerential form of Eg. (to.8):

VXII==j+~at ' (10.9)

where the curl of vector II is determined by the density j of conduction
current and aD/at of displacement current at the same point.

Several Remarks about Dlsplaeement Current. I t should
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be kept in mind that displacement current is equivalent to
conduction current only from the point of view of its ability
of creating a magnetic field.

Displacement currents exist only when An electric field
varies with time. In dielectrics, displacemeut current con

sists of two essentially different
components. Since vector D =
== foE -I- P, it follows that the den
sity aD/at of displacement CUf

rent is the sum of the densities
of the "true" displacement current,
EooE/iJt, and of the polarizdion
current BPIiJt. The latter quantity
appears due to the motion of
bound charges. There is nothing un
expected in the fact that polari
zation currents excite a magnetic

field, since these currents do not ditler in nature from con
duction currents. A new in principle statement consists in
that the other component of the displacement current,
EooE/ot, which is not connected with any motion of charges
and is only due to the variation of the electric field, also
excites a magnetic field. Even in a vacuum, any temporal
change of an electric field excites in the surrounding space
a magnetic field.

The discovery of this phenomenon was the most essential
and decisive step made by Maxwell while constructing the
electromagnetic field theory. This discovery was as valuable
as the discovery of electromagnetic induction, according to
which a vary ing' magnetic field excites a vortex electric field.
It should also be noted that the discovery of displacement
current by Maxwel l was a purely theoretical discovery of
primary importance.

Let us consider an example in which displacement cor
rents are manifested,

Example. A metallic positively charged sphere is in aniBiait.e
homogeneous conducting medium (Fig. 10.. 2). Electric CUI'l1!Ilts ••iag
in radial directions should excite a magnetic field. Let us find t~

direction of vector B at an arbitrary point P.

First of all, it is clear that vector B cannot have a radial COIIlpo
Dent. Otherwise, the flux of 8 through the surface S of the "'ro



10.2. Maxwell's Equations 257

(Fig. iO.2) would differ from zero, which is in contrad ict iou with
Eq. (7.2). Consequently, vector B must be perpendicular to the radial
direction at the point P. But this is also Impossible, since all directions
perpendicular to the radial direction are absolutely equivalent. It
remains for us to conclude that magnetic field is equal to zero every
where.

The absence of magnetic field in the presence of electric current
of density j indicates that in addition to conduction current it displace
ment current jd is also present in the system. This current is such that
the total current is equal to zero everywhere, i.e. id = - j at each
point. This means that

. . I q aD
Jd = 1= 4nr2 :-~ 4nr2 -== 7ft '

where we took into account. that /) = q/4nr2 in accordance with the
Gauss theorem.

to.2. Ma'xwell's Equations

Maxwell's Equations in the Integral Form, The introduction
of displacement current brilliantly completed the macro
scopic theory of electromagnetic field. The discovery of dis
placement current (oD/iJt) allowed Maxwell to create a
unified theory of electric and magnetic. phenomena. Maxwells
theory not only explained all individual phenomena of elec
tricity and magnetism from a single point of view, but also
predicted a number of new phenomena whose existence was
subsequently confirmed. · .

Hitherto, we considered separate parts of this theory.
Now we can represent the entire theory in the form of a sys
tem of fundamental equations in electrodynamics, called
Maxuiell' s equations for stationary media. I naIl, there are
four Maxwell's equations (we are already acquainted with
each of these equations separately from previous sections;
here we simply gather them together). In the integral form,
the system of Maxwell '8 equations is written as follows:

,- ~Edl=-~:~dS, ~DdS=~PdV, (10.10)

1'~Hdl= ~ (j+.~)dS, ~BdS=O, (10.11)

where p is the volume density of extraneous charges and j
is the density of cond uction current.

17-0181
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'rhc::;(~ equations express ill (1 concise Iorrn all OUf know
led··2;t\ a hout cloctromngnctic field. 'rite content of the~e equa
I ious consists in the Iol lowiug.

1. Circulation of vector E around any closed contour Is
equal, wi l h the minussign, to thc timo dertvntivo of the magnet
ic flux through an arbitrary surface bounded by the given
contour. l Iere E is not only vortex electric Held but also clec
trostat ic lipid (whose circulation is known to be equal to
zero).

2. Tho flux of D through any closed surface is equal to
the algebrnic SIUD of extraneous charges embraced by this
surface. ,

3. Circulation of vector H around an arbitrary closed con
tour is equal to the total current (conduction current plus
displacement current) through an arbitrary surface bounded
by this contour. .

4•. The nux of B through all -irbitrary closed surface is
a lways equal to zero.

It follows from Max wef ls equations forcirculationsofvec
tors E and H that e lectric and magnetic fields cannot he
treated as independent: a ChHlIgO iu time in one of these fields
leads to the 'emergence of the other. lienee it is only a comhi
nation of these fields, describing a unique electromagnetic
field, that has a sense.

If the fields are stationary (E = const .and B ==: const),
Maxwell's equations split into two groups of independent
equations

~ Ed) =0,

~ Hd)~I,

~DdS=q,

~ BdS=O.
(10.12)

In this case, the electric and magnetic fields are indepen
dent of one another, which allowed us to study first a con
stant electric field and then, independently t constant mag
netic field.

It should be emphasized that the line of reasoning which
has led us to Maxwel ls equations can by no means be con
sidered their proof. These equa lions en nBot be "derived" since
they are the fundamental axioms, or postulates of electro
dynamics, ohtniued with the help of generalization of exper-
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imental results" These postulates pIny in electrodynamics
the same role as Newton's laws in classical mechanics or the
laws in thermorlyuam ics.

Ditlerentlal FOI"JU of Maxwell's Equations. Equal ions
(to.10) and (11.11) can be represented in differential Iorm ,
i.e. ·in the form of a system of differential equations, viz"

v >~ E= - ~~, V·D=p,

V>< H=j+ ~~, V·B=O.

(10.13)

(10.11)

Equations (10.13) show that there may be two causes for
an electric field. First, its sources are electric charges, both
extraneous and bound (which follows from the equation
V "D -:.= p, "if we take into account that D =:: eoE -t- P anti
V· P = - p", th@'n V·E ex: p + p'). Second, the field Ealways
emerges when a magnetic Held varies ill time (which ex
presses Faraday's law of electromagnetic induction).

On the other hand, Eqs. (10.14) indicate that the magnet
ic field B can be excited by moving electric charges (elec
tric currents), by varying electric Iiclds, or by both factors
simultaneously (this Iullows from tho equation V X H ~~

== j -~ aD/i)t, if wo take into account that H=-= B/f.1o-J and
V X J "---= j'; then V X B ex:: j + j' -r- DPiiJt-r- cooE/iJt,."
where j' is the magnetization current density and 8Pldt is
the polarization current density. 'The first three currents are
associated with motion of charges, while the last current
is due to a time-varying Iield E). As follows from the eql~a

tion V · B == 0, there are no sources of magnetic field in na
ture (called, by analogy, magnetic charges) th at would be
similar to electric charges.

The importance of Maxwel ls equations in differential
form consists not only in that they express the basic laws
of electromagnetic Held, but also ill that the fields E and B
themselves can be found by solving (integrating) theseequa
lions.

Together with the equation of motion of charged particles
under the action of the Lorentz force,

dpldt ~ qE + q lv X B),
17*
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Maxwell's equations form a fundamental system of equa
tions. In principle, this system is sufficient for describing all
electromagnetic phenomena in which quantum effects are
not exhibited. ·

Boundary Conditions. Maxwell's equations in integral
form are of a more general nature than their differential
counterpart, since they remain valid in the presence of a
surface of discontinuity, viz. the surface on which the proper
ties of the medium or fields change abruptly. On the other
hand, Maxwells equations in the differential form presume
that all~ quantities vary continuously in space and time.

However, the differential form of Maxwell's equations
can be imparted the same generality by supplementing them
with the boundary conditions which must be observed for an
electromagnetic field at the interface between two media.
These conditions are contained in the integral form of
Maxwell's equations and are already familiar to us:

DIn = D t n t E1'f = E 2 '1 ' B l n = B 2n , H1'f = H 2'C

(to.t6)
(here the first and last conditions refer to the cases when there
are neither extraneous charges nor conduction currents on the
interface). I t should also be noted that these boundary con
ditions are valid both for 'constant anti for varying fields.

Material Equations. Maxwell's fundamental equations
still do 'not form a complete system of equations fortheelec
tromagnetic field. These equations are insufficient for de
termining the fields from given distributions of charges and
currents.

Maxwell's equations should be supplemented with rela
tions which would contain the quantities characterizing in
dividual properties of a medium. These relations are called
material equations. Generally, these equations are rather com
plicated and are not as general and fundamental as Max
well's equations.

Material equations have the simplest form for sufficiently
weak electric fields which vary in time and space at a com
paratively low rate. In this case, for isotropic media
containing no ferroelectrics and ferromagnetics, the material
equations have the following (already familiar to us)form:

D = E£oE, B == JlJ!oH, i = a (E + E*), (to.t7J
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where e, J.1, and (J are the well-known constants characteriz
ing the electric and magnetic properties of tho medium
[permittlvity t permeability, and electroconductivity), and
E* is the strength of the extraneous force field due to chemi
calor thermal processes

to.3. Properties of Maxwell's Equations

Maxwell's Equations Are Linear. They contain only the first
derivatives of fields E and B with respect to time and spa
tial coordinates, and the first powers of densities p and j
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of electric charges and currents. The linearity of Maxwel ls
equations is directly connected with the principle of super
position: if any two Iields satisfy Maxwells equations,
the sum of these fields will also satisfy these equations.

Maxwell's Equations Include the Continuity Equation. This
expresses the law of conservation of electric charge. In
order to make sure of this, let us take an infinitely small
contour I', stretch over it an arbitrary finite surface S
(Fig. 10.3), and then contract this contour to a point, so

that surface S remains finite. In the limit, ~H dl vanishes,

surface S becomes closed, and the first of Eqs. (10.11) be
comes

~ (j+ ~~ )dS = O.

Hence it follows that

~ j dS = -. :t ~ D dS = - :: '

which is just the continuity equation (5.4). This equation
states ~hflt the current flowing from a volume II through a
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closed surface S is equal to the decrease in charge in this
volume per unit time.

The same. law (viz. the continuity equation) can also be
obtained from Maxwell '8 differential equations. For this
purpose, it is sufficient to take the divergence of both sides
of the first of Eqs. (10.14) and make use of the second of Eqs,
(10.13). This gives V·j = - apliJt.

Maxwel's Equations Are Satisfied in All Inertial Systems of
Reference. They are relativistic invariants. This is a conse
quence of the relativity principle, according to which all
inertial systems of reference are equivalent from the physi
cal point of view. The invariance of Maxwells equations
(with respect to Lorentz' transformations) is confirmed by
numerous experimental data. The form of Maxwells equa
tions remains unchanged upon a transition from one inertial
reference system to another, but the quantities contained in
them are transformed in accordance with certain rules. The
transformation of vectors E and B was considered in Sec. 8.

Thus, unlike, for example, Newton's equationsinmechan
ics, Maxwell's equations are correct relativistic equations.

On the Symmetry of Maxwell's Equations. Maxwells
equations are not symmetric relative to electric and magnet
ic fields. This is again due to the fact that there are electric
charges in nature, but as far as it is known at present, mag
netic charges do not. exist. However, for a neutral homogen-
eous nonconducting medium,· where p = 0 and i - 0,
Maxwell's equations acquire a symmetric form, since E
is related to aB/at in the same way as B to 8E/{)t:

V X E = - oD/ot, V · D = 0,
V X H = oD/8t, V • B = O. (10.i8)

The symmetry of equations relative to electric and magnet
ic fields does not involve only the sign of the derivatives
iJB/at and oD/iJt. The difference in signs of these derivatives
indicates that the lines of the vortex electric field induced
by a variation of field B form a left-hand screw system with
vector aB/a" while the lines of the magnetic field induced
by a variation of D form a right-hand. screw system with
vector iJDla, (Fig. 10.4). .

Oil Electromagnetic Waves. Maxwell's equations lead to
the following important conclusion about the existence of a
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new in principle physical phenomenon: electromagnetic field
may exist independently, without electric. charges and cur
rents. A change in its state in this case necessarily has a
wave nature. Such fields are called electromagnetic uiaues.
In a vacuum, these waves always propagate at a velocity
equal to the velocity of light c.

It also turned out that displacement current (aD/at)
plays in this phenomenon a primary role. I t is its presence,

E
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along with the quantity iJ8/(Jt, that makes the appearance
of electromagnetic waves possible. Any time variation of a
magnetic field induces an electric field, wh ile a variation of
an electric field, in its turn, induces a magnetic field. This
continuous-interconversion or interaction of the fields pre
serves them, and an electromagnetic perturbation propa
gates in space.

Maxwell's theory not only predicted the existence of elec
tromagnetic waves, but also made it possible to establish
all their basic properties. Any electromagnetic wave, regard
less of its specific form (it can be a harmonic wave or an
electromagnetic perturbation of any form) is characterized
by the following properties:

(1) the velocity of its propagation in a nonconducting
neuttal nonferromagnetic medium is equal to

V=C/¥ElL, where c=1J/Veo~o; (10.19)

(2) vectors E, B, and v (wave velocity) are mutuullq per
petulicular and form a right-hand screui system (Fig. 10.5)
This right-handc(l relation is an intrinsic property of an
electromagnetic wave, independent of tho choice of coorrli
nate system;
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(3) vectors E and B in an electromagnetic wave always os
cillate in phase (see Fig. 10.6 showing a "photograph" of
a wave), the instantaneous values E and B at any point be
ing connected through the relation E == vB, or

V 8£0 E = V l1~o H. (10.20)

This means that E and H (or B) simultaneously attain their
maximum values, vanish, etc.

Maxwell 's brilliant success in the development of the elec
trornagnet ic theory of light was due to his understanding of
the possibility of existence of electromagnetic waves, fol
lowing from differential equations (10.18).

to.4. Energy and Energy Flux. Poynting's Vector
Poynting's Theorem. Proceeding from the idea of energy

localization in the field itself and on the basis of the prin
ciple of energy conservation, we should conclude that if
energy decreases in a certain region, this rnay only occur
due to its "flowing out" through the boundaries of the region
under consideration (the mediurn is assumed to be stu
t.ionary).

In this respect, thCIO is a formal analogy with the .Iaw
of conservation of charge expressed by Eq. (rJ.4). The mean
ing of thislaw consists in that a decrease in charge per unit
t ime in a given volume is equal to the flux of vector j through
the surface enclosing this volume.

In _a similar manner, for the law of conservation of energy
\\'C should assume that in addition to the energy density w
in a given region, there ex ists a certain vector S characteri
zing the energy fi~x density.

If we speak only of the energy of an electromagnetic field,
its total energy in a given volume will change due to its flow
ing out of this volume as well as due to the fact that the
field transfers its energy to a substance (charged particles),
i.e. accomplishes work over the substance. In macroscopic
form, this statement can be written as Iollows:

dW \)- dt~ ~j S dA-r- P,

where 4A is Jl surface element.

(10.21)
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This equation expresses Poynting's theorem: a decrease
in energy per unit time in a given volume is equal to the energy
flux through the sur/ace bounding this volume plus the work
per unit time (Le. power P) which is accomplished by the field
over the charges 0/ the substance inside the given volume.

In Eq. (10.21), W = ) ui dV, where to is the field

energy density, and P= ) j.E dV, where j is the current

density and E is the electric field strength. The above ex
pression for P can be obtained as follows. During the time
dt, Iield E will do the work 6A = qE-u dtoverapointcharge
q, where u is the charge velocity. Hence the power of force
qE is P = qu·E. Going over to the volume distribution of
charges, we replace q by p dV, where p is the volume charge
density. Then dP = pu- E dV == j. E dV. I t remains for Us
to integrate dP over the volume under consideration.

It should ~ noted that power P in (10.21) can be either
positive or negative. The latter takes place when positive
charges of the substance move against field E, or negative
charges move in the opposite direction. For example, such
a situation is observed at the points of a medium where in
addition to an electric field E, the field E* of extraneous
forces is also acting. At such points, j == o (E + E*),
and if E* t+ E, and E* > E in magnitude, the product
j. E in the expression for P turns out to be negative.

Poynting obtained the expressions for the energy density
wand vector S by using Maxwell '8 equations (we shall not
present this derivation here). If a medium contains no ferro
electrics and ferromagnetics (i.e. in the absence of hysteresis),
the energy density of an electromagnetic field is given by

E·D B·H
w == -2- -f--2- · (10.22)

It should be noted that individual terms of this expres
sion have ~een obtained by us earlier (see (4.10) and (9.32)1.

The density of the electromagnetic energy flux, which is
called Poynting vector, is defined as

IS=(Ex 8 J·1 (10.23)
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Strictly speaking, l\1axwell's equations cannot give un
ambiguous expressions for the t\VO quantities u' and S.
The expressions presented above are the simplest from an in
finite number of possible equations. Therefore, we should
treat these expressions as postulates whose validity should
be- confirmed by the agreement with experiments of their
corollaries.

Several Iollowing examples will demonstrate that although
the results obtained with the help of formulas (10.22)
and (10.23) may sometimes seem strange, we will not be
able to find in them anything incredible, any disagreement
with experiment. And this is just the evidence that these
expressions are correct.

Example f. Energy flux in an electromagnetic wave (in vacuum)..
Let us calculate energy dW passing during time dt through a unit area
perpendicular to the direction of propagation of the wave.

If we know the values of E and B in the region of location of the
uni t area, then

dW = we dt,

where w is the energy density, w = f, OE2/2 + fLOH2/2. In accordance
with (10.20), for an electromagnetic wave we have

£0£2 = J!OH2.

This means that the electric energy density in the electromagnetic
wave at any instant is equal to the magnetic energy density at the
same point, so we can write for the energy density

w = £OE2.
Then

dW = EoE2c dt = YBo/ f.1o E'dt.

Let us now see what we shall obtain with the help of Poynting
vector. The same quantity dH' can be represented in terms of the mag
ni tude of vector S as follows:

dW = S dt = Ell dt = Ifeo/flo E' dt .

Thus, both expressions (for wand for S) lead to the same result
(the last two formulas).

Example 2. Evolution of heat in a conductor. Let a current I flow
through a straight circular wire of radius a (Fig. 10.7). Since the wire
has a reslstance, a certain electric field E is acting along it. The same
value of E will be at the wire surface in. a vacuum, Besides, the pres
ence of current generates a magnetic field. According to the theorem
on circulation of vector H, near the surface of the wire we have
2n41l == It H = 112na. Vectors E and "Il are arranged so that the
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I
•
•
I.

Fig. 10.9

Fig. to.7

Poynting, vector is directed inside the wire normally to its lateral sur
face (Fig. 10.7) Consequently, the electromagnetic energy flows into
the wire from the surrounding space! But does it agree with the amount
of heat liberated in the conductor? Let us
calculate the flux of electromagnetic energy
through the lateral surface of a section of
the wire of Ienzth I:

EH·2nal = 2naH·El = I·U = RI2,

where U is the potential difference across
the ends of this section and R is its resist
ance. Thus, we arrive at the conclusion that
the electromagnetic energy flows into the
wire from outside and is completely con
verted into Joule's heat. We must agree
that this is a rather unexpected conclu
sion.

It should be noted thatin a power
source, vector E is directed against current
I, and hence in the vicinity of the source
the Poynting vector is directed outside:
in this region, ~ctromagneticenergy flows
into the surrounding space. In other words,
it turns out that the energy from the source Fig 10 8
is transmi tted not along "the wires but· .
through the space surrounding a conductor
in the form of the flux of electromagnetic energy, viz. the flux of vee- .,.
tor S.

Example 3. Figure 10.8 shows a section of a balanced (twin) line.
The directions of currents in the wires are known as well as the fact
that the wires' potentials are <PI < C'P2' Can
we find where (to the right or to the left) the
power source (generator) is?

The answer to this question can be ob
tained with the help of the Poynting vector.
In the case under consideration, between the
wires, vector E is directed downwards while
vector H is directed behind the flane of the
figure. Hence, vector S =[E X II is direct..d
to the right, i.e. the power source is on the
left and a consumer is on the right.

Example 4. Charging of a capacitor. Let us take a parallel-plate
capacitor with circular plates of radius a. Ignoring edge effects (field
dissipation), find the electromagnetic energy flux through the lateral
"surface" of the capacitor, since only in this region the Poynting vector
is directed inside the capacitor (Fig. 10.9).

. On this surface, there is a varying electric field E and a magnetic
held H generated hy its variation. According to the theorem on cir
culation of vector II, it follows that 2naH = 1ta2 iJDIOt. wben the
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right-hand side contains the displacement current through the contour
shown in Fig. 10.9 by the dashed line. lIenee H = (1/2) a aD/at. If
the distance between the plates is h, the flux of vector S through the
latrral surface is

a iJD aD r
EH2nah= E 2' at 2nah= E 7ft v, (1)

where V == na2h is the volume of the capacitor. \Ve shall assume that
this flux is completely spent for increasing the capacitor's energy.
Then, multiplying Eq. (1) by dt, we obtain the increment of the capa
citor's energy during the time dt:

dW=EdDoV=d( £E;E2 V)=d( E
2D

v)
Having integrated this equation, we find the formula for the energy W
of a charged capacitor. Thus, everything is all right in this case too.

10.5. EI.cfromagnetic Field Momentum
Pressure of Electromagnetic Wave. Maxwell showed theo
retically that electromagnetic waves, being reflected or ah
sorbed by bodies on which they are incident, exert pressure
on these bodies. This pressure appears as a result of the action
of the magnetic field of a . wave on the electric currents
induced by the electric field of the same wave.

Suppose an electromagnetic wave propagates in a hOIlIO

geneous medium capable of absorption. The presence of ab
sorption means that Joule's heat with the volume density
OE2 wil l be liberated in the medium. Hence (J =1= 0, i.e.
the absorbing rned ium is conductive.

The electric field of tile wave excites in this medium an elec
tric current with a density j = crE. As a result, Ampere's
force Fu ~ (j X B) =.-:: (J [~~ X B] will act on a unit volume
of the medium. This force is directed towards the propaga
tion of the wave (Fig. 10.10) and causes the pressure of the
electromagnetic wave.

In the absence of absorption, the conductivity (J = 0
and Fu == Ot i.e. in this case the electromagnetic wave does
not exert any pressure 011 the medium.

Electromagnetic Field Momentum. Since an electromag
netic wave exerts n pressure on a substance, the latter ac
quires a certain momentum. However, if in a closed system
consisting of a substance and an electromagnetic wave only
the substance possessed a momentum, tho Jaw of consorva
tiOI) of momentum would be violated.
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The momentum of such a system can be conserved only
provided that the electromagnetic field (wave) also possesses
a momentum: the substance acquires the momentum due
to that transferred to it by the electromagnetic field.

E

B
Fig. 10.10

Po I'......

Fig. 10.11

Let us introduce the concept of momentum density G of
electromagnetic field as the quantity numerically equal to
th~ momentum of the field in a unit volume. Calculations
which will beomitted here show that the momentum density
is given by .

(10.24)

where S = [E X HI is Poynting's vector. Just as vector
S, momentum density G is generally a function of time and
coordinates.

In accordance with (10.20), for an electromagnetic wave
in a vacuum we have V EoE = VitoH. Hence the energy den
sity wand the magnitude S of Poynting's vector are re
spectively equal to

W = BoE2/2+~OH2/2= BoE2, S = EH = VeO/J.1oE2.

It follows that S = w/V eof.1o- And since VBoJlo = fIe,
where c is the velocity of light in vacuum, S = we. Taking
into account (10.24), we obtain that for an electromagnetic
wave in a vacuum

(10.25)

The same relation between energy and momentum is inhe
rent (as is shown in the theory of relativity) in particles
with zero rest mass. This is quite natural since, according to
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quantum-mechanical notions, an electromagnetic wave is
equivalent to the flow of photons, viz. the particles with zero
rest mass.

Some More Remarks on the Pressure of Electrcmagnctie
Waves. Let us calculate, using f01'l11111a (10.23), the pres
sure exerted by an electromagnetic wave OIl a body when the
wave is incident norma) to its surface and is partially reflect
ed in the opposite direction. In accordance with the law of
conservation of momentum, Po = p~ -+- p, where POt p~ are
the momenta of the incident and reflected waves, while p
is the momentum transferred to the hody (Fig. 10.11). I-Iav
ing projected this equality onto the direction of the inci
dent wave and referring all the quantities to unit time and
unit cross-sectional area, \ve obtain

p = Po + p; == (G) ct (G') c,

where «(J.) and (G') are the average values of the momentum
density for the incident and reflected waves. It remains for
us to take into account relation (10.25) between (G) and
tui) as well as the fact that (w') == p (IV), where p is the

reflection coejficient. As a result, the previous expression be
comes

p == (1 + p) tui), (10.2fi)

Here the quantity p is just the pressure of the electromagnet
ic wave on the body. In the case of total refleclion, r .rz:

= 1 and pressure p = 2 <w} while for total absorption,
p == 0 and p = (w).

I t should be added that the pressure of r Icc trornaguet ic
radiation is usually very low (the exception is the pressure
of high-power laser radiation beams, especially after bearn
focusing, and the pressure of radiation inside hot stars).
For example, the pressure of solar radiation on the Earth
amounts to about 10-8 Pa, which is smaller than the atmo
spheric pressure by a factor of 1010. In spite of insignificant
values of these quantities, experimental proof of the
existence of electromagnetic waves, viz. the pressure of
light, was obtained by Lebedev. The results of these experi
ments were in agreement with the eleclromagnetic..thcoryof
light.
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Problems

• 10.1. Displacement current. A point charge q moves uniformly
alone a sl.raight line with a nonrelativistic velocity v. Find the vector
of tltc~ displacement current density at a point P lying at a distance r
Irom the charge on a straight line (1) coinciding with its trajectory;
(2) perpendicular to its trajectory and passing through the charge.

dD

v
~ D dO

10.12

o R

Fig. 10.t3

r

Solution. The displacement current density jd :-::. oot«. Hence,
the solution of the problem is reduced to determining vector D at
the indicated points and to finding its time derivative. In both cases,
D :.-"= qer/4:tr2 , where er is the unit vector of r. Let us find the derivative
oO/iJt

(1) At point Pi (It'ig. 10.12. where it is assumed that q > 0), we
have

aD 2q or 2qv
at== - 4nr 3 at er = 4nrs ,

where we took into account that for point PI the derivative arlat = -v.
If point PI were not in front of the charge (in the direction of its motion)
but behind it. vector jd would be directed in the same way and would
have the same magnitude. .

Thus, for q > 0, vector irl tt v, and vice versa.
(2) At point P2 (Fig. 10.12), I dD liD = o dtlr, and hence we can

write
aD/at = -qv/4'1trJ.

If q > 0, jd tt v, and vice versa .

• 10.2. A current flowing in a long straight solenoid with the
radius R of cross section is varied so that tho magnetic field inside the
solenoid increases with time according to the law B = ~t2, where ~
is a constant. Find the displacement current donsi ty as a function of
the distance r Irom the solenoid axis.
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Solution, In order to find the displacement current density, we
must, in accordance with (10.5), first find the electric field strength
(here it will be a vortex field). Using Maxwell's equation for circula
tion of vector' E, we write

2nrE = 1tr2 iJBlat, E = rpt (r < R);

2nrE = nB2 eslo«; E = Ra~t/r (r > R).

Now, using the formula id = eo aE!at, we can find the displacement
current density:

i« = eo~r (7 < R); i« = EopR'/r (r > R).

The plot of the dependence i« (r) is shown in Fig. 10.13.

• 10.3. A parallel-plate capacitor is formed by two discs the space
between which is filled with a homogeneous, poorly conducting medium.
The capaci tor was charged and then disconnected from a power source.
Ignoring edge effects, show that the magnetic field inside the capacitor
is absent."

Solution. Magnetic field will be absent since the total current (con
duction current plus displacement current) is equal to zero. Let us
prove this. We consider the current density.. Suppose that at a certain
instant the density of conduction current is j. Obviously,·j ex D and
D = 00, where (J is the surface charge density on the positively charged
plate and 0 is the normal (Fig. 10.14).

The presence of conduction current leads to a decrease in the surface
charge density 0, and hence in D as well. This means that conduction
current will be accompanied by the displacement current whose den
sity is

jd = iJD/iJt = (aa/iJt) n = -jn == -j.

Hence it follows that, indeed

it = j + jd = o.
• 10.4. The space between the plates of a parallel-plate capacitor

in the form of circular discs is filled with a homogeneous poorly con
ducting medium with a conductivity a and permittivity B. Ignoring
edge effects, find. the magnitude of vector H between the plates at
a distance r from their axes, if the electric field strength between the
plates varies with time in accordance with the law E =
= Em cos mt.

Solutio-no From Maxwell's equation for circulation of vector H,
it follows tha t

2nrH=(i,,+eeo 8it) nT',

Taking into account Ohm's law in = aE.,. (t). we obtain

H r (E ee(\ aEn ) -s.; .=2" n+a~ ::=--r(ocoswt-uoCO S 10 Wt ) .



Problem. 273

Let us transform the expression in the parentheses to cosi nee For this
purpose, we multiply and divide this expression by j = y a' + (eeo(a)~
and then introduce angle l) through the formulas all = cos 6, eeow/I =
=sin 6. This gives ;. .

1
H ="2 rEm If0 2 + {880cu)2 cos (wt+6) .

• to.5. A point charge q moves in a vacuum uniformly and
rectilinearly with a nonrelativistic velocity v. Using Maxwell's

a

·t t I .J;) o,n

Fig. 10.14

q ...........~

Fig. 10.15

equation for the circulation elf vector H, obtain the expression for H
at a point P whose position relative to the charge is characterized by
radlue vector r (Fig. 10.15).

~Solutlon. It is clear from symmetry considerations that for a con
tour around which the circulation or vector H should he taken, we
must choose a circle with centre 0 (its trace is shown in Fig. 10.16
by the dashed line). Then

'btRH = :, ) Dn ss, (1)

where~R is the 'radius of the circle.
I'- Let us find the flux of vector D through a surface bounded by this
circle. For the sake of simplicity, we shall take a spherical surface
with the radius of curvature r (Fig. to. t6). Then the flux of D through
an elementary ring of this spherical surface is

D dS = ':rl 2nr sin a'· r da' = ~ sin a' da",

while the total flux through the selected surface is

) DdS=; (i-cas a). (2)

Now, in accordance with (1), we differentiate (2) with respect to
time:

18-0t81

a JDdS q"'. da.- =-91Da.-
iJt 2 dt •

(3)
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For the displacement of the charge from point 1 to point 2 (Fig. 10.17)
over the distanee "dt, we have v dt -sin a = r da, whence

da. v sin a.
Cit r (4)

SubstitutiDg -(4) into (3) and then (3) into (1), we obtain

H = qur sin ai4n,:A, (5)

where we took into account that R = r sin a. Relation (5) in vector
form can be written as follows:

H _ -L [v x r ]
-4n ,.a •

Thus we see that expression (6.3) "hieh we have postulated earlier
is a corollary of Maxwelrs equations•

• 10.6. Curio' E. Acertain tezion ofan inertial system of reference
contains a mapeUc field of magnitude B = CODst, rotating at an

r

Fig. ro.ie
1 2

Fig. -10.17

p

o

angular velocity m. Find V X E in this region as a function of vectors
(t) and B.

Solution. It follows from the equation V X E == - aBlot that
vector V X E is directed oppositely to vector dB. The magnitude of
this vector can be calculated with the help of Fig. 10.18:

I dB I =B(i) €ll, I dBldt I = Boo.
Henee

v X E = -[ID X .B) •

• 10.7 ~ Poynting-s vector. Protons having the same velocity v
form a beam of a circular cross section with current I. Find the direc
tion and maguilude of Poyntingts vector S outside the beam at a
dis\auce r from its a.xia.
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SolutiDlL It'igure 10.19 shows that S tt v. Let us find the mag
nitude of S: S ::.= E~H, where E and H depend on r. According to the
GaWII theoRm t we have

2nrE = Aleo,
where A is the charge per unit length of the beam. Besides, it follows
from the theorem on circulation of vector H that

2nrH = I.

Having detennined E and H from the last two equations and taking
into aCCCRllll that 1 = AV, we obtain

S = EH = ]1/4n28ovrl.

• 10.8. A current flowing through the winding of a long straight

dB

~\ S
H"

oi;::·it~~
\ I
\,J

t'ig. 10.19

"'.

B

Fig. ro.rs
solenoid is being increased. Show that the rate of increase in the energy
of the magnetic field in the solenoid is equal to the flux of Poynting's
vector through its lateral surface.

S oluston, As the current increases, the magnetic field in the solenoid
also increases, and hence a vortex electric field appears. Suppose that
the radius of the solenoid cross section is equal to a. Then the strength
of the vortex electric field near" the lateral surface of the solenoid
can be determined with the help of Maxwell's equation that expresses
the law of electromagnetic induction:

2naE=na2!.!!.... E=.!!:.. IJBat ' 2 at ·
The energy nux through the lateral surface of the solenoid can be re
presented as follows:

<I> = E H. 2nal = na 21.!..- ( B2 )
at 2J.Lo '

where l is the solenoid length and na2l is its volume.
Thus, we see that the energy flux through the lateral surface of the

solenoid (the nux of vector S) is equal to the rate of variation of the
magnetic energy inside the solenoid:

<1l = S ·2nal = ewt».
18*
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• to.9. The energy from a source of constant voltage U is trans
mitted to a consumer via a long coaxial cable with a negligibly small
resistance. The current in the cable is /. Find the energy nux through
the cable cross section, assuming that the outer conducting shell of

the cable has thin walls.
E Solution. The required ener-

gy nux is defined by tbe formula

b

$=, JS.2nr dr,

o

Fig. 10.20 where S=EH is the nux density,
. 2nr dr is the elementary ring of

width dr within which the value of S is constant, and G and b are the
radii of the internal wire and of the outer shell of the cable (Fig. 10.20).
In order to evaluate this integral, we must know the dependence
S (r), or E (r) and H (r).

Using the Gauss theorem, we obtain
2nrE = 'JJeo, (2)

where Ais the charge per unit length of the wire. Further, by the theo
rem on the circulation' we have

2n.rH = 1. (3)

After substituting E and H from formulas (2) and (3) into expression
(1) and integrating, we get

'AI b
(1}=--ln - (4)

2neo a •

The values of A, a, and b are not given in the problem. Instead,'
we know U. Let us find the relation between these quantities:

b

U= \ E dr=-2
A In~. (5)J neo a

(I

A comparison of (4) and (5) gives
cJ) = U/.

This coincides with the value of power liberated in the load .

• to.10. A parallel-plate air capacitor whose plates are made
in the form of disks of radius a are connected to a source of varying
harmonic voltage of frequency w. Find' the ratio of the maximum values
of magnetic and electric energy inside the capacitor.

Solution. Let the voltage across the capacitor vary in accordance
with the law U = Um cos ffit and the distance between the capacitor
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plates be h. Then the electric energy of the capacitor is equal to
e E- 8 :tal

We=+na2h=~U~COsl6)t. (1)

The magnetic energy can he determined through the formula

Wm = ~ :- dV. (2)
• ,",0

The quantity B required for evaluating this integral can be found
from the theorem on the circulation of vector H: 2nrH = nrt eots«
Hence, considering that H = B/~. and aD/at = ~8t (Um/h) m sin mt,
we obt&iD

t rmUm •
B = '2 20110-h- I sm Oll I· (3)

It remaias for us to substitute (3) into (2), where for dV we must
take an elemeatary volume in the form of a ring for which dV =
= 2nr dr·lI. As a result of integration, we obtain

W n f.Lo£a-a~U1n • "
m = 16 II. SIn (DI. (4)

The ratio of the maximum values of magnetic energy (4) and elec-
tric energy el) is gi'ven by .

W" t
m max ~o804lml.

WemaJ: 8

,For example, for II = 6 em and (a) = tOOO S-I, this ratio is equal to
5 X to-lie

II. Eledric Oscillotions

tt.t. Equation of an Oscillatory Circuit

QuuI-steadJ Conditions. When electric oscillations occur,
the current in a circuit varies with time and, generally speak
ing, turns out to be different at each instant of time in diff
erent sections of the circuit (due to the fact that electromag
netic perturbations propagate although at a very high but
still finite velocity). There are, however, many cases when
instantaneous values of current prove to be practically the
same in all sections of the circuit (such a current is called
quasistatio1&4TY). In this case, all time variations should occur
SO slowly that the propagation of electromagnetic perturba-
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tions could be considered instantaneous. If l is the length of
a circuit, the time required for an electromagnetic pertur
bation to cover the distance l is of the order of T = llc.
For a periodically varying current, quasi-steady condition
will be observed if

't = lle« T,

where T is the period of variations.
For example, for a circuit of length l = 3 m, the time

't = 10-8 5 , and the current can be assumed to be quasista-

L

R

L

K

c

(a) (b) 6
Fig. 1t.1 Fig. 1t.2

tionary down to frequencies of 108 Hz (which corresponds to
T == 10-8 s).

In this chapter, we shall assume everywhere that in the
cases under consideration quasi-steady conditions are ob
served and currents are quasistationary. This will allow us to
use formulas obtained for static fields. In particular, we shall
be using the fact that instantaneous values of quasista
tionary currents obey Ohm's law.

Oscillatory Circuit. In a circuit including a coil of indu
ctance L and a capacitor of capacitance C, electric oscilla
tions may appear. For this reason, such a circuit is called an
oscillatory circuit. Let us find out how electric oscillations
emerge and are sustained in an oscillatory circuit.

Suppose that initially, the upper plate of the capacitor
is charged positively and the lower plate, negatively (Fig.
ii.ta). In this case, the entire energy of the oscillatory cir
cuit is concentrated in the capacitor. Let us close key K.
The capacitor starts to discharge, and a current flows through
coil L. The electric energy of the capacitor is converted in
to the magnetic energy of thecoil. This process terminates
when the capacitor is discharged completely, while current



11.1. Equation of an O,cil/,atory Circuit 279

in the circuit attains its maximum value (Fig. 1f.ib).
Starting from. this moment, the current begins to decrease,
retaining its direction. I t will not, however, cease immediate
ly since it will be sustained by self-induced e.m.f. The cur
rent recharges the capacitor, and the appearing electric field
will tend to reduce the current. Finally, the current ceases,
while the charge on the capacitor attains its maximum value.
From this moment, the capacitor starts to discharge again,
the current flows in the opposite direction, and the process

. is repeated.
If the conductors constituting the oscillatory circuit have

no resistance, strictly periodic oscillations will be observed
in the circuit. In the course of the process, the charge on the
capacitor plates, the voltage across the capacitor and the
current in the induction coil vary periodically. The oscil
lations are accompanied by mutual conversion of the energy
of electric and magnetic fields.

If, howeversthe resistance of conductors R =1= 0, then, in
addition to the process described above, electromagnetic
energy will be transformed into Joule's heat.

Equation of an Oscillatory Ciftuit. Let us derive the equa
tion describing oscillations in a circuit containing series
connected capacitor C, induction coil L, resistor R, and
varying external e.m.f. ~ (Fig. f1.2).

First, we choose the positive direction of circumvention,
e.g. clockwise. We denote by q the charge on the capacitor
plate the direction from which to the other plate coincides
with the chosen direction of circumvention. Then current in
the cireuit is defined as

I === dqldt, (1 t.1)

Consequently, if I > 0, then dq > 0 as well, and vice versa
(the sign of I coincides with that of dq).

In accordance with Ohm's law for section lRL2 of the
circuit, we have

RI == CPt - <P2 + ~8 + 'it (1.1.2)

where 'is is the self-induced e. m.f. In the case under con
sideration,

e. = -l.J dI/dt and <P2 - fPl.= qlC
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(the sign of q must coincide with the sign ,of the potential
difference CV2 - CPt since C > 0). Hence Eq. (11.2) can be
written in the form

L dl q
(ft+RI+c=~'

Of, taking into account (11.i),,

I
dSq clq t

L ""(fit_+R (ft+c q=~.

(11.3)

(11.4)

This is the equation of an oscillatory circuit, which is a li
near second-order nonhomogeneous differential equation with
constant coefficients. Using this equation for calculating
q (t), we can easily obtain the voltage across the capacitor
as Uc = <1'2 - CPt = qlC and current I by formula (11.1).

The equation of an oscillatory circuit can be given a differ
ent form:

I-Q+2Pri+ro:Q=IIL, (11.5)

where the following notation is introduced:

2~ = R/L, 00: = tiLe. (11.6)

The quantity roo is called the natural frequency of the circuit
and ~ is the damping factor. The meaning of these quantities
will be explained below. .

If ~ = 0, the 'oscillattons are usually called free oscilla
tions. They will be undamped for R = 0 and damped tor
R =1=. O. Let us consider consecutively all these cases.

t t .2. Fr.e Electric Oscillations

Free Undampetl Oscillations. If a circuit contains no exter
nal e.m.f. ~ and if its resistance R = 0, the oscillations
in such a circuit will be free and undamped. The equation
describing these oscillations is a particular case of Eq. (11.5)
when ~ = 0 and R = 0:

(11.7)
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The solution of this equation is the function

q = qm cos (ooot + ce), (11.8)

where qm is the maximum value of the charge on capacitor
plates, (1)0 is the natural frequency of the oscillatory cir
cuit, and a, is the initial phase. The val ue of roo is determined
only by the properties of the circuit -itself, while the values
of qm and a depend on the initial conditions. For these con
ditions we can take, for example, the value of charge q

and current I = qat the moment t = O.
According to (11.6), roo = 1/YLC; hence the period of

free undamped oscillations is given by

To = 2~Y LC (1t.9)
(Thomson's formula).

Having found current 1 [by differentiating (1f.8) with
respect to time) and bearing in mind that the voltage across
the eapeeitor plates is in phase with charge q, Vfe can easily
see that in iree undamped oscillations current I leads in
phase the voltage across the capacitor plates by n/2.

While solving certam problems, energy approach can al
80 be used.

Eumple. In an oscillatory circuit, free' undamped oscillations
occur with eDergy W. The capacitor plates are slowly moved apart
80 that Ute frequency of oscillations decreases by a factor of n, Which
work apiDSt electric forces is done in this case?

The required work can be represented as an increment of the energy
of the cimait:

A=W'-W= q~ (.-!-._-!..) = w (-.£.-t). 2 C' C C'·

On the other baud, Calo ex: f/ye, and hence 'I = 6)~/(a). = yCIC',
and conaequeatly

A = W (111 - 1).

Free Damped Oscillations. Every real oscillatory circuit
has a resistance, .and the energy stored in the circuit is grad
ually spent. on heating. Free oscillations will be damped.

We can obtain the equation for a given oscillatory circuit
by putting ~ = 0 in (1i.5). This gives.. .

q+ 2pq -t- CI):q = O. (11.10)
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where
t

It can be shown (we shall not do it here since we are inter
ested in .another ~spect of the problem) that for ~2 < (I):,
the solution of this homogeneous differential equation has

the form

q=qme- fU cos(ffit+a),

(1t.11)

Fig. 11.3 / t ( R)2=:;l LC- 2£ ' (11.12)

and qm and a, are arbitrary constants determined from the
initial conditions. The plot of the function (11.11) is shown
in Fig. 11.3. It can be seen that this is not a periodic
function since it determines damped oscillations.

Nevertheless, the quantity T := 2n/w is called the pe
riod of damped oscillations:

2n To
T= Vea-li' Vt-(li/6Jo)" (1t.t3)

where To is the period of free undamped osci llations.
The factor qme-tst in (11.11) is called the amplitude 0/

damped oscillations. I ts dependence on time is shown in Fig..
11.3 by the dashed line.

Voltage across a Capacitor and Current in an ~ill.tory

Circuit. Knowing q (t), we can find the voltage across a ca
pacitor and the current in a circuit. The voltage across a
capacitor is given by

Uc == -!L ==. qm e- ,U cos (rot+a) . (1t .14)c c
The current in a circuit is

1= ~~ "-"'qme-I\I[-~cos«(t}t+et)-CJ)sin(wt+a)J.

We transform the expression in the brackets to cosine. For
this purpose, we multiply and divide this expression by
Vw2 _.t- ~2 :.~ U)o and then introduce angle {) by the formu-
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- pI (a) 0 = cos 6, ro/Ulo = sin 6. (11.15)

After this, the expression for I takes the following form:

I = (a)qme-~t cos (CJ>t + Ct + 6). (f1.16)

It follows from (11.15) that angle 6 lies in the second quad
rant (n/2 < is < n), This means that in the case of a non
zero resistance, the current in the circuit leads voltage in phase
(tt.14) across the capacitor by more than n/2. It should
be noted that for R = 0 this advance is (, = n/2.

The plots of the dependences Uc (t) and I (t) have the form
similar to that shown in Fig. 11.3 for q (t).

EumpIe. An oscillatory circuit contains a capaei&orof capKilance
C and a coil with resistance R and inductance L. Find the ratio be
tween the energies of the magnetic and electric fields in the circuit at
the moment when the current is at a maximum.

It:

According to equation (11.3) for an oscillatory circuit,

L ~; +RI+ ~ =0.

When the current is at a maximum, dlldt = 0, and RI = -q!C.
Hence the required ratio is

WmlWe = L/CR~.

QU8ntitie!i; Characterizing Damping.
f , Damping factor ~ and relaxation time 't, viz. the time

during which the amplitude of oscillations decreases by a
factor of e. It can be easily seen from formula (11.11) that

r := tip. (11.17)

2. Logarithmic decrement A, of damping. I t is defined as the
Naperian logarithm of two successive values of amplitudes
measured in a period T of oscillations:

a (t)
A= In a(t+T) ~T, (11.-18)

where a is the amplitude o£ the corresponding quantity
(q, U, or I). In a different form, we can write

(11.19)
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where Ne is the number of oscillations during the time 't,

i.e, the time required for the amplitude of oscillations to
decrease to 1/e of its initial value. This expression can be
easily obtained from formulas (11.17) and (11.18).

If damping is small (~2 ~ 0):), then U) ~ 000 = 1/VLC
and, in accordance with (11.18), we have

"'~ p.2n/ooo=nRVCIL. (11.20)

3. Q-factor of an oscillatory circuit. By definition,

Q = 'It/A = nNe' (tt.21)

where )., is the logarithmic decrement. The smaller the damp
ing, the higher the Q-factor. For a weak damping (~2 ~

« 0>:), in accordance with (11.20), we have

Q~ _1 V L . (11.22)
, R C

Here is one more useful formula for the Q-faetof in the case of
a weak damping:

w
Q.~ 2n &W ' (11.23)

where W is the energy stored in the circuit and BW is the de
crease in this energy during the period T of oscillations. In
deed, the energy W is proportional to the square of the am
plitude value of the capacitor charge, i.e. W CX:. e-2pt.
Hence the relative decrease in the energy over the period is
3WIW = 2pr = 2A. It remains for us to take into account
the fact that according to (1t.·21), A = nlQ.

Concluding the section, it should be noted that when
p2:? 0):, an aperiodic discharge of the capacitor will occur
instead of oscillations. The resistance of the circuit for which
the aperiodic process sets in is called the critical resistance:

Rer = 2V L IC. (11.24)

Let us consider two examples.

Example t. An oseillatoryeireuit has a capacitance C, inductance L,
and resistance R. Find the number of oscillations after which the
amplitude of current decreases to tIe of its initial value.

The current amplitude (1m ex: e -~') decreases to fIe of its initial
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value during the time '( = 1/~. During this time, N e oscillations will
occur. If T is the period of damped oscillations, then

Nc-==.!-==' f/~ 2: .. /(~o)2_1.
T 211/11' ro3 - ~a .,., V p

Considering that w~ = 1/ LC and ~ = R /2£, _we obtain

1 .. / 4.L
Ne=2ii: V CRt-i.

Example 2. Find the time during which the amflitude of current
oscillations in a circuit with a given Q-factor wil decrease to 1/1)
of its initial value, if the frequency of damped oscillations is equal
to w. .

Since the current amplitude 1m ex: e- tU, the time to during which
the amplitude decreases by a factor of 1) is determined by the equation
1} = eIU, . Hence

to = (In 1])/p.

On the other htDd, the Q-factor is also related to p=
Q= n/'A = tt/PT = w/2p...

Eliminating ~ from the last two equations, we obtain

t o= 2Q In 1).
CI)

t 1.3. Forced Electric Oscilletions

Steady-state Oscillations. Let us return to equations (11.3)
and (11.4) for an oscillatory circuit and consider the case
when the circuit includes a varying external e.m.f. ~ whose
depend-ence on time is decreased by the harmonic law:

lJ = ~-m cos rot. (11.25)

This law occupies a special place owing to the properties of
the oscillatory circuit itself to retain a harmonic form of os
cillations under the action of external harmonic e.m.f,

In this case, the equation for an oscillatory circuit is
written in the form

dI q.
Ldt+RI+c=~mcosO)t, (11.26)

or

(11.27)



As is known from mathematics, the solution of this equa
tion is the sum of the general solution of the homogeneous
equation [with the zero right-hand side) and a particular
solution of the nonhomogeneous equation.

We shall be interested only in steady-state oscillations,
Le. in the particular solution of this equation (the general
solution of the homogeneous equation exponentially attenu
ates and after the elapse of a certain time it virtually van
ishes). It can be easily seen that this solution has the form

q = qm cos (rot - ",)~ (11.28)

where qm is the amplitude of charge on the capacitor and 1J'
is the phase shift -between oscillations of the charge and of
the external e.m.f. ~ (11.25). It will be shown that qm
and", depend only on the properties of the circuit itself and
the driving e.m.f. ~. It turns out that", > 0, and hence q
always lags behind ~ in phase.

In order to determine the constants qm and "1', we must sub
stitute (11.28) into the initial equation (11.27) and trans
form the result. However, for the sake of simplicity, we shall
proeeed in a different way: first find current I and then sub
stitute its expression into (11.26). By the way, we shall sol
ve the problem of determining the constants q". and "p.

Differentiation of (11.28) with respect to time tgives

I = - roqm sin (rot - '1') = roqm cos (rot - "p + n/2).

Let us write this expression as follows:

I = 1m cos (rot - cp), (11.29)
where 1m is the current amplitude and <p is the phase shift
between the current and external e.m.f. ~,

Im=roqmt cp=1J'-n/2. (11.30)

We aim at finding 1m and cp. For this purpose, we proceed as
follows. Let us represent the initial equation (11.26) in the
form

UL + UR + u; = ~m cos et, (11.31)

where the left-hand side is the sum of voltages across induc
tion coil L, capacitor C and resistor R. Thus, we see that
at each instant of time, the sum of these voltages is equal
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to the external e.rn.f. l. 'faking into account relation (11.30),
we write

UR = RI = RIm cos (wt- cp), (11.32)

Uc = ~ = q; cos (wt-'P) = ~~ cos (wt-q>- ;), (11.33)

UL=L ~~ = -wLlmsin(wt-q»

, n )
= wLI", cos (cut-q>+T . (11.34)

Vector Diagram. The last three formulas show that UR

is in phase with current It Uc lags behind J by n/2, and U L

1m
..Ll",

Fig. tt.4

o
Fig. t1,5

(11.36)

(11.35)

leads I by n/2. This can be visually represented with the
help of a vector diagram, depicting the amplitudes of vol
tages

URna = RI~, Uem = I m!CJ)C, ULm = cuLlm

and their vector sum which, according to (i1.31), is equal
to vector ~m (Fig. 1i .4).

Considering the right triangle of this diagram, we can
easily obtain the following expressions for I m and cp:

I - 1m
m - VR'+(6.lL-1/6lC)2 ,

ta
fl)L-1/~

nq>= R •

Thus, the problem is solved.
It should be noted that the vector diagram obtained above
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proves to be very convenient for solving many specific
problems. It permits a visual, easy, and rapid analysis of
various situations. .

Resonance Curves. This is the name given to the plots of
dependences of the following quantities on the frequency ID

of external e.m.f, ~: current It charge q on a capacitor, and

c6

Fig. 11.6 Fig. tt.7

voltages UR' Uc» and UL defined by formulas (1f.32)
(1i.34).

Resonance curves for current 1m (ffi) are shown in Fig.
t1.5. Expression (11.35) shows that the current amplitude
has the maximum value for wL - 1/wC = O. Consequently,
the resonance frequency for current coincides with the na
tural frequency of the oscillatory circuit:

001 rei = roo = 1/VLe. (t t .37)

The maximum at resonance is the higher and the sharper
the smaller the damping factor ~ = R/2L.

Resonance curves for the charge qm (00) on a capacitor are
shown in Fig. 11.6 (resonance curves for voltage UC M
'across the capacitor have the same shape). The maximum of
charge amplitude is attained at the resonance frequency

Wq rea =.y0)~-2p2, (11.38)

which comes closer and closer to (t)o with decreasing p"
In order to obtain (11.38), we must represent qmf in accord
ance with (11.30), in the form qm = I m/(J) where 1 fA is
defined by (11.35). l'hefl

qm = _ ~mlL (11.39)
V(w3 _m t )2 -J-4P'cul
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(11.40)

The maximum of this function or, which is the same, the
minimum of the radicand can be found by equating to zero
the derivative of the radicand with respect to (0. This gives
the resonance frequency (11.38).

Let us now see how the amplitudes of voltages U R~ Uc
and UL are redistributed depending on the frequency (0

of the external e.m.f. This pattern is depicted in Fig. 11.7.
The resonance frequencies for UR' Uc and UL are deter

mined by the following formulas:

roc res = (00 ¥ 1- 2 (P/(t}o)2,

(l)L res = 000 ¥ 1-2 (P/<t>O)2.

The smaller the value of ~, the closer are the resonance fre
quencies for all quantities to the value roo.

Resenanee c.ves and Q-factor. The shape of resonance
.curves is connected in a certain way with the Q-factor of an
oscillatory circuit. This connection has the simplest form
for the case of weak damping, i.e. for ~2 ~ (O~. In this case,

o.;»; == Q (11.41)

(Fig. 11.7). Indeed, for ~2 ~ (O~, the quantity (Ores ~ roo
and, according to (11.33) and (11.35), Uem res = I m/rooC =
== Cm/woCR .. or Ucm res/cern = ¥LC/CR == (fiR) lfLIC
which is, in accordance with formula (11.22), just the Q
factor.

Thus, the Q-factor of a circuit (for ~2 ~ {t)~) shows how
many times the maximum value of the voltage amplitude
across the capacitor (and induction coil) exceeds the ampli
tude of the external e.m.I.

The Q-factor of a circuit is also connected with another
important characteristic of the resonance curve, viz. its
width. It turns out that for ~2 ~ w~

Q = (fJolf)(fJ, (11.42)

where 000 is the resonance frequency and {)ro is the width of
the resonance curve at a "height" equal to 0.7 of the peak
height, i.e. at resonance.

Resonance. Resonance in the case under consideration is

1/2 19-0181
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the excitation of strong oscillations at the frequency of ex
ternal e.m.f. or voltage. This frequency is equal to the na
tural frequency of an oscillatory circuit. Resonance is used
for singling out a required component from a composite volt
age. The entire radio reception technique is based on reso
nance. In order to receive with a given radio receiver the
station we are interested in, the receiver must be tuned. In
other words, by varying C and L of the oscil latory circuit,
we must attain the coincidence between its natural frequency
and the frequency of radio waves emitted by the radio
station.

The phenomenon of resonance is also associated with a cer
tain danger: the external e.ll1.f. or voltage may be small , but
the voltages across individ ual elements of the circuit (the
capacitor or induction coil) may attain the values dangerous
for people. This should al ways be remembered.

11.4. Alternating Current

Total Heslstance [Impedance}, Steady-state forced electric
oscillations can he treated as an a Iteruat ing current Ilow
ing in a circuit having a capaci lance, inductance, and resist
ance. L'nder the action of external voltage [which plays
the role of external e.ru. f.)

U == Um cos (.Ilt, (11./13)

the current in the circuit varies according to t.he Iaw

I = I rn cos ((ut -- rp), (11.44)

where

I Urn t wL-1/mC (11 1.5)
m = R2+«(r)L-1/wC)2 , an q:o = R • .':1

The problem is reduced to determining the current ampli
tude and the phase shift of the current relative to U.

The obtained expression for the current amplitude 1m (00)
can be Iormally interpreted as Ohm's law for the amplitude
values of current and voltage. 'The quantity in the denomi
nator of this expression, wh ich has the dimension of resist
ance, is denoted by Z and is called the total resistance, or



impedance:

11.4. A lternating Current 291

(11.50)

z = y R2+ (wL -1/roC)2. (11.46)

It can be seen that for ro = <uo = 1/YLe, the impedance
has the minimum value and is equal to the resistance R.
The quantity appearing in the parentheses in formula
(t1.46) is denoted by X and is called the reactance:

X = sol, - 1/wC. (11.47)
Here the quantity roL is called the inductive reactance,
while the quantity 1iwC is called the capacitive reactance.
They are denoted XL and Xc respectively. Thus,

XL-=wL, Xc=1/roC, X=XL-XC ,

Z = Y RZ+ X2• (11.48)

It should be noted that the inductive reactance grows with
the frequency.a», while the capacitive reactance decreases
with increasing co. When it is said that a circuit has no ca
pacitance, this mus.t be understood so that there is no capac
itive reactance which is equal to 1/roC and hence vanishes
if C -+ 00, (when a capacitor is replaced by a short-cir
cuited section).

Finally , although the reactance is measured. in the same
units as the resistance, they differ in principle. This difference
consists in that only the resistance determines irreversible
processes in a circuit such as, for example, the conversion
of electromagnetic energy into Joule's heat.

Power Liberated in an A.C. Circuit. The instantaneous
value of power is equal to the product of instantaneous
values of voltage and current:

P (t) = [11 :-.:::' UmIm cos wt cos (mt - ~). (11.49)

Using the formula CO~ (rot - (f) = cos rot cos rp +
+ sin rot sin (1', we transform (11.49) as follows:

P (t) ~ I)'m.lm (cos2 (J)t cos <p + sin mt- cos cut sin <p).

Of pracucnl importance is the value of power averaged
ovsr a period of oscillation. Considering that (cos" rot) =
=-= 1i2 and (sin wt cos wt) = 0, we obtain

P) Umlm
( = -2- cos rp.
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This expression can be written in a different {orin if we
take into account that, as follows from the vector diagram
(see Fig. 11.·1:), U rtl cos (P = RIm" Hence,

{P}-i-R1:n. (11.51)

This power is equal to that of the direct current I = I m/V2".
The quantities

( 11.52)

are called effective (root-mean-square) values of current and
voltage. All ammeters and voltmeters are graduated for
r.m.s. values of current and voltage.

The expression for the average power (11.50) in terms of
r.m.s. values of current and voltage has the form

<P> = VI cos <p, (11.53)

where the factor cos tp is usually called the pourer factor.
Thus, the power developed in an a.c. circuit depends not
only on the voltage and current but also on the phase angle
between them.

When <f ~-= n/2, the value (P) = 0 regardless of the val
ues of U and I. In this case, the energy transmitted over a
quarter of a period from a generator to an external circuit
is exactly equal to the energy transmitted from the external
circuit to the generator during the next quarter of the period
so that tho entire energy "oscillates" uselessly between the
generator and, the external circuit.

The dependence of the power on cos 'P should be taken into
account wh ile designing transmission lines for alternating

. current. If loads being fed have a high reactance X, cos q>
may be considerably less than one, In such cases, in order
to transmit the required power to a consumer (for a given
voltage of the generator), it is necessary to increase current
I, which leads to an increase of useless energy losses in feed
ing wires. Hence, loads, ind uctunces and capacitances should
be always distributed so as to make cos <p as close to one
as possible. For this purpose, it is sufficient to make reactance
X as small as possible, i.e. to ensure the equality of in
ductive and capacitive reactances (XL == Xc).

When the conductors Iorming an a.c. circuit are in mot ion,
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the concept of electric resistance becomes wider since in ad
dition to the conversion of electric. energy into Joule's
heat, other types of energy transformations are also possi
ble. For example, a part of electric energy can be converted
into mechanical work (electric motors).

Problems

• 1r.i. Free undamped oscillations. Free undamped oscillations
occur in an oscillatory circuit consisting of a capacitor with capacitance
C and an induction coil with inductance L, The voltage amplitude
on the capacitor is Um. Find the e.m.I. of self-induction in the coil at
the moments when its magnetic energy is equal to the electric energy
of the capacitor.

Solution. According to Ohm's law,

RI = U + ~s

where U is the voltage across the capacitor (U = CPI -<P2). In our
case, R = 0 and ...hence I's = -u. .

It remains for·us to find voltage U at the moments when the electric
energy of the capacitor is equal to the magnetic energy of the coil.
Under this condition, we can write

cot; Cl]2, LI2 Ii C02
-2-==-2--~·-2-=2-2-'

whence I ~. I = IIrri V2:
As a result, we have I Is 1 = Um/ lf f:
8 it .2. An oscillatory circuit consists of an induction coil with

inductance L and an uncharged capacitor of capacitance C. The resist
ance of the circui t R = O. The coil is in a permanent magnetic field.
The total magnetic flux piercing all the turns of the coil is <1>. At the
moment t := 0, the magnetic field was abruptly switched off. Find
the current in the circuit as a function of time t.

Solution. Upon an abrupt switching off of the external magnetic
field at the moment t = 0, all' induced current appears, hut the capac
itor still remains uncharged. In accordance with Ohm's law, we have

Rl = - dlll -L !!!....
dt dt •

In the given case R = 0, and hence $ + u == o. This gives <I> = iI't

where lois the initial current (immediately after switching off 'the
field).

After the external field has been switched off, the process is de
scribed by the Iollowing equation:

q dl
0= -c- L crt. (1)
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Differentiation of this equation with respect to time gives
•• t
1+ LC 1=0.

This is ihe equation of harmonic oscillations. We seek its solution
in the form

1 = 1m cos «(&)ot + ex).

The constants 1m and ~ can be found from the initial conditions

1 (0).=10, i (0)=0

(the 'eecond condition follows from Eq. (t), since at the initial moment
, = 0 the capacitor was uncharged). From these conditions we find
cz = 0 and 1m = 10. As a result, we obtain

1 = I. cos 6)ot = (<PIL) cos w,t,
.where 6). = 1/YLe.

• It.3. Q-faetor of 8 elreult, An oscillatory circuit with a low
damping has a capacitance C and inductance L. In order to sustain
in it undamped harmonic oscillations with the voltage amplitude Urn
aero. the capacitor, it is uecessary to supply the average power (P).
Find the Q-factor of the circuit.

Solution. Since damping is low, we can make use of formula (11.23):

Q = 2nW/6W, (t)

where W = CUfn/2 and 6W = (P) T, T being the period of damped
oscillations. In our case, T ~ To = 2,,; }I'Le. Having substituted
the. expressions into (1), we obtain

Uin ~/C
Q= 2(P) V r-

• 1t .4. Damped o8cillatioos. An oscillatory circuit includes a
capacitor of capacitance C, an induction coil of inductance L, a resistor
of resistance R, and a key. The capacitor was charged with the key
oren. When the key was closed, a current began to flow. Find the ratio
o the voltage across the capacitor at time t to the voltage at the initial
moment (immediately after closing the key).

Solution, The voltage across the capacitor depends on time in the
lUll. way 8S the charge does. Hence we can write

U ::::xUme-'U cos (o>t+a,). (t)

A' tbe 1ra1\181 mo",.nt ,= 0, thevQI\4ge tl :(~ =:Vm:COI~, when
U~ ia tIw .mpU(u~e· -at thie moment. We must ftDd U'(O)/Umt i.e•

• ;~ uu.~. we aba~l use aDothe~ initial conditioa: at the

mo.' , == 0, current 1 ;:: f = O. Since q = CU, it is I~fficlent to
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differentiate (1) with respect to time and equat.e the obtained expres
sion to zero at t = O. \Vc obtain -~ cos a - w sin a =-~ 0, whence
tan a = -~!(a). The required ratio is

U (0) t 1
-.- =: cos a. = ---- 7-=: (2)

U m 1 ' 1-~ tan2 ex. li1,- (~jW):l •

The quantities {;'m and u (0) are shown in Fig. 11.8."
Considering that w:! :~ w& - ~2, \ve transform (2) as follows:

U (O)/Um == If1- (~/WO)2= J! '1-11. 2C/4L,

where we took into account that ~ :=- R/2L and Ws = 1/ LC.

• t 1.5. In an oscillatory circui t wi th a capaci tance C and indue-

u

Um ......
U(o) ......

o
Fig. u.s

1
C

q2

R

Fig. 11.9

L

tance L damped oscillations occur, in which the current varies with
time in accordance with the law I (t) = I me-fH sin wt. Find the volt
age across the capacitor as a function of time.

Solution. Let us choose the clockwise direction as the positive
direction of circumvention (Fig. i 1.9). According to Ohm's law for
section lRL2 of the circuit, we have RI = CPl - q>2 + ~s. In our'

case, ~. = ~Li and <1>2 - CPt = qlC = Uc, where q is the charge on
plate 2. Hence Ohm's law can be written 'as

[Tc=-Rl-Li.

Havmg substituted into this formula the expression for I (t) and
its derivative, we obtain

Rlme-~t. .
Uc> 2~ (-~ sin rot-ffi cos <tJ't).

Let us transform the expression in the parentheses to sine. For
this purpose, we multiply and divide it by Ifw2 +~ = Wo and in
troduce angle 6 through the formulas

-PIroG = cos 6, CJ)/U)o = sin 6. (1)
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Uc= RI2~WO c- Pt !' in (wt - 6) = l m yL/Ce-'" sin (wt-c'l),

where angle 6 is, in accordance with (1), in the second quadrant, i.e,
assumes the values :r/2 < 6 < n. Thus, the voltage across the capacitor
lags behind the current in phase.

• 1t .6. Steady-state oscillattens. An induction coil of inductance
L and resistance R was connee ted at the moment t = 0 to a source of
external voltage U === lJm cos wt. Find the current in the circuit as
a function of time.

Solution. In our case, RI = U - LI., or

J -'-:- (R / L) I =.- U111 cos wI.

The solution of this equation is the general solution of the homogeneous
equation plus the particular solution of the nonhomogeneous equation:

I (t) = Ae-(R/L)i /C'm cos (rot-q:),
l R2-1-W2L2

where A is an arbitrary constant and angle <p is defined b)" condition
(11.36): tan q> = wL/R.

The constant A is found from the initial condition 1 (0) = o.
Hence A = -(Um/llR2 -T" CJ)2L2) cos cy. This gives

i:I (I) == m (cos (wt_cp)_e-<R/L)t cos «p] .
• / R2 -:- 002L 2

For a sufficiently large t, the second term in the brackets becomes
negligibly small, and we obtain the steady-state solution I (t) ex:
ex cos (wt - <r)•

• 11.7. Forced oscillations. A section of a circuit consisting of
a series-connected capacitor and resistor R, is connected to a source
of varying voltage with the amplitude Um • The amplitude of the
steady-state current turned out to be Int. Find the phase angle between
the current and external voltage.

Solution. In the case under consideration,

U= Um,coswt, I=Imcos(IDt-q»t

where «p is defined by formula (11.36): tan q> = -suecn.
The unknown value of capacitance C can be found from the expres-

sion for the current amplitude: 1m = elm/V 8 2 + (1/WC)I, whence

C= 1/mV(LTn1/ l m)2- R2.

Having substituted this expression into formula f~r tan (f, we obtain

tan q>= -1/(Um/R l m)I - 1.
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In our case q> < 0, which means that the: .current leads the external
voltage (Fig. tt. to) •

• t t .8. An a.c, circuit, containing a series-connected capacitor
and induction coil with a certain resistance, is connected to the source

R I".

Fig. 11.10

Um-

Fig. 11.1t

V,
Fig. 11.t2

of external alternating voltage whose frequency can be altered without
changing its arftplitude. At frequencies 001 and (02 the current ampli
tudes in the cireui t proved to be the same. Find the resonance frequency
of the current.

Solution. According to (11.35), the amplitudes are equal under the
condition

!CJ)IL- _1_ ,I= ! 6)tL- - 1- 1. (t)
wlC ~tC

The maximum of the resonance curve for current corresponds to the
frequency equal to the natural frequency 6)0 = 1/ VLc, Further.
let (1)1 < £l}o < (1)2 (the opposite inequality is also possible, it will
not affect the final result). Equality (1) can then be written in a more
general form: 6>8'(&)1 - CJ)1 = (1)2 - fiJ3/W2' or

(1)2-6)1=<1)3 (-!-_.!..).
WI Ca>2

Cancelling out (1)2 - (a)l on both sides of this equality, we obtain
1= (J)~/WIW2t whence

£I}0 = VW I 6) 2•

• t t .9. VectQr diagram. A circuit consisting of a series-connected
capacitor of capacitance C and induction coil with resistance Rand
inductance L is connected to an external voltage with the amplitude
Um and frequency 00. Assuming that current in the circuit leads in
phase the external voltage, construct the vector diagram and usc it
for determining the amplitude of voltage across the coil.

Solution. The vector diagram for the case under consideration is
shown in Fig. 11.11. It is readily seen from this diagram that the

20-0181
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amplitude of voltage across the coil is

ULRm=Im VR'+<a>ILI,

where 1m = Um/Y R" + (roL - i/roC)I. In the presence of resistance
the voltage across the coil leads the current by less than n/2•

• f f .to. Power in an a.e, circuit. A circuit consisting of a series"
connected resistor R with no inductance and an induction coil wi th
a certain resistance is connected to the main system with the r.m.s,
voltage U. Find the thermal power developed in the coil if the r.m.s.
values of vol tage across the resistor R and the coil are equal to U1

and U2 respecti vely.
Solution. Let us use the vector diagram shown in Fig. i 1.12. In

accordance with the law of cosines we obtain from this diagram

V';= Vi + u~ - 2UtU2 cos <PL- (1)

The power developed in the coil is

PI = IU, cos q>Lt (2)

where I = Ut/R.
Combining Eqs. (1) and (2), we obtain

p 2 = (U 2 - Uf- Ui) /2R.



t. Notations tor Units of Measurement

A
C
eV
F
G

fJ
hr
Hz
J
K
m

ampere
coulomb
electronvol t
farad
gauss
gram
henry
hour
hertz
joule
kelvin ,It:'

meter

min minute
Mx maxwell
N newton
Oe oersted
g ohm
rad .radian
s second
S siemens
T tesla
V volt
W watt
Wb weber

2. Decimal Prefixes for Units of Measurement

T, thera-, tOll d, deci-, to-I n, nano, to-I
G, giga-, 10' c, centi-, to-I p, pico-, to-l 1

M, mega-, 10· m, millt-, to-3

&, kil~, 103 ~, mlcro-, {o-'
h, MeW-, tOI
da, deea-, tOl

3. Units of Measurement of Eleetrle and Magnetic
QuanUties in SI and Ga1l8Slan Systems

Unit or mea-
Quantity Nota- surement 81 unit

tlon RattoCGS unit
SI I eGS

N'
"

to'Foree F dyne
Work, energy A,W J

~
iQ7

Charge q C SE unit 3 X t()l
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T",. J. Coal.

Unit of mea-
Quantity Nota- 81lftllDeDt ~UASI~ttlon COS...,

81 I CGS

E~tric field strength E VIm CGSE unit tJ(3 X t()l)
Potential, voltage ~,U V CGSE unit 1/000
Electric Inotnent p C.m CGSE unit 3X ton
Polarization P C/m~ CGSE unit 3X10'
Vector D D elm' caSE unit 12a X {OI
Capacitance C F em 9 X {()11
Current 1 A CGSE unit 3 X to'
Current density j A/m2 CGSE unit 3X {QI
Resistance R Q CGSE unit 1/(9 X 1()11)
Resistiv it y

~
g·m CGSE unit t/(9 X 1()1)

Conductance S CGSE unit 9 X IOU
Conductivity a 81m CGSE unit 9xto-
Magnetic induction B T G tQl
Magnetic flux, magnetic-

nux linkage <D,'P' Wb Mx toa
Magnetic moment Pm A·m2 CGSE unit 103
Magnetization J AIm CGSE unit to-a
Vector H H Aim 08 uxto-a
Inductance L H cm to'

4. Basic Formulas oJ Electricity and Vagnetlsm
in SI and Gaussian Systems

RelatIon SI

E= :.

4mJ
E=-

8

.=...!-r
2

E= -V-q>, q>1-q>2= ) Ed'
1

E=-O
208

t q
«p-==--

4mo r

t q
E=--

4neo r 2

Relation between E
and cp

Field E of 8 point
charge

Field E in a parallel
plate capacitor and
at the surface of a
conductor

Potential of the field
of a point charge



aE
F=p--azt M=[pXEJ. W=-p·E

C=q/U

C - r,8oS I C=~
- It 4nh

w= ~ ~ q,IJl,

w- ~ 1pcpdV

W = qU/2 = CUI/2 = ql/2C

w= E;D I w= E~:

1 -dq • 8p
JdS=-- V·J=--dt at

RI = '1-CPI+~12' j =0 (E+E*)
Q=RI2 , Q~p=pjl

F=qE+q[vXB) IF=qE++[VXB)

RelaUon

Circulation of vector
E In an electros
tatic field

Electric moment of a
dipole '"

Electric dipole p in
ield E

RelatioD between ~
I.riaation and field
strength

Relation between 0',
PandE

DefiDition of vector D
Relation between e

and x
Relation between D

and E
Ga1l88 theorem for

ftCtorD
Capacitance of a ca

pacitor
Capacitance of a par..

allel-plate capaci
tor

Energy of system of
eharps

Total energy of in
teraction

Energy of capacitor
Electric field energy

density

Continuity equation

Ohm's law
Joule-lAnz law

LoreDtz force

81

~Edl=O

p=ql

P=xtr,oE

o'=Pn=Xt.oEn

D=e80E

~ DdS=q

Table 4. ConI.

Gaussian system

P=xE

a' =-Pn=xEn

D=E+"4nP

e=1+4nx

D=eE

~ DdS=41tq
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Table 4. Ctmt,

Relation Sl Gausslan system

Field B of a moving
charge

Biot-Savart law

R=~ q [vXr]
4n r 3

dB=~ [j X rl dV
4n r 3

dB=~ I [d) >< r]
4n r 3

8=_1_ q (v X r)
c ,3

dB=.!. (j Xr) dV
c r~

dB _~ _t lldl X rJ
c ,3

Field B
(a) of straight

current

(b) at the centre of
a loop

(c) in solenoid

B=k.E.4n b

B=~ 2nI
4n R

B= flon1

B=~..E-
c b

t 2Jtl
B=··---

c Ii
4rc

B==--nl
c

J
dF= -[dl xBI

c •

dF=_1 (j x B) dV
c

1
A = - I «1)2-4111)

c .

JJ dl~>~ r
II~' B-4nJ

c\-I H dI~ 4n IOJ c

F
u

= 21)/2
b

1
Pm == -;- IS

I
J =XII

I
, i~=t+4nx

B=flH

aD
F=Pm --a;-'

~ J dl=I'

H:;.:= 8/~lo-.'

,£ II dl::= I
.J

Pm=IS

dF=I [dl X B)

dF= Ii X B] dr

F _~ 21112
ll-- 4n b

Ampere's law

Force or interaction
between parallel
currents

Magnetic moment of
a current loop

Magnetic dipole Po·.
in field B

Work done in displace
ment of a current
loop

Circulation of mag
netization

Definition or vector II
Circulation of vector II'

II in a stationary
field I

Relations between" I
J and H I
l1 and x:
nand H



1
E'=E+[voXBj B'=E·t--[voXB]

c

B'=H-~[voXE] B'==B-~[Vo)<E]
c c

E·B==inv
E2- c2B2= inv E2_-B2= inv

~i== _ d<l> ~.= __1_ d<I>
dt ~ c dt

L = (})II L = c<'P/ I

Relation

Laws of transforma
tion of fields E and B
for Vo « c

Electromagnetic field
invariants

Induced e.m.I,

Inductance
Inductance of a so-

lenoid
E.m.f. of self-induc

tion
Energy of thelt: mag

netic field of a cur
rent

Magnet ic field energy
density

Displacement. current
density

Max.\vell '8 eq nations
in integral form

Maxwells eq uat ions
in differential form

Appendices
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L=~~on2V

~s= -L dI
dt

Ll2
W=-2-

B·H
w=-2-

. aD
]d=~at

~ Edl= - ~ BdS

~ DdS= 1pdV

~ Hdl= ~ (i+O)dS

~ BdS=O

VXE=-B

V·D==p

VXH=j+D

V·H=O

303

Table 4. Cont:

GaussIan system

L=4n!-tn2V

1. dl
~s=-C2Ldt

1 LI2
W=-c---2-

B·Hw=-gn-
f aD

id=4n ---at

~ Edl= -+ ~ BdS

~ DaS=4n ~ pdV

~ Hal=

=4: J(j+t)dS
.~ BdS=O

1 •VXE=--Bc
V·D=4np

4n D"

\
VXH =c (i+4n)

V·B=O



Appendices

Tabl. 4. Cont:

Relation

R.latioD between E
and H in electro
magnetic wave

Poynting's vector

Density of electro
magnetic field mo-
mentum

51

S~[ExHJ

1
G=C2(EX HI'

Gaussian system

e
S=~[EXH]

t
G=-4-[EXltnc

5. Some Physical Constants

Velocity of light in vacuum

Gravitational constant)

Acceleration of free fall
Avogadro constant

Charge of electron or proton

Rest mass of electron

Specific charge of electron

Rest mass of proton
Electric constant

Magnetic constant

Relation between velocity
of light and eo and f.Lo

c= 2.998 X 108 m/s
G= { 6.67 X to-II rn3/(kg ·sl )

6.67 X 10-8 cmS/(g·sl)
1=9.807 rn/s2

N A = 6.022 X 1023 mole-1

{
1.602 X to-19 C

e = 4.80 X 10-]0 CGSE units
me = O.911 X to-SO kg

e { 1.76 X 1011 C/kg
m;- = 5.27 X 1017 CGSE units/g
mp = 1.672 X 10-21 kg
80 = 0.885 X 10-11 F1m
1/4neo = 9 X 109 m/F
J.1o= 1.257 X 10-a Him
flo/4", = 10-1 H/m

c=t/~
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Ampere, i17

Betatron, 222
boundary conditions, 80 92 192

for Band H, 182ft ' ,

Capacitance, srn, 86, 90
of cylindrical capacitor 60
or isolated conductor, 57
of parallel-plate capacitor, 59
of parallel 'wires, 65
of . spherical capacitor, 59
unit of, 58 ,.

capacitor, srn, 86, 90
. charging, 134

discharging, 133
energy of, 110
para~I:~-plate, 103, 108f, 114f,

charge invariance, t98f
eireulation,

of vector B, 166
of vector E, 245
of vector H, 179, 193
of vector J t t76ft, 193

conditi~n, betatron, 246, 260
quasi-steady, 277

conductor in electrostatic field, 45
homogeneous, 120
nonhomogeneous, 138

constant,
dielectric (electric), 12 78f 86

102 ' 41 ,

electrodynamic, 144
magnetic, 143

Coulomb, 12
current, I

alternating, 290rr
conduction, 174
direct, 178
displacement, 253f, 271
induced, 248
magnetizetion, 174

surface, t 75, 178, 192
volume, 175

molecular, t 74, t 77
polarization, 256

density of, 259
quasista tionary, 278
straight, 188
total, 254

current element(s),
linear, 146
volume, 146

curve,
magnetization, t89
resonance, 288£

Damping factor, 280, 283
diamagnetism, 180
dielcctric(s) •

anisotropic, 101
isotropic, 101
liquid, fOSf
polarization of, 67
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dielectric susceptibility, 71
dipole,

electric, 34, 44
energy of, 38
moment of, 34ft

dipole moment, it
intrinsic, fiB

domain(s), 191

Edge effects, 59, 66, 86, 100
electret(s), 68, 79
electric chargets), 11, 83, 88f, 92

bound (polarization), 69f, 73f
bulk, 69f
at conductor surface, 83
surface, 69r

in current-carrying conductor
120 '

extraneous, 78, 88f, 109, 138
ficti tious, 63
induced, 46, 66
surface, density of, 63

electric circuit,
a.c., 291, 297
branched, 126ft
oscillatory, 293

electrrc current, 116, 119
density of, 117
direct, t 16, 120
linear, density of, 153
quasistationary, 133
steady-state, 1t8

electric oscillations, 277ft
electric resistance, 119 .

methods of calculation, 120
electromagnetic induction, 217ff

225 '
electromagnetic wavets), '101, 262£

pressure of, 268, 270
in vacuum, 269

electrostatic shielding, 51
e.rn.I.,

induced, 244
of self-induction, 227

energy,
of 'charged capacitor, 99f, t39
of charged conductor, 99f
of current,

intrinsic, 238
magnetic, 236
mutual, 238

of electric field, 94, 100, 103,
105, 107, 237, 276

of electromagnetic field, 253
localization, 100ff, 112
magnetic, 243

of two current loops, 238
of interaction, 96ft

for system of point charges,
sr, 105, t 10f

total, 97,. 99f, t to
intrinsic, 98, 105, t tOf
of magnetic field, 234, 236f,

2i5f
of current, 234

energy flux, 266
density of, 264

equation(s),
continuity, 116, 118, 261

in differential form, 118
Laplace, 54f
material, 260
Maxwell, 253ft, 257f, 272,. 274

in differential form, 259
in integral form, 257
properties of, 261 f
symmetry of, 262

of oscillatory circuit, 277, 2791
Poisson, 5·~f

equipotential surfaces, 32, 47.
57
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Farad, 58f
ferroclectric(s), i2
Ierromagneticts), 180, 188f, ~32

ferromagnetism, 188, -J91
theory of, 191

field,
Coulomb, 122
electric, 11, 198, 206

in charge-carrying conductor
121 '

in dielectrics, 61
intensity (strength) of, 11Il,

28
macroscopic, 45ff
microscopic, 45
of point charge, 12

electromagnetic, 198£
lit'

momentum of, 2GB
densi ty of, 269

electrostatic, 155
in vacuu m, 11

of freely moving relativistic
charge, 207

in homogeneous magnetic, 185
magnetic, 142, 115, 155, 198,

206
on the axis of circular cur-

rent, 14i
of current-carrying plane, 153
energy of, 240
forces in, 240
in magnetic, 175
permanent, 220
of solenoid, 151, 167, 181
of straight current, 15t
in substance, 172ff
of toroid, 152
of uniformly moving charge

143 . ,

in vacuum, 141ff
varying, 221
vortex, 222, 275

potcntlal, 26 ')8 155
sinks of, 25' ... ,

solenoidal, 155
sources of, 25
vector,

circulation of, 15, 25
divergence of, 24
nux of, 15

Iorcefs),
Ampere, 155,157,159,169,171,
22r)

moment of, 160, 169
'York of, 161

coerci ve, -1 no
Coulomb, 122
in dioloctric, 106ff
electric. 157
extraneous, 122f, 235
induced electromotive 217

force(s), '

of interaction,
electric, 144f
magnetic, 144f

Lorentz, 141rr, ~03, 212f
magnetic, 157
in magnetic, t 96
surface density of, 109£

nux,
magnetic,

conserva lion of, 230
total, 212

of vector I), 273
formula, Thomson, 281
frequency,

IlU tural, 280
resonance, 289

Generator, MHO, 22·"

Henry, 227
hysteresis, 72, 180

magnetic, 190
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Image charge, 56
Impedance, 290f
inductance, 226, 238

calculation of, 250f
mutual, 231, 240, 251

induction,
electrosta tic, 46
magnetic, 143ff

direct calculation of, 163
mutual, 233, 251
residual, t 90

interaction(s), 11
electromagnetic, 11,
gravitational, t 1
of parallel currents, t 68
strong, 11
weak, 11

invariants of electromagnetic
field, 208, 214

Joule heat, 235

Law(s) ,
Ampere, 155ft
Biot-Savart, 145ff, 149f, 153,

164
of conservation,

of electric charge, f t, f 18
of energy, 106, 114, 130, 139,

235, 241
Coulomb, 109

in field fonn, 12
Joule, 129ft

in differential form, 131
Kirchhoff, 126, 256

first, 126
second, 126f

Lenz, 217ff, 243
of magnetic field, in differen

tial form, It94

Newton's third, 95
Ohm, t t 9, t 27, tst, t34, i36ff,

i,40f, 233, 249. 293, 295
In differential form. 120
generalized, t 23
in integral form, 1M
for nonunifonn lubclreult,

f23, 138
of transformstion for fields E

and B, 200ft, 206, 213
logari thmie decrement of

damping, 283

Magnet, permanent, 68, t9S
magnetlc(s), i 72, i,74, 1St

homogeneous, t 74
nonhomogeneous, 175, 177

magnetic constant, 143
magnetic field intensity, t 79
magnetic Dux, 167

linkage of, 219
magnetic induction, 143f, 146,

163, 166, 168, t87
magnetic protection, 185
magnetism, relative nature of, 204
magnetization, t 72ft, t95

mechanism of, i 77
residual, 190

maguetohydrodynamies, 244
method,

energy, i 06, 240
image, 54ft, 62f, 67

molecule(s),
nonpolar, 68
polar, 68

moment, magnetic, 15711

Ohm, 119
oscillation(s),

damped, 281f. 2M
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forced, 294
free, 280
steady-state, 285, 296
undamped, 280

Subject, Indez

Self-induction, 226
solenoid, 151
superconductorts), 230
susceptibility, magnetic, 180

Paramagnetic(s), 180, 194, 197
permeability, 180t 189
paint, Curie, 191
polarization of dielectric, 68, 73,

86, 103
polarization, 70ff

unit of, 71
potential, 25, 27. 30 t 33, 43f,

47f, 53f, 57, 61, 64, 66,
86f, 8~ 97f, 102, 124

of point charge, 28
of sphere, 58 ,.
of system of charges, 29

potential difference, 86, 90, 99
power liberated in a.c, circuit,

291f, 298
power factor, 292
pressure, magnetic, 244
principle of superposition, 12f,

18, 29, 60, 66, 146, 166f
process, transient, 133, 140

Q-factor, 284, 289, 294

Reflection coefficient, 270
refraction of B-lines, 184
relaxation time, 134, 283
resistance of conducting medium,

136
resistivity, 119
resonance, 289f

Tesla, 144
theorem,

on circulation of field vectors.
15, 25, 52, 80f, 137f, 148f,
151ft, 155, 166, t 78f, 193f.
195f, 211, 248, 255

Gauss, 15ft, 19, 21ft, 25, 33.
41, 44, 47f, 59, 65, 72.
zer, 79ff, 83, 85, 87ft, 91.
93, 102, 112, 121, 131.
148, 150, 157, 168, 113,
200, 211

application of, 19
in dificrential form, 23ft, 73

Poynting's 264
of reciprocity, 231, 252
uniqueness, 54ft

theory of relativityt 269
thermal power, 132

.transformation(8), Lorentz, 20t

Vector,
D, 76ft
H, 178
Poynting's, 265, 269, '2741

• vector diagram, 287, 297
volt, 28
voltage, 59

Work,
of displacement of current

loop, 161ft
of electric field, 103£
of e.m. f. source, 139
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