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JEE 2002 - SOLUTIONS - MATHEMATICS
(INDIANET GROUP)

Solutionl: a, A, Ay, b are in arithmetic progression
—. Ay, A, are two arithmetic means of a, b
N b-3 _ 23+ b m
3 3
a+2(b—a}=a+2tl an
3 3

:}Al:a

."qz=

a, Gq, G,, b are in geometric progression
Let r be the common ratio.

Gy =ar, Gy, =ar?2, b =ar3

—, r=(b/2)/3 (1)

ST
=Gy = E{EJ _p143.23 vy

2 H T b

a, Hq, Hy, b are in the harmonic progression S
:}1 1 iiareinAP @ 29

Let d' be the common difference.
1 1 1 1 1
= —=—+ad', —=—+23' —
Hy a H> 3 fh 3
3

1 _l+2{a—b}_ b +23-2b

Hy & 33b 2ab i\@aﬁ/

HE _ 35‘:'!:' (Vl)
23+ b %
O\
Q&
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GG,  (bM332/3)(al/3p2/%

HiHa 3ab 23h
a+ 2hl 23 +h

ab
= ——— (3 +2h) (23 + &)
9a°b°

(a2 +28) {23 +b)

=T
(Ea +5 L2 +Eb]
.-41+ .-42 _ 3 3
Hi + Hz - 3ab N 3ab
a+2b Z2a+b
Ha +8)
]

e +b)
3ab [{a +2b) (23 +ij

_ {3 +2b) {23 +H) %&

FEe A+ A (23 +b) iz +2b)

= = =
HIHE Hl +|"‘|"2 Qsb %

LHS of P(1): (25)2 - 24 + 5735

= (625 + 5735) - 24

= 6360 - 24

= 24(265 - 1) @
=24 x 264 %

= 24 x 24 x 11 is divisible by (24)2

Hence, P(1) is true %
Let us assume that P(K) is true &

i N
Solution 2: @J
P(n): (25)" *+ 1 - 24n + 5735 is divisible by (24)2 %

0 (25)k+ 1 - 24k + 5735 divisible by <&
Now, we have to prove that P(k < trkbe
i.e. (25)k+2-24(k + 1) + 5735
(25)k+2 - 24(k + 1) + 5735

= (25K +1) | 25 + 25(-24k + - 25(5735 - 24k) - 24(k + 1) + 5735
= 25[P(k)] - 24(5735) + 2 24k - 24

= 25P(Kk) - 24[5735 - 24

= 25P(Kk) - 24[5736 -

= 25P(k) - (24)2[239

N
0 P(k + 1) is true. (@

Hence, proved A

Solution 3: Le 0§ tan-1 sin cot-1 x

Let cot-1 x =
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1 1
2 =
o1 +cotZs ‘J'1+X2

= £ =C0os tan_l{sine}

— Sin8 =

(2]

= cos tan _r {3 ®
Z
L 9

. tany {4
~f1+;-r2
To evaluate E = cos y: %
We have cosa= ; %
Jl+tan®e \@
1
= COsy ——_—— \\(: ;>

1+tar‘|2y @ S
= 1 {(from equation (43 %
Z

1

1 Q)
Y 1+ 1+ 5% %%
— S

» @
=E= i &

1||2 + %
Hence proved. (XN

1+

AN
Solution 4.
Total coins = N o
Number of fair coins =
Therefore, number of im ins=N-m
Case I: @

Let coin drawn b
Let us calculate

P(A) = p(H) pd

QO
ability P(A) of getting a head first and then a tail.

p(H) = probability of getting head fram fair coin =

p( 7= probability of getting tail from fair cain =

P3| | =

file:///E|/main_2002_solutions/maths/math.htm (3 of 12) [5/6/2002 2:32:34 AM]



JEE 2002 SOLUTIONS - MATHEMATICS

Case I1:
Let the coin drawn be biased:
Let us calculate the probability P(B) of getting a head first and then a tail.

P(B)= p'(H)p'(T)

p'(T) = probability of getting a tail from the biased coin
p'(H) = 2/3 (given)
p'(T) = 1-p'(H) = 1-2/3 = 1/3]

R
a3l 9
[p'(H) = probability of getting a head from the biased coin. @
Let us define @
P'(A) = P(A) x probability of drawing a fair coin N
_ L i @
‘L4NF] (i)

and P*'(B) = P(B) x probability of drawing a biased coin.

_2(Nom (iii) C
e Q
Then from Bayes Theorem, we get, %&

Probability (drawing a fair coin) - P [’qj O]
p'(A)+p'(E) %@
From equation (i), (ii), (iii) probability (of drawing a fair coin)
im
= 4 n %
1m + 2N -m @
AN 3 N @
st
- 4
L 2 (N - mj
4 9
_ S %
O + 8 (N - ) %
o &
B+ %
| 20
Solution 5: \D)b
Zp+d - 7Zp - 7d+ 1 =0
— (ZP-1)(29-1)=0
- Either % is a pth rodt ity or gth root of unity.
Using the properties t of unity:
either 14 4ol R =
o 1ta+ .+ el
Suppose bo uations hold simultaneously. Without loss of generalisation let p > q.
1+ o o+ eflon
= 1l+o ¥ T Bl S o
=0+e?+e 4+ .+ 10
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:}mq[1+m+...+mp_q_1]=ﬂ

Now, 27 =1
- the equation implies that

l+m+. .. +a? 7 1-q
Hence % should be the (p - g)th root of unity i.e., -
—. P - g is a multiple of g (., q is prime)

i,e., p-g=nqg
= p=(+1)q
—. P is not prime which is a contradiction.

Hence proved.

Solution 6:

Let the equation of L be:

y = mx (i) (.. it passes through the origin)

Let us find the point of intersection of (i) and x +y = 1.
Substitutingy = mxinx +y =1,

and{.r,=

Hence the coordinates of P are [ 1 n

mo+ 1 m o+ 1]
Similarly let us find the point of intersection of (i) y
Substitutingy = mx in X + y = 3 we get
3

e @

3

Y= m+ 1 &
Hence, the coordinates of Q are ) /gr\\ A J
+

O
Slope of L; = 2, Q
since it is parallel to 2x -y =

Slope of L, = -3, ®

since it is parallel to 3x +

<
- Equation of Ly: | g%
1
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— 5Smx + 5x =11+ 2m
— m (5x-2)=11-5x
11 - Ex

= =" (i)
Ly -2
Substituting this in (i) to eliminate m we get
15 - 15«
Vo= 2N + —a

— 3y=x+5
which is the equation of a straight line.

Hence proved.

Solution 7:
Let the equation of the straight line be:
(y-2) =m(x-8)

Substituting x = 0, we get, .. _ (Bm-2)
m

y=2-8m

Therefore, Q = (0, 2- 8m)

Substituting y = 0, we get,

Therefore, o = g - 2 , 0
m

g -2
0 =
e
0Q =2 - 8m
L= OP + 0Q
B2 o am
s
—Brmt +10m -2

m

Differentiating with respect to m and settin@@l to zero for extrema:

g
-16 10]- (-8 10k -
at =m[ i+ 10] IIE me + mo%

arr byl %
0 -8m2+2=0 %
1
— = =
g
1

—m=xz 5 §>
But m is given to be nél‘;%.

1
Therefore o= — E @@
This m corresponds' t% absolute minima (as the maxima is unbounded)

of OP + 0OQ

_-2-5-2
- 1
2 QN

Solutior%%\>
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-3 (0, 03| & fas, 0 x =aje

= y\y@
Let the equation of ellipse be : @

2 2

1 S
“ &

X

_2 + .!,,.-'_2 =1

3 s

Let a point P on the ellipse be (a cosb, b sinB)

Then the equation of tangent at P is : @

X .

X cose +2 sing = 1 \

o Q
-b

y:EtanB.x (1)

= m =
g tane ©
Equation of line L, joining the centre of the ellipse (0, 0) to t it’P (a cosH, b sinb) is

3
Slope of the line L, perpendicular to tangent and passi @qh the focus S(ae, 0) is
-1 stana @
Il"ll"'IIE e
m b %
So equation of line L, is %
y—D:atanw-ae} @

:HH=q='.~t.5|r‘|r5:|{M _ae) ) %

b &
Solving (1) and (2) for x, we get %
Etar‘ue.x = Etane (% — 38

=

pe _ 52 - §>
= = 7 w =
ab b oo ®
35 - K \
= ——— X =a8 %
e

2

But = ~ ©

52
The equatiop = ae
= ¥ =3 h is the equation of the corresponding directrix. Hence proved

NN

~

Solution 9:
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—i
I

-
e

[
Ay

Shaded area indicates the area to be calculated
w=ofZ

Ay = _[ [¥1-y2z]
x=1

<
ye=2-x% far - < x < %%

e
Y
s
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_4, 248
3 3
z
Az = | [ya-y2lax
veof?
Z
= _I'[E—{M2 - 2Ny
Sz
2
=J_[4—X2]rj;~r
2
32
- 4[2- 2]~ 2
N2
g4 8,2
3
16 1042
A, = = - 2¥=
3 3
A=A + A

2J§+i 16 1042

3 3 3 3

20 842

3 3

20 8
G

‘ N
Solution 10: @Q

0 (ag +az+ag)+(by +by+Db
Now,

1
ME(}{VE)E %
3
AM = GM
:}[al+a-2 +.:‘.-3:|+|I.'blQ )+|:cl+c2 +C3)
IfX=a; +a, +ag

Y:b1+b2+
Z:C]_+C2+

_ 3
Given, Z(E"r+'br+':rj= 3L @
r=1
0 (ay + by +¢q) + (ap, + by +Cz)+&3+03):3l-

0 L3 2 (a; + ap + ag)(by + by + bg)(cy + ¢, + c3)
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Also,

i 2 2 2 2) =
A4B+C Al sBLe ol [since (A+ B+ C)2- (A2 + B2+ C?) = 2(AB + BC + CA) > 0]

:};_3;Ja%+a§+a§‘fbf+b§+b§‘fc%+c§+C32 (1)
Volume of parallelopiped = El ) &)

_ [5 _ (5 . E]] < |§| |E||E| [equality holds for

@@@\
N\

:Vi.jaiz+az+53 J.bl +8E +hE Jc2+c2+r:3 (2]
From (1) and (2)

; &
V<L NN

Solution 11: @))
1/

f=_|'{x3'ﬂ+xzm+xm][2,w2”"+3xm+lﬂ mdx,,w}lil %

Substitute x™ =

Taking log,

molog x =log v

Differentiating, <

midx= 1 Qe

o @
:}G'X=i|:"j,-’ @
Ty

1/m @
L N
ry
1
= 7= _l'{j,-*3 +y? ezl r a3y vat ML

_J'[F +i +’1 (2p% + 3y + 61

—_[{,v +y + 12y +3,'f
M Oy putEy +3y +6Y =
Differentiating both 5||:|
{Euy +6y +6)dy = m
I:j,-" +¥+1dv s

<

_ i /m
_mIE )1 at
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- lj’tm‘l.r ar
&
lr.m
- E_l't ora
1 z.m+1
= — +C
6 {m+ 1)
mH
3 2 e
@yt syt By
Bl + 1)

1 m+1]
I=—[E w0 L L™ w4
Bl + 1)

Solution 12:

; X¥+a x5 <0
= - 1), x 20

X +a x <0
-1, x =1
1-x, 05«1

X+1 , w0 @

glix)_{(x—1)2+b, if x=0

Flxw]+1 L FlxY <
gof[x*)=g(f(x’))={[[ ) () <0 %

fixy-1] +b, if f(@

¥ +a3<0 when x<0 %
=dx-1<0 when x =1 &
1-x <0 when 0=£x< %
¥ < -3 when x <0
=4 x <1 when xz=1 <§§
x =1 when 0£x
The last two cases are o (bte
So, f(x) <O0ifx<-a

a is positive \
fxX) <Oifx<-a

0 f(x) 20 for x > -

Now, f(x) <O
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X+a+1l y K £ -3

gof[x)={

(N+a—1j2+.bJ—a£x{D

= [1—;{—1)2+b, 0zx <1
- x4 B,0sx <1
gof(x) =(x-1-1)2+Db,x=>1 @
=(XX-2)2+b,x=>1
Since, gof is continuous for all real x, therefore, (a-1)2+b=Db
0 a =1, b is any real number.
Fora =1, b OR, gof is continuous &
X+ 2 P N = -3 @
= gofix) =34 %% + & g Ex el
(¥ - 2)¢ +h, x21

So, gof is differentiable at x =0ifa=1, b OR. %@)
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